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Abstract— Based on a new variational method, an even- and

odd-mode analysis of broadwall coupling slot between
waveguides is presented. The proposed method is capable of
dealing with the effect of finite wall thickness. It uses multiple
incident waves with symmetry to simplify the field distribution in
the vicinity of the slot, enabling the adoption of
one-expansion-term trial functions with sufficient accuracy, even
in the instance of wide slots. Analytical solutions are provided,
and the calculated results demonstrate excellent agreement with
those of HFSS. The computation time with the new formulation is,

however, significantly shorter.

Index Terms— variational method, coupling slots, even- and

odd-mode analysis, wide slots, finite wall thickness

I. INTRODUCTION

AVEGUIDE slotcouplersareinwidespread use for many
W significant applications. Over the years, a variety of
methods have been developed for analyzing the properties of
slots in waveguides. In one approach, Stevenson [1] developed a
rigorous method for calculating the scattering parameters of

coupling slots near resonance. Later, Lewin [2] and

Pandharipande [3] proposed approximate methods based on

similar ideas in which slots were treated as equivalent antennas.
Sangster [4] applied a variational method to the analysisof single
transverse slots, through which a good balance was achieved

between accuracy and com plexity. The most attractive advantage
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of the above methods is the existence of analytical solutions,

which are valuable for practical design and optimization.
However, their assum ption of zero wall thickness limits their
usefulness in certain situations. In addition,
numerical techniques such as the method of moments (M oM)
[5]1-[7], finite-difference time domain method [8], [9], the
finite-element method [10], and the mode-matching method
[11]-[13] can be used to analyze slotted waveguide with finite
wall thickness to great practical accuracy. Compared with
analytical methods, however, greater programming effort and
execution time are required, which can be prohibitive for large
scale problem s that may require adaptive optim ization.

W hen the coupling slotisconsidered from the pointof view of
scattering in waveguides, most existing methods employ single
incidence as a

wave precondition for analysis [4]-[7]. For

instance, the analysis of slotted rectangular waveguide
directional coupler is usually based on a single TE,;, mode
incident from one of the four ports. The slot properties can then
be obtained by describing the field distribution around the slot
area, which is wusually achieved by selected basis function
expansion.Previouswork has shown that this is an effective way
of analyzing narrow slot problems. However, when considering
wide slots, more expansion terms are required to represent the
complex field distribution in the vicinity of wide slots. In this
case, solutions obtained from the current analytical methods are
often too

complex to be practical. Therefore, their use is

normally limited to narrow slots, usually with aspect ratio
greater than ten.

Based on a variational method, an even- and odd-mode
analysis is described in this paper, which provides analytical
solutions of scattering parameters of a wide transverse slot with
finite wall thickness in the common broad wall of two
rectangular waveguides. The proposed method employs multiple
incident waves with symmetry to simplify the field distribution
in the wvicinity of the slot, enabling the adoption of
one-expansion-term trial functions with sufficient accuracy even
for wide slots. The paper is organized as follows. In Section 11,
the theory is described, including the derivation of a variational

expression, the selection of trial functions and solutions of
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scattering parameters. Computed results from this formulation

are presented in Section IIl and these are compared with data

obtained from HFSS.Theresultsare also discussed in Section IV,

w hich is followed by a conclusion in Section V.

Il. THEORY

A. Derivation of Variational Expression

The geometry of atransverse slotinthecommon broad wall of

tw o rectangular waveguides is shown in Fig. 1. For

simplification, the original problem is transformed using the

equivalence principle into an equivalent one through region

division [5], [7]. As depicted in Fig. 2, the region division is
performed by placing two electric walls at interfaces S; and S,.

Each electric wallisappended with two sheetson either side with

+ _
magnetic currents J =a,xE and J =-a,xE )
9 : ! M; y S M; y S
w here ES~ is the electric field on S;in the original waveguide, i

1

= 1, 2. Therefore, the slot area is divided into 3 regions.
According to the continuity conditions for tangential com ponent
of magnetic field at S; and S,, two equations are obtained for
waves incident at each port, which are

inc

inc (1)sct
a,xH; " +a XH,"+a xH}

(1)
— (3)sct (3)sct
—anyl, +ay><H2+

on S,; and

inc

inc (2)sct
a,xXHg;" +a XH,” +a XH},

(2)
— (3)sct (3)sct
—anyl, +ay><H2+

inc
on S,,where Hm istheincidentwave input from portm (m =1,

(k)sct . . : )
2,3,4) and Hii isthe scattering waveinregion k (k = 1,2, 3)

generated by corresponding magneticcurrentatinterface S; (i = 1,

2). This latter magnetic field isrepresented by
k)sct H ' + . !
H % (r) = Ja)gHGmk(rlr )‘JMi (r )dSi : (3)
Si

where Gmk(rlr ) is the magnetic dyadic Green’s function of where
region k. Esl and ESZ aretheunknown quantitiesof (1) and (2),

which will be approxim ated by trial functions.

Performing integration over S, after scalar multiplying E51

on both sidesof (1),and similarly over S, after scalar multiplying

ar
Esz on both sides of (2), results in two equations containing
. Port 1
vectors Hrlrrl]c and Esi,nam ely '\
— @) (3) )
Nij + Ny =—Mg’ —Myy" + M3, 4
Port 4
and

waveguide

N = [ HI (r)-[ 3, % Eg, (1) ]ds,
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Combining (4) and (5), we obtain

1 3 3 2 3 3
Ml(l) + Ml(l) _Mél) "‘Méz) +M§2) _Ml(Z)
=_(N11+N21_N32_N42) (8)

U S,

where Scp denotes the compound scattering parameters of the

coupling slot with arbitrary incident waves, which will be
discussed later. According to (8),ageneral variational expression

of stationary homogeneous form [14], [4] for Scp isgiven by

2
_ (N11+N21—N32—N42)

cp 1 3 2 3 3 3) "

Ml(l) + Ml(l) + Méz) + Méz) _Mél) _Ml(z)

(9)

Itisshown in Appendix A that (9) is stationary with respect to

small variations in Esl and ESZ' In this new expression, the
effect of finite wall thickness is now included.

B. Trial functions

Before discussing the trial functions that could be suitable for
(9), consider even mode and odd mode incident waves specified
in Table I, for calculating different slot scattering param eters.
H(i)+

10

i)—
W e have used and H{O) to denote the normalized

forward and backw ard traveling TE,, mode of waveguide i, i =1,
2. Other scattering parameters can be obtained from those listed
in Table | by employing symmetry and reciprocity of the
structure,and arenotconsidered here. Each mode consists of two
or four sym metric incident waves input from different ports,

resulting in symmetric and similar distribution of E51 and Esz'

For instance, when calculating S;;and S,;,, such symmetry and
similarity are shown in Fig. 3 and Fig. 4, where only the

z-com ponents of ESl and ES2 are concerned because they are

predominant in this situation. The results shown in Figs. 3 to 5

were obtained from HFSS, with the dimensions of the

waveguidesand the slotsetasa; =a,=15.8mm,b; =6.0mm,b, =
3.0mm,w =13.0mm,d=5.0mm,t=3.0mm andu,=u,=21.4mm.

The aspect ratio of the slot is 2.6. A negative magnitude

corresponds to the electric field with an opposite direction. In Fig.

3 (a),thephase valuesaround z=0m m arenotprovided due to the
instability of calculation when the corresponding magnitude is
close to zero. For com parison, the results with a single incident
wave input from Port 1 are also given in Fig. 5.

Itisshown thatthe specified even mode and odd mode incident

wavessimplify the distribution of E51 and Esz,andthus enable

the trial functionsto have similarand simple formswithonly one
expansion term, which should be sufficiently accurate even in
case of a wide slot. Hence, appropriate trial functions are

proposed as:

for even-modes,

TABLE I
SPECIFICATION OF EVEN MODE AND ODD MODE INCIDENT WAVES
. . . . Complex
Target H:ll.nc lenc Hénc H:lnc Scale
factor
Even 1) 1)—
Sy Mode H:EO)Jr Hfo) 0 0 hf
Sz odd 1) 1)— 0
Mode HE" | -HY 0 0 by
Even (2)- (2)+ e
s | Mode 0 0 Hig Hig h
S s odd (2)- @+ 0
Wode 0 0 Hio Hig hy
Even 1)+ < 2)- 2)+ e
H X —u H h
Essut rgu-_dgL.AiéO.7.;inH{£_ﬁm 10 3 (o)
jsu Oodd 1) 1_W 2)— 2 0
wone | HHT [ HET DT SRS
z(x—up)
e e epe H 1
Es, =l -Eg =a,-A'h -z-smT, (11)
and for odd-m odes,
z(x—up)
o] o] H 1
Es, =Es=2a,-A -smT, (12)
. T{(X—-U
ES2 :h|oEg:aZAi0h|OS|n¥’ (13)

where the superscript “e” and “o” represent even modes and odd
e 0o
modes respectively. Ai and Ai are arbitrary factors which will
e 9]
beeliminated in (9),i=1,2, 3. hi and hi are the complex scale

factors between E51 and Esz corresponding to different modes

specified in Table I, and this will be discussed in the next

sub-section.

C. Solutions of Slot Scattering Parameters

1) S;;and S,

Consider initially even mode incident waves for calculating
S,;;and S;, which are specified in Table I.Similarly,an additional

superscript “e” isemployed in certain symbols to denote the even

modes. Substituting (10) and (11) into (9), and given that
inc inc e e

H3 =H4 =0 w hich indicates that N32=N42 =0, we

obtain an expression of the com pound scattering parameters with

even modes, given as:

Sep1 = (Nlel + Nzel)z/[Ml(?e M +(hie)2 ME*

2
o) M@ -rme - -m°],

(14)

where
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S
The right-hand sides of (16) are obtained according to usual

mode analysis [15] as well as sym metry and reciprocity of the

structure which indicate that S;; = S,, and S,, = S,,. The scale

e . . S . €
factor hl is obtained by minimizing (14).Expressions of Nllv

Nzel, Mi(jk)e hle are listed in Appendix B. Given that
N§2 :NSZ =O, and combining (16) and (8), we obtain
e _ e e \_
S =—(NF + N5 ) = =4(S, + 83, -1). (17)
e
W e see thatthe compound scattering param eters, Scpl,isa linear

combination of S;; and S,.
In the same way use is made of odd mode incident waves for

calculating S,; and S,, as indicated in Table I. Similarly, an

additional superscript “o” is employed in certain symbols.

Substituting (12) and (13) into (9) givesthe compound scattering

param eters for odd modes as

1 3 2 e
ot —(N11+ N21 /[M()0 M +(h10) ME*
(18)

() Mg -remge e Mg
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Thescale factor hlo isobtained by minimizing (18) as described

for the even modes. The corresponding result is

o] [o] 0]
o1 =—(ND+ N3 ) = —4(S;, — S, +1). (19)
The expressions of Nfl Ngl Migk)o and hf are also listed in

Appendix B.

Combining (17) and (19), S;, and S,, are expressed as

Sepr + Sep1
Sy = ————— (20)
8
0 _qe
1 1
Slzz%ﬂy o)

where Se

cpl are obtained

0]
and cpl

respectively.

2) Sjzzand Sy,

In the same way, we obtain

cp2_(he) (N32+N42 /[M M

(22)
2
+(he) - M@e+(n) M M - mE°],
1 3
cp2_(h0) (N32+N42 /[M()O M
(23)
2
#(08)" M@e () MP° —rgmE e MG
w here the incident waves are chosen as shown in Table I. The

€ o . PR
scale factors h2 and h2 are obtained by minimizing (22) and
e e e 0 o] o}
(23). The expressions of N32, N42, h2, N32, N42 and h2 are

listed in Appendix B. It can be shown that

(533+534 _1)’ (24)
(833—834 +l). (25)

cp2 =hyN3, +h;Ng, =

Sgpz =hyNg, +hyNg, =4

Combining (24) and (25), S;3 and Sz, can be expressed as
533:_S§p2+3§p2, 26)
8
0 _qe
334: cp28 cp2 1

(27)

3) S;;and S,

Similarly, we obtain

from (14) and (18),

Scps = [Nn + Nz —hg (st + N42 /[M Qe Ml(f)e

(28)
(1) M Mg g s 7]
oo =[N Nz - (NG« NG ) M@ mge
(29)
#(ng) Mg (n9) M —ng M —g-mE°],
w here the incident waves are chosen as shown in Table I. The

scale factors h§ and h:? are obtained by minimizing (28) and

(29), and the results are given in Appendix B. In this case we

obtain
o3 = _(Nlel +Nz; —hsNg _h§N22)
=—4(Sy1 + S, —1)—4(333 + S, —1)—8(813 +Su),
ops :_(Nlol""Ngl_hs?Né)Z —I“@Nf"z)
=—4(Sy; — S, +1)—4(Sg3 — S35 +1)—8(Sy3 —Sia)-

(30)

(31)

Combining (17),(19),(24),(25),(30) and (31),S,;and S,, can be
expressed as
o] e [o] e
( cpl + Scpl) (Scpz + Scp2 ) _(Scp3 + ScpS)

13 = , (32)
3 16

0 e 0 e 0 e
cp3 ~ Yep3 ) \Pepl T Pepl ) T\ Pep2 T Yep2

= . (33)
14 16

I, REsSULTS

A M atlab code was developed for the new formulation and
results obtained were compared with values calculated by the
Ansoft HFSS v10 software package. Fig. 6 shows the calculated
results of S;;, S;,, S;3 and S;, for a coupling slot with an aspect
ratio of 2.6, which was previously discussed in Section Il B, for
the frequency range 12 to 18G Hz. Results obtained from the new
formulation are in excellent agreement with HFSS where the
error is within about £0.2 dB and *2degrees for all scattering
param eters as shown in Fig. 6. The error is seen to increase to
around 0.3 dB and 6 degrees for S,; at the lowest frequencies in
the band.

In Fig. 7 results are given for another slot with an aspect ratio
of 2, thistime in X band. Although S,, has a magnitude error up
to 0.3dB, S,;;, S;3, and S,, are of acceptable accuracy and the
overallerrorsiswithin £0.1 dB and +3degrees. Characteristics of

the error of S;; and S;, are similar to those of S;;, and S,,.
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In Table Il we compare the computation times of the two
m ethods for obtaining the results shown in Fig. 6. The operating

computer has a dual-core CPU running at 2.80GHz and a RAM
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of 4GB . Since the M atlab code was not developed for parallel
processing purpose, only one processor was used during the
computation. However, the new formulation is still much faster
than HFSS with 2 processors em ployed, saving over 99% of the

computation time.

IV. DiscussioN
It is found that for a relatively short slot in terms of

e
wavelength,accurate results for Scp may not be achievable. The

reason is because in the simplification of the trial functions the
e . .
x-componentof ES isignored. For a short slot with w = 8.0mm
(0.38/10 atcenter frequency of 14.25GHz,where /10 denotes the
wavelength in open space), the norm alized magnitudes of z- and

x-componentof ESZ with even mode incidentwaves are given in

Fig. 8. In this situation, it is shown that the x-com ponent has

becom e significant, which also occurs when considering E51 Lt

is believed that the method would provide better results if more
appropriate trial functions were em ployed for even modes, such

as
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. T(X—-U
ES =E§=Aﬁe' az.z.smu
' w
(34)
w nZ
+a,-Bf | x—u; —— |-cos— |,
2 d
. . 7w X—U
ES :hie.Eg :hleAie az.z.sm(—l)
2
w
(35)
W iz
+a, -G | X—u; —— |-cos— |,
d
w here Bie and Cie are complex scale factors obtained by

minimizing the corresponding variational expression of Scp'

However, introducing the x-component in trial functions will
significantly com plicate the solution and thus is not considered
further here. W ith the presently chosen simple shape function

there is a restriction on the slot length, which is

w4,/ 2. (36)

In addition, for best accuracy, the slot aspect ratio is
recommended to be greater than 2.5.

It is shown that the new formulation dem onstrates much
shorter com putation time comparedto HFSS,and it can be easily
sped up through parallel com puting since the calculation of each
term in the sum m ation isindependent. W ith shorter com putation
time,thenew formulation is useful for large scale problem s that
may require adaptive optimization, especially when employing

equivalent circuit analysis for complicate waveguide
components that contain slots. The formulation can be used for
fast extraction of the equivalent circuit parameters of a slot, as

the dimensions change during the adaptive process.

V. CONCLUSION

B ased on a new variational method, an even- and odd-mode

analysis of broadwall coupling slot between waveguides is
proposed, which is capable of dealing with the effect of finite
w all thickness. A variational expression of compound scattering
parameters is first derived, and sim ple trial functions are then
determined from specified even-mode and odd-mode incident
waves. Each mode consists of two or four symmetric incident
waves, enabling the adoption of one-expansion-term trial
functions with sufficient accuracy even in the instance of wide
slots. W ith the variational expression and corresponding trial
functions, com pound scattering param eters with respect to even
mode and odd mode incident waves are acquired. Combining the
results, analytical solutions of the slot scattering param eters are
achieved, w hich are valuable for

practical design and

optimization. Calculated results dem onstrate excellent

agreement with those of HFSS, with errors within £0.2 dB and

+3degrees. The computation time is, however, significantly

shorter than with HFSS. A restriction is proposed as WZﬂolz

to achieve such accuracy. The aspectratio of slots can be as sm all
as 2, butitisrecommended to be greater than 2.5. It is believed

that by employing more appropriate trial functions with

corresponding simplification of the formulas may help to solve

the limitation of short slots (in terms of wavelength), which

could be followed up as arefinement of the method.

APPENDIX A

In this Appendix we demonstrate the stationary nature of the
variational functional (9). Taking the firstvariation on both sides

of (9) with respect to E51 ,we have

5SCP[E51]:{2(N11+N21—N32—N42)
-(6Ny + Ny — SNz, =N, )
'[Mfl) M(3)+M(2)+M§§)_M§)_Ml(g)]
2
~(Nyg +Npg =Nz =Ny )
MG +oMP +MP + MY ~sMB) - sm S|
2
1 3 2 3 3] 3
J[ME M@ MB D - -m ]

(37)

According to (8), (37) can be simplified as

88| Es, | =
~[oMP +MP +5MP +sMB ~sMP ~sM Y |

_2'(6N11 +5N21_5N32 _6N42)

(38)
It is easy to find that
5le_HH.nc [a,xEg (r)]ds, (m=1, 2), (39)
0N, =0 (m=3, 4), (40)
oM =2joz [[ [[[a, < o€ ()]G (rIT)
S S (41)
-[ay xEg, (1 )stl'dsl (k=1,3),
SME =0 (k=2,3), (42)
and
sME =sM$ = ja)f:”” a, x5Eg (r )]

5 S, (43)

-Gpa (r Ir )-[ay x Eg, (r' )} ds,ds,;.
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Substituting (39) ~ (43) into (38), we obtain
_ inc inc
55| Es, | =2[[ 5 (r) {a, xHI™ (1) +a, < HE* (1) +
Sy

joe-a, xjj[Gml(r | r')+Gm3(r I3 )][ay xEg, (r' )JdSi

S

~joz-a, xJ-J.Gm3 (r | r')-[ay x Eg, (r' )J dSé}dSl.

S,

(44)
According to (1) and (3), (44) finally becom es
88| Es, |=0. (45)
In the same way, itcan be found that
53¢ | Es, |=0. (46)

Equation (45) and (46) indicate that (9) satisfies stationary

properties with respect to small variations in ES1 and ESZ'

APPENDIX B

Listed here are the useful expressions obtained from the

proposed even and odd modes trial functions.

Even modes:
Ny =Ny :_Fl'Gl(abul)'De(kl%)) (47)

N§2=N§2=—F2'G1(327U2)'De(k1(§)) (48)

0 0 2
VIC P ) . Li(@} }
" ;nz_(;albl[krﬁ%]z[ k*\ & (49)
'|:Gm (al’ul)]Z'He(kr(r}r)l)

© © 2
. 0, 1(mrx
ME" = o) ) [1_ kz[a J }
2

m=1n=0 azbz |:k|212n) j|2

[Gn (az,uz)]z “He (kr(nzn))

(50)

3 3
Ml(l)e = Méz)e =

3 3
Mél)e = Ml(z)e =

= WO

jwe

ja)gz

n

n=0 2t |:kl(r?) :|2

1%

d3
o —
12 k@

2 (-1)" we,
n=0 Zt[kl(r?):r

3
Ao
12 I(1n I(1n

2

e
S

ol
5]

=6l

3
.
2 3
Méz)e + Méz)e
he = M+ MG
3
M3
1 3 3
e N3, '|:M1(l)e + Ml(l)e -Nf - Ml(Z)e
=
N M NG (M ]

Odd M odes:

Ny = N3y =2jF -Gl(al,ul)~sin(kl%)d /2)

2

N302 = N22 = _2jF2 'Gz (az,U2)~Sin(kl(§)d /2)

o0

M = jos

Mg)" = ja)gii

m=1n=0 a2b2

3 3
Ml(l)o = Méz)o =

3 3
Mél)o = M1(2)0 =

226,

22 ap[k8 {

'[Gm (al! ul)]z “Hy (kr(nlr)1)

25,

)

[1_

1
K

mz

a

'|:Gm (aZ’uz)]z ’ Ho(kr(nzr?)

wgi wds,

n=0 2t|:k1(r?) :|2

ja)gz

n=0 2t

[

i

)

|

5]

=, (-1)" wds, {1—

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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