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Abstract

In this paper, we propose a single-index panel data model with unobserved mul-
tiple interactive fixed effects. This model has the advantages of being flexible and
of being able to allow for common shocks and their heterogeneous impacts on cross
sections, thus making it suitable for the investigation of many economic issues. We
derive asymptotic theories for both the case where the link function is integrable and
the case where the link function is non-integrable. Our Monte Carlo simulations show
that our methodology works well for large N and T cases. In our empirical applica-
tion, we illustrate our model by analyzing the returns to scale of large commercial
banks in the U.S. Our empirical results suggest that the vast majority of U.S. large

banks exhibit increasing returns to scale.
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1 Introduction

Models with interactive fixed effects have drawn considerable attention in the last decade
or so. Two well-known models are studied respectively by Pesaran (2006) and Bai (2009),
where the interactive fixed effects (also widely known as factor structure) are used to model
unobserved common shocks or time-varying heterogeneity existing in micro- and macro-
economic data. Building on these two excellent works, different types of generalization have
been proposed. For example, Bai et al. (2009) and Kapetanios et al. (2011) respectively
allow time-varying factors to be non-stationary and establish the corresponding asymptotic
results; Su and Jin (2012) extend Pesaran (2006) to a non-parametric setting and provide
non-parametric versions of common correlated effects mean group (CCEMG) and common
correlated effects pooled (CCEP) estimators by a sieve estimation technique; Li et al.
(2016), by using a least absolute shrinkage and selection operator, extend Bai (2009) to
allow for structural breaks.

The purpose of this study is to contribute to this literature by extending Bai (2009) to

a semi-parametric single-index setting. Precisely, our model is specified as follows:
Yit = Jo(r300) + Voifor +€a with i=1,..., N, t=1,...,T, (1.1)

where the regressor z; is a d x 1 vector, both the factors f,, and the factor loadings ~,,; are
m x 1 unknown vectors, and g, is the so-called link function and is unknown. In addition,
we assume both d and m are known and finite. The subscript “,” indicates true values or
true functions throughout the paper. For notational simplicity, let F, = (fo1,.-., for)'s
Y = (v, yir), Xi = (i, ..., xr) and €; = (841, ...,&ir), where i = 1,..., N. Then

(1.1) can be expressed in matrix notation as
Y:L' :qﬁi[@o,go] +Fo’}/o,i+5i Wlth 9, = 1,...,N, (12)

where ¢[0, g] = (g(2,0), ..., g(xip0)) for any given @ (belonging to R?) and g (defined on
R).

The single-index model with interactive fixed effects can be widely used in many sub-
fields of economics such as production economics, economic growth, international trade,
etc. Consider the issue to be examined in the application of this study — the issue of
economies of scale of commercial banks in the U.S. This issue has received a considerable
amount of attention in the past three decades, because during this period the U.S. banking
industry has undergone an unprecedented transformation — one marked by a substantial
decline in the number of commercial banks and savings institutions and a growing concen-

tration of industry assets among large financial institutions (Jones and Critchfield (2005)).
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Most studies investigating this issue use a fully-parametric translog cost (distance or profit)
function without interactive fixed effects to represent the production technology of banks.
Compared with this commonly-used fully-parametric translog functional form, the single-
index panel data model has two advantages. First, the link function (i.e., g,(-)) is more
flexible than the commonly-used translog functional form. Specifically, the translog func-
tion is merely a quadratic specification in log-space, and thus limits the variety of shapes
the cost function is permitted to take. In contrast, the single-index model does not assume
that ¢,(-) is known and hence it is more flexible and less restrictive. Second, the single-
index panel data model allows for common shocks, which have increased in the past three
decades due to the following reasons: (1) the industry has become increasingly dominated
by large banks that share similar business models and offer similar ranges of products,
which has in turn increased the exposure of those banks to common shocks; and (2) as the
process of banking and financial integration has progressed, bank linkages have also risen,
which has also increased the exposure of large banks to common shocks (see Houston and
Stiroh (2006); Brasili and Vulpes (2008)). To give another of example, the single-index
model can also be used for investigating determinants of economic growth. Compared with
the commonly-used fully-parametric growth regression models, the single-index model has
two advantages: (1) the link function is more flexible; and (2) it allows common shocks to
affect all countries, such as the recent global financial crisis. In sum, these examples show
that the flexibility of the link function and the presence of the interactive fixed effects make
the single-index panel data model very useful for investigating many important economic
issues.

There are two dominant approaches to studying single-index models. The first approach
involves using nonparametric kernels to implement estimation (e.g., Ichimura (1993), Hardle
et al. (1993), Carroll et al. (1997) and so on). An excellent review on this approach can be
found in Xia (2006). The second approach involves using the sieve method which provides
good and computable approximations to an unknown function (see Chen (2007) for an
excellent review). For example, Yu and Ruppert (2002) employ penalized spline estimation
to investigate partially linear single-index models. Dong et al. (2015) and Dong et al. (2016)
use Hermite polynomials and Hermite functions to investigate single-index models in panel
data and non-stationary time series data frameworks respectively. In this paper, we adopt
the latter approach.

In order to derive asymptotic properties for single-index models: (1) one can restrict
both the space of parameter 6, and the space of regressor z;; to compact sets (cf., Assump-
tions 5.2 and 5.3 of Ichimura (1993)); or (2) one can bound the link function on the whole

real axis (cf., condition C2 of Xia (2006)). However, these settings instantly rule out the



linear model considered in Bai (2009), i.e.,

Yit = Go(23106) + Vo1 for + €it With g(w) = a,w and w being defined on R. (1.3)

Similar concerns have also been raised by Hansen (2015) recently, where he points out that
in nonparametric sieve regression a very limited number of works have been done to cover
the cases with unbounded regressors.

Thus, an intriguing question is how to ensure our proposed model (i.e., (1.1)) nests such
parametric models as those studied by Bai (2009). To tackle this problem, one method
is to introduce a weighted sup norm (e.g., Chen (2007), Su and Jin (2012) and Lee and
Robinson (2016)) without specifying too many details of the basis functions. One can also
follow Chen and Christensen (2015) to truncate the unbounded support by a compact set
depending on the sample size. Alternatively, Dong et al. (2015) and Dong et al. (2016)
use Hermite functions and Hermite polynomials as basis functions respectively. In what
follows, we adopt the latter approach. It is easy to see that with this approach, (1.3) is
nested as a special case of (1.1), due to the nature of function space L*(R, exp(—w?)).

The structure of this paper is as follows: Section 2 presents the basic settings for model
(1.1). Section 3 discusses a simple case with an integrable link function. Section 4 further
discusses a more involved case with a non-integrable link function. Section 5 provides some
guidance on choosing the truncation parameter and the number of factors. A Monte Carlo
study and an empirical application are provided in Sections 6 and 7 respectively; Section
8 concludes. All the proofs are provided in the Appendix A and the supplementary file of
this paper.

Throughout this paper, we will use the following notations: Ap;,(W) and Apee (W)
denote the minimum and maximum eigenvalues of a square matrix W, respectively; I,
denotes the identity matrix with dimension ¢; My = Iy — Py denotes the projection
matrix generated by matrix W, where Py = W(W'W)™'WW’ and W is a T x ¢ matrix
with rank ¢; for matrices Wi and Wy, W; ® Wy defines the Kronecker product; —p and
—p stand for convergence in probability and convergence in distribution, respectively;
| - || denotes the Euclidean norm; || - ||s, denotes the spectral norm; |a| means the largest
integer not exceeding a; p;, O(1) and A always denote constants and may be different at

each appearance.

2 Basic Settings

As is well-known, single-index models and factor models usually require some restrictions
for the purpose of identification (cf., Ichimura (1993) and Bai (2009)). Following this

3



tradition, we begin by introducing identification restrictions needed for (1.1).
For the parameter vector 6, = (6,1, ..,0,4)", we follow Xia (2006) and Dong et al.
(2016) and define it as follows:

0, € © with © being a compact subset of R ||6,| =1 and 6, > 0. (2.1)
Throughout this paper, let F = (fl, . ,fT)’ and [ = (F1,---,Yn)" denote the estimates

of the factors and factor loadings respectively. For the purpose of identification, we impose

the following restrictions:

F € Dp, Wherer:{ F =(fi,-..,fr): F’F/T:Im};

Txm
' € Dy, where Dp = { I' =(,...,7n)" : I'T being diagonal} : (2.2)
NXxm
Note (2.2) has nothing to do with the data generating process of model (1.1), and is only
used for identification purpose. For the true factors F, = (fo1, ..., for)" and factor loadings
Lo = (Yo1,---1%,n), we require them to satisfy:
/
o 0O

for is identically distributed across ¢, —p Sp >0, and E||f,q1|* < oo;

!/
o

Yo.i is identically distributed across i, —p Xr >0, and E|[y,.1||* < oco. (2.3)

The requirement of identical distributions in (2.3) is only for notational simplicity.
For the link function g,, we will consider two cases in Sections 3 and 4 respectively. In

the first case in Section 3, we assume that the link function is integrable, that is

go € I with 1 being a compact subset of L? (R). (2.4)

However, this would rule out the linear model (i.e., (1.3)) studied in Bai (2009). To deal
with this issue, we will consider another case in Section 4, where the link function is not

integrable, that is

Jo € Sy with Jy being a compact subset of L? (R, exp(—wQ)). (2.5)

It is easy to see (2.5) nests model (1.3) due to the nature of function space L? (R, exp(—w?)).

3 The Case with Integrable Link Function

In this section, we investigate the first case of the single-index panel data model in (1.1),

where the link function g,(w) is integrable (i.e., (2.4) holds).
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3.1 Estimation

In order to recover the link function, we use the physicists’” Hermite polynomial system in
this study. Specifically, let {H,(w),n = 0,1,2,...} be the physicists’ Hermite polynomial

system orthogonal with respect to exp(—w?). The orthogonality of the system reads
/Hn(w)Hm(w) exp(—w?)dw = /72" 0! m, (3.1)

where 0,,,, is the Kronecker delta.
By (3.1), Vg € L*(R) can be expanded into an infinite series as follows:

o) = 3B ) = u(w) + (), (32)
where
H, (1) = mHn(w) exp(—w?/2) with n=0,1,2,...,
gu(w) = gannw) = CHw), e = [ gl (w)de, Gw) = gcnﬂm

H(’LU) = (Ho(w), ce ,Hk_l(w))’, C = (CQ, PN ,Ck_l),.

Throughout this paper, k denotes the truncation parameter, so that g(w) is the partial
sum of the infinite series, which converges to g(w) under certain conditions (mathemati-
cal derivations are omitted at this stage for conciseness). Correspondingly, the true link

function in this case can be written as

9o(w) =~ conlln(w) = gor(w) + Jo i (w), (3.3)

where g, (w) = CLH(w), dop(w) =Y 07, ConHy,(w) and C, = (Co0, - -5 Cop—1)'
Given that our interest lies in both 6, and g,, we define a norm || - ||, for the 2-fold

Cartesian product space formed by R? and L? (R):
1/2
10, )l = N0 + NlgllZ=} (3-4)

where § € R, g € L3(R), and ||g||.> = {[ ¢*(w)dw}"* = {32, 2}/

Remark 3.1. || - ||, satisfies the definition of a norm and is consistent with the notations
used in Newey and Powell (2003, p. 1569). In this section, when we discuss the set © x ¥y

that (0,, g,) belongs to, compactness is always imposed with respect to || - ||, -
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Multiplying (1.2) by Mp, = Iy — F,(F.F,)"'F! and then using (3.3), we obtain

Mg,Y; = Mi,6il00, oi) + Mi,0il00, 60s) + Mp,e; with i=1,...,N, (3.5

where ¢;[0, g] with i =1,..., N are defined in (1.2).

According to (3.5), the objective function is intuitively defined as
T

1=1
where (0,C, F) € A, and A is defined as

A={(0,C,F):0€0, gl(w)=CHw)ESJy, (2.2)being satisfied} (3.7)

with S = &y N span{Hy(w), Hy (w), ..., Hx_;(w)} and ¥y being defined in (2.4). Then
the estimator is obtained as follows:

(0,C,F) = argmin Syp(0,C, F). (3.8)
(6,C,F)eA
Note that simple algebra shows that %ﬁ’é’ﬁ) =0 and %gé,p) = () are respectively
equivalent to 851*\’5—(59’0) =0 and asj*vg—é@,C) = 0, where
| X
Svr(0,C) = 7 ) (Yi— ¢il0, gi]) Mp (Yi — ¢il0, i) -
i=1

Further note that the objective function given in (3.6) can be written as

(NT) - Sxr(0,C, F) = te(W' MpW) = te(W'W) — tr(F'WW'F) /T, (3.9)

where W = (Wy,...,Wyx) is a T' x N matrix and W; = Y; — ¢;[0,gx] for i = 1,...  N.
(3.9) implies that minimizing tr(W’'MpW') with respect to F' is equivalent to maximizing
tr(F'WW'F). Therefore, the estimate of F' is equal to the first m eigenvectors (multiplied
by VT due to the restriction F'F/T = Ir) associated with the first m largest eigenvalues
of the matrix WW' = SN W,/

Therefore, (3.8) can be decomposed into the following two expressions:

N

A A . 1 ,
(0.0) = argmin o Z (Y; = 616, i) My (Vi = 6il6, )

% i (Y" - Wéaﬁk]) <Y; - ¢i[é:§lk]>/ F = FVyr, (3.10)




where §(w) = C"H(w), and Vi is a diagonal matrix with the diagonal being the m largest

eigenvalues of the following matrix

%i (Vi = 6l6.6e]) (Vi 6, an])

arranged in descending order. Finally, I is expressed as a function of (6, C', F) such that

f’:(%,...,mz%[ﬁ’ (vi = enlf.au]) o ' (Y — owlh )|

3.2 Consistency
To show the consistency of the estimator in (3.8), we make the following assumptions.

Assumption 1:

L {(yi, zi),1 < i < N,1 <t < T} are observable. Both m and d are known and

finite.

2. The distribution of {x;1,...,xir;€0,-..,&r} 18 identical across i. Denote x; =
(T1ty ..y xne) and & = (e1gy ..., ent). Let {(x,&),t > 1} be strictly stationary
and a-mizing. Let a;;(|t — s|) denote the a-mizing coefficient between (@}, €) and
(#hsr255), such that for a vy > 0, S50 YN T ST (ay (It — s]) T = O(NT),
For the same vy, E[||lz1|| + [len|]*™ < A < oo.

3. For the error terms, assume further Eley] =0, Ele3,] = 02 and {e4,1 <i < N,1 <
t < T} is independent of {xy,1 <i < N, 1<t <T}, T, and F,. Moreover, assume

() llell, = Op(maz{V/'N,VT}), where ¢ = (¢1,...,en) and ¢; is defined in (1.2);
(b) Zt;és Zi;éj |Elencisejeess]| = O(NT);
() Mooy Xoity 25y [Blewsess]| = O (NT).

4. Let (2.1)-(2.3) hold, i.e.,

(a) 0, € © with © being a compact subset of R, [|0,|| =1 and 6,1 > 0;
(b) Assume F € Dy = {F : F'F/T = I,,} and T € Dy = {T : I'T being diagonal};

(¢) fou is identically distributed acrosst, 0 Lo e B >0, and E||f,q]' < A < o0;
Yoi 15 tdentically distributed across i, %V" —p Ur >0, and E ||y,1]]* < A < c0.




Assumption 1.1 is standard in the literature. For notational simplicity, we assume that
the distribution of {z;1,...,zyr;€i, ..., &} is identical across ¢ in Assumption 1.2. One
can remove this condition to allow for non-identical distributions; however, this would
result in notational clutter when deriving asymptotic results. Imposing strict stationarity
on (&) is the same as Assumption A4 of Chen et al. (2012a) and Assumption A.2 of
Chen et al. (2012b). Relevant discussions about various mixing conditions can be found
in Bradley (2005), Fan and Yao (2003) and Gao (2007). Assumption 1.3 and the mixing
conditions of Assumption 1.2 together are equivalent to Assumptions B and C of Bai (2009),
Assumption iii of Li et al. (2016) and Assumption A.1.v of Lu and Su (2016). Assumption

1.4 serves the purpose of identification, and is discussed above in Section 2.
Assumption 2:

1. (i) There exists a positive integer r > 2 such that wr_sggs)(w) € L*(R) for s =
0,1,...,7, where g5 defines the s™ derivative of g,. (i) Assume sup g ,yeoxr fo(w) <
A < oo, where fp(w) defines the density function of w = x/,0.

2. Assume that (2.4) holds, i.e., g, € 1 with 3y being a compact subset of L*(R).
Further assume L(6,g) has a unique minimum on © x 1 at (0,, g,), where

L(0,g) = E[Ag(x'119)]2 — E[Ag(21,0) f, 1]Z;1E[fo,1ﬁg($,119)]

0,

and Ag(21,0) = g(21,0) — go(1,6,)-

Assumption 2.1 is fairly standard in the literature and ensures that the approximation
of the unknown function g,(w) by an orthogonal expansion has a fast rate of convergence
(cf., Condition C2 of Xia (2006) and Assumption B of Dong et al. (2016)). Assumption
2.1 can be further simplified, if one adopts the norm provided in Assumption 3 of Newey
(1997) for the function space. Assumption 2.2 is for the purpose of identification, and is in
the same spirit as Assumption 1 of Newey and Powell (2003).

Consider the least squares projection of Ag(«x},0) = g (x},0) — go (x},6,) on fou :

Ag(@iy0) = f5,,8" + i,

0,

where 8* = S E [f,1Ag(x),0)] and uy = uy (0, 9) = Ag(2},0) — £ .S E [fo1Ag(z),0)].
If the link function is linear, then we have g (w) = g, (w) = w, which immediately gives
Ag(z},0) = 2ty (0 — 0,) and wy = {zy — E [w11f, ] S5 for} (0 —6,).
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For this special case, L (6, g) can be written as

L (9) = (9 - 90)/ E { [1’11 - F [l’llf(l,,l} Eg’lfo,l} [1'11 - F [l'llfé,J Zfrlfo,l},} (9 - 90) )

which is uniquely minimized at 6, provided that

E { [33'11 - F [513'11fé,1] E}:lfo,l} [iCn - F [»”Cllfég] walfo,ﬂ/}

is full rank, a typical condition for the consistency of regression coefficients in linear panel
data models with interactive fixed effects.
With the above assumptions, the consistency of the estimator (3.8) can be established

as follows.

Theorem 3.1. Under Assumptions 1 and 2, as (N,T) — (00, 00),

1. |Py — Pg,|| —p 0, where Py and P, are the idempotent matrices generated by F and
F, respectively;

2. 16, Gx) — (00, 9o)|lw —p 0, where Gp(w) = C'H(w) and H(w) is defined in (3.2).

It is well understood that Fj, is identifiable up to a non-singular matrix in the literature,
so we establish the consistency for the idempotent matrix Pz rather than F itself. Note
that in the second result of Theorem 3.1 the consistency is established with respect to the
norm defined in (3.4).

Using Theorem 3.1, we obtain the following rates of convergence.

Lemma 3.1. Let nyy = and Q' = Vyp(F/F/T)" (I'T,/N)~'. Under As-

1
min{\/ﬁ,ﬁ}
sumptions 1-2, as (N,T) — (00, 00),

1. Vr —p V., where Vyr is defined in (3.10), and V is an m X m diagonal matriz
consisting of the eigenvalues of XpX¥r, and Xr and Xr are defined in (2.3);

2, \ L (FQ ™ = F,)|| = Op([(6, &) = (60, o)1) + Op (nvr);
5. || $EUF = F@)| = Op(10.58) = B k) + Op (i)

4o 1Py = P> = Op([1(0: &) = (Bor o) ) + Op (nier)

The results of Lemma 3.1 are analogous to Proposition A.1 and Lemma A.7 of Bai
(2009). However, due to the semiparametric setting, estimates of both the parameter of
interest and link function have impacts on the rate of convergence for the estimates of

unknown factors.



3.3 Asymptotic Normality of 0

In this subsection, we establish asymptotic normality of 6.

Assumption 3:
Let € be a sufficiently small positive number, Q(e) ={(0,9) : ||(0,9) — (0o, 9o)||22 < €}.

1. Assume that

(a) sup
(61,91),(02,92)€92(e)

where Gy (01, g1, 927 g2) = gl(xitel)QQ )(xitQQ)xitxit;

ZZG” (01,901,602, 92) — [G11(91,91792>92)]H = op(1),

11t1

() max sup zw (@) F0 — B g ()]

1<i<N (0,9)€Q(e)

‘ = Op(l).

2. Assume that

(a) 0 < p1 < inf  Apin (Z0(0)) < SUp  Amaz (X0(0)) < A uniformly in
{0: 10—0o]I<e} {0: 10—0,||<e}

k, where ¥o(0) = E[H(x,0)H(x,0)'];

(b) SUD  Amaz (21(0)) < A, where £1(0) = E[H(x,0)H(2,,0)'] uniformly in
{0: 16—0o]I<e}

k, where H(w) = (H (w),..., H" (w)).

3. Let | E [l [P 12 fous P ol foas Pl S P) < A < o0, where 1 <

iaj S N and 1 S t17t27t3at4 S T.

4. Assume that \/_721 L mgo ]’MFO&:,- —D N(O,i), where, for 1 = 1,..., N,
wlz[ 0790] - (go(leg )lev s 790( Tip eo)xiT)/-

(N, T, k) — (00, 00,00).

Assumption 3.1 is the same as Assumption 2 of Yu and Ruppert (2002) and Assumptions
iii-iv of Li et al. (2016), and requires uniform convergence in a small neighbourhood of
(05,90). We can further decompose Assumption 3.1 by using Lemma A2 of Newey and
Powell (2003) and prove the uniform convergence by following a procedure similar to those
given for (1) of Lemma A2. However, this would entail a lengthy derivation. Assumption
3.2 is not needed, if the norm of Assumption 3 of Newey (1997) is adopted. Assumption
3.3 can be removed, if one is willing to bound higher moments of z;; and f,;. Assumption

3.4 is in the same spirit as Assumption E of Bai (2009). Assumption 3.5 ensures the
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truncation residual goes to 0 sufficiently fast, so it can be smoothed out when establishing
the asymptotic normality.

Using the above assumptions, the asymptotic normality can be obtained as follows.

Theorem 3.2. Under Assumptions 1-3, as (N, T) — (00, 00),

VNT (é — 0y + V., Mlyr + V*_IHNT2> —p N(0,%%),

where ¥, = VISV, S and 4]0,, go) with i = 1,..., N are defined in Assumption 3.4,
and

2
Vi=V1— VQZ;lVQ/v Vi=Fk [(9(()1)@,1190)) xllx,n} , Va=FE [951)(56’1190)1:11%,1] )

N
1 . . . R
Oyr = ﬁ Z1/)11'[‘907g]gl)]/MF<¢i[eoago] - ¢z‘[9mgk])a gk(w) = C/H(w)a
i=1

N
1 A
Mz = s D Yildor 911 M Foos:
=1

Remark 3.2.

1. Unry is similar to condition (2.6) of Theorem 2 in Chen et al. (2003), where they
point out that the wverification of this type of condition is in some cases difficult,
and is itself the subject of a long paper Newey (1994). Although Uyt is exactly 0
uniformly in N and T when g = g,, we cannot further decompose Ilyri without

imposing further restrictions (e.g., “Linearization” condition of Assumption 5.1 of

Newey (1994)).

2. Unro is equivalent to the biased terms in Bai (2009). Due to the semi-parametric
nature of the single-index model, it is not helpful to further decompose 1nro as
My7o = ﬁ ZZ]L 1[0, g,il)]’MF(FO—FQ‘l)%, where Q) is given in Lemma 3.1. This
is because further decomposing F, — FQ™" will introduce the residual Op(||(8, §r) —
(00, 9o) |lw) into the system. For parametric models, decomposing F, — FQ™" will only
introduce 6 — 0, to the system. After further rearranging and imposing conditions like
N/T — A, asymptotic normality can be established as in Bai (2009). However, for

our semi-parametric model, it is not the case any more.

,(31) = «. Then HNTI

3. If g,(w) = aw with « being a constant is known, we can obtain g,
will disappear from the system, and we will be able to further decompose 1o as Bai
(2009). In this case, we will get exactly the same components (i.e., B, C" and Dy on

page 1247 of Bai (2009)) for our asymptotic distribution.
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4. While theoretically it remains unknown if the biases (i.e., Uy and Hnro) can be
removed, in practice one can always follow the discussion in Li et al. (2013, p. 558)

and use bootstrapping techniques to make statistical inferences on 6,.

3.4 Rate of Convergence of g,

In this section we derive the rate of convergence of ||gr — ¢,||z2. For this purpose, we make

the following assumptions.
Assumption 4:

1. Let Y(0) = E[H(z}10)H(21,0)] — E[H(2}10) [, )55 E[for H(2110)]. Assume that
the minimum eigenvalue of T is bounded away from 0 uniformly in k and a small
neighborhood of 0, (i.e., infy. 9—a,<e} Amin(Y(0)) = p1 > 0 uniformly in k.)

2. Assume that % — 0 and MHT(T) — 0as (N, T,k) — (00,00, 00).

Assumption 4.2 is standard in the literature (e.g., Assumption A5 of Chen et al.

(2012b)). We now show that Assumption 4.1 is reasonable. Suppose that the elements
1
2
Then it is easy to show that z},0 follows a normal distribution with variance 1{|6||>. With

of x1; follow a normal distribution with variance and are independent of each other.
the identification restriction ||@]|* = 1, we obtain fp(w) = \%exp(—uﬁ), where fp(w) de-
notes the pdf of /0. Then it is easy to see that E[H(z,0)H(x],0)’] reduces to I. In the
special case where f,; is independent of z1; and has mean 0, we immediately obtain that
T(0) = Ii. In this case, it is straightforward to show that Assumption 4 holds.

Theorem 3.3. Under Assumptions 1-4, as (N, T) — (00, 00),
19 = gollz2 = Op (Ve ) + Op(k™72), (3.11)

where Nyt 1S denoted in Lemma 3.1.

Due to the presence of the factor structure, the leading term \/EnNT is much slower
than /k(NT)~!, which is a result commonly found in traditional nonparametric panel
data models without interactive fixed effects (e.g., Chen et al. (2012b) and Dong et al.
(2015)). The term Op(k~"/2) represents the rate of convergence of truncation residual and
is quite standard in the literature (e.g., Newey (1997)). Since we consider g, on the Hilbert
space L%(R) in this section, x},0, can be defined on the whole real axis. Thus, we will not

establish uniform convergence for g,. Moreover, one can follow Su et al. (2015) to develop
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a hypothesis testing procedure for the function form of g,. Considering the development of
such a procedure can form a different paper (cf., Bai (2009) and Su et al. (2015)), we leave

it for future research.

4 Beyond Integrability

Following the spirit of Dong and Gao (2014), in this section we consider the second case of
the single-index panel data model in (1.1), where the link function is not integrable (i.e.,
(2.5)). As discussed above, this case nests the model (i.e., (1.3)) studied by Bai (2009) as
a special case.

Accordingly, a new norm for the 2-fold Cartesian product space formed by R? and
L? (R, exp(—w?)) is defined as follows:

16, 9)llz = {11612 + llglIZ. }'* (4.1)

where § € R?, g € L*(R, exp(—w?)), and [|g|;z- = {/ ¢*(w) exp(—wZ)dw}l/Q. Remark 3.1
applies to the new norm || - || z.
By (3.1), Vg € L*(R, exp(—w?)) can be expanded into an infinite series as follows:

ch n = gk ) + (5k(w)a (4'2)

where

o (1) = —

Vv 2mn!
= cohn(w) = C'H(w), ¢ = / g(w)hn (w)dw,  Sp(w) = cuhn(w),

H(w) = (ho(w), ..., hp_1(w)), C=(co,...,cx1)"

H,(w) with n=0,1,2,...,

Correspondingly, the true link function in this case can be written as

oo

go<w) = Z Co,nhn(w) = go,k(w) + §O,k(w)’ (43)
n=0
where g, (w) = C/H(w), 0ok (w) =D 07, Conhn(w) and C, = (o, - -, Cop—1)"-
The objective function is then rewritten as follows:

N

NT
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where (0,C, F) € A, and A is defined as
A={(0,C,F):0€0, g(w)=CHw)e S, (2.2)being satisfied}

with o = S Nspan{ho(w), hy(w), ..., hx_1(w)} and Fy being defined in (2.5). For (4.4),
the estimate (9, C, F) is obtained in exactly the same way as in (3.8) and (3.10).

Remark 4.1. The only difference between the two objective functions (3.6) and (4.4) lies
in the basis functions used to recover the link function. In practice, choosing the correct
basis functions requires prior knowledge of the economic model under study. A detailed
discussion and explanation can be found in Chen (2007).

To derive consistency with respect to the norm ||-||z, we make the following assumptions.
Assumption 2%*:
L. (a) Supgg.uw). oxr) exp (w?) fo(w) < A, where fo(w) defines the probability density
function (pdf) of w = x,0 for Vo € ©.

2
(b) $UP () ey B [lonll? {gP(@1,0)}] < 4 < o0,
(c) For the decomposition (4.3), assume that > >° = O(k™") with r > 2 being

nkzon

a positive constant.

2. Assume (2.5) holds, i.e., g, € Sy with Sy being a compact subset of L? (R, exp(—w?)).

Assume that L(0, g) has a unique minimum on © x Sy at (0,,g,), where

L(0,g) = E[Ag(xlnﬁ)F - E[Ag(x’ne)f(’)yl]E}lE[fo,lAg(x’H@)]

and Ag(z1,0) = g(21,0) — go(21,6,). For V(0,9) € © x 3y, assume further that
LNT<979) —Pp L<07g)7 where

N
LNT 0 g = %Z sz 9 9 gbz oygo]) MFO (sz[@,g} - ¢i[eoago]) .
i=1

In Assumption 2*.1.a, due to the fact that the link function is not integrable and
unbounded, we need to impose a stronger assumption on the density of z/,0. However, it
rules out some heavy-tailed distributions for 0.

For Assumption 2*.1.b, if we adopt Assumption 5.3.1 of Ichimura (1993) (i.e., x1; be-

longs to a compact set), it can be further simplified as follows:
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e [f x1; belongs to a compact set, we can write

E [l |2{gV (#,0)}] < O(D)E gV (2),6)| / 9O ) [ fo(w
/‘9 “exp(—w?) - exp(w?) fy(w)dw < O(1 /‘g exp(—wQ)dw,

where fp(w) is the same as that defined in Assumption 2*.1.a. In this case, Assump-
tion 2*.1.b reduces to ¢V)(w) € L*(R, exp(—w?)) for Vg € Sy.

Assumption 2*.1.c is in the same spirit as Assumption 2.1, and is used to ensure the
truncation residual 6, (z),0,) converges to zero at a rate of k=2 in probability one. A

detailed explanation is given as follows.

e By (4.3), write

E [82), (1,0,)] = / { ico,nhn(w)}2exp(—w2) -exp(w?) fo, (w)dw
n=~k
<00) [ {3 contalw)} ep(-utdw =0 Y2, = 06), (05
n=~k n=~k

where the first inequality and the third equality follow from Assumptions 2*.1.a and

2%*.1.c respectively.
We now show Assumption 2*.2 is reasonable.

o If sup E|g(x},0)*™ < oo for the same v; defined in Assumption 1, we can show,
(0,9)€Ox 32

by applying the same procedure as for (9) of Lemma A2, that for V(0,g) € © x Sy,
Ln7(0,9) = L(6,9)+Op (ﬁ) Thus, supp ycoxs, £lg(x1,0)]*" < oo is sufficient
for Assumption 2*.2.

Based on the above setting, the consistency can be stated as follows.

Theorem 4.1. Under Assumptions 1 and 2%, as (N,T) — (00, 00),

1. |Py — Pg,|| —p 0, where Py and P, are the idempotent matrices generated by F and
F, respectively;

2. 10, Gx) — (00, go)|la —p 0, where Gp(w) = C'H(w) and H(w) is defined in (4.2).
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All the discussions following Theorem 3.1 also apply to Theorem 4.1, and thus are
omitted here. Using Theorem 4.1, it is straightforward to establish the rates of convergence
as follows.

Lemma 4.1. Let nyy and Q7! be those defined in Lemma 3.1. Under Assumptions 1 and
2% as (N, T) — (00, 00),

1. Vo —=p V, and V is an m x m diagonal matrixz consisting of the eigenvalues of
Z]FX:F;'

2 || EQ — B[ = 0n(16.0) — (Bor90)l1) + O (v):

3.

FEUE = F,Q)|| = 0p(116, ) = (0o )lls) + Op (nir);
4 1Pe = Pl = Op(1(0: 34) = (0o 90)l2) + Op ().

Note that more restrictions are needed in order to prove asymptotic normality for 6 and
establish the rate of convergence for g,. However, these additional restrictions will rule out
more potential functions for g,(-). These proofs are very similar to those for Theorems 3.2
and 3.3, and thus are omitted.

5 Determination of £ and m

In this section, we discuss how to choose the truncation parameter £ and the number of
factors m in this section. Assuming the link function is smooth enough, k = [(NT)/?|
always satisfies the assumptions in Sections 3 and 4. Although [(NT)Y?] may not be
the optimal k, all the asymptotic results derived above remain valid. Therefore, in the
numerical studies in Section 6 and the empirical application in Section 7, we always use
k= |(NT)Y®| (see Su and Jin (2012) and Dong et al. (2016) for similar arguments and
settings).

With the choice of the truncation parameter, we choose the number of factors by min-

imizing the following criterion function:

CI(m)=1In (% i (Yz‘ — ¢z[éagk] - F%>, (Yi - (b’[é’gk] N F%))

=1
N+T NT
: 1 . 1
TN n(N+T) (5.1)
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The basic idea behind (5.1) is exactly the same as that in Bai (2003) and thus is not
discussed further here. We investigate the performance of the criterion function in (5.1)
via the Monte Carlo simulations in the following section. Our simulation results suggest
that overall the criterion function works well for choosing the number of factors.

In general, how to simultaneously choose the optimal truncation parameter and the
number of factors remains an open issue. For the case of cross-sectional or time series data,
previous studies have examined the choices of optimal bandwidth and truncation parameter
(e.g., Gao et al. (2002), Li and Racine (2010) and Li et al. (2013)) for nonparametric and
varying-coefficient models. For the case of panel data, even the choice of optimal bandwidth
(or truncation parameter) alone remains unresolved (see, for example, Sun et al. (2009), Su
and Jin (2012) and Chen et al. (2012b)); let alone simultaneous choice of optimal truncation
parameter and the number of factors. For single-index panel data models with interactive
fixed effects, simultaneous choice of £ and m is even more daunting, and thus we will leave
it for future work.

6 Monte Carlo Study

In this section, we perform Monte Carlo simulations to investigate the finite sample prop-

erties of our models and estimators. The data generating process (DGP) is as follows:
Yit = go(l‘;teo) + Vé,ifo,t + Eit.

Let d = 2 and m = 3. The factor loadings 7,;’s are generated as v,; ~ ii.d. N(iy,, )
fort=1,..., N, where i,, denotes an m x 1 one factor and I,,, denotes an m x m identity
matrix. The factors f,,’s are generated as f,; ~ i.i.d. N(0,,,[,) for t = 1,...,T, where
0,, denotes an m x 1 zero factor. The error terms (denoted by & = (e14,...,en¢)) are

generated using
& = 0.5&-1 + vy,

where v, ~ i.i.d. N(Oy,%,) for t = 1,...,T and the (i, )" element of ¥, is 0.5 for
1 <i,5 < N. For regressors, let

Ty =1+ Z YVosij * fousl + dits
j=1
where 0;; ~iid. N(0g4, 1) fori=1,...,Nandt=1,...,T, and v,,, and f,;; denote the

j" elements of 7,; and f,; respectively.
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For the link function, we consider two cases, where the first case is integrable, while the

second case is not integrable. Specifically, these two cases are given as follows:

1. Case 1: g,(w) = (1 + w?) exp(—w?) such that g, € L*(R);

2. Case 2: g,(w) = exp((0.6 +w)?/8) such that g, € L*(R, exp(—w?)).

Case 1 is estimated using the method outlined in Section 3, while Case 2 is estimated using
the method described in Section 4.

For simplicity, we refer to the single-index panel data model with interactive fixed
effects as the “SI_Factor model”. When estimating the “SI_Factor model”, the truncation
parameter k and the number of factors m are always chosen as described in Section 5. For
comparison purposes, we also use two other models to estimate 6,. The first model is the
linear panel data model with interactive fixed effect proposed Bai (2009). For simplicity,
we refer to this model as the “L_Factor model”. The second model is the traditional panel
data models with fixed effects. We refer to this latter model as the “F_Panel model” below.

For each generated data set and each of the three models mentioned above, we calculate
the following bias and squared error (“se” for short): bias = éj —0,,; and se = (6; —0,;)? for
7 =1,...,d, where éj and 6, ; denote the j* elements of 6 and 0, respectively. We repeat
the above procedure 1000 times and calculate the mean of these biases (Bias) and the root
of the mean of these squared errors (RMSE). Results for Cases 1 and 2 are summarized in
Tables 1 and 2 respectively.

Two findings emerge from Tables 1 and 2. First, the biases and RMSEs associated with
the SI_Factor model are much smaller than those associated with the other two models. For
example, when N =T = 80, the biases for 6, and 0, associated with the SI_Factor model
are 0.001 and 0.004 respectively, whereas those associated with the L_Factor model are
-0.8839 and 0.8404; and those associated with the F_Panel model are -0.9001 and 0.8266.
This suggests that compared with those obtained from the other two models, parameter
estimates obtained from the SI_Factor are more accurate. Second, the biases associated
with the SI_Factor model become virtually zero when both N and 7' are greater than or
equal to 160. In contrast, those associated with the other two models are well above zero
even when N =T = 200.

It is of interest to examine how the accuracy of the estimated link function changes as
N and T increase. For this purpose, we plot in Figure 1 (Figure 2) the 95% upper and
lower bounds of gy (w) for Case 1 (Case 2) on a selected interval based on 1,000 replications.
As can be seen, the bounds become tighter and tighter as N and T increase, implying the

estimates of the link function become more and more accurate as N and T increase.
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It is also of interest to examine how the accuracy of the estimates of the number of
factors, chosen using (5.1), changes as sample size increases. To this end, we calculate the
percentage of replications where the number of factors is underestimated (i.e., m < 3),
overestimated (i.e., m > 3), or accurately estimated (i.e., m = 3). The results are reported
in Table 3. This table shows that as NV and 7" increase, the percentage of replications, where
the number of factors are accurately estimated, quickly approaches one. This suggests that
the procedure for selecting the number of factors given in (5.1) work very well when sample

size is large.

1.5 15
1 1
05 /\ 05 A
0 0
0.5 05
-1 1
-3 2 1 0 1 2 3 3 2 1 0 1 2 3
N =40, T =40 N =80, T =80
1.5 15
1 1
0.5 0.5
0 0
—— Upper bound
0.5 05 True cruve
Lower bound
-1 -1
3 2 -1 0 1 2 3 3 2 -1 0 1 2 3
N =160, T = 160 N =200, T =200

Figure 1: Estimated Link Function for Case 1 Where g,(w) = (1 + w?) exp(—w?)

7 An Application to U.S. Banking Data

In this section, we provide an application of the single-index panel data with interactive
fixed effects to the analysis of returns to scale of large commercial banks in the U.S. Over the
past three decades, the increasing dominance of large banks in the U.S. banking industry,
caused by fundamental regulatory changes and technological and financial innovations, has
stimulated considerable research into returns to scale at large banks in the U.S. Major
regulatory changes include the removal of restrictions on interstate banking and branching

and the elimination of restrictions against combinations of banks, securities firms, and
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Figure 2: Estimated Link Function for Case 2 Where g,(w) = exp((0.6 + w)?/8)

insurance companies, while technological and financial innovations include, but are not
limited to, information processing and telecommunication technologies, the securitization
and sale of bank loans, and the development of derivatives markets. One of the most
important consequences of these changes is the increasing concentration of industry assets
among large banks. According to Jones and Critchfield (2005), the asset share of large
banks (those with assets in excess of $1 billion) increased from 76 percent in 1984 to 86
percent in 2003. In the meantime, the average size of those banks increased from $4.97
billion to $15.50 billion (in 2002 dollars). This has raised concern that some banks might
be too large to operate efficiently, stimulating a substantial body of research into returns
to scale at large banks in the U.S. For excellent reviews, see Berger et al. (1999).
Compared with the conventional fully-parametric translog cost function, the model
(1.1) is more suitable for modeling the production technology of U.S. large banks for the
following two reasons. First, the single-index setting (i.e., g,(x},0,)) is more flexible than
the commonly-used translog linear form, which limits the variety of shapes the cost function
is permitted to take. Therefore, use of a semiparametric single-index model reduces the risk
of obtaining misleading results. Second, our model (1.1) allows for common shocks, which
have increased in the U.S. banking industry in the past few decades. As discussed above,

the U.S. banking industry experienced massive deregulation in the 1980s and 1990s. As a

21



result, banks in the U.S. have become increasingly exposed to common shocks. There are
two reasons for this. (i) The industry has become increasingly dominated by large banks
that share similar business models and offer similar ranges of products. The similarity in
business model and product portfolio has in turn increased the exposure of those banks to
common shocks. (ii) As the process of banking and financial integration has progressed,
bank linkages have also risen, which has also increased the exposure of large banks to
common shocks (cf., Houston and Stiroh (2006) and Brasili and Vulpes (2008)). As is
well-known in the panel data literature, failure to account for common shocks that affect
all cross-sectional units results in correlated residuals. Furthermore, if these unobserved
common shocks are correlated with other regressors, the resulting parameter estimates will
be biased and inconsistent.

The data used in this application are obtained from the Reports of Income and Condition
(Call Reports) published by the Federal Reserve Bank of Chicago. The sample covers the
period 1986-2005. We examine only continuously operating large banks with assets of at
least $1 billion (in 1986 dollars) to avoid the impact of entry and exit and to focus on the
performance of a core of healthy, surviving institutions. This gives a total of 466 banks
over 20 years (i.e., 80 quarters, so N = 466 and 7" = 80). To select the relevant variables,
we follow the commonly-accepted intermediation approach (Sealey and Lindley (1977)). In
this paper, three output quantities and three input prices are identified. The three outputs
are consumer loans, y;; non-consumer loans, ys, is composed of industrial and commercial
loans and real estate loans; and securities, y3, includes all non-loan financial assets, i.e.,
all financial and physical assets minus the sum of consumer loans, non-consumer loans,
securities, and equity. All outputs are deflated by the GDP deflator to the base year 1986.
The three input prices include: the wage rate for labor, wy; the interest rate for borrowed
funds, ws; and the price of physical capital, ws. The wage rate equals total salaries and
benefits divided by the number of full-time employees. The price of capital equals expenses
on premises and equipment divided by premises and fixed assets. The price of deposits
and purchased funds equals total interest expense divided by total deposits and purchased
funds. Total cost is thus the sum of these three input costs. This specification of outputs
and input prices is the same as or similar to most of the previous studies in this literature
(e.g., Stiroh (2000) and Berger and Mester (2003)).

7.1 The Single-Index Cost Function with Interactive Fixed Ef-

fects

The variables defined above suggest the following mapping:
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where C'T' represents total costs, and all the other variables have been defined as above.
Note that we divide C'T', wq, and ws by w3 to maintain linear homogeneity with respect

to input prices. Then our single-index cost function with interactive fixed effects can be

written as:
CTy Wizt W24t
In —= = <—’Z , =, Yrits Y2t Ysar | + Voifor + it
W3, it W3t W3t
= 9o(}400) + i for + €it, (7.1)
/
where x;; = <ln %, In Zi;v Inyy i, Ny, Inys, 1) ; (2.5) is imposed on g, to facilitate

comparison of empirical results between this model and the two linear models given in
(7.3) and (7.4) below; C(-) represents the normalized cost function; f,; represents a vector
of unobserved common shocks that simultaneously affect all banks in the sample; v,;
represents the responses of large banks to the common shocks albeit with different degrees;
and €, is a random error. Given the estimation of (7.1), it is possible to compute returns

to scale as follows:

RTS =

3 P -1

wy  w
Z C _17 _27 Y, Y2, Y3 ) (72)
= Olny; w3 Ws

where algij <$—;, Z—i, Y1, Y2, y3) is the cost elasticity of output j with j =1, 2, 3.

For comparison purposes, we also consider two other parametric models: (1) a fully-
parametric translog cost function with fixed effects (referred to as “F_Panel”), which is
commonly used in studies investigating returns to scale at U.S. banks; and (2) a fully
parametric translog cost function with interactive fixed effects (referred to “L_Factor”)?.

Specifically, these two models are written as

CT;

L= 2,y + i + £t (7.3)
Ws,it
CT;

- = 2B, + Voifor + Eit, (7.4)
W3, it

where, in order to implement within transformation for (7.3), we exclude constant 1 from

x;x when estimating (7.3).

2In the literature, one usually adds quadratic terms and interaction terms to form a translog function.
However, it is easy to see that the translog function is just a special case of (7.1). To place the three models
in (7.1), (7.3) and (7.4) on equal footing, we use the same set of regressors for all these models.
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7.2 Empirical Results

We estimate the single-index cost function with interactive fixed effects in (7.1), the fully
parametric translog cost function with fixed effects in (7.3), and the fully parametric
translog cost function with interactive fixed effects in (7.4) for the U.S. large banks.®> With
regard to the number of factors for the first model (i.e., (7.1)), we choose it by using (5.1).
Specifically, with N = 466, T = 80, and k = | (NT)'/°| = 8, the number of factors is chosen
as my = 4. Similarly, the number of factors is chosen as mgy = 4 for the model in (7.4).
Parameter estimates and the associated standard errors for the three models are reported
in Table 4.

Moreover, to test the linearity of g,, we implement the hypothesis test outlined in Su
et al. (2015). A detailed description of the procedure can be found therein. For our case,
we reject the null hypothesis that g, is linear (i.e., Pr(g,(2},0,) = 25,0,) = 1) at the 1%
significant level. This suggests that the single-index model outperforms the other two
models. The nonlinearity of g, can also be clearly seen from Figure 3, which plots the
estimated cost function (the solid line) together its 95% confidence intervals (the dashed
lines) on [1.6, 2.3].

Estimated Cost Function
T T T T T T

30— Estimated Curve !

— — Upper and Lower Bands

Figure 3: Estimated Cost Function

To further compare the performance of these three models, we follow Dong et al. (2015)
and Dong et al. (2016) to compute mean squared error (MSE) for each of the three models

using MSE = - SN ST (G — ya)?, where gy is the estimated normalized total costs

3Following the literature of production econometrics, standard deviations and confidence intervals in
this subsection are constructed using the wild bootstrap method with 300 replications. Here we use (7.1) as
an example to illustrate how this bootstrap method works. We first implement (3.10) with k = |(NT)/5|
and select 7. Given i, we then calculate ¢;; = gk(:z:;té) + 4 ft and &;; = i — yir based on the estimates.
For each replication we generate new dependent variables using vy}, = ¢ir + €ireit, Where e is generated
from a standard normal distribution and is independent over ¢ and ¢. After that, we implement (3.10)
based on {yft, Zit, 1 <4 < N,1 <t <T} using the same iy for each replication.
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for bank ¢ in period ¢ and y;; is the corresponding actual normalized total costs. The MSE
values for the three models are reported in Table 4. As can be seen, the single-index model
has the lowest MSE, confirming that the single-index cost function with interactive fixed
effects outperforms the other two models. This is not surprising given the fact that the
single-index cost function with interactive fixed effects nests the other two models as special

cases.

Table 4: MSEs and Estimates of Coeflicients

SI_Factor L_Factor F_Panel

MSE 0.0024 0.0047 0.0105
Variables  Est std Est std Est std
In % 0.0636 0.0503  0.4216 0.0154  0.3728 0.0044
In %ﬁ 0.0042 0.0039  0.0190 0.0007 0.0177 0.0017
In gy 0.0636 0.0534  0.3883 0.0024  0.3560 0.0045
Inys 0.0156 0.0133  0.0938 0.0015  0.0997 0.0027
Inys 0.0897 0.0721  0.4786 0.0033  0.4213 0.0049

constant  0.9805 0.0157  0.5120 0.0344

In what follows, we focus on empirical results from the single-index cost function with
interactive fixed effects. Table 5 presents the annual average returns to scale (RTS) es-
timates for each year, obtained by averaging over all sampled banks in that year. Two
findings emerge from this table. First, the annual average RTS is greater than unity for
all sample years, ranging from 1.1229 to 1.1607, indicating that on average the large banks
show increasing returns to scale during the sample period. This finding is consistent with
Wheelock and Wilson (2012), who, using a non-parametric local-linear estimator to esti-
mate the cost relationship for commercial banks in the U.S. over the period 1984-2006, find
that U.S. banks operated under increasing returns to scale. This finding partially explains
why bank mergers and acquisitions in 1990’s and early 2000’s occurred at an unprecedented
rate, because mergers and acquisitions allow banks to exploit economies of scale.

Second, the annual average RTS shows a general downward trend, falling gradually from
1.1607 in 1986 to 1.1238 in 2005. A possible reason for the decline in RTS is that U.S.
large banks grew rapidly during the sample period, which allowed those banks to exploit

economies of scale and at the same time lowered their returns to scale. For instance, the

4For example, from 1990 through 1998, the number of banks dropped from 12,347 to 8,774 resulting
in a 28.9% decline. During this same period, there were 4,625 unassisted mergers with only 569 failures.
Thus the major contributor to the 28.9% decline in the number of banks was attributable to the merger
activity within the industry.
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average size of the large banks in our sample increased from $1.22 billion in 1986 to $7.63
billion in 2005 (in 1986 dollars), which, for a given production technology, would certainly
lead to lower returns to scale. However, it should be noted here that there is another factor
that might have increased RTS as the banks grew bigger — new technologies. Specifically,
as banks grow bigger, they are more likely to afford new technologies. The adoption of
new technologies increases the banks’ optimal scales over time, which results in higher RTS
for given bundles of inputs. This explains why the annual average RTS does not decline

rapidly during the sample period, despite the rapid growth of the large banks.

Table 5: Annual Average Returns To Scale

Year RTS 95 % Confidence Intervals

1986  1.1607 (1.1415, 1.1781)
1987 1.1579 (1.1406, 1.1731)
1988 1.1598 (1.1423, 1.1748)
1989  1.1596 (1.1422, 1.1747)
1990  1.1589 (1.1421, 1.1735)
1991 1.1581 (1.1420, 1.1719)
1992 1.1531 (1.1385, 1.1669)
1993 1.1492 (1.1345, 1.1644)
1994 1.1466 (1.1320, 1.1628)
1995  1.1469 (1.1326, 1.1624)
1996  1.1458 (1.1315, 1.1614)
1997 11435 (1.1294, 1.1593)
1998 1.1406 (1.1267, 1.1567)
1999  1.1381 (1.1244, 1.1544)
2000  1.1366 (1.1231, 1.1525)
2001 1.1354 (1.1221, 1.1510)
2002 1.1296 (1.1152, 1.1455)
2003 1.1253 (1.1105, 1.1411)
2004  1.1229 (1.1085, 1.1384)
2005  1.1238 (1.1093, 1.1390)
Average 1.1446 (1.1295, 1.1601)

Having examined annual average RTS estimates, we now turn to RTS estimates at
individual bank level. We calculate the percentage of banks facing increasing, constant, or
decreasing returns to scale for each year. Specifically, we count the number of cases where
the 95% confidence intervals are strictly greater than 1.0 (indicating increasing returns
to scale or IRS for short), strictly less than 1.0 (indicating decreasing returns to scale or

DRS for short), or contain 1.0 (indicating constant returns to scale or CRS for short).
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The results are reported in Table 6. Two findings in this table are noteworthy. First, on
average the vast majority (97.85%) of the banks face increasing returns to scale, a tiny
percentage (1.33%) face decreasing returns to scale, and an even tinier percentage (0.82%)
face constant returns to scale. Second, the percentage of banks facing increasing returns
to scale shows a general downward trend, while the percentage of banks facing constant
(decreasing) returns to scale shows a general upward trend. Specifically, the percentage of
banks facing increasing returns to scale decreases markedly from 99.35% in 1986 to 95.49%
in 2005; the percentage of banks facing constant returns to scale increases noticeably from
0.43% in 1986 to 2.15% in 2005; and the percentage of banks facing decreasing returns
to scale steadily from 0.22% in 1986 to 2.36% in 2005. The results presented here are
consistent with our previous discussion, that is, due to their rapid growth, more and more
banks have reached or passed their optimal scales, leaving more and more banks operating

under constant or decreasing returns to scale.

Table 6: Returns To Scale at Individual Bank Level

Year IRS CRS DRS
1986  99.35% 0.43% 0.22%
1987  99.14% 0.43% 0.43%
1988  99.14% 0.43% 0.43%
1989  99.14% 0.64% 0.22%
1990  98.93% 0.86% 0.21%
1991 99.36% 0.42% 0.22%
1992 99.14% 0.43% 0.43%
1993 98.71% 0.64% 0.65%
1994  98.71% 0.64% 0.65%
1995  98.93% 0.43% 0.64%
1996  98.50% 0.64% 0.86%
1997 98.07% 1.29% 0.64%
1998  97.64% 1.29% 1.07%
1999  97.42% 1.72% 0.86%
2000 96.78% 2.58% 0.64%
2001  96.57% 2.58% 0.85%
2002  96.35% 2.58% 1.07%
2003  95.06% 3.22% 1.72%
2004  94.64% 3.22% 2.14%
2005  95.49% 2.15% 2.36%
Average 97.85% 1.33% 0.82%
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8 Conclusion

This paper proposes a new model that extends Bai (2009) to a semi-parametric single-index
setting. The new model is flexible due to the use of a link function; at the same time, it
allows for common shocks or time-varying heterogeneity because of the presence of the
interactive fixed effects. We derive asymptotic theories for both the case where the link
function is integrable and the case where the link function is not. We also investigate the
finite sample properties of our single-index model via Monte Carlo experiments in large N
and T cases.

Finally, we show how our model and methodology can be used by analyzing the returns
to scale of large commercial banks in the U.S. over the period 1986-2005. Specifically, we
estimate a single-index cost function with interactive fixed effects. We then compare this
cost function with two other parametric cost functions: (1) a fully-parametric translog cost
function with fixed effects, and (2) a fully-parametric translog cost function with interactive
fixed effects. Our results show that the former cost function outperforms the latter two.
Our empirical results from the single-index cost function with interactive fixed effects show
that the vast majority of U.S. large banks face increasing returns to scale, and that the

percentage of U.S. large banks that face increasing returns to scale has declined over time.

Appendix A: Proofs of the Main Results

Note that proofs of Lemma 3.1 and Theorems 3.1, 3.2 and 3.3 are provided in the main text of
the paper, while those of Lemma 4.1 and Theorem 4.1 are provided in the supplementary file
of the paper. The proofs of all preliminary results (e.g., Lemmas A1-A3) are also provided in
the supplementary file of this paper. In what follows, when no misunderstanding arises, we may
suppress indexes i and t for notational simplicity. In addition, p1, O(1) and A always denote

constants and may be different at each appearance in the following development.

Lemma A1l. Assume that g(w) is differentiable on R and w"7g9) (w) € L*(R) forj =0,1,...,r

and v > 1. For the expansion
g(w) = eally(w) = gi(w) + g (w),
n=0

where

_ 2 : _
H,(w) = %mﬂn(w)exp( w/2) with n=0,1,2,...,
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the following results hold:

1) [ w?H2 (w)dw = n + 1/2; (2) max,, |5 (w)| = O(1)k~2+12; (3) [ 62(w)dw = O(1)k™";

(4) [ 1) [dw = O(KY2; (5) [ [H(w)|*dw = k; (6) [H(w)[2 = O(1)k uniformly on R;

(7) [ 10(w)ldw = (k=541 (8) [ [H,(w)|dw = O(L)n®/12; (9) [ w?|H(w)|2dz = O(1)k*

(10) max,, 3 (w)] = O(1)k %ﬂ .
Lemma Al is a part of Lemma C.1 of the supplementary file of Dong et al. (2016), wherein a

=
=

N

detailed proof can be found. |

Lemma A2. Let ¢;0, 9] = (9(«}40),...,9(xip0)) withi=1,...,N. We consider the following
limits on 3-fold Cartesian product space formed by © x &1 X Dp. Under Assumptions 1 and 2,
as (N, T) = (00, 00),

L. sup g |LnT(0,9) — L(0, g)| = op(1), where L(0, g) is defined in Assumption 2 and

1 N
LNT 0 g TZ ¢1 0 g ¢z 0790]) MFo (¢z [9,9] - ¢i[90ago});

2. supp HNT ZZ 1€ Preil| = op (1);

3. supp HNT SV VoiFoMrei|| = op (1);

4. sup(p g r) Hﬁ Zf\il ¢il0, g Mpe;|| = op (1);
5. sup(g ) N 9il0, 60 ) Mpei|| = op (1);

6. sup(p py || o7 Sorey il6, o) Mpsl6, 5o,k]H =op (1);

=op (1);

T Sub(g,r) ﬁ Ef\;l bi [97 50,k]/MFF070,i

8. 5P(0,0,0.0) || 1 il 6101, 8o M0 91| = o (1)
o i Elach =t 0 (37)
10- supg.g) Hﬁ Zi\;l Zthl (9(1)(97;t‘9))2 Ty — B [(9(1)(55/119))2 x11$/11} H = op (1);
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11 supgo ||y S0 S0 cag® @)zl | = o (1)

12. Supp ’ﬁ Zi]\il(d)i[em go] - ¢i[079])/MFF070,i
sufficient small neighbourhood of (6,, g,).

= OP(H<90790) - (979)“10) for V(@,g) in a

In addition, assume that Assumption 4 holds for the following results. Then

13. supg.p) Hﬁ SN H(0) Mpei|| = Op(VEnyr), where Hi(0) = (H(2/40), . .., H(z'p0)) for

i=1,...,N;

14. supg Hﬁ SN Ha(0) Mg, Ha(0) — T(Q)H = op(1), where H;(0) = (H(aly0),. .., H(a!p0))
fori=1,...,N.

The proof of Lemma A2 is provided in the supplementary file of this paper.

Lemma A3. Let ¢;[0,9] = (g(x40),...,9(zir0)) and ¥1;[0,9] = (9(x}10)zi1, ..., g(zip0)xir)
with i =1,...,N. We consider the following limits on 3-fold Cartesian product space formed by
O x &1 X Dp. Under Assumptions 1-3,

HNT PP I 1( ) (2},00) — g(()l)($;t90)> Tit€it

= op () s g — g2 = o(1):

/
2. w7 LI (0000, 90 = vrilbo, 9571 Przi = or (g ), as gV = g llz2 = o(1);

5 Hﬁ i ¢1¢[00,g((,1)]’PTgi =op (ﬁ)? as || Prll = o(1).

The proof of Lemma A3 is provided in the supplementary file of this paper.

Proof of Theorem 3.1:
(1). Expanding Snr(6,C, F) — Syr(6,, Co, F,), we have

SNT<0a C: F) - SNT(eoa C107 FO)

= o = 6400, 98]) M (Y = 6400, 98) = (¥ = 6000, 9ol M, (V: = 6000, 501D}

_ % Z {(Y; = ¢il0, i) Mp (Y; — 610, gi]) — (03[00, Go] + 1) M, (03[0, 6ose] + €:) }

— Syr(6, C, F)
1 2
E E Y(Mp— M E F'M E ; — O; "Mpe;
L Lo 51 F Fo € + 701 FE; 1 NT = <¢z [eoago,k] ¢’L[97gk]> F&;
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Z sz 907 50 k} (MF - MFO 52 Z Z(bz 907 5ok (MF - MF0> (bz[eo; 50 k]

i=1 s=1
N
2

+W Z(¢i[eo; gO,k] - ¢2[97 gk]) MF¢1[907 6ok + i Zryoz MFd)z 607 50 k]
=1

where gy, is defined in (3.2), gox and 6, are defined in (3.3), and

1

N
Snr(0,C, F) = = NT ; 000, Gor] — il0, 9] + Forvi) Mp (9il00, Go] — #3160, 1] + Foryi) -

By (2)-(9) of Lemma A2, we immediately obtain
SNT(Q, C, F) — SNT(Qoa CO, Fo) = SNT((Q, C, F) + OP(l). (91)
Let by = ¢4[0, gx] — ¢il0o, go,x) and b = (b], .. .,b’N)/. As in the proof of Lemma A2, we can

readily argue that (NT)~16'b = O (1) uniformly in (6, C). Let n = vec (MpF,), A} = Iy ® Mp,
Ay = (T')T,) ® I, and Az = (75,1 @ I, ..., Yo,N @ IT). Then

N
2
/ /
Snr(6,C, F) Zb Mpbi + o va SMpFooi = o ZbiMFFO%,,-
Zb’MFb +L tr (MpF, T, Do FoMp) — —Ztr (Mg Foyo,b})
NT

——b’Ab+i "Aon — —— Z ® I7)

NT 1 NT” 27 77 Yo,i T
_ 1 / / /
= NTb Arb + NTn Aam b

1

= —VAb —ﬁA 9 — —b’A’ A1 Asb 2

N 0T gV A2V Tt As A Ash, (9-2)

where ¥ =7 — A, 1 A3b, and the third equality follows from the fact that

tr (B1 BaBs3) = vec (By)' (Ba ® I) vec (Bé) and tr (B By B3By) = vec (By) (BQ ® Bf;) vec (Bg)

for any conformable matrices By, B2, B3, B4 and an identity matrix I (see, e.g., Bernstein
(2009, p. 253)). We now show that the last term in (9.2) is op (1) uniformly in b. Note that
(NT)"'W AL A7 Asb < Aax (A5A5 T Ag) (NT)~1'b = op (1) for any (NT)~!6'b = O (1) provided
Amax (A5 A5 A3) = op (1) . Also, note that Amax (4545 43) < Amin (A2/N)] ™ Anax (N1 A5 A3) =
gfl)\max (NflAgAg) where gfl = [Amin (T.T/N)]~t = Op (1) . Define the following upper block-

triangular matrix
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’Y(/),l’Yo,l[T 72,1%,2IT ’Yé,l%,NIT

0 Yoo Yo2dr 0 YpoYonIT
Cl: : . . .

0 0 Vé’prO’N[T

Noting that the NT x NT matrix A5As has a typical T' x T block submatrix T_17;7i707jIT, we
have A5A3 = Cy 4+ C] — Cq where Cy :diag(%’l%yllp .. ,'y;’Nyo’NIT). By the fact that the
eigenvalues of a block upper/lower triangular matrix are the combined eigenvalues of its diagonal
block matrices, Weyl’s inequality, and Assumption 1.4, we have
>\max (NilAéA?)) S Nil {2>\max (Cl) - Amin(c’d)} S 2N71 11<Tla<}5v H/VO,iHQ
_Z_

= N"lop(NY?) = op(1), (9.3)

where the first equality follows from the fact that max;<j<y |[704]*> = op(N'/?) under Assumption
1.4 by the Markov inequality. It follows that Apayx (AgAQ_IAg) = op (1) and ﬁb'AgA;lAgb =
op (1) uniformly in b. This, in conjunction with (9.1)-(9.2) and the fact that Syr(6,C,F) —
Sn1(6s, Co, F,) < 0, implies that

N

(NT) "W At = (NT)™1 > biMpbi = op (1), (9.4)
=1

where Aj = Iy @ My, b= (b,..., ), and b; = &[0, §i] — ¢[00, Go.x)-
By (9.1), (9.2), (9.4), and the Cauchy-Schwarz inequality, we have

0> Snr(0,C, F) — Snr(8,,Co, Fy)

N

1o, 1 2 -

= 7t A+ 1t [(F,MF,) (TLT,)] — NT § 1 b; M Foyoi + op (1)
1=

\Y]

I |
Nb’Alb + Nt [(F,M:F,) (T,T,)]

1o o 1/2 1 1/2
—2{Nb’A1b} {NTtr [(F,M:F,) (rgro)}} +op (1)

1 1 1/2
= op (1) + sotr [(FLMpE,) (T40)] — 20p (1) {NTtr (FIMF,) (rgro)]} .

It follows that =tr[(F,MzsF,) (TT,)] = op (1). As in Bai (2009, p.1265), this further implies
that tr(F,MpF,) = op (1), %F’FO is invertible, and ||P — P, || = op (1).
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(2). By (9.4) and noting that

N
(NT)™"> b (Mg, — Mp) bi| < ||Pp — Pr,
=1

N
-1 2 : 717
=1

we have

N N
op (1) = (NT)_l ZIA);MFIA)Z = (NT)_1 ZE;MFOBZ —op(1).
i=1 i=1
Then (NT) ' SN 0 My, b; = op (1) . Noting b; = ¢3[0, Gx] — 6i[00 go k] = (@‘[é,Qk] _ ¢i[9mgo]> n
®ilbo, 5o,k], we have

N

op (1) = (NT)"'> b Mp,b;
=1
N

(NT) 12 (@ 0, gr) ¢i[90,go])/MFo (¢i[éagk] - ¢i[90790])

N /
+(NT) Y (6106.38] — 61l60,go] ) M, il 0]

s
I
—

N
+(NT)™' Y (il00, d0k]) M, (6:l00: 604

Il
2
=
L
M=
—
=
5
N}
ol
1S
S
Q
S
N
3
—
e
5
Q
Sl
s
S
Q
S
N
+
Q
|

where the third equality follows from (6) and (8) of Lemma A2; and the fourth equality follows
from (1) of Lemma A2. Consequently, L(0, §;) = op (1).

Note that we have shown L(0, g) is continuous with respect to || - ||, on © x & in the proof
of (1) of Lemma A2. This implies that, for V(6, C) satisfying ||(0,C) — (6,,C,)|| > € > 0, we have
L (6, gi) does not converge to zero for g (-) = C'# (-). In other words, if || (9, §x) — (6o, 9o)||w #p 0,
we have L(6, §) # op(1). See Bai (2009, p. 1265) and Newey and Powell (2003, p. 1576) for a
similar argument. Therefore, we have proved ||(8, 9x) — (6o, go)|lw —p 0.

The proof is now complete. |

Proof of Lemma 3.1:
(1). We now consider Vyr and write
1 & . NI
w7 2 (¥ = 0. aul) (¥ — 0.0

FVnr = F
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N
1 AL FOANA
= ﬁ ; (d% 0 go + F07oz +ée — (ZSZ[H, gk]) <¢7,[907 go] + Fo")/o,z +e; — ¢z[07 gk]) F
1 N A AN
= ﬁ ; <¢z oago ¢z 9 gk]) (¢i[90>go] - ¢z[97gk]> F
1 & 1 Y /
. —_ . 2 s . , n PR . . —_ . ) s n
VT (64000, 90] = 0110,38) (Foroa) | P+ | 5o > (F) (#1100, 0] = 0:l6. ]} | F
! 1 . .
+ |57 2 (0l = 0.0 ) | Pt | o 3 (0000 = 60.00)) | F
N 1N
—"_ Z EZ NT Z FO’YO ZE + NT Z El’YO Z o
-
+ NT ZFOVOZ'YOZFO F
= IlNT(eaglm E)+ - 4+ Isnr(0, g1, F) + Isnr(F) 4 - - - + Ionp(F),
where the definitions of I1ny7 (0, g, F) to Isnr (6,9, F) and Ign7(F) to Ign7(F) are obvious.
Note that Igyp(F) = F,(I.T,/N)(F.EF/T). Thus, we can write
FVnr — F,(T,0,/N)(F,F/T)
= Iine(0, 45, F) + -+ Isne (0, g, F) + Ione (F) + -+ + Isnt(F). (9.5)
Right multiplying each side of (9.5) by (F/EF/T)~Y(I'"'.I',/N)~', we obtain
FVnp(F.F/T)"Y(I'T,/N)™' — F,
= [IINT(éagka FYy4 -+ I8NT(F)} (FJF/T)"NTT,/N)~L. (9.6)

If Viyr is non-singular, then Vyr(F/F/T)"(I',/N)~! is equal to Q. We now examine each
term on the right hand side of (9.6) and show that V7 is non-singular. Write

— HFVNT(F;F/T)—l(F’OFO/N)—l _F,

< = [Miwr @i ) -+ W (P - | (F5 /1) (o).

It is easy to show that (F/F/T)~' = Op(1) and (I'T,/N)~' = Op(1). Then we just need to
focus on ﬁn{jm(é,gk,ﬁ)n with 5 =1,2,...,5 and %HI]-NT(F)H with j =1,2,...,8.
For I1n7(0, gk, F'), we have

1 ;o
ﬁ Hl—lNT(ng,

(0.9)=(0.91)

N
B ]@g 1611601 90] — 0116, ]|
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= VBlgo('80) — 9(6)Pl 55y (1+ 0P(1)
= OP(H(évgk) - ( 0790)”10)7

where the first equality follows from Lemma A2 of Newey and Powell (2003) by applying the same
procedure as used for (1) of Lemma A2; and the second equality follows from Step & of (1) of
Lemma A2.

For Ionr(0, ¢ ) write

\/1T HIQNT(évgka H < \/7% ¢z oago le[e g])( o'Yoz H ‘
1 Y 51 1/2 1
< Vin{ o7 D 191060, 5] — 6116, 911 } \(gg)z(égk){ﬁZHF
i=1 ’ ’ i=1

1) {Elgo(2'00) — (a0} | 501 6.5 - (1 + 0P (1)
= OP(H(évgk) - (60790)”w>7

2}1/2

where the second inequality follows from Cauchy-Schwarz inequality; the first equality follows
from Lemma A2 of Newey and Powell (2003) by applying the same procedure as used for (1) of
Lemma A2 and the fact that ZZN 1 HFO%Z-H2 Op(1); and the second equality follows from
Step 3 of (1) of Lemma A2. Similarly, we have \F HI3NT(9 Ik, F H = O0p(||(8, 91) — (0, 90)||ww)-

For I4NT(0,gk, ), write

Sl ot -so il

7gk
1/2

N 1/2
1 ) 1 )
< ~7 il0os 9o] — ¢il0, X ~ &
< fm{NT > 160l = 1. } . {NT ?:1:” [ }

1) {Elgo(2'00) — (a0} | 01— 6.0 - (1 + 0P (1)
= 0p (10, 3k) ~ (B, 90) ).

where the second inequality follows from Cauchy-Schwarz inequality; the first equality follows
from Lemma A2 of Newey and Powell (2003) by applying the same procedure as used for (1) of
Lemma A2 and the fact that SN st,H2 Op(1); and the second equality follows from Step
3 of (1) of Lemma A2. Similarly, we have —= HI5NT 0, i, F H = 0p(|(8,dr) — (00, 90) || w)-

For IGNT(F), write

N 2

% Z €ic)

1=1

E

T T
Z Z 2T2 Z Z E 5'Lt5255]t535




T T N
- Z Z N2T2 Z E[ zt‘gzs + Z E 52t5185]t5]s]

t=1 s=1 =1 1#£j
T T N

N2T2 ZZZE zte + ZZE zte + ZZE €1t5255]t535
t=1 s=1 i=1 t=1 i#£j t#s i#£j

(&) -0(3) o ) -otn

where the fourth equality follows from Assumption 1.3. We immediately obtain ﬁ | Isnt(F)| =

Op (NNT)-
For I7NT(F) and IgNT(F), write

2 T T 1 N N
- Z Z N2T2 Z Z E[f(/),t’VO,igisf(/),t'Yo,jffjs]

1 N
ﬁ Z Fo%,ﬁ;

i=1 j=1
T T
:ZZ 2T2 ZZE ot’Vozfot’Yo,ﬂ [5135]3]
t=1 s=1 i=1 j=1
T T 1 »
<D ZZ BN ot Eloi | BN fotl Ellvog I} | Elessesal
t=1 s=1 i=1 j—l
T
< 0(1) 77 ZZZ Eleisessl] = (>
s=1i=1 j=1

where the last equality follows from Assumption 1.3. We then immediately obtain ﬁ | Irnr (F)| =

Lltsnr (D)l = 0p () -
Based on the above analysis and by left multiplying (9.5) by F”/T', we obtain

Ve — (F'E, )T T /NYF.F/T) = T E" | Iin7(0, g, F) + - + ISNT(F)] =o(1).

Thus,
Vivr = (F'Fo/T)(LLo/N)(Fo F/T) + op(1).

When proving Theorem 3.1, we have shown that Féﬁ' /T is non-singular in probability one. This
implies that Vyr is invertible in probability one. We now left multiply (9.5) by F/T to obtain
(FoF|T)Vir = (FoFo/T)(ToLo/N)(E,F/T) + 0p(1)
based on the above analysis. The above equality shows that the columns of FL’,F /T are the (non-
normalized) eigenvectors of the matrix (F,F,/T)(I'.T',/N), and Vyr consists of the eigenvalues

of the same matrix (in the limit). Thus, V7 —p V, where V is m x m and consists of the m

eigenvalues of the matrix X pXr.
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(2). Based on the above analysis, (9.6) can be rewritten as

T=IPQ = Bl = Op(I8.61) = (9. 90) ) + O (7).
where Q™! = Vyp(F/F/T) " (I T,/N)~!
(3). According to (9.6),

1, . 1 S 1
fFo/(F - F,Q) = TFé [I1NT(9791<:,F) +-+ ISNT(F)] Vit
By (1) of this lemma, we know Vy; = Op(1). Therefore, in the following analysis we just need
to focus on L F! [IlNT(é,gk,F) +-+ IgNT(F)}. Furthermore, by (1) of this lemma, it is easy
to show that

| [ @00, F) -+ T @0 )] | = On(10.00) = 6101

112
We now consider e H , we have

%FéfﬁNT(F)H below. For the term 5= Zf\il

VAN

4(- s

9 N
it E e | R

< TZH SFI QI +—tr[(F—Fo@)/f’5 (7))

<Op(1)+ |€||

2
w7 -2

= OP (1) + Op( + T/N) OP (H(é,gk> - (007.90)”30 + 77]2\7T>

by the result (2) of this lemma. It then gives that

|t - NTQZH SR
1/2 L ) 1/2
Fle; — 93
_T(NTZH ) (NT; G )

= 5+ 700 (14 V/TTN) Op (10, 64) = (O 9l + v )
= 0p (0.0) ~ (Bor 90) 1 + 1)

as long as /T /Nnnr = O (1), which is sufficient here.
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o

For H%F(;IWVT( ) s

N N
1 A 1 1 , 1
HTFt;I7NT(F) ’ < HTF‘;F" ' ‘ WZ%JEQ(F — F,Q)| + H EyF,| - ‘ NT Z%,ié‘;FoQ'
i=1 =1
N N
o R B )y Yo (A Y e o) 3 el
Too N\/T.lo,lz f NT'lo,Zzo
1= 1=

By Assumption 1.4, we know ||4F,F,|| = Op(1). By results (1) and (2) of this lemma, we have
Q]| = Op(1) and ﬁ”ﬁ’— F,Ql = Op(||(8, Gk) — (00, 9o)|lw) + Op(nnT). Therefore, we will focus

1 N 1 N
on H—Nﬁ Y sy Yo,ics|| and ‘ NT Die
assume that both ~,; and f,; are scalars. Write

we temporarily

2 N N T

N:;T Z Z Z Eo,i70,j] Eleiteit]

i=1 j=1 t=1

1 N N T
D 230 X Bleusill =0 (
i=1 j=1t

=1

H.ZV\/»Z’YOZ&

=]~

and

2 N N T T

N2T2 ZZZZE Yo, zfo tIYO,Jfo s] [5zt<€js]
1t=1 s=

i=1 j= 1

N N T T 1
00 a7 >33 Y Bl = 0 (577).

i=1 j=1 t=1 s=1

1 § : /
’70,1'52‘Fo
NT P

which immediately yields

| Futaxer(F)| = On(1(0.0) = Gl ) + O (1)

= Op((8. 1) — (90, 90)lw - 1nvT) + Op (%)

Similarly, we can show H%FO/ISNT(F

Based on the above analysis,

|32 = 2| = 0r(116.60) — @urgoll) + O (e (0.7
and
P T -
|37 - R0 = |37 - o+ QG - F)

SH%@—E@WF—E@”HWWHl

FEIE - Q)
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= Op([1(0, 3x) = (00, 90)llw) + Op (nXr) - (9.8)

(4). Note (9.7) and (9.8) can be respectively expressed as
SELE — LELEQ = Op(1(0.8) — (0o.0) ) + Op (ver)

and

I = 1 E'EQ = Op(10,38) ~ (60, 90) 1) + Op (i)
Simple algebra further gives

FQEF — 2QEE,Q = Op(1(0, 1) = (60,0) ) + O (i)

and

I = S H'ESE = Op(6,38) — (B 90) ) + Op (iir) -
Summing up both equations above, we obtain

I — %Q/FéFoQ = Op(H(é,ﬁk) — (0o, 90)[|w) + Op (77]2VT) : (9.9)

Note when proving Theorem 3.1, we have showed that

HPF'_PFO ’

=tr [(Ps — Pp,)%] = 2tr [Im - F’PFOF/T} (9.10)

and, when proving this lemma, we have shown that

F'F _ F!F,

T T

Q +O0p([1(8, 1) — (Bos go)|lw) + Op (nkr) -

Therefore, we can write

. . F'F, Ao
F,PFOF/T = Ql (%_,) Q + OP(H(H?gk) - (00790)“10) + OP (77]2VT) .

In connection with (9.9), we then obtain that

F'Pr, )T = I, + Op(||(0, 1) — (00, 90)|lw) + Op (nd7) -
Then the proof of the second result of this lemma is complete. |
Proof of Theorem 3.2:
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Having proved Lemma 3.1, we now turn to investigating v NT (6 —6,). By (3.8), we can show

that %‘Z’O’FA) = 0. Following Yu and Ruppert (2002), we just need to focus on the following

equation

_ OSNT

0 B aSNT aSNT

00 ‘(Q,C,F):(é,é,ﬁ‘)_ 00 ‘(e,c,p):(eo,é,ﬁ) 0000'

(9 - 60)7

0,C,F)=(0,C,F)

where 6 lies between 6, and é, and

OSnT(0,C, F 9 XN ,
% - _W Z wli[eoa g](gl)] MF(Y; - sz[@, gk]),
=1
OSnT(0,C, F 9 /
Ngéﬁe' ) NT Z%i[e’gl(cl)] Mptpy[0, g,
=1

N
=1

@01;[9&9] = (9(55219)931'1, ce 7g(x;T9)$iT)/a

¢2756[l9x,dg] = (g(anb)razy, ..., g(wigd)ziris)" (9.11)
Since 6 lies between 6, and 0, it is easy to show |[(6, k) — (00, 9o)|lw —p 0 by Theorem 3.1.
Thus, it is reasonable to focus on a sufficiently small neighborhood of (6,,g,) in the following
proof. Then the rest of the analysis is similar to the arguments of (2.19)-(2.21) of Amemiya
(1993), and part (b) of Lemma B.1 of Yu and Ruppert (2002). Note that one can easily extend
the arguments (2.19)-(2.21) of Amemiya (1993) to the current setting by treating 8 and || - || of
Amemiya (1993) as (0, g) and | - ||, of this paper respectively, which becomes exactly the same
as Lemma A.2 of Newey and Powell (2003). Following the same spirit, Assumption 3 then allows
us to simplify the analysis by focusing on the expectation. Also, in the following analysis, we will
repeatedly use gi(w) = C"H(w) defined in (3.2).

We consider ggg(f, _ . first. Write
0,0, 7)=(6,C,F)

OSNT
0000'

N
2 2 : W g (1)
= i 97 1 9, ~ A A

6,C,F)=(6,C,F)

N
_ {]\?Tzlbzz‘[&gl(f)]/ {Mp ® I} {(Yi — ¢il0, gx]) ®Id}}
i=1

0,C,F)=(0,C,F)

= 2A1NT‘(9,C,F)=(§,C‘,F) - 2A2NT‘(9,C,F)=(§,C,1&)’
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where the definitions of A;y7 and Asy7 are obvious. We then examine A;yp and Asy7 respec-
tively.
Step 1: For AinT, write

AlNT - _ZZ < fL'ZtQ ) xiﬂ;t Z¢1z 9 gk Plez[e g(l)]

i=1 t=1

= AlNT,l - AlNT,Q-

For the first term on the right hand side above, write

1
ANty = NTZZ(Q M (240, ) ity

i=1 t=1
Ly (0 2 1 L&
+ﬁ Z Z (gk (ﬂfzt@)) TitTy — ﬁ Z Z (gok(mzt9)> TitTyy
i=1t=1 i=1 t=1
L NoT o ) L "
tNT Z Z (govk(x”GD Tittie = N7 Z Z (go (xztg)) Lt Ty
i=1 t=1 i=1 t=1
+1ii((l)(x 0))23;~ / 1%%((1)< ,9>>
NT — L 9o it itLip — NT L L 9o '(Z;Uo TitTyy
1 L& 2
=NT Z Z (9 )(xztao)) Ty + Ainrn + Ainrae + Ainr s, (9.12)
i=1 t=1

where g, is defined in (3.3); and the definitions of Ain711, AinT,12 and Ayn713 are obvious.
By (10) of Lemma A2, we have

N T
1
N_ZZ xzte xltht ‘/1 +op (1)

We then focus on Ajn7,11 to AinT,13 respectively. For Ajn7 11, write

[AinT, 11” \(g C)=(6,0)

— NT ZZ (le) z4,0) ) Ty — NlT EN:?; ( (23,0) ) Tipyy

i=1 t=1

_ E[(g,g”(x’e)) a:x/] —E[(gé},i(:c'ﬂ)) 1:1:/]

— | [(c — O H(OH('0) (C + Co)aa }

’(9,0):((5,0)

+op(1)

‘(9 C)=(6,C)
+Op(1)

locr-ae

1/2
1
} ‘(9,0):((5,0) +or(l)

IN

{E ((c — C)H(2'0) ‘2 E Hﬂ(x'e)’(c +C,)za

<l(c-cye[aunnaey) © - co)}l/ ’
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2}1/2

o {(c - ey e [Rasysy] © - )} | weriaer TP
)

. {2E HC"%(;E'Q)J:J:' H(2'0)xa’ +op(1)

0,0)=(0,C)

IN

i
< OM)C = Coll + 0p(1) < OW) gk = ollz2 +op(1) = 0p(1

where the second equality follows from (10) of Lemma A2; the first inequality follows from Cauchy-
Schwarz inequality; the third inequality follows from Assumption 2.1; the fourth inequality follows
from Assumption 3.2; and the fifth inequality follows from the definition of || - || 2.

For AlNT,lZ; write

;T W1 2 / ;] T URY ,
TOCTIEL 55 2 oI CCIET) SRS w) ol (CLE70) R [
i=1 t=1 i=1 t=
= | [{(sewm)” = (srwm)y ] || s + o0
= | B [(s5@8) - oV @6)) (90@'0) + gV (@'e) ) wa ||| +0p()
= | 85w (oS@o) + o @o)) x| |, +or)

‘9:9 +or(1) <0 (k_g %) E|z|* + op(1)

where the second equality follows from (10) of Lemma A2; the first inequality follows from As-
sumption 2.1; the second inequality follows from (10) of Lemma Al; and the third inequality
follows from Assumption 1.2.

For AlNT,l?): write

1 -\ 1 i) 1 - 1) 2 ’
[AinTasll lg—g = NT Z Z (9((; )(ffgt@)) Tit Ty — NT Z Z (gg )(J:itHO)) Tit Tyt ‘ezé
i=1t=1 i=1 t=1
—|E (951)(96’9))2m’] _E [(ggn(x’e ))Qxa:’} ‘6:§+0p(1)
= ||E _(ggl)(w'e) - 92”(96’90)) (gg”(:c’a) + g£,1>(a:’00)) m’} ‘ ’ _+op(1)
= | [s2@6%) (/0 — 2'6) (980 (@'00) + 90 (80) ) a’] |||, +0r(1)

OW)18 — 8| Ellz||* + 0p(1) = op(1),

where 6* lies between 6 and 6,; the second equality follows from (10) of Lemma A2; the fourth
equality follows from Mean Value Theorem; the inequality follows from Assumption 2.1; and the
last equality follows from Theorem 3.1.

Based on the above analysis, it is easy to show AlNT,l\(e C)=(@,C) P .
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We now focus on Ajnr,2.

N
1
Awrs = 57 Zwu 10, ") Privnl0, 91"

= Z% 0,01 Proinl6, o) + <o th 0.9 (P — Pr,) vuiff, 9,
= Ainro1 + AinT 2o

For AlNT,217 write

N
AiNT21 = %Z (wu 6 9 } o/T) '(1+o0p(1)) (F'@Z)h[@ I ])/T)
1 Z? 1 &
= Nz (T letgk zte fot> (1 +0P ( Zfotgk zte )
i—1 =1

where the first equality follows from (2.3). Further note that

szztgk (#340) for = szltgk (2340) for — E [wgl(ﬁ )( ’H)fé}

+E |20 @0)f3] - B |2g0)(@0) 1)
+E |29\ )(@'0)f,] — B [2g{) (/0) ;)
+E |20 (@0) 13| — B |29 (a'0) 1]
+E |29V (2'6,) é}

:=Bijr + By + B3+ By +F [:):ggl)(xlﬁo)fé} ,

where the definitions of Bi;;, Bs, Bs and By are obvious. By Assumption 3.1, we know that
maxi<;<n HBliT’H(QC):(é,C‘) = Op(l) . As with AlNT,ll to AlNT,137 it is easy to show that
|B2lllg—g = op(1), [|B3||l4—5 = op(1) and || Bs|| = op(1). Then, we immediately obtain that

Awvrailgey—@.cy = VoXr Vs +op(1). (9.13)
(1)

2
For AinT22, we have ||AinT22| < ||Pr — PF0||ﬁ Zf\il H@bli[e,gk ]H . Note that it is easy

2
to show that ﬁ Zfil H@Z)U[ﬁ,gg)]H = Op(1) uniformly. In connection with Theorem 3.1, we

immediately obtain HAlNT,QQH ’(G,C,F)Z(é,é,l:—‘) = Op(l).
Therefore, we have shown that AlNT,g\(G CF)V=(6.C.F) = VQEE1V2’ + op(1). In connection with

the result AlNT,1’(97C):(§,C') —p V1, we obtain AlNT|(9,C7F):(0~,C’,F) =V - ‘/221_;1‘/2, + Op(l).
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Step 2: Turing to Aoy, Write

Aoy = Z%z 0 gk "{Mp @ I} {(Yi — ¢il0, g]) ® I}

— % Z Uoil0, g2 {Mp @ I} {(5: + ¢[00, 0] — Hi[6, g1)) ® I}
i=1

N
1 —
tNT > i, 7] {Mp @ Ia} {(Foy — FQ ') Iy}
=1
1 N T
= o 20wl g (0) (e + 90l00) — n(246)
=1 t=1

Z%z 0.9 {Pr @ I3} {(ei + ¢il0or 90) — 016, 91]) ® I}

Zw gV {AMp @ I} {(Foyi = FQ™'y:) ® La}

= Aontn — Aont2 + Aot s,

where the definitions of Aan71 to Aan7 3 are obvious.
By Lemma 3.1, it is easy to show that A2NT,3|(9 CF)V=(0.C,F) = op(1).

For AQNTJ s write

N T N T
1 1
AonT1 = NT Z Z 5itg,(€2)(x§t0)xitx;t + Z Z (90(x7,00) — gr(2},0)) 91(3) (2,0) i),

i=1 t=1 i=1 t=1

= AonT11 + AoanT 12

By (11) of Lemma A2, it is straightforward to obtain Asn7 11 = op (1) uniformly.

For AQNTJZ , write

N T
1
AQNT,lQ = ﬁ Z Zgo Zte gk “ﬂ l‘ltl’zt Z Zgo z; 6 zte)xitl‘;t
i=1t=1 i=1 t=1
1
+ﬁ Z Z go(x;ta)glgi lte xltxlt Z Z go k zt0 gk. Zta)xitl'/it
i=1 t=1 i=1 t=1
1 NI o @ / 1 T e /
+ﬁ Z Z o,k (T340) gy, (25,0 Ty — NT Z Z gr(23:0) 9,7 (23,0)x iy,
=1 =1 i=1 t=1

= DinT + Dont + D3N,

where the definitions of Dyy7 to D3y are obvious.
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For DlNTa write

[ D1l ‘(9,0):((5,0)

1 1
NT Z Z go(l‘gteo)gl(f) (250)ziely — NT Z Z go(fﬁgte)gl(f) (30 ‘(9 0)=(6,0)
i=1 t=1 i=1t=1 o
/ / (2)
B[ (90(a'80) — 00(a'8)) 97 @O’ [|| | | o +op()
E [g D (20" ( :U’G)g@) (a:’@)xx/] +op(1)
g (6,0)=(0.0)

O(W)[185 — Ol Elz||* + op(1) = op(1),

where 0* lies between 6 and 6,,; the second equality follows from Assumption 3.1; the third equality

follows from Mean Value Theorem; the first inequality follows from Assumption 2.1; and the last

equality follows from Theorem 3.1 by noting that 0 lies between 6 and 6,.

For DQNT, write

HD2NTH l0.0)=6.¢)

H Z Zl 9o(7,0) gk ffzte)witfﬁ;t T Z Z ok ( xzte)gz(g )(xzte)mztxzt

i=1 t=1

’(9 C)=(6,0)

+op (1) < Ok 5" H B2 = op(1),

=[[# fost=ersi® @0 ] a0

where the second equality follows from Assumption 3.1; and the inequality follows from (2) of

Lemma A1l and Assumption 2.1.

For DgNT, write

IN

| Danr|| ’(9,0):((5,@)

N T N T
1 2 1 2
NT Z Z 90716(35;159)91(6 )($;t9)$it$;t “NT Z Z gk(x;ta)gl(g )(x;tﬁ)xitazgt

i=1 t=1 i=1 t=1

E [7—[(3:'9)'007:[(.%'9)'0383:'} - F [H(m'@)'C”};Z(:L"G)'C:E:E']

‘(9,0):(5,0‘)

1
6,0)=(6,C) +or(l)

1
6,0)=(6,0) +or()

E [(H(m’@)’co — H(2'0)C) siz(:c’e)’cm’}

9y 1/2
1
} ‘(9,0):(@,0‘) +or(l)

1) {E|z| }“2”0 — Ol + 0p(1) < O(D)|gk — goll 12 + 0p(1) = 0p(1),

{ [H(z'0)H(2'0)] (Co — C) - EHgk (2/'0)az’

where the second equality follows from Assumption 3.1; the first inequality follows from Cauchy-

Schwarz inequality; the second inequality follows from Assumptions 2.1 and 3.2; the third inequal-

ity follows from the fact that ||gy — gol/7. = IC = Co? + [00,]|7 2; and the last equality follows

from Theorem 3.1.
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When analyzing D1yt to D3y, we have shown that AgNT,lg\(e CO)=(6.C) = op(1). In connec-
tion with Asn711 = op(1) uniformly, we obtain that AQNT,]_’(G C)=(6.C) = op(1).

For Aant2,

L
AonTo = NT 2%1[9,9,({2)]' {Pr(ei + 9ilbo, go| — #il0, gr]) @ Ia}

ZT/Jzz 9 gk: {PFsz ® Id} + Z¢21 9 gk {PF(@[ o»go] ¢z[9,gk]) & Id}'

By a procedure similar to that used for (4) and (12) of Lemma A2, it is easy to show that

AoNT 2l (9,0, 7)=(6.0,F):

Based on the analysis of Steps 1-2, we have shown that gggg,

Ve =Vi — WA

_ .. —p 2V,, where
(6,C,F)=(0,C,F)

We now focus on B%ng

‘(Q,C,F)z(eo,é,ﬁ)'

aSNT’
00 1,c,.Fr)= (QO,CF

Zwu 0 08V ME (Y — 300, 91))

(C,F)=(C,F)

N
2
=\ N 27/111[90,9((;1)],]\4%61
{ NT P

2

N /
_ﬁ <w17,[ 07gk ] 7/}12[ oagg )]) MFogi

de o9V (PP — Pr,)e;
2
5T S bl VM 610,80 — ]
=1

N
*iT > hrilbo, Qél)]/MFFo%'} ‘
i=1

(C,F)=(C,F)

= 2(—Awr — Aant + Asnt — Aavt = Asnt) | (0 oy

where the definitions of A;n7 to Asyt are obvious.
For Ajin7, it is easy to show that v NT A;yr = N(0, fl) by Assumption 3.4.

For -A2NT7 write

N
Aont = NL Z (?ﬁu ojgk — 100, g8 )])/MFO&'

46



Z (9 v (27400) le)(fx;t@o» Tit€it

=1

T T
Z ( (5400) — g5V (2,0, ) )) @it fo ( Z fotfot> ! Z forgit
=

1 t=1

[l
ol &l
M-

M=
N[~

7

= AonT1 — AanT2,

where the definitions of Asn7,1 and Asn7 2 are obvious.

By (10) of Lemma A1l and (1) of Theorem 3.1, we obtain Hg},i —go ||L2 = op (1). In connec-

tion with (1) and (2) of Lemma A3, we immediately obtain that Asnt1|-_a = op (ﬁ) and

AQNT72|C:CN = op (ﬁ) respectively, which in turn yields ./42NT|C:Cv = op (W) By (3) of
Lemma A3, it is straightforward to show that A3NT|(C F)=(C,F) = OP (ﬁ)
Based on the above analysis, the result follows. |

Proof of Theorem 3.3:
For notational simplicity, denote

Hr(0) = (H1(0), ..., Hn(0)), Hi(0) = (H(z}h6),..., H(z)p0)),
NTxk

NSTNTI = (5o,k,1(00)/7 ceey 6o,k,N(90)/)/7 5o,k,i(00) = (6O,k(aj;190)7 cee 750,k(x;T00)), ,
X

W(9) = (In ® MF,) Hnr(8) [Har(8) (Iy ® Mp,) Hyr(0)] " Hyr(8) (In @ MF,),

where for i =1,...,N.
Noting that W () is symmetric and idempotent uniformly in 6, we can show that A\p,., (W (0)) =
1 uniformly. Also, by (14) of Lemma A2 and Assumption 4.1, we have

- 1

w.p.a. 1.
Simple algebra shows that

19k = Goll72 = [|C — Coll® + |60 I72, (9.15)

where C, and 6,,;, are defined in (3.3). It is casy to show that ||, |3, = Op(k™") by Assumption
2.1 and (3) of Lemma A1l. Thus, we will focus on ||C' — C,|| in what follows.
By (3.8), we know
OSNT 2

N
= - __ - N /MA Y — &, Ao~
0= 36 locm—icn =~ NT 2 MO Mp(Yi = 6il0. 2]




Further write
N X ) 9 N A R
0= S MY M, (Y — 61l in]) + > Hail0) (M. — M, )(Y; — 6i[0, 1)),

NT 4 NT 4
i=1 =1

which gives

N -1 /N
C= (Z”H,Z-(é)/MFOHi(é)) (Zm(éyMFoY;)

i=1 i=1

N -1 /N
+ (Z Hi(é),MFoHi(é)> <Z Hi(0) (M — Mp,)(Y; — ¢z‘[éa§k])> - (9.16)

=1

We then obtain

N -1 N
C-C, = <Z Hi(0)' MF, Mé)) > Hi(0) (Mp, + My — Mg,z
7 =1

_l’_
AR
(=
s
5
=
E

s
I
—

+
-/\
(=
=
s
5
=
s

> Hi(0) My, <¢z‘ (00, o.k] — ¢:l6, go,k]>

s
Il
—

Q Q Q Q
> > > >

~ - O~ ~ " ~—_
-
Il
—

N
+ <Z ,Hz(e)/MF ,Hz(e) Z Hz(é)/(Mﬁ, — MFO>F0'YO,i
=1 i=1
N -1 N ) A
+ <Z Hi(0) My, Hi(0) Z Hi(0)' (Mp — Mr,) (@'[907 9o| — ¢i[97§k]>
=1 =1

Z Hi(é)/MFOEi(l + OP<1))

I
VOUERS
(1=
X
>
5
X
=
N——

.

+
="
X

>

5

X

=

N
I
—

i(0) M, (¢i[907go,k] - ¢i[éago,k]>

N
Il
—

+
WE
X
=
5
S
=

Z Hi(é)/Mﬁ'(Fo — FQ M,

S
Il
—

+
N — N — ~ 1
(1=
X
3
Q § Q ;
=
N—— — 7 S~
|
(=
g

N
+ <Z Hi(éyMFﬁi(é)) > Hi(9) (M — Mp,) (@ [0, go) — @-[é,gk])
=1 =1

= AinT + AonT + AsnT + AanT + AsNT.
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where the definitions of AjyT to A5yt are obvious.
By (9.14) and (13) of Lemma A2, we immediately obtain that ||Ain7|| = Op <\/%77NT).

For Aoy, write
2

lAanr|? = || [Har(®) (Iy © Me,YHar(0)]  Hur(B) (In © Mg, )yr

= (I @ My, Y (6) [He 0) (I @ My, g (8)/(NT)]
[ (@) (1 © Mp) Hr @) Hr (@) (I © M) wr /(NT)
< (A { e 0 (v © M) e (0)/(NT) )
Sy (In @ M) M (0) [Har(0) (Iy © Mp,) Har )] Har(8) (Iy © M) v/ (NT)
(Anin {HNT(é)' (In © Mr,) Hyr(0)/(NT)}) " - A (W (8)) - HSNTHQ J(NT)

< Op(1) MW (O) - [Svr]| /N T) < 0p 1) [ | /().

IN

where the first inequality follows from exercise 5 on page 267 of Magnus and Neudecker (2007)

(or (A.6) in Su and Jin (2012)); and the third inequality follows (9.14). Moreover, it is easy to
—

show that H(SNTH /(NT) = Op(k™"). Then we obtain that ||Aonr|| = Op(k~"/?).

We now focus on A4yt below and write

N -1 N
ANt = (Z Hi(é)’MFOHi(é)> Z’H Y (Mp, + My — Mg,)(F, — FQ V),

N -1 N
= <Z %(é)/MFon(é)> ZH (6) Mg, (Fy — FQ ™V )y,,:(1 + o(1))
z:lN jlzl
— (Z Hi(é)’MFOHZ(é)>
=1

where Ijn7(-) for j = 1,...,8 are defined in the proof of Lemma 3.1. By following the same
procedure as used in the proof of Lemma 3.1, it is easy to show that for j =6,7,8

(Z% Mﬂ,%@)) ZH ) Mg, Iing(F) - (F)F/T) " (TTo/N) .|| = Op(E*nkr).

We then focus on I1 n7(6, § A) to I5NT(é Gk F) and use IQNT(é, ks F) as an example below.

1 N
= | 57 2 (000 00] = 048301 (P

=1

Lyt (0, g1, F) F
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N N
1 0 4 N A -
ﬁ Zz:; ¢z 0y Yo, k — ¢ [907 gk]) (Fo")/o,z) F+ NT ; bi [907 60,16] (FO’YOJ) F
1 & A
+ Ni Z ( ®i oagk ¢z[9 gk]) ( o7o, Z) F

= Lt (gr, F) + Lnro(F) + IQNT,?)(éagka F),

where the definitions of Ion7 1(-)-ITanT 3(+) are obvious. Similar to the analysis for Aanr, it is easy
to show that

N - N
(Z Hi(0) My, M, > > Hi(0) My, Lvra(F) - (F)F/T) ™ (T /N) ™ o,
=1

=1

_ Op(k—r/Q)’

(Z%i(é)/MFoHi(é)> > Hi0) Mr, Lonr3(0, i, F) - (F3F/T) 7 (T /N) 0,

=1

= Op([10 — 6ol))-

Then we just need to focus on Ion7.1 (G, ) Write

N
1 N ~ ;- = —_ —
7 O Hil0) M, Tonra (91 F) - (F,F/T) ™ (D00 /N) o,
=1
1 & . 1 X o
= 7 2 Hil0) M, | 5 > (ilbor o] = 6il00, G8]) (Forvoa)'| F(EJE/T) ™ (T0/N) ™ 0,
=1 i=1
1 N
/ . . A
= 37 2 MO NTZH 1 (T5To/N) 0 | (Co — ©),

Note that we can show that ‘ [ﬁ Zfil Hi(G)%’i(FgFO/N)_l%,Z} (C, — C’)‘ = 0p(C — C,) uni-

formly. Therefore, we have

—1 N

(ZH MFOHz'(é)) ZH ) M, Iont1 (9, F) - (F,F/T) " (TE0/N) 0,

= Op(IC ~ Coll),

which implies

<ZH Mﬂ,%@)) ZH ) Mg, Iont1 (§i, F) - (F)F/T) (T /N) 0,

20



= 0p(1)(C — C,).

Then we can go through the same procedure for I1 7 (6, gi, F) to Isnr (6, gr, F). Similar to the
analysis for Aoy, we can obtain || Asnt|| = Op(||6—0,) = Op <ﬁ) +O0p (IIn71)+O0p (IInT2).
It is easy to show that Iy = Op(l)(é — C,). The derivation of IIy7o is the same as that for

A4NT- For A5NT7 we have
1 L X
37 2 Hal0) (M = Mr,) (63(60, 90) = 6110, 1))
=1

< IIPp];TPFOH 2 HHi(é)H , ’

¢il0o, 9] — ¢z’[éa§lk]H

. N o 1/2 1 N
Wg—ﬂﬂ(NszHMw> (NTZX
i=1 =1

= Op (VEIP: = P, 1000, 90) = (8, 0)l1w )

IN

1/2
~ 2
0il6a: 9, — 6.l0. 3 )

Based on the above analysis and after some rearrangement, we then obtain
1€ = Coll = Op (Vinr) + Op(k™"1?),
which further implies
19— gollL2 = Op <\/E77NT> +O0p(k™"?).
Then the proof is complete. |

Proofs of the results in Section 4 are similar to those given above, and thus provided in the

supplementary file of this paper.
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In this supplementary document, we provide the proofs of Lemmas A2-A4 and 4.1, and
Theorem 4.1.

Appendix B

Note that when no misunderstanding arises, we may suppress the subscript indexes ¢ and ¢ to
simplify notations. In this supplementary document, p1, O(1) and A always denote constants and
may be different at each appearance. Due to the identification restrictions given in Assumption
1.4, we have %HF |2 = m, which will be repeatedly used in the following analysis. Throughout
this supplementary document, nyr = (VN VT as defined in Lemma 3.1 of the main text.

Proofs of Section 3

Lemma A2. Let ¢;[0,9] = (9(z},0),...,9(x}p0)) withi=1,...,N. We consider the following
limits on 3-fold Cartesian product space formed by © x & X Dp. Under Assumptions 1 and 2,
s (N, T) = (00, 00),

1. sup(g gy |[LnT(0,9) — L(0, )| = op(1), where L(0, g) is defined in Assumption 2 and

1 & ,
Lyt (0,9) Niz ¢ [0, g] — ¢il0o, go])' ME, (i [0, 9] — bil0o, gol) 5

=op (1);

1 N
2. sup g HW Zi:l €iPF€i

e Guohua Feng, University of North Texas, U.S.A. Email: Guohua.Feng@unt.edu.
e Bin Peng, University of Technology Sydney, Australia. Email: Bin.Peng@uts.edu.au.

Liangjun Su, Singapore Management University, Singapore. Email: ljsu@smu.edu.sg.

e Thomas Tao Yang, Australian National University, Australia. Email: Tao.Yang@anu.edu.au.



3. Supp HNT Zz I’YOZF,MFg’i = op (].),
4. SUp(g,¢,F) Hﬁ sz\il ¢i[9>g],MF5i = op (l);
5. 5Dy, ) || dr Lorcr $il6, G0 Mres|| = op (1);

6. sup(p. ) || 57 SN 6il8, 6ok Mpoil6, 5o,k]H =op (1);

=op (1);

T SUuP(g,r) ﬁ Zz]il bi [0> 507k]/MFF070,i

8. SUDP(g, 0,,9,F) Hﬁ Zz]il $i[01, 00 1) Mppi[02, g]H =op(1);
9. 3 S S ek = 02+ 0p (s );

10. sup(g,g) Hﬁ Zz]\il S (9(1)(1‘27&9))2 Ty — B [(9(1)(5”/119))2 1’1133/11] H =or (L)

11 supey) || 57 S0 S0 g alO)aialy| = or (1);

12. suppg ‘ﬁ Zﬁl(@bi[eov go] - Qbi[a’g])/MFFo’Yo,i
ficient small neighborhood of (6,, g,).

= O0p(|[(00,90) — (0, 9)||w) for V(8, g) in a suf-

In addition, assume that Assumption 4 holds for the following results. Then

13. sup(g,r) H NT SN Hi(0) Mpei|| = Op(VEnnT), where H;(0) = (H(x},0), . .. ,H(zlp0)) for

i1=1,...,N;

14. sup, Hﬁzﬁl i (0) My, Hi(6) — T(H)H — op(1), where H;(8) = (H(z10), ..., H(z\p0))
fori=1,...,N.

Proof of Lemma A2:
(1). In what follows, we use Lemma A2 of Newey and Powell (2003) to prove this lemma.
Write

1
Lyt (0,9) NITZZ [Ag(a7,0)) ZA < > Air

i=1 t=1

= LinT — LonT,

where A7 = + ZtT:1 Ag(25,0) for with Ag(z},0) = g(2},0) — go(x,0,), and the definitions of Lyt
and Lgon7 are obvious.

We start with Lin7.

Step 1: By Assumptions 1.4 and 2.2, we know that © x &4 is a compact set with respect to

norm ||« |-



Step 2: We now prove that for V(0,g9) € © x &1, Linr(0,9) —p L1(0,9), where Li(6,g) =
E[Ag(z,0)]?. Write

E|Lint(0,9) — L1(0, 9)°

1 N N T T
< O0) 5 D2 D D0 D e (et = o))/
FE [(Qo(xét%) — g(x;te))él—s-m} . E [(go(x;seo) B g(x;te))ll-‘rz/l})

1 N N T o1/ (d1) 1
< 00) a7 X 30X (e - sy =0 (). )

2/(4+w1)

where ¢,, = 2044221)/(4+11) . (4 4 1) /uy; the first inequality is due to the Davydov inequality;
and the second inequality follows from the fact that g is uniformly bounded. Therefore, we have
proved that, for V(6,g) € © x 31, Lin7(0,9) = L1(0,9) + Op <ﬁ)

Step 3: By Step 2, for V(01, g1), (62,92) € © X I, we can write

|LinT(01,91) — LinT(02,92)| = (1 + 0op(1)) - |L1(61,91) — L1(62, g2)]| - (2)
To verify the third condition of Lemma A2 of Newey and Powell (2003), we just need to prove
[L1(01, 91) = L1(02, 92)| < O(1) - [[(01, 91) — (02, 92) [[oo-
Thus, write
|L1(61,91) — L1(02, 92)| < |L1(01,91) — L1(01, 92)| + |L1(01, g2) — L1(02, g2)] - (3)
For the first term on right hand side (RHS) of (3), write

|L1(01,91) — L1(61, 92)|
= B [(90a'05) = 91(2'81))° = (90(a'06) — g(a'61))°] |
= |E [(92(2601) — g1(2'01)) - (290(2'0,) — g1(2'01) — g2(2'61))] |
1/2

< {E[p@0) - 1@00)]* - E [200(2'0,) — g:1(2'01) = g(@'01)]*}
where the inequality follows from Cauchy-Schwarz inequality. We then focus on
E [92(:13/91) - gl(:z:’ﬂl)]z and F [Zgo(xlﬂo) —g1(2'6y) — gg(xlﬁl)]z

respectively. For E [go(2/61) — g1(2/61)]?, write



E [n(e/) ~ 01(00)]" = [ (02(0) - ga(w)fo (w)w
<o) / (91 (w) — g2(w))?dw = O(1)]lg1 — g2,

where fy, defines the density function of z = 2/61; and the inequality follows from Assumption
1. Also, note that

Blg@o) = [ (9(w))*fo(w)dw < 00) [ (g(w)Pdw = 01|l < O)

uniformly, where fy(w) defines the density function of z = 2'6; the first inequality follows from
Assumption 2.1; and the last inequality follows from the fact that & is a compact set. Thus, we

have
E [2go(x/00) —g2(2'01) — ¢ (w’@l)]2 < 8F [go(x’Ho)]2 +4F [gg(xlﬁl)]Q +4F [gl (w’Hl)]Q <0(1)
uniformly. Hence, we have shown
[L1(01,91) = L1(01, 92)| < O(W)[lg1 — g2l 2- (4)
We now consider the second term on RHS of (3).

|L1(01, 92) — L1(62, 92)|
= | [(96(@/00) = 92(01))” — (90(a00) — gu(a'62))’|
= |E [(g2(202) — g2(2'61)) - (290(a'6) — g2(2'01) — g2(262))] |

L9 1/2
{ [92(202) — ga(x 91)] - B [290(2'60) — g2(2'61) — g2(2'65)] } )

Applying the same procedure as above, it is easy to show E[2g,(2'0,) — g2(2'61) — gg(x’ﬁg)]2 is
bounded uniformly on © x S, so we just need to focus on E [ga(a/62) — go(2/61)]%. Write

2
E [g2(2/02) — ga(2'01)]> = E [(92 — )z (B — 61) {gg)(mfe*)} ]
2
< 1162 — 01112 [lallg8” @'6%)] " < O1) 162 — 012 Ell|2 < O(1) 62 — 01,

where 6* lies between 61 and #5; and the second inequality follows from Assumption 2.1. Then

we know
|L1(01, 92) — L1(02, g2)| < O(1)|02 — 01]. (5)
By (2)-(5), we immediately obtain

|LinT (01, 91) — LinT(02, 92)| < Op(1) [|(01,91) — (62, 92) ., »



which verifies the third condition of Lemma A2 of Newey and Powell (2003).
Based on Steps 1-3, we have shown that Lin7(6,9) —p L1(0, g) uniformly in (6, g).
Similarly, we can show that Loyt —p E[Ag(z1,0) (’LI]Z;lE[Ag(x’HO)fO,l] uniformly in (6, g).
Then the proof is complete.

(2). Write
lell3, tr (Pr)
= ﬁOp(maX{N,T}) = Op(max{N~!, 77'}) uniformly in F.

The proof is then complete.

(3). Write
1 & 1 m
T ) ’ / ’
o ;:1 v, FiMpei| = —NTtr (FsMpe'To)| <~ || FsMpe'T |,
— NT ”F ” ” F||Sp ”g”sp HFOHSp

= ﬁOp(\/f) -1-Op(max{V'N,VT})Op(V'N)

= Op(nNT),

uniformly in F', where the first inequality follows from the fact that |tr (A)| <rank(A) [|A[|,
(4). Let 2 =2 (0,9) = (¢1(0,9],...,0n10,9])". Write

N
1
‘NT;@ 10, 9]) Mpe; 7T‘tr (6/(13) —tr (PFé‘/(I))‘
1
< o {lelly 120+ m 1Pl el 21}

< %Op(max{\/ﬁ, \/T})OP(\/W)
= Op(nnT)

uniformly, provided that | ® (6,¢)|| = Op(v NT') uniformly in (6, g), which can be easily verified

by following similar arguments as used in the proof of (1) of this lemma.

. Let = (01 ooy ON , where 0; = (0o (x:40),...,00k (T . e proot 18
(5). Let A(0) = (81(0) ..., 0w (8))", where &; (0) = (o (2},0) ;- - -, Gk (770))". Th fi
similar to that of (4) except that we need to use the fact that

~7 1A ZZ& 240) = op (1),

'thl

uniformly in 6, where the uniform result follows from Assumption 2.1, (3) of Lemma Al and
Lemma A2 of Newey and Powell (2003).



(6). Applying a procedure similar to that used for (5), we have

NTZ¢z650k] MF¢Z[9 5ok] NTZ¢z€50k] d’z[e (5014]

= = 1A @) =op (1),

uniformly, where A(#) is defined in (5) of this lemma.
(7). Let @ (0) = (4110, 60kl - - -, o [0, 50,k])"-

L (MpET B, (0))

N
1 /
7T ; ¢z [9; 5o,k] MFFO’Yo,z - NT

HMFH HFOHSpHFOHSpH@k (g)Hsp

- N T
ﬁ OP(\/T)OP(\/N)OP( VNT)
=op (1)
uniformly, where the second equality follows from that = || @y (6 )H = op(1) uniformly in 0 as

(5) of this lemma.

(8). By Cauchy-Schwarz inequality, we have

N

> i 01, 60k) Mpdi [62, 9]

=1

1

. 1/2
NT < {NT Z ¢i [01, 0o k) Mrpo; 01, 5o,k]}

o 1/2
X {N Z i (02, 9] &5 [92,9]}
(

uniformly, where the first equality follows from the arguments in (4) and (5) of this lemma.

(9). Write

I/\
N
M= 7
[~]=
1]~
(]~
%)

S

—~
2
<

—~~
T~

|

>
e

+

S
&

™

N
S

+

5
~

N

+

S
&

™
S

+

S
e

+

S

1 N N T vt /(d1) 1
< 00) a7 22 0% el = s =0 (7).

where ¢,, = 20+2v1)/(4+21) (4 4 1) /vy the first inequality is due to the Davydov inequality; and

the second inequality follows from Assumption 1.2. Thus, the result follows.



(10)-(11). The proofs of these two results are similar to that given for result (1) of this lemma.

(12). By the Cauchy-Schwarz inequality,

N
‘]\flT’ Z(¢Z [90’ go] — ¢i [07 gD/MFFo'Yo,i
1 ZZJIV 1/2 ) N 1/2
< {W ;(¢i[9mgo] - (bz[(ga g])/(¢i[90>go] - (bz[(ga g])} {]V,I, Z;V(Z,iFéMFFo’Yo,i}

= Op([(9o, 90) — (8, 9)lw)Op (1) = Op([[(00, go) — (0, 9)lw),

as NT Zl 1 ’yo FoMpFoy,; < NT Zl 1 'yOZF Fyv0,i = Op (1) by Markov inequality and

N
% Z(¢i[90; 9o) — ¢il0, 9)) (¢[00, 9] — ¢i10, g])

N T
= 7 2 2 B [aoalifo) — 9(1i8)]” = O(l(60: 90) — (8. 9)I13).

(13). Let H[j] = (H1,4(0),...,Hn;(0)), where H; ;(0) presents the j* column of H;(6) for
7 =1,..., k. Write

1/2
N
1
— Hi(0) Mpe;|| = su H[i) Mpe;
o || v 2 MOV (“%{ wr A }

j=1
e 1/2
<(sé?ﬁg){j§; e {2, 1M1 + 2 | P2, el2, HH}}
< VE Op(max( VN, VT))Or(VNT) = Op(vonxr) (6)

uniformly, provided that ||H[j]|| = Op(V NT) uniformly by Lemma Al.
Therefore, the result follows.

(14). Write

ZH ) Mp,Hi(6) — T(6)

i%Z%WWW' Zm )/ Pr,Hi(8) — Ta(6).
=1



where T () = T1(0) 4+ Y2(0) is defined in Assumption 4 with T1(0) = E[H(z},0)H(z},0)'] and
T2(8) = EH(},0) 3,55 ELfor H(a,0)').

Consider SN Hi(0)Hi(6) — Y1 (0) first. Let T4, () denote the (u,v) element of T1(6)
and TinTuw(0) = xop Sy Sy Ho(24,0)H, (2,0) with 1 < u,v < k, where H,(w) is denoted in
(3.2) of the main file.

Note that {H,,v = 0,1,2,...} is a sequence of known, uniformly bounded and integrable
functions. Thus, following the same procedure as used for proving Theorem 2 of Jennrich (1969)
or (B.10)-(B.18) of Chen et al. (2012), we can show that

_ 0y ( 1“%?) — op(1).

N
1
7 2 Hu(@if)Ho(@0) = Y1.00(0)
=1

sup
0

Applying the same procedure as used for (6), we have

OP( wm) — op(D).

sup NT

NTZH Hi(0) — 11(6)

where the last equality follows from Assumption 4.2.

—0p ( ’“2@) — o(1).

Based on the above analysis and Assumption 4.2, the result then follows immediately. |

Similarly, it is easy to know

sup
0

1
‘Tm(g)'po — E[H(21,0) f}4]

Lemma A3. Let ¢;0,9] = (g(z}10),...,9(xr0))" and ¢140, 9] = (9(x}10)zi1, ..., g(zip0)xir)
with i =1,...,N. We consider the following limits on 3-fold Cartesian product space formed by
O x 31 X Dp. Under Assumptions 1-3,

L. Hﬁ 2521 Zthl (9(1)(m;t90) - g&”(xgteo)) TitCit

1
= op <ﬁ) as g — g5" 12 = o(1);
/
9 ﬁ ZZ]\LI (¢li[90’g(1)] _ wli[eovggl)]> PFosi =op (ﬁ), as ||g(1) — ggl)HLQ = O(l)a

3. Hﬁ Zij\il @011[90795)1)]'1%81'

Proof of Lemma A3:
(1). Write

| NI
ﬁ Zl Zl (g(l) Zit0o) c(> )(x;tﬁo)) Tit€it

1 N N
= Nore 22

i=1j=11

= op (A7) as I1Prll = o(1).

2

Mﬂ

> (o (99 @60) — 90 @00) ) wiveie (90 ()00) — 0 (500) ) 6]

1 s=1



4
12 Hg“)(x;te )= g @) | Blwall'E || (25,00) — o (x.00)

N N T T
Doz 030 30 3 Bleues

i=1 j=1 t=1 s=1

{ o400 - o @

A 1/4
Euxjsw}

W (,0,) — g5V (a;,0,)

2}1/4

W _ 4 SAREetS o — g8 2
O(llg z2) N2T2 ZZZZ\E%%H— —NT

i=1 j=1 t=1 s=1

where the first inequality is obtained using Cauchy-Schwarz inequality twice; the second inequality
follows from Assumptions 1.2 and 2.1; and the third inequality is obtained by applying a procedure
similar o that used for (1) of Lemma A2.

(2). Write
| T 1L
N ; T ; ( a;“ﬂo) - 9(()1)(3327&9 ) CUztfot Z fo tfot T ; fo,tEit]
| X T 1 &
=N z:: T ; ( (3400) — ggl)(x;teo)) xitf(/),t] [251(1 +op(1))] T ; fovt‘git] :

Then consider the leading term below.

LN X LT 2
E Nz fz <g(1)($;t9 ) — 1())( ;t90)> xitfé,t SF TZfO,tSit]
=1 t=1 t=1
L NN 1 T | T
~ eSS {2 s 57 13 (o - 0 0) )
i=1 j=1 t=1 t=1

T
1
T Z (9(1)(:6;'1}90) - gc()l) jt6 ﬂfgtfot Yp !

1 T
f Z fo,t€jt] }
t=1

’E [(g 2 .%';5190) - g(()l (x’ll.9190> xzs1fo 512 fO t1 < )([133529 ) g(()l)< ]829(7)) ijQf;,SQZ}_?lfO,w]

IN

e
!

M) =
WE
E
M=
M’ﬂ
MH
=

: {E [(9(1)(x25190) - ggl)(ﬂfgsl‘go)) ( (1)( 3829 ) - ggl)(x;”eo))r}l/z




Els f w7l = 2\ 1/2
' [xislfo,sl F fo,t1x]52f0,52 F fo,tz]
N N T T

1 I 1
<o L Y 3 Y Y el =o (57 ).

i=1 j=1t1=1t2=1s1=1s2=1

where the third inequality follows from Assumptions 2.1 and 3.3; and the last equality is obtained
by applying the same procedure as used for (1) of this supplementary document.

Therefore, the result follows.

(3). Let pys denote the (t,s)" element of Pr with 1 <, s < T. Then write

N 2
1

= E . Dy .

E NT - ¢1z[907.go ] PTEz

I
N
N
)
[]=
(]~
(]~
(]~
[~
&
e
S~
i
=
H%
S
N~—
LN
=
=
=
2
™
§.
e
o
i
=
S
o
[ V]
>
S
N~—
8
.
T+~
M)
=
S
¥l
V)
™
.
¥l
V)
—_

N T T
1
<O zmgz 2o 0 2 2o > O 1Bleimejall {Elleie I Blljeo |} {Bllpr, o Plprasal 1}

1
NT )’

where the first inequality follows from Assumptions 1.3 and 2.1; the second inequality follows from

!
o

=

2

H —t
[N}
M=
M= 5
M%
M=
&

Q)

o

Q
N

Cauchy-Schwarz inequality; and the last equality is obtained by applying a procedure similar to
that used for (1) of this file. [

Proofs of Section 4

Lemma A4. Let ¢;[0, 9] = (9(z},0),...,9(x}p0)) withi=1,...,N. We consider the following
limits on 3-fold Cartesian product space formed by © X So X Dp. Under Assumptions 1 and 2%,
as (N, T') — (o0, 00),

L. supp gy |LnT(0,9) — L(0,9)| = op(1), where L(0,g) and Lyt (¢, g) have the same form as
that defined Lemma A2;

2. supp Hﬁ SN & Ppei|| = op(1);

N
8. supp ||y Iy v FoMre

=op(1);

10



4. sup(g,g ) HNLT Zz]\il ®il0, 9] Mpe;

=op(l);

5. Sup(g,F) ﬁ sz\; ®il0, 60.k) Mrei|| = op(1);

6. sup(g, ) || hp I 9116, o) Miail0, 8ol = 0p(1);

7. SUP(g,F) ﬁ sz\il ®il0, 5o,k]/MFFo'Yo,i =op(1);

8. SUP(g, 9,,9,F) Hﬁ Zij\il ¢il01, 5o,k]’MF¢i[92,g]H = op(1);
N
9. N7 Zict Zles?t =02+ O0p (ﬁ)v

10. Suppg ‘ﬁ Eiil(¢2 [007 go] - ¢Z[97 g])/MFFo’}/o,i‘ = OP(H (907 go) - (95 g)”w) for V(Q, g) in a suf-
ficient small neighbourhood of (6,, g,).

Proof of Lemma A4:

(1). In what follows, we use Lemma A2 of Newey and Powell (2003) to prove this lemma.

-1
Lyt (0,9) = ZZAg (2/,60))2 ZA < > Air

zltl

:= LinT — LanT,

where Air = LS50 Ag(al,0) for with Ag(x},0) = g(x4,0) — go(2,0,); and the definitions of Ly
and Loyt should are obvious. Note that by Assumption 2*.2, we have, for V(0,g) € O x 3y,
Lnt(0,9) = L(0,9) + op (1).

Step 1: By Assumptions 1.4 and 2*.2, we know that © x $5 is a compact set with respect to
norm | - 13-

Step 2: This step is analogous to Step 2 in the proof of (1) of Lemma A2. In order to
verify the third condition of Lemma A2 of Newey and Powell (2003), we just need to show that
|L(01,91) — L(02,92)| < O(1) - ||(01,91) — (02, 92) || Start from L1(6, g) = E[Ag(x'6)]?. Write

[L1(01,91) = L1(02, g2)| < |L1(61,91) — L1(01, g2)| + [L1 (01, g2) — L1 (62, 92)] - (7)
For the first term on right hand side (RHS) of (7), write

|L1(01,91) — L1(61, 92)|
= B [(90'05) = 91(2'01))° = (90(a'06) — g(a'1))°] |
= |E [(92(2601) — g1(2'01)) - (290(2'0,) — g1('01) — g2(2'61))] |

1/2
< {Ep@0) - 1@00)]* - E [200(2'0,) — g:(2'01) = g(@'01)]*}
where the inequality follows from Cauchy-Schwarz inequality. We then focus on

11



E [ga('01) — 1(«'01)]>  and  E [295(2/0,) — g1(2'61) — g2(2'61)]
respectively. For E [go(2'61) — g1(2/61)]?, write
B [pa(a'80) = (@'00))" = [ (1) = ga(w))? fo (w)itw
— [ @) - ga(w)P exp(-u?) - exp(w?) o (w)du
<0(1) [(gr(w) = ga(w)? exp(~w)dw = O(1) g1 - gl
where the inequality follows from Assumption 2*.1. For ¥(0, ) € © x S,
Blg@o) = [ (9w)faw)dw < 00) [ (g(w))? exp(-u)dw = O(1) g, < O,

where the first inequality follows from Assumption 2*.1, and the last inequality follows from o

being a compact set. Thus, we have
E [2go(ac'90) — go(2'01) — gl(:L"Gl)]Z <8FE [go(xlﬁo)]Z +4F [g2(x/91)]2 +4F [91(35’91)]2 < O0(1).
Hence, we have shown
|L1(61,91) — L1(61, g2)| < O(1)[lg1 — g2ll72- (8)
We now consider the second term on RHS of (3).

|L1(01, 92) — L1(02, 92)|
- ‘E [(go(:c’%) — g2(2'01))” = (g0(a"0,) — gz(x’92))2} ‘
= |E [(g2(2'02) — g2(2'61)) - (290(2'66) — g2(2'01) — g2(262))] |

< {E[p02) - a0 B [200(0'0,) ~ ao(a'0)) — a(a/02)]2}

Applying a procedure as above, it is easy to show E [2go(2/6,) — ga(a'61) — g2(2/62)]? is bounded

uniformly on © x Sy, so we just need to focus on E [ga(x'02) — ga(2/61)]>. Write

E [gg (1"92) — g2 (1"01)]2 =F

L —

(02 — 1)z’ (B — 67) (951)(96'9*)>2]

IN

2
< 116 01112 [lalg8” (@'6%)] " < 0(1) 162 — 01,

where 6* lies between 61 and 6s; and the second inequality follows from Assumption 2*.1. Then

we have

|L1(01, g2) — L1(02, g2)| < O(1)[|62 — 64| 9)

12



By (7)-(9), we immediately obtain

[L1(01,91) = L1(02, g2)| < O(1) [[(01, 91) = (02, 92)lI5 »

which verifies the third condition of Lemma A2 of Newey and Powell (2003).
Similarly, we can prove the continuity of Lo(6, g) = E[Ag(z'0) ]S E[f,Ag(2'0)].
With Steps 1 and 2, the proof is complete.
(2)-(9). Noting that 7= SN 11606, 91> = O(1) uniformly in (6, g), we can prove (2)-(9) by

using a procedure similar to that used for Lemma A2.
(10). Write
T
N Z(¢z[ Oago] - ¢z[0a g]),MFFo'Yo,i

NT
i=1

E

< o7 DB [{(64l00r 9 — 110,91 Mi(6il60r ] — 109D} (o FgM i Foroi} ]

{T(@[e"’g"] = ¢il0, 91) (9il0o, go] — 310, g]>}1/2 {flr%zFo’ Fo’yo,i}l/Ql
= Zbi {E [;(@[90,90] — ¢il0, 9)' (¢[00, 90) — ¢z’[9,9])] [;%,Fé Fﬂo»’} }1/2
[1 (¢il00, g0 — i10, 9]) (¢i[00, go] — ¢i[0,g])] }1/ { ZE [T e Z] }1/2

1/2
<O 5 B | 100000l — 6i0,0]) (4880 0] ~ 61121 }
< O(1) { Elgo('0,) — g(&'0)*}"* = O(|(00 90) — (60, 9)I|.0),

where the first inequality follows from Exercise 1 of Magnus and Neudecker (2007); the second
inequality follows from the fact Apgr(Mp) = 1; the third and forth inequalities follow from
Cauchy-Schwarz inequality; and the last equality follows from the proof of result (1) of this
lemma.

Based on the above discussions, the result follows. |

Proof of Theorem 4.1:
(1). Expanding Snr(0,C, F) — Sn1(6,, Co, F,), we have

gNT(ev Oa F) - S(/]\IT(Hov Cm Fo)

N
= % > A= 6il0, gk]) Mp (Y; = 630, gi]) — (Vi — $il00, go k) Mr, (Yi = 6il00, 9o k]) }
=1

13



N
NT Z {(Y; = ¢:l6, g]) Mp (Yi — $i[0, gr)) — (0il0o, So] + €0)' M, (¢i[00,00k] + i) }

i=1
=Snr(0,C, F)
A 5 N
tvT ; ; &; (Mp — Mp,) e + Z Vo FoMpei + NT ;(¢i[eoago,k] — il0, gr]) Mpe;
5 N N T
N7 > ¢ilbo, bok) (Mp — Mp,) Z Z il00, d0.k) (Mp — Mr,) $i[0o, 60 ]

1

(2

+ (61160, 9o.x) — 116, 9x]) Mr¢ilbo, o] + 1 Z%, o Mpilfo, 0o k],

3l
-

s
Il
—

where gy, is defined in (4.2), go % and &, are defined in (4.3), and

N
1
SNT(9 C F Ni Z ¢Z 09 gO k: ¢Z[97gk’] + Fo’)’i)/ MF (¢i[00790,/€] - ¢l[9a gk’] + Fo%‘) .

By (2)-(9) of Lemma A4, we immediately obtain
Snr(8, C, F) = Snt (0o, Co, Fo) = Snr(8,C, F) + op(1). (10)

Let b; = ¢i[0, k] — ¢i[00, gox] and b = (b,...,bl)". As in the proof of Lemma A4, we can
readily argue that (NT)~1v'b = O (1) umformly in (0,C). Let n =vec(MpF,), Ay = Iy ® Mp,
Ay = (F;Fo) ® Ir, and Az = ('yo,l QIp,... » Yo,N & IT). Then

N
5 2
SNT(Q,C,F) NT E b/MFb —I—NT E "yOZF MFFO’)/OJ—*NT E b;'MFFo’Yo,i
=1

N N
1 / 1 /
= 7 ;biMpbi + 3ptt (MpF UL FoMp) — <o Ztr (MpFoyo,b})
—b’Alb + Ln Agn — 777 Z (Yo,i ® I7) b
NT NT
B S S Y
= NTb Ab+ NT” "Agn b
= Lyaps Lyaw- —b’A’ Ay Asb 11
NT T NTY Y T NT 3% (11)

where ¥ =n — A, 1 A3b, and the third equality follows from the fact that

tr (B1BaBs3) = vec (B)' (Ba ® I) vec (Bé) and tr (B By B3By) = vec (By) (BQ ® Bf;) vec (Bg)

for any conformable matrices By, B, B3, By and an identity matrix I (see, e.g., Bernstein (2009,
p. 253)). We now argue that the last term in (11) is op (1) uniformly in b. Observe that

14



(NT)"'W AL A7  Asb < Amax (A5A5 1 A3) (NT)~10'b = op (1) for any (NT)~!6'b = O (1) provided
Amax (A5 A5 A3) = op (1). Note that Amax (A543 A43) < Pmin (A2/N)] 7" Amax (N714543) =
gfl)\max (N_lAgAg) where gfl = [Amin (ITTo/N)]~t = Op (1) . Define the upper block-triangular

matrix

Yo1YorIr Yo1Yo2Ir - Vo1VoNIT
0 72,2'70,2IT te 7(/),270,NIT

Cl - . . . .
0 0 Yo NYoNIT

Noting that the NT x NT matrix A5As has a typical T' x T block submatrix T’lfy;i'yo,jIT, we
have A3A3 = C1 + C] — Cyq where Cyq =diag(v, 17,117, - - - ,7;7N707NIT). By the fact that the
eigenvalues of a block upper/lower triangular matrix are the combined eigenvalues of its diagonal

block matrices, Weyl’s inequality, and Assumption 1.4, we have
>\max (N_1A§A3) S N_l {2)\max (Cl) - Amin(od)} S 2N_1 112%}5\/ H’Yo,i”2

= N"lop(N'?) = 0p(1), (12)

where the first equality follows from the fact that max;<j<y |[704]*> = 0op(N'/2) under Assumption
1.4 by the Markov inequality. It follows that Apax (AgA;lAg) = op (1) and 1 b’A’A_lAgb =
op (1) uniformly in b. This, in conjunction with (10)-(11) and the fact that SNT(G,C',F) —
Snt(0,,Co, F,) <0, implies that

N
(NT) "W A1b = (NT)™' > biMpbi = op (1), (13)
=1

where A; = Iy ® Mg, b= (b),...,b0), and b; = [0, Gi] — B[00, Go i)
By (10), (11), (13), and the Cauchy-Schwarz inequality, we have

.1
b+ et [(FoMpF,) (To0)]
1/2

' Ay
1 AT 2 1 / /
—29 b Aub N [(F.M:F,) (TLT,)] +op (1)

1 1/2
=op (1) + —=tr [(F,MzF,) (T,T',)] — 20p (1) {NTtr [(F,M:F,) (T,L,)] } :
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It follows that =tr[(FiMgF,) (T4T,)] = op (1). As in Bai (2009, p.1265), this further implies
that +tr(F,MzF,) = op (1), %F’FO is invertible, and ||Ps — Pp,|| = op (1).

(2). By (13) and noting that

N
(NT)™") ¥ (Mp, — M) bs| < || Pz — P,
i=1

N
NTZ

we have

op (1) = (NT) 1Zb’M by = Zb/MFb op (1).

Then (NT) ™' o, 0 Mp,b; = op (1) . Noting b; = ¢;[0, gi] — $i[0o, gox] = (@ 10, 6] — & [eo,go]) +
®il0o, 00,1, we have

N

op (1) = (NT)™" > b;Mg,b;
i=1
N

= (NT) ™S (6400, 58] — 01100,90]) M, (600,38 = 6116690])

=1

N !
+(NT) Y (6406.38] — 61l60, g0l ) M, il 0]

s
Il
—

N
+(NT)™' Y (il00, d0x]) Mr, (6:l00: 604

where the third equality follows from (6) and (8) of Lemma A4; and the fourth equality follows
from (1) of Lemma A4. Consequently, L(0, §;) = op (1).

Note that we have shown L(#, g) is continuous with respect to || - ||z on © x g in the proof of
(1) of Lemma A4, which indicates that, for V(6, C) satisfying ||(6,C) — (6,,C,)|| > € > 0, we have
L (6, gi) does not converge to zero for g, (-) = C'H (). In other words, if ||(6, §x) — (8o, go)|l& P O,
we have L(6, §) # op(1). See Bai (2009, p. 1265) and Newey and Powell (2003, p. 1576) for a
similar argument. Therefore, we have proved ||(8, §x) — (00, 9o)|l& —p O.

The proof is now complete. |

Proof of Lemma 4.1:

The proof is similar to that given for Lemma 3.1, thus is omitted. |
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