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Abstract

This paper is devoted to the problem of designing a sparsely dis-
tributed sliding mode control for networked systems. Indeed, this note
employs a distributed sliding mode control framework by exploiting
(some of) other subsystems’ information to improve the performance
of each local controller so that it can widen the applicability region
of the given scheme. To do so, different from the traditional schemes
in the literature, a novel approach is proposed to design the sliding
surface, in which the level of required control effort is taken into ac-
count during the sliding surface design based on the J# control. We
then use this novel scheme to provide an innovative less-complex pro-
cedure that explores sparse control networks to satisfy the underlying
control objective. Besides, the proposed scheme to design the sliding
surface makes it possible to avoid unbounded growth of control effort
during the sparsification of the control network structure. Illustra-
tive examples are presented to show the effectiveness of the proposed
approach.

keywords Networked control systems, .7%-based optimal sparse sliding mode
control, distributed control systems, linear matrix inequality.



1 Introduction

Control systems that utilize spatially distributed components have been stud-
ied for a while. In early control systems, the information of the distributed
sensors was transmitted to a central station (controller) through direct hard-
wired links and then the generated control commands were sent to the spa-
tially distributed actuators. Thanks to the recent advances in communication
technology, efficient communication networks have been used in control sys-
tems, which has opened a new research area to consider the influences of
communication networks on control systems [21].

Spatially distributed control systems with communication networks in
their loop have been also regarded as networked control systems (NCSs).
Utilizing a centralized control scheme in NCSs requires the central controller
to have access to the states of all subsystems’ plants, which is not practical as
it needs a larger and more costly control network. On the other hand, decen-
tralized or distributed control architectures have been proposed and used in
the literature [36, 30, 1, 11]. The general idea behind the decentralized con-
trol scheme is to use only the local state information in order to control the
subsystems and thus there is no control network. This can be effective only
when the interconnections between the subsystems are not strong [35, 25].
In other words, when the interconnections are strong, utilizing distributed
control frameworks has been considered. In this strategy, each subsystem
can exploit local state as well as the state of some other subsystems. Hence,
compared to the decentralized control scheme, distributed control scheme
can ensure the stability of the overall system in the presence of stronger
subsystem interconnections [31]. Meantime, it also has less complexity and
improved computational aspects compared to the centralized control scheme.

An outstanding research implemented on the sliding mode control (SMC)
has been the decentralized SMC for large-scale interconnected systems; see
(32, 33, 20, 17, 34] and the references therein. However, in the literature the
distributed SMC, for the cases that the interconnections between different
subsystems are not weak, has received less attention and hence requires more
investigations. To achieve better closed-loop control performance, this paper,
as the first step, provides a methodology to design a distributed SMC for a
network with an arbitrarily given control topology, by establishing some level
of communication between the different sub-controllers. It is also assumed
that communication networks do not have any data packet loss, bandwidth
limitation, or network delays. We will show that the proposed distributed



SMC has the ability to cover all the cases such as decentralized, distributed,
and sparsely distributed topologies. Then, we will consider the problem of
finding a sparse control network structure that can satisfy the control ob-
jective. This issue is basically vital in the design of massively distributed
control networks, such as smart grid systems [21].

Although the SMC is now a well-known strategy, from the standpoint of
constraining the available control action, all the traditional methods consid-
ered in the literature have shortcomings [5]. This drawback basically comes
from the nature of the SMC design process which contains two separate
stages. During the synthesizing the sliding function, there is no sense of the
control action level that is required to induce and retain sliding. This issue
is more crucial in this paper when it comes to sparsify the control network
structure, as with no limits on the available control actions, it may result in
the high level of control efforts that each subsystem’s controller requires to
apply, which is not a practical case. To deal with this problem, [19] proposes
a scheme to design a sliding surface which minimizes a cost functional of the
system state and control input. However, the method given in [19] has several
limitations. As the method in [19] needs to ensure that at least one eigenvalue
of the closed-loop system (for single input systems) is a real value, not nec-
essarily any arbitrary weighting matrices in the objective function can result
in a sliding mode control. Hence, this reference either reselects the weighting
matrices or approximates the closed-loop system eigenvalues so that a set of
eigenvalues are generated which can be split between the range-space and
null-space dynamics. However, no precise scheme is given on how to rese-
lect the weighting matrices. Further, the approximation of eigenvalues may
lead to a loss in optimality and possibly robustness. In order to resolve the
limitations of [19], [26] proposes a framework in which a weighting matrix is
computed that is tried to be the closest to the desired one and also results in
the desired eigenvalues. The SMC then can be designed according to the ob-
tained eigenvalues and weighting matrix. However, both methods in [19, 26]
are only applicable to single input systems. Alternatively, [5] considers this
problem and proposes two new frameworks. However, the proposed methods
in [5] rely on a special system coordinate transformation which bounds the
possible adoption of these methods to our control structure sparsification
problem. This paper alternatively develops a different approach by which we
can deal with an % based optimal structured SMC problem.

Recently, the issue of designing a control network with minimum commu-
nication links has been studied in the literature [21, 23, 24, 22, 14, 15, 16]. As
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an illustration, [14] proposes a non-convex condition which is solved numeri-
cally by exploiting a convex reweighted £; norm approximation. Furthermore,
[21] considers the problem of finding the sparsest control/observer network
that satisfies the obtained stability condition. Roughly speaking, the spar-
sity is formulated in terms of cardinality (¢p quasi-norm) of the feedback
gain in these references, which is then relaxed by the (weighted) ¢;-norm
(see [3]). In this paper in order to address the problem of designing a sparse
SMC controller, a specific form of fictitious system, whose matrices contain
the control network structure, is derived. This makes the well-developed
weighted /) algorithm infeasible to our problem. Alternatively, this paper
proposes a heuristic scheme to obtain the sparse sliding mode controller.

The rest of this paper is as follows. Section 2 describes the problem
formulation and preliminaries. Section 3 presents the structured 7% based
sliding mode control. Section 4 demonstrates our heuristic method to solve
the problem of finding a favourable sparse structure for the control network.
Effectiveness of the proposed sparsely distributed SMC is studied by numer-
ical examples in Section 5. Finally, Section 6 concludes this paper.

Notation: [Zij}qxq is a block matrix with block entries X;;, i=1, ---, q, j=
1, -+, q. diag[E]Z, is a block-diagonal matrix with block entries X;, i =
1, ---, g. Moreover, col(v;)Z, denotes a block-vector with block entries
vi, i=1, ---, q. {o} denotes an operator for & = [§;]nxp in which &; € R

and W = [Vvij]hxh in which "Vl‘j € R"*5i such that EoW = [éijWij]hxh. ]lpxq
denotes a p x g matrix with all entries equal to 1.

2 Problem Formulation and Preliminaries

Consider a large scale networked system consisting of & subsystems,

h
xi(t) = Aixi(t) + '_IZ.#'Aijxj(t) + Biui (1) + fi(xi)], (1)

where x; € R and u; € R™ are the state vector and control input vector
of the i-th subsystem, respectively. The matrices in (1) are constant and
of appropriate dimensions. Besides, A;; # 0 if the sub-system j influences
directly the sub-system i. Without loss of generality, it is also assumed that
rank(B;) = m;. fi(x;) € R™ is the matched uncertainty.

To design the sliding surface in this paper it is assumed that the system



in (1) is in a special coordinate (see e.g. [5]) which is more stringent than
what is considered in the well-known regular form coordinate. Thus, it is
assumed that the input distribution matrix in (1) has the following form

B = m , )
Define
3)

and

A = diag[A]|l | + [Aij] yps B= diag[B,); (4)

i=1>

in which A;; =0. Using (1), (3) and (4), the overall system can be written as
x(t) = Ax(t) + Blu(t) + f (x)]. (5)

It is assumed in this note that some additional states from other subsys-
tems are utilized to improve the performance of the control loop. This idea
is different from the decentralized controller and will lead to a distributed
control structure. Note that the control network may differ from the system
network. Our objective here is to design an J%-based optimal distributed
SMC, exploiting feedback from (some of) other subsystems, to stabilize the
overall system in (5) through a sparse control network.

Definition 1. A matrix is said to be a structure matrix if its elements are either
0 or 1. The structure matrix of a block matrix ¥ = [¥;;];x; with ¥j; € R'i*%
is y(Y) =S [Sij]hxh with

{0 i Yy=0, i)
ST 1 otherwise.

Notice that the structure matrix defined above is similar to the well-
known adjacency matrix in graph theory; see [10]. However, unlike the ad-
jacency matrix, the diagonal entries in the structure matrix will be assumed
to be 1.

Definition 2. Two matrices Y; and Y, are said to have the same structure if

S () =7 ().



Definition 3. The structure matrix . £ [silj] nxh 1s said to be a sub-structure

matrix of %5 £ [Slzj]hxh if s%j — silj > 0. We denote this as .1 C .%.

Now, consider the following linear sliding function

o(t) = Sx(t), (6)

where o(t) := col(0;(t))"_; and the block diagonal matrix S := diag[S;|"_; will
be designed later such that SB is nonsingular.
During the ideal sliding motion the sliding function satisfies:

o(t)=0, Vr>t, (7)

where #; > 0 denotes the time that sliding motion starts. Due to the special
system coordinate explained before, the overall switching function § matrix
may be parameterized as

S = diag[&]?d -diag [[Mi Imz‘”?:l ’ ®)

where M; € R™>(i=mi) and §; are nonsingular matrices having no influence
on the overall reduced-order sliding motion. Now, the controller is assumed
to be of the following structure:

h
wi(t) = —(SiBi) ™! {(SiAi — D8 xi(1) + i Y %J'Aijxj(f)} +0i(1),  (9)

J=1

where ®; € R™>*™ is a stable matrix, ¥;; denotes the ij-th element of the
structure matrix I' of the control network, that is, y;; =1 if i = j, or the
ij-th link exists in the control network and ¥;; = 0 otherwise, and ¥;(¢) € R™
denotes the nonlinear part of the controller.

Assumption 1. There exist known continuous functions p;(-) and w;(-) such
that for i=1,--- Ak

D G < pilxi),

2) )y (1—%‘]')A,~jxj SH;’('}_’iTOx),

j=Lj#i

where ¥; implies the i-th row of (1, —TI).
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Then the nonlinear part of the controller has the following form

Gl'(l‘)
loi(2) |l

in which K;(x;) is a gain to be designed later in this section.

Besides, we need to design the sliding function matrix so that the resulting
reduced (n; —m;) order sliding mode dynamics are stable. Thus, our next
problem is to design sliding matrices S; ensuring overall stability and an
additional .74 performance specification. Notice that the role of the term
(S;B;)~'®;Six;(¢) in the controller (9) is to govern the convergence rate to the
sliding manifold in association with the nonlinear part 9;(¢). Here, similar
to [5], it is assumed that ®; = AL, where 4; < 0 is a given constant value.
Note that unlike in [5], A; can also belong to the spectrum of A;. Owing to
the special form of ®;, it can commute with S; and then the control law u;(t)
in (9) can be written as

(1) = —(SiB;) ™" {IISiBil| pi(xi) + Kixi) }

it 0i(1) £0,  (10)

wi(t) = (SiBi) ™! {Ax it Z YijAix(t } +0i(1), (11)

where A, ; = Ail,; — A;. Then the compact control law is
u(t) = (SB)'S(T'o A, )x(t) + (1), (12)

where A, = diag[Ad, |1, — A, T = [¥ij]nxn and &(t) = col(%:(¢))_,.

We now aim to show that the controller (11), (10) drives the system state
to the composite sliding surface (6). Further in what follows, we assume the
known sliding surface matrix S := diag[S,-]f-‘: , and its design will be derived in
the next section.

Theorem 1. Consider the NCSs in (1). Under Assumption 1, the sparse
controller (11), (10) drives the state of the system (1) to the composite sliding
surface (6) and maintains a sliding motion if &;(x;) satisfies

=

Z [ (xi) > Z [1Si| i (7 0 x) (13)

where S; are given sliding function matrices and y;(-) are determined by
Assumption 1.



Proof. The dynamics of o; of subsystem i can be derived by taking the time
derivative of (6), substituting in the state equation (1), and using the con-
troller (11), (10), i.e

60 =hiaiD)+5 Y (1= 1)Agpes 1) — [ ) 1B o)) 20
s g AR lo:(2)]

+8;Bifi(xi). (14)

Now we will prove that the following composite reachability condition is
satisfied [12]:

y o (15)
= lloi
It follows from (14) and Assumption 1 that
i <A ||loall + [1Sill (i o x) — K (i) + || SiBi fixi) [| = [|SiBi| pi(x:)
1
<|Sill i (% 0 x) — Ki(xi). (16)

Finally, if &;(x;) satisfies (13), the composite reachability condition (15) holds.
[

h
Remark 1. An obvious choice for (7 ox) is ¥ ||(1—7;)A:j||||x)], and
j=Tii
h
as a consequence, k;(x;) = Y |S;||||(1—vi)Asl||lxi]l + €&, with & >0 a
J=1 A
small given scalar, satisfies the condition (13).

Note that thanks to the special structure of S and B, the controller can
be written as

u(t) = diag [M; In]];, (CoAz)x(r)+ 9 (), (17)

With different structure matrix I', the controller (12) can explain vari-
ous topologies. The decentralized control strategy can be obtained by ¥ =

1 if i=j

0 otherwise
information to control the given subsystem. In this case, there is no control

which means that the local controllers use only local state
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network in the system. It is worth noting that most of the proposed decentral-
ized SMC in the literature can be covered by the controller (12) with I = 1I.
When I' = 1,4, or more accurately I' = . (A), a fully distributed control sys-
tem is achieved, i.e. each subsystem uses its own state as well as the states of
all other physically coupled subsystems. In other words, the control network
is structurally same as the system network. As the third alternative, the
structure matrix I' can generate a middle-of-the-road solution, between fully
distributed control approaches and decentralized ones, regarded as sparsely
distributed control systems. This could be beneficial when some constraints
on communication requirements among local controllers exist, and hence, the
control network could not have the same structure as the plant network.

It should also be mentioned that while decentralized controllers (i.e. I'=1;)
are preferable in terms of minimum communication costs, they have short-
comings in terms of stabilizing the overall system if the interactions between
subsystems are not weak. On the other hand, a fully distributed control
scheme can significantly improve the stabilization potential of interconnected
systems, but at the expense of a maximal communication overhead. Moti-
vated by these issues, this paper considers a third alternative in which struc-
tures that offer maximal improvement in system performance at the minimal
cost in information exchange are explored and exploited.

To this end, we design an .73-based SMC for interconnected systems with im-
posing a priori constraints on communication requirements (known I') among
subsystems in the next section. Section 4 will establish an optimization
framework to obtain a trade-off between the 74 performance and the spar-
sity of the control network structure.

Remark 2. The control network should always be a subset of the dynamics
network, that is, I' C .#(A). In other words, if A;; =0 (subsystem j does not
influence i-th subsystem), then %;; = 0.

3 Optimal Structured SMC Design Problem

This section aims to design sliding matrices S; while ensuring overall stability
and penalizing the level of required control effort to maintain sliding as well
as the stability of the reduced order interconnected systems. In order to
cope with the above problem we may resort to select the switching function
matrices S;, with given A;, while ensuring overall stability and the stability



of the reduced order interconnected systems, so that the linear control part
of (17) minimizes the cost functional

J= /0 (T (1)0x(t) + u” (t)Ru(7) } d1, (18)

where Q € R with n = Zé’zl ni, is a given positive semi-definite matrix,
and R = diag[Ri]?zl e R™M  with m = fo:lmi, is a given block diagonal
s.p.d matrix (0 < R; € R™>™).

3.1 % based optimal structured static output feedback
Consider the controller in (17) contains only the linear part, hence
x(t) =Ax(t) +w(t) + Bu(t) (19)
z(t) :sz(t) +Dzu(t)
u(t) =diag [[M; 1|1, (ToAy)x(r),

where w(t) := col(w;(t)), is a fictitious exogenous disturbance, z(¢) = col(z(#)) |,
and z;(t) € R% is the performance output vector of the i-th subsystem and

¢, = [Q(j] D, = [1&] . (20)

In order to cope with the optimal SMC problem explained previously,
this paper then will endeavour to choose block diagonal matrix § so that
the obtained closed-loop system by applying the linear control law in (19)
minimizes

2
Ji=Tell3, (21)

where ||T,;||, denotes the .#%-norm of the closed loop transfer function from
w(t) to z(1).

Remark 3. It should be noted that designing the sliding surface with only the
linear part of the controller is a standard scheme in the existing literature of
SMC; see e.g. [28].
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The linear controller in (19) can be rewritten as u(t) = Fx(¢) in which
F =diag [[M; In]]", (ToAy) (22)

(dlag[ ]l ldlag[[ O(ni_mi)xmi]]f:1+diag[[0 Imiﬂ?_1>(l“oA;L).

As seen M; are the design freedoms in this new framework. Let us obtain the
closed-loop system as

_[fo 011"
A+ BF =A+diag (TCoAy)
0 Inl].,
+ Bdiag [M;];_ ldlag[[ 0 m,)xm,“ (FOA/I)
24,4+ BMC, (23)

where M = diag [M, ] ' | and

h
Ao = A+ diag Hg h ” (ToAy), (24)
mi] | =1

C = diag [[Ini*mi O(ni—mi)xmiﬂf-lzl (I'oAy).

Now consider the fictitious system

x(t) =Acx(t) +w(t)+ Bi(t)
z(t) = Cox(t) + Di(r)
y(1) = Cx(1), (25)

where i(t) = My(t) and

02

C:= delag HO Im,” (FOA)L)]

D, = {01} . (26)

R2

From this new viewpoint, the problem of designing .74 state feedback SMC
(19)-(21) can be regarded as a static output feedback L(Q) problem for the fic-
titious system (A¢, B,C), given in (25). Specifically, minimizing the J%-norm
of the T,,; (see (21)) subject to (19) is equivalent to minimizing the J%-norm
of (25) with respect to the static output feedback gain M.

Different methods have been proposed in the literature to deal with the static
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output feedback LQ problem in (25) most of which utilize iterative processes
27,9, 6, 4, 13], and thus, their solutions and convergence depend on the ini-
tial conditions. Among the aforementioned schemes, for no particular reason,
we adopt the iterative LMI method proposed in [13], referred to as the scaled
min-max algorithm, to find M and thus S; see Algorithm 1 in the Appendix
section.

Remark 4. Notice that the value of the 74 cost obtained from Algorithm 1 is
not the true one, due to the conservatism introduced by assuming the block-
diagonal structure for M. Nevertheless, the true value can be computed by
solving the following Lyapunov equation

Pye(A+BF)+(A+BF) P.+Q+FTRF =0. (27)

Then one can find the J4 cost as y/trace(Pye).

3.2 Stability analysis of sliding mode dynamics

It should be noted that the % based method presented in the previous
subsection may not necessarily stabilize the sliding mode dynamics. This
subsection aims to impose an additional reduced order stability constraint

on the previously proposed optimization problem. Let us rewrite the system
in (1) as

it R e ] R o vt | s AR
(28)

Now by applying the equivalent control:
h
Uegi = [Mi In] S Ay xi(t) = Y Aijx;(t) ¢ — fi(xi), (29)
j=1

and using the nonsingular coordinate transformations T = diag[Ti]?:l with

i = [1\{1; (I)], in the new coordinates, i.e. X = Tx, we can write

) o O e 1
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where Aill == Aill _AiIZMi and Aijll == Aijll _Aij12Mj- O‘bViOUSly7 (30) in-
cludes a reduced order interconnected system composed of h subsystems
with dimension n; —m;. Note that this reduced order system is same as
the reduced-order system resulted by the SMC (17) as they both have the
same sliding surface. Therefore the stability of the system (30) will infer
the stabilty of the reduced order system in Section 2, thus guaranteeing the
stabilizing of the proposed SMC. Now, a stability analysis is considered for
the system (30). Let the overall closed-loop system, obtained by the overall
equivalent control, be

x(t) = ALE(t). (31)
It can readily be shown that the stability of AZI is equivalent to the stability of
AL, =Al+BMC", where A, and C" are obtained from (24) by letting I' = 1,
that is no structure imposed. Now in order to ensure the stability of the
sliding mode dynamics, we augment the 7% problem in (41) (see Appendix
A) by including (42) with an s.p.d decision variable P > 0. Tt is not hard to
show that the obtained M = diag[Mi]?zl ensures the stability of the following

composite reduced order dynamics:
A - Apn
we)=1 1 o %) (32)
Apini -+ Ann

where x, = col(x,-l)?: |- Note that the obtained switching function matrices S;
are completely determined by choice of M;.

We finally summarize the proposed structured 745 based SMC in the
following theorem.

Theorem 2. Assume that Algorithm 1, with a given structure matrix I', has
a solution M = diag[M;]"_, for some § > 0. Then the % performance con-
straint || Ty.||3 < 8 on the system (19) is ensured. After the reaching time
ts, the resulting reduced n; —m; (i =1,---,h) order sliding mode dynamics,
obtained by applying the control law in (11) and (10) to the system (1), is
asymptotically stable.

Proof. The proof of this theorem is already presented in the previously given
method to select the sliding function matrix. [

Remark 5.

13



e As can be seen, in this paper, the sliding function as well as the sliding
matrix S are obtained through a novel unified framework which can
cover different topologies of control network such as fully decentralized,
fully distributed and sparsely distributed topologies. To the best of
authors’ knowledge, this is the first paper dedicated to the design of
sparsely distributed SMC for interconnected systems.

e More importantly, as stated in the introduction, broadly speaking, all
the traditional methods proposed for the design of SMC have shortcom-
ings in terms of taking into account the control action that is necessary
to induce and maintain sliding. This drawback basically comes from
the nature of the SMC design process which contains two separate
stages. During synthesizing the sliding function, there is no sense of
the control action level that is required to induce and maintain sliding.
For example, the optimal quadratic method proposed in [29] that re-
sembles the traditional LQR methods, deliberately assigns zero penalty
to the control effort and, in other words, adopts the principle of cheap
control. This issue is more crucial in this paper when it comes to spar-
sify the control network structure, as with no limits on the available
control actions, it may result in the high level of control efforts that
each subsystem’s controller is required to apply, which is not a practical
case. Indeed, we select the switching function matrix S while ensuring
overall stability as well as the stability of the reduced order intercon-
nected systems, so that the linear control part of (17) minimizes the
cost functional (18). This objective ends up a novel optimal frame-
work for the design of § in Section 3. As explained, the problem of
designing 7% state feedback SMC is reformulated as a static output
feedback LQ) problem for the fictitious system (A.,B,C), given in (25).
This is definitely a novelty in the field of SMC design for interconnected
systems.

4 Sparsification of Control Network
Previous sections have studied the problem of designing .7-based SMC for
NCSs with imposing a priori constraints on communication requirements

among subsystems. In other words, the structure matrix I' in (17) is as-
sumed to be known a priori. The objective in this section is to establish an
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optimization framework which indeed aims to obtain a trade-off between the
765 performance and the sparsity of the control network structure. Indeed,
one can say that the main objective here is to minimize the cost of the control
network utilized to control (stabilize) the system. Here, we assume that the
general costs, including the construction and data transferring costs etc, are
identical for all the links. Hence, the minimization of the control network
costs can intuitively be considered as the minimization of the number of links
in the control network structure or equivalently finding the sparsest control
network structure that can satisfy a global control objective. On the other
hand, minimizing the control network structure for the SMC without taking
into account the control costs, may not result in applicable results. Here we
propose a way to minimize the control performance and the communication
costs simultaneously. We formulate this problem as

min J(I',M)+ ncard(I") (33)
subject to I' C .¥(A), (M) =1, and (25),

where J is the square of the 7% norm of the closed-loop transfer function
from w(t) to z(z) in (25), I = [};jlnxn and card(-) denotes the cardinality
function (the number of nonzero elements of a matrix). Besides, 1 >0 is a
given constant which captures a trade-off between the .74 performance and
the sparsity of the controller structure. For example a larger n will lead to
a sparser I and n =0, which means I' = .%’(A), converts the problem to a
distributed SMC with the objective function (21). The optimization prob-
lem in (33) is a mixed-binary problem which, broadly speaking, requires an
intractable combinatorial search to achieve the solution.

Notice that the cardinality function, in optimization problems such as
(33), is usually approximated by the ¢; norm of the optimization variable
2] or the so-called weighted ¢; norm [3]. Since the weighted ¢; norm is not
implementable (the required weights should be calculated based on the un-
known feedback gain), a reweighted algorithm is proposed in [3], and further
used by [14] to design sparse feedback gains. This algorithm solves weighted
optimization problems iteratively in which the weights are updated inversely
proportional to the strength of individual (block) entries of feedback gain in
the previous iteration. However, the existing reweighted algorithms are not
applicable to the optimization problem in (33), as the system matrices A,
and C in the fictitious system (25), involve the structure matrix I'. Instead,
in this note, we will consider a heuristic scheme by relaxing the constraint
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on the variables ¥;;, i # j from the binary variables, 0 or 1, to the constraint
of 0 <y; <1, i#j, where

F. .
0 b @
p=1" IF

in which F;; denotes the ij-th entry of the control feedback gain F in (22) and
|| is the Frobenius norm. Indeed ¥; can be considered as the normalized
strength of the coupling feedback gain F;;. This scheme works by first find-
ing the normalized strengths of all the coupling feedbacks and then removing
the links corresponding to the weaker feedback gains one-by-one until the
stability of the overall closed-loop system is violated. Indeed, by assigning
a normalized weight to each link according to the contribution of its corre-
sponding feedback gain in the control objective, this process will reduce the
probability of loosing the stability by removing a link. This also can lead to
a more computationally efficient method compared to an exhaustive search
without taking into account the strength of the coupled feedback gains.

Procedure 1. 1) Initialize I' = .(A) and [ = 1, in which [/ denotes the
iteration number.

2) Solve Algorithm 1 (refer to Appendix) to find P and M. If the LMIs
in (41) and (42) are feasible, IV < T" and Jy(I) = J(I'') + nCard(T"),
otherwise terminate the search and the problem has no solution.

3) Find % as in (34) for all y; =1, i # j. Sort the set {y;;} in ascending
order.

4) Set 7 corresponding to the [-th entry of {¥} to zero and [ =1+1.

5) Solve Algorithm 1. If the LMIs in (41) and (42) are feasible, I - T
then compute the objective function in (33) to find Js(I) = J(I') +
nCard(I"), if I < Card(.7(A)), return to Step 4, otherwise go to Step
6.

6) Find [* = arg mlin J5(1) and return its corresponding T'".

Remark 6. It should be noted that random truncation of the distributed
controller (I'=.%(A)) may lead to a feedback that cannot stabilize the overall
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system. In contrast, the proposed method here is a systematic way to reduce
the number of links in the control network structure while preserving the
stability of the overall closed-loop system.

Notice that in order to obtain the result from the above procedure, at
most Y7, & convex problems need to be solved, where & = Card(.7(A))
and & denotes the number of iterations that is required for Algorithm 1 at
the [-th iteration of Procedure 1. This is in contrast to leg &; in the case
of carrying an exhaustive search on the binary variables. Besides, roughly
speaking, all the methods in the literature to solve an 7% static output
feedback problem utilize iterative processes, and their solutions and more
importantly their convergence depend quite significantly on the initial con-
ditions. It is difficult to ensure Procedure 1 to achieve the global minimum
or even a local one. However, our extensive computational experiments show
that this algorithm can provide an effective means to achieve an acceptable
trade-off between the control performance and the sparsity of the control net-
work structure. Compared to the exhaustive search, Procedure 1 proposes a
simple suboptimal relaxation scheme, which is much more computationally
attractive.

Remark 7. The reference [14] uses the alternating direction of multiplier
method (ADMM) to address the sparsity-promoting optimal control prob-
lem. Specifically, ADMM is utilized to identify the control structure which
strikes a balance between .74 performance of the closed-loop system and
the sparsity of the controller. This reference also exploits weighted ¢;-norm
as a convex relaxation of the cardinality function. Although the conver-
gence of the weighted ¢;-optimization to a local minimum is demonstrated
in [8], convergence of the proposed algorithm to the global minimum may
not be ensured. While the LMI methods are not the best approaches for the
problems with large dimensions, they provide a simple and tractable solu-
tion, especially with more and more powerful computing facilities nowadays.
Therefore, we preferred to employ LMI approaches in this paper to address
the problem of designing sparsely distributed SMC for NCSs and leave using
more scalable schemes such as ADMM for the future work. Firstly, the prob-
lem formulation in this manuscript is substantially different from the ones
used for sparsely distributed state feedback (SF) and static output feedback
in the literature (e.g. [21, 23, 24, 22, 14, 15, 16]), in that we originally aimed
at using SMC strategy and as a result the problem formulation is very dif-
ferent (please see the system matrices in (24)). Note also that the sparse SF
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obtained using the method in [14] may not necessarily be a feasible solution
to the SMC problem [5]. Moreover, as seen the system matrices of the ficti-
tious system in (25) include the topology matrix. Hence, we are not able to
exploit the conventional ¢; algorithms proposed in the associated literature
for sparsity pattern recognition. Additionally, the particular formulation here
makes it hard to use ADMM in order to solve the sparsity-promoting optimal
SMC problem or more specifically identify the favorable controller patterns.
However, we will consider the possibility of exploiting the ADMM approach
in the future work, albeit by exploiting a different fictitious formulation.

5 Numerical Examples

5.1 Example 1

Consider an interconnected system which includes three inverted pendulums
mounted on coupled carts [21, 18]. The linearized system equations are also
given in [21]. Define x; = [xi71,x,-,2,x,-73,x,-’4]T = [6;,6;,x;,%,]7,

0 1 O 0 00 O 0
M+ ki i+b; —kij  —bi
A = M,'Emg 0 Ml CM,'E A= 00 ij WZJ
! 0 0 O 1 P 00
e 0 G 00 3
B=[o =t o L]
1= Ml M; )

for (i,7) € {(1,2),(2,1),(2,3),(3,2)}, in which k; = ZjEJ[kij and b; = ZjeJ,-bija
where J;:=={j | [Z(A)]ij =1,j #i}. Besides, ¢;, bjj =bji, kijj = kj; and ¢ are
friction, damper, spring coefficients and pendulum length respectively. It is
also assumed that the moment of inertia of each pendulum is zero. Besides,
the system parameters are assumed as M1 =4, M, =3, M3=5, m=0.2, g=
10, ¢ =4, kip=ky = 1, koz = k3p = 1, bip =by = 1, byz = by =0.2, c] =
0.4, ¢, =0.2 and ¢3 = 0.1. Notice that here it is assumed that entire system
states are available. Transformation matrices 7; are utilized to transform
the subsystems to the form given in (2). The performance weights are set
as Q =1, and R = 0.11,,. We have also chosen A = —1. Procedure 1, with
three different parameters 1 =0.01, n =0.05 and n = 0.1, is solved and the
corresponding results are given in Table 1. Furthermore, the initial conditions
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Table 1: Results of Example 1

* * * * * *
n Op O3 0y Oy O3 O3

0.001 1 0 1 0 0 0
0.002 1 0 1 0 0 0
001 0 0 0 0 0 0

for Algorithm 1, which is required to be solved for addressing the suboptimal
LQ static output feedback problem in Section 3, are set to U =1, Y01 = I,
and Yy,; = I, and the parameter & = 180. As seen, the larger parameter n
results in a more sparse control network.

5.2 Example 2

Consider the system (1) with the following parameters:

0 0 36/ 0 0|0 0
02 72 —04[-01 0 ]03 0
03 0 0 |30 02/0 0
A=|"0 03 0 0 10/ 0 0 |,
0 0 0 0 0|0 -02
0 0 0 0 0]0 10
. 0 03 0 |-0501l0 o0 |
70 0]0]0 7
1 0/0]0
0 1/0/0
B=|0 0[0]0
0 0/1]0
0 0/0[0
L0 0|01 |

Note that all three open-loop local subsystems are unstable. The perfor-
mance weights Q and R are set to identity matrices and we choose A = —4. We
firstly use Procedure 1 with three different parameters n =0.001, n =0.01
and 1 = 0.1. The corresponding results are given in Table 2. The initial
conditions for Algorithm 1, which solves the suboptimal LQ static output
feedback problem, are g, = 0.1, Yy = I, and Yy, = I, and the parameter
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Table 2: Results of Example 2

* * * * * *
n Op O3 0y Oy O3 O3

0.001 1 1 1 1 1 1
0.01 1 0 0 0 0 0
0.1 0 0 0 0 0 0

0 = 190. One can see that as the regularization parameter 1 increases, the
control network becomes more sparse.
5.2.1 Comparison 1

For comparison let us consider a standard sparse state-feedback LQR. con-
troller with the given choices of Q and R. In doing so, assume that there
exists a stabilizing I"o Fjy with T = [¥;]nxpn and Fyg € R™" minimizing the
following cost functional,

J = trace(Xigr), (35)
where X}, = diag[X;]!_, > 0 is obtained from solving the Lyapunov inequality,

A +B(Foﬂqr)]Tqur+qur[A +B([ o Figr)]
+0+(CoFy, ) R(ToF,) <O0. (36)

The above inequality is not convex with respect to qu, and I'o Fy,.. However,
it can be convexified through variable changing. Letting Xj,, = )_(l; rl and pre
and post multiplying X;,, to (36), we have

Xigr[A+B(T 0 Fig )" + [A+B(T 0 Figy) | Xigr +X14:0Xig
+Xigr (T 0 Figr)"R(T 0 Figr)Xigr < 0. (37)
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Having the convex constraint in (37), the minimization problem explained
in (35) can be cast as an optimization problem utilizing LMI approach,

minimize trace (Z;) subject to

[ AXyyr +XigrAT + BY) + Y,;BT N
01X, I x | <0, (38)
i R2Y),, 0 —I
[—Z, *
‘ <0, 39
T Xy, (39)

where Yy = (0 Figr)X1qr = T 0 (FjgX1gr) =T 0 Yy with ¥, € R™" and Z;
is a slack variable. Thus, the structural state-feedback can be obtained as

Lo Fyy = quer;rl :

Remark 8. It is easy to realize that

S (Xjp) =S Xigr) =1,

and since .’ (Yy,,) C T, thus

S (YigrX,,) €T
This means that the structural state feedback gain I'o Fy, obtained from

quer;rl has the desired structure I'.

Solving the minimization problem in (38) and (39) gives a bound of 6.3837
on the 74 cost for decentralized structure. However, again it should be
noted that due to the conservatism introduced by enforcing a block-diagonal
structure on X, this is not the true value of % cost and it can be obtained
as 5.8276 from solving the Lyapunov equation in (27) with the resulting Fy,.
Notice also that the true value of % cost achieved from Algorithm 1 for
decentralized structure is 6.3080.
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5.2.2 Comparison 2

We now consider a reweighted ¢; algorithm for finding an optimal sparse
state feedback gains; e.g. see [14]. This problem can be cast as

Minimize trace(Zs) + 0 HW o querl (40)
subject to
[ AXigr + X1 AT + BVigr + VL BT % %
Q%qur —I * < O,
i R2V,, 0 —I
[—Z, %
<0,
L I _qur

where 0 < X, € R, V. € R™", Z is a slack variable and W is a given
weighting matrix with the same dimension of .#(Fy.). We then exploit
Algorithm 2 with 7 = 0.01 to find the sparse state feedback matrix. This
algorithm suggests the decentralized structure for the control network with
a true value 44 cost of 5.8276. Also, notice that the existing reweighted
¢y algorithm, for minimizing the network structure, is not applicable to our
problem which was indeed the design of a sparse distributed .7%-based SMC
and rearranged as an LQ static output feedback problem.

6 Conclusions

This paper has developed a distributed sliding mode control framework by
using (some of) other subsystems’ states. Indeed this issue has been con-
sidered to widen the applicability region of the decentralized SMC in which
each subsystem’s controller uses only local information. Furthermore, an
approach is proposed for the sliding surface design in which the level of re-
quired control effort is taken into account. Then this novel scheme has been
utilized to present a heuristic algorithm that provides an effective means of
selecting an overall sliding manifold through a trade-off between the perfor-
mance and the sparsity of the controller. Indeed, the novel scheme proposed
here to design the sliding surface helps avoid excessively large control effort.
[lustrative examples have been used to demonstrate the effectiveness of the
proposed approach.
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A Algorithm for solving the LQ static output feedback
problem

Consider the system in (25). As mentioned the objective is to design M =
diag [Mi]?zl so that the % norm from w(z) to z(¢) is less than a given constant
0 while the stability of the composite sliding mode dynamics is ensured.
According to e.g. [13], this problem can be cast as finding two symmetric
P >0 and P such that

PA,+AlLP+CLC, <0

trace(P) < 6, (1)

PA} + (A7) P <0, (42)

in which A, = A.+BMC, A}, = A{ + BMC" and C,; = C,+ D;MC, and A]
and C" are defined in Section 3.2. To deal with this problem, [13] proposes
the so-called iterative scaled min-max method. To explain this method, we
need to introduce four scalar variables v, B, v, @ and four symmetric matrices
0<XeR™ 0<Y eR™ 0<X eR"™ and 0 <Y € R, Now the scaled
min-max algorithm can be summarized as follows.

Algorithm 1. 1) Initialize Yy, Y501, Bsor > 0 and set € > 0 (termination
scalar), [ = 1 (iteration number).

2) Solve

min Y
X X0

1o
<Y XY, <yl

1 1

I<V2XV2 <yl

sol sol —
1 < wﬁsol < ['Y]
B] " [AX+XAl XxcI|[B] _
D, C.X —ol| |D,| =

Bt (A;X +X (A;)T) BT < 1,

to find X, X0 and @y,;.
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3) With given X0, Xyor and @y, solve

max Vv
YY.p

1 1
vl <X2YX?

sol™ “*sol <1

vl <X2LTX2 <1

Vi <O <1

{CTL(YAC +ALY +BCrC)cT+T Bl}
BI ~1

{traoe(};) — 0P _ﬁl] <0

crt (YA; v (A;)TY) cTLT <,

to find Yy, and By,

4) If Amin(Ysor) < € or Amin(Ysor) < € or By < € then stop, the algorithm
does not converge.

5) If y; — v; < €, go to Step 6, otherwise I =1+ 1 and return to Step 2.

6) Return P=B~'Y and P=B"'Y.

If the algorithm converges to the solution, then y; — 1, v, = 1, X = ¥~ 1,
X Y !'and B — @ '. The required M then can be obtained by solving
(41) and (42) with given P and P.
B Reweighted ¢; minimization method

Using the reweighted ¢; norm for promoting sparsity has been considered in
e.g. [7, 2]. Define the matrix N = 1,,x,. It can be shown that (e.g. see [7, 2])
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the optimization problem in (40) is equivalent to

Minimize trace(Z) + fitrace(NT G) (43)
subject to
[ AXyr +X10rAT + BV, +VEBT %«
1
02X, -1 x | <0,
i R2V,, 0 —I
[—Z, *
<0,
1 _qur

—G<Wonqr<G

where 0 < X, € R™", Vj,, € R™", Zj is a slack variable, W denotes the
weighting matrix and the last inequality is element-wise with G € R™*" whose
entries are nonnegative. Then the algorithm to solve the above optimization
problem is as the following,

Algorithm 2. 1) With given € >0, a > 0 and 7 > 0, initialize W = 1,
I=1and V! =0.

2) Solve the minimization problem (43) to obtain Fj;, = VerXl*qr .

3) Update W;; = and form W = [W;j]nxn-

H lqr

lqr
Step 2.

VZH < @ go to Step 6, else VI = Vl‘(‘]r, [ =1+1 and return to

6) Return Fj,.

Solving Algorithm 2 gives the most effective sparse structure of Fyg,.
Then, by ignoring the unnecessary entries in Fj,, we find the structure matrix
I". Eventually, the optimal structured feedback matrix is obtained by solving
the problem in (38) and (39). This procedure is considered in e.g. [7].
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