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Abstract

We study the possible difference between the quantum and the private capacities of a quan-
tum channel in the zero-error setting. For a family of channels introduced by [LLSS14], we
demonstrate an extreme difference: the zero-error quantum capacity is zero, whereas the zero-
error private capacity is maximum given the quantum output dimension.

1 Introduction

Given Alice, a sender, and Bob, a receiver, any communication from Alice to Bob can be mod-
eled by a quantum channel A. Various capacities of the quantum channel A can be defined to
quantify its capability for communicating different types of data. The quantum capacity Q(N),
measured in qubits per channel use, establishes the maximum rate for transmitting quantum in-
formation and how well we can perform quantum error correction. The private capacity P(N),
in bits per channel use, gives the maximum rate of private classical communication. Errors that
become negligible as the number of channel uses increases are allowed in the above definitions.

Understanding the relation between the quantum and the private capacities is an essential task in
quantum Shannon theory. In [HHHOO5], some channels A are found for which Q(N') = 0 but
P(N') > 0, breaking a long-held intuition that coherence is necessary for privacy. In [LLSS14], a
class of channels with Q(N') < 1and P(N') = logd is presented, where d? is the input dimension
and log is taken base 2. As d increases, these channels saturate an upper bound for P(N') — Q(N)
thus approximately realizing the largest possible separation between the two capacities.

Introduced by Shannon in 1956 [SHA56], the zero-error capacity characterizes the optimal achiev-
able communication rate of a noisy channel when information must be transmitted without any
error. The zero-error capacity has deep connections to combinatorial optimization and it plays an
essential role in graph theory and communication complexity theory [LOV79, ALON98]. Quite
recently, the notion of zero-error capacity has been introduced for quantum channels [MAO5,
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MACADO06|BS07], and many further interesting results are found [DUANOQ9,(CCH11,ICS12,[DSW13,
551415515, 1515]. In particular, some channels cannot transmit quantum data perfectly given only
one use, but have a large transmission rate with two uses. Also, there exist channels with no
zero-error capacity but whose joint zero-error capacity is positive, a phenomenon called superac-
tivation. In fact, quantum channels with no zero-error classical capacities are found to have joint
zero-error quantum capacities (that activates all of zero-error classical, private, and quantum ca-
pacities)! Superactivation is impossible for classical channels. Various assisted communication
scenarios have also been studied but they are out of the current scope.

We denote the zero-error quantum and private capacities for a quantum channel N as Qy(/N') and
Dy(N) respectively. Zero-error private classical communication requires perfect data transmission
such that no one but the receiver gains any information on the data. Clearly Qo(N) < Q(N) <
P(N) and Qo(N) < Py(N) < P(N).

In this paper, we study the zero-error quantum capacity of the channels introduced in [LLSS14],
and demonstrate an exact extreme separation. For these channels, Py(N') = logd and Qo(N) = 0.
In other words, each of these channels has no capacity to transmit quantum information perfectly,
even it has full ability to distribute private information perfectly.

2 Preliminaries

In this section, we discuss some background and notation in quantum information and zero error
capacities for a quantum channel. Readers familiar with these subjects can proceed to the next
section.

A complex Euclidean space refers to any finite dimensional inner product space over the complex
numbers. Let 1 4 and Hp be arbitrary complex Euclidean spaces. A pure quantum state of H 4 is
a normalized vector |ip) € H 4.

The space of linear operators mapping H 4 to Hp is denoted by L(H 4, Hp), while L(H 4) is the
shorthand for £(Ha,Ha). Iy, is used to denote the identity operator on 4. The adjoint of
M € L(H) is denoted by M?*. The notation M > 0 means that M is hermitian, M = M", and is
positive semidefinite.

With respect to a fixed basis, the complex conjugate of a state |a«) and a linear operator M are
denoted as |a¢) and M, respectively.

A general quantum state of H 4 is characterized by its density operator p € L£(#H4), which is a
positive semidefinite operator with trace one on H 4. We denote the set of density matrices as
D(H ). The density operator of a pure state |¢) is simply the projector ¢ := [ip) (¢|. The support
of p, denoted by supp(p), is the vector space spanned by the eigenvectors of p with positive eigen-
values. More concretely, if p has spectral decomposition p = Y/, pr|¢k) (Yx|, where 0 < pp < 1
and Y} ; pr = 1. Then supp(p) = span{|yx) : 1 < k < n}. The null space of any M > 0 is the
orthogonal complement of supp(M).

A nonzero positive semidefinite operator E € L(H 4 ® Hp) is said to be a PPT operator (or simply



PPT) if E#a > 0, where I'y;, denotes the partial transpose with respect to the system H 4, i.e.,

(1) (kI a = Jkj) (il ey

While I'yy, is basis dependent, the property being PPT is not. For simplicity, we will specify the
system H 4 for I'y;, in the text and denote the operation with the shorthand T'.

A quantum channel AV from Alice to Bob is a completely positive trace preserving linear map from
the input state space of Alice D(H ) to the output state space of Bob D(Hpg). There are several
characterizations of quantum channels (see [NC00] chapter 8 or [Wat11]). We use the isometric
extension for a channel, N (p) = try, UpU", where U € L(H 4, Hp ® HE) is an isometry mapping
the input to the output space for Bob and some auxilary space called the “environment”, and try;,
denote the partial trace over Hg. The isometry U is unique up to left multiplication by another
isometry acting on Hg, and this degree of freedom has no physical effect on our analysis, and
can be chosen to facilitate it. The complementary channel N(p) = try, UpU" describes what
information leaks to the environment.

The notion of zero-error quantum capacity can be introduced as follows. Let a7(N') be the maxi-
mum integer k such that there is a k-dimensional subspace H’, of 7 4 that can be perfectly trans-
mitted through V. That is, there is a recovery quantum channel R from D(Hg) to D(H 4/) so that
(RoN)(¢) = ¢ forany |¢) € Ha (recall p = |¢)(¢|). Then, log, 7(N') represents the maximum
number of qubits one can send perfectly by one use of N. The zero-error quantum capacity of N,

Qo(N), is defined as:
®n
QO (N) = sup M

(2)
n>1 n

The main difficulty of evaluating the zero-error capacity of a quantum channel is that there is no
upper bound on the required number of uses 1 in evaluating the above expression. This remains
the case even for the simpler problem of determining whether Qo (N') = 0. For example, in [SS514],
for any integer k, the authors found a channel A/ for which a/(N) = 1 but a9(N®?) > k. They
also found a channel N for which the k-shot capacity vanishes but Qo(A\') > 0. Furthermore, su-
peractivation is possible (see section[I)) and [CS12] exhibits an extreme example in which channels
N1, N> have no zero-error classical capacity but Qy(N; ® N,) > 0. Fortunately, for our purpose,
we can invoke the following lemma from [CS12].

Lemma 1. Let N : D(H,) — D(Hg) be a quantum channel. One can transmit quantum information
without error through a single use of N if and only if there are states |a) and |B) such that

tr [NV (Ja) (a]) E(IB)(B])] = 0 3)

and

tr [N (o + ) (a + B[) N (Ja — ) {a — B|)] = 0. 4)

where |a + 8) = 1//2(|a) £ |B)).

Private communication via a memoryless classical channel and quantum key distribution are well
established subjects. Private classical communication of a quantum channel has more recently
been formally introduced in [Dev05]. The private capacity of N measures the maximum rate of



reliable classical data transmission via N while keeping the output of the complementary channel
independent of the data. In [Dev05], an expression for the private capacity is derived,

PN) :mgax%[l(X:Bl-uBn)—I(X:Elu-En)] 5)
where B, E; are the output and environment spaces for the i channel use, I(C : D) = S(C) +
S(D) — S(CD) is the quantum mutual information between C and D evaluated on the state of CD,
S(-) denotes the von Neumann entropy, and € = {px, px} is a general ensemble of possibly mixed
states p, on the n input spaces Aj --- A,. The expressions I(X : By---By), (X : E;---E,) are
evaluated on Y, px|x) (x|x @ N®"(py) and ¥, px|x) (x|x ® N®"(p,) respectively. Once again, the
requirement to optimize over 7 in the capacity expression Eq. (B) is an obstacle for evaluating the
private capacity in general. However, useful lower bounds and properties of the private capacity
can still be inferred from Eq. ().

Consider any quantum channel A/ with a quantum output B and a classical output C. We use
Eq. (B) to show that P(N') < log, dim(B). We first consider the one shot case.

I(X:BC)—I(X:E)=I(X:BC)—I(X:EC) =) p[I(X:B|[C=c¢c)—I(X:E|[C=¢c)]. (6)

c
The first equality comes from the classicality of C, that the environment E already has a copy
of the information. The second equality follows from decomposing the von Neuman entropy
of a quantum-classical system [NC00]. If we optimize the expression in the square brackets, we

obtain the one-shot private capacity for A/ conditioned on C = ¢, which is upper bounded by
log, dim(B). The argument for the n-shot case is identical, with B, C, E replaced by n-tuples.

3 Zero-error Quantum Capacity of N

In this section, we first describe the family of channels that will exhibit the extreme separation
between the zero-error quantum and private capacities. Then, we derive those capacities.

The family of channels N; introduced in [LLSS14] can be schematically summarized as follows:

Al ; ; B’IIVBI/

For each integer d > 2, we define the channel N; which has two input registers A; and A, each
of dimension d. A unitary operation V is applied to A, followed by a controlled phase gate
P=Y,, w'li) (il ® |j){j| acting on A1 A, where w is a primitive d'h root of unity. Bob receives only
A1 (now relabeled as B) and “Vg”, which denotes a classical register with a description of V. The



Aj register is discarded. The complementary channel has outputs A; (relabeled as E) and “Vg”
which also contains a description of V. The isometric extension is given by

Ua 9,0, = ZAPEV) (PUS VIO 0,) ©1V)y, @ V),

Here, V is drawn from any exact unitary 2-design G = {g1, 2, - - , 9m } (such as the Clifford group,
see [CLLW15] and the references therein).

It was shown in [LLSS14] that P(N;) = logd. The method given by [LLSS14] to transmit private
classical data has no error and has perfect secrecy so Py(N;) = logd. To be self-contained, we
provide a quick argument here. Suppose the input into A; is half of a maximally entangled state
| D) = f Y.i i) 4, |i) 4, where Az stays in Alice’s possession. By the transpose trick, the unitary
operations V and P can be replaced by unitary operations acting on A; and Az without changing
the final state on B, E, A3, Vg, VE. So, the output of the complementary channel (E, VE) is indepen-
dent of the input. Moreover, Ny(|i){i| ® I/d) = |i){i|. So logd bits can be transmitted perfectly
and secretly.

Furthermore, [LLSS14] also shows that Q(N;) < 1. Intuitively, superposition of states in sys-
tem A; will be heavily decohered by the P gate, because error correction is ineffective due to the
random unitary V. However, [LLSS14] finds that Q(N;) > 0.61 for large d.

This motivates the current study, to demonstrate an extreme separation of Py and Qo using the
channels A/;. Our main result is that, no finite number of uses of N; can be used to transmit one
qubit with zero error. This implies in particular Qo(N;) = 0, while Py(N;) = logd, attaining the
extremes allowed by the quantum output dimension (see end of section[2])

In [DUANQ9, DSW13| [SS14], the non-commutative graph of a quantum channel is defined and
used to study several different zero-error capacities. In particular, [SS14] derived sufficient con-
ditions for the impossibility of superactivation of zero-error quantum capacity of a channel in
terms of properties of the single-copy non-commutative graph. If a channel satisfies any of these
conditions, and has no one-shot zero error quantum capacity, then it has no zero-error quantum
capacity by induction. However, we show in the appendix that the non-commutative graph of N,
does not satisfy any of these conditions, along with a discussion of its non-commutative graph.

Our main technical result is a characterization of pairs of input states whose orthogonality is pre-
served by n uses of the channel.

Theorem 2. Let n be any positive integer, [¢1) = Yo .. ; |ir,* - ,in) &, i,), and [$2) = ¥, 5
i1, -+ ,in) |Biy,...i,) be two arbitrary pure state inputs for N”"". Then, tr[/\f®”(¢ )N ()] = 0if
and only if at most one of |«;, ... ;,) and |B;, ... ;,) is nonzero for each tuple (i, - - - ,iy).

In other words, states suitable for transmitting classical information through N;*" without any
error have no “overlap” in the computational basis of A",

We first state the consequence of Theorem [2land then we will return to prove it.

Theorem 3. For any positive integer 1, N';"" cannot transmit a qubit with zero error. In particular,
this implies Qg (N;) = 0.



Proof (theorem [B). Suppose by contradiction, some n uses of N; can be used to transmit a 2-
dimensional subspace spanned by a basis {|{1), [¢2)}, where [1) = Y . lin, -+, in) (&, i),
and o) =Y, .. i |, -+ ,in) |Bi, - i,)- According to Lemma I}

tr [N (p1) N7 (2)] = 0 ®)

and

tr [V (1) (Wit ) NG ([91—¢2) ($1— 2] )] = 0. ©)
Invoking Theorem 2l on the conditions above, for each iy, - - - ,7,, at most one of |«;, ... ;,) = 0 and
|Bi, .. i,) is nonzero, and at most one of (|a;,..i,) + |Bi,,-..i,)) and (|&;,..i,) — |Biy,---, )) is nonzero,
which implies |aj,...;,) = |Bi,,- i,) = 0. Then, |¢1) = |2) = 0 a contradiction. [

We now turn to a proof for Theorem[2l We first consider the simpler one-shot case to illustrate the
main ideas without the burden of the n-shot notations. Then, we prove Theorem [2 with similar
techniques.

Lemma 4. Let |¢1) = Y ;i) |a;) and [yn) = Y ;|i) |B;) be two possible pure input states for V.
Then, tr[N; (1) N4 (¢2)] = 0 if and only if at most one of |a;) and |B;) is nonzero for each i.

Proof (lemma[). We first rephrase the condition tr[N; (1) Ny (¢2)] =

Recall that V is chosen from an exact unitary 2-design G = {g1,92,- - ,gm }. We rewrite the gate
P =Y |i)(i| ® Z; where Z = Y, w*|k)(k|, and Z; = Z'. So, for V = g;j,

P(I®V)[¢1) Z’ ( 18]|1Xz
P(I®V)|2) Z’ lg]|,3

where the first and second systems are B and E respectively. Then reducing the above states to B
gives respectively

=Y o) k)il with pY) = (wilgt Ze_igjlee),
ik

=Y o K| with o)) = (Bilg! Zi_igj|Br)-
ik

Their trace inner product can be rephrased:

tr(pWel)) = szkUkl Zplk lk
= ;(“i ’8]' Zk—i8j ’“k> (Bi |8]J'rCZk7i8j |Br)
- §<azr<ﬁlr< i i) @ (8175 o) )
— (A0,

where

AV = Y|k @ (g1 Zk-igy) @ (g7°Z_ig5), and
ik

) = 00 fai) B



Let A :=E;AU). By the construction of AV,

[N (1) Ny ()] = 0 <= V), tr(pWte)) =0 «—= ]Ejtr(p(j)JrU(f)) =0 < (x|Alx) =

Having rephrased the condition tr[A; (1) N;(2)] = 0 as (x|A|x) = 0, we show below that the
latter implies |x) = 0. This is done by first evaluating A which has very simple structure, then
analyzing its null space, and showing that the null space contains no nonzero state of the form
given by |x).

One can calculate A directly because {g;} is an exact unitary 2-design [DCELQ9, CLLW15]:

A = E;AV (10)
= ZI ) (k| © Bj(g] @ &) (Zk—i © Zi 1) (5 © &5) (11)
= le il @I+ ) [i)(kl @ Bj(g] @ ¢f)(Zk—i ® Zi 1) (g ® &) - (12)

i i i#k

Here, for i # k, we have IE]-(g}L ® g}c)(Zk,i ®Zi—k)(8 ® &) = — = (I — @) 4+ ®, where |P) =
ﬁ Y.i |i) |i) is the maximally entangled state, {®, I — ®} form a maximal set of invariances for the

averaging, and the coefficients —ﬁ and 1 come from evaluating ﬁ tr[Zy_ ;i ® Z; x(I—P)] and
tr[Zy_; ® Z;_P] respectively. Therefore,

) 1
A = Z|z |®I+Z] k|®< 1(I—<I>)+CI>> (13)
i i+k
= Z| ) (k| @ (a; (I — @) + D), (14)
where q;; = 1 and ai,k:—ﬁfori;&k.

Having found an explicit expression for A, we analyze the support of A as follows:

A = Zy (k| @ (a;x(I — @) + D)

= <Zk:ai,k|i><k!> QI =P)+d |v){v|@,

where |v) = ﬁ Y. |i). Notice that }~; ; a; |i) (k| > 0, so the projector onto the support of A is

[@(I—-®)+ |v)(v|® .
So the null space of A is spanned by |i) ® |®) where |p) is any vector orthogonal to |v).

We now show that |x) = 0. Suppose by contradiction that |x) # 0. Since (x|A|x) = 0, we have
|x) = |u) ® |P) for some |p) # 0. But |x) = ¥; |i) |a;) |BS). Foreach !l € {1,--- ,d},

(e TeD)x) = |a) [B]) = (m)]P),

which is a contradiction unless (I|u) = 0. But now |u) = 0 which is a contradiction.
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Putting the above together, tr[N; (1) N;(2)] = 0 if and only if (x| A|x) = 0 if and only if at most
one of |w;) and |B5) is nonzero for each i. |

We are now going to prove Theorem 2] using similar techniques.

Proof (theorem 2). Consider two arbitrary pure input states for n uses of Ny, [¢1) = ¥ . ;.
|i1 s Zn> ’(Xil...in> and ’11[72> = Zilr"'rin ’11 s ln> |:Bi1,"',in>' For V] XX Vn = g]l & ®gjn,we have

PP @ VI®--- @ Vy) 1) = Z i1 in) (Zi, @ ®Z;,) (8, ® - ®&j,) @iy wiy)
PEHIM @V @ - @ Vy) [¢2) = Z i in) (Zi, @ @ Z3) (8, ® - ©83,) |Biyoin) -
ll -l

Then the corresponding output states on By - - - B, are

p(]-ll...,jn) _ Z ’kl .. .kn>< ln| Pll iy kl) -k,

i+ Ky -k

gl = N kg k) iy - Ui(lj-l-’-.i;;,lli;?-)--kn )
i i kKo
where
pl(l ln ]](nl) kn <[Xi1 ln’(g;-] e ®g}!—”)(2k1_1‘1 ® e ® an—in)(gjl ® U ®g]‘n)’“k1’“kn>/
0’1(1 “in Ii: <1811 Z”’(g]l ®g}rn)(zk1*il Q- ® an*l'n)(gh Q- ®gjn)|ﬁk1---k11>'

As in the one-shot case,

N (PN (2)] =0 <= B, tr(plh i tglv i) = 0 «= (x| A®"[x) =0,

where [x) = X3, li1 -+ in) |a,5)
the last equivalence:

¢ .
i

> and A is as defined in the one-shot case. To verify

IE]‘II...,]‘W tr(p(jll“',jﬂ)+ (flr"'rfn))

_ (1, jn) (e jn)*
- lEjlr"'/jii Z pzl “ipkq kno-il-l--in,lil---kn

iyipkp-ky
= Ej,.., Z <"‘i1---in|(8}L1 Q- ®8}rﬂ)(zk171‘1 Q- ®Zg,—i,) (& @+ ® gj, )k k,)

i i kK

< f1 1n|(g]1 ) ®g}-nc)(zil_k1 ® e ® Zin_kn)(g]ql ® e ®g]cy,)’ﬁi1kn>
- Zk . <“1'1"’1'n’<:81€1---in“E]'1 [(g]jzkl*ilg]‘l) (g]CZk1 Zlg]l)]
Zl...lnl 1... n
- ®Ej, [(gjnzkn—ingjn) ® (8]'” Zi, i8] 1tk ke ) By k)

= (x]A""[x).

As in the one-shot case, it suffices to show that (x| A®"|x) = 0 implies |x) = 0.
Note that A > [ ® (I — @), so, A" > [*" @ (I — ®)®". Therefore,

0= (x|A%"|x) > (x|1”" @ (I - @)*"|x) > 0



so, (x[I*" @ (I — ®)¥"[x) = 0. Equivalently, Viy - - - i, trla..;, ® B; ; (I — P)*"] = 0. Finally,

Kpy.oiy @ ,Bfl ;, is a matrix with positive partial transpose. According to the following lemma [5

iy, ® By, ; = 0. So, at most one of |a;,..;,) and |7, ) can be nonzero and |x) = 0.
This completes the proof of Theorem 2l n

Lemma 5. [YDY14] For all positive integer 7, there is no non-zero matrix M satisfying M > 0,
M" >0, and tr(M(I — ®)®") = 0.

This lemma was proved in [YDY14]. We include a proof here to be self-contained.
Proof. Suppose by contradiction, there is such a matrix M satisfying those conditions. Let

N = / uMutdy, (15)
u

where U ranges over all unitaries of the form ®}_, (U ® Uy), and U ranges over all unitaries for
each k, and each U; ® Uf acts on the system corresponding to the k' copy of I — ®. Note that
N satisfies the same properties as M, because the operation in Eq. (I5) is completely positive (so
N > 0), trace preserving (so N # 0), PPT preserving (so N' > 0), and finally tr(N(I — ®)®") = 0.
Additionally, N satisfies the property that there are non-negative py such that

N = Z kak/
RyeR

where R = {®,[ — ®}®"\ {(I — P)“"}.

Since ®! has both strictly positive and strictly negative eigenvalues, there exists a nonzero Q such
that Q > 0 and tr(Q®") = 0. Thus,

ri=tr(Q(I — ®)) = tr(Q) — tr(Q®") = tr(Q) > 0.

Then the following holds

tripe 1 [(Q" @ )( Y peRE)] >0, (16)
RyeR

where try ... ,—1 denotes the partial trace operation on the first n — 1 parties (because the above is a
completely positive map to N' = Y'p .z pxR} > 0.) Eq. (I6) implies that for Ry = (I — ®)*" ' ®
®, we have " 1p®' > 0 which implies that p = 0. Permuting the systems gives p; = 0 for
any R; with n — 1 tensor factors of (I — ®). Finally, we can recursively prove that py = 0 for any
R € R with n — 2 tensor factors, n — 3 tensor factors etc. So, N = 0 which is a contradiction. H

4 Conclusion

In this paper, we show an extreme separation between zero-error quantum capacity and the pri-
vate capacity by demonstrating for a class of channels that the private capacity is maximum given
the output dimension, while there is no ability to transmit even one-qubit with any finite number
of channel uses, when no error can be tolerated. We hope techniques from our work can be used
to study the zero-error capacity of other channels.
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6 Appendix

For a channel £ with Kraus representation £(p) = ¥ E;oE] (see [NCO0] for example), its noncom-
mutative graph [DUAN09, DSW13] G(€) is defined as the subspace spanned by {E/E; : i,j}. In
[SS15]], superactivation on the zero-error quantum capacity is studied. For a channel £ with no
one-shot zero-error quantum capacity, if one of the following conditions hold, £ cannot be super-
activated with any other channel.

a) G(&) contains a maximal commutative *-subalgebra whose dimension is the dimension of the
input state space. In other words, G(£) contains all matrices which are diagonal with respect to
some basis.

b) G(&) is an algebra. In other words, it is closed under matrix production.
In particular, an inductive argument than implies that £ has no zero-error quantum capacity.

In this Appendix, we will show that G(N;) violates both conditions, so, our result cannot be
inferred from [SS15].

First, we observe that the Kraus space of N is spanned by
{TKNPIRV)@|V)y, @|V)y, : VeG1I<k<d}={ZklVa|V), ®@|V),, :Veg1<k<d}
where § is a two-design as described in the main text. Therefore,

G(Ny) = span{Z;_ @ VII)(k|V : V € G,1 <k, < d}.

11


http://arxiv.org/abs/quant-ph/0304127
http://arxiv.org/abs/1501.04592

For any k,I, we can calculate the span of {V|l)(k|V : V € G} by considering the isomorphism
from M to (I ®@ M)®(I ® M") where ® = |®)(®| and |®) = Ld Y. |i) |i) and by averaging over V:
Eveg(VI)(KIV @ D) @ (VII{KIV @D
= Eveg(V' @ V()| @ DNV v
1—0y;/d Ok

= -+ 2

D,
az—1

Inverting the isomorphism, the span of {V|I)(k|V : V € G} is the whole matrix space when
k = 1, and is the space of all traceless matrices when k # I. Note that in particular, G(N;) does not
contain Z ® I.

Now, if condition (a) holds, then there are d? linearly independent commuting matrices in G(Nj),
which together with Z @ I, gives d* + 1 linearly independent commuting matrices in B(C), a
contradiction. To see that condition (b) does not hold, note that | ® Z,Z ® Zt € G(N;) but their
product Z® I ¢ G(Ny).
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