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Abstract—We propose an automatic approximation of the intrinsic manifold for
general semi-supervised learning (SSL) problems. Unfortunately, it is not trivial to
define an optimization function to obtain optimal hyperparameters. Usually, cross
validation is applied, but it does not necessarily scale up. Other problems derive
from the suboptimality incurred by discrete grid search and the overfitting.
Therefore, we develop an ensemble manifold regularization (EMR) framework to
approximate the intrinsic manifold by combining several initial guesses.
Algorithmically, we designed EMR carefully so it 1) learns both the composite
manifold and the semi-supervised learner jointly, 2) is fully automatic for learning
the intrinsic manifold hyperparameters implicitly, 3) is conditionally optimal for
intrinsic manifold approximation under a mild and reasonable assumption, and
4) is scalable for a large number of candidate manifold hyperparameters, from
both time and space perspectives. Furthermore, we prove the convergence
property of EMR to the deterministic matrix at rate root-n. Extensive experiments
over both synthetic and real data sets demonstrate the effectiveness of the
proposed framework.
Index Terms—Manifold learning, semi-supervised learning, ensemble manifold
regularization.
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INTRODUCTION

IN practical applications, e.g., handwritten digit recognition, video
scene classification, and document categorization, the effort of
labeling examples is generally laborious, though vast amounts of
unlabeled samples are readily available and provide auxiliary
information. Semi-supervised learning (SSL) under such scenarios is
specifically designed to improve the generalization ability of the
supervised learning by the leverage of unlabeled samples.
The common motivation of the SSL algorithms [5], [7], [12],
[13], [14], [17], [21], [24], [26], [28], [29], [30], [31] is trying to
exploit the intrinsic geometry of the probability distribution of
unlabeled samples by restricting the inductive or transductive
prediction to comply with this geometry. The manifold regularization framework [7], one of the most representative works, assumes
that the geometry of the intrinsic data probability distribution is
supported on the low-dimensional manifold. To approximate the
manifold, the Laplacian of the adjacency graph is computed in an
unsupervised manner from samples by using the Laplacian
Eigenmap in the feature space [6]. The manifold approximation
and the learning model are combined together under the
conventional regularization framework [15], which smooths the
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model output along the manifold. The conventional regularization
framework [15] shows that the solution of an ill-posed problem
can be approximated by the variational principle, which contains
both samples and the prior smoothness information. The manifold
regularization utilizes the manifold to replace the smoothness
assumption in [15], where the manifold is determined by the
graph Laplacian with the predefined hyperparameters.
However, in general there are no explicit rules to choose graph
hyperparameters for intrinsic manifold estimation because it is
nontrivial to define an objective function to obtain these
hyperparameters. Usually the cross validation [20] is utilized for
parameter selection. However, this grid-search technique tries to
select parameters from discrete states in the parameter space, and
lacks the ability to approximate the optimal solution. Furthermore,
it does not scale up well for a huge number of possible parameters.
Moreover, performance measurements of the learned model, e.g.,
the classification accuracy, are weakly relevant to the difference
between the approximated and intrinsic manifolds. Finally, the
pure cross validation-based parameter selection inevitably drives
the model to overfit the training and the validation set, and thus
the learner cannot generalize well on the test set. As a consequence,
an automatic and data-driven manifold approximation will be
valuable for the manifold regularization-based SSL.
In this paper, to tackle the aforementioned problems, we
propose an ensemble manifold regularization (EMR) framework,
which combines the automatic intrinsic manifold approximation
and SSL. By providing a series of initial guesses of the graph
Laplacian, the framework learns to combine them to approximate
the intrinsic manifold in a conditionally optimal way. Meanwhile,
the semi-supervised model is learned and restricted to be smooth
along the estimated manifold. We designed the EMR framework
carefully so it
1.
2.

3.

4.

2

learns both a composite manifold and a semi-supervised
learner jointly, leading to a unified framework;
is fully automatic for learning hyperparameters of the
intrinsic manifold implicitly and avoids problems caused
by the pure cross validation;
is conditionally optimal for the intrinsic manifold approximation under a mild and reasonable assumption, i.e., the
optimal manifold lies in the convex hull of the initially
guessed manifolds; and
is scalable for a large number of candidate manifold
hyperparameters, from both time and space perspectives,
because cross validation is not required for the hyperparameter selection and the induced graph structure is sparse.

RELATED WORKS

In recent years, two groups of SSL algorithms have shown
themselves superior to classical supervised inductive learners.
The first group of methods assume that data in the same cluster
share similar labels. Based on the cluster assumption, Nigam et al. [21]
applied the EM algorithm on a mixture of multinomials for text
classification, and showed that the accuracy of learned text
classifiers can be improved by augmenting a small number of
labeled training documents with a large number of unlabeled
documents. Vapnik [28] proposed the transductive support vector
machine (TSVM), which maximizes the margin in the presence of the
unlabeled data and learns a decision boundary that traverses
through low data-density regions. Joachims [17] implemented semisupervised SVM based on a local combinational search strategy,
after which various techniques had been applied to solve the
nonconvex optimization problem associated with semi-supervised
SVM [8], [24]. A comprehensive review can be found in [13]. SelfTraining [29] and Cotraining [10] iteratively label some unlabeled
examples according to the predictions of the current classifier, and
retrain a new classifier with the additional labeled examples.
The second category of SSL algorithms are graph-based. They
define a similarity graph over labeled and unlabeled examples and
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constrain the prediction to be smooth over the graph. Zhu et al. [31]
adopted the Gaussian fields and characterized the mean of the field
in terms of harmonic functions. Zhou et al. [30] proposed to
iteratively spread the label information of each example to its
neighbors, so the classifier boundary is sufficiently smooth w.r.t.
the intrinsic structure. Belkin and Niyogi [5] built a classifier over
the samples represented by the eigenfunctions revealed from both
the labeled and unlabeled data. Chapelle et al. [14] and Smola and
Kondor [26] found that the spectral transformation of a Laplacian
results in kernels suitable for semi-supervised learning. Belkin et al.
[7] modeled the manifold structure under the regularization
framework [15], which regularizes the solution of the SSL problem.

3

ENSEMBLE MANIFOLD REGULARIZATION

Consider the semi-supervised learning setting, where two sets of
samples x 2 IRd are available, i.e., l labeled samples,
L ¼ fðxi ; yi Þgli¼1 , and u unlabeled samples, U ¼ fxi guþl
i¼lþ1 , with yi 2
IR as the label of xi , for a total of n ¼ l þ u samples. Suppose,
labeled samples are ðx; yÞ 2 IRd  IR pairs drawn from a probability distribution P , and unlabeled samples are x 2 IRd simply
drawn according to the marginal distribution PX of P .
To utilize PX induced by unlabeled samples for SSL, the wellknown manifold regularization framework is proposed. It assumes
that the support of PX is a compact manifold, and incorporates an
additional regularization term to minimize the function complexity
along the manifold [7]. The problem takes the following form:
l
1X
V ðf; xi ; yi Þ þ A kfk2K þ I kfk2I ;
f2HK l
i¼1

min

ð1Þ

where HK is the reproducing kernel hilbert space (RKHS), V is a
general loss function, e.g., the least square error or the hinge loss,
kfk2K penalizes the classifier complexities measured in an appropriately chosen RKHS and is similar to that in SVM [28], and kfk2I
is the smooth penalty term to reflect the smoothness along the
manifold supporting PX . Parameters A and I balance between
the loss function V and regularizations kfk2K and kfk2I . The
manifold regularization term kfk2I plays a key role to SSL and
models the classifier smoothness along the manifold estimated
from the unlabeled samples.
It turns out that in an appropriate exponential coordinate
system, which to the first order coincides with the local coordinate
system given by a tangent plane in IRd , kfk2I is approximated by
the graph Laplacian L and the function prediction f ¼ ½fðx1 Þ; . . . ;
1
fðxn ÞT , i.e., kfk2I ¼ nðn1Þ
f T Lf [22]. In the above setting, the graph
1
1
Laplacian is defined as L ¼ W  D or L ¼ D2 ðW  DÞD2 if
n
n
normalized. The matrix W 2 IR  IR is the data adjacency graph,
wherein each element Wij is an edge weight between two samples
xi and xj . In the diagonal matrix D 2 IRn  IRn , the ith entry
P
Dii ¼ nj¼1 Wij . Various extensions of the graph Laplacian have
been proposed [16].
The construction of the graph Laplacian involves setting
hyperparameters for creating the data adjacency graph, which is
data dependent and generally performed by cross validation. Our
framework is designed to automatically and effectively approximate the optimal graph Laplacian.

3.1

The General Framework

It is nontrivial to directly obtain the optimal graph Laplacian
hyperparameters according to (1). Therefore, we propose an
alternative approach by assuming that the intrinsic manifold lies
in the convex hull of the pregiven manifold candidates. Because
the optimal graph Laplacian is the discrete approximation to the
manifold, the above assumption is equivalent to constraining
the search space of possible graph Laplacians, i.e.,

L¼

m
X
k¼1

k Lk ;

s:t:

m
X
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k ¼ 1; k  0; for k ¼ 1; . . . ; m;

ð2Þ

k¼1

where we define a set of candidate graph Laplacians C ¼
fL1 ; . . . ; Lm g and denote the convex hull of set A as: convA ¼
f1 x1 þ    þ m xm j1 þ    þ m ¼ 1; xi 2 A; i  0; i ¼ 1; . . . ; mg.
Therefore, we have L 2 convC, which is also a graph Laplacian.
Under this constraint, the optimal graph Laplacian hyperparameter estimation is turned into the problem of learning the
optimal linear combination of the pregiven candidates. Because
each candidate Li represents a certain manifold of the given
samples, the EMR framework can be understood geometrically as
follows: First, compute all possible approximated manifolds, each
of which corresponds to a “guess” at the intrinsic data distribution, and then learn to linearly combine them for an optimal
composite. To minimize the classifier complexity over the
composite manifold, we introduce a new manifold regularization
P
Pm
2
1
term, i.e., kfk2I ¼ nðn1Þ
fT ð m
k¼1 k Lk Þf ¼
k¼1 k kfkIðkÞ . Then, we
obtain the EMR framework:
l
m
X
1X
2
V
ðf;
x
;
y
Þ
þ

kfk
þ

k kfk2IðkÞ þ R kk2
i
i
I
A
K
f2HK ;2IRm l
i¼1
k¼1

min

s:t:

m
X

k ¼ 1; k  0; k ¼ 1; . . . ; m;

k¼1

ð3Þ
2

where the regularization term kk is introduced to avoid the
parameter  overfitting to one manifold and R 2 IRþ is the tradeoff
parameter for controlling the contribution of the regularization
term kk2 . Because (3) contains a weighted combination of multiple
manifold regularization terms, we name the new regularization
framework ensemble manifold regularization. It is worth emphasizing
that EMR is different from the work in [4], which adopts a multiple
kernel learning approach to combine the kernels obtained from the
inverse of graph Laplacian instead of learning an optimal graph
combination to inference the data manifold.
P
For a fixed , (3) degenerates to (1), with L ¼ m
k¼1 k Lk for
2
kfkI . On the other hand, for a fixed f, (3) is simplified to
minm

2IR

m
X

k sk þ R kk2 ;

s:t:

k¼1

m
X

k ¼ 1; k  0; k ¼ 1; . . . ; m;

k¼1

ð4Þ
I
f T Lk f . Under this condition, if R ¼ 0, the solution
where sk ¼ nðn1Þ
of (4) will be: k ¼ 1 if sk ¼ minj¼1;...;m sj and k ¼ 0 otherwise. This
trivial case will assign all the weight to one manifold, which is
undesirable for learning a composite manifold. If R ! þ1, the
solution tends to give the same weight to all graph Laplacians.

3.2

Theoretical Analysis

This section presents some theoretical analysis of EMR, and all the
proofs are presented in our supplementary materials, which can be
found in the Computer Society Digital Library at http://
doi.ieeecomputersociety.org/10.1109/TPAMI.2012.57. Because L 2
convC is a graph Laplacian, according to [7], the representor
theorem follows for a fixed .
Theorem 1. For an L 2 convC, the minimization of (3) w.r.t. f 2 HK
with a fixed  exists and admits the following representation:
f ? ðxÞ ¼

n
X

?i Kðxi ; xÞ;

ð5Þ

i¼1

which is an expansion in terms of the labeled and unlabeled examples.
The representor theorem presents us with the existence and the
general form of the solution of (3) under a fixed . However, EMR is
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motivated to learn both the SSL classifier f and the linear
combination coefficients . Fortunately, we can adopt the alternating optimization technique [9] to solve (3) in an iterative manner, i.e.,
first solving (3) w.r.t. f with  fixed, resulting in the solution
represented by (5); then optimizing (3) w.r.t. , with f taking the
value solved in the last iteration round; and alternatively iterating
the above two steps, until the decrement of the objective function is
zero. It is necessary to prove the convergence of the above
alternating iteration rounds, and the convergence theorem is given
below.

2) initialize  ¼ m1 . The later strategy initializes as the mean of the
graph Laplacians in the candidate set, which usually leads to a
satisfied solution. In this paper, we adopt the second strategy for
all experiments and show its effectiveness, leaving the discussion
about the effects of R independently to Section 4.
The theoretical analyses shown above present the theoretical
properties of EMR and ensure that the framework can be
implemented into numerous algorithms for various machine
learning applications, e.g., classification and regression.

Theorem 2. For a convex loss function V 2 HK  IRd  IR ! IRþ , the
alternating optimization of (3) iteratively between the parameters f
and  converges.

4

Besides the convergence of the learning algorithm, generally it
is also important to verify the consistency of the regularization,
which provides a theoretical guarantee on whether the empirical
estimation can be deemed as a good candidate of its expected
counterpart as long as we have sufficient training data. In all,
consistency proof, complementary to empirical studies, shows the
confidence that we can trust the estimate.
Specially, for a linear model f ¼ wT x, EMR reduces to
Pm
Pm
1
T
T
1
T
kfk2I ¼ nðn1Þ
k¼1 k w XLk X w, where R ¼ nðn1Þ
k¼1 k XLk X
is a random variable that involves the data dependent term
composed of various manifold estimation candidates. We can
prove the convergence property of EMR in this condition. More
precisely, for X ¼ fxi gni¼1 , we prove the data set dependent variable
R converges to the deterministic matrix EðRÞ at root-n for a fixed ,
with n ! 1. We denote the distribution of samples X ¼ fxi gni¼1 as
P ðXÞ, and its fourth order moment as EðkvecðxxT ÞvecT ðxxT ÞkÞ,
with vecðAÞ representing the vectorization of a matrix A into a
column vector. For general choice of kernel function ’k ðÞ, we also
abbreviate the conditional expectation as ’k ðxÞ ¼ Eðk ðz  xÞjxÞ
and k ðxÞ ¼ Eðk ðz  xÞzjxÞ, respectively, for samples x and z
drawn from P ðXÞ.
Theorem 3. Under the conditions that
the examples X ¼ fxi gni¼1 are sampled independently,
the kernel function k ðxÞ satisfies k ð0Þ ¼ 1 and jk ðxÞj  1
for 8k,
3. EðkðvecðxxT ÞvecT ðxxT ÞÞkÞ < 1, and
4.  is fixed,
the sample-based estimation
1.
2.

R¼

m
X
1
k XLk XT
nðn  1Þ k¼1

EMR ALGORITHMS

We consider the general machine learning applications, e.g.,
classification and regression, in this section, and show how to
implement EMR framework for these applications.

4.1

EMR Support Vector Machine

In support vector machine (SVM) [28], the hinge loss is adopted, i.e.,
V ðf; xi ; yi Þ ¼ ð1  yi fðxi ÞÞþ ¼ maxð0; 1  yi fðxi ÞÞ. The Laplacian
Support Vector Machine (LapSVM) is formulated to optimize the
following problem:
l
1X
ð1  yi fðxi ÞÞþ þ A kfk2K þ I kfk2I :
f2HK l
i¼1

min

By incorporating EMR, we can extend LapSVM to EMR-SVM as
the following:
l
1X
ð1  yi fðxi ÞÞþ
f2HK ;2IRm l
i¼1

min

þ A kfk2K þ I

m
X

k kfk2IðkÞ þ R kk2 :

k¼1

For a fixed , we can resort to Theorem 1 and the solution is
given by (5). Substituting (5) into the framework (3), we can obtain
the following optimization problem:
l
1X
i þ A T K
2IRn ;2IRl ;2IRm l i¼1

min

m
X
I
k T KLk K þ R kk2
nðn  1Þ k¼1
!
n
X
s:t: yi
j Kðxi ; xj Þ þ b  1  i ; i ¼ 1; . . . ; l;

þ

ð6Þ

j¼1

i  0; i ¼ 1; . . . ; l;

m
X

k ¼ 1; k  0; k ¼ 1; . . . ; m;

k¼1

converges almost surely to a deterministic matrix. EðRÞ ¼
Pm
T
T
1=2
, i.e.,
k¼1 k ðEð’k ðxÞxx Þ  Eðx k ðxÞ ÞÞ at the rate n
a:s:
1=2
R ! EðRÞ þ Oðn
Þ.

3.3

Discussions

The proof of Theorem 2, demonstrates that for any convex loss
function, (3) is convex not only w.r.t. f for fixed  but also w.r.t. 
for fixed f. However, (3) is not always convex for ðf; Þ jointly. We
can briefly prove this as follows: Suppose, that the Hessian matrix
2
,
of the objective function is H ¼ ½BAT BC , wherein A ¼ @ F@fðf;Þ
2
2
2
F ðf;Þ
, and C ¼ @ F@ðf;Þ
. The convexity of (3) w.r.t. f under
B ¼ @ @f@
2
a fixed  ensures that A  0. For a large enough A , we have A 0.
For the matrix B, its ith column is Bi ¼ Li f. The matrix C takes the
form C ¼ R I, wherein I is an m  m-dimensional identity matrix.
According to the property of Schur Complement [11], i.e., if A 0,
H  0 iff C  BT A1 B  0. This is not always true because B
contains f, which could be arbitrary.
However, we can solve the problem based on two strategies:
1) set a large value for R so that (3) is convex w.r.t. ðf; Þ;

where K 2 IRn  IRn is the gram matrix and its entry is
Kij ¼ Kðxi ; xj Þ.
To adopt the alternating optimization for obtaining the solution
of (6), we need to get the solution of f (represented by  according
to (5)) with a fixed , as well as the solution  of with a fixed f.
For a fixed , we can introduce nonnegative Lagrange multipliers i and &i for the inequality constraints in (6), which leads to
! !
m
X
1 T
2A
Lð; ; b; ; &Þ ¼  2A K þ
K
k L k K 
2
nðn  1Þ
k¼1
!
!
l
l
n
l
X
X
X
1X
i 
i yi
j Kðxi ; xj Þ þ b  1 þ i 
&i  i :
þ
l i¼1
i¼1
j¼1
i¼1
ð7Þ
By taking the partial derivative of (7) w.r.t. , , & and letting them
be zero, we can derive the solutions of each primal variable
represented by dual variables, which can be further substituted
back into (7) to obtain the dual form:
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? ¼ max

l
X

2IRl i¼1

s:t:

l
X
i¼1

1
i   T Q;
2
ð8Þ

1
i yi ¼ 0; 0  i  ; i ¼ 1; . . . ; l;
l

1 T
2I Pm
l
l
where Q ¼ Y JKð2A In þ nðn1Þ
k¼1 k Lk KÞ J Y 2 IR  IR ,
l
l
n
n
Y ¼ diagðy1 ; y2 ; . . . ; yl Þ 2 IR  IR , In 2 IR  IR d e n o t e s a n
n-dimensional identity matrix, and J ¼ ½Il ; 0 2 IRl  IRn .
Finally, the classifier parameter  can be obtained as

? ¼

2A I þ

m
2I X
k Lk K
nðn  1Þ k¼1

ð9Þ

The learning procedure combines different graph Laplacians
into Q, and the optimization of (8) is approximately independent of
the number of graph Laplacians m. Therefore, with a fixed , we
do not incorporate additional computational costs compared
against solving LapSVM, except for some sparse matrix additions.
On the other hand, for learning  with a fixed f, (6) degenerates
to (5), and we can adopt the coordinate descent-based algorithm. In
each iteration round, we select two elements in  for updating while
the others are fixed. Suppose at an iteration round, the ith and
P
jth elements of  are selected. Due to the constraint m
k¼1 k ¼ 1, the
summation of i and j will not change after this iteration round.
Therefore, we have the solution
8 ?
?
>
< i? ¼ 0; j ¼ i?þ j ; if 2R ði þ j Þ þ ðsj  si Þ  0
i ¼ i þ j ; j ¼ 0; if 2R ði þ j Þ þ ðsi  sj Þ  0
ð10Þ
>
: ? ¼ 2R ði þj Þþðsj si Þ ; ? ¼ i þ j  ? ; else:
i
j
i
4R
We iteratively traverse over all pairs of elements in  and adopt
(10) to optimize the two elements until the objective function in (6)
does not decrease. Intuitively, the update criteria in (10) tends to
I
assign larger value to k with smaller sk . Because sk ¼ nðn1Þ
f T Lk f
measures the smoothness of the function f over the ith manifold
approximated by the graph Laplacian Lk , the algorithm will prefer
the pregiven manifold that coincides with current iteration round
SSL classifier f better.

4.2

EMR Regularized Least Squares (EMR-RLSs)

Besides classification problems, regularized least squares (RLSs)
are also widely adopted for various regression problems. In RLSs,
the squared loss is adopted as the loss function, i.e., V ðf; xi ; yi Þ ¼
ðyi  fðxi ÞÞ2 . The Laplacian regularized least squares (LapRLSs) is
proposed to optimize the following problem:
l
1X
ðyi  fðxi ÞÞ2 þ A kfk2K þ I kfk2I :
f2HK l
i¼1

min

We can extend LapRLSs into the following EMR regularized
least squares:
l
m
X
1X
min
ðyi  fðxi ÞÞ2 þ A kfk2K þ I
k kfk2IðkÞ þ R kk2 :
f2HK ;2IRm l
i¼1
k¼1

ð11Þ
According to Theorem 1, for a fixed , we can substitute the
P
solution (5) f ðxÞ ¼ ni¼1 i Kðx; xi Þ back into (11), resulting in the
optimization problem as follows:
minn

2IR

l
1X
ðY  JKÞT ðY  JKÞ þ A T K
l i¼1

þ

m
X
I
k T KLk K þ R kk2 ;
nðn  1Þ k¼1

ð12Þ
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where K 2 IRn  IRn is the gram matrix over labeled and unlabeled
samples, with each entry defined as Kij ¼ Kðxi ; xj Þ, Y is an
n-dimensional labeled vector given by Y ¼ ½y1 ; y2 ; . . . ; yl ; 0; . . . ; 0 2
IRn , and J ¼ diagðy1 ; y2 ; . . . ; yl ; 0; . . . ; 0Þ 2 IRn  IRn is a diagonal
matrix with the first l diagonal element as one and the rest 0.
Taking the derivatives of (12) w.r.t.  and setting it to zero, we
can obtain the solution
 ¼

!1
J T Y ? :

VOL. 34,

m
I l X
JK þ A lIn þ
k Lk K
nðn  1Þ k¼1

!1
Y:

ð13Þ

For learning  with a fixed f, we still need to solve problem (4),
similar to that used in EMR-SVM, by iteratively adopting (10) to
obtain the solution.

5

EXPERIMENTS

In this section, experiments were conducted extensively over
synthetic (two moons) [7], [31], USPS handwritten digits recognition
[3], Biomedical [1], and USC scene classification [23] to demonstrate the effectiveness of EMR. The proposed EMR-based
algorithms were compared with conventional SVM [28], Regularized Least Square, transductive SVM [17], LapSVM [7], and
LapRLS [7]. More results of the Heart [3], Isolet spoken letter
recognition [3], and Newsgroups Text Categorization [27] data
sets, as well as the efficiency analysis, can be found in the online
supplementary materials.
The RBF kernel Kðxi ; xj Þ ¼ expðK kxi  xj k2 Þ was applied for
all experiments except the text categorization. The heat Kernel [22]
was adopted to compute the edge weights of graph, i.e., if xi 2
Nðxj Þ or xj 2 Nðxi Þ, Wij ¼ expðtkxi  xj k2 Þ and 0 otherwise.
There are three hyperparameters in the graph Laplacian, i.e.,
the heat Kernel parameter t, the number of nearest neighbors k,
and the degree of the graph Laplacian p. For EMR, we created two
graph Laplacian sets for different purposes. For the first set, we
chose and fixed t ¼ f50 ; 45 ; . . . ; 5 ; ; 5 ; . . . ; 60 ; 65 g, k ¼ 10, and
p ¼ 2, which led to 24 graphs. This simplified version focuses on
the variation of hyperparameter t, which is easy for the algorithm
analysis. For another one, the candidate hyperparameters were
chosen as t ¼ f15 ; 10 ; 5 ; ; 5 ; 10 ; 15 ; 20 g, k 2 f5; 10; 15g, and
p 2 f1; 2; 3g, where we got 72 graphs. This comparatively larger
graph Laplacian set varies all hyperparameters, and is intended to
prove that EMR can automatically estimate all hyperparameters
introduced by graph Laplacian. Here, without explicit mentions,
P
was empirically set as the inverse of n12 ni;j¼1 kxi  xj k2 .
The other parameters of all algorithms were determined by
the twofold cross validation over the training set. For EMR-based
P
2
algorithms, we adaptively set R ¼ mI m
k¼1 kfkIðkÞ in a data
driven manner, and left the discussion about its insensitive
property later on.

5.1

Two Moons

In this section, we utilized the original two moons, obtained from [7],
to justify the significance of EMR for automatically approximating
the intrinsic manifold. For the binary classification of data belonging
to different moons, the data generator randomly drew 200 samples
for both moons, each of which contains only one labeled sample
(therefore, two training samples and 398 testing samples in all). The
24 graph set mentioned above was adopted for EMR-SVM. Here, to
show the impact of Laplacian parameters to the performance we
change the graph of LapSVM from its original binary graph edge
weights to the Heat kernel edge weights. Except for t, all the other
parameters were set according to the code downloaded from [2]. For
EMR-SVM-24G, we vary the parameter correspondingly to see
how the proposed method can select effective graphs for different
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Fig. 3. Parameter sensitivity comparison of LapSVM t and EMR-SVM R .

Fig. 1. Two moons data set: the classifiers for LapSVM and EMR-SVM-24G for
different parameters of t and , respectively. Labeled samples are highlighted.

graph sets. For both t and , we gradually change their values from
4.0816 to 25 4:0816, 50 4:0816, and 100 4:0816.
The classifier boundaries of LapSVM and EMR-SVM-24G were
plotted in Fig. 1. It can be found that the performance of LapSVM is
sensitive to the graph parameter t. Except for the initial value, the
performance of all three of the other ones is undesirable. However,
our EMR-SVM creates a nearly perfect classifier boundary by
learning to combine different manifolds, and the performance is
quite stable for various graph candidate sets. This suggests that the
composite manifold learned by EMR can select the most effective
graphs and combine them to synthesize a global optimal solution.

5.2

Handwritten Digits Recognition

The USPST set is the test data part of the USPS data set in the UCI
repository [3]. It contains 2,007 samples with 10 classes, each of
which corresponds to a handwritten digit. The data set is widely
used to evaluate SSL algorithms [7], [25], where it is randomly
divided into 10 splits, with 50 labeled and 1,957 unlabeled samples
in each split. We first used the 24 graph set to conduct one-versusrest multiclass classification experiments.
To study the effectiveness of EMR, we selected one split and
present the manifold composite weight  learned by EMR-SVM in
each one-versus-rest classification task in Fig. 2, together with the
classification error rate of each graph Laplacian using LapSVM.
Obviously, the graph Laplacian selected by EMR-SVM are generally
consistent with the corresponding effective graph Laplacians.
It is also important to investigate the sensitivity of the
parameter R for EMR because this investigation is helpful to
deeply understand how and why the regularization term R kk2
affects the whole framework. We compared how the multiclass

error rate varies over different R for EMR-SVM and different t for
LapSVM. In our setting, the parameter R varied from 104 I to I
with 12 parameters. We chose the 24 graph set, where t changed
from 1:66  104 to 5:4  101 with 24 hyperparameters. Note that
the domain of R was comparatively larger than that of t. The
experimental results averaged over 10 splits are shown in Fig. 3.
We can find that the average multiclass error rate is not sensitive to
the parameter R in EMR-SVM, while the performance is much
more sensitive to the hyperparameter t in LapSVM. According to
the analysis in Section 2.1, the best composite graph corresponds to
R in the middle range value, i.e., a balance between unanimous
weighting and a single manifold.
The one-versus-rest multiclass error rates are shown in
Table 1. Besides the results of the 24 graph set we also showed
the results using 72 graph set. From the results we can observe
that SVM, RLS, and TSVM do not perform as well as manifold
regularization-based methods. On the other hand, the performances of EMR-SVM and EMR-RLS are consistently better than
LapSVM, LapRLS, and EMR-RLS with 72 graph Laplacians
(EMR-RLS-72G) yields the best performance.

5.3

Biomedical Data Set

For biomedical data, such as lung cancer and Colon Tumor, very
few labeled training data are available. Therefore, semi-supervised
learning is very helpful for biomedical data mining applications.
The data sets were all downloaded from the Kent Ridge
Biomedical Data Set [1]. We chose seven of them for the
experiments to testify to the effectiveness of the proposed EMR
framework, namely, Leukemia-ALLAML WhiteHead MIT (Leukemia), Breast Cancer, Colon Tumor, Diffuse Large B-Cell
Lymphoma of Harvard (DLBCL), Lung Cancer Michigan, Central
Nervous System, Ovarian Cancer-NCI-PBSII-061902. The features
of each data set are first normalized to zero mean and unit
variance, and subsequently reduced to 100 dimensions by using
Principle Component Analysis [18]. We randomly split the data
sets by 20 percent for the training examples and 80 percent for the

Fig. 2. The manifold combination coefficient  learned by EMR-SVM over 10 one-versus-rest classification tasks, and the classification error rate of LapSVM using each
graph Laplacian over each task.
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TABLE 1
Performance Comparisons of Different Algorithms over the USPST Data Set

TABLE 2
Performance Comparisons of Different Algorithms over Biomedical Data Sets

Fig. 4. False negative and false positive rates (subfigures from top to bottom) of different classification methods: baseline [23], TSVM, LapSVM, EMR-SVM-24G, and
EMR-SVM-72G over each segment of ACB, AnF, and FDF sites (subfigures from left to right), respectively.

testing ones, with 20 different random splits. The reported results
are the average error rates over 20 splits and are shown in Table 2.
We can derive that EMR-based methods show the best
performance over all except for Breast Cancer, where TSVM is
best performed. In addition, EMR 24G methods (EMR-SVM-24G
and EMR-RLS-24G) are comparable to their corresponding single
graph methods (LapSVM and LapRLS), respectively. In addition,
the parameter spaces of EMR 24G methods are much smaller than
those of single manifold ones. For EMR 72G methods, the
performance improves a lot and takes the best performance in
six of the seven data sets. This justifies that EMR-based algorithms
can effectively select graphs for better classification performance.
The p-value of the t-test for the best EMR result is better than the
best baseline result, showing that the improvements for five out of
seven data sets are significant.

5.4

Scene Classification

Experiments were also performed on the USC scene data set [23]
for the scene classification task. The data set contains 375 video
clips from three sites, namely the Ahamanson Center for Biology
(ACB), Associate and Founders Park (AnF), and Frederick D. Fagg
Park (FDF). Each site is divided into nine segments, each of which
is taken as a scene in a site. The gist feature [23] was adopted for
the experiments, which takes color, intensity, and orientation
information into consideration for 544 dimensions. The results of
neural network classifier in [23] is reported as the baseline. As a

classification task, we reported the performances of EMR-SVM24G and EMR-SVM-72G in comparing with TSVM and LapSVM.
The false negative and false positive rates of different
classification methods over each segment are reported, respectively, in Fig. 4, where EMR-based methods consistently achieved
better performance at each scene. Table 3 shows the multiclass
error rates of different methods. As before, SSL methods
dramatically outperform the baseline. Especially, EMR-SVM-based
algorithms show the best results at all sites. This again demonstrates the effectiveness and applicability of EMR for video scene
classification task. The t-test for the performance of EMR-based
methods is better than the best baseline result show that all the
improvements are significant under the alpha level of 0.05.

TABLE 3
The Multiclass Error Rates of Different Classification Algorithms
on the USC Scene Data Set
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CONCLUSION

Numerous applications can be handled well by the manifold
regularization-based semi-supervised learning algorithms. However,
they all fall short because the estimation of hyperparameters in the
manifold regularization is not convenient. In this paper, we
propose an ensemble manifold regularization framework to automatically and implicitly estimate the hyperparameters of the
manifold regularization. By providing some initial guesses of
manifolds, EMR learns to combine them for a conditionally optimal
estimation of the intrinsic manifold. The alternating optimization
technique is utilized to unify the learning of the semi-supervised
classifier and the manifolds combination coefficients together.
Based on extensive experiments over the two moons test,
handwritten digits recognition (USPS), spoken letter recognition
(Isolet), heart, USC scene classification, and 20 Newsgroups text
categorization data sets, we have the following observations:
.

.

.

.

.

.

The graph selection over two moons and USPS shows that
EMR is effective for approximating the intrinsic manifold
by combining some initial candidates.
The results over the spoken letter recognition data set prove
that EMR generalizes well over not only the unlabeled data
whose intrinsic distribution is observable, but also the test
data whose intrinsic distribution is unknown.
The varying of graph Laplacian sets demonstrates that
EMR is automatically learning the hyperparameters of
intrinsic manifold, and is scalable to a large number of
graphs.
The success of both EMR-SVM and EMR-RLS over various
data sets is interpreted as EMR possesses the ability to be
generalized to different learning problems.
Extensive statistical results over these six data sets from
various sources sufficiently demonstrate that EMR-based
methods are superior to discovering the optimal manifold
and improving the learner’s generalization ability.
Our EMR approach provides an alternative approach to
approximate the parameters of manifold regularization.
We will consider applying the work in [19] to optimize
other hyperparameters of EMR in the future work.
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