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Abstract

This paper proposes a new control method for mul-
tivariable nonlinear processes based on the Internal
Model Control (IMC) framework and the Passivity
Theorem. The conventional IMC method involves in-
version of the process, which is often difficult or even
impossible. In the proposed method, the process is ap-
proximated using a passive system. The controller is
designed to effectively invert the passive approxima-
tion. The stability of the closed-loop system is guar-
anteed by the passivity condition. The effectiveness of
the proposed method is illustrated by using a mixing
tank control problem.

1 Introduction

Nonlinear control is particularly important in the pro-
cess industries because chemical processes are gener-
ally nonlinear. Most current nonlinear controller de-
sign methods are based on state feedback. However,
they cannot be applied to many process control prob-
lems where the complete state information is not avail-
able. [1].

Based on the Passivity Theorem [12], this paper de-
velops an output feedback control method for general
nonlinear processes under the framework of Internal
Model Control (IMC). Internal Model Control (IMC)
[10, 5, 4, 15, 14, 13] has been extensively used in the
process industries. The main barrier to implement the
nonlinear IMC approach is the inversion of the pro-
cess, which is either difficult or impossible for general
nonlinear processes. One approach is to factorize the
process into minimum phase and non-minimum phase
subsystems [11, 3], and invert the minimum phase part
of the process. However, the factorization for a general
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nonlinear process [11] is often hard to implement. In
order to get around this obstacle, the proposed method
decomposes the process into a passive approximation
subsystem and the reminder. The passive approxima-
tion is inverted by using an integral controller at steady
state. This guarantees offset free control and has the
potential to improve the dynamic performance of the
system.

Passivity-based nonlinear control has been widely
studied. Most existing approaches are built on feed-
back passivation [2], which are only applicable to pro-
cesses that have relative degree one and are weakly
minimum phase [2]. The proposed new IMC approach
is equivalent to a feedforward passivation design, and
thus can be applied to the stable multivariable nonlin-
ear systems, without the above limitations.

The paper is organized as follows. Some notations and
concepts are introduced in Section 2. Section 3 gives
a description of the passivity based IMC design. The
proposed approach is illustrated in Section 4 by using
an example of mixing control.

2 Preliminaries

In order to clarify our discussion, some notations will
be introduced from [4].

Definition 1 (Nonlinear operator) A nonlinear oper-
ator is the operator N , which maps u to y (= Nu)
through the relations

{
ẋ = f(x, u), x(0) = x0 ∈ Rn

y = g(x, u), u, y ∈ Rm (1)

where the f and g are real analytic vector valued func-
tions.

The nonlinear operator N defined in Definition 1 is
“square” in the sense that it has the same number of
inputs and outputs.



For an operator M , it would be possible to find an
operator M−1 with the property

MM−1y = y.

Where MM−1 denotes two cascaded operators. Oper-
ator M−1 is called the right inverse operator of M .

Definition 2 (Steady-state operator) Let M be an
input-output stable operator in DM [16] and u ∈
DM with limt→∞ u(t) = u∞ < ∞. Letting y∞ =
limt→∞M(u(t)) (y∞ < ∞ because of the stability as-
sumption), the steady-state operator M∞ is defined by

y∞ = M∞(u∞) (2)

Although M generally maps function spaces into func-
tion spaces, M∞(·) is mapping vectors from Rm into
Rm.

As an example of a steady-state operator, consider the
operator in (1) where N is assumed input-output sta-
ble. For this operator, N∞ is given by the system of
algebraic equations

{
0 = f(x, u∞),
y∞ = g(x, u∞), (3)

The proposed control method is based on the concept
of passive systems [3, 6, 12].

Definition 3 [12] Consider a nonlinear system H:
{

ẋ = f(x, u) x ∈ Rn

y = h(x, u), u, y ∈ Rm (4)

and assume that the state x(t), as a function of time,
is uniquely determined by its initial value x(0) and the
input function u(t). Suppose that the above system has
an equilibrium at the origin, that is, f(0, 0) = 0, and
h(0, 0) = 0.

Assume that associated with the system H is a function
w : Rm × Rm 7→ R, called the supply rate, which is
locally integrable for every u ∈ U . Let X be a connected
subset of Rn containing the origin. If there exists a
function S : X 7→ R+ (denote R+ = [0,∞)), S(0) = 0,
such that for all x ∈ X :

S(x(T ))− S(x(0)) ≤
∫ T

0

s(u(t), y(t))dt (5)

for all u ∈ U and all T ≥ 0 such that x(t) ∈ X for all
t ∈ [0, T ], then we say that the system H is dissipative
in X with the supply rate w(u, y). The function S(x)
is then called a storage function.

System H is said to be passive if it is dissipative with
supply rate w(u, y) = uT y.

Definition 4 [12] System H is said to have:

• Output Feedback Passivity (OFP (ρ)) if it is dis-
sipative with respect to w(u, y) = uT y− ρyT y for
some ρ ∈ R.

• Input Feedforward Passivity (IFP (ν)) if it is dis-
sipative with respect to w(u, y) = uT y−νuT u for
some ν ∈ R.

Theorem 1 [12] If H1 and H2 are dissipative with
radially unbounded storage functions S1 and S2 then
the equilibrium (0, 0) of their feedback interconnection
is Globally Asymptotically Stable (GAS), if H1 is GAS
and IFP (ν), and the system H2 is zero state detectable
and OFP (ρ) with ν + ρ > 0.

Definition 5 Assume a nonlinear system P is an
input-output operator. If its steady state input and out-
put relationship P∞(·) satisfies

uT
∞P∞(u∞) ≥ 0, (6)

then, we say the system P is passive at steady state.

The nonlinear IMC structure proposed in [4] is shown
in Figure 1. The nonlinear operators P , M , and C
denote the process, model, and controller. The func-
tions (or signals) y, u, e and d stand for the output
of the process, the input to the process, the reference
tracking error and the disturbance.
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Figure 1: Nonlinear IMC control

The main characteristics for nonlinear IMC control
structure [4] are:

1) Stability Suppose the model is perfect. The closed-
loop system in Figure 1 is input-output stable if the
controller C and the plant P are input-output stable.

2) Perfect Control Assume that the controller is
equal to the (right) inverse of the model and that the
closed-loop system in Figure 1 is input-output stable
with this controller. Then the control will be perfect,
i.e., y = ys.

3) Zero Offset Assume that the (right) inverse of the
steady state model operator M−1

∞ exists, the controller
satisfies C∞ = M−1

∞ and the closed loop system is
input-output stable with the controller. Then offset
free control can be achieved for asymptotically con-
stant inputs.



3 Passivity Based Design

3.1 The framework
In this paper, a passivity based IMC control method
for stable nonlinear processes is presented. The main
idea is to approximate the nonlinear process P using
a passive system Pp such that ‖P − Pp‖ is as small
as possible. The controller C is constructed to be the
inverse of the passive system Pp, i.e. C = P−1

p . If
the model is perfect, the closed-loop system is PP−1

p .
Because Pp is passive, it must be invertible and its in-
verse is stable. Therefore, the input output closed loop
stability is guaranteed. Moreover, if the process P is
passive, then perfect control is achievable. If the
process is not passive, the achievable performance is
determined by ‖P − Pp‖ . If the steady-state model of
the process around the operating point is passive, i.e.,
P∞(·) = Pp∞(·) (after certain input/output transfor-
mation), then the controller can achieve zero offset.

The key issues of the proposed framework are: (1) to
find the approximate passive system Pp for the pro-
cess to be controlled; (2) to implement the inverse of
system Pp. Different control design methods can be de-
veloped in this framework. Here an easy to implement
approach is given. It involves the following steps:

3.2 Passivation at steady-state
Offset free control is possible when the process is pas-
sive at steady-state. As the steady state input and
output relationship P∞(·) is continuous, its passivity
can be verified numerically using discrete points in the
region of interest (as shown in Section 4).

Processes which are not passive at steady state can be
passified by using input and output transformations to
process P :

ũ = φ(u) (7)

ỹ = ψ(y). (8)

The functions φ(·) and ψ(·) are both local diffeomor-
phism in U ⊂ Rm and Y ⊂ Rm[7, 9]. If the process P
is described by

P :
{

ẋ = f(x) + g(x)u
y = h(x). , (9)

functions φ(·) and ψ(·) need to satisfy
{

0 = f(x) + g(x)φ−1(ũ)
ỹ = ψ(h(x)). (10)

and
ỹT ũ ≥ 0.

If the steady state input and output functions of sys-
tem P : y∞ = P∞(u∞) (see Definition 5) are local dif-
feomorphism in U ⊂ Rm and Y ⊂ Rm, only one trans-
formation is needed, either input or output (e.g., an

input transformation φ(·) = P∞(·)). However, the use
of both the input and output transformations is often
preferred as the result may be more effective and/or
physically meaningful.

3.3 Passive approximation
To find a nonlinear passive system to approximate the
dynamics of any given nonlinear process could be dif-
ficult. Considering the fact that the stability of the
closed loop system can be guaranteed by using any
passive approximation, the states of the process will
always be forced into the operating region. Thus, it is
reasonable to apply a linear passive system to approx-
imate the process dynamics near the operating region,
which is easy to implement.

In this paper, the passive approximation of process dy-
namics is performed around the equilibrium. A passive
linear system Ppl(s) which has a blocking zero at the
origin is designed to approximate G0(s), which is a lin-
earized model of P −P∞. This can be implemented by
solving Problem 1 (an LMI problem).

Suppose that {A0, B0, C0, D0} and {Apl, Bpl, Cpl, Dpl}
are minimal realizations of the linear systems G0(s)
and Ppl(s) (to be designed) respectively. Further as-
sume Apl = A0 and Bpl = B0. As passivity is a phase
related property, this assumption does not lead to a
conservative design. In order to ensure Ppl(s) having
a blocking zero at origin, let Dpl = CplA

−1
0 B0.

The following minimization problem is established to
construct the passive linear system Ppl(s) based on
Positive Real Lemma.

Problem 1 minP1,Cpl
α

Subject to:
[

αI C0 − Cpl

(C0 − Cpl)T αI

]
> 0, (11)

[
AT

0 P1 + P1A0 P1B0 − CT
pl

BT
0 P1 − Cpl −(Dpl + DT

pl)

]
< 0, (12)

P1 > 0, (13)
α > 0. (14)

The LMIs (11) is equivalent to:

‖C0 − Cpl‖ < α (15)

By minimizing α (11), a good passive approximation
of the system of G0(s) can be achieved.

3.4 Construction of controller
The proposed approach decomposes the process model
into a passive approximation, Pp = P∞ + Ppl(s), and
the remainder, P − Pp as shown in Figure 2. With
the integration matrix Kc/s (where gain matrix Kc is
diagonal and positive define), the IMC type controller
attempts to invert the passive approximation of the



process model Pp (when ‖Kc‖ → +∞), at least its
steady state part P∞. Assume a perfect model, i.e.,
M = P, the closed-loop system from ys to y is the
open-loop system which comprises the IMC controller
and the process. As the process is stable, the closed-
loop stability is determined by the stability of the
IMC controller. As Kc/s is passive (Kc is positive def-
inite), and Pp is constructed to be IFP (ν), the IMC
controller is stable for any Kc > 0 according to The-
orem 1. When ‖Kc‖ → ∞, the IMC controller is the
inverse of Pp. This leads to the best achievable per-
formance. The control performance depends on the
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Figure 2: The passivity based IMC control

difference between the full process model and its pas-
sive approximation. If the process itself is passive, then
perfect control can be achieved. As the steady state
input-output relationship P∞ is rendered passive by in-
put and output transformation, zero offset is achiev-
able. If the linear subsystem Ppl can approximate the
passivity of the nonlinear process in its operating re-
gion, the proposed control will also produce reasonable
dynamic performance.

The use of the linear passive approximation Ppl(s) can
also help improve the robustness of the control system.
If the Ppl(s) is chosen such that P −M + Ppl(s) + P∞
is strictly passive, the closed-loop stability is ensured
in the presence of model uncertainty.

4 Illustrative example

Consider the mixing tank process ([8]) as shown in Fig-
ure 3. The tank is fed with two inlet flows with flow
rates F1(t) and F2(t). Both inlet flows contain one dis-
solved material with concentrations c1 and c2 respec-
tively. The flow rate of the outlet flow is F (t). Assume
that the tank is well stirred so that the concentration
of the outlet flow is the same as the concentration in
the tank. The inlet flow rates F1(t) and F2(t) are ma-
nipulated to control both the flow rate F (t) and the
outlet concentration c(t) to the desired values under
the constant input disturbance. The nonlinear system

is:
{

ẋ1 = −k
√

x1
S + u1 + u2

ẋ2 = − (u1+u2)x2
x1

+ (c1u1+c2u2)
x1

.
(16)

{
y1 = k

√
x1
S

y2 = x2.
(17)

where x1(t) = V (t), x2(t) = c(t); u1(t) = F1(t),
u2(t) = F2(t); y1(t) = F (t) and y2(t) = c(t). Con-
stant S is the cross-sectional area of the tank and k
is the discharge coefficient of the exit flow rate. The
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Figure 3: The mixing system.

steady state input-output function can be calculated
from equation (16) and (17):

{
y1 = u1 + u2

y2 = c1u1+c2u2
u1+u2

.
, (18)

The reference input in the simulation study is r =
[1, 1.6]T . The corresponding steady state controller
output (u) is [0.4, 0.6]T . The dissipativity of the
steady state nonlinearity P∞(u∞) needs to be ana-
lyzed around this operating point. Because function
P∞(u∞) is continuous, its dissipativity can be veri-
fied numerically using discrete points in the region of
interest. A three-dimensional plot is given (around
u0 = [u10, u20]T = [0.4, 0.6]T ) in Figure 4. It can be
observed that the steady state nonlinearity is IFP (0.1)
[12] around u0 in the range of u1 ∈ (u10−0.3, u10+0.3)
and u2 ∈ (u20 − 0.3, u20 + 0.3).

The linearized model of P−P∞ around the equilibrium
point is

G0(s) =

[ −s
s+1.75

−s
s+1.75

0.6s2+1.05s
s2+5.25s+6.125

−0.4s2−0.7s
s2+5.25s+6.125

]

The linear passive approximation system Ppl(s) can be
constructed as

Ppl(s) =

[
0.6761s3+3.261s2+3.635s

s3+7s2+15.31s+10.72
0.4009s3+2.297s2+2.793s

s3+7s2+15.31s+10.72
0.4478s3+2.379s2+2.793s

s3+7s2+15.31s+10.72
0.4749s3+2.474s2+2.875s

s3+7s2+15.31s+10.72

]
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Figure 5: Simulation results

by solving Problem 1. The passive approximation is
constructed as Pp = P∞ + Ppl. The simulation study
shows the proposed IMC control approach can achieve
zero offset and satisfactory performance (see Figure 5).

5 Conclusion

This paper presents an extension of nonlinear IMC con-
trol based on the passive decomposition of the con-
trolled process. As the inversion of general nonlin-
ear process is either difficult or even impossible, the
new IMC control approach only invert the passive ap-
proximation of the process. The proposed control can
achieve both zero offset and desired dynamic perfor-
mance around an operating point.

A linear passive system is applied to approximate the
dynamics around the operating point in this paper.
Techniques of approximating nonlinear processes using
nonlinear passive systems with special model structure
are current under investigation.
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