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2 INDEX PORTFOLIO AND WELFARE ANALYSIS

1. INTRODUCTION

Since Fargo Bank launched the first index fund in the 1970ar{&h2007), we have seen a
growing popularity of index funds. According to Cremersirega, Matos and Starks (2011),
“Nearly 28,000 equity funds and $10.5 trillion in assetsemmanagement were recorded as of
December 2010 (Investment Company Institute (2011)). Tregntage invested in explicitly
indexed funds has grown rapidly over the last decade fromtab®% of assets under manage-
ment in 2002 to about 22% in 2010.” Moreover, apart from thalieily indexed funds, there
are also closet index funds, which claim to practice actiemagement, but stay close to the
benchmark index. Petajisto (2013) shows that out of 1,12tuatdiunds between 1990-2009,
180 funds are categorized as closet indexers. Index furdgearerally perceived as a low-cost
alternative to active management, Dyck, Lins and Pomo2€Ki8) report a difference in cost of
0.35% per year between active and passive management. Thereédoee cost, active manage-
ment on average performs approximately the same as pasaneg@ment. This observation is
consistent with a modified version of the Index Fund Prenmisehiarpe (2007), originally used
by Fargo Bank, saying that, “Few of us are as smart as all at isshard to identify them in
advance, and they may charge more than they are worth.”

Empirical evidence suggests that investors spent a signtfimount on the cost of active
investing. According to French (2008), averaging over 19806, investors in the U.S “spend
0.67% of the value of all NYSE, Amex, and NASDAQ stocks each yeantyto beat the mar-
ket”. Although, on average, mutual funds in the U.S. tendrtdarperform the S&PSHOthere
is evidence that mutual funds are able to outperform theicbmarks when they are highly ac-
tiv£ and when financial markets are less efﬁ&HeMore importantly, there are evidences that

sophisticated investors earn positive returns on new @asghfboth into and out of the funds

The early work by Jensen (1968) find that in the 1945-1964pernutual funds were on average not able to
outperform the market, even when fund returns are measw@ielebomanagement expenses. Moreover, looking
at unadjusted returns, Gruber (1996) reports, in the 1988t beriod, that mutual funds underperformed the
market by1.94% per year. More recently, Busse, Goyal and Wahal (2010) exaurttie performance of 4,617
active domestic equity institutional products between1188d 2008. After controlling for the Fama and French
(1993) factors plus momentum, they find that the four-faaipha is statistically indistinguishable from zero.
Furthermore, Dyck et al. (2013) also report an underperéorce 0f0.28% per year by active management after
cost based on the U.S. and Canadian defined benefit pensiengglaity holdings over the 1993-2008 period.
Cremers and Petajisto (2009) find that funds with the highetive Share, which measures the share of portfolio
holdings that differ from the benchmark, outperform theenbhmark by 1.51-2.40% per year. Cremers et al.
(2011) also find that Active Share predicts funds’ futurefgmnance when examining the equity mutual funds
world wide.

3Dyck et al. (2013) document that in the EAFE equity markeés;af-cost active outperformance is 49 bps per
year, while in the less efficient emerging markets the actitperformance is a substantial 246 bps per year.
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(Gruber 1996) and they tend to increase allocations to@ati@nagement in the less efficient
markets, where active strategies work better (Dyck et all320 Therefore, the general per-
ception is that, although active investing is a negative game (French 2008), the group of
sophisticated investors can benefit from it at the expensm&dphisticated investors or clien-
teles. Hence, the sophisticated investors should keepipgractive management in trying to
beat the market and the unsophisticated investors shoutichste indexing.

This paper considers active investors who are subjectiligyunaximizers and an index
investor who buys and holds the market portfolio of all riskgcks. In contrary to the conven-
tional view, we show that, when active investors do not knbe/true probabilities either due
to biases or incomplete information, even for the investibh the most accurate belief, active
investing can be harmful with large welfare costs. Theretbe potential welfare improvement
by switching to an index portfolio can be quite substantial.

In this paper, we adopt the differences-of-opinion (DO)egahequilibrium framework that
has been widely used in the Iiteraﬂ%rm DO models, agents have symmetric information and
agree to disagree about the underlying model of economaafionentals. Each agent believes in
his interpretation of the observed information and ignahesinterpretations of others. Essen-
tially, the DO models “highlight aspects of the world thatestors still disagree about after they
have learned all they can from each other” (Banerjee and Kr&t@10) and therefore should
be distinguished from rational expectation (RE) modelssyhametric informatioH‘l Banerjee
(2011) develops an empirical method to distinguish betwkerRE and DO models.

More specifically, we build a general equilibrium model ofraaficial market in continuous-
time with active investors who disagree about the drift ®ohthe dividend processes, either
due to biases or incomplete information. The disagreemenitvates the investors to engage
in speculation with each other. The outcome of their speiculadepends on whose belief
IS more accurate, i.e. closer to the truth. The investorsimag their life-time utility of

the consumption under their subjective probability measurThis means that the expected

4See, for example, Detemple and Murthy (1994), Zapaterog), ®asak (2000, 2005), Anderson, Ghysels and
Juergens (2005), Buraschi and Jiltsov (2006), Jouini ambN2006, 2007, 2011), Li (2007), David (2008), Berra-
day (2009), Dumas, Kurshev and Uppal (2009), Xiong and Y&1Q2, Yan (2010), Cvitani¢, Jouini., Malamud.
and Napp (2012), Fedyk, Heyerdahl-Larsen and Walden (2@t8mra and Uppal (2014), Hansen (2015) and
Atmaz and Basak (2015).

®In this class of models, uninformed agents try to extraarimiation from currently observable price; see, for
example, Grossman and Stiglitz (1980), Admati (1985), Wdre93), Watanabe (2008) and Biais, Bossaerts and
Spatt (2010).
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utilities of the investors generally do not coincide witle #xpected utilities under the objective
probability measure. Following Fedyk et al. (2013), we usedbjective expected utilities as a
measure for the expected ex-post welfare.

Apart from the active investors, there is also an index iteresho holds the market portfolio
and consumes a fraction of the aggregate dividend. The DCelmdygpically do not consider
index investors for two reasons. Firstly, index investiagn general not an optimal strategy
for investors under their subjective beliefs. Secondlyewindex investors consume a constant
fraction of the aggregate dividend, they do not affect thailéayium prices. One exception is
Chabakauri and Rytchkov (2014) who constrain one group efgto invest only in an index
and a risk-free asset. When agents have a homogeneous bedgfshow that the indexing
actually leads to a welfare reduction instead of improvemktoreover, the welfare reduction
of the index investing is minimal in Chabakauri and Rytchk2014), “in our calibration of
the model the investor would not give up more than 0.15% ofugalth for the possibility to
trade all assets individually. Thus, indexing does not makestors notably worse off and in
the absence of other market frictions it can be a viable tigadirategy.” In contrast, we show
that when the active investing can have large welfare costs/estors, an indexing portfolio
can significantly improve the expected ex-post welfare.

Following Fedyk et al. (2013), we consider two active ineestA and B, A has more accu-
rate belief thanB, in addition to an index investdr. The expected ex-post welfare achieved by
the active and index investors is denotedhyor i € {A, B, I}. From the extensive literature
on themarket selection hypotheseventually investor with a more accurate belief will drive
investorB to extinction and thus will have a higher consumption grotlém the index portfo-
lio in the long ruH. Therefore, conventional wisdom would suggest that theeetqal ex-post
welfare should be ranked &&; < U; < U4, which means investot is better off than the index
investor who is better off than investd@t. This is obviously true whem’s belief coincides
with the truth. However, when the objective and subjectipgdis differ, we show under certain
conditions, quite remarkably, that the welfare rankingdmesl/s < U4 < U, indicating that

the index portfolio dominates the active investing.

bsee, for example, Sandroni (2000), Blume and Easley (200@0s2 200D), Kogan, Ross, Wang, Westerfield
(2006, 2012), Yan (2008), Muraviev (2013), Cvitani¢ and&haud (2011), Branger, Schlag and Wu (2015).
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In Section 2, we present our baseline model with logarithatility and constant hetero-
geneous beliefs. Here, both active investors have indobedeefs. In this case, the welfare
ranking depends on two quantities: #esolute bias ratid < ¢ < 1 and thebias correlation
—1 < p < 1. The former measures the relative accuracy of investotgfseand the latter mea-
sures whether investors make similar or opposite mistadikestahe expected dividend returns.
We find that a larged close tol and a more negativeclose to—1 favor the index investor and
the welfare ranking/z < U, < U; is more likely to prevail. This implies that, although the
active investor with a more accurate belief almost surelyea@ a higher consumption growth
in the long run, he may be worse off than the index investoeims of the objective expected
utilities. This happens when the belief of investbis not much more accurate and opposite
to the investor with a less accurate belief. Intuitivelye #ctive investors trade for both spec-
ulative and risk-sharing purposes, the former is causedisagceement and the latter is for
consumption-smoothing. However, their erroneous betieftort the optimal balance between
speculation and risk-sharing, which hurts their welfareor&bver, the opposite beliefs lead
to larger disagreement, which makes their consumptionspaibre volatile and amplifies the
detrimental effect of the erroneous beliefs on the welfei@nce, in this case, even the investor
with a more accurate belief achieves a lower welfare thamtihex investor. In a simple calibra-
tion with plausible parameter values, even when the absdbletief biases are relatively small,
we find that the index portfolio can improve the welfare by 2fi%¢ = 1, that is, when the
active investors are equally biased.

In Section 3, we extend our analysis to CRRA utility with tela risk aversiony > 0. Apart
from obtaining the same results and intuition to the basatwodel, we find that an increase in
the risk aversion has two offsetting effects on investormsifare. On the one hand, it increases
the concavity of the utility function, which magnifies thega¢ive impact caused by incorrect
beliefs. On the other hand, it reduces speculation and makestors’ consumption shares less
volatile, which mitigates the aforementioned negativeacstpWe find that the first effect tends
to dominate the second effect when the risk aversion is baltweshold, above which the two
effects offset each other. Therefore, in general a higls&raversion works in the favor of the
index investor. With the same parameter values as in thdibasmse, we show that, when
~ = 2, the index portfolio can improve the welfare by more than Sf8mpared to the active

investing, which is more than double the amount in the Idgaric case withy = 1.
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We consider the impact of learning in Section 4. Due to the tdgractability, we use Monte
Carlo simulations to evaluate the objective expectedtigliof the active and index investors.
Within this setting, even a perfectly rational investor&ief can deviate from the truth due

to incomplete information. We find that in the case of consthiits, the welfare ranking
depends critically on the prior variance of the investor Wdarns about the drifts. We find that
a larger prior variance tends to favor the index investoemnmts of the welfare. In a complex
learning environment where the drift rates follow meareréng processes and the investors
receive a public signal but disagree about its informatgsnthe index portfolio dominates the
active investing when the active investors have the oppasirpretation of the signal (i.e. one
interprets the signal as good news and other interpretbadsews). In Section 5, we consider
a more realistic scenario where the consumption growthefridex portfolio is more volatile
than the aggregate consumption growth. We conclude the pa@gection 6 and Appendix A

contains all the proofs.

2. THE MODEL AND WELFARE ANALYSIS

Following Jouini and Napp (2007), Yan (2008), Dumas et &0, and Fedyk et al. (2013),
we consider a dynamic equilibrium model with tvaativeinvestors who trade speculatively
with each other due to heterogeneity in beliefs, andraexinvestor who holds the market
portfolio of risky securities and consumes a constantifvactf the aggregate divideH\OUnder
the assumptions of logarithmic utility and constant bﬂiethis section provides sufficient con-
ditions under which the index investor achieves a bettefarelinder the objective probability

measure than the active investors.

2.1. Information Structure and the Securities Market. Consider a continuous-time pure-
exchange economy with a single consumption good. The waiogrtis represented by a fil-

tered probability spaceX, 7, {F ()}, P) on which aK-dimensional Wiener proces&(t) =

’In Section 5, we consider the case in which the index podttififers from the market portfolio, and it has a more

volatile consumption growth than that of aggregate endomime

8In the baseline model, for simplicity we assume beliefs doupalate over time. The cost of relaxing this assump-
tion is the loss of tractability. In Section 4, we use Montel@aimulations to examine the impact of learning on

welfare.
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(Z,(t),---, Zk(t))" is defined. Lef F(t)} be the augmented filtration generatedAy). For
simplicity, the Wiener processes are assumed to be unategel

There areK risky assets (stocks) and one risk-free bond. The pricesofigik-free bond3(¢)
follows

dB(t) = r(t)B(t)dt,  B(0) = 1, 1)

wherer(t) is the risk-free interest rate. The dividenyj(¢) of stockk follows
de(t) = Dk(t)[ukdt + O’dek(t)], k= 1, 2, cee ,K (2)

with constanj., andoy. Let Sy (t) be the ex-dividend price of stoék Denote the instantaneous

dSk (t)+Dy (¢

return of stockk asdRy(t) = D) )% The vector of instantaneous stock returns is given

by
dR(t) = (dRi(1),- -+, dRk(t)) = pg(t)dt + o5(t)dZ(t), 3)

wherep(t) is the vector of expected returns undeandV(t) = os(t)os(t)" is the covari-
ance matrix at time. By assuming a complete market, there exists a unique stategensity

&(t) with initial value&£(0) = 1 and

dé(t) = —€()[r(t)dt + k(1) dZ(t))], (4)

wherek (t) = o (t) ' (ug(t) —r(t)1) denotes the vector of the market prices of risk. We assume
that the riskless bond is in zero net supply and each risky asSgthas/V, shares available.

Therefore, the aggregate dividend or endowment procesgas gy

D(t) = > NpDy(t). (5)

2.2. Investors. There are twactiveinvestorsA and B who are subjective utility maximizers
with probability measure®, andPg, respectivel@. InvestorsA and B have constant beliefs

about the mean dividend growth rates, denotegpfor i € {A, B} andk = 1,--- , K. From

As in Yan (2008) and Fedyk et al. (2013), we can consider tated Wiener processes with a constant correlation
matrix; however this does not affect our results.

1O hen investors have homogeneous preference and hetemgeeliefs, following the market selection liter-
ature (Yan (2008) and Fedyk et al. (2013)), only the investibh the most accurate belief can survive in the
long-run. Therefore, to conduct a welfare analysis, we iclemsa parsimonious model of two investors with ho-
mogeneous preference and compare their relative perfartaran index portfolio.
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investori’s point of view, the dividend processes evolve according to
dDy(t) = Dy(t) [, dt + oxdZ; (1)), (6)
where

AZL(t) = dZy(t) — Oidt with gi = K —HE 7)

Ok

Therefore, both the active investors haneorrectbeliefs. Parametef, measures investais
optimism/pessimism about stoéls dividend growth, which is persistent as they do not update
their beliefs over tin@. Therefore, to be consistent, under invest®belief, the stock returns
evolve according to

dR(t) = ps(t)dt + os(t)dZ;(t), (8)

wherepl(t) = pg(t) + os(t)0; is the vector of expected returns perceived by invest@y

Girsanov’s theorem, the subjective probability befiefcan be characterized by

‘ :exp{—%ejei t+9iTZ(t)}, i€ {A, B}, 9

where; = (6¢,0:,--- ,0i.)T. The length of the vectdd;,

16:]| = +/6, 6;, i € {A, B}, (10)

measures investais absolute belief bigawvhich is the total distance betwe#éh and.
There are two important quantities for deriving our resutider the constant beliefs. One is
theabsolute bias ratidetween the investors and the other is thés correlation We define

these two quantities in the following.

Assumption 2.1. InvestorsA and B have different subjective beliefs, i.84 # 0, and the

absolute belief biases are strictly positive and satisfy 1, where

_ 1104l
1951

is the absolute bias ratio between investdrand B.

e examine the impact of learning in Section 4.
2Note that the absolute belief bias defined here is equivadethie survival index in Yan (2008) and the transfer
index in Fedyk et al. (2013) when investors have homogeng@isrence.
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Under assumption 2.1, both the investors have biased balnef investor! is either equally
biased as or less biased thBn Next, we define thbias correlationbetween the investors as

follows.

Definition 2.2. The bias correlation between investotsand B is defined by

665

=—=— where —1<p<1. 11
T ’ )

According to Definitior 2.P, the bias correlation measutes ltnear dependence between

the beliefs of the investors. When = 1, investorsA and B either both underestimate or
overestimate the drifts of the dividend processesfj;é? > 0,fork =1,--- , K. In contrast,
p = —1 indicates tha#;'¢Z < 0 for all stocks. In this case, one of the investors underestm
while the other overestimates the drifts. Moreoyet: 0 implies that investors’ belief biases
are linearly independent. Furthermore, the bias cormiatan be expressed as= cos(w),
wherew is the angle between vectofls, and 6. For examplezs = 0, 7, correspond to
p = 1,0, —1 respectivelyt.

In our baseline model, we assume logarithmic utility. Aneesion to CRRA utility is given

in Section 3. The objective of the investors is to maximize
E { /0 et ln(ci(t))dt} =" { /0 h e P (1) ln(ci(t))dt} : i € {A, B}, (12)
subject to the dynamic budget constraint
dWi(t) = (Wt) (r()+ (i) (pes() —r(1)1)) —ci<t>)dt+vvi<t>m<t>%s<t>dza>, (13)

where is the discount rateg;(t) is the consumption ratdy;(¢) is investori’s wealth and
mi(t) = (7i(t),- -, 7% (t))" is the vector of the wealth proportions invested in the sto€ue

to market completeness, (13) is equivalent to the statigéucbnstraint

E[ /0 m&(t)a—(t)dt] < Wi(0). (14)

13 Note that when the bias correlatipn= 1 and the absolute bias ratib= 1, the beliefs become homogenous,
i.e. 0, =0pg.
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wherelV;(0) is investori’s intial wealth. By the first order condition, tleotimal consumption

of investori is given by

G = pwie il 4B, 15)
§(t)
The ratio between investors’ subjective beliefs can beatttarized by
_ Myu(1) _ _ 1 2 2 _ T
n(t) = Mp(t) exp{ 518417 = 110517)t + (84 — 05) Z() o (16)

Thus, the relative consumption shares of the two investergiaen by

_oaw e T o
Aa(t) = A 0 <1+“n(t)) and  Ag(t)=1- (), (17)

_ Wa(0)
— W4(0) + Wg(0)’

Now we introduce théendexinvestor/ who simply holds the market portfolio and consumes

TA and zp=1—1x4.

a fixed proportion of the aggregate dividend. The index itoredoes not affect the equilibrium

prices and his consumption is given by

v Wi(0)
CI<t) - WM(())

D(t), (18)

wherelV;(0) is his initial wealth and1/,,(0) = W4 (0) + Wg(0) + W;(0) is the total initial
market wealth. Note that under logarithmic utility, the éxdportfolio is optimal under the

consensus probability beli€gee, for example, Jouini and Napp (2007)),
M(t) = xaMa(t) + zpMp(t), (19)

which satisfies

AM(t) = M()[Aa(t)04 + Ap(t)05] dZ(1).

However, as shown in Jouini and Napp (2007), the index pastfe no longer optimal when
investors have CRRA utility with relative risk aversion @agent different from one. Lastly,

from themarket clearing condition ., 5 ;, ¢; (t) = D(t), the state price density is given by

£(t) = M(t)e P =22, (20)
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Therefore, the security prices are completely determineshestorsA and B and the index

investor does not play a role.

2.3. Measuring Welfare. Following Fedyk et al. (2013), we measure welfare usingihjec-
tive expected utilitied.e. the welfare is measured based on the average realiiédsirather

than those under investors’ subjective (biased) beliefs.

Definition 2.3. The welfard/; of investori € { A, B, I} is given by

s [ ()]

We acknowledge that defining a welfare criterion in an econaith heterogeneous beliefs is

not a trivial task. The first problem is whether one shouldexsanteor ex-postmeasure of the
welfare. “People’®x antewelfare is their expected welfare, given their probabilitggements,
beforetheir expectations are realized. PeopkxXspostwelfare is their welfare as things in fact
turn out” (Hausman and McPherson 1994, p.396). Starr (18if)es that we should really
care about whether an allocation is ex-post Pareto optithat there be redistribution that will
increase some trader’s realized utility while decreasimgrader’s realized utility” (p.82). This
is a very strong notion of ex-post optimum; “even if the stathe world were known in the first
period, it would be impossible to find a Pareto-superiorcatmn” (Hammond 1981, p.236).
Moreover, the ex-ante and ex-post optima need not be censisthen the subjective beliefs
are heterogeneous, marginal rates of substitution thathereame ex-ante may be different
ex-post. Harris (1978) proposes to correct for the divergeamong the ex-post marginal rates
of substitution by quoting ex-ante different set of pricegéch individual. One critique of the
ex-post approach is that an ex-post optimal allocation cakenmdividuals feel worse off ex-
ante. In reality, individuals most likely care about botlpested and realized utilities (Barberis
and Xiong 2012), they may also deviate from the objectivgiyroal strategy if they can derive
more satisfaction by having an over-optimistic belief exea(Brunnermeier and Parker 2005).
The second problem, as Brunnermeier, Simsek and Xiong §2€drectly point out, “In

many realistic situations, the planner does not observelbfective belief and faces the same
difficulty as individuals do in discriminating different bbefs based on available data.” To tackle
this issue, they introduce a belief neutral welfare criteriwhich does not require the planner

to fixate on one particular belief as the correct one. Acewdo their welfare criterion, one
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allocation is Pareto inefficient (efficient) if for every szmable probability measure it is (not)
dominated by another allocation. Of course, there will bayrscenarios where an allocation
is neither Pareto efficient nor inefficient according to tlkeéidi-neutral criterion, which makes
it difficult for a social planner to determine an optimal alidion.

In this paper we follow Fedyk et al. (2013) to measure theavelfising the expected ex-post
utility under the objective probabilities, which in pramican be very difficult to estimate. The
social planner, who is concerned about the ex-post welfatieoinvestors, can either take a
stand on what exactly is the objective probability or emii@rall combinations of investors’
subjective beliefs as reasonable candidates (as in Bromaier et al. (2014)). We adopt the
former approach, which helps us to clearly identify sitoasi in which the active investing
becomes harmful to the investors and switching to the indettqdio can significantly improve
their expected ex-post welfare. As our welfare analysi$ stibw, there are cases where the
welfare cost of the active investing is almost comparablédtinking a fatal poison in the
mistaken belief that it was water” (Hausman and McPhers@%1p.396). The drawback of
our approach is that it forces the planner to fixate on oneglitibty belief as the truth, also any
policies that the planner makes will inevitably make theestors feel worse off ex-ante though

they are expected to be better off ex-post.

2.4. Welfare Analysis. According to Definition 2.8, the difference in the expectedpest
welfare between investors and B is given by

Uy —Up =Ey [/OOO e Ptn (%)dt}

— | [T mtnear] = [T eal? - el ar

1

= 2—62(H¢9BH2 —[104]1%) > 0,

which is not surprising since investdrhas a more accurate belief than investorHowever,
the comparison between investdrand the index investaf is more complex. We show that,
although investorl has a higher consumption growth tham the long run, i.e.,

lim In (M) —In <1+ x—B) >0,

TA
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this does not guarantee tliat < U/,. The difference in the welfare betwednand! is charac-

terized by the following lemma.

Lemma 2.4. The welfare of the index investor relative to that of investas given by

Uy — Uy :EO[/ e P n <xA+xBn(t)_1)dt], (22)
0
wheren(t) is given by Equatioiflg).

Based on Lemmia 2.4, we now present the main result for thdibaseodel under logarith-

mic preference.

Proposition 2.5. Assume the investors have logarithmic utility,
e if p> 0and
(S1) : 9 < p,

thenld; < U,. Conversely, iti, < U;, thenp < ¢ < 1.
eifp<l,xzy=xpand

(S2):9 =1,
thenliy < U;.

Propositior 2.6 shows that, (i) when the bias correlatiosuiliciently high, the relatively
accurate investor4) achieves a better welfare than the index investor; (ii) mvbeth investors
are equally biased, the index investor always achievestarbsgelfare. The intuition is the
following. When the bias correlation = 1, the investors make the same mistakes about the
drifts, that is, they are either both optimistic or both pesstic. In this case, the consensus
belief is always more (less) accurate than invedtofA)’s belief. Since the index portfolio
is optimal for a log utility maximizer endowed with the conses belief, it achieves a better
(worse) welfare than investds (A). In contrast, whemp < 1, the consensus belief is able to
diversify away some of the biases of the investor. Thereitdbecomes possible for the index
investor to achieve a better welfare than both the activestors depending on the absolute bias
ratiod. In the case wheré = 1, the index investoalwaysachieves a better welfare.

One may find it counter-intuitive that although investoinas the highest consumption growth
in the long-run, he does not necessarily achieve a bettéange¢han the index portfolio. The ex-

planation is the following. Investot trades speculatively due to his disagreement with investor
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FIGURE 1. InvestorA’s outperforming regiori2 4 (marked by45° lines with a
solid boundary) and sufficient regiéty;, (marked by vertical lines with a dashed
boundary).

B, but also trades for risk-sharing. When investbhas the correct belief, his consumption
plan finds the optimal balance between speculation andshsking, which maximizes his wel-
fare under the objective probabilities. However, when l@keb is incorrect, such balance is

distorted and he may over-speculate, which makes his cgotsampath too volatile.

2.5. Numerical Analysis. Proposition 2.6 only provides sufficient conditions&#r< ¢/, and
U, < U;. To have a better understanding about the relationshipdsetithe absolute bias ratio,
the bias correlation and the welfare of the active and indegstors, we conduct a numerical
analysis to examine theutperforming regiorf2 4, where investord achieves a better welfare
than the index investar, that is,\f; < U,. Therefore, outside the regiéiy, the index investor
outperforms investo#, i.e., U, < U;. We comparé) 4 to the sufficient regiof)’, defined by
condition (S1) in Proposition 2.5, obviously; C Q4.

In Figurell we set investds’s absolute bia§f || = 0.25 and consider the absolute bias ratio
0 < ¢ < 1. Figurell leads to three observations. (i) We observe thiit the outperforming
and sufficient region§), and)9 are increasing with the bias correlatipn Therefore,A is
more likely to outperformi whenp — 1. On the other hand, when— —1, I is more likely
to outperformA. (ii) When p < 0, the sufficient regiof25 is empty, but not the outperforming

region2,. Therefore, when the belief biases are negatively coeéldahe index investor does
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not always outperform investat, depending on the absolute bias ratiqiii) When+ = 1 and
p < 1, the index investor always outperforms investomwhich is consistent with (S2).

The above analysis shows that an indexing portfolio canmiatéy provide better expected
ex-post welfare than all active portfolios. We now conduutedfare analysis to quantitatively
measure the potential improvement in the welfare when tovesswitches to the index portfo-
lio, especially when the biases are of similar magnitudesarchegatively correlated among the
investors. More specifically, we use numerical integratmoompute the difference in welfare
betweenA and/.

From Definitiod 2.8, the expected ex-post welfare of one ofitealth invested in the index

Uy = Eq { /0 h e Pln (5%)@} . (23)

In order to evaluaté (23) in closed form, we assume only tiségtock is in a positive supply,

portfolio is given by

thatisN; = 1andN, =0,k = 2,---, K. The mean growth rate and volatility of the aggregate

dividend process are given hy= p; ando = o, respectively. Thus, we have froin (23) that

s = 5 (B) + 5= */2) (24)

Furthermore, we use numerical integration to evaltiate U/, in equation[(ZR) assuming, =
rp = 3.

Table1l repor@ (Ur —U4)/|U| for different levels of the bias correlatigrand the absolute
bias ratio’) when investorB’s absolute bias is relatively small in panel A and large ingla
B. The results show that switching to an index portfolio capiove the expected the ex-post
welfare of investorA significantly, especially whep < 0 andy — 1. For example, in the
case wherep = —0.8 andv¥ = 1, the welfare improvement for investot is 69.8% when
|65] = 1 and 20% wherj|@z|| = 0.25. However, the amount of improvement decreases with
the bias correlation. For example, wher- 0.8 andvy = 1, the improvement reduces to 39.2%
when||@z| = 1 and 4.2% when@5| = 0.25. Moreover, the results show that it is relatively
more difficult for the index portfolio to provide welfare imgvement when the biases are more
positively correlated and the investor with the relatielys accurate belief has a larger absolute

bias. Overall, under logarithmic utility, we neéd> 0.6 in order for(U; —U4)/|U4| > 0 when

1Note that for the given parameter values, H@thandi/4 are negative.
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Panel A:||05| = 0.25

9 0.01 0.2 0.4 0.6 0.8 1.0
p=08 -0.090 -0.102 -0.101 -0.083 -0.040 0.042
p=05 -0.089 -0.094 -0.084 -0.055 0.000 0.087
p=00 -0.089 -0.081 -0.057 -0.014 0.052 0.140

p=—0.5 -0.088 -0.069 -0.033 0.020 0.092 0.180
p=—0.8 -0.088 -0.062 -0.020 0.039 0.113 0.200

Panel B:||0z]|| = 1.

9 0.01 0.2 0.4 0.6 0.8 1.0
p=08 -0.331 -0.335 -0.335 -0.329 -0.290 0.392
p=05 -0.331 -0.332 -0.328 -0.309 -0.200 0.529
p=00 -0.330 -0.327 -0.313 -0.262 -0.032 0.625

p=—-0.5 -0.330 -0.321 -0.293 -0.205 0.110 0.677
p=—-0.8 -0.330 -0.316 -0.280 -0.167 0.180 0.698

TaBLE 1. The improvement in the welfar@/; — U4)/|U4| by switching to
an index portfolio, for absolute bias ratib€ [0.01, 1.0], bias correlatiorp €
[—0.8,0.8], subjective discount raté = 0.02, and the mean growth rate and
volatility of the aggregate dividend process are givenuby 0.02 ando = 0.02
respectively.

=}

160s] = 0.25 (panel A), and) > 0.8 when||#5| = 1 (panel B). Therefore, the absolute bias
ratio plays a more important role than the bias correlation.

In summary, we have shown that, under logarithmic utilitgd @onstant beliefs, the index
investor is more likely to achieve a better welfare than ttieva investors when (i) the active
investors’ are close to being equally biased and (ii) thigisés are more negatively correlated,
leading to a diversification effect on the consensus bdinttitively, a negative (positive) bias
correlation amplifies (mitigates) the negative effect & belief bias of the active investors on

their welfare.

2.6. Performance Analysis. As we claimed earlier, the relatively more accurate invegt)
will drive the less accurate investaB) out of the market in the long run. In the case of constant

beliefs, we can compute thisarket-selectiotime explicitly as follows.

Lemma 2.6. Define a market-selection time> 0 as the expected first time the consumption

ratio betweend and B reached < z4/xp, i.e.

= Bolint{t : ¢%,(t)/c5() = 1}]. (25)
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Then, the market-selection time is given by

r=(06s1° - ||9A||2>)1 (1) - tnGaafzm) ) (26)

Lemma 2.6 shows that the market selection time depends onlgepabsolute belief biases
and not on the bias correlation. Therefore, a fast marketgeh does not necessarily imply
that the active investing is better off than the index invggbr vice versa. To illustrate, we
set the absolute bias to be relative large for ageij@z|| = 1) in Figure[2 and compute the
market-selection time for different absolute bias ratibsan be seen that even fdr= 0.8, it
takes less than 10 years on average for the consumptiornteoatach/ = 5. However, as we
have shown in Tablel 1 panel B, the welfare comparison bettfeeactive and index investing
depends crucially on the bias correlation (84 — U.)/|Ua| > (<)0 whenp = —0.8(0.8)).
Intuitively, a negative bias correlation makes the markétion process more volatile, which

is detrimental to investad’s expected ex-post welfare.

- =0
0=0.2
6=0.4

—— 6=0.6

v 6=0.8

FIGURE 2. Market selection time = E[inf{¢ : ¢/ (¢)/c}(t) = [}] under con-
stant beliefs. InvestoB’s absolute belief biagfz| = 1, initial consumption
ratioxs/zp = 1.

We can also compute ti&harpe ratiogor the active and index portfolios, which are defined

under the objective probability measuPeas

Si(t) = E[dR}(t) — r(t)dt] 27)
Var, [dR; (t)]

fori € {A, B, I}, where

dRi(t) = r(t)dt + ()" (pg(t) — r(t)1)dt + 7} (1) os(t)dZ(t) (28)
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is portfolioi’s instantaneous return. In the case of logarithmic utilitg can express the port-

folio return in terms of the changes in consumption, i.e.,

iy - i) () o, dei(t)
IR0 = 5y Y = e m

7

+ Bdt. (29)

For simplicity, we assume only the first risky asset is in datpassupply and agents agree on the
drift of the aggregate dividend process, thatjs= u for i = A, B. In this case, the risk-free
rate is given by = 5 4 1 — o2 and the Sharpe ratio of the index portfolio is constant,

)_,u+6—r
n o

Sy(t = 0. (30)

In comparison, the Sharpe ratios of the active portfoliogetiels on the distribution of the

consumption shares between investérand 5, i.e.,

0® + 3A6()(105]° — 104l%) + As(t)’]|64 — 05
Vo2 + Ap(t)?04 — 0]

0% — 3Aa(®)(|05]* — [[04]1%) + Aa(t)’]|64 — 05
Vo2 + ()[04 — O]

Equations[(30),[(31) and_(B2) lead to the following obseoves. First, since|0,| < [|05]|

‘SA (t> = ) (3 1)

(32)

Sp(t) =

investor A alwayshas the highest Sharpe ratio regardless of the distribatidhe consump-
tion shares. Second, when investetsand B have the same absolute belief bias, they both
outperformthe index portfolio, that isSy, = Sg > S;. These results are in sharp contrast to
the welfare analysis. This illustrates that the Sharp® redin be misleading in favoring ac-
tive investing over the index portfolio even when activedasting has a significant welfare cost.
Furthermore, Figuriel 3 (a) and (b) show tisat| andSg 1 whend — 1. Whend = 1 both the
active portfolios outperform the index portfolio. More énestingly, Figurél3 (c) and (d) show
thatS, 1T andSg T whenp — —1, which is again the opposite to what we found from the
welfare results in Tablg 1.

Our intuition for the above results is as follows. The Shagi® only considers the trade-off
between standard deviation and expected excess returhisisdenario the active portfolios
actually improve the trade-off by taking on more risk. In quarison, the welfare analysis cares
about whether any increase in the volatility of the consuomggrowth results positive growth in

the consumption share. Therefore, the two performanceunesare not consistent in general.
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FIGURE 3. Excess Sharpe ratio for active portfolios of investdrand B for
bias correlatiorp = 0 and absolute bias rati@ € [0, 1] in plots (a) and (b),
¥ = 0.8 andp € [—0.8,0.8] in plots (c) and (d). InvestaB’s absolute bias is set
to ||@|| = 0.25 and volatility of aggregate consumption growsth= 0.02.

3. CRRA UriLITY

We extend the previous analysis to CRRA utility with a constalative risk aversion > 0.

Investors4A and B maximize
T 1—
(t) 7 .
EO[/ eﬁtMi(t)clLdt], i € {A, B},
0 -7

subject to the budget constraihi{14). Following Jouini hiaghp (2007), the optimal consump-

¢i(t) = (%Aé;t)) i, (33)

wherey; is the Lagrange multiplier corresponding to the budget taimg. The initial wealth

tion of investori is given by

of investori is given by

Wi(0) = E, UOOO (M)%g(tﬁ%dt]. (34)

Yi
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Furthermore, the optimal consumption of the index portfoéimains the same as that [nl(18).

From the market clearing condition,., 5 5, ¢; (t) = D(t), we obtain the state price density

process,
_ D)\’
p— Bt —
0= uw(p0 ) (@)
where the consensus characteristic
M(t) = (wAMA(t)7 + 25 Mp(t)7)", (36)

andd

. C*(O) WM(O)

1

€Ty = )
D(0) Wa(0) + W5 (0)
Therefore, given[(18)[(33) and (35), the expected ex-pmtantaneous utility of investot

i= A, B. (37)

can be written as the followi
e((6) ]
S (i o) | ) () | e

Equation[(38) shows that, unlike the case of logarithmigutthe comparison between investor

A and the index portfolid depends on the distributions of the initial wealth and comstion
among the investors. In the following lemma, we derive a @wrmunder which we can express

1—y 1—y
N A0 in terms of- L&, | ( -2 in a closed form that is independent of
1—v 1—v

Wa(0) Wr(0)

the initial wealth and consumption distributions. Thigdssnalytical tractability for the welfare

analysis.

Lemma 3.1. Assume (i) asset is in a positive supply of one sharé’/{ = 1) and all other

assets are in zero net supplyy( = 0, £ = 2,--- | K), (ii) investorsA and B have the same
initial wealth, that isWW,(0) = Wg(0), and (iii) investorsA and B agree on the drift of the
aggregate dividend process, that i§) = 0% = 6,. Then, investorsi and B have the same

initial consumption, that is\4(0) = Az(0), and the expected ex-post instantaneous utility of

ByUnlike the case of logarithmic utility, the state price dgnand the optimal consumptions of the active and index
portfolios depend on the distributions of the initial wéadind consumption, though the equilibrium price is only
i i i _ __(ca(0)+ep(0))/D(O) ~_ 1—¢s(0)/D(0)
determined by the beliefs of investadsand B. Note thatra + 25 = [ {0y e (0 /War @ = T=W:(0)/War(0)
aI”IdC](O)/D(O) = W](O)/WM(O). Hencers + zp = 1.
he expected ex-post instantaneous utility of inve&taan be written in a similar way.
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investorA is given by

1;1@0{(%(8))11 - 1i7E°K% (1 “7(”i))“}EOKvCV?,((%)M]' (39)

3.1. Effect of Risk Aversion. Note that from Lemma 311, investor has a higher expected

ex-post instantaneous utility compared to the index pbotftbwhen

EO[(% (1 +n(t)i))v_l} <1, v>1; "
s [(1(ir0)) o1 < o

Next we present the main result for the case of CRRA utility.

Proposition 3.2. Under the assumptions of Lemfal3.1, let

1 1
L= -V ad R= e vEEAD, @

1+~

o For /1 —p?2 <~ <2,if

(S3): L <Y <R,

thenl; < Uy,.

e Fory=2,U; <U, ifand only if
(NS): 9 < R.

o For~ > 2,ifU; < Uy, then
(N): 9 < R.

Propositiort 3.2 provides a sufficient condition (S3) (fok 2), a necessary and sufficient
condition (NS) (fory = 2), and a necessary condition (N) (fer> 2) for investorA to achieve
a better welfare than the index investor It leads to the following four observations. (i) For
~ = 1, condition (S3) becomes < ¢ < p, which reduces to the sufficient condition (S1) in
Propositior 2.6. (ii) When the bias correlatiprn= 1 and the relative risk aversion coefficient
satisfiesl < v < 2, we always havéf; < U, (sinceL < 0 andR = 1). Hence the sufficient
condition (S3) is always satisfied. This is consistent wiih r@sult in the baseline model. (iii)
For~ = 2, the sufficient condition (S3) becomes a necessary and isafficondition (NS).

The lower bound is no longer relevant becauise: 0. Condition (NS) confirms that a more
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negative bias correlation favors the index portfolio. Tastrate, wherp = 1, (NS) becomes
¥ < 1, which is always true, therefoid; < U/,. However, wherp = —1, (NS) becomes
¥ < 1/3, hence we havél; < U, for 0 < ¥ < 1/3 andidy < U; for 1/3 < & < 1. Therefore,
the bias correlation makes a significant difference. (iv)¥o- 2, condition (S3) becomes only
a necessary condition (N). Note that< 1 andR = 1ifand only if p = 1. When both investors
have the absolute biag & 1), condition (N) is never satisfied fagr < 1. In this case, we have

U < U, which is consistent with condition (S2) derived under didgnic utility.

3.2. Numerical Analysis. To better understand the impact of the risk aversion on thtaree
we conduct a numerical analysis to examinedhgerforming regiorof investorA (in which

U; < Uy,) for risk aversion coefficiert < v < 5.
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@0<vy<1 b)1<~<5

FIGURE 4. The outperforming regiof, (marked by45° lines with a solid
boundary), sufficient regiof?; (marked by vertical lines with a dashed bound-
ary) and necessary regid?) (marked by horizontal lines with a dot-dashed
boundary) for risk aversiof < v < 1 in plot (2) and0 < ~ < 5 in plot (b),
absolute bias ratio < 9 < 1, investorB’s absolute biag6z|| = 0.25 and bias
correlationp = 0.

In Figure[4, we compare the outperforming regiop with the sufficient regiof2?, defined
by the sufficient condition (S3), and the necessary re@iefined by the necessary condition
(N) in Propositiod 3.2. We plot three regiofis, Q4 and2} for the bias correlatiop = 0 and
the relative risk aversiof < v < 1in plot (a) andl < v < 5 in plot (b). Fory < 1,
the sufficient region indicated by condition (S3) is emgy (= ). In comparison, panel

(a) shows that the outperforming regifn, covers more than half of the entire space and the
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region is shrinking iny. This suggests that, for a given absolute bias ratio, wherbithses
are uncorrelated, an increase in the risk aversion (up tetipty favors the index portfolio.
Plot (b) shows that when > 1, we haveQ5 C Q, for1 < v < 2, Q5 = Q4 = QF for

v =2andQ, C QY for 2 < v < 5. Moreover, asy increases, the outperforming region

is monotonically decreasing up to approximately: 2 and then remains constant, whereas the
sufficient/necessary regiofis; and()Y are monotonically increasing.

The above numerical analysis indicates that a higher riskséon favors the index investor,
however the marginal effect is diminishing and disappeétesr éhe risk aversion reaches a
certain threshold. The intuition is the following. A highigsk aversion leads to increasing con-
cavity in the utility function, which magnifies the negatigfect of low consumption shares.
However, it also reduces the speculation between the iorgesthich makes their relative con-
sumption shares less volatile. When the risk aversion isvbéhe threshold, the first effect
dominates the second, which makes the active portfoliosevoff and favors the index portfo-
lio. On the other hand, when the risk aversion is above thestiold, the two effects offset each
other.

To better understand the impact of the bias correlation,amelact a numerical analysis for
p = —1 andp = 1 respectively. Figurél5 shows the outperforming, sufficeemd necessary
regions forp = 1 and0 < v < lin plot (a),p = 1 and1 < v < 5in plot (b),p = —1 and
0 <y < linplot(c),andp = —1 andl < v < 5in plot (d). Plots (a) and (b) show that, when
the bias correlatiop = 1, the outperforming regiof), covers the entire space, suggesting
thatid; < U, for all risk aversiory € (0,5]. In contrast, plots (c) and (d) show that when
p = —1, the outperforming regiof , becomes significantly smaller compared to the case of
p = 1. Therefore, a more negative bias correlation works in fafdghe index investor, which
is consistent with the intuitions in the baseline model.

We now conduct a welfare analysis to examine the amount ofviifare improvement by

switching to an index portfolio for investot. Since the welfare of the index investbrs given

mstnl [ (2)

1
-(57) L oelEE) T

by
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FIGURE 5. The outperforming regiof, (marked by45° lines with a solid
boundary), sufficient regiof?; (marked by vertical lines with a dashed bound-
ary) and necessary regid?) (marked by horizontal lines with a dot-dashed
boundary) for risk aversiof < v < 5, absolute bias ratid < ¢ < 1, investor
B’s absolute belief biagfz| = 0.25 and bias correlatiop = 1 in panels (a)
and (b),p = —1in panels (c) and (d).

from equation[(39), the welfare ratio between portfoliband! is given by

U Jo e B[ () )) Bl (22) ' ar o
Ur IS efﬁtEo[(%)liw]dt ;

where

Bo[(D()/D(0)" ] = exp { (1 = ) (1 — 70%/2))1}
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and

| e R DO/ DO) it = 5= (1 =)= 10%2)
assuming3 > (1 — v)(u — v0?/2). We use numerical integration to evaluate the welfare
in equation [(4B). Note that foy > 1, sincel{y4 < 0 the welfare improvement is given by
(Ur —UA)/[UA| = 1 —Ur/Us. Wheny < 1, sinceldy > 0 we obtain(U; — Ua)/|Ua| =
U Uy — 1.

Panel Ay = 1/2

v 0.01 0.2 0.4 0.6 0.8 1.0
p=08 -0.191 -0.204 -0.205 -0.188 -0.123 0.102
p=05 -0.191 -0.195 -0.185 -0.149 -0.057 0.153
p=00 -0.190 -0.182 -0.156 -0.100 0.006 0.195

p=—0.5 -0.189 -0.170 -0.131 -0.064 0.046 0.219
p=—0.8 -0.189 -0.163 -0.118 -0.047 0.064 0.229

Panel By = 2

9 0.01 0.2 0.4 0.6 0.8 1.0
p=08 -0.091 -0.106 -0.103 -0.080 -0.034 0.041
p=05 -0.091 -0.096 -0.083 -0.049 0.012 0.109
p=00 -0.090 -0.080 -0.049 0.008 0.100 0.246

p=—0.5 -0.089 -0.063 -0.012 0.072 0.204 0.420
p=—0.8 -0.088 -0.052 0.012 0.114 0.277 0.551

TABLE 2. Theimprovementin the expected ex-post welféfe—U44)/|[Ua| by
switching to an index portfolio under CRRA utility, for abate bias ratio) €
[0.01, 1.0], bias correlatiorp € [—0.8,0.8], investorB’s absolute biag6z| =
0.25, subjective discount raté = 0.02, and mean growth rate and volatility of
the aggregate dividend process are givep by 0.02 ando = 0.02 respectively.

Table[2 reports the results f@; — U,)/|Ua4| for relative risk aversiony = 1/2 andy = 2.
Compared to the results in Taldle 1 panel A, there are mors) (beses fot/; > U/, wheny >
(<)1, which is consistent with the result that a higher risk aigr$avors the index portfolio.
Panel A shows that, foy = 1/2, welfare improvement does not occur until bias correlation
p < 0 and the absolute bias ratib> 0.8. In comparison, panel B shows that, for= 2 and
p = —0.8, the welfare improvement occurs even whiea: 0.4. Again, this is because the effect
from increasing concavity in the utility function dominatie effect from decreasing volatility
in the consumption shares.

Moreover, the magnitude of the change in the welfare is alsomfiarger compared to the
baseline model. For example, when= —0.8 and¢ = 1, the improvement in the welfare

is 55.1% fory = 2 compared to 20% under logarithmic utility. On the other hawtien
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p = 0.8 andy = 0.4, reduction in the welfare is -20.5% for= 1/2 compared to -10.1% under

logarithmic utility.

4. IMPACT OF LEARNING

In this section we relax the assumption of the constantfsedied assume the investors learn
about the true drifts of the dividend processes. To exanmieeffect of learning, we consider
two cases. In the first case, we consider a simple environwiggre the true drifts are constants
as in equation{2). In the second case, we consider a morelepmpvironment where the
true drifts follow mean-reverting stochastic processesthe second case, in addition to the
dividend processes, investors continuously observe pgignals about the dividends, which
they use to update their beliefs. For each dividend proggss), let mi (t) = Ei[ux(t)] and
vi(t) = Ei[(mi(t) — px(t))?] be investori's subjective belief of its true drift and posterior

variance at time respectively.

4.1. Constant Drifts. Assume that the true drifts of the dividend processes argtanty () =
up fork =1,--- K in (@). The investors update their beliefs to learn aboutrhe drifts. The

subjective belief of investarabouty, evolves according to

dmi.(t) = vil) (de(t) — m;;(t)dt), k=1, K, i=A, B, (44)

where the posterior variance satisfies the ordinary diftgaeequation

dvi(t) — vi(t)?
dt az

and the initial condition is characterized by prior disttion 1, ~ N'(m%(0),v:(0)). From

(44), the deviation of investais belief from the truth is given by

do;(t) = d(m) = V’i(zt) (dZp(t) — 6, (t)dt), k=1,--- K, i=AB. (45)

O O

For simplicity, we assume investdt has constant beliefg?, which is a special case df (45)
where the initial posterior varianeg¢® — 0. Thus investoi3’s deviation from the truth is given
by 67 = (uP — pug)/oy for k = 1,--- | K, meaning that investaB makes persistent mistakes

about the true drifts whereas investbgradually learns about the truth.
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We assume investor$ and B have logarithmic utility. The difference in the welfdie — 144
can then be computed by Monte Carlo simulation using equa#@) withz, = z5 = 1.
Moreover, there are two risky assets, which are claims tdifidend processes, however only
the first risky asset is in a positive supply, thafNis = 1 and N, = 0. In this case, the welfare
of the index investor can be computed byl(24). Lastly, wemssif (0) = 65 andv{1(0) = v
for £k = 1,2, meaning investorgl and B initially have the same beliefs about the drifts. We

simulate10, 000 paths of the processe& (M;(t))}ica,5 under the true probability measure
P using a time increment ak¢ = 0.01 for T = 350 years in order to evaluate (22).

v 0.012 0.02° 0.04*> 0.08% 0.1°
0P = —0.25 -0.019 0.127 0.291 0.437 0.480
0P = —-05 -0.211 -0.160 -0.062 0.090 0.134
0P =—-1.0 -0.281 -0.279 -0.260 -0.215 -0.192

TABLE 3. Improvementin the welfar@{; —{)/|U.| by switching to an index
portfolio under Bayesian learning with constant driftsvdstor A’s initial prior
wr ~ N (0B, v), subjective discount rat8 = 0.02, drift and volatility for the
dividend processes are given py = 0.02 ando, = 0.02 respectively.

Table[3 shows that switching to an index portfolio resultsignificant welfare improvement
when investorB’s absolute biagf?| is small and investor’s prior variancev is large. For
example, whed? = —0.25 andv = 0.12, the welfare improves by 48%. This result may seem
counter-intuitive at first; how can an index portfolio prdeibetter welfare than an optimal
portfolio based on learning? The reason is two-fold. Rirsilthough investor is perfectly
rational, he has incomplete information about the trugsirithich means that his subjective
and the objective probabilities do not coincide. Althoughlelief eventually converges to the
truth, initially there can be large deviations from the lrespecially when the prior variance is
large. Secondly, when investd's absolute bias is relatively small, it limits the potehgain
from speculation for investad. Note that in the limit ag? — 0, investorA underperforms
both B and the index investor. In summary, the results in Table3ithte that an index portfolio
can potentially outperform an optimal portfolio strateg@gbd on Bayesian learning in a general
equilibrium framework.

We also use Monte-Carlo simulation to estimate the marketsen time. Figurél6 shows
that in this scenario investot eventually drive out investaB in the long run and the market

selection time increases with's prior variancer. For example, whemn = 0.012, it takes
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FIGURE 6. Speed of market selection= E[inf{¢ : ¢} (t)/ci(t) = l}] under
Bayesian learning with constant drifts. Invesf$is beliefd? = —0.25, A’s ini-

tial prior u; ~ N (65, v), subjective discount raté = 0.02, drift and volatility
for the dividend processes are given /iy = 0.02 ando, = 0.02 respectively,
k=1,2.

T & 52 years for consumption ratio to rea¢h= 5 (which is equivalent to investaB losing
77 — 5 = 3 of his consumption share to investdy. In comparison, whem = 0.1%, it takes
T ~ 117 years. Therefore, when investdrbecomes more uncertain about his prior belief, the

market selection can be quite slow.

4.2. Time-varying Drifts. We assume that in addition to the dividend procBgét), the in-
vestors also observe a signal process). More specifically, following Dumas et al. (2009),

the dividend processes evolve according to

dDy(1)
Dy (t)

dp(t) = =Co(pn(t) — fin)dt + G dZ (1) (47)

and the public signal process follows

dsi(t) = G1(PpdZi(t) + /1 — $3dZ4(t)) (48)
fork = 1,---, K, whereZ,(t), Z.(t) and Z,(t) are independent Wiener processes. The in-

vestors update their beliefs based on the filtration geioeray 7, = { Dy (¢), s () }. However,

they disagree about the parametgrwhich measures the informativeness of the public signal.
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We denote their beliefs a8, i = A, B. Thus, investors’ beliefs evolve according to

dDy(t)
Dy (t)

dim (1) = —Cu(mi(t) — fi)dt + 0-—( - mz<t>dt) 4 cb%;g—zdsk(t), (49)

wherev; is the steady state of ageis posterior variance given by

i = az(\/@z R ]

k

When ¢i = 0, investori pays no attention to the public signal and treats it as a poigen
When ¢! = 1 investori behaves as if the underlying drifts are fully revealed by ghblic
signal. We assume that under the objective probability omed, ¢, = 0. Therefore, investor

i's deviation from the true drift is given by

A0 (1) = — <gk + ”—’;) 0L (t)dt + £ dZy(t) + ¢ 22 dZ(t) — ZEdZu(t) (50)
Ok Ok Ok O

fork=1,--- K.

As in the case of the constant drifts, we use Monte-Carlo kitimns (with the same time
increment and horizon) to evaluate the welfare differenegvben investord and the index
investor in [22) and report the results in Table 4. Becaugb@public signals, we need four
risky assets to complete the market. We assume assets 1 aedchians to the dividend
processes withV; = 1 and N, = 0 while assets 3 and 4 are tradable, non-dividend paying
assets in zero net supply with exogenous volatilities, tiseatisfy

dSi(t)
Sk(t)

= ps(t)dt + 0§, dZ(t)  fork =34, (51)

whereZ(t) = (Z(t), Zy(t), Z1(t), Zo(t))T. Furthermore, for simplicity, we assurp& = ¢
and¢i = a¢ with a € [—1,1), k = 1,2. Therefore, investor’s belief about the informative-
ness of the public signal is more accurate than tha.of

Tablel4 leads to the following observations. Firstly, whewestorA correctly interprets the
public signal (i.e« = 0), switching to the index portfolio cannot improve the exjeelcex-post
welfare for all the values op considered. Secondly, when investbmisinterprets the signal,
switching to the index portfolio can improve welfare when— —1. The intuition is that
whena — —1, not only areA and B’s interpretations equally inaccurate, their beliefs bgas

are also less correlated. From1(49), they interpret divddeews in a similar way but public
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e -1.0 -0.8 -05 0.0 0.5 0.8
¢»=20.1 0.114 0.069 0.017 -0.037 -0.048 -0.028
¢»=20.2 0262 0.162 0.025 -0.117 -0.150 -0.100
¢ =05 0579 0.267 -0.101 -0.321 -0.356 -0.322
=08 0.785 0.092 -0.303 -0.405 -0.423 -0.418

TABLE 4. The welfare improvemerti/; — U4)/|Ua| by switching to an index
portfolio under learning and time-varying drifts. Aparbfn o and ¢, other
parameter values are given By= 0.02, o, = 0.02, (x = 0.2, i = 0.015 and
o, =0.03fork =1,2.

signal in the opposite way. In this case, the speculationamakitherd and B better off since
it only increases their consumption volatility. Secondlye welfare improvement becomes
increasingly significant when — —1 and¢ — 1. For example, when = —1 and¢ = 0.8,
switching to the index portfolio improves the expected estpwelfare by a massive 78.5%.
However, whenA interprets the signal more accurately, for example wher- —0.8 and
¢ = 0.8, the welfare improvement drops to just 9.2%. In summary, kensthat our baseline
results are robust even in a more complex learning envirohagewe identify scenarios under
which an index portfolio leads to significant welfare impeavent over the active investing.
Figure[T plots the market-selection time for different eswf ¢ with a = —0.8 in plot
(a) and different values af with ¢ = 0.5 in plot (b). Firstly, plot (a) shows that the market
selection can be very fast when— 1. For example, whep = 0.8, it takes onlyr ~ 5 years
for investorB to losel/3 of consumption share td (i.e. [ = 5). In comparison, it take$55
years whenp = 0.1. Secondly, plot (b) shows that the market selection timess kensitive to
«. For example, the market selection time for 5 increases slightly frons.6 to 10.3 years
whena increases frond to 0.5. Furthermore, plot (b) also shows that only the absoluteeval
of a matters and not its sign. Intuitively, investdrbecomes perfectly rational whea| — 0
and equally irrational aB when|«| — 1. In contrast, the sign af matters significantly for the

expected ex-post welfare as we have shown in Table 4.

5. A MOREVOLATILE INDEX PORTFOLIO

We relax the assumption that the index coincides with thekaetgrortfolio whose dividend
process is exactly the aggregate endowment. We assuméeteggregate endowment process
is given by

D(t) = D;(t) + Ds(t), (52)
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FIGURE 7. Market-selection time = E[inf{t : ¢(t)/c5(t) = [}] under

sentiment learning with time-varying drifts,= —0.8 and¢ € [0.1, 0.8] in plot

(@),¢ = 0.5 anda € [—0.8,0.8] in plot (b). Other parameter values are given by

B =0.02, 0, =0.02, { = 0.2, iy =0.015 andégy, = 0.03fork =1, 2.
where D1 (t) and D,(t) are geometric Brownian motions as describedlin (6) withtslyif,
and volatilitieso;, with &k = 1,2. Moreover, index investor holds stock 2 and consumes
its dividend, thusc;(t) = Ds(t). Furthermore, we assumg < o,, thus index investor’'s
consumption growth is more volatile than that of the aggieegadowment.

InvestorsA and B have logarithmic preferences and constant beliefs abeudrifts as in our

baseline model. Since the optimal consumptions of the egtrtfolios are given by (15) and

market clearing condition requires that(t) + ¢ () = D:(t). Itis straightforward to show that

the state price density is given by

1

€(1) = Mt)e™ 5o

(53)

where M (t) characterizes the consensus probability belief ag ih (18ing the state price

density in [53), we can compute the initial wealth of the ideestor,

B &) B T4 T
Wil0) =Ko U 5<0>D2“)‘“] R P Srrs Rl ey M

For simplicity, we assume for each investpt, = ui for i = A, B, thusW;(0) no longer
depends on the subjective beliefs. Next, we compute theaveetif the index investor in closed-

form according to Definition 213,
1 2 1 2
UI:BID(BJFCH)*E(M—UQ/?), (55)

\We assume that the initial values are given/by(0) = 1 for k = 1, 2.
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and also the welfare of invester,

U= 5 10(8) + 5~ /)~ Bo| [~ e (o amnte) et (66

Equations[(55) and (56) show that one part of the differendtlka welfare is due to speculation,
another part is due tonder-diversificatior- the consumption growth of the index portfolio is
more volatile than the aggregation consumption growth. Weputel/, in (56) using numer-
ical integration assuming thaty, = =5 = % Furthermore, we assunig = —af?, k = 1,2,

such that the bias correlatipn= —1 and the absolute bias ratib= «

o 0.01 0.2 0.4 0.6 0.8 1.0
oy =0.02 -0.215 -0.195 -0.155 -0.073 0.081 0.305
o2 =0.05 -0.237 -0.217 -0.176 -0.093 0.064 0.292
o2 =0.10 -0.315 -0.294 -0.251 -0.162 0.005 0.247
oy =0.15 -0.446 -0.423 -0.375 -0.278 -0.094 0.172

TABLE 5. The welfare improvemerit/; — U,)/|U4| under logarithmic utility
and a more volatile index portfolio. Investors’ beliefs gieen byf? = —0.25
andf? = —a#B, k = 1,2. Other parameter values are given y= 0.02,
o1 = 0.02andu, = 0.02for k =1, 2.

Table[5 shows that a more volatile index portfolio reducegabtential welfare improvement
by switching to the index portfolio. However, when the inges are equally biased (i.ec =
1), the welfare improvement@/; — U,)/|Us| = 24.7% wheno, = 0.10 and 17.2% when
oy = 0.15. Therefore, although the welfare of the index portfolioatietrates due to under-
diversification, it can still provide a significant welfamaprovement when the active investors
have negatively correlated biases with the same magnitude.

Next, instead of constant beliefs, we assume that inve$topdates his belief and learns
about the drifts over time (as in Section 4.1) with his prigigen by 1:1(0) ~ N (uZ,v) for
k = 1,2. Note that, assume? = &, the initial wealth of the index portfolio in this case is

given by

o= o [~

and his welfare is given by

Us = 1z — 3/2) -

7 In[W;(0)]. (57)

L
3
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As in Section 4.1, we computé, in (56) andi¥;(0) using Monte-Carlo simulation with¢ =
0.01, T = 350 and10, 000 simulated paths.

Panel A:(U; —Ux)/|U4|

v 0.01> 0.02* 0.04> 0.08% 0.10?
oo =0.02 -0.029 0.115 0.277 0.427 0471
oo =0.05 -0.059 0.005 0.133 0.298 0.348
oo =0.10 -0.048 -0.067 -0.084 0.007 0.014
oy =0.15 -0.107 -0.113 -0.383 -0.793 -1.256

Panel B:n[IW;(0)]

v 0.017 0.02* 0.04* 0.08* 0.10°
02 =0.02 3.944 3.947 3.953 3.954 3.950
0o =0.05 3.855 3.960 4.039 4.068 4.079
0o =0.10 3.660 3.894 4.374 4.775 5.050
0o =0.15 3.545 3.746 4.974 7.368 9.810

TABLE 6. The welfare improvemerit/; — U,)/|U4| under logarithmic utility
and a more volatile index portfolio. Investd's belief is given byd? = —0.25

andd;! = —afPB. InvestorA learns about the drifts with prigr! (0) ~ N (u2,v)

for kK = 1,2. Other parameter values are given by= 0.02, o; = 0.02 and
MU = 0.02.

When compared to Tablé 3, Talle 6 panel A shows that a largaryariancer no longer
monotonically increases the welfare improvement by swiighio an index portfolio. When
the consumption growth the index portfolio becomes veratil@, for exampler, = 0.15, an
increasing in the prior variance actually further detexies its welfare relative to that of investor
A. The reason is as follows. Asincreases, although the speculation makes the consumption
growth of the active investors more volatile, it also makes index portfolio initially more
expensive (i.el;(0) increases). Note that when the index portfolio coincides wie market
portfolio, its value is fixed atV;(0) = 1/4 (i.e. unaffected by agents’ subjective beliefs), which
is no longer true here. Takllé 6 panel B shows tfiiat0) is monotonically increasing in both
ando,. Therefore, in the case of learning there is a trade off betviee initial cost of the index

portfolio and the welfare improvement it can potentiallpyide over the active portfolios.

6. CONCLUSION

We show that, in terms of the welfare measured by the expeetdzed (ex-post) utility,
an index portfolio can dominate active investing. Our baseimodel has logarithmic pref-
erence and constant beliefs, we also consider extensicDRRA preference, learning under

incomplete information and an alternative specificatiothefindex portfolio.
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The key intuition is that the deviations from the truth (eittdue to biases or incomplete
information) are detrimental to the expected ex-post weltnd their negative impact is am-
plified by the disagreement between active investors, wiriekes their consumption shares
more volatile. Therefore, although an active investor mayeha higher consumption growth
than an index portfolio in the long-run, it does not necalsachieve a better expected ex-post
welfare due to an imperfect balance between speculatiomiskgharing. Moreover, we show
that a higher risk aversion works in favor of the index ineestince it increases the concavity
of the utility function, although it also reduces the congtion share volatility, the first effect
tends to dominate. The magnitude of the welfare improveraksatincreases with higher risk
aversion. Furthermore, a more volatile index portfoliouegs the magnitude of the welfare
improvement.

Admittedly, our model is stylized and can be extended in isdweays. In a recent theoret-
ical paper, Chabakauri and Rytchkov (2014) constrain opemgof agents to only investing
in an index portfolio and the risk-free security and study implication on asset prices in a
general equilibrium model. In our model, index portfolicncat be combined with lending or
borrowing, thus do not affect equilibrium prices. It would mteresting to look at whether
investing in the risk-free security helps to further impedte expected ex-post welfare of in-
dex investors. More broadly, one can examine the welfareampg potential for any fixed
portfolio-consumption strategies. However, in those sdlse proportion of investors adopting
the index or fixed strategies will affect market equilibrivtime feedback effect will complicate
the welfare analysis. The switch to an index portfolio mapdie triggered by the cost of active
investing or social interaction. Moreover, institutioaald retail investors can be modelled dif-
ferently, for example, the former may care about their pemnce relative to a certain bench-
mark (Basak and Pavlova 2013). Furthermore, one can alssidmrthe impact of portfolio
delegation and interaction between principals (inve¥tmd agents (fund managers) on market
equilibrium and investors’ welfare (Vayanos and Woolley 20Buffa, Vayanos and Woolley
2014). Lastly, our model and many other differences-imugpi models converge to a single-
agent economy in the long run. Therefore, in order to havatosiary market equilibrium,
one could consider an overlapping generations model (ghGmaniero and Heyerdahl-Larson
2014), recursive preferences (Borovicka 2015) or marketidns (Chabakauri and Han 2016).

We leave these extensions for future research.
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APPENDIXA. PROOFS
A.1. Proof of Proposition[2.3. We first prove LemmB&2l4. Under logarithmic utility, we obtai
(whw) o (Fw) = () (o)

However, the aggregate divided®(¢) is the optimal consumption for the representative agerit thi¢
consensus belie¥/ (t) defined in[(19). Therefore,

()0 (55) - () - o). e

wherez 4 = W (0)/(W4(0) + Wg(0)) andxp = 1 — x4, andn(t) is given by Equation(16).
By Jensen’s inequality,

E {ln (xA + xBn(t)lﬂ <In <£UA + ZUBE[U(t)l]>] :

where )
i) 1) = exp {5 (1017 = 617 + 3617 )¢}, a6 =6, 0

Bl = exp {10412 (1 o121 e}

Therefore, sincey, > 0, zp > 0 andx4 + g = 1, a sufficient condition fot/; < Uy is given by
E[n(t)~'] < 1, which is equivalent to

or

sl
164]1"
which simplifies to condition (S1).
In the case of|@4| = ||@g]|, from {@8),n(t) andn(t)~' have the same probability distribution.
Therefore, we have fronl (58) and the assumption(0) = Wg(0) that
1 Ma(t)  1Mp(1)
2 M) 2 M)

By symmetry, we obtain

Mat)] o [Ms(t)]| _
=\ T | = 2 =
By Jensen’s inequality,

o {1“ <v%(<tg>> - (vcgf(<tg>>] < (EO [%?D -0

and the same holds for investBr. Hencel{s < U;.

A.2. Proof of LemmalZ.8. Since the consumption ratio between investérand B is given by

CZ(t) _ .%'AMA(t) _ x—A’I’](t)
CE(t) .%'BMB(t) B ’
an equivalent problem to computirig {25) is to compute

T =Eo[inf{t : at+ Z; =1"}], (59)
whereZ(t) is a Wierner process and

9 2 _
_1]65]° —1164] and I* — In(l) —In(zs/xp)
2 64— 05| 104 — 05
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This is a well studied problem, see Karatzas and Shreve J1@Bapter 3.5, and the explicit density
function of r; is given by

* * 2
Pll € dt] = 1] exp{—u}dt, t > 0.

V2rt3 2t
To find the expected first hitting time, we compute the integra
— ———2 dt. 60
/o N ot (60)

The explicit solution of[(60) depends on the sigru@ndi*. Sincea andl* are both positive, the integral
in (60) has the closed-form solution given by

l*
T=—.
a

Substituting in the values far andi* completes the proof.

A.3. Proof of Lemmal3.1. We first prove that investord and B have the same initial consumption.
From the market clearing condition theif(t) + ¢ (t) + ¢j(t) = D (¢), the state price density process
is given by

6(t) =« (eadia® + anntner ) (PAd)

wherez 4 andz g are defined in[(37). Note that the initial wealth of investbis given by

Wa(0) = Fo [ I s<t>cz<t>dt} ,

which, after some algebra, frofn_{33), can be expressed utidesubjective probability measuf@, as

Wa(0) = E{ [ /0 T (u + xBn(t)iyl ( gigé%)wdt} .

Similarly, we can expresB’s initial wealth underPg as
o0 LDy \
o) =5 [ (s ) ()

Note that undeP 4, Z 4(t) = Z(t) — 0 4t is a Brownian motion, and

2=

1
n(t) = exp {iHAGHQt + AGTZA(t)}.

Similarly, n(t)~! under the probability measuf@s has the same probability distribution @&) under
Pa, that is

1
n(t)~! = exp {§\|A0||2t + AOTZB(t)}.

Therefore, sinced and B agree on the aggregate consumption procé8s= 0F = 6, we have
Wa(0) = Wg(0) ifand only if 24 = 25 = 3, which implies that\ 4(0) = Ag(0).

Next, given thatr4 = 25 = 3 whendi! = 68 = 6, andW4(0) = Wg(0), the expected instanta-
neous utility ofA, in (38), is given by

1 i ~Eo [VCVIZ(Z(?) M] = %Eo K% <1 + n(tH))“%&M] . (61)

Let X(t) = (A0)TZ(t) andY (t) = o1 Z,(t). SinceX (t) andY () are bivariate normal witie[ X (¢)] =

E[Y (t)] = 0, Var[X(t)] = ||AB8|*t, Var[Y (t)] = o?t andCorrel[X (t),Y (t)] = ”i%l”. Therefore,
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the conditional distribution oY (¢) is given by

O'1A91 AH% 2
Y()|(X(t) =2 NN( m,(l— ot (62)
N =0~ N aap® !~ Taep )7
WhenA#; = 0, from Equation[(6R)Y (¢) is independent o (¢), thus D, (¢) is independent ofy(t).
This completes the proof.

A.4. Proof of Proposition[3:2. Let f(x) = z7~L. Sincef” (z) = (v — 1)(y — 2)27~3, we have

<0, 1<y<2
>0, O0<y<lor~y>2.
Therefore, by Jensen’s inequality,

<0, 1<y<2;

[ R TRt B

>0, 0<y<lory>2

(e[s000079)])" = (3(1+ o0 { L G0ar 052 + Lpaor) }))

Then[|65[* — [[64]* > [|A6| is sufficient forE[%] > E[C?gj] when0 < v < 2.

Also ||05]]* — [04]* > %HAGH? is a necessary and sufficient condition wher- 2 and a necessary
condition wheny > 2. The condition|@z||?—||0 4> > %HAG\P is equivalent to the following quadratic
inequality,

where

1 1
5(1 +’Y)792—P79—§(’Y—1) <0, (63)

whered = [|0 41|/||6 5], (63) has two rooté, and R defined in Equatiori(41) if and onlyif > /1 — p2.
Wheny = /1 —p2, L = R = p/(1 + 7). Since the quadratic i (#1) is convex, the inequality holds
whenL <9 < R.



38 INDEX PORTFOLIO AND WELFARE ANALYSIS

REFERENCES

Admati, A. (1985), ‘A noisy rational expectations equililin for multi-asset security market€,conometrica
53, 629-657.

Anderson, E., Ghysels, E. and Juergens, J. (2005), ‘Dodgeeous beliefs matter for asset pricingZ8yiew of
Financial Studied 8(3), 875-924.

Atmaz, A. and Basak, S. (2015), Belief dispersion in thelstoarket. SSRN Working Paper.

Banerjee, S. (2011), ‘Learning from prices and the dipsersi beliefs’,Review of Financial Studiez4, 3025—
3068.

Banerjee, S. and Kremer, I. (2010), ‘Disagreement and iegribynamic patterns of tradeJournal of Finance
65, 1269-1302.

Barberis, N. and Xiong, W. (2012), ‘Realization utilityournal of Financial Economic$04, 251-271.

Basak, S. (2000), ‘A model of dynamic equilibrium asset ipdowith heterogeneous beliefs and extraneous be-
liefs’, Journal of Economic Dynamics and Cont@, 63—95.

Basak, S. (2005), ‘Asset pricing with heterogeneous k&|i@burnal of Banking and Financ29, 2849-2881.

Basak, S. and Pavlova, A. (2013), ‘Asset prices and ingiitat investors’ American Economic Reviel®3 1728—
1758.

Berraday, T. (2009), ‘Bounded rationality and asset pgaiith intermediate consumptionReview of Finance
13, 693-725.

Bhamra, H. and Uppal, R. (2014), ‘Asset prices with hetenetg in preferences and beliefReview of Financial
Studie®27, 519-580.

Biais, B., Bossaerts, P. and Spatt, C. (2010), ‘Equilibriasset pricing and portfolio choice under asymmetric
information’,Review of Financial Studiez3, 1503-1543.

Blume, L. and Easley, D. (2006), ‘If you are so smart, why drgau rich? belief selection in complete and
incomplete marketst.conometrica’4, 929-966.

Blume, L. and Easley, D. (20@9, Handbook of Financial Markets: Dynamics and Evoluati&tsevier, chapter
Market Selection and Asset Pricing, 403—424.

Blume, L. and Easley, D. (2009, ‘The market organism: Long-runsurvival in markets witatérogeneous
traders’, Journal of Economic Dynamics and Cont88, 1023—-1035.

Borovicka, J. (2015), Survival and long-run dynamics with heterageis beliefs under recursive preferences.
Working Paper, New York University.

Branger, N., Schlag, C. and Wu, L. (2015), ‘Nobody is perfeksset pricing and long-run survival when het-
erogeneous investors exhibit different kinds of filterimgpes’, Journal of Economic Dynamics and Control
61, 303-333.

Brunnermeier, M. K. and Parker, J. A. (2005), ‘Optimal expéons’,American Economic Revied, 159-165.



INDEX PORTFOLIO AND WELFARE ANALYSIS 39

Brunnermeier, M., Simsek, A. and Xiong, W. (2014), ‘A we#acriterion for models with distorted beliefs’,
Quarterly Journal of Economigsp. 1753-1797.

Buffa, A., Vayanos., D. and Woolley, P. (2014), Asset mamaget contracts and equilibrium prices. Working
paper, LSE.

Buraschi, A. and Jiltsov, A. (2006), ‘Model uncertianty asytion markets with heterogeneous beliefgurnal
of Finance61, 2814—-2897.

Busse, J., Goyal, A. and Wahal, S. (2010), ‘Performance ansigience in institutional investment management’,
Journal of Finances5, 765—790.

Chabakauri, G. and Han, B. (2016), Captial requirementsamsét prices. Working Paper, London School of
Economics.

Chabakauri, G. and Rytchkov, O. (2014), Asset pricing wittheix investing. SSRN Working Paper.

Cremers, K. and Petajisto, A. (2009), ‘How active is yourdunanager? A new measure that predicts perfor-
mance.’ Review of Financial Studie2?, 3330-3365.

Cremers, M., Ferreira, M., Matos, P. and Starks, L. (201hg mutual fund industry worldwide: Explicit and
closet indexing, fees, and performance. Working Papeg Sahool of Management.

Cvitani¢, J., Jouini., E., Malamud., S. and Napp, C. (20i%pancial markets equilibrium with heterogeneous
agents’ Review of Financé6, 285-321.

Cvitani¢, J. and Malamud, S. (2011), ‘Price impact and fpic impact’, Journal of Financial Economics
100, 201-225.

David, A. (2008), ‘Heterogeneous beliefs, speculatiow, e equity premium’Journal of Finances3, 41-83.

Detemple, J. and Murthy, S. (1994), ‘Intertemporal assetmy with heterogeneous beliefgournal of Economic
Theory62, 294-320.

Dumas, B., Kurshev, A. and Uppal, R. (2009), ‘Equilibriunrifolio strategies in the presence of sentiment risk
and excess volatility’Journal of Finances4, 195-229.

Dyck, A, Lins, K. and Pomorski, L. (2013), ‘Does active mgament pay? New international evidende&ivew
of Asset Pricing Studie® 200-228.

Ehling, P., Graniero., A. and Heyerdahl-Larsen, C. (20A4})et prices and portfolio choices with learning from
experience. Working paper, LBS.

Fama, E. and French, K. (1993), ‘Common risk facors in thernston stocks and bondgournal of Financial
Economics33, 3-56.

Fedyk, Y., Heyerdahl-Larsen, C. and Walden, J. (2013), Rdaselection and welfare in a multi-asset economy’,
Review of Financé&7, 1179-1237.

French, K. (2008), ‘Presidential address: The cost of aétivesting’,Journal of Finances3, 1537-1573.

Grossman, S. and Stiglitz, J. (1980), ‘On the impossibiitynformationally efficient markets’American Eco-
nomic Review0, 393-408.

Gruber, M. (1996), ‘The growth in actively managed mutualds’, Journal of Finances1, 783-810.



40 INDEX PORTFOLIO AND WELFARE ANALYSIS

Hammond, P. (1981), ‘Ex-ante and ex-post welfare optimalitder uncertainty’=conomicad8, 235-250.

Hansen, S. (2015), ‘Cross-sectional asset pricing witbrbgeneous preferences and beliefsyrnal of Economic
Dynamics and Contrd8, 125-151.

Harris, R. (1978), ‘Ex-post efficiency and resource allasatinder uncertaintyReview of Economics and Statis-
tics 45, 427-436.

Hausman, D. and McPherson, M. (1994), ‘Preference, belief,welfare’ American Economic Reviedv, 396—
400.

Jensen, M. (1968), ‘The performance of mutual funds in theodel 945-1964' Journal of Finance23, 389-416.

Jouini, E. and Napp, C. (2006), ‘Heterogeneous beliefs asetgricing in discrete time: An analysis of pessimism
and doubt’ Journal of Economic Dynamics and Cont8f), 1233—-1260.

Jouini, E. and Napp, C. (2007), ‘Consensus consumer andentporal asset pricing with heterogeneous beliefs’,
Review of Economic Studi@éd, 1149-1174.

Jouini, E. and Napp, C. (2011), ‘Unbiased disagreement anfiral markets, waves of pessimism and the risk-
return trade-off’ Review of Financé5, 575-601.

Karatzas, |. and Shreve, S. (199BJpwnian Motion and Stochastic Calculus (2nd ESpringer, New York.

Kogan, L., Ross, S., Wang, J. and Westerfield, M. (2006), ‘Ptiee impact and survival of irrational traders’,
Journal of Finances1, 195-229.

Kogan, L., Ross, S., Wang, J. and Westerfield, M. (2012), Rlesklection. NBER Working Paper No. 15189.

Li, T. (2007), ‘Heterogeneous beliefs, asset prices, addtiity in a pure exchange economylpurnal of Eco-
nomic Dynamics and Contr@1, 1697-1727.

Muraviev, R. (2013), ‘Market selection with learning andatang up with the Jonesedfjnance and Stochastics
17,273-304.

Petajisto, A. (2013), ‘Active share and mutual fund perfanoe’,Financial Analysts Journgh9, 73—-93.

Sandroni, A. (2000), ‘Do markets favor agents able to makeiate predictions?Econometricé8, 1303—-1342.

Sharpe, W. (2007)investors and Markets: Portfolio Choices, Asset Priceq] &vestment AdvigePrinceton
University Press.

Starr, M. (1973), ‘Optimal production and allocation undacertainty’ ,Quarterly Journal of Economic®7, 81—
95.

Vanayos, D. and Woolley, P. (2013), ‘A institutional theafymomentumn and reversaReview of Financial
Studie®26, 1087-1145.

Wang, J. (1993), ‘A model of intertemporal asset prices uadgmmetric information'Review of Economics and
Statistics60, 249-282.

Watanabe, M. (2008), ‘Price volatility and investor belwem an overlapping generations model with information
asymmetry’ Journal of Finances3, 229-272.

Xiong, W. and Yan, H. (2010), ‘Heterogeneous expectatiams laond markets’Review of Financial Studies

23, 1433-1466.



INDEX PORTFOLIO AND WELFARE ANALYSIS 41

Yan, H. (2008), ‘Natural selection in financial markets: Baevork?’, Management Scienéel, 1935-1950.
Yan, H. (2010), ‘Is noise trading cancelled out by aggremyéti, Management Sciené&, 1047-1059.
Zapatero, F. (1998), ‘Effects of financial innovations orrkeavolatility when beliefs are heterogeneousurnal

of Economic Dynamics and Contra®, 597-626.



	1. Introduction
	2. The Model and Welfare Analysis
	2.1. Information Structure and the Securities Market
	2.2. Investors
	2.3. Measuring Welfare
	2.4. Welfare Analysis
	2.5. Numerical Analysis
	2.6. Performance Analysis

	3. CRRA Utility
	3.1. Effect of Risk Aversion
	3.2. Numerical Analysis

	4. Impact of Learning
	4.1. Constant Drifts
	4.2. Time-varying Drifts

	5. A More Volatile Index Portfolio
	6. Conclusion
	Appendix A. Proofs
	A.1. Proof of Proposition 2.5
	A.2. Proof of Lemma 2.6
	A.3. Proof of Lemma 3.1
	A.4. Proof of Proposition 3.2

	References

