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Abstract—During operation thermoelectric generators (TEGs)
are subject to the following thermal effects; Heat conduction
according to Fourier’s law, Joule heating, Peltier heating and
Thomson heating. Many SPICE-based models exist for TEGs
however in the vast majority of them the Thomson effect is
neglected due to its relatively small size compared to the other
effects, as well as the complexity that results from including the
Thomson effect in the model. This paper seeks to present a model
that governs the steady state performance of a TEG that includes
the Thomson effect whilst limiting the complexity of the SPICE
model.

NOMENCLATURE

A = Thermoelement cross-sectional area (m2)

c = Specific heat (J/kg·K)

I = Electrical current (A)

k = Thermal conductivity (W/m·K)

L = Thermoelement length (m)

Pe = Output electrical power (W)

Q̇C = Cold junction heat rejection rate (W)

Q̇H = Hot junction heat absorption rate (W)

Q̇J = Joule heat generation rate (W)

Q̇K = Thermal conduction heat flow (W)

Q̇P = Peltier heat generation rate (W)

Q̇S = Generation rate of internal heat sources (W)

Q̇T = Thomson heat generation rate (W)

R = Thermoelement electrical resistance (Ω)

RL = Electrical load (Ω)

t = Time (s)

T = Absolute temperature (K)

TC = Cold junction temperature (K)

TH = Hot junction temperature (K)

V = Thermocouple voltage (V)

x = Thermoelement axial position from the hot
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junction (m)

α = Seebeck coefficient (V/K)

β = Thomson coefficient (V/K)

ρ = Electrical resistivity (Ω·m)

ρd = Mass density (kg/m3)

I. INTRODUCTION

The search for sustainable and non-polluting electrical en-

ergy sources over the years has become a major pursuit for a

great number of people involved in a wide range of fields. As

environmental problems worsen and the demand for energy

increases, energy sources that were once considered novelties

are now essential parts of the research and development (R&D)

activities being undertaken to create a solution for the energy

problem. One of the energy sources undergoing R&D is the

thermoelectric generator (TEG).

A thermoelectric module (TEM) is a solid state device that

converts a temperature gradient directly into electricity (by

which it is known as a TEG) and also, electricity back into a

temperature gradient (by which it is known as a thermoelectric

cooler (TEC)). It consists of a large number of thermocouples

that are connected electrically in series and thermally in

parallel. The thermocouples are junctions of heavily doped

semiconductors. When used as a TEG, heat is applied to

one junction while it is removed from the other. This causes

electrons in the n-type leg and holes in the p-type leg to drift

away from the hot junction towards the cold one as shown

in Fig. 1. The resulting charge separation produces a voltage

across the thermocouple. This is known as the Seebeck voltage

and its magnitude is proportional to the temperature difference

of the hot and cold junctions [1]. If a load is connected across

the thermocouple, a DC current flows.

A range of SPICE models have been developed to assist

the design of power electronic converters that use TEGs as

power sources. These models typically consist of two parts;

one part modelling the electrical effects of a TEG and the

other the thermal effects. TEG operation is governed by the

following thermal effects; Thermal conduction, Joule heating,

Peltier heating and cooling, and Thomson heating. Due to its

relatively small impact, the Thomson effect is often neglected

from SPICE models. Chavez [2] includes the Thomson effect



Fig. 1. Thermocouple operation in generator mode

TABLE I
THERMAL-ELECTRICAL ANALOGIES

Thermal property Electrical property

Temperature difference (K) Voltage (V)

Quantity of heat (J) Charge (C)

Heat flow rate (W) Current (A)

Thermal resistance (K/W) Electrical resistance (Ω)

Thermal capacitance (J/K) Electrical capacitance (F)

in the governing thermoelectric steady state differential equa-

tion even though the solution is simplified by assuming a linear

temperature gradient across the thermoelements. The resulting

SPICE model utilises equivalent electrical components, as

shown in Table I, but neglects the Thomson effect. Similar

models are developed in [3]–[5] and again the Thomson effect

is neglected due to its relatively small impact compared to the

other effects. Rodriguez [6] creates a model utilising repeating

circuit blocks to generate a model that factors in the change

in material properties with temperature. The Thomson effect

is included in the analysis, however the simplified form of

Q̇T = βI∆T is used rather than that of (4). Similarly, Chen

[7] uses numerical modelling to create a far more compre-

hensive TEG model from repeating circuit blocks however

the complexity of the model is dramatically increased and the

Thomson coefficient is ultimately removed from the equations

in favour of dα.

This paper intends to develop a model that demonstrates the

steady state performance of a TEG which includes the Thom-

son effect whilst maintaining a relatively simple and easy-to-

use SPICE model. The paper is organised as follows. Section

II outlines the thermoelectric effects and formulates and solves

the one-dimensional heat equation of a thermoelement. Section

III and IV show the SPICE models that develop out of

the heat equation for the thermoelements and thermocouples

respectively. Section V analyses the impact of the Thomson

effect on the TEG operation according to the simulation

results. Finally conclusions are drawn in section VI.

II. THERMOELECTRIC EFFECTS AND THE HEAT EQUATION

As mentioned above, the operation of a TEG is governed by

thermal conduction, Joule heating, Peltier heating and cooling,

and Thomson heating. Thermal conduction is the transfer of

heat energy from particles at high temperature, and thus high

energy, to ones at low temperature [8] according to (1). Joule

heating is the heat generated by the flow of electric current

through a conductor according to (2). Peltier heating/cooling

for a TEG is the heat energy absorbed/emitted at the hot/cold

junction of a thermocouple in order to generate an electron

flow within the device. The Peltier effect is reversible in that

driving an electric current through the device will cause one

junction to heat up and the other to cool down. The rate at

which heat is absorbed is given by (3). It should be noted that

the polarity of the Seebeck coefficient is reversed at the cold

junction resulting in the equation delivering a negative result

thus indicating the rate at which heat is emitted. Thomson

heating is the generation of heat as a result of an electric

current flowing along a conductor that is also subject to a

temperature gradient. Likewise, this effect is also reversible

and the rate at which heat is generated is given by (4). Again

the polarity of the current, temperature gradient and Thomson

coefficient can be reversed meaning that if the result of (4) is

positive then heat is emitted by the thermoelement, while a

negative result means it is absorbed.

Q̇K = −kA
dT

dx
(1)

Q̇J =

∫

ρI2

A
dx (2)

Q̇P = αpnTI (3)

Q̇T = −

∫

βI
dT

dx
dx (4)

Note that only the Peltier effect is unaffected by the length

of the thermoelement as it is a phenomenon observed at the

junctions as emphasised by the pn subscript. The generic

equation that models the conduction of heat through a one-

dimensional rod is comprehensively derived in [9] and shown

graphically in Fig. 2, and is repeated here with some modifica-

tion as the equation for heat conduction for a thermoelement.

cρdA
∂T

∂t
= A

∂

∂x

(

k
∂T

∂x

)

+
∂

∂x
Q̇S (5)

Joule and Thomson heating are the internal heat sources of

a thermoelement. Therefore using Q̇S = Q̇J + Q̇T and the

fact that for steady state operation ∂T
∂t = 0, (5) becomes the

following ordinary differential equation (ODE)

kA
d2T

dx2
− βI

dT

dx
= −

ρI2

A
(6)

The positive direction of x and I are defined in Fig. 2.

This equation is the same as that specified in [2]. Using the

boundary conditions T (0) = TH and T (L) = TC , (6) is solved

to give



Fig. 2. Heat flow within a thermoelement subject to thermoelectric effects

T (x) = TH +
ρI

βA
x −

(

TH − TC +
ρI

βA
L

)

1 − e
βI
kA x

1 − e
βI
kA L

(7)

This is same as [10] except for the opposite polarity sign

of the terms containing the Thomson coefficient. This is

because in [10] the ordinary differential equation that was

solved used a positive sign for the Thomson heating effect

whereas [2] and this paper use a negative one. This conflict

can be cleared up by expressing the Thomson effect as a

voltage given by V = βT , even though the effect in of

itself is not a voltage [11]. This states that a thermoelement

can be considered as having a voltage varying along its

length and that a current passing through this will result in

energy being absorbed or emitted depending on whether it

is travelling from a low to high or high to low potential

respectively. The positive/negative Thomson effect is when a

high temperature corresponds to a high/low potential and thus

requires a positive/negative Thomson coefficient respectively.

Therefore in order to represent the Thomson heating term in

(6) as an internal heat source rather than a sink, given our

defined positive directions of x and I , the term requires a

negative sign.

From (7) it can be seen that the temperature profile is not

linear (as is often assumed) due to the effect of the internal

heat sources. Differentiating (7) and multiplying by −kA gives

the rate of heat conduction at position x

Q̇K(x) = −

ρkI

β
− βI

(

TH − TC +
ρI

βA
L

)

e
βI
kA x

1 − e
βI
kA L

(8)

Similar to before, (8) shows that the amount of heat flowing

through the thermoelement due to conduction, varies with

position due to the internal heat sources. Many models assume

a linear temperature profile which results in a constant heat

flow due to conduction.

III. SPICE MODEL OF THERMOELEMENTS

SPICE is used, among other things, to model the time

domain response of a circuit. It operates by generating the

KCL and KVL equations and solving them using matrix

Fig. 3. Electrical circuit model of a thermoelement

mathematics presenting the results as voltages and currents as

functions of time. RLC circuits give rise to 2nd-order ODEs

similar to that of (6) except that they are functions of t rather

than x. Therefore with the correct model, the time domain

response produced by SPICE can be used to model the steady

state temperature profile within a thermoelement where the

time scale of the output now represents the axial position

within the thermoelement. In order to develop a model based

on an RLC circuit, the governing equation needs to be of the

form ad
2y

dt2 + bdy
dt + ct where y represents voltage or current

and a, b, c are non-zero. Unfortunately for (6) c = 0, however

if (6) is integrated with respect to x the result is

kA
dT

dx
− βIT = −

ρI2

A
x + Q̇U (9)

where Q̇U is a constant that is considered to be an unknown

internal heat source. The form of (9) suggests that the choice of

model should be a first-order circuit subject to a source of the

form y(t) = Ymt+Yc. Keeping with the accepted conventions

shown in Table I a parallel RC circuit with a current source

is chosen for the model as shown by Fig. 3. Performing nodal

analysis the governing equation is derived to be

C
dv

dt
+

1

R
v = Imt + Ic (10)

Comparing this with (9) and its boundary conditions we get

the following relationships

C = kA

R = −

1

βI

Im = −

ρI2

A

Ic = Q̇U

Solving (9) gives

T (x) =
ρI

βA
x−

Q̇U

βI
+

ρk

β2
+

(

TH +
Q̇U

βI
−

ρk

β2

)

e
βI
kA x (11)



Fig. 4. Hot and cold junction thermodynamic systems

Comparing the coefficients of e
βI
kA x from (7) and (11)

produces the following equation

TH +
Q̇U

βI
−

ρk

β2
=

TH − TC + ρI
βAL

1 − e
βI
kA L

(12)

Solving (12) for Q̇U gives

Q̇U =
ρkI

β
− βITH +

ρL
A I2 + βI (TH − TC)

1 − e
βI
kA L

(13)

The initial and final conditions of the capacitor are set

to v(0) = VH and v(T ) = VL to mimic the boundary

conditions T (0) = TH and T (L) = TC respectively, and

thus complete the model. It should be noted that n- and p-

type thermoelements possess different values for k, ρ and

β, and depending on the construction L and A might be

different as well. As a result n and p subscripts are used

to distinguish between equations relating to n- and p-type

materials respectively. Finally as shown in Fig. 1, the direction

of I is reversed for an n-type thermoelement and must be

accounted for when evaluating the above equations.

IV. SPICE MODEL FOR THERMOCOUPLES

In order to create a model that is useful for designing

power electronic converters, a model of the heat flows at

the thermocouple junctions is required. To achieve this the

heat conduction rates at the endpoints of the thermoelements

and the Peltier effects are required. To analyse the junctions,

thermodynamic system boundaries are drawn around them and

the heat and work flows across the boundaries are identified

as shown in Fig. 4.

It should be noted that all the energy flows are heat with

the exception of Q̇PA and Q̇PE which are actually the rate at

which energy is transferred to or from the electron flow as it

passes through the junction. In essence Q̇PA and Q̇PE are the

proportions of Q̇H and Q̇C respectively, that are absorbed or

emitted by the electron flow hence the PA and PE notation

used. It is important to note that even though the electrons

are gaining/losing energy, since they flow in and out of the

system at a steady rate, they do not cause a change to the

internal energy of the system. Therefore the assumption that

the system is in steady state is true. Performing an energy

balance on the hot and cold junctions produces the following

equations

Q̇H = Q̇Kp(0) + Q̇Kn(0) + Q̇PA (14)

Fig. 5. Electrical circuit model of a thermocouple hot junction

Fig. 6. Electrical circuit model of a thermocouple cold junction

Q̇C = Q̇Kp(Lp) + Q̇Kn(Ln) + Q̇PE (15)

The models for the hot and cold junctions are derived from

(14) and (15) and are shown in Fig. 5 and Fig. 6 respectively.

To complete the thermocouple model, an electrical sub-model

is required. This can be obtained by substituting (3) and (8)

into (14) and (15) to give

Q̇H =

(

ρnkn

βn
−

ρpkp

βp

)

I +
βnI (TH − TC) − ρnLn

An
I2

1 − e−
βnLn
knAn

I

−

βpI (TH − TC) +
ρpLp

Ap
I2

1 − e
βpLp
kpAp

I
+ αpnTHI (16)

Q̇C =

(

ρnkn

βn
−

ρpkp

βp

)

I −

βnI (TH − TC) − ρnLn

An
I2

1 − e
βnLn
knAn

I

+
βpI (TH − TC) +

ρpLp

Ap
I2

1 − e
−

βpLp
kpAp

I
+ αpnTCI (17)

From (16) and (17) the output electrical power and voltage

of the thermocouple are determined to be

Pe = Q̇H − Q̇C

= (αpn + βn − βp) (TH − TC) I −

(

ρpLp

Ap
+

ρnLn

An

)

I2

(18)



Fig. 7. Sub-model of thermocouple electrical effects

V =
Pe

I

= (αpn + βn − βp) (TH − TC) −

(

ρpLp

Ap
+

ρnLn

An

)

I

(19)

The thermocouple electrical sub-model is derived from (19)

to be a Thévenin equivalent circuit with the parameters Vs =
(αpn + βn − βp) (TH − TC) and R =

ρpLp

Ap
+ ρnLn

An
as shown

in Fig. 7. (18) and (19) show that altering the Thomson effect

will not change the shape of the P-I and V-I characteristics,

that is they will remain parabolic and linear respectively with

some changes in magnitude depending on the values of βn

and βp. For a typical TEG SPICE model that disregards the

Thomson effect as shown in [2], [5], Vs is given by Vs =
αpn (TH − TC) which matches the above model evaluated for

βn = βp = 0. Therefore the electrical characteristics of the

above thermocouple model closely matchs that of previously

defined models.

V. SIMULATION ANALYSIS AND EXPERIMENTAL

COMPARISON

Applying non-dimensional analysis to (7) and (8) the fol-

lowing equations are obtained

T ∗ = 1 +
x∗

Q̇T/J

−

(

1 +
1

Q̇T/J

)

1 − eQ̇T/Kx∗

1 − eQ̇T/K

(20)

Q̇∗ = −

1

Q̇T/J

− Q̇T/K

(

1 +
1

Q̇T/J

)

eQ̇T/Kx∗

1 − eQ̇T/K

(21)

where































































x∗ =
x

L

T ∗ =
T (x) − TC

TH − TC

Q̇∗ =
LQ̇K(x)

kA (TH − TC)

Q̇T/K =
βIL

kA

Q̇T/J =
βA (TH − TC)

ρIL

(a) (b)

Fig. 8. Non-dimensional temperature and heat flow profile of a thermoele-

ment with Q̇T/J = 1 and varying values of Q̇T/K

(a) (b)

Fig. 9. Non-dimensional temperature and heat flow profile of a thermoele-

ment with Q̇T/K = 1 and varying values of Q̇T/J

x∗, T ∗ and Q̇∗ are the non-dimensional position, temper-

ature and heat conduction of the thermoelement respectively.

Q̇T/K and Q̇T/J represent the ratios of the Thomson heating

to heat conduction and Thomson to Joule heating respectively,

that result from a thermoelement subject to a linear tempera-

ture profile. Fig. 8 shows the effect of varying the Thomson

effect with respect to the heat conduction rate when the

Thomson and Joule effects are equal. As can be seen in Fig. 8a,

increasing the Thomson effect results in an increasingly non-

linear temperature profile. Also as shown in Fig. 8b, if the

Thomson effect is greater than the heat conduction rate, the

temperature at various positions along the thermoelement will

be greater than TH and the heat will flow back into the

hot junction from positions before the maximum temperature.

Fig. 9 shows the effect on the temperature profile of varying

the Thomson effect with respect to the Joule effect when

Thomson and conduction effects are equal. Unlike before

increasing the Thomson effect results in an increasingly linear

temperature profile as shown in Fig. 9a. Again the temperature

can be greater than TH causing the heat to flow back to the hot

junction however this time it is due to the Joule effect being

larger than the Thomson effect as shown in Fig. 9b. One other

observation from Fig. 9b is that the point at which the actual

heat conduction rate is equal to that of the “linear” one, is

always the same for a constant value of Q̇T/K . Overall the

temperature profile will tend to be non-linear if the Thomson

effect is large with comparison to the heat conduction rate, yet

small compared to the Joule heat effect.

The main advantage of using a thermoelement model in

combination with one for a thermocouple is that it allows for

a more accurate selection of the TEG steady state parameters.



Fig. 10. Simulated and experimentally obtained V-I and P-I characteristics
of a TEP1-12656-0.6 subject to TH = 495 and TC = 320

Since TEG parameters vary with temperature they are typically

selected based on their values that correspond to the average

temperature of the thermoelement. The average temperature is

often approximated as T̄ = TH+TC

2
. However this is only

correct if the temperature profile is linear. Using (7) the

average temperature can be derived as:

T̄ =
1

L

∫ L

0

T (x)dx

= TH +
ρIL

2βA
−

kA (TH − TC)

βIL
−

ρk

β2
−

TH − TC + ρIL
βA

1 − e
βIL
kA

(22)

Hence by using (22), a more accurate average temperature

can be used for selecting the parameters.

Finally, a simple experimental verification of the thermo-

couple electrical sub-model was performed by measuring the

V-I and P-I characteristics of a TEP1-12656-0.6 thermoelectric

module for hot side and cold side temperatures of 495 K and

320 K respectively. The simulation was defined by the two

lumped parameters Vs and R shown above where Vs = 4.5538
and R = 1.0779. The simulation and the experimental data of

the V-I and P-I characteristics are compared in Fig. 10. As can

be seen, the linear V-I and the parabolic P-I characteristics of

the simulation closely match that of the experimental results.

VI. CONCLUSION

This paper has presented SPICE based models for both a

thermoelement and a thermocouple where the Thomson effect

is included. The temperature profile and the heat conduction

flows were derived using the general heat equation. Analysis

of the thermoelement model revealed that the linearity of

the temperature profile is dependent on the relative sizes of

the heat conduction rate, Joule effect and Thomson effect.

This gave rise to a revised way of calculating the average

temperature of a thermoelement which takes into account

the non-linearity of the element’s temperature profile. Lastly

the thermocouple electrical sub-model was experimentally

verified.
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