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Abstract

We analyse theftect of mean-reverting cash flows on the costs of sharehbloietstholder con-
flicts arising from partially debt-financed investmentsalpartial equilibrium setting we find that
such agency costs are significantly lower under mean-iaggifMR) dynamics, when compared
to the ubiquitous geometric Brownian motion (GBM). Thé&elience is attributed to the stationar-
ity of the MR process. In addition, through the applicatidm movel agency cost decomposition,
we show that for a larger speed of mean reversion, agency aosdriven mainly by suboptimal
timing decisions, as opposed to suboptirfimancingdecisions. In contrast, under the standard
GBM assumption the agency costs are driven mainly by sulapfinancing decisions for large
growth rates and by suboptimal timing decisions for smaltaregative growth rates.

Keywords: investment, real option, mean reversion, agency conflicts
JEL classificationG13, G32, G33, G38.

1. Introduction

The bulk of the existing real options literature assumesrttam output or input prices to fol-
low geometric Brownian motion (GBM) (Dixit and Pindyck, 199 While this modelling choice
often provides tractable solutions it has been criticisecklation to its suitability for describing
equilibrium price processes (Lund, 1993). It has also bemgested that such price dynam-
ics, particularly in commodity markets, can be more acalyanodelled using a mean-reverting
(MR) process (Schwartz, 1997). Crucially, it has also begued that the failure to account
for the dfects of mean reversion can lead to “systematic biases irtatdqidgeting decisions”
(Bessembinder, Coughenour, Seguin, and Smoller, 1995).

Motivated by the above, an important line of research,atetil by Metcalf and Hassett (1995),
has attempted to assess the appropriateness of using GBsuastéute for more realistic mean-
reverting dynamics when considering firms’ optimal investirdecisions. The present paper con-
tinues this line of research by considering tltkeet of mean reversion deveragedinvestment
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projects. Considering leverage extends the previous sisaly a more realistic and economically
meaningful setting, however it requires the explicit cdesation of the shareholders’ default op-
tion and the rational response of the debt providers to #figudt; thus introducing strategic inter-
action into the model. Because of this, tHeet of MR on optimal investment in this setting is,
unsurprisingly, more complex.

However, the inclusion of leverage into this framework @&kous to evaluate the additional
effects of mean reversion on the optinfedancingdecisions of firms and to investigate the
teractionof the financing and investment timing decisidrigo our knowledge theféect of mean
reversion on this interaction has not previously been stlidl' his research therefore contributes to
the literature on real options and stochastic price mautglis well as to the literature on corporate
financial policy and related agency conflicts.

To date, threeféects of mean reversion on investments (when compared to GBM) been
identified. Metcalf and Hassett (1995) expounded\hgance gfectin which mean reversion
reduces the long-run variance of a project’s cash flow, tesuin a lower investment price thresh-
old. However, these authors also noted a second, competialgsed price gect, in which the
stationarity of the mean-reverting process implies thatgiobability of reaching a given level is
also reduced. This additionaffect could potentially fiset the varianceffect and subsequently
Metcalf and Hassett (1995) concluded that GBbUId be considered as an appropriate substi-
tute for MR since the probability of investment under GBM avMR dynamics are comparable,
resulting in no significant dierence in cumulative investment. Sarkar (2003) extendeitdife
and Hassett’'s arguments by incorporating a thisd-discounting gect Under mean reversion, a
lower cash-flow variance alsdtacts the project’s risk-adjusted required rate of retuh lzence
the discount rate used for valuatiotftexcting both the project value and the value of the real option
to invest in the project. In contrast to Metcalf and HasseE#96), Sarkar (2003) concluded that
mean reversionoeshave a significant impact on investment when all thréeats are correctly
accounted for.

In two recent contributions to this literature, Tsekrekrarained the fect of mean reversion
on irreversible exit decisions of firms (Tsekrekos, 2013) an reversible entrgnd exit decisions
of firms (Tsekrekos, 2010); thus incorporating the posgybdf reversibility and disinvestment
into the analysis. Similar to Sarkar (2003), Tsekrekos (2@D13) also reached the conclusion
that it would be erroneous to use the more tractable GBM goas an approximation for a mean-
reverting process in models of aggregate industry investraed disinvestment. We note that
neither Tsekrekos (2010, 2013), nor the previous papersidered a setting in which leverage
was present.

Leverage introduces the potential for conflicting intesest shareholders (borrowers) and
bondholders (lenders). This introducesagency costss a fundamental quantity in our invest-
ment and financing problem (Jensen and Meckling, 197B¥isting literature has analysed the

1Since Modigliani and Miller’s ground-breaking work on aptil capital structure (Modigliani and Miller, 1959,
Baxter, 1967) investment valuation has been closely linkegliestions of optimal corporate financial policy. Finan-
cial structure is important for the valuation itself beaaitsnfluences the policy that governs cash flow control, Wwhic
in turn afects cash flows and the project value (Brennan and Trige @@@9).

2In the following, we use the termejuityholders andiebholders to maintain generality.

3The investment decision-makers (managers) are assumedth@ tshareholders and hence agency conflicts are
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direction and magnitude of the agency costs resulting freer-cor underinvestment. When new
projects are financed solely by equity, some researchers ¢t@wluded that equityholders tend
to undeiinvest, because they bear all the cost of the investmenevghiaring the benefits with
debtholders (Mauer and Ott, 2000, Moyen, 2007, Titman anglakov, 2007). In contrast to
this, when projects are at least partially financed by new, @efuityholders tend toveninvest due
to the incentive to transfer wealth from the debtholdershaaniselves (Leland, 1998, Mauer and
Sarkar, 2005}.

In the context of leveraged investments, the model of MaodrSarkar (2005) is particularly
appealing as it presents agency conflicts using a two-ldye@ option framework; the project
investment option and the default option after investme&his setup allows the rational debthold-
ers to incorporate the equityholders’ strategy of equéiug maximisation when deciding on how
much debt to provide and at what price. Therefore, in lighthef significance of thefiects of
mean reversion on investment timing decisions, we extead @BM based) model of Mauer
and Sarkar (2005) to a more general analysis, incorpor#timgisk-discounting féect of Sarkar
(2003), and allowing for the consideration of mean-remgriilynamics; thus providing insights
into their dfects on both investmeandfinancing decisions.

The GBM based results of Mauer and Sarkar (2005) find thatgwplders’ incentive to over-
invest significantly decreases firm value and optimal leyeraeporting a 9.4%ossin firm value
and a reduction in optimal leverage from 66% to 39% for thasdacase parameters. Our analysis
reveals similar results under GBM—8.5% loss in firm value amelduction in leverage from 60%
to 45%—but that under mean-reverting dynamics the redogfiofirm value and optimal leverage
are much smaller, finding only a 1.0% loss in firm value and acgdn of optimal leverage from
48% to 44% for our base-case parameters. These resultaiadat the growth rate and station-
arity assumptions of future cash-flow expectations haveyaifgiant impact on the equilibrium
effects of the agency conflict.

In sum, this research extends the current literature indh@¥ing ways. Firstly, we generalise
the model of Mauer and Sarkar (2005) to a wider class fbfision processes and incorporate the
risk-discounting fect as proposed by Sarkar (2003). Secondly, when consipiéragency costs
of overinvestment, we propose a novel agency cost decotigosito the costs due to suboptimal
financingdecisions and those due to suboptimal (default and invegjt@ing decisions. Finally,
we also parameterise our model using real (commodity) gssst data to provide a concrete
example of our findings.

The remainder of the paper is structured as follows. Our inedkeveloped and solved under
a general MR uncertainty process in Section 2, results aréiged and discussed in Section 3,
and conclusions drawn in Section 4. The more technicalldete? presented in the appendices.

between shareholders and bondholders. If the decisionmhakenot shareholders, there could be additional conflicts
of interests between shareholders and managers (cf. Qade@vitanic, and Zapatero, 2004, Morellec, 2004).

“Note that, like Mauer and Sarkar (2005), this paper consittex agency cost of overinvestment since we have
partially debt financed investments and the assumption ekisting debt prior to investment.



2. A mean-reverting model

In the following we develop an extension of the Mauer and &a(R005) model under MR
dynamics> In the model, equityholders have the option to invest in ggutoat any time and
further to finance the cost of the project with a level of deftheir choosing. After investment,
the equityholders have the subsequent option to abandgordiect and default on any existing
debt.

The investment project is assumed to yield a mean-reveptiafit (EBIT) equal toX; — C.
This could represent, for example, the per unit profit of pidg a mean-reverting commodity—
sold at the uncertain priceX()o—at a constant cost. Alternatively, we could interpreX as
thevariable contribution margirfi.e., revenue minus variable costs) of a project in a moregsd
industry. With this interpretation, we need not restriatsalves to the commaodity industry and our
results would hold for any firm facing mean-reverting eagsinndeed, we note that Bhattacharya
(1978) provided some theoretical rationale for mean-tevgearnings and many empirical studies
have revealed a tendency of corporate earnings to mean (ggey for example, Freeman, Ohlson,
and Penman, 1982, Kormendi and Lipe, 1987, Raymar, 1991aawh French, 2000, Sarkar and
Zapatero, 2003). To remain consistent with Mauer and S42@05), however, we retain their
uncertain output price formulation in the followig.

The per period profits(; — C are taxed at the constanffective tax rater. The project is
subject to initial investment costsand both the underlying project and the option to invest are
assumed to have infinite time-horizons. Financing of thggetas assumed to be undertaken by
a mixture of both equity and perpetual debt, where the ladtelenoted. In exchange for the
financing amounK, equityholders are required to pay a periodic coupon paymemhe debt
amountK and coupon paymeiR are pre-negotiated from a ‘revolving line of credit’ typelo&n
commitment, which equity- and debtholders have agreed apon= 0, before the investment
decision is takenr. Debtholders are assumed to be rational and set the equisssolcoupon
paymentR not only based on the level of debt providkd but also on their expectation of the
equityholders’ behaviour regarding default and investminthe case of default the equity value
is assumed to be zero and the bankruptcy costs amount tdiafreof the value of the unlevered
project at time of default, with debtholders receiving tameinder.

Since optimal timing decisions are usually determined giadiackward induction we begin
by modelling theinner option representing the value of the projedter investment. Given the
investor’s ability to abandon the project the valuationha inner option requires determining the
optimal abandonment strategy. In the case of the levergdgtreuch abandonment is labelled as
default. Next, we evaluate traiter option which represents the value of the investment project
to the investobeforeinvestment. This option must account for uncertain futurgot prices, the
investor’s optimal timing decisions, and the lender’s wyati decision on providing debt. As such,

5The model can be generalized to a fairly large class of tim@dgeneous fusions which encompasses many
well known processes used in modern finance, such as the GB¥gr@2i CEV models (see Black and Scholes, 1973,
Cox, Ingersoll, and Ross, 1985, Cox, 1975, respectivel\yyreMietails are available from the authors upon request.

5The interested reader may refer to Glover and Hambusch [2@1ere the alternative interpretation is made.

"This type of commitment allows the equityholders to borrowpre-negotiated terms, at any time during the life
of the commitment. For more details see Kashyap, Rajan, teid @002).
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a strategic equilibrium (under complete information) bedw investor (equityholders) and lender
(debtholders) is determined.

2.1. Uncertainty assumption
To incorporate mean reversion into the price dynamics weehibe price processX().o as
the following arithmetic mean-reverting (AMR) processiriiy on the filtered probability space
(Q, P, {Fth=0. F):
dX = n(X - X)dt+ oXdW, Xo =X, 1)

wheredW, denotes the increment of a Wiener process under the measutr&P0) denotes the
volatility of the process, ang the speed of mean reversion which determines the rate ahwhic
X returns tox (> 0), the expected long-run price level. The paramegter assumed to be non-
negative except in the scenario wheg: 0, in which casey can take any real value. The process
(1) is known asnhomogeneous geometric Brownian motj®BM)& due to the inhomogeneity of

its expected return in the state varialleln comparison to Mauer and Sarkar (2005) the process
in Eq. (1) is a stationary process as opposed to the nomiséai GBM process employed by those
and many other authors.

The use of the process (1) in real option analysis dates lmaBkattacharya (1978) and has
been applied more recently by Insley (2002), Abadie and @neon(2008), Hong and Sarkar
(2008) and Tsekrekos (2010, 2013) amongst others. Whilstpitocess is only one of many
potential mean-reverting processes that could be usedieasons for choosing this particular
process are manyfold. First, like GBM, the IGBM mean-remgrimodel guarantees positive pro-
cess values. Second, Zhao (2009) showed that IGBM has maeakmy closed-form properties
despite not being of the more tractabféree class. Thirdly, and perhaps most importantly, it can
be seen that geometric Brownian motion (GBM) can be obtaased special case of IGBM by
settingn = O (for driftless GBM) orx = 0 andn = —a, wherea denotes the drift of the result-
ing GBM dynamics. This reduction allows for a direct compan of both the IGBM and GBM
processes. Finally, the IGBM process was also employed tya56003) and Tsekrekos (2010,
2013) and so our results can be directly compared to theserien papers.

2.2. Valuation principle

The project and firm valuations derived in this paper are daneia equilibrium arguments
similar to those found in Bhattacharya (1978), Sarkar (20081 Tsekrekos (2010), amongst
other? To explicitly take into account the risk-discountinfjet, outlined by Sarkar (2003), we
appeal to the intertemporal capital asset pricing modeREMof Merton (1973), which incorpo-
rates the relationship between systematic risk and th@udligaate used for valuation. Inclusion

8In the existing literature, this process has been calledyast other things, ‘inhomogeneous geometric Brownian
motion’ (IGBM) (see Abadie and Chamorro, 2008, Zhao, 20@@pmetric Ornstein-Uhlenbeck’ (GOU) (see Insley,
2002) or ‘geometric Brownian motion withfane drift’ (see Linetsky, 2004). To be consistent with the enmcent
literature we refer to this process as IGBM.

SAlternatively, if an argument could be made for market costgmhessiisk-neutral valuatiorcould be employed;
see, for example, Ofie (1998), Section 17 or Huang and Litzenberger (1990), @n&ptHowever, since the under-
lying project cash-flows may not be tradable or fully reglileain the market, we choose to employ a more general
equilibrium valuation approach.
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of this feature is important in the present setting sincemreaersion reduces systematic risk
and hence the discount rate used for valuation should nothe&etl as a constant acrosfeatient
process assumptions. The use of CAPM is a convenient mesrhaniwhich to incorporate this
intuition and is consistent with the papers upon which oseagch builds.

2.3. Unlevered project value

To start, we consider thaner option determining the unlevered project value after invest.
We denote by, the equilibrium value of the unlevered project and furtherenwe assume that the
project manager will act optimally in exercising their aptito abandon the project should output
prices (earnings) become too low. Given the project’s asslimfinite horizon, its value will not
depend on calender timeand the optimal abandonment policy will be to abandon thgptdhe
first time the procesX reaches a constant leve] (to be determined). Hence, the project will
continue to operate provided the procéssemains in the intervalx, o). In this interval we
can exploit 1td’s formula and the intertemporal CAPM toatetine the dferential equation that
V, must satisfy. To do so, we note that the total return on anstnvent in the unlevered project
(denotedr)) is derived from two sources: (1) the expected capital G, ] /dt, and (2) the cash
inflow per unit timer,, defined as

m(¥) = (1-7)(x-C), )

i.e. the after-tax profit of the project. Applying Itd’s foula we thus observe that the expected
return and standard deviation of return of the active ptaee given by

E[Ru|xt — X] — H{E) (E[dvu(xt+dt) + %:(X)(t;dt)dﬂxt = X])/dt
 L30BRVY (¥ + (X = XVS(X) + mu(¥) .
) Va() ’ (3)

where primes denote derivatives. Next, from the continttouse CAPM of Merton (1973), we
require that the relationship between risk and return feagis

E[R] =1 + Ap(R), (5)

wherer denotes the risk-free rate of retugnthe correlation of changes X with the return of
the market portfolioR,, andA = (E[R,] — r)/o(Ry) represents the market price of risk; with
E[Ry] and o(Ry) denoting the expected value and standard deviation, cégply, of the return
on the market portfolio. We assume that both the market miagsk 1 and the correlatiop
remain constant. Substitution of Egs. (3) and (4) into Ejjti{Gs results in the following ordinary
differential equation (ODE):

%o-zxzvlj’(x) + (X = X) = ApaX)V/(X) — rVu(X) + my(x) = 0. (6)
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This ODE must be solved subject to the following boundaryditions:

Vu(x) =0, (7)
VL,J(X)|X=X£ = O, (8)
im Vu(¥) = 1u(). (9)

wheref, is to be defined shortly. Condition (7) ensures that the valoaf the unlevered project
is zero upon abandonment (at= x;). Condition (8) is the so-callesmooth-pasting condition
(Dixit and Pindyck, 1994) that ensures optimality of the md@nment threshold;—being that
which maximises the project value over all possible abandmnt thresholds. The final condition
(9) implies that for extremely high profit levels (i.e., highthe likelihood of abandonment is
negligible and hence the project valuation would corregigorthe valuation of a project that was
operated in perpetuity (from an initial value ©f We denote such a value By and note that an
expression for its value can be derived from the argumenBhaftacharya (1978), yieldiAg

X nX C)

fU(X):(l_T)(r+n+/lp0'+ r(r +n+ Apo) )

(10)

Interestingly, it can be seen (via direct substitutionj thas also gparticular solution to the ODE
in (6). Therefore, the general theory of linear second odd&erential equations (Coddington and
Levinson, 1955) allows us to express tieneralsolution to (6) as

Vu(X) = fu(X) + Ag(X) + By(X), (11)

whereA andB are constants to be determined andndy denote the two positive independent
solutions (decreasing and increasing, respectively) ®fagsociated second-order homogeneous
ODE

%azxzu”(x) + (X = X) — Apax)U'(X) — ru(x) = 0. (12)

These solutions are found to be

609 =M -y, 2(1-) + 2D 5, (13)
009 =¥ (.20 )+ 2D E), (14)

whereM andU are confluent hypergeometric functioas= 27X/, andy is the negative root of
the quadraticzlazy(y —1)- (7 + Apo)y —r = 0. The solution methodology relies on the reduction

Oidentifying A = 1, B = X, a = Ap, andV = o in Eq. (14) of Bhattacharya (1978), we can see that the
transformationv, = (1 — 7)(F — C/r) establishes the link betwednin (14) andV, in Eq. (6) above. Setting the
maturity in Eq. (15) of Bhattacharya (1978) to be infiniteslyields the required result (after a little rearranging).



of Eq. (12) to the standard form of the so-called Kummer'sagigun !

Applying boundary condition (9) we must conclude tigat= 0 (sincey is unbounded in
this limit) and application of boundary condition (7) relethatA = —f,(x})/¢(X;). Hence the
unlevered firm value can be expressed as

fu(X) — fu(x;)%, for x > ., (15)

Valx) = { 0, for x < X,

where the optimal abandonment threshajdolves

900 _ f0%)

o(x)  fux)’
which is obtained from application of the final, smooth-pagtboundary condition (8). Note that
Eq. (16) does not allow us to solve fgf analytically, howevex;, can be found numerically very
easily using standard root-finding algorithms. From Eq) (& observe that the valuation of the

unlevered project can be decomposed into the value of agritjat isneverabandonedf,(X),
and the value of the ‘option’ to abandon the projech(x;)¢(X)/¢(x;).*?

Remarkl. Settingx — 0 (andp — —a) in Eq. (13) the well known expression for GBM dynamics,
X?, can be recovered. This can be seen clearly by noting thatdiM(-, -; a/x) = 1. We also note
that in this limiting case, Eq. (16) can be solved explicitdyield

(16)

o = YCla—r1 —4po)
Torl-y)

which is consistent with the results of Mauer and Sarkar 5200

(17)

2.4. Levered project value

Next, we consider the availability of debt financing, whererest payments are assumed to
be tax deductible. Due to the resulting tax-shield, equbkgérs have the incentive to take on debt
to increase the total equity value of the investment. In tlies@nce of coupon paymems- 0, the
profit function of the levered project changes Eq. (2) to

m(X) = (1-7)(Xx-C-R). (18)

Furthermore, the levered project vaMgXx) after investment is defined as simply the sum of the
values of equity and debt
Vo(X) := E(X) + D(X). (29)

To determine the equity value of the levered projégtk), analogous arguments to those outlined
above for the unlevered project can be made, but with the-taststreamr, replaced byr; i.e.

For further details see Appendix A. Ewald and Wang (201Q) plevide detail of the solution methodology in
the context of a similar real option problem under a simiiR-type, mean-reverting process.

2Despite the negative sign this option value is indeed p@sisince the project manager would only abandon when
fu(x) < 0, i.e. when the associated no-abandonment project hadativeegalue at the current profit level.
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with the fixed operating cost replaced by the sum of the operating and financing c@stsR.
Recall that in the case of the levered project, we term theddrament of the project atefault
Furthermore, the optimal default policy of the equityhetwill be the first hitting time of the
optimal default threshold; (analogous toc). Hence the equity value is found to'Be

E(x) = fo(X) — fg(X;)(ﬁ%)), for x > x, (20)
0, for x < x;,
where R(L— 1)
-T
¥ = fu) — = (21)
andx; solves the equation
ACORIRHES 22)

o0 f0)
Remark2. Given the additional cash-flow burden of the amoRnit is expected that rational

equityholders abandon the project sooner (at a higher optme) due to the lower overall cash
inflows. Indeed, it can be shown thet> x;, for all R > 0.1

Remark3. Noting that equityholders would only default on the projebienf, < 0, if parameters
were such thaf,(x) > 0, ¥x > 0, the optimal default trigger pricg; would not exist (since the
left-hand-side of Eq. (22) is negative and the right-haid@-svould always be positive). Hence it
would never be optimal to default on the levered projectpéasion of Eq. (21) reveals that no
default is indeed optimal when

X—(C+R) > 47

(C+R), (23)

i.e. when the project’s long-run profit margin isfcaently large. Furthermore, if Eq. (23) is
satisfied, the equity valug(x) remains finite and is given simply biy(x).*> Finally, settingX = 0
andn = —a, condition (23) can be used to conclude that under geont@taenian motion with
drift «, it is never optimal to default (fo€ + R > 0) if @ > r + Apo. However, in this case
(@ = r + 2p0), the equity value becomes infinite.

The above observations demonstrate clear qualitatiVerdnces in investors’ behaviour be-
tween the GBM and IGBM case. Under the assumption of a GBM nigiogy process the con-
dition @ < r + Apo is required to ensure that the equity value is finite and ifmreswill always
optimally default on the project if subjected to positivestso Otherwise, ifr > r + Apo, equity
has an infinite value and trivially the project should nevestopped® This condition &ectively

B3petails are identical to those in Section 2.3 and are thezefmitted in the interests of brevity.

Details are available from the authors upon request.

15The same intuition also holds for the optimal abandonméggeér pricex; and the value of the unlevered project
Vu(X) whenR = 0.

16This condition is reminiscent of the popular (Gordon) cansgrowth model for equity valuation (see Gordon,
1959) in which equity cannot be valued if the expected fugnenth rate of dividends exceeds the risk-adjusted
required rate of return.
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restricts the region of applicability of the GBM model. Undlee assumption of mean-reversion
on the other hand, the equity val&#x) can be seen to remain finifer all parameter regimes,
even when it is optimal to never default on the project.

Next, to value the debt)(x), we observe that the debtholders’ periodic cash flow is lequa
to the coupon paymemR, provided that the equityholders do not default. In the csdefault,
debtholders receive the value of the unlevered projectdas&ruptcy costs. Therefore, applying
similar valuation arguments to those outlined above, wendesthat the debt value must satisfy
the following ODE

%azx2 D”(X) + (7(X = X) — ApoX)D’(X) —rD(X) + R=0 (24)

subject to the boundary conditions

D(xy) = (1 - b)Vu(xy), (25)
lxlTT, D(x) = R/r, (26)

where we recall thax; denotes the equityholders’ optimal default threshold latice fractional
bankruptcy cost. Note that there is no longer a third optitmédmooth-pasting) condition required
for this ODE since debtholders do not have any direct infleemic the time of default. The
condition in (25) specifies the residual value (net of baptay costs) to be transferred to the
debtbholders after the equityholder’'s default. The cooditn (26) implies that for extremely
high profit levels (i.e., high) the likelihood of abandonment is negligible and hence thietd
value corresponds to the valuation of a simple perpetuiti wiconstant payment & per time
period. In addition, since this cash-flow is risk free, therapriate discount rate for valuation is
simply the risk-free rate, yielding a debt value dr/r.

Once more the limiting valuB/r turns out to be a particular solution of (24) and application
of conditions (25) and (26) to the general solution of (248lgs

R % R\ ¢(X) %
DY) = { B+ ((@-bVu(x) - §) 2, forx = x;, 7

(1 - b)Vu(x), for x < ;.

Next, substitution of Egs. (20) and (27) into Eq. (19) andgiglis rearranging provides the
following, particularly insightful, representation ofetlvalue of the levered project (far> x;)*’

49 6(%)
o(x) 05

In other words, the value of the levered project can be egprkas the sum of three components:
the value of the unlevered project, the expected additibeakfit provided by debt in the form
of a tax shield, and the expected cost of bankruptcy. Thieesgmtation forms the basis for the
trade-dt theory of optimal capital structure (Kraus and Litzenberd873).

Ve(X) = Vu(X) + ? (1

) ~ BV (28)

’See Appendix B for the derivation of Eq. (28). Note thatxot x;, we haveV,(x) = D(X) = (1 - b)Vy(x).
10



2.5. Second-best investment policy

The outer option to invest in the project, dirm valug is considered nexf We begin with
the case of thesecond-besinvestment policy based on the equityholders’ desire toimee
equity'shareholder value (as opposed tdirat-bestpolicy maximising total firm value). This
policy provides the optimal time to undertake the investifesm the equityholders’ point of
view.

In order to value the second-best option to invest we oncenagpeal to equilibrium argu-
ments and recognize that the investment opportunity helihéyirm is analogous to a perpetual
American call option—with the paybat exercise being equal the equity value of the levered
project net of the total investment cost to the equityhadee.,| — K). We assume that the eg-
uityholders optimally exercise this option, which wouldcac when the cash flows<j are high
enough. Again, since it is a perpetual option, its value dlindependent of calendar time and
the optimal investment policy will be to invest in the levénaroject the first time the proce3s
reaches a constant leve] (to be determined). Letting the second-best firm value betgeby
F2(x) we observe that this value must satisfy the ODE

%O'ZXZF’Z'(X) + (X = X) = ApaX)F5(X) — rF»(X) = 0, (29)

subject to the boundary conditions

Fa(xo) = E(x) — (I = K), (30)
Fa(X¥)x=x, = E'(X)lx=sc» (31)
I)iqng Fa(X) < eo. (32)

Condition (30) indicates that the second-best firm valuewipeestment is simply the equity value
of the levered project in excess of the net investment cogtea@quityholders. Condition (31) is
another smooth-pasting condition that ensures optimafityie investment threshol,—being
that which maximises the second-best firm value over alliptesgwestment thresholds. Finally,
Eqg. (32) ensures that the firm value remains finitex approaches zer8. Noting that Eq. (29) is
homogeneous, and hence requires no particular solutigticapon of the boundary conditions
(30), (31) and (32) to the general solution of (29) yieldsftil®wing representation of the second-
best firm value:

Fa(0 = { (E0G) - (1 =KD, forx<x, (33)

E(X) - (I — K), for x > x5,

8Note that, like Mauer and Sarkar (2005), we assume the firnentaking this investment decision has no other
existing operations or debt. Hence the investment optiturevia equivalent to thpurefirm value, since there are no
additional operations from which to derive value.

19Since zero is aentrance-not-exiboundary point for the IGBM process (see Karlin and Tayl€94d) the usual
zero-value condition, limo F2(X) = 0 (which is appropriate under GBM dynamics) cannot be agplexe since there
is a positive value of starting the process at zero under IGBM
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wherex;, solves the equation
Ex) v (x)
E(o) - (1-K) (%)’
which is determined via application of the smooth-pastioigdition in Eq. (31).
Next, note that Eqgs. (33) and (34) provide the second-beswiiue and investment threshold
conditionalon the equityholders and debtholders agreeing on the perodpon paymenR in
exchange for an initial loan of amouKt However, recall that debtholders rationally anticipate
that equityholders will maximise equity value and will teare charge appropriately high interest
payments. In other words, the debtholders have no contrel the equityholders’ default and
investment decisions but they can determine, given themoppymenR, how much debt will be
provided upon investment. Consequently, thie value of debt, denoted &§* and representing
the amount of debt provided at the time of investment, shbeldqual to Eq. (27) evaluated at the
second-best investment threshaldwhich yields®

(34)

R

K* = D(X) = ? + ((1 - bVu(xy) - 7)

Y (%)
(xg)
Eqg. (35) governs the equilibrium relationship between thigpon paymenR and the amount of

debt provided! Given this relationship we can now determine the secont{bes value and
threshold pricen equilibrium Substituting Egs. (35) and (19) into Egs. (33) and (34)dgel

(35)

) _ 1) ¥(X *

V(X) - I, for x > X,

and furthermore
E0g) _ v(%)
Ve(x) =1 y(x)

(37)

2.6. First-best investment policy

The comparison of the results derived from Egs. (36) and @®)e first-best firm value and
investment trigger price allows for a quantitative anaysfiagency costs. We derive the first-best
firm value and investment policy based on the setting in wthehoverall firm value, as opposed
to equity value, is maximised. In this case, and analogotise@econd-best value, the first-best
firm value,F,(x), must satisfy the ODE

%U-ZXZF’l’(x) + (X = X) = ApoX)F,(X) - rF1(X) = 0, (38)

20The rational debtholders could provide less debt for a gompon paymeri, however we assume that compe-
tition amongst debt providers will enforce the stated eityual

2'Equivalently, one could solve (implicitly) fdR and determine the fair coupon payment debtholders wouldaxp
for a given amount of deli{ promised to equityholders at time of investment.
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subject to the boundary conditions

Fa(xp) = Ve(xy) — I, (39)
Fll(x)|x=x’£ = Vg:(x)|x=x’£, (40)
I)iqrg F1(X) < oo, (41)

wherex; denotes the first-best investment threshold. Conditioi if@ficates that the first-best
firm value upon investment is now the total levered projetievan excess of the total investment
costto the firm (). Once more, condition (40) is a smooth-pasting conditimsueing optimality of
the investment threshokj and Eq. (41) ensures that the firm value remains finiteagsproaches
zero. Application of boundary conditions (39), (40) and)(#ilthe general solution of (38) yields
the following first-best firm value:

* v *
Fu(X) = (V[(Xl) - I) %) for x < xj, (42)
V(X) - I, for x> x],

wherex; solves the equation
Vi) v(x)
V() =1 9 (q)’
as determined by application of the smooth-pasting camd({89).

(43)

Remark4. We note that the representation of the two firm values giveltgy. (36) and (42)
differ only by the critical levek’ employed. Therefore, since the valueFafx) was determined
by maximisation of V,(x) — 1)y¥(X)/y¢(x) over all such investment triggexs it must follow that,
for a fixed coupon paymeiRr, the second-best firm value(x) is always lower than (or equal to)
the first-best valu€&1(x), i.e. Fo(X) < F1(x), for all x. Furthermore, sinc&,(x) < Fy(x) for all

X, and bothF; andF, dominateV, — I, it is evident that the second-best investment triggerepric
always lies below the first-best investment trigger priee,x; < X;, resulting in earlier (or over-)
investment by levered firms (for a fixed coupon).

2.7. Optimal financing

The above analysis confirms the overinvestment of equitidre| however it is important to
note that the above results only hold true for a couBdixed across first- and second-best out-
comes. In reality, equityholders are free to choose theanfiing strategy too, and hence the
coupon paymenR which maximises equity value will not necessarily be the sas that which
maximises total firm value. We thus define the optimal coupaynment which maximises the
first- and second-best firm value as

R =arg rrg{axFi(x; R), fori=1,2. (44)

From the problem formulation it seems clear that an optinalpon payment exists due to the
tradedt between the expected benefits of the tax shields and thetexjxsts of financial distress,
see Eq. (28).
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2.8. Agency costs

To quantify the agency cost of overinvestment by equitybiddve follow Mauer and Sarkar
(2005) and define the agency cost as thiéedence between first- and second-best firm values
(evaluated at their respective optimal coupon paymenisg¢ioent of the second-best firm value;

Fi(x Ry — Fa(x Ry)

Fo(x R) '
Mauer and Sarkar (2005) decompose agency cost into two aoenpsx the loss of pure operating
value due to agency conflicts and the loss in the net benefilf fthancing. In contrast, and in

order to quantify the agency costs due tfi@iences iiming decisions ; vs. X;) and those due
to differences idinancingdecisions R] vs. R;), we choose to define:

Fi(x R;) — Fa(x; R;)] . [FI(X; R)) — Fa(x R5)
Fo(x R) Fo(x; R)

This novel decomposition provides additional insights higdhlights important results when com-
paring GBM and mean reversion in Section 3.

AC =

(45)

AC = =: AC' + AC'™. (46)

Remarlb. It can easily be shown thét (x; R}) > F1(x; R}) > Fa(x; R5), where the first inequality
must be true from the definition & and the second inequality is due to the dominande,afver
F, for any fixed couporR. Hence it is clear that botAC™™ and AC'™ are positive. Thus, for a
fixed coupon paymerR, the overinvestment of equityholders (i.e., their optitmaing decisions)
results in a decrease in firm value. However, with the incigf the optimal financing policy
(i.e., the choice of coupdR) the equityholders’ optimal leverage decision resultsieeen further
reduction in firm value. The absolute and relative size o$¢hisvo agency cost components will
be of primary interest in our results below.

3. Results

In this section we present results based on the IGBM proacegsfar comparison, a standard
GBM process (obtained by settixg= 0 andn = —a). After identifying our base-case parameters,
we first briefly discuss thefiects of mean reversion on the firm’s optimal timing decisifmmsa
fixed coupon ratdr. Since the investment timing and financing decisions aienately linked
this partial analysis allows us to first isolate thféeet of mean reversion on the firm’s optimal
timing decisions. We then consider the optimal coupon payaed the additionalféect of mean
reversion on the firm’s optimal financing decisions. Finally quantify the agency costs of debt
financing (and its components) and perform extensive dyjiutn comparative statics analysis
for all model parameters, focusing in particular on the dpgflenean reversion, which plays a
crucial role for our model results.

3.1. Base-case parameters

To illustrate the model we consider the investment into &proiduction facility (such as an oil
rig). Oil continues to be a key energy resource in the 21sucgand therefore has received much
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attention in the the real options literature (see, for eXampaddock, Siegel, and Smith, 1988).
Furthermore, many studies indicate that oil price dynaraidsbit mean-reverting behaviour, at
least over longer time periods (see Bessembinder et al5)199

We estimated the parameters of the IGBM model using apprabtein15 years (January 2000—
October 2014) of monthly West Texas Intermediate (WTI) oit@ data (U.S. Dollars per Bar-
rel).?> We employed the estimation method of Longitnd Schwartz (1995) (see also Insley,
2002, Sarkar and Zapatero, 2003, Hong and Sarkar, 2008harestimation yielded the follow-
ing base-case uncertainty paramete&rs: $97.00,n = 0.1703 andr = 0.265.

The other (non-process specific) parameters are taken to $€0.04, 1p = 0.32,7 = 0.30,
b = 0.35,C = $60,R = $1350, | = $180 andX, = $100, where all costs are in units pér
barrel. The production cost of $60 is set to be the average productet (per barrel) for several
oil production technologies (see International Energywaye 2008, p. 218). Note that these costs
are less than the long-run price leveand so, in the absence of debt, the project is expected to
make a profit in the long run. However, the parameters are thatht will be optimal to default
for suficiently low oil prices; see condition (23). The base-casapom paymenR is derived
as the optimal second-best coupon for the base-case paranfietwhich 65.8% of the project
is financed by debt). This choice is consistent with the ptooe adopted in Mauer and Sarkar
(2005) for choosing their base case. Since the cost of &mduproduction facilities vary so
greatly we simply take the investment costio be three times the production cost (per barrel).
The dfective tax rater of 30% and bankruptcy cosbsof 35% follow Mauer and Sarkar (2005).
Since the parametensandp only appear together a in the model, and furthermore since this
quantity can be identified as the Sharpe rétime assume the value ap to be 0.32, taken from
Henriques and Sadorsky (2008), who report the Sharpe matioilf prices over a similar sample
period to ours. Finally, we take the initial oil pric¥g, to be $100 which approximately reflects
WTI oil prices during 2014, the final year of our estimationipd. We note, however, that our
optimal abandonment, default and investment trigger pries well as our leverage and credit-
spread results, are all independent of the chosen valXg. dfurthermore, provided, < X5, our
valuation formulae (36) and (42) also imply that agency €as¢ independent .

3.2. Comparative statics for a fixed coupon R

In the following we fix the coupoir to analyse the isolatedfect of mean reversion on eqg-
uityholders’ optimal abandonmegdefault and the corresponding equilibrium debt provisitom.
Section 3.3 we extend this analysis to include the additiefi@ct of the firm’s optimal financing
decisions and present the full equilibrium comparativiécgaf the model.

Project and firm values

Fig. 1 illustrates the unlevered and levered project vafliesg with the project abandonment
and default threshold prices for the base case. The unkkyemect is optimally abandoned

22The oil price data was obtained from theS. Energy Information Administraticand the prices were converted
to real (October 2014) prices using tReoducers Price IndexPPl) from theU.S. Bureau of Labor StatisticsThe
process was estimated using real prices since it is the rieal (mot the nominal) that is assumed to mean revert.

23Given the CAPM relationship used, i.E[Rx] = r + 1po(Rx), whereRx denotes the return on the output price
X, we observe thatp = (E[Rx] — r)/o(Rx), which can be identified as the Sharpe ratio of the a$set

15



at an oil price of $25.75, whereas the addition of leverageeimses this threshold to $50.18,
thereby confirming thak; < x;. We note thaix; is very low compared to the prices observed
during the data sample period, indicating that reaching lével would be highly unlikely if the
price dynamics continued as in the sample period. On the bt x; is almost twice as large,
indicating a much higher probability of default due to tiieet of debt on the project cash floifs.
We also note that for the base-case paramatgbg) = $17798 andV,(Xo) = $168325, hence
debt financing adds $9.65 (or 5.73%) to the total projectejaleflecting the expected value of the
tax shield in excess of bankruptcy costs.

*** Insert Figures 1 and 2 about here ***

Fig. 2 illustrates the first- and second-best firm values.fifeebest firm valud-,(X) is clearly
greater than the second-best firm vali€x), with the diterence reflecting the agency cost of debt
financing. Overinvestment is also observed sixice X;.

Abandonment and default thresholds

The threshold price of the equityholders’ abandonnuefiault option is of utmost importance
in the model since it governs the investor’s optimal behawvifter investment which, in turn,
influences the rational debtholders’ behaviour and heneartagnitude of agency costs. Key
drivers for these threshold prices are the parameters ahéan-reverting process employed (i.e.,
X, n ando). Comparative statics for the threshold levglsand x; are presented in Fig. 3. In
addition, the non-process-dependent discount parametarand p, and the cost parametér
are also presented. We note that Egs. (16) and (22) indicatetie abandonment and default
threshold prices are independent of the paramétarslr.

*** Insert Figure 3 about here ***

Once more, Fig. 3 demonstrates tRak X for all parameter values. In addition, for higher
lower cost<C, or a lower discount rate (due to a lowen or p), abandonment and default occurs at
a lower price because the valuation of the project increagbgse cases. Project owners therefore
tolerate much lower output prices in light of this increasatliation.

From Fig. 3(b) we also observe that a higher speed of meansiengesults in a lower aban-
donment or default threshold. This result can be undersbyaecalling that the long-run prof-
itability of the production facility is positive (i.eX > C + R) and so higher levels afindicate that
price departures frorm (and hence from a profitable region) are corrected more tuilckough a

24Subsequent to our estimation and the preparation of thisrptige precipitous fall in world oil prices (to below
$30 at the time of writing) suggests the realistic posgipif abandonment and default on oil production facilities.
In fact, this appears to be exactly what is happening, seeeXample,http://money.cnn.com/2016/01/22/
investing/oil-crisis-defaults-rise/.
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stronger mean-reversion force. This reduces the pricawegi and the equityholders’ are willing
to tolerate lower output prices. We note that thidependence, however, is qualitativelyferent
when the project is not expected to be profitable in the lamgfr.e., whenx < C + R). In this
case we find that an increase in the speed of mean reversigailgéhcreases the abandonment
and default thresholds, and hence increases the prolatfiltuch default (which in turn would
impact debt provision and the equilibrium outcorie)his result emphasises the importance of
the long-run profitability on the model outcomes which wi tiscussed further in Section 3.4
(see Result 2).

Fig. 3 also reveals that for certain parameter regimes ipigal to never abandon or default
on the project (i.e.x; = 0 orx; = 0, respectively), see Remark 3. No-default regions ocaur fo
very profitable projects, when eithgiis high or cost€ are low. No default or abandonment also
becomes optimal for sficiently low volatility o-, market price of riski, or correlationp, or for
suficiently high speeds of mean reversigrsince these scenarios describe an increased certainty
in price and hence an increase in valuation.

Remark?7. The critical parameter values which separate the defatdugeno-default regions can
be determined by rearranging the equality in Eq. (23) forrdopiired parameter. For example,
the critical value of; above which the investor would never default on the projeé€tig. 3(b) can
be calculated ag* := (r + 200)(C + R)/(X — C — R) ~ 0.39 with the associated critical value for
abandonment obtained by settiRg- 0 to yieldn* ~ 0.2.

Finally, when considering thefects ofo- on equityholders’ timing, it is well understood that
(in the absence of risk discounting) an increase in volat(lr) would result in an increase in
the value of the default and abandonment options, with aocéged decrease in the default and
abandonment threshold prices. However, the inclusionefik-discounting fect results in the
additional impact of volatility on the required rate of netwhich has a competingtect on the
default and abandonment thresholds. An increase fiasults in a higher risk-adjusted discount
rate and hence a lower optjpnoject value and a higher threshold price. These two campet
forces explain the observed comparative statics shown in Fig. 3(c), which indicateg tha
risk-discounting &ect dominates for low volatilities.

Equilibrium debt provision

Next, we briefly discuss the equilibrium provision of debtemttash flows are mean reverting.
Fig. 4 shows the equilibrium amount of debt financing for agicoupon paymer. Whilst it is
not surprising that more debt is provided as the coupon payRimcreases, the concavity of the
relationship reveals the impact of the increased credittashe debt providers d8, and therefore
the amount of debt, increases. Higher coupon payments efitth in a worse financial position,
burdened with a higher financing cost, which increases tblegtnility of equityholders’ default.

*** Insert Figure 4 about here ***

(1-1)(%-C-R)¢'(x3)

_W‘mw, hencexg is deCfeaSing Iﬂ] forXx > C+ Rand

25gpecifically, it can be shown thz%\‘;—a =
increasing foix < C + R.
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In equilibrium the debtholders are very reluctant to previtebt in excess of the investment
amountl (i.e.,K* > 1). This result difers from the results of Mauer and Sarkar (2005), since for
their base case a particularly high value of debt financingguilibrium is observed (equal to an
amount exceeding 2.75 times the investment cost). Our ngetedrates perhaps more realistic
equilibrium debt levels for economically reasonable ahnaapon payments, where the first- and
second-best optimal coupor®, = $1631 andR; = $1350 correspond to an equilibrium debt
financing of 74.2% and 65.8% of the project cost, respegtivel

3.3. Full comparative statics

We now proceed to investigate the influence of mean revergimn the additional flexibility
of equityholders to select the optimal coupon paynins taken into account.

Investment thresholds
Fig. 5 plots the investment threshold pric€g(i = 1, 2) for varying model parameters, along
with the abandonment and default threshold pricesndx; for comparison.

*** Insert Figure 5 about here ***

We observe that; < x; for all model parameters indicating that overinvestmentantained
by equityholders when they are also allowed to optimallycd®the level of debt financing (see
Remark 4). Fig. 5 also shows that the investment threshadeedse for higher long-run price
levelsx and a higher speed of mean reversjoiT he opposite relationship holds when considering
the optimal investment thresholds amdr, A, p, C, 7, bor .

Perhaps the most striking observation from Fig. 5 is thastone parameter regimes (high
andn, as well as lowr, A, p andC) the first- and second-best investment threshold pricesapp
to converge, resulting in very similar first- and secondtlmegcomes® This indicates that the
agency cost is very low in these regimes. Indeed, inspedtfidtgs. (37) and (43), reveals that
threshold prices; andx; are equal wheW/(x) = E'(X), i.e. if D’(X) = 0 and hence the value of
debt is insensitive to the cash flow level. We thus infer thahese parameter regimes debtholders
are not concerned with equityholders’ default since thgegpts cash flows are such that it is
optimal for equityholders to default at very low output j@sc

To better understand the two apparent regimes of equifibbbahaviour we choose to focus on
the speed of mean reversion parametdfurthermore, recall that = 0 corresponds to (driftless)
GBM dynamics and so considering thelependence also allows us to compare the results under
mean reversion with standard GBM. Fig. 6 shows the full comfpae statics (allowing for the
change in optimal coupon) of several equilibrium outputs esvaried. Fig. 6(a) shows the equi-
librium outcome for the optimal coupon rate, Figs. 6(b),)6énd 6(d) show the equilibrium debt
level, equity level and leverage raticat time of investment, and Fig. 6(e) shows the equilibrium

26Upon closer inspection these values are not identicallyakeddowever the percentagefidirence in values are
much less than 1% in this regime.
*’Defined ad; = K;/V,(x; R) fori = 1,2.
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credit spreads, defined &S; = R'/K" —r fori = 1,2, which acts as a proxy for the willingness
of the debtholders to provide debt in equilibrium. In adutti Table 1 reports comparative statics
results for these equilibrium outcomes (plus agency céstsgll model parameters.

*** Insert Figure 6 and Table 1 about here ***

Firstly, from Fig. 6(a) we observe that the equilibrium fibgst couponR;, is higher than the
second-best outcom&,. Therefore, equityholders maximising equity value ingeginer and also
pick a lower coupon than a manager maximising total firm vatue overall &ect is to increase
agency costs (over that with a fixed coupon rate across finst-sacond-best optimisers). The
lower second-best coupon rate also results in a lower anofualebt and leverage ratio at the time
of investment—see Figs. 6(b) and 6(d). Economically, tleemive for the first-best optimiser to
take on more debt is a result of the substantial benefits ofathehield in increasing total firm
value.

Secondly, recall that for the base-case parameters wexhae = $37, hence the project is
profitable in the long-run in the absence of any debt. Coresetyy the firm can take on a coupon
payment of up to $37 and still remain profitable in the long-rdnspection of Fig. 6(a) indi-
cates that the coupon payment for the second-best outcanmaersd always below this maximum
value?®

Finally, Fig. 6 clearly demonstrates the existence of tvsiidct regimes of equilibrium be-
haviour. The first regime, fay smaller than a critical valug., exhibits decreasing coupon pay-
ments and debt levels, decreasing and then increasingydqudéls, and high (but decreasing)
credit spreads. In the second regime sfor n, coupon payments and debt levels are now both in-
creasing, equity levels are decreasing, and credit speradsw extremely low. For the base-case
parameters we observe thgt~ 0.184.

Result 1. There are two distinct regimes of equilibrium (financing @mding) behaviour as the
speed of mean reversigrvaries.

The non-monotonicity of the model outcomes with respect ¢an be seen as a consequence
of the strategic interaction between equity- and debthsldEirstly we note that ag increases
the variance of the project cash-flows will decrease; sirgggadures from the long-run mean
become less likely. All else being equal, this reduced wagancreases the perceived safety of
the project and hence the credit spreafisred by debtholders are loweredrasecomes larger—
see Fig. 6(e). Cheaper debt provides a clear incentive fatydaplders to increase the amount of
debt used to finance the project. However, whilst this is #achat we observe in the high
regime (where credit spreads are extremely low), in therjjaoegime the amount of debt actually
decreases agis increased above zero—see Fig. 6(b).

28The first-best outcome does optimally make the projectfoaking in the long run for very low speeds of mean
reversion. However ag — 0 convergence to the long-run level is very slow and tfieot of X essentially disappears.
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In order to shed some light onto this initial decrease, wesnlesthat the equity valuation at
the time of investment—Fig. 6(c)—also decreaseg &sincreased above zero, providing equi-
tyholders with an incentive to reduce the amount of debtriake board. The initial decrease
in equity value is due to a reduction in value of the equitdleos’ option to default on the lev-
ered project; since a reduced variance is well known to redytion values (see, for example,
Bergman, Grundy, and Wiener, 1996). Asontinues to increase, however, the cash-flow variance
decreases to a point where the value of the default optioarissmall and cannot be reduced any
further. Given that the credit spreads are also very smad, lam increase in now has the overall
effect of increasing the optimal debt level (and leverage yatiequilibrium, utilizing the more
valuable tax shield.

Finally, it is also interesting to note that the optimal congpayment never reduces to zero in
equilibrium, since there always remains some tax-shietefis to the equityholders. A surpris-
ing implication of this being that it ialwaysoptimal for equityholders to default on the project in
equilibrium, even for very high values gf Asn increases to the region in which it would be op-
timal to never default for a fixed coupon payment—see Fig)-3the equityholders dramatically
increase their coupon payment so that default still remantisnal at stficiently low prices. Eco-
nomically this implies that there is always some incentivetie equityholders to transfer wealth
from the debtholders.

3.4. Agency costs and decomposition

This section analyses the magnitude of agency costs andntpanents. Table 1 reveals that
our comparative statics results for the financing paramdbeandr) and the discount parameters
(r, 2 andp) are consistent with Mauer and Sarkar (2005). However, timsideration of mean-
reverting dynamics provides us with new results in regavdbé dfect of the process parameters
(X, n, ando) on the magnitude of agency costs.

Firstly, when considerin we previously observed that a key driver for the qualitabee
haviour of the model’s output is the long-run profit margirtleé projectx — C, which increases
when eitherx increases or costS decrease. Accordingly, inspection of Table 1 provides the
following result:

Result 2. As the long-run profitability of the project increases, aggnosts are reduced. Further-
more, agency costs become negligible above a critical pradigin.

Secondly, when considering the agency cost as a functioneo§peed of mean reversign
we also observe that the agency costs decreag@aseases and further that the agency costs are
negligible above the critical valug..?° This result is consistent with the apparent convergence
of the first- and second-best investment threshold pricegrebd in Fig. 5(b). Perhaps more
importantly, the dependence of agency costs;@iso allows us to compare the magnitude of
such costs under mean-reverting dynamics (ie», 0) with those under GBM dynamics (i.e.,

2)Note, however, that since it remains optimal for equitylesddto default for sfficiently low prices for ally (see
the final paragraph of Section 3.3) a small amount of agensystitl remains above the critical valuemfHowever,
the optimal default prices are so small that the probahifitgefault, and hence the magnitude of the agency cost, is
negligible in this regime< 0.001%).
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n = 0). We observe that under mean reversion the total agentyscb$2% (for our base-case
parameters). In comparison, the (driftless) GBM case hatabdgency cost of.86%. Therefore,
we now state our main result:

Result 3. Agency costs are lower under mean-reverting output cashsflefien compared to
geometric Brownian motion for the same

In fact, the above result also remains valid when we consiteeagency costs for GBM pro-
cesses with non-zero drift; obtained by settig 0 andn = —a, wherea denotes the drift of
the GBM process. Comparative statics results for vargimgn be found at the bottom of Table 1
and reveal that the total agency cost under GBM dynamicsnaneably insensitive to the drift of
the GBM process employed; with agency costs only varyingf83% to 8.5% for a wide range
of a. We note that this magnitude of agency cost is comparablestwdlue found by Mauer and
Sarkar (2005) who report a 9.5% cost for their base-caséts&81Dur conclusion from Result 3
is that the magnitude of the agency costs in our model appedrs significantly &ected by the
stationarity of the cash flow dynamics, with a higher cosbeisded with non-stationarity.

Thirdly, in regards to theféect of the volatility parameter, we observe that agencyscast
reduced asr is decreased. The interpretation of this result is simdaaliove as the variance of
the project cash-flows decreases as eithsrincreased os- is decreased.

Finally, we consider the decomposition of the total agerust into the two components, as
defined by Eq. (46). Fig. 7 plots these components of agenslyasa function of the speed of
mean reversior. In addition, Table 2 also shows the agency cost decomposs other model
parameters are varied.

*** [nsert Figure 7 and Table 2 about here ***

Consistent with Result 3, we see that the total agency casedses (approximately linearly)
as the speed of mean reversion increases. However thisctigails not evenly distributed be-
tween those due to timing decisions and those due to finamlgoigions, yielding the following
important result:

Result 4. For high speeds of mean reversiop,agency costs are driven mainly by suboptimal
timing decisions as opposed to suboptimal financing detssio

Consistent with Remark 5, we observe that the agency costodoeth financing and timing
decisions are positive. Far = 0, corresponding to GBM dynamics, the total agency cost is
roughly split between the financing and timing componenteweler as; increases—resulting
in the process becoming stationary—the impact of (subadjitrming decisions start to become
more important relative to (suboptimal) financing decision

30We note that Leland (1998) only found around a 1% loss in firtnevalue to overinvestment for his base-case
parameters under GBM. However, Leland (1998) did not accfauirihe efect of capital structure on firm valuation
whereas Mauer and Sarkar (2005) and our analysis do.
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*** Insert Figure 8 about here ***

Finally, given the stability of the total agency cost und@&NEdynamics as the drift parameter
a is varied, it is interesting to perform the agency decontpmsior the GBM results for various
values ofw. The results of this decomposition can be found in Fig. 8 amh fvhich we conclude:

Result 5. Under GBM dynamics, the agency cost due to suboptimal fingrdgcisionsncreases
as the growth rater increases whereas the agency cost due to suboptimal tin@oigidnsde-
creasesresulting in a fairly constant total agency cost.

Results 4 and 5 suggest that the expected long-run growtdpects of the project have a
significant impact on th@ature of the agency cost, whereas the tategnitudeof this cost is
related to the stationarity of the project’s cash flow. Mgredfically, for low or no growth projects
(i.e., GBM dynamics with small or negative drifts, or MR dymias with positiven) the agency
conflicts over investment timing appear more important tthense over financing. Conversely,
for high growth projects (i.e., GBM dynamics with large pgo& drifts) conflicting views on the
project’s financing appear to be the dominant source of tee@gcost.

4. Conclusions

This paper documents that the choice of the uncertaintyggased to model investment
project cash flows can have a significant impact on investitmainig and related project financ-
ing decisions. The application of a mean-reverting (MR)cpss to our proposed model reveals
important equilibrium results with respect to the investimelefault, and financing strategies of
equityholders, as well as the optimal debt provision oforzi debtholders.

Under MR dynamics debtholders are very reluctant to promdee funding than the purchase
price of the project, a result more consistent with obsemaedstment practice than the existing
geometric Brownian motion (GBM) based results. Furtheenare observe two distinct regimes
of equilibrium behaviour (dependent on parameters) detratirsg the increased complexity of
the equilibrium financing and investment outcomes in thegmee of MR dynamics.

In regards to the reduction in firm value due to agency cosf(itte agency costs), our results
indicate that total agency costs are lower for a higher spéadean reversion and also for a
higher long-run profitability of the debt-financed projeMoreover, due to a novel agency cost
decomposition, we show that under low-growth cash flows @led using MR dynamics or GBM
with small or negative drifts) agency costs are driven nyabyl equityholderstiming decisions
rather than due to their financing decisions. On the othed Hfanhigh-growth projects (modelled
using GBM with large positive drifts) it is the equityholdéfinancingdecisions that contribute
the greatest to agency costs. Assuming a desire to decrgaiseyacosts in an economy, the above
information about the underlying components and driversuch agency costs would be valuable
to both policy makers and regulators alike.

Future work in this area can include the extension of theeriiranalysis to firms that have
existing operations financed with pre-existing debt, tfeeeeanalysing theféect of mean rever-
sion on possiblendeinvestment and the relatetébt overhangroblem (see Moyen, 2007). The
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inclusion of some information asymmetry between equitghd and debtholders could also be
another direction for future research and more technid&nskons could include accounting for
jumps in the underlying price dynamics.
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Appendix A. Derivation of the solution to Eq. (12)

We transform Eq. (12) to the standard form of the so-callethKer’s equation for which the
solutions are well understood (Abramowitz and Stegun, 1&RH2apter 13). To do this we first let
u(x) = X'v(x), wherey is to be determined, and then et 2,X/0?x to yield

V' (2) + (2 gy 4 2t Ap0) J;,fp‘f) )\/(z) + (y 42 ((y 1)y - 2+ i’;‘f) - )) V(@) =0

The next step is to choosesuch that

2PVl = 1)~y + Apo) ~1 = 0 (A1)
to obtain
zvV'(2+ (n-2V (2 —mu2) =0, (A.2)

which we identify as Kummer's equation with = 2 — 2y + 229 andm = —y. It is well
known that Eq. (A.2) has two independent solutig(® = U(m, n; z2) andv(z) = M(m, n; 2) which
are called, respectively, Tricomi’s and Kummer’s conflueypergeometric functions. th > 0
(hencey < 0) then it can be shown that and M are positive withJ (m, n; 2) strictly decreasing,
andM(m, n; 2) strictly increasing, irz. It can furthermore be verified thafx) andy(x) are strictly
decreasing and increasingxnrespectively (details are available from the authors upogunest).
Therefore we take to be the negative root of Eq. (A.1).

Appendix B. Derivation of Eg. (28)
To derive Eq. (28) we first substitute Egs. (20) and (27) iqo(#9) and rearrange to yield

Vi(X) = E(X) + D(X)

B ¢(x) R $(x)
= £, — £.06) (Xd)+—+((1 B)Vu(X; )——) 500
$(X) ¢(x) R $(X)
— bV,(X; f/(X) — u - — .
VOO 400 = 080+ 7 (09 - )
PV of bankruptcy cost
Using f,(x) = fy(X) — R(1 — 7)/r yields
 A(X) ¢(x) $(X) $(X)
= —f - L . .
Vel = 506 OS50 (1 ¢(x:;))+v Oy B
PV of tax shield
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Finally we recall from Eq. (15) that,(x}) = fu(x3) — fu(X3) and substituting into (B.1) yields

P(x3)
- 20 (1 2]y 20
U T A eS| M
_ R0 vy 2
-9 + 7 (1- 2 - b 2

as stated.

26



Figures

1501
100

50

.
-
-

20 40 60 80 100

Figure 1: Unlevered and levered project valilgbs) andV,(x) as a function of the initial output price(solid line=
V(X), dashed line= V(X), dotted line= D(x), dot-dashed line- E(X); for base-case parameters).
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Figure 2: Value of the first- and second-best investmenbaogff, andF;) as a function of the initial output price
(solid line= second-best optioR,, dashed line- first-best optiorf;, dotted line is the value of the levered filvi(x)
less investment codt for base-case parameters — except weRise $50 for emphasis). Note the smooth pasting
of the first-best outcome but not the second best, demoingtraptimally of the first-best timing decision and the

suboptimality of the second-best.
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(d) (e) ()

Figure 3: Default and abandonment threshold priceand x; as a function of (a) long-run mean price level(b)
speed of mean reversiopn (c) process volatilityr, (d) risk-free (real) interest rate (e) Sharpe ratio of oillp, (f)
variable cost€, and (g) debt coupon paymeR(solid line= x;, dashed line- x;; for base-case parameters= $97,
n =0.1703,00 = 0.265,r = 0.04,2p = 0.32,C = $60,R = $1350,7 = 0.3 andb = 0.35). Note that these comparative

statics are produced for fixed coupBn
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Figure 4: The equilibrium debt financing ratiG' /I as a function of the annual debt coupon paynteisolid line
= second-best outcome, dashed linérst-best outcome; for base-case parameters). Note thbaldbrs are very

reluctant to give any debt over the required investmentferroject (dotted linek* = I).
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Figure 5: The first- and second-best investment threshadgpas a function of (a) long-run mean price lexg(b)

speed of mean reversiopn (c) process volatilityr, (d) risk-free (real) interest rate (e) Sharpe ratio of oilp, (f)

variable costL, (g) efective tax rater, (h) bankruptcy fractio, and finally (i) investment codt(upper solid line
= X3, upper dashed line x;, lower solid line= x;, lower dashed line- x;; for base-case parameters:= $97,
n = 0.1703,0 = 0.265,1p = 0.32,r = 0.04,7 = 0.3,b = 0.35,C = $60 and = $180). Note that the coupon réfe
is optimally chosen as each parameter is varied.
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Figure 6: Full comparative statics (in equilibrium) withof the (a) coupon payment, (b) debt amount at time of
investment, (c) equity value at time of investment, (d) tege ratio at time of investment, and (e) credit spreads
(solid line = second-best outcome, dashed knérst-best outcome; for base-case paramefers:$97,n = 0.17083,

o =0.265,r =0.04,1p = 0.32,C = $60,7 = 0.3, b = 0.35 andXp = $100).
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Figure 7: Full comparative statics (in equilibrium) of toégency cost (solid line) and its decomposition imG
(dashed line) anAC'™ (dot-dashed line)—see Eq. (46)—under IGBM dynamics; feaebease parameteis= $97,
n =0.1703,0 = 0.265,r = 0.04,2p = 0.32,C = $60,7 = 0.3, b = 0.35 andX, = $100.
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Figure 8: Full comparative statics (in equilibrium) of toégency cost (solid line) and its decomposition imafin
(dashed line) an&C'™ (dot-dashed line)—see Eq. (46)—under GBM dynamics; foelmse parameters:= $0,
n=-a,0 =0265,r =0.04,10 = 0.32,C = $60,7 = 0.3,b = 0.35 andXy = $100.
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A

Table 1: Comparative statics of the first-best and secostidmimal financing and investment decisions in equiliforifor base-case parametexs: $97,
n =0.1703,0 = 0.265,r = 0.04,2p = 0.32,C = $60,7 = 0.3,b = 0.35 andX, = $100.

Optimal Investment Firm value Agency Optimal Default Ctegfiread
coupon threshold cost (%) leverage threshold (basis points
R R x % FX) (X)) AC L[ L xR xR) CS CS

Base Case 16.31 13.50 139.99 135.27 41.69 41.26 1.02 47.728 44 53.46 50.18 820.94 739.62
Base Case(=0) 42.75 24.56 148.31 134.84 46.29 42.69 8.46 60.15 45.48 1475. 61.84 1,467.14 1,343.09
X =60 3498 28.00 173.10 165.37 3.05 2.89 5.59 56.28 50.88 78.592.27 2,150.55 2,043.86
X =80 28.00 2251 158.62 151.62 11.69 11.26 3.79 54.04 49.16 3369. 64.10 1,630.40 1,530.44
X =120 12.81 1281 88.78 88.63 313.07 313.07 0.00 68.19 68.24 4624 24.46 2.82 2.82
X =140 24.67 24.67 7246 72.07 604.34 604.34 0.00 85.53 85.64 .8726 26.87 1.38 1.38
n =0.10 29.03 21.59 148.32 139.18 36.56 35.15 4,01 55.23 48.516.486 59.73 1,322.95 1,219.24
n =0.15 21.30 17.15 14452 138.08 37.88 37.15 1.97 51.05 46.719.135 54.82 1,062.60 972.59
n =0.20 3.21 3.21 12254 122.45 66.01 66.01 0.00 27.40 27.41 6125. 25.61 18.59 18.58
n =0.25 759 759 99.37 99.31 216.12 216.12 0.00 58.19 58.21 3225. 25.32 3.62 3.62
o =0.20 5,09 5.09 100.23 100.10 113.58 113.58 0.00 41.87 41.920.663 30.66 13.20 13.20
o =0.25 11.61 9.78 131.77 128.73 47.49 47.27 0.46 43.67 40.61 .1848 45.68 560.09 494.46
o =0.30 23,52 18.72 155.77 148.47 36.00 35.32 1.91 50.53 45.989.515 54.65 1,214.04 1,105.92
o =0.35 31.70 24.09 175.06 164.59 34.44 33.55 2.66 51.96 46.234586 57.63 1,608.70 1,466.71
r =0.01 3.01 3.01 108.98 108.97 337.84 337.84 0.00 55.62 55.637.441 17.44 0.46 0.46
r =0.03 11.18 8.90 135.58 132.40 60.00 59.76 0.00 42.78 38.77 .6946 43.56 583.71 498.97
r =0.05 19.46 16.18 143.42 138.05 31.22 30.77 1.49 50.02 46.467.355 53.75 942.61 858.33
r =0.07 24.32 20.35 149.71 143.63 19.34 18.93 2.18 52.84 49.233.076 58.98 1,086.55 998.34
Ap =0.20 6.65 6.65 106.76 106.63 181.84 181.84 0.00 43.00 43.043.472 23.46 8.43 8.43
1p =0.30 13.16 10.90 135.37 131.66 53.20 52.91 0.55 44.86 41.498.724 45.81 616.11 541.16
Ap =0.40 22.81 18.82 153.08 147.11 16.78 16.38 243 5145 47.483.336 59.23 1,343.10 1,250.79

Ap =0.50 27.68 23.09 166.23 160.02 5.32 5.14 3.58 53.21 49.21 7370. 66.25 1,794.15 1,698.02




€e

Table 1: €ontinued.

Optimal Investment Firm value Agency Optimal Default Ctegfliread
coupon threshold cost (%) leverage threshold (basis points
R R X X FuXo) FaoX) AC Ly x(R) x(R)  CS CS;

Base Case 16.31 13.50 139.99 135.27 41.69 41.26 1.02 47.728 44 53.46 50.18 820.94 739.62
Base Caser(=0) 42.75 24.56 148.31 134.84 46.29 42.69 8.46 60.15 45.48 1475. 61.84 1,467.14 1,343.09
7=0.10 151 151 129.63 129.43 69.13 69.13 0.00 855 8.54 30.930.95 175.38 175.12
7=0.20 6.30 5.87 13452 133.08 53.60 53.55 0.08 25.86 24.93 5140. 39.82 435.07 417.67
7=0.40 24.83 19.43 14580 137.64 32.31 31.24 3.40 60.71 56.272.646 56.93 1,116.87 979.51
7=0.50 32.16 24.28 152.33 140.68 24.54 22.77 7.76 69.45 64.970.057 62.08 1,375.38 1,187.81
C =50 892 892 8263 8254 22693 226.93 0.00 60.46 60.50 20.120.17 3.53 3.53

C =55 431 431 108.12 108.04 106.10 106.10 0.00 34.53 34.55 3722. 22.37 11.65 11.65
C =65 23.76 19.18 157.13 150.27 25.07 24.49 2.40 5181 47.38 6666. 61.98 1,274.95 1,179.58
C =70 28.28 22.44 170.06 162.12 17.10 16.56 3.33 53,57 4850 0376. 70.33 1,548.47 1,444.49
b =0.20 24.32 18.25 138.45 13151 45.06 43.96 250 60.89 54.772.126 55.64 1,008.56 856.88
b =0.30 18.78 15.09 139.55 134.11 42.66 42.07 141 52.15 47.876.215 52.05 882.36 781.39
b =0.40 14.03 11.94 140.37 136.32 40.85 40.55 0.73 43.44 40.620.825 48.28 760.00 695.39
b =0.50 10.05 9.00 140.93 138.10 39.52 39.40 0.34 34.95 33.31 .8645 44.45 639.18 601.22
| =100 11.28 9.22 115.83 111.79 87.59 87.04 0.63 46.02 42.46 4547. 44.75 720.41 640.93
| =140 13.60 11.18 127.23 122.88 61.43 60.93 0.81 46.92 43.36 .3150 47.32 771.53 690.44
| =220 19.37 16.16 153.98 148.85 27.60 27.26 1.25 4855 45.13 .8656 53.29 866.69 786.20
| =260 22,71 19.10 168.99 163.44 18.02 17.76 146 49.20 45.89 .4460 56.57 907.58 828.60
a =—0.06 42.69 29.60 168.08 157.46 6.52 6.02 8.30 59.54 49.78 4583 72.81 2,122.76 1,998.24
a =—0.03 41.15 27.00 158.07 146.27 17.57 16.21 8.39 59.83 47.989.55 67.76 1,806.56 1,681.07
a =0.03 46.00 22.66 139.37 123.30 122.33 112.75 8.49 60.52 542.070.03 54.61 1,103.79 985.24
a =0.06 56.62 2258 132.65 111.88 343.03 316.11 8.51 61.03 737.764.08 45.37 728.42 620.83




Table 2: Comparative statics of agency costs (in %) andntsg and financing components; for base-case parame-
ters:X = $97,n = 0.1703,0 = 0.265,r = 0.04,1p = 0.32,C = $60,7 = 0.3, b = 0.35 andX, = $100.

AC ‘ ACfin ACtim AC ‘ Acfin ACtim
Base Case 1.02 0.21 0.81 Base Case 1.02 0.21 0.81
Base Case{=0) 8.46| 3.94 451 Base Case(=0) 8.46| 3.94 451
X =60 559| 1.23 4.37 7=0.10 0.00/ 0.00 0.00
X =80 3.79| 0.82 2097 7=0.20 0.08/ 0.01 0.08
X =120 0.00| 0.00 0.00 7=0.40 3.40| 0.85 255
X =140 0.00| 0.00 0.00 7=0.50 7.76| 2.13 5.63
n=0.10 401 1.14 2.86 C =50 0.00| 0.00 0.00
n=0.15 1.97| 044 154 C =55 0.00| 0.00 0.00
n =0.20 0.00{ 0.00 0.00 C =65 2.40| 052 1.88
n=0.25 0.00{ 0.00 0.00 C =70 3.33| 0.76 257
o =0.20 0.00{ 0.00 0.00 b =0.20 250/ 0.73 1.77
o =0.25 0.46| 0.09 0.36 b =0.30 1.41| 0.33 1.08
o =0.30 1.91| 044 1.47 b =0.40 0.73| 0.13 0.60
o =0.35 2.66| 0.70 1.96 b =0.50 0.34| 0.04 0.29
r =0.01 0.00f 0.00 0.00 | =100 0.63| 0.14 0.49
r =0.03 0.39| 0.10 0.29 | =140 0.81| 0.17 0.64
r =0.05 1.49| 0.30 1.19 1 =220 1.25| 0.24 1.00
r =0.07 2.18| 0.44 1.74 | =260 1.46| 0.27 1.19
p =0.2 0.00| 0.00 0.00 a =—0.06 8.30| 2.79 551
p =0.3 0.55| 0.12 0.43 @ =—0.03 8.39| 3.30 5.08
p =0.4 243| 048 196 @ =0.03 8.49| 4.72 3.77
p =0.5 3.58| 0.65 293 a =0.06 8.51| 5.63 2.88
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