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Abstract

In this thesis, we develop an expected utility model for retirement behaviour in
the decumulation phase of Australian retirees with sequential family status subject
to consumption, housing, investment, bequest, and a government-provided means-
tested Age Pension. We account for mortality risk and risky investment assets,
and we introduce a “health” proxy to capture the decreasing level of consumption
for older retirees. The model is calibrated using the maximum likelihood method
with empirical data on consumption and housing from the Australian Bureau of
Statistic’s 2009-2010 ‘Household Expenditure Survey’ and ‘Survey of Income and
Housing’. The calibrated model fits the characteristics of the data well to explain the
behaviour of Australian retirees, and is then used to examine the optimal decisions
given recent Age Pension policies and different family settings. Specifically, we
examine optimal decisions for housing at retirement, and the optimal consumption
and risky asset allocation depending on age and wealth for the Age Pension policies
2015-2017.

As the piecewise linearity in the Age Pension function requires the stochastic
control problem to be solved numerically, we utilise the Least Squares Monte Carlo
method to extend the problem with additional dimensions and control variables.
This method is difficult to use with utility functions, as it can lead to a bad fit or
bias from transforming variables. We suggest methods to account for this bias, and
show that the Least Squares Monte Carlo is then accurate when applied to expected
utility stochastic control problems. We then extend the optimal decisions to include
annuitisation, as well as the option to scale housing in retirement or to access home
equity through a reverse mortgage, and examine optimal decisions with respect to

the Age Pension in retirement.
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Chapter 1

Introduction

Countries across the globe are experiencing increased longevity, and providing a
public pension as the population ages remains challenging. In general, two types of
pension plans exist for retirement: defined benefit and defined contribution. In a
defined benefit pension plan, the pension payments are predetermined by a formula
based on the retiree’s earnings history. Defined contribution, on the other hand,
is based on (mandatory) contributions from the retiree’s salary where the pension
assets can generate investment returns for the retiree. Defined benefit is known
to have many problems, where the central issue is the difficulty in estimating the
present value of the future liability of the pension plan (Rothman, 2012; Poterba
et al., 2007). The present value depends on a number of variables, such as the
length of working career, salary growth and mortality, where the risks associated
with each variable are difficult to estimate. It can be greatly underestimated when
longevity increases, which has been the case for the last century. As more nations
realise the problems that come with defined benefit pensions and shift their policies
(completely or partially) towards defined contribution, a new branch in the life cycle
model research field is created which has been the focus of financial and actuarial
publications in recent years. This thesis aims to develop a mathematical model
for the decumulation phase (retirement) of a life cycle model, while accounting for
practical matters such as a means-tested Age Pension and regulatory requirements.

Such a model is characterised by a multi-dimensional stochastic control problem!?.

!'Throughout the thesis the terms ‘stochastic control problem’, ‘optimal control problem’ and
‘dynamic programming problem’ will be used interchangeably. They all refer to multi-period
problems where control (decision) is dependent on a certain state, and the problem is stochastic
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The focus is on a life cycle model that captures the behaviour in retirement specific
to Australian retirees and that can be used in simulation on an individual retiree
level for optimal retirement planning, as well as to measure the impact of policy

changes and financial products.

1.1 Background

The shift from a defined benefit pension system to a defined contribution pension
system transfers risk from the corporate sector (or state) to households, primar-
ily via decisions to investment and withdrawal pension assets. Although defined
benefit schemes remain available, most are closed for new members and have been
replaced with defined contribution schemes. As a result, Australia has accumu-
lated Superannuation? assets of $2.02 trillion dollars (ASFA, 2015), making it the
fourth-largest pension fund pool in the world. For retirees, the main difference is
that instead of being provided with a monthly benefit as they were previously, they
now receive a lump sum at retirement and are responsible for managing this wealth
throughout their lives. Retirees face multiple risks that are difficult to account
for, including mortality, longevity and investment risks, as well as regulatory risks
such as changes in policies and government-provided Age Pension entitlements. The
long-term effects of this new pension system remain unknown.

Many other countries that offer social pensions incorporate some kind of means-
test, such as the USA (Supplemental Security Income?®) and Greece (Social Solidarity
Benefit?). However, Australia provides a unique pension system as it does not
have an earnings-related scheme. Moreover, it currently has the largest mandatory
defined contribution scheme. Public pensions in other countries tend to be more
generous and increase with earnings, whereas those in Australia reduce with means.
In addition, the Australian system is still maturing; a few decades will pass before
all retirees have been through the Superannuation system. With around 72% of

the Australian population aged 65 or older being entitled to a full or partial Age

in nature.

°In Australia, the arrangement for people to accumulate funds for income in retirement is
referred to as Superannuation.

Shttps://www.ssa.gov/ssi/

4www.oecd.org/greece/
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Pension®, this puts financial pressure on the government. Therefore, there is an
urgent need for a model that not only captures the characteristics of Australian

empirical data but also explains the behaviour of Australian retirees.

1.1.1 The Australian retirement system

Australia has adopted the three pillar system outlined by World Bank (2008), and
relies on a defined contribution pension system that is based on the Superannuation
Guarantee, private savings, and a government provided Age Pension. These three
pillars are adopted from the The Superannuation Guarantee mandates that employ-
ers contribute a set percentage of the employee’s gross earnings to a Superannuation
fund, which accumulates and is invested until retirement. The current contribution
rate is set to a minimum® of 9.5%, supporting both defined benefit and defined con-
tribution plans, where contributions in addition to this often come with tax benefits.
Private savings are comprised of these voluntary Superannuation contributions, but
also include savings outside the Superannuation fund such as investment accounts,
dwellings, and other assets. Finally, the Age Pension is a government managed
safety net which provides the retiree with a means-tested Age Pension.

The means-test determines whether the retiree qualifies for full, partial, or no
Age Pension once the entitlement age of 65.5 years is reached. In the means-test,
income and assets are evaluated individually, and a certain taper rate reduces the
maximum payments once the income or assets surpass set thresholds (which are
subject to family status and home ownership). The exact amount of Age Pension a
retiree qualifies for is determined by the smaller outcome of the income and asset-
tests. Income from different sources are also treated differently; financial assets and
new account-based income streams (after the 1% of January 2015) are expected to
generate income based on a progressive deeming rate, while income streams such as
labour and non-account-based annuity payments or existing account-based income
streams are assessed based on their nominal value. Deemed income refers to the

assumed returns from financial assets without reference to the actual returns on the

SIn June 2014, 2,404,902 people received an Age Pension (Department of Social Services, 2014)
out of a total population of 3,337,502 aged 65 or older (Australian Bureau of Statistics, 2014).

8Some industries have higher rates, e.g., universities pay a 14% Superannuation contribution
for employment longer than 12 months.
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assets held, and is calculated as a progressive rate of assets. Two different deeming
rates may apply based on the value of the account, a lower rate for assets under the
deeming threshold and a higher rate for assets exceeding the threshold, as shown in
Table 1.1. In addition to the general structure of the Age Pension and means-tests,
there are exceptions to these rules due to things like disabilities, illness in couple
households, and exact year of retirement where the retiree is affected by significant

changes to the system (transitional arrangements).

Table 1.1: Age Pension rates published by Centrelink as at June 2017
(www.humanservices.gov.au/customer/services/centrelink/age-pension).

Single  Couple

Full Age Pension per annum $22,721  $34,252
Income-Test

Threshold $4,264 $7,592
Rate of Reduction $0.5 $0.5
Asset-Test

Threshold: Homeowners $250,000 $450,000
Threshold: Non-homeowners $375,000 $575,000
Rate of Reduction $0.078 $0.078
Deeming Income

Deeming Threshold $49,200  $81,600

Deeming Rate below Threshold — 1.75% 1.75%
Deeming Rate above Threshold — 3.25% 3.25%

Certain account types for retirement savings have a minimum withdrawal rate
once the owner is retired. The most popular type, the Allocated Pension account”, is
an account that has been purchased with Superannuation and generates an income
stream throughout retirement. It has the benefit that investment returns are tax-
free, as contributions are already taxed. As with other income stream based accounts,
it is subject to regulatory minimum withdrawal rules. The retiree must therefore
withdraw a certain percentage each year, which increases with age, to avoid penal-
ties or additional taxes (Table 1.2). The purpose of minimum withdrawals is to
exhaust the retiree’s account around year 100, in order to avoid the retiree living off

the Age Pension and bequeathing the assets rather than supporting the retirement.

"The terms Allocated Pension account, account-based pension, phased withdrawal products or
income stream based accounts refer to the same account structure and are used interchangeably
in the thesis.



1.1. BACKGROUND

Table 1.2: Minimum regulatory withdrawal rates for Allocated Pension accounts
for the year 2017 and onwards (www.ato.gov.au/rates/key-superannuation-rates-
and-thresholds).

Age <64 6574 T5-79 80-84 85-89 90-94 95 <
Min. drawdown 4% 5% 6% 7% 9% 11% 14%

1.1.2 Revisions and changes to the system

Since the Australian retirement system is relatively young, the long-term effects of
this new pension system are not yet known. Changes in this system are expected
to occur frequently as a result of fiscal decisions, and as the impact that policy
changes have on a retiree’s personal wealth (and the economy in general) becomes
evident. Variables directly related to the means-test such as entitlement age, means-
test thresholds, taper rates, and pension payments can all be adjusted to meet
budget needs by the government. On a larger scale, regulatory changes may include
whether the family home is included in the means-tested assets, the elimination of
minimum withdrawal rules, changes in mandatory savings rates, or additional taxes
on Superannuation savings. From a mathematical modelling perspective, this poses
difficulties in terms of future model validity, as regulatory risk and policy changes
can quickly make a model obsolete if it is not modified to account for the new rules.

The thresholds for the asset and income-test are adjusted yearly (Department
of Social Services, 2016). The deeming rates are subject to change in relation to
interest rates and stock market performance. The current rates are at a historical
low. In 2008 the deeming rates were as high as 4% /6%, but in March 2013 they were
set to 2.5%/4% due to decreasing interest rates, then in November 2013 to 2%/3.5%
and to current levels of 1.75%/3.25% in March 2015. The Age Pension payment
rates are indexed in accordance with the greater movement of the Consumer Price
Index (CPI) and the ‘Pensioner and Beneficiary Living Cost Index’® (PBLCI, and
adjusted on the 20" of March and September each year). If the annual payment
rates after CPI and PBLCI indexation are lower than 27.7% of the annualised ‘Male
Total Average Weekly Earnings’ (MTAWE) index for singles, or lower than 41.8%

for couples, then the annual payment rates are instead reset to 27.7% and 41.8% of

8The index is produced by the Australian Bureau of Statistics, and measures the price changes of
out-of-pocket expenses for the subgroup ‘age pensioner households and other government transfer
recipient households’.
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MTAWE respectively.

The research in this thesis has been dynamic due to the constant changes. As
the period covered starts at 2010, where the most recent data for calibrating the
model come from, up to the most recent 2017 change, there are some major changes
the reader needs to be aware of.

2008 - In response to the global financial crisis of 2007-2008, the government pro-
vided pension drawdown relief by reducing the minimum withdrawal rates between
2008 and 2013. From the financial year 2008-2009 up to 2010-2011 the minimum
withdrawal rates were decreased by 50%, and up to 2012-2013 decreased by 25%
before returning to the default rates in 2013-2014 and onwards (Department of
Social Services, 2016).

2015 - Before the 1% of January, income streams (such as Allocated Pension
accounts) allowed for an ‘income test deduction’, which was decided on when the
account was opened. This deduction effectively increased the threshold for a full
Age Pension in the income-test, and remained constant each year. In addition, the
means-tested income consisted of labour income and drawdowns from account-based
pensions. After the 1°° of January, the income-test deduction was no longer able to
be used for new Allocated Pension accounts, and drawdown from such accounts was
no longer considered income. Instead, the accounts were determined to generate
income by a deeming rate that was applied to the assets. Already opened accounts,
however, were ‘grandfathered’ and would continue to be assessed under the old rules
(Department of Social Services, 2016).

2017 - The thresholds for the asset-test were ‘rebalanced’, so that the thresholds
were increased but the taper rate doubled, as a means of controlling who is entitled
to partial or full Age Pensions. The higher thresholds allow a retiree to hold more
wealth while still receiving an Age Pension. The rebalancing will improve fairness
and affordability of the pension system, where more than 90% of retirees are expected
to be better off or not affected (Australian Government Department of Veterans’
Affairs, 2016).

Future changes - The currently planned changes, in addition to adjusting Age
Pension payments and thresholds accordingly, refers to an increase in the compulsory

Superannuation contribution rate by 0.5% yearly starting 2021-2022, to reach 12%
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in 2025-2026 (Australian Taxation Office, 2017). The entitlement age increased to
65.5 years on the 15 of July 2017, and will increase by six months every two years to
reach 67 years in 2023. The tax exemption that is currently available for Allocated
Pension accounts will be extended to other types of retirement products, such as

deferred lifetime annuities and group self-annuities®.

1.2 Literature review

While utilitarianism!® stretches as far back as ancient times, the foundation for
modern day utility theory was established by Neumann and Morgenstern (1944).
Life cycle modelling (LCM) based on utility theory originates from Fisher (1930) and
was later updated by Modigliani and Brumberg (1954) who observed that individuals
make consumption decisions based on resources available at the current time, as
well as over the course of their lifetimes. Essentially, LCM is a way to model
an individual’s consumption and savings preferences over the long term, with the
overarching objective of maintaining one’s current lifestyle. LCM reflects a large
number of interrelated problems in a model that needs to be solved in order to
find a solution and quickly becomes mathematically challenging. The key work
for early models was laid out by Yaari (1964, 1965) who extended the LCM to
uncertain lifetime and studied the optimal choice of life insurance and annuities.
The original model in Fisher (1930) later led to the models of Samuelson (1969)
and Merton (1969, 1971) who studied the problem in relation to optimal portfolio
allocation, where Richard (1975) derived a closed-form solution for the consumption
and investment decisions of an uncertain lifetime in a continuous time model. The
solution was extended by Karatzas et al. (1986) to include general utility functions.

There is nowadays a vast literature that focuses on LCM or is indirectly related to
the optimal consumption problem, such as portfolio allocation, mortality modelling,
annuitisation, and other financial products to mention a few. While it is not feasible
to delve into every minor extension of LCM, it is of interest to consider different

solution techniques of the above mentioned problems as their solution remains chal-

9Participants contribute funds to a pool invested in financial assets, where payments are made
to surviving members. This pools mortality risk and provides longevity protection.

10An ethical theory where the aim of action should be the largest possible balance of pleasure
over pain, hence the best action is the one that maximises utility.
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lenging in practical applications. Mainly, models can be either discrete or continuous
in time, and a solution can be found analytically or numerically. Analytical solu-
tions are available only in special circumstances, depending on the stochastic nature,
dimensionality, and real-world constraint complexity. Analytical techniques used to
study the retirement life cycle belong to two main categories: duality (martingale)
based methods, or dynamic programming. In the duality approach, a constrained
problem is transformed into an unconstrained dual ‘shadow price’'! (for applications
in retirement, see for example Lim et al. (2008); Shin et al. (2007)). The dynamic
programming method is what was originally used in Merton (1969), and is more
common with discrete time solutions (Yao et al. (2014); Cocco et al. (2005); Bate-
man et al. (2007) to name a few). The main idea is to rewrite the multi-period
problem so that optimal control is solved for a single time period via the Bellman
equation and then solved recursively (Bellman, 2003), so that the optimal control
for the full period can be found. By knowing that optimal control actions for certain
states will be taken in the future, the optimal control can be found for present time.
In the case of continuous-time problems, the analogous equation is the partial dif-
ferential equation (PDE) often referred to as the Hamilton-Jacobi-Bellman equation
(see for example Huang et al. (2012); Shin (2012)) which relies on stochastic calculus
for an analytical solution. If the optimal strategy is non-linear, or piece-wise linear
as in the case of modelling the retirement phase accounting for the Australian Age
Pension, the solution must be computed numerically.

Regardless of solution type, it comes with drawbacks - mainly that it suffers
from the curse of dimensionality!?. PDE methods are only practical up to two
dimensions and limit the dynamics of stochastic variables if an analytical solution is
required. Even if numerical integration solutions, such as deterministic quadrature
based ones, can in theory handle many dimensions, the computational requirements
quickly become infeasible. These methods typically discretise the state and con-
trol on a grid, and calculate the expected value function for the next period using

quadrature and interpolation between points (Luo and Shevchenko (2014); Hulley

HThe instantaneous change (marginal utility) in the objective function by relaxing a constraint.

12The curse of dimensionality refers to complexities which arise in high-dimension space that
is not present in low-dimension spaces. In stochastic control problems such complexity appears
when the number of state variables increase, then the number of state-space combinations in the
problem increases exponentially.
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et al. (2013); Cocco and Gomes (2012) to name a few). As the number of states and
stochastic factors increase, the calculations become unmanageable even for modern
high-performance computing. There are methods that try to decrease the computa-
tional effort while keeping the same accuracy. One such method is the ‘Endogenous
Gridpoint Method’, which re-writes the total amount of current states into a single
future state variable at the end of the time period (Carroll, 2006), and extended in,
e.g., Barillas and Ferndndez-Villaverde (2007) and Iskhakov (2015). The method
can lead to closed form solutions of first-order conditions which speed up calcu-
lations significantly, but is dependent on the dynamics of the model and must be
set up as a system of first-order conditions which can be solved with root-finding
operations. Another method of interest is the Expectation-Maximisation-Control
(EM-C) algorithm by Kou et al. (2016), which sequentially updates the control poli-
cies using Monte Carlo simulation by iterating a forward simulation and backward
solution. The method can be applied to utility based stochastic control problems
and is monotonic in improving the control for each iteration, but falls short in that
it requires a parametric optimal control which is not suitable with respect to the
Australian Age Pension.

A more promising research field is Approximate Dynamic Programming (ADP)
methods, which have become increasingly popular. ADP methods, such as Least
Squares Monte Carlo (Longstaff and Schwartz (2001); Tsitsiklis and Van Roy (2001);
Kharroubi et al. (2014) to name a few), Convex Switching Systems (Hinz, 2014; Hinz
and Yee, 2017) for optimal switching problems, or the Stochastic Mesh method
(Broadie and Glasserman, 2004), can better deal with high dimensions in state,
control, and disturbance space although at the expense of decreased accuracy. The
central idea is to approximate the value function, and use this approximation to
solve the optimal control. As the solution is an approximation only, it will always
be sub-optimal, and it is difficult to measure exactly how sub-optimal the solution is.
ADP methods are broadly classified into Value Function Iteration (VFI) or Policy

Function Iteration (PFI) and will be further reviewed in Chapter 5.



CHAPTER 1. INTRODUCTION

1.2.1 Australia specific research

Australia is a unique case of means-testing, where there are two main approaches
for modelling the Age Pension: expected utility maximisation via dynamic program-
ming (Hulley et al., 2013; Bateman et al., 2007; Ding, 2014; Iskhakov et al., 2015)
and overlapping generation (OLG) models based on dynamic general equilibrium
(Kudrna and Woodland, 2011a,b, 2013; Tran and Woodland, 2014; Kudrna, 2014;
Cho and Sane, 2013). Although both methods involve utility maximisation, they
differ in terms of scope. While OLG models tend to analyse the effects on the
economy in general by using a population of retirees, dynamic programming models
focus on the retiree as an individual. With respect to Australia, the OLG models
focus on how policy changes affect the welfare and economy-wide implications, even
though household level decisions with respect to utility maximisation are part of
the model. These micro-level decisions are very basic where state variables have few
discrete steps, hence the accuracy of such solutions is rough and not very useful for
deriving optimal behaviour for a retiree. Kudrna and Woodland (2011b) only allow
for a few wealth profiles, while Tran and Woodland (2014) discretise the wealth
state. As these models impose many assumptions and restrictions on the dynamics,
which is required for the numerical solutions to be feasible (the means-test does not
allow for analytical solutions), the optimal behaviour on the individual level is highly
approximate. In addition, OLG models tend to have a very limited number of state
variables and lack stochastic variables, again due to calculation limitations if analyt-
ical solutions cannot be found. However, owing to the overlapping component, OLG
explicitly models various periods of the life cycle, thus generally including both the
accumulation phase and the decumulation phase. As multiple generations are eval-
uated, such models are therefore useful to test the changes to policies upon impact,
as they transition and eventually become long term effects. Kudrna and Woodland
(2011a) and Tran and Woodland (2014) evaluate the effect of the means-tests and
taper rate changes on the welfare outcome, while Kudrna and Woodland (2011b)
examine the implication of the recent Australian pension reform extended with a
housing market, which was further extended by Kudrna (2014).

Contrary to the OLG model, it is common to model decisions and behaviour

in retirement on a micro-level using expected utility maximisation models based on
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dynamic programming techniques. Such methods are suitable to find the retirees’
optimal decisions in the life cycle, as they allow for more complex dynamics and
control variables than would be realistic to include in OLG models. Researchers
have mainly focused on the economic effects of different means-tested policies and
the impact on savings (Hubbard et al., 1995; Hurst and Ziliak, 2004; Neumark and
Powers, 1998 to name a few), or how annuitisation is affected by the means-test
(Iskhakov et al., 2015; Biitler et al., 2016). Typically, the kind of utility used is con-
stant relative risk aversion (CRRA) or hyperbolic absolute risk aversion (HARA).
HARA is preferred to CRRA in most studies because of the presence of a consump-
tion floor, which implies a simplified preference for risk as the consumption floor
needs to be maintained, although making the optimal decision dependent on wealth.
With regard to CRRA, the retiree receives utility from absolute consumption, which
does not fit the empirical data of consumption well for less wealthy households.
Hulley et al. (2013) investigate the effect of the Age Pension on consumption and
investments under CRRA utility, while Bateman et al. (2007) compare the effect of
modelling optimal consumption and investment with HARA utility against CRRA,
and argue that CRRA oversimplifies risk attitudes. Iskhakov et al. (2015) model
the behaviour with a HARA utility maximisation approach in order to investigate
how annuity purchases are affected by different preferences and scenarios.

As the Age Pension is piece-wise linear due to the means-test, Australian LCM
needs to resort to numerical solutions. To our knowledge, it is only Ding (2014) who
makes an attempt for a (semi) analytical solution, where the solution is analytical
assuming the time periods for the different means-test phases (no Age Pension,
partial due to the asset/income-test and full Age Pension) are correctly estimated.
If not, the analytical solution needs to be iterated until it converges and therefore
becomes semi-analytical. The model captures the behaviour of Australian retirees
with regard to consumption, portfolio allocation, and housing using a HARA utility
model.

There is no shortage of empirical research on Australian retirees based on various
types of regression models (Higgins and Roberts, 2011; Olsberg and Winters, 2005;
Asher et al., 2017; Lim-Applegate et al., 2006; Hulley et al., 2013). However, without

a proper model that captures the behaviour of the retirees, the impact of changes
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to the pension system can only be evaluated after it has been implemented. This
is known as the “Lucas critique”, who argued that estimated parameters that are
regarded as structural actually depends on the economic policy, making it useless
for predicting effects from policy changes (Lucas, 1976). There are some attempts
to calibrate models to Australian retirement behaviour, although most of them fall
short on an individual level. Tran and Woodland (2014) and Kudrna and Wood-
land (2013, 2011b) calibrate their models to the Australian economy, but do not
calibrate retiree preferences such as risk aversion. Ding (2014) calibrates the model
with data from the Australian Bureau of Statistics (2011) using Mean-Square Error
minimisation, although normalised over expected lifetime wealth which allows for
larger errors in less wealthy households. Iskhakov et al. (2015) parameterise the
model with variables extracted from Australian empirical data, but do not calibrate
the model intrinsically.

A specific area of interest related to Age Pension modelling is the impact of pol-
icy changes. Bateman and Thorp (2008) evaluate how the changes of the drawdown
rules introduced in 2007 affect the welfare of retirees. Ding (2014) examines how
future projected costs are impacted by policy changes with regard to changes in the
Superannuation Guarantee, asset-test treatment of housing, and indexation of Age
Pension payments to price inflation. Cho and Sane (2013) evaluate policies related
to including the family home in the means-test (although from a macroeconomic per-
spective), and Rothman (2012) utilises the RIMGROUP model to simulate forecasts
on a range of different policy changes (changes in the Superannuation Guarantee,
tax concessions, entitlement age, etc.) in order to estimate the impact on long-term
government costs. The RIMGROUP model, which is a cohort projection model,
plays a role in actual policy decisionmaking (Australian Department of Treasury,
2010). The model is developed by the Australian Treasury, thus specific information
about the model is not publicly available. It is based on separate projections for
each ‘birth year gender decile cohort’, which starts with labour force models and
tracks/estimates changes in Superannuation accounts, savings accounts, tax liabili-
ties, and so on. It utilises close to 100,000 records, which are divided into different
subgroups in order to create projections from changes and trends in the population,

but as it is population based it does not allow for micro-simulations.
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1.2.2 Summary

In summary, the research gaps in previous research are as follows:

- Current models are limited with respect to stochastic factors and control vari-
ables, which tend to have a significant impact on optimal decisions. The lack
of stochasticity in a utility function will greatly underestimate risks. The
limitations are due to computational restrictions with numerical solutions, or

constraints on dynamics and states for analytical solutions.

- Current research lacks realistic modelling on a micro-level, as well as the
impact of policy changes on the retiree as an individual. This impact in con-
junction with the means-test is a rather unexplored area in research where

contributions would be greatly beneficial for many different decision-makers.

- Calibration is rather limited, or has been carried out in such a way that allows
for large errors in less wealthy households. For a model to be useful in regard
to the means-test, it is crucial that the subset of the dataset where the means-
test binds has a better fit than the subset of people who do not receive any

Age Pension.

- Age Pension policies are constantly changing, hence current research quickly
becomes outdated (e.g., Hulley et al. (2013) used the 2006 policy, Bateman and
Thorp (2008) the 2007 policy change). While some findings are less sensitive
to the active policy, others are highly sensitive and need to be re-evaluated
with the updated policy rules. The recent changes in the Age Pension policies

have therefore not been examined in published research yet.

1.3 Objectives and scope

This research aims to model the retirement phase of Australian retirees with respect
to the means-tested Age Pension in a more realistic framework than currently avail-
able. The thesis is built around an open-ended research question: ‘Can a framework
that captures the behaviour of Australian retirees with reasonable accuracy be defined,

such that the model represents a realistic risk environment and is applicable on both
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a micro and macro scale?’. The research will therefore focus on an individual retiree
level that allows multiple stochastic factors and optimal control variables.

The aim can be divided further into sub-problems. As a start, a model suitable
for Australian retirees needs to be defined. This model will then need to be extended
to include risk variables and decisions that represent a realistic financial environment
for the retiree. Finally, methods of solving the problem mathematically need to be
evaluated and/or constructed, and the level of realism in the problem needs to be
balanced with the computational time required to find a solution. In order to solve

the general research aim and each particular sub-problem, the following is need:

1) to define a model that captures the characteristics of Australian retirees, and

calibrate the model with empirical data to ensure its validity.

2) to investigate issues related to the Australian means-test, in order to pro-
pose suitable solution methods for the stochastic control problem owing to the

piecewise linearity in the pension function.

3) to balance the model between complexity and computational efforts. Introduc-
ing additional states will lead to the curse of dimensionality, and introducing
additional optimal control variables or stochastic factors will increase the com-

putations needed during optimisation.

Due to the second point above, we are forced to utilise numerical methods to
solve the life cycle problem. This, in turn, puts more emphasis on the third point,

which is essentially the limiting factor for how realistic the model can be.

1.4 Limitations

The research will not model retirement from a macroeconomic perspective nor over-
lapping generations. While the model presented can actually be used in a macro
sense by simulating a population and aggregating individual retirement behaviour
to represent the macro effect, this is a positive byproduct and no attempts will be
made to fit this to moments of macro variables nor explain any macro effects.

In addition, the research focuses on characteristics and effects related to the

majority of the retirees. As described in Section 1.1.2, the Australian Age Pension
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is a highly dynamic system which continuously changes and where many exceptions
and specific rules apply to sub-groups of entitled retirees. These minorities have
either been omitted from any data sets or are assumed to behave like the majority
of Australia’s retirees. The model therefore may not allow their individual situation
to be modelled, or alternatively may require a different parameterisation in order to

do so.

1.5 Research significance

The thesis contributes to the fields of research of LCM, especially in the niche field
of Australian retirement modelling, but also to adaptive dynamic programming in
general. First, the model presented is the most realistic one to have been published
on Australian Age Pension modelling to our best knowledge. It provides a better
fit for empirical data, includes housing in the bequest, and allows a couple’s family
status to be sequential in order to account for change over time due to death of a
spouse. It applies fewer restrictive assumptions on the dynamics of the means-test,
and allows for more state, control and stochastic variables.

Second, this research is among the few to apply the Least-Squares Monte Carlo
method to LCM, and to our best knowledge the only one who effectively avoids
suffering from a re-transformation bias or bad regression fit when applied to util-
ity functions (this will be explained further in Chapter 5). A suggested solution is
presented to deal with common problems related to utility functions, which signifi-
cantly improves the accuracy and allows us to extend the model with more complex
dynamics.

Finally, on the practical side, the research expands the current work on pol-
icy changes and its impact on the behaviour of Australian retirees. Recent policy
changes are evaluated on a retiree level rather than from a macro perspective. We
examine the options of annuitising, up or downscaling one’s home, or accessing
home equity through reverse mortgages in retirement, which previously have either
not been done with respect to Australia or done in a more limited framework.

While it is not realistic to specify a comprehensive framework for modelling the

Australian Age Pension on both micro and macro scale, the suggested methods and

15



CHAPTER 1. INTRODUCTION

model in the thesis will lend themselves to both perspectives. The model is expected

to be used in:

- financial planning on an individual retiree level, where the model can be

adapted to individual risk preferences.

- developing new retirement products by analysing how the behaviour of retirees

changes, and whether it can create additional utility.

- large-scale simulation, as a component thereof, to estimate the effect of policy

changes on both the individual retiree as well as government budgets.

1.6 Thesis structure

This introduction presented the background of the Australian Age Pension, an
overview of the related literature, and how the thesis relates to the research field
overall. Note that the literature review only provided the overlapping literature in
relation to the thesis in general, to avoid repeating material which relates to more
than one chapter. Literature reviews specific to each individual chapter are discussed
in the introduction of the respective chapter. The thesis is based on four papers,
where Andreasson et al. (2017) and Andréasson and Shevchenko (2017) relate to
Chapters 3 and 4, Andreasson and Shevchenko (2017a) relates to Chapter 5 and
Andreasson and Shevchenko (2017b) relates to Chapter 6.

Next, in Chapter 2 the required mathematical background is provided, in order to
understand utility theory and the dynamic programming framework used to solve
the stochastic control problem. Chapter 3 then presents the model in detail and
structures it as a stochastic programming problem, but only provides a solution
with arbitrary parameters. Chapter 4 focuses on the calibration of the model, and
analyses the results once calibrated with recent policy changes. Chapter 5 lays out
the foundation of the Least-Squares Monte Carlo algorithm used to solve a more
flexible model, and suggests an approach to deal with problems related to utility
functions. This chapter is crucial to be able to extend the model further. Chapter
6 then applies the Least-Squares Monte Carlo solution to extended models that

conclude either annuitisation or additional control variables with respect to home

16



1.6. THESIS STRUCTURE

equity. Finally, a concluding discussion is presented in Chapter 7 together with
major findings and how the model can be applied in the finance industry.

There are four appendices located in the back. Appendix A explains the data
aggregation process to create the samples used in the calibration. Appendices B
and C state the techniques used to deal with re-transformation bias, and appendix

D shows how to obtain the analytical solution used in examples in Chapter 5.
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Chapter 2

Mathematical background

In this chapter, we introduce some notation and describe various mathematical
objects necessary for the formulation of the arguments used in this thesis. A com-
plete framework for stochastic control problems is also defined, as the solution of
the models introduced in the thesis relies on this framework. If the notation for

expectation E[-] is used, then it is assumed that the expectation exists.

2.1 Utility theory

Utility theory explains the behavior of individuals based on the premise that people
can consistently rank order their choices depending upon their preferences. In order
to state this mathematically, we start with the definition of convexity and concavity

in functions, and a few preference relations.

Definition 1 (Convex functions). Let f(x) be a real valued function defined on the
interval I = [a,b]. The function f is said to be convex if for every x1,xo € [a,b] and
0>A>1,

fAzr+ (1= ANza) < Af(21) + (1 = A) f(z2).

A function is said to be strictly convez if the equality is strict for xy # xs.

A concave function is simply the reversed inequality, such that f(Az; + (1 —A)zg) >

Af(z1) + (1= A) f(z2).

Definition 2 (Preference relations). Let X be a set of outcomes, then for all x,y €

X:
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a. If x =y then x s strictly preferred to y.
b. If x = y then x is weakly preferred to y.
c. If x ~ y then x is indifferent to y.

A wutility function measures an investor’s relative risk preference for different
levels of total wealth, and is a mapping that represents a weakly preferred preference
relation. Typically, a utility function is a twice-differentiable function of wealth U (w)
defined for w > 0 which has the properties of non-satiation (U’(w) > 0) and risk
aversion (U”(w) < 0). Utility functions also allow for positive affine transformations,
in order to compare investments. There are three different risk categorisations based
on the curve of the utility function; risk averse, risk neutral or risk seeking. These

categories can be explained with the second derivative, or with Jensen’s Inequality.

Theorem 1 (Jensen’s Inequality). Let f(x) be a convex function and X a random

outcome, then

E[f(X)] = F(E[X]).
Definition 3 (Risk preferences). Let w € RT and X be a positive random outcome.

a. An investor is said to be risk averse if U"(w) < 0 or equivalently E[U(X)] <
U(E[X]).

b. An investor is said to be risk neutral if U"(w) = 0 or equivalently E[U(X)] =
U(E[X]).

c. An investor is said to be risk seeking if U"(w) > 0 or equivalently E[U(X)] >
U(E[X]).

The thesis will focus on the risk averse preference. The intuition of a concave utility
function is that for someone who only has one dollar to start with, obtaining one
more dollar is quite important. For someone who already has a million dollars,
obtaining one more dollar is nearly meaningless. The non-satiation property states
that utility increases with wealth, i.e that more wealth is always preferred to less

wealth, and that the investor is never satiated.
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The principle of expected utility maximisation states that a rational investor,
when faced with a choice among a set of competing feasible investment alternatives,
acts to select an investment which maximises his expected utility of wealth. The
four axioms that define this rational behaviour can now be stated. Let A, B and C

be mutually exclusive random outcomes with known probabilities.

Axiom 1 (Completeness). Ezactly one of the following holds: A < B, A = B or
A~ B.

Axiom 2 (Transitivity). Preferences are consistent across any three options: If

A> B and B> C then A > C.

Axiom 3 (Independence). If A = B and let p € (0,1], then pA+ (1 —p)C =
pB+(1—-p)C.

The axiom states that outcomes mixed with a third one maintain the same preference

order as when the two are presented independently of the third one.

Axiom 4 (Continuity). If A < B < C, then there ezists a probability p € [0, 1] such
that pA+ (1 —p)C ~ B.

The axiom assumes that there is a “tipping point” between being better or worse
off than a given middle outcome.
If all these axioms are satisfied, then the individual is said to be rational, and

the preferences can be represented by a utility function.

Theorem 2 (Utility function). If preferences satisfy Azioms 1-4, then there exists
a utility function U : X — R such that for two random outcomes X, Y the relation

X =Y holds if and only if E[U(X)] > E[U(Y)].

Such a function is referred to as a von Neumann-Morgenstern utility. For proof,
please refer to the original work by Neumann and Morgenstern (1944).

The degree of risk aversion is determined by the curvature of the utility func-
tion. Absolute risk aversion is a measure of the investor’s reaction to uncertainty in

absolute (dollar) terms
B U// (w)
T (w)

ARA(w) = (2.1)

23



CHAPTER 2. MATHEMATICAL BACKGROUND

while the Relative risk aversion is a measure proportional to changes of wealth

"
RRA(w) = —%. (2.2)
A constant RRA implies a decreasing ARA, but the opposite is not always true. If an
investor is characterised by decreasing (increasing) absolute risk aversion, it implies
that the utility function is positively (negatively) skewed, and he/she will commit
more (less) dollars to risky investments as wealth increase. A decreasing (increasing)
relative risk aversion means he/she will commit a larger (smaller) fraction of wealth
as wealth increases.
Now we can introduce some common utility function classes. Hyperbolic Abso-

lute Risk Aversion is a family of utility functions that satisfies the four axioms,

where the utility functions are of the following form.

Definition 4 (HARA Utility). A wtility function that exhibits hyperbolic absolute

risk aversion is defined as

1—7 [ aw K
Ulw) = — b
) (1—7+> ’
witha € Rug, ¥ # 1, {2 +0>0 orb=1if v = —oo.

The utility function exhibits hyperbolic absolute risk aversion if and only if the risk

tolerance T'(w) is linear in wealth, where

1 b
= 42 (2.3)

Tlw) = ARA(w) 1—v a

The HARA utility function is commonly used due to the mathematical tractability,
and special cases include quadratic utility functions, exponential utility functions,
and iso-elastic utility functions.

Another utility function of interest is the Constant Relative Risk Aversion, where

risk is proportional to wealth (dollar risk increases with wealth).

Definition 5 (CRRA Utility). A wtility function that exhibits constant relative risk

aversion is defined as
w
Uw)=b+a—,
~
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with a,b € R and v # 0. If v =0 then U(w) = log(w) is used instead.

The HARA family nests CRRA when v < 1 and b = 0.
Prospect theory, which is closely related to utility theory, explains why people
make non-optimising decisions when presented with uncertain outcomes. The main

difference is that people treat perceived losses and wins differently.

Definition 6 (Prospect function). A prospect function with preference homogenity
has the power function form
x?, if v >0,

Ulz) = _
—c(—x)’,  otherwise,

where a > 0, b > 0 and ¢ > 0. Loss aversion is implied if c > 1 or a = b.

For an exposition of prospect theory, please refer to Kahneman and Tversky (1979).
The thesis will focus on an affine transformation of the HARA utility in the form
(w—0)

U(w):T, y<—1, b>0, w>b.

The function has the properties U’ > 0, U” < 0 where both the absolute and
relative risk aversion is decreasing in w (assuming b > 0), implying that both the
dollar amount and fraction of wealth risked increases with wealth. If b = 0 it equals
the CRRA model, and the relative risk aversion is therefore constant. If b is positive,
the investor is very risk averse close to this subsistence level b which decreases as

wealth increases.

2.2 Dynamic programming

The following defines the framework of a non-stationary finite horizon Markov Deci-
sion Model, which is the type of model used to define and solve the stochastic control
problems in the thesis. The purpose is to optimise sequential decision-making under
uncertainty. Such optimisation problems can be solved with backward induction
algorithms, and this section describes the framework and under what assumptions

optimal policies exist. The theory presented in this section is based on Bauerle and

Rieder (2011).
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First, define the following spaces.

Definition 7 (State space). A space E endowed with o-algebra £, is called a state
space. The states are denoted by x € E.

Definition 8 (Action space). A space A endowed with o-algebra A, is called an

action space. The actions are denoted by a € A.

Definition 9 (Disturbance space). A space Z endowed with o-algebra 3, is called
a disturbance space. A random disturbance is denoted by Z € Z, and the realisation

by z € Z.

An agent exists at time t in a given state ;. The state follows a stochastic process
(X;)L,, which is controlled by an action a; and affected by random disturbance Z;.
At any time ¢t = 0, ..., T — 1 the agent can take an admissible action a € A to change

the law of transition from ¢ to ¢ + 1.

Definition 10 (Admissible action). A measurable subset D, C E x A denotes the
set of possible state-action combinations at time t, where D; contains the measurable
mapping fy : E — A. The set Di(z) = {a € A|(x,a) € D} is called the set of

admissible actions in state x at time t.

The action results in an immediate reward r;(x, a;) which depends on the current
state z; and action a;. At the terminal time T' the agent cannot take action, but

receives terminal reward gr(x7).

Definition 11 (Reward function). A measurable function ry : Dy — R is called a
reward function, where r(x,a) gives the one-period reward of a system being in state

x and action a 1s taken at time t.

Definition 12 (Terminal reward function). A measurable function gr : E — R is
called a terminal reward function, where gr(z) gives the terminal reward of a system

being in state x at time T.

The evolution of the state variables over time is described by the transition
function Ty(xy, ar, zi41), where the probability to reach a certain state z’ at ¢t + 1 is

given by the stochastic kernel Q.(dz'|(z¢, at)).
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Definition 13 (Transition function). A measurable function Ty : Dy X Z — E is
called a transition function, where Ty(x,a, z) gives the transition of the system from
state x at time t before action, if action a is taken and disturbance z occurs at time

t+1.

Definition 14 (Stochastic transition kernel). The mapping B — Q.(B|(z,a)) is the
probability to reach a state in B C E at time t + 1 if the action a € A is applied to

the state x € E at time t.

The transition law for each period is therefore determined by 7} and ;. The Markov

Decision Model can now be established.

Definition 15 (Markov Decision Model). A (non-stationary) Markov Decision
Model with finite planning horizon T € N consists of a set of data (E, A, Dy, Z, Ty, Q¢,7t, g7)
fort=0,1,...,T — 1.

The goal is to maximise the expected total reward accumulated from applying
decision rules to the system during the time horizon ¢ € {0,...,T}, by finding an

optimal policy for the full period.

Definition 16 (Decision rules and policy). A measurable mapping 7, : E — A
with the property m(x) € Dy(x)Vax € E is called a decision rule at time t. The
set of all decision rules at time t is denoted Fy. A sequence of decision rules m =

(70, M1, ooy Tp—1) with m € Fy is called a policy.

Definition 17 (Expected total reward). The expected total reward for state x € E
at time t for the period t,t + 1,....,T if policy 7 is used is given by

T-1
Vix(x) = Ef Zrk(XkaWk(Xk)) + gr(Xr) ) X = 3?] :
k=t
The maximum expected total reward is then given by Vi(x) := sup, V,.(z), and
often referred to simply as the value function, where the policy is the optimal policy
if Vir(z) =Vy(X) for all z € F.

To ensure that all expectations are well-defined, the integrability assumption is

introduced.
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Definition 18. [Integrability Assumption] The integrability assumption is satisfied
if fort =0,1,....T andx € E,

sup Vi (z) < o0.

A sufficient condition for the integrability assumption is the existence of an upper
bounding function. For proof, and further arguments for sufficient conditions, please

refer to Bauerle and Rieder (2011) Section 2.4.

Definition 19 (Upper bounding function). A measurable function b : E — R,
is called an upper bounding function with constant C' € Ry if forx € E, a € A,
t=0,..,T —1 the following holds:

iz, a)] < Cb(z),  |re(z)] < Cb(z), /Eb(iﬂ’)Qt(déf’\%a)) < Cb(x)).

In order to find Vi(z) we must also find V;;;(x). The problem therefore has a
recursive solution. The calculation of the optimal policy is addressed in the following
settings. Let M(E) denote the set where a function v : F — [—00, 00) is measurable
for the state space E. We have V; € M(E)Vn,t due to the assumptions, as it is
not generally true that V; is measurable. For t = 0,..,7 — 1 and v € M(FE), define

the operator
(L) (z,a) = ri(z,a) + E [v(Ti(zy, ar, Zit1))],  (x,a) € Dy.

With the operator L;, define the reward operator (or so-called Bellman operator).

Definition 20 (Reward operator). Fort =0,....T—1, v € M(E) and 7 € F}; define
Tixv(z) = (Lyw)(z,7(z)), x€E.

The mazimal reward operator is then given by Tyv(z) = sup, Ti,v(x), and the
associated policy 7 is a mazimiser of v at time ¢ if 7, v = T;v. The Bellman
operators are monotone, and will be used to compute the value function recursively

with Reward Iteration.
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Theorem 3 (Reward Iteration). Let @ = (mg,...,mr—1) be a policy. For t =

0,1,..., T — 1 it holds that
a) vT,Tr =Jr and ‘/;5,7r - 7;,7& ‘/;H—l,ﬂ'

b) ‘/;771' = 7;,71'15"'75—'—1,71'71,19'11‘

The sequence of the reward operators shall be interpreted as Ty, (Ti41,x,,, (-..)) Where
the inner operator is applied first. For the proof of the theorem, please refer to
Béauerle and Rieder (2011) p.21. A problem written in the form of point (a) in The-
orem 3 is said to be a Bellman equation. Under appropriate assumptions, there exists
a recursive solution (v;)L, to the Reward Iteration, which yields the value functions
and determines an optimal policy. This is stated in the verification theorem, which

is sufficient when state and action spaces are finite.

Theorem 4 (Verification Theorem). Let (v;) C M(E) be a solution of the Bellman

equation. Then it holds:
a) vy >V, Vit

b) If f is a maximiser of vy fort =0,1,..,T — 1 then v, = V; and the policy

™ = (n},...,mp_,) is optimal for the Markov Decision Problem.

For proof, please refer to Bauerle and Rieder (2011) p.22.
The Structure Theorem verifies the necessary structure of the Markow Decision

Problem in order for it to be solved with backward recursion.

Theorem 5. Let the following structure assumptions be satisfied. There exist sets

M; € M(E) and A, C F; such that for all t=0,1,...,T-1:

(1) gr € Mr.

(i1) If v € My 1 then Tv is well-defined and Tyv € M.
(iii) For all v € My, there exists a maximiser my of v with m € A;.
Then it holds:

a) Vi € M and the sequence (V;) satisfies the Bellman equation fort =0, ....,T—1

Vi(z) = SuPuep, ) {7e(2, @) + E [Vipr (Ti(we, ar, Zia))]}, x € E.
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b) Vi = 7;7;+1---7§“—19T~

c) For n=0,1,...,T-1 there exist mazximisers 7, of V,11 with m; € F;, and every
sequence of mazimisers ™ of Viy1 defines an optimal policy (ry,....,m5_,) for

the Markov Decision Problem.

For proof, please refer to Bauerle and Rieder (2011) p.23. The theorem states that
the maximisers yield an optimal strategy.
If the structure assumptions are satisfied, the problem can now be solved with a

Backward Induction Algorithm.

Algorithm 1 Backward Induction Algorithm
1: for t <+ T,0 do

2: if t =T then

3: for x € E do
4 Vr(e) = gr(z)
o: end for
6: else if 0 <t < T then
T for x € E do
[Compute the maximiser]
8: 7; (x) = argmax {r(z, a) + E [Vig1 (Ti(z, a, Zi11))] }
[Update glrfeD i/(;l)ue function with optimal decision]
9: Vi(z) = ri(z, mi (2)) + E[Viga (Ti (2, 77 (2), Zig1))]
10: end for
11: end if
12: end for
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Chapter 3

Expected utility model for

retirement

3.1 Introduction

Australians face a number of challenges in retirement. After accumulating Super-
annuation assets throughout their working lives, they now have access to all these
funds, thus the responsibility for managing said funds changes from investment deci-
sions only to include drawdown and consumption decisions. Not only do they face
the risk of making poor consumption decisions, but they are also exposed to mor-
tality and longevity risk, financial risks such as investment returns and inflation, as
well as policy risk from changes to the Age Pension policies. All of these factors
make it very difficult to plan ahead in retirement, and both retirees and advisors
have limited knowledge regarding how to best consume and manage these assets.
The consumption choice itself can have severe consequences. If assets are con-
sumed too quickly in retirement and the funds are depleted, then the retiree must
rely on Age Pension payments for the remainder of his or her life. If consumption is
instead kept to a minimum, the retirees will miss out on utility from consumption
and might miss out on ‘free’ money from Age Pension payments. This results in
confusion for many retirees (Agnew et al., 2013). Once retired, Australian retirees
tend to keep the same proportion of risky assets as before retirement, even though

the exposure decreases with age (Spicer et al., 2016). With no labour income, these
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assets are subject to sequencing risk!, which is difficult to avoid in the decumulation
phase, especially early in retirement (Kingston and Fisher, 2014). Conventional rec-
ommendations for asset management are no longer applicable in this case, as they
are highly dependent on wealth level, age, and Age Pension policies.

Empirical data indicate that 75% of retirees are homeowners, whose homes
account for 80% of the total wealth in the middle-wealth quartiles and nearly all
of the wealth in the lower quartile?. Consumption tends to decrease with age and
converges towards a consumption floor. It is argued that this decline in consumption
is due to the declining health of retirees, which reduces their capacity for activity
(Clare, 2014; Yogo, 2016), or due to retirees having fewer resources reserved for con-
sumption owing to longevity risk (Milevsky and Huang, 2011). Higgins and Roberts
(2011) and Asher et al. (2017) found that the rate of decline with age is also depen-
dent on wealth, and expenditures tend to converge towards a constant level as the
retiree ages. A model that properly captures these characteristics is required to
estimate the wealth needed in retirement and to forecast Age Pension budgets and
policy changes from a government perspective.

There have been attempts to model the decumulation phase with respect to the
Australian Age Pension, such as Ding (2014), Hulley et al. (2013) and Iskhakov
et al. (2015). These models are rather limited, however, as they either have a cer-
tain focus, or require an analytical solution. For an analytical solution to exist, it
constrains either the number of stochastic variables allowed or the structure and
assumptions of the model. Ding (2014) finds a semi-analytical solution to the prob-
lem, but imposes a sequential assumption where the retiree goes through the stages
of no Age Pension, partial due to the asset-test, partial due to the income-test
and finally full Age Pension. This order is often violated with stochastic returns.
In addition, Ding (2014) does not include mortality risk other than as a weight
for decreasing consumption with age. While Hulley et al. (2013) solve the model
numerically, the model is based on CRRA utility which does not capture wealth

dependent preferences among retirees and does not allow for a consumption floor

1Sequencing risk refers to the unfortunate timing of cash flow in the investment portfolio.
Drawdown after negative investment returns will have a greater impact on the long-term growth
of the portfolio than drawdown after positive investment returns.

2Estimated from data (Australian Department of Treasury, 2010) but consistent with Olsberg
and Winters (2005).
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to be defined. Iskhakov et al. (2015) apply HARA utility which does not have the
same shortcomings as in Hulley et al. (2013), but focus solely on optimal annuity
allocation. In addition to these, there are a few important extensions of traditional
utility maximisation models from an Australian retirement perspective: the treat-
ment of housing in utility models (Yogo, 2016; Cho and Sane, 2013), the definition
of the bequest function (Lockwood, 2014; De Nardi, 2004; Ameriks et al., 2011) and
how health affects expenditure endogenously in life cycle modelling (Yogo, 2016).

The contribution of this chapter is a sequential family status model in the retire-
ment stage that considers stochastic wealth, stochastic family status, and mortality
risk, as well as a “health” status proxy that allows the model to fit empirical data
better. The focus is on the decumulation phase of the life cycle problem from the
point in time when an individual retires. The model is set up as a stochastic dynamic
programming problem and solved numerically via backward recursion.

The remainder of this chapter is organised as follows. Section 3.2 defines the
model that includes the Age Pension means-test and presents the corresponding
optimal stochastic control problem. Section 3.3 explains the numerical implementa-
tion to solve the model, and Section 3.4 presents and discusses the results. Finally,

Section 3.5 concludes the chapter.

3.2 Model specification

We assume that the agent’s goal is to maximise the expected value of utility associ-
ated with consumption, housing, and bequest. Utility is measured by time-separable
additive functions based on commonly used HARA utility functions.

Let (Q, F, {Fi}i>0, P) be a filtered complete probability space, and let F; rep-
resent the information available up to time ¢. We assume that all the processes
introduced below are well defined and adapted to {F;}:>o. Denote the value of lig-
uid financial assets as random variable W, and family status as random variable G
at the agent’s anniversary dates t = o, 19 + 1,...,T", where %, is the retirement age
and T is the maximum age of the agent beyond which survival is deemed impossi-
ble. Realisations of W; and G, are denoted as w; and g¢;, respectively. The utility

received at times ¢ is subject to the agent decision (control) variables oy (propor-
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tion drawdown of liquid assets) and d; (proportion of liquid assets allocated to
risky assets) as well as the decision variable o (wealth allocated to total housing
at time ¢ = ty). Given a current state x; = (wy, g;), we can define a decision rule
m(zy) = (ay(xy), 64 (), which is the action at time ¢, and x; is the value of the state
variables before the action. Then, a sequence (policy) of decision rules is given by
T = (T4, Ttgt1y o, Tr—1) fOr t =to,t0+1,...., T — 1.

The optimisation problem is set to begin at the time of retirement ¢t = ¢, when
all available wealth is placed in an Allocated Pension account, and the agent decides
how much of the total wealth will be allocated to a family home?. Taxes after ¢, are
not considered because earnings in an Allocated Pension account are tax-free. At the
start of each year, t, the agent makes a decision as to how much to withdraw from
the account, and receives a means-tested Age Pension P,. The remaining wealth is
placed in a stochastic risky portfolio S; and risk-free cash account until ¢t 4+ 1, where
the agent has to decide what proportion ¢, has to be allocated to risky assets. Then,

the wealth process and consumption are given by

Wi = Wy — oW [51562”1 + (L =08)e], W, =W-H, (3.1)
H = oW, (3.2)
Ct = OétWt + Pt, (33)

where W; > 0 denotes the liquid assets at time ¢ before withdrawal. The initial liquid
assets Wy, constitute the remaining wealth after housing allocation at retirement,
where W is the total wealth? at time ¢ = ¢;. The housing allocation is constrained
by o € {0, [%, 1]}, where H; > 0 is a lower bound of housing; hence, housing
wealth can never be negative. The allocation, if non-zero, must therefore be larger
than this lower bound. It is assumed that the risky asset S; follows a geometric

Brownian motion such that the real log returns of the risky asset Z; 1 = In(Si41/S;),

3Note that H represents the market value of the house at ¢y and not additional wealth invested
into housing. As the retiree most likely is a homeowner already, the difference between H and
the current house value represents the suggested change in housing. A more realistic assumption
would be to allow the retiree to scale down housing later in retirement, but owing to limitations
in the dataset, such a model cannot be calibrated.

4Total wealth includes current house value if the retiree is a homeowner; thus, allocation of
part of the initial wealth to housing H corresponds to up-/downscaling the house depending on
the current house value.
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t=0,1,... are independent and identically distributed from a normal distribution
N(pu —7,0?) with mean p — 7 and variance o2, where y is the mean risky return
and 7 is the inflation rate. The real risk-free rate r, (adjusted for inflation) is time-
dependent but deterministic. The constraints for consumption, where C; is the
consumption and P, is the Age Pension payments, indicate that consumption equals
the sum of received Age Pension and drawdown of wealth for the current period. By
defining the model in real terms (adjusted for inflation), we can avoid dealing with
inflation in consumption, the Age Pension, and the consumption floor to capture
the characteristics of Australian retirees more effectively.

The model operates at a household level, which distinguishes between couple and
single retiree households because the Age Pension treats couples as a single entity.
The agents face the risk of family status transitions due to death in each period,

with the possible states defined as

G, €G=1{A0,1,2}, (3.4)

where A corresponds to the agent already being dead at time ¢, 0 corresponds to
the death of the agent during (¢ — 1,¢], 1 corresponds to the agent being alive at
time ¢ in a single household, and 2 corresponds to the agent being alive in a couple
household, subject to survival probabilities. Therefore, an agent can start at time
t = ty as either a couple or a single household. In the case of a couple household,
there is a risk in each time period that one spouse will pass away, in which case it is
treated as a single household model for the remaining years®. Further, Z, and G, are
assumed to be independent; hence, a large investment loss does not affect the death
probabilities (although one can argue that it might affect, e.g., the quality of life or
the ability to pay hospital bills, which in turn would affect death probabilities).

5While it is possible for a retiree to form new relationships in retirement, the proportion of
total marriages for those aged 65-69 was 0.1% for females and 0.2% for males in 2014 (Australian
Bureau of Statistics, 2015)—a proportion that only decreases with age. Even if partnerships
without marriage are more likely in retirement, the overall probability is low and will not be
included.
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In each period, the agent receives utility based on the current family status G;:

Uc(Cy, G, t) + Uy (H, Gy), if Gy =1,2,
R(Wy, Gy, aq, H) = § Ug(Wy, H), if G, =0, (3.5)
0, if Gy = A.

Thus, if the agent is alive, he/she receives a reward based on consumption Ugx and
housing Uy. If he/she died during the year, the reward comes from the bequest Ug,
and if he/she is already dead, there is no reward. Note that the reward received
when the agent is alive depends on whether the state is a couple or single household
owing to differing utility parameters and Age Pension thresholds. The terminal

reward function at t =T is given by

- Us(Wy, H), if G > 0,
R(Wr, G, H) = s(Wr, H), it Gr (3.6)
0, it Gp = A

The current model is based on the work of Ding (2014), but with the addition
of sequential family status, mortality risk, and risky asset, and a different “health”
proxy. The retiree wants to find the policy that maximises the expected utility with
respect to their decision for consumption, investment, and housing. This is defined

as a stochastic control problem:

V := max
o

T—1
Bior RWrp,Gr, H) + Z Bio i B (W, Gy, oy, H)” ) (3.7)

sup Ef,
g t=to

which can be solved with dynamic programming by using backward induction of the

Bellman equation. Further, ET [-] is the expectation conditional on information at

time t = ty if policy 7 is used up tot = T'— 1. The policy 7 includes the control

variables for each time period, and ;4 is the discount from ¢ to ¢'.

The subjective discount rate 3 is a proxy for personal impatience between time

t and t/, and it is set in relation to the real interest rate such that

Bry =€ Y, (3.8)

This assumption suggests that optimal consumption rates would be constant over
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time for the HARA utility in the absence of mortality risk and risky investments®.

3.2.1 Consumption preferences

We assume that the HARA utility comes from consumption exceeding the consump-
tion floor, weighted with a time-dependent “health” status proxy. The “health”
proxy does not intend to model the retiree’s health, as the dataset does not contain
such information, but is rather a means of explaining decreasing consumption. The

utility function for consumption is defined as

1 —e\ e C, itGy=2 le),
UC(Ct7 Gtv t) (Ct Cd) 3 1 ' <Coup e)

Yty Ga = S, ifGy=1 (single), 39
where v, € (—00,0) denotes the risk aversion and ¢, is the consumption floor param-
eter. The scaling factor (; normalises the utility that a couple receives in relation to
a single household”. The utility parameters 74, ¢4, and (; are subject to family state
G; and will have different values for couple and single households. Note that the
consumption for any period is based on the pension P, received in the same period
and the drawdown a; from the liquid assets W;, as given by equation (3.3). The
proportion of wealth drawn down can be positive or negative, with a negative value
indicating that part of the pension received is saved for future consumption. Con-
sumption tends to converge towards a consumption floor as the retiree ages despite
their wealth status: hence, we define a “health” proxy to control the slope of the
decline. Let ¢ € [1,00) be the utility parameter for the slope, where the difference
between the current time ¢ and the time of retirement ¢, determines the power of the
parameter. This prevents the initial time ¢ = ¢, from being affected by a “health”
proxy, and as the retiree ages, the slope of the proxy decreases, allowing the con-
sumption to converge over age and wealth groups. This decreasing convex “health”
proxy has a better fit to empirical data compared with survival probabilities as used

by Ding (2014), which are decreasing but concave. An alternative would be to utilise

6This can easily be shown with simple calculus.

7If single and couple households had the same risk aversion and no scaling factor was used, the
solution would suggest similar consumptions for both. This effect comes from the consumption
smoothing properties of life cycle models and thus needs to be adjusted, as a couple household’s
utility is for two people. Otherwise, it would cause problems in the calibration stage.
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a non-rational model, rather than a rational model with the extra utility parameter,

such as in Marin-Solano and Navas (2010).

3.2.2 Housing preferences

Housing differs from other assets in that it provides a flow of services in terms of
the preference (utility) of owning a house compared to renting, in addition to its
residual value. The reasons for including housing in the model are two-fold. First,
housing allocation can be used as a means of Age Pension planning (leaving less
wealth so the retiree is entitled to more Age Pension). Second, allocation to housing
implies the sacrifice of future consumption owing to less liquid wealth being available,
thereby affecting consumption preferences. In addition, the model allows for house
up-/downscaling at retirement time ¢,. We apply the assumption that the utility is
linked to the house value as in Ding (2014) and Cho and Sane (2013). The utility
from owning a home is defined as
L (M—H)VH i H >0,

Uy(H,Gy) = ™\ < (3.10)
0, otherwise,

where ~y is the risk aversion parameter for housing (different from risk aversion for
consumption and bequest), (; is the same scaling factor as in equation (3.10), H is
the market value of the family home at the time of purchase ¢y, and \; € (0,1] is
the housing preference defined as a proportion of the market value.

Note that the house value H is not indexed with time. The retiree decides how
much of his/her total wealth to allocate to housing at the time of retirement ¢4, which
remains constant (in real terms) afterwards. If the retiree already is a homeowner,
H represents the target housing allocation after up- or downscaling. We do not
consider the house to be a liquid asset but a proxy for the utility received by a
homeowner. Our assumptions reflect the housing behaviour of Australian retirees.
Most Australian households do not convert housing assets into liquid assets in order
to cover expenses in retirement, with the exception of certain events (such as the
death of a spouse, divorce, or moving to an aged care facility) (Olsberg and Winters,
2005; Asher et al., 2017). The dataset does not include such information: hence, a

simplistic assumption is made, as we cannot calibrate a model that allows for the
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option of changing housing after retirement. Housing also tends to be constant over
age groups (Ding, 2014): hence, the option of scaling down during retirement is not
required to model Australian retirement. Wealthier retirees prefer to invest more
in the family home as their wealth increases, but with a decreasing marginal utility
because the percentage allocation decreases, which is consistent with the utility

model used.

3.2.3 Bequest preferences

We adopt the bequest function in Lockwood (2014), which is a re-parameterised ver-
sion of De Nardi (2004), as the parameters are slightly more intuitive. The utility is
received from both remaining liquid wealth and the residual value of the home. The
home is not considered to represent a growth yielding asset, however, as housing is
both a necessity and an asset. In addition to the arguments in Section 3.2.2, the
intentional bequest component is difficult to separate, and housing is not considered
for bequest purposes at the time of purchase (Olsberg and Winters, 2005). In addi-
tion, since the house market value is used as a proxy for utility derived from owning
a house in terms of the service it provides, an increasing house value cannot suggest
increased utility. Since the model does not allow for downscaling during retirement
(hence housing assets cannot be accessed for consumption), modelling the home
value as an increasing asset will only affect the preference between consumption and
bequest, but not affect the level of consumption in relation to wealth. Then, the

utility function is defined as

, (3.11)

9 1—7vs (%G_’_Wt_f—H)/YS
)

Us (Wi, H) = <_
s
where W; denotes the liquid assets available for bequest, 5 denotes the risk aversion
parameters of bequest utility (which is considered to be the same as consumption
risk aversion for singles, because a couple is expected to become a single household
before bequeathing assets)®, and the two parameters § € [0,1) and a € RT. The

threshold for luxury bequest, a, is the threshold up to which the retiree leaves no

81n case couple households have a different risk aversion towards bequest, it will be absorbed
by adjusting the ratio of single and couple risk aversion.
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bequest?. If a = 0, then consumption and bequest are homothetic. The degree
of altruism, #, controls the preference of bequest over consumption. Low values of
0 indicate that retirees prefer consumption to bequest, while high values increase
the marginal utility of bequest. As # — 1, the bequest motive approaches a linear

. . . .1 dUg __ —1
function with a constant marginal utility of ap =a".

3.2.4 Age Pension function

The Age Pension received is subject to the asset and income means-test. This
function is modelled with respect to the current liquid assets, where the account
value is used for the asset-test. All liquid assets are converted into an Allocated
Pension account at the time of retirement as per the model assumptions. This type
of account has the advantage that earnings on assets are tax-free. The asset-test
function is then defined as

PA = Pd

max

- (Wt - Lih) ot (3.12)

where L4 is the threshold for the asset-test, w4 is the taper rate for assets exceeding
the thresholds, and superscript d is a categorical index indicating couple or single
household status as defined in equation (3.10). The variables are subject to whether
the household is a single or couple household, and the threshold for the asset-test is
also subject to whether the retiree is a homeowner or not A = {0, 1}.

Since the model assumption states that no labour income is possible, all income
for the income-test is either generated from withdrawals of liquid assets (accounts
opened prior to the 15 of January 2015) or from deemed income (accounts opened
after the 15 of January 2015). An Allocated Pension account, under the pre-
2015 rules, allows for a yearly income-test deduction which is not available for new
accounts. Instead, the new rules have introduced a ‘work bonus’ deduction for the

income-test, but as the model assumes the retiree is no longer in the workforce this

9There is strong empirical evidence that wealthy retirees leave a larger proportion of their wealth
as bequest compared with less wealthy retirees (Ameriks et al. (2011), Hurd and Smith (2003),
Ding (2014)).
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has been omitted in the function. The pre-2015 income-test function is defined as

b= P!

max

— (W — M(t) — L{) =f, (3.13)

where L{ and w{ is the threshold and taper rate respectively with parameters for
the income-test. The function M(t) is an income-test deduction set when the wealth

is converted into an Allocated Pension account, defined as

€t

M(t) (147) ", (3.14)

where ey, is the expected lifetime at age to and 7 is the inflation. As the model
is defined in real terms, the future income-test deductions must discount inflation.
The income-test for post-2015 accounts are based on deemed income rather than

drawdowns, and can be written as

b =Pl — (Po(W,) — L{) =, (3.15)
Pp(W;) = ¢_ min [W, Kjd} + ¢ max [0, W; — lid] . (3.16)

Here, Pp(W;) calculates the deemed income, where k4 is the deeming threshold, and
¢_ and ¢, are the deeming rates that apply to assets below and above the deeming
threshold respectively. The total Age Pension received can then be defined as

P, := f(ay, Wy, t) = max [O, min [Pd

max’

min [Py, A]]] (3.17)

where P2, is the full Age Pension. The Age Pension rules state that the entitlement
age is 65 for both males and females, with the means-test thresholds and taper rates

for July 2016 presented in Table 3.1.

3.2.5 Solution as a stochastic control problem

To solve the optimal stochastic problem of maximising the expected utility with
respect to the decision policy, given by equation (3.7), the problem is defined as a
dynamic programming problem (see Section 2.2).

The starting point is the basic model where the wealth W; and family status G,
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Table 3.1: Age Pension rates published by Centrelink as at September 2016.

Single  Couple

P?  Full Age Pension per annum  $22,721  $34,252
Income-Test

L¢ Threshold $4,264 $7,592

w? Rate of Reduction $0.5 $0.5
Asset-Test

L{"='" Threshold: Homeowners $209,000  $296,500

L{"="" Threshold: Non-homeowners $360,500 $448,000

wd Rate of Reduction $0.039  $0.039
Deeming Income

K4 Deeming Threshold $49,200  $81,600

G Deeming Rate below ¢ 1.75% 1.75%

S Deeming Rate above k% 3.25% 3.25%

are stochastic, and the terminal time 7' (time beyond which survival is deemed to

be impossible) is fixed. The problem is defined as follows:

e Denote a state vector as Xy, = (W, Gy, H) € W x G x H, where W, € W = R*
denotes the current level of wealth and G; € G = {A,0, 1,2} denotes whether
the agent is dead, died in this period, is alive in a single household, or is alive
in a couple household. The stages are sequential; hence, an agent that starts
out as a couple becomes single when one spouse dies. H € H = R* denotes

wealth invested in housing at ¢y, hence is not indexed by time.

Denote an action space of (a8, 0) € A = (—o00,1] x [0,1] x {0, [4£ 1]}
for t = to, and (ay,0;) € A = (—o00,1] x [0,1] for t = ¢1,...,7 — 1. Here, ¢ €
{0, [££ 1]} is the proportion of total wealth allocated to housing, a; € (—o0, 1]
denotes the proportion of wealth consumed and §; € [0,1] is the percentage
of wealth allocated in the risky asset. The upper boundary of 1 indicates
that the drawdown cannot be larger than our total wealth, nor can we invest
more than 100% in risky assets; hence, borrowing is not allowed. However,
negative values for drawdown are allowed as they represent savings from the

Age Pension into wealth.

Denote an admissible space of state-action combination as D;(z;) = {m:(x;) €
Al ap > Edmj—tpt}, which includes the possible actions for the current state and

indicates that withdrawals must be sufficiently large to cover the consumption
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floor.

The transition function T,(Wy, oy, 0, ze41) = Wip1 = Wi(l — o) X (de+' +
(1 — dy)e™), where 241 is the realisation of the log return on the stochastic
investment portfolio over (¢,¢ + 1]. We assume that the agent is small and

cannot influence the asset price.

Denote the stochastic transitional kernel as Q;(dz'|z, 7 (z)), which represents
the probability of reaching a state in dz’ = (dw;y1, g;11) at time ¢ + 1 if action
m¢(z) is applied in state = at time ¢. Since the transition function is based on
the stochastic risky return Z;, 1, which is Markovian, the transition probability
for wealth W, is determined by the distribution of the risky return, where
Zii1 Sy (u — 7, 02) with the probability density function denoted as fi(z).
Let q(gi+1,9¢) denote Pr[Giy1 = gi41 | Gt = ¢4]. Since both state variables

depend on exogenous and independent probabilities, we have

Qi(da' |z, m(x))
=PrWi € dwiy1, Gipr = gigr | Xo = 2]
(3.18)
= Pr[T,(Wy, o4, 61, Zigr) € dwigr, Gegr = Gogr | Wi = wy, Gy = g4

= Pr[Ty(Wy, o4, 6, Zy11) € dwigr | W = wy] X q(ges1, Gt)-

The probabilities for family status are defined as

¢(1,1) =p;, q(0,1)=1-p}, (3.19)
q(A,0) = q(A,A) =1,

where p¢ is the probability of surviving for one more year as a couple or p} as

a single. All other transition probabilities for family status are 0.

The reward function depends on the G state as defined in equation (3.5). If the
agent is alive, he/she receives a reward based on consumption. If he/she died
during the year, the reward comes from bequest, and if he/she is already dead,
there is no reward. Note that the reward when the agent is alive depends on

the Age Pension received and the consumption floor, which differs for couples
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and singles.
e The terminal reward function is defined in equation (3.6).
e The discount factor has been defined in equation (3.8), with 5,11 € (0, 1].

The optimal value function can now be stated as in equation (3.21) at start-
ing time ty3. A solution for the stochastic control problem is given by a backward

recursion Bellman equation
Vi(Xr) = Re(Wr, G, H), (3.20)

Vt(Xt) = sup {Rt(Wta Gy, oy, H) + 5t,t+1 E? [W+1(Xt+1) | Xt]} ) (3-21)

m(xt) €Dt ()
where ET[-] is calculated using the stochastic transition kernel Q(-) given in equation

(3.18) as

Ef Vit (Xiw) | Xo] = Z/ Vert(T(We, aw, 61, 2e41), Gers H) I (ze41)d2 X q (1, Ge).-
gt+1€G Y~

(3.22)

The validity of the problem setup and existence of optimal policies is implied by
the integrability assumption (Definition 18) and structure assumption (Theorem 5).
The integrability assumption holds if the reward and terminal function are bounded
from above, and if it satisfies E[Z;] < oo for all ¢ where Z; is the disturbance term.
A power utility function with v < 0 has an upper bound of 0, and a log-normal
random variable has a finite expected value: hence, the integrability assumption is

satisfied.

3.3 Numerical implementation

The Bellman equation for the value function V; is solved recursively with backward
induction by discretising the wealth and house asset state on a grid of log-equidistant
grid points Wy, ..., Wy and Hy, ..., H; for each year t = ty,...,T. The lower bound
of the grid is set to $1 as the utility for $0 does not exist. The upper bound
W, is set to W, = Wmaxe(T’tO)“%ﬂ”, where Wmax is the largest wealth to be

modelled, in order to find a conservative upper bound based on the risky asset.
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Hj is set to be twice the largest housing sample. This means that extrapolation
has no material effect when integrating risky returns; hence, values close to the
upper bound have no impact on the ranges [WO,WmaX] and [Hg,flmax] that are
actually used in the solution. For each grid point in the wealth and house state,
an optimal drawdown proportion a; and risky asset allocation ¢; are found using a
two-dimensional optimisation.

The value function V; is interpolated between grid points based on the shape-
preserving Piecewise Cubic Hermite Interpolation Polynomial (PCHIP) method,
which preserves the monotonicity and concavity of the value function (Kahaner
et al., 1989). The need to interpolate arises from the integration of the stochastic
return. Since the value function is only available at predefined grid points, any
values in between need to be interpolated. If traditional cubic splines were used,
there would be a high probability of the function overshooting a point; hence, the
solution could return a local maximum rather than a global maximum. Linear
interpolation requires a much higher grid density at lower values owing to the steep
derivative in these regions; hence, PCHIP is preferred. In general, given a function
f(z) and state z between two grid points zy < x < xpyq, the interpolant P(z) of

f(z) for the kth interval is calculated as

_3hk($ — .Tk)Q — 2(1’ — $k>3 h,?; — 3hk(]) — Sl?k)Q + 2($ — :Uk)s

P<x) B3 f(karl) + n3 f(xk)
k k
(x — xk)2(22— Ty — hx)kor1 N (x — xk)(:vh; Ty — hk)Qdk,
k k
(3.23)

where hy = xp11 — 2, and the slope d of the interpolant depends on the first divided
difference Ay = (f(2r41) — f(2r))/he. If Ay and Ag_; are of opposite polarity, then

d = 0; otherwise, d is given by

3hp +3k-1  2hx + hgp n Py, + 2hy 1

d, AVARY Ay

(3.24)

In addition, the conditions P(zx) = f(zx), P(zrs1) = f(xr1), P(xr) = di, and
P’(x}41) = dgy1 must hold.

The expectation, involved in the Bellman equation, with respect to the normally
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distributed stochastic return is calculated with Gauss-Hermite quadrature

00 M
g2
/ e ¥ f(x)dx =~ Zw(mi)f(xi), (3.25)
—o0 i=1
where w(x;) is the weight and x; is the node at which the value function is evaluated,
which gives an exact result if f(x) is any polynomial up to the order 2M — 1. For
details on how to find the weights and nodes, we refer to the literature on numerical

integration, e.g., Kahaner et al. (1989). The expectation is then calculated as

/ Vi1 (Ti(Wy, e, 04, 2), Geir) far(2) dz

[e.o]

/Z e\;: Vis (Tt (Wt, ay, 0y, V201 + ,u> ,GtH) dx (3.26)

i w\(/x;) Vir (Tt (Wt; g, O, \/Eaxi + u) 7Gt+1> ,
i=1

Q

using M = 5 nodes. To speed up the calculations, a temporary vector is created each
year, where the expectation of the value function is calculated for each grid point.
By doing this prior to finding the optimal control, we avoid repeating the numerical
integration during the optimisation as it is now sufficient with interpolation.

Finally, once the backward induction has reached ¢ = ¢, the initial wealth Wy can
be determined by optimising the allocation between housing and liquid assets. The
optimal path for a retiree can then be derived by following the optimal drawdown
and risky allocation from the policy that corresponds to the wealth grid point for
each time ¢, and repeated until the terminal condition at ¢t =T

Tests were performed with additional nodes for the Gauss-Hermite quadrature
and larger bounds for Wy and Hj, to verify the accuracy of the numerical solution.
Solving the Bellman equation with 5, 10, or 25 nodes resulted in negligible differ-
ences; hence, five nodes were chosen to reduce the calculation time. In addition, a
forward Monte Carlo simulation with random policies was generated to verify the

optimality of the solution.
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3.4 Model characteristic

The model is able to capture the characteristics of Australian retirees in terms of
consumption, housing and wealth. However, no attempts are made to explain the
reason for the empirical behaviour with the model. The model is solved with the
arbitrary but realistic'® parameters in Table 3.2, with Age Pension parameters taken
from Table 3.1. The optimal decisions over time and wealth of single and couple
households are almost identical, with the exception of actual dollar amounts, hence

only singles are shown in this section.

Table 3.2: Parameters used for the solution.

¥ Y om0 a Cs cc YA w0 r
3 -3 -3 095 20000 10000 15000 1.1 0.03 0.08 0.1 0.01 0.03

Figure 3.1 shows that consumption increases with liquid wealth, but tapers off
at higher wealth rather than a linear relationship. The consumption also decreases
with age towards the consumption floor ¢; regardless of wealth. The small irregu-
larities seen in the otherwise smooth consumption surface appear when the Age
Pension function is binding, hence consumption changes depending on whether

no/partial /full Age Pension is received.

10T hese parameters are consistent with the calibration in the next chapter.
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Consumption ($10,000)

95 Wealth ($100,000)

Age

Figure 3.1: Optimal consumption given liquid wealth W; and age, for a single
non-homeowner household.

The proportion of total wealth that should be invested into housing (Figure 3.2)
shows that for lower levels of total wealth, almost full allocation into housing is
optimal. As total wealth increases, the proportion allocated to housing decreases,
however, it will still remain high as the dollar amount allocated to housing increases
monotonically with additional wealth. Very poor households that cannot cover the
threshold for housing (e.g. the down payment) will not allocate any wealth to

housing, which is shown by the kink in the bottom left of the curve.
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Housing ($100,000)
W

0 1 2 3 4 5 6 7 8 9 10
Wealth ($100,000)

Figure 3.2: Optimal allocation to housing given total wealth W at time of
retirement for a couple household.

Finally, retirees tend to preserve financial and residential wealth, consume con-
servatively, and pass on substantial bequest (Asher et al., 2017). While younger
households decumulate assets, older ones accumulate. These characteristics can be
seen in Figure 3.3, which shows the wealth paths throughout retirement for three
different initial liquid wealth scenarios. The wealth is assumed to grow with the

expected return, and follows the optimal control each period.
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8 —
Wy = $100,000
Wy = $400,000
7 Wy = $800,000
6

Liquid wealth ($100,000
I
/

65 70 75 80 85 90 95 100
Age

Figure 3.3: Wealth evolution for a single non-homeowner household given dif-
ferent starting wealth at ¢ = 65, where wealth is drawn down based on optimal
drawdown and grows with the expected risky return.

3.5 Conclusion

In this chapter, a sequential expected utility model was developed for the decumu-
lation phase of Australian retirees. The model can be considered a more realistic
extension to the work of Ding (2014), where stochastic wealth, stochastic family
status, and a “health” status proxy were introduced, and prior assumptions of the
order of means-test phases were relaxed. The model was defined as a stochastic con-
trol problem and solved for optimal consumption, optimal risky asset allocation, and
optimal housing. The problem was solved numerically using dynamic programming.

The model explains the general behaviour of Australian retirees (as explained
in Asher et al. (2017)), including declining consumption due to age, increased risk
aversion with wealth, asset decumulation early in retirement, and asset accumulation
later in retirement. The model can suggest an optimal policy for consumption and
risky asset allocation with respect to the means-tested Age Pension.

The model lends itself to applications on both macro and micro scales. Once
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calibrated, it can be used to forecast future Age Pension needs and the implications
of policy changes (or new financial products) on retirement behaviour. Moreover,
it can be used on a financial planning level once individual risk preferences have
been estimated. Further, it can easily be extended to suit the defined contribution
pension system in other countries, or in the case of future changes to the Australian

Age Pension.
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Chapter 4

Calibration and analysis of

Australian retirement behaviour

4.1 Introduction

Means-tested pension policies have become more important globally as the general
population ages and life expectancy improves. The models used by the Australian
Government to aid with planning and policy change tend to focus on a macro level
(KPMG, 2010), and to evaluate the effect a policy change has on the individual
retiree the policy makers must rely on empirical data after the policy has already
been implemented. This chapter demonstrates how the assessment of policy changes
can be done via an expected utility model in the case of the Australian system. The
motivation for this research was the recent changes for Allocated Pension accounts,
where assets in account-based pensions now generate a deemed income and no longer
have an income-test deduction. Account-based pensions (such as Allocated Pension
accounts) are accounts that have been purchased with Superannuation and generate
an income stream throughout retirement. Prior to 2015, these types of accounts
allowed for an income-test deduction that was determined upon account opening,
and withdrawals were considered to be income in the means-test. The income-test
deduction allowed the retiree to withdraw slightly more every year without missing
out on the Age Pension. However, in 2015 the rules changed. Existing accounts
were ‘grandfathered’ and will continue to be assessed under the old rules, while

the new rules will be applied to any new accounts. The argument for the changes
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were simplicity (people with the same level of assets should be treated the same no
matter how those assets are invested), to increase the incentive to maximise total
disposable income rather than maximising Age Pension payments, and to simplify
how capital growth and interest paying investments were assessed (Department of
Social Services, 2016). From a fiscal point of view, the recommendations to introduce
the new rules were based on estimated unchanged costs® (Henry, 2009). However the
2015-2016 budget stated expected savings of $57m for 2015-2016, and $129m and
$136m for subsequent years (The Commonwealth of Australia, 2015). The allocation
to Age Pension in the 2015-2016 budget includes all changes to the Age Pension
in a combined viewpoint, so a specific impact of the deeming rule changes is not
known.

Another point of interest is the minimum withdrawal rules. They are designed
to exhaust the retiree’s account around year 100, however after year 85 (subject
to investment returns) the withdrawn dollar amount starts decreasing quickly. In
a recent report from Plan For Life (2016) it is identified that only 5% of retirees
exhaust their accounts completely, though this number is expected to increase as life
expectancy increases and the population ages. The report finds that retirees tend to
follow the minimum withdrawal rules as guidelines for their own withdrawal, as few
withdraw more than the minimum amount. This is further confirmed in Shevchenko
(2016). Even so, Rice Warner (2015) argues that the minimum withdrawal rates
should be cut by 25-50% to prevent retirees from exhausting their Superannuation
prematurely due to increased longevity. The current rates are simply too high for
many retirees, thus is not sustainable for people living longer than the average life
expectancy, and are significantly higher than what is optimal in Andreasson et al.
(2017).

There is very limited research modelling the Australian Age Pension, and even
less research is conducted on implications of the regulatory minimum withdrawal
rates even though a large number of retirees are using such accounts (or similar

phased withdrawal products). The exception is Bateman and Thorp (2008), who

!The recommendations to introduce deeming was made in Henry (2009) where the fiscal sus-
tainability is evaluated with the general equilibrium model ‘KPMG Econtech MM900’ (KPMG,
2010). The model shows the estimation over a 10-year window hence we do not know the short
term or year-to-year estimates. In addition to this, the model includes additional suggested tax
and budget related changes, hence the effect of introducing deeming rates cannot be isolated.
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compare the welfare of retirees when the current minimum withdrawal rates were
introduced in 2007 against the previous rules and alternative drawdown strategies.
The authors use a rather simple CRRA model to examine the effect of different
risk aversion and investment strategies but find that the minimum withdrawal rules
increase the welfare for retirees although slightly less than optimal drawdown does.
In Andreasson et al. (2017) the minimum withdrawal rules are included in part of the
model outcome, but the analysis is by no means exhaustive and only provides a brief
introduction to the effects. Ding (2014) does not constrain drawdown with minimum
withdrawal, which would limit the author from finding a closed form solution. Other
authors that focus on means-tested pensions do not enforce minimum withdrawal
rates (Hulley et al., 2013; Iskhakov et al., 2015). It should be noted that their
assumptions do not include Allocated Pension accounts, thus minimum withdrawal
rates may not apply.

In order to evaluate policy changes, the model needs to be parameterised via
calibration. Most research studies related to retirement models do not involve cal-
ibration against empirical data, which is crucial in order to use such models for
conclusions or predictions in retirement. Tran and Woodland (2014) discussed the
selection of model parameters that either match Australian economy rates or are
taken from other studies to ensure that a general equilibrium steady state is achieved;
however, the parameters are not calibrated against data. Calibration in Ding (2014)
is based on the Mean-Squared Error, but the residuals are normalised with the
estimated lifetime wealth. This allows for larger errors for poor households (but
improved fit for wealthier households), as the estimated pension received will be
rather large in relation to the actual wealth. Such normalisation may affect the
outcome of the model, especially in forecasting future Age Pension budgets, as the
error tend to be larger among the group that are the most dependent on the Age
Pension. Ameriks et al. (2011) calibrated a bequest model using Maximum Likeli-
hood Estimation to investigate the bequest motives of the US data by separating
precautionary savings from bequests.

The chapter is structured as follows. Section 4.2 describes the data, assumptions
and external parameters imposed for the calibration. Section 4.3 contains the sta-

tistical model used and describes the calibration procedure. Section 4.4 discusses
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the results and sensitivity of the calibrated parameters. General results and the
differences in optimal decisions for recent Age Pension policies are then examined

in Section 4.5. Finally, Section 4.6 presents the concluding remarks.

4.2 Calibration framework

The model is calibrated using a similar approach and the same data as Ding (2014),
but with maximum likelihood estimation instead of minimising the mean-squared
errors in order to estimate the utility parameters. The model used was presented
in Chapter 3, and allows for three optimal decisions: consumption, risky asset allo-
cation and housing allocation. However, the optimal risky asset allocation is not

calibrated as the dataset lacks such information.

4.2.1 Dataset

For the dataset, the Household Expenditure Survey (HES) 2009-2010 and the Survey
of Income and Household (SIH) 2009-2010 from the Australian Bureau of Statistics
(Australian Bureau of Statistics, 2011) were used. This dataset has the limitation
that data are only collected for private households, hence, retirees within assisted
care facilities are excluded. Out-of-pocket health expenses are included, but any
costs associated with private facilities are not. It does not provide a specific age
either, as retirees are grouped into five year groups (65-69,70-74,75-79) and all
retirees 80 years or older are grouped together. It is therefore not possible to distin-
guish the change in behaviour during the last 20 years of the model. Furthermore,
households with or without dependants are treated as one group, even if the con-
sumption might differ in reality.

The households are filtered by labour status (‘not in workforce’) and the age
requirement for the Age Pension to find eligible retirees, where the age of a couple
household is based on the youngest spouse. The data are then aggregated for each
household to reflect the total expenditure (excluding mortgage payments), family
home value, and wealth. In order to eliminate possible reporting errors from the
data, samples that received no Age Pension despite being entitled to a material

portion are removed, as well as any samples with expenditure either less than $3,000

26



4.2. CALIBRATION FRAMEWORK

per year or greater than assets available (liquid assets and Age Pension). Since the
model is restricted to no borrowing, any entries with negative wealth are removed
as well. Thus, 2,017 samples are obtained for couple households and 2,038 samples
for single households. Further details regarding how the data were aggregated can

be found in Appendix A.

4.2.2 Assumptions

In order to ensure a realistic calibration, some assumptions and constraints are

needed. The following assumptions are imposed:

- For samples where the age is above the entitlement age, it is assumed that
the wealth at retirement was the same as the current wealth of the sample, in
order to calculate the income-test deduction M (t). This is done because the
value of the income-test deduction is determined when the Allocated Pension

account is opened, which is assumed to be at retirement.

- It is assumed that households are aware of their life expectancy and can hence

take this into consideration for decisions.

- As the first wealth quartile in the dataset is unlikely to constitute homeowners,
a lower threshold for housing is set to $30,000 to make this consistent with the

data. A retiree with wealth below this level can therefore not be a homeowner.

The following constraints are imposed on the utility parameters to ensure mean-
ingful variables rather than over-fitting the model to the sample data. Nevertheless,
none of the constraints were binding for the parameters once the calibration was

completed.

Cq € [0, Ppax] ensures that the consumption floor does not violate budget con-
straints for poor households. In other words, the necessary spending cannot

be higher than income in the case of no accumulated wealth.

Y4 < 0, since the utility function is discontinuous at 74 = 0, and positive values

indicate risk-seeking behaviour.
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6 > 0, the preference of bequest over consumption must be positive as we do not

allow negative bequest.
a > 0, the threshold for luxury bequest cannot be negative.

Ag > 0, the utility parameter for being a homeowner cannot be negative; otherwise,
the optimisation might suggest that selling a house that the retiree does not

own while still receiving utility is optimal.

Minimum withdrawal rates and re-investments

There are minimum regulatory withdrawal rates imposed on Allocated Pension
accounts, which increase with age?. It can be argued that this should be enforced in
the calibration; however, it is intentionally left out for the following reasons. First,
forced withdrawals affect whether the consumption consists of drawdown of wealth
or Age Pension received, but not necessarily the level of consumption. Second, in
response to the global financial crisis of 2007-2008, the government provided pen-
sion drawdown relief by reducing the minimum withdrawal rates between 2008 and
2013. As the dataset is taken from 2009-2010, the standard minimum withdrawal
rates cannot be enforced during calibration. Finally, one advantage of an Allocated
Pension account (the income-test deduction) is no longer available for new accounts
after the 15 of January, 2015; hence, new retirees might opt for a different kind of
account. To avoid limiting the analysis to pre-2015 account-based pensions, it was
opted not to enforce minimum withdrawal rates in the model.

In addition, a retiree cannot deposit funds into an Allocated Pension account
after retirement, where earnings are not taxed. However, the model allows the
retiree to save Age Pension payments that have not been consumed, which would
need to be invested in a separate account that might be subject to income-tax on
returns. This would only occur for retirees with a very small amount of wealth;
hence, the tax will be insignificant in the optimal decisions and not included in the

model.

2The minimum withdrawal rate starts at 4% at age 65 and ends at 15% at age 95
(https://www.ato.gov.au).
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Survival probabilities

The sequential model introduces two extra dimensions to the calibration: the age of
the second person in a couple household, and the age difference between the spouses.
In addition, survival probabilities differ between females and males, which would
require additional parallel solutions to the model. If the age difference in couples
was considered, the calibration would become too computationally expensive and
unrealistic. Therefore, survival probabilities are generalised for single and couple
households into a single unisex dimension.

To estimate the unisex survival probability, the ratio of males to females alive
(estimated from the cumulative probability of being alive) is used as a weight. The
estimated ratios match the empirical data proportions of males and females alive
at any age ¢ in Australian Bureau of Statistics (2011), and they can be used as a
proxy for survival probabilities to avoid the gender variable. The unisex probability

of surviving for one more year at age t is defined as

gt X oy 4 a X g
oot + b

pl=1- : (4.1)
where the superscript indicates a single unisex household (S), male (M), or female
(F) probabilities, ¢; is the probability of dying before t + 1 at age t and p is the
probability of surviving from birth (year 0) to age ¢t. The actual mortality proba-
bilities are taken from the Life Tables published in Australian Bureau of Statistics
(2012).

The assumptions for couple households are different because it is already known
that both spouses are alive; hence, no weighting of male-to-female ratios is neces-
sary. The events of independent deaths of the spouses are non-mutually exclusive;
however, they are treated as mutually exclusive to follow the model assumptions.
We do not expect both spouses to die in the same year owing to the low probabil-
ity of this occurring, and the effect it would have on the solution is minimal. The
probability of surviving for one more year as a couple at time ¢ is therefore defined

as

pf=1—(¢"+4q). (4.2)
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Portfolio composition and returns

The expected return and volatility have an important effect on the model calibration.
To make the wealth process as realistic as possible, a typical portfolio composition of
Self-Managed Super Fund (SMSF) accounts is estimated and then used with longer-
term financial data to find the portfolio returns. Thus, the actual portfolio returns
can be used in the calibration rather than returns based on the optimal allocation
control parameter (which most likely will not be a correct representation for the
average retiree).

To estimate the typical portfolio composition, SMSF data are used for each
financial year from 2008 to 20143, from which actual investment returns on SMSF
accounts are calculated. The average operating expense ratio reported by the ATO
for the same period as the SMSF data is 0.83%%. The portfolio is assumed to be based
on a set of risky assets approximated with the S&P/ASX 200 Total Return, which
includes dividends, and a risk-free asset approximated with the deposit interest
rate. The portfolio weight (proportion of risky assets) 0 is then estimated with least
squares regression. The average SMSF account returns for each year are regressed
on the returns of the S&P/ASX 200 Total Return and the deposit rate. The risky
allocation 0 is found to be 43.7% with a significance level of 1%, which is used as a
proxy for risky asset allocation during calibration of the model.

The long-term return estimate is taken as the 20-year average log-returns prior
to 2010 of the S&P/ASX 200 Total Return. The returns are then adjusted to real
returns by deducting inflation (7 = 2.9%) and for operating expenses. The final

estimates are 1, = 0.005 and Z; ~ N(0.056, 0.018), which are used in equation (3.1).

4.2.3 Age Pension and parameters

The parameters for the Age Pension are listed in Table 4.1 and taken for the year
2010 to match the data. A retiree is eligible for the Age Pension at age 65 (male) or

63 (female). The scaling factor for couple households is set to ¢ = 1.3, which is in line

3Data contain individual account balances, earnings, and drawdowns each year for Self-Managed
Super Fund accounts, taken from a dataset provided by the Australian Taxation Office to CSIRO-
Monash Superannuation Research Cluster (not publicly available).

4Data are taken from ‘Australian Taxation Office Reports SMSFs: A statistical overview’ for
the years 2008-2009, 2009-2010, 2010-2011, 2011-2012, and 2012-2013.
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with the results of Fernandez-Villaverde and Krueger (2007), who reviewed research
on controlling for family size and the resulting economy of scale. In addition, the
terminal age is set to T" = 100. As the Allocated Pension account was operating
under the policy rules that allowed for an income-test deduction, and where income
was considered equal to the amount drawn down from the account, the formula for
Age Pension defined in equation (3.17) is used with the income-test definition in

equation (3.13).

Table 4.1: Age Pension rates published by Centrelink as at January 2010
(www.humanservices.gov.au/customer/services/centrelink/age-pension).

Single  Couple

Pl Full Age Pension per annum  $17,456  $26,099
Income-Test

L¢ Threshold $3,692 $6,448

w? Rate of Reduction $0.5 $0.5
Asset-Test

L"="" Threshold: Homeowners $178,000 $252,500

L{"=" Threshold: Non-homeowners $307,000 $381,500

wd Rate of Reduction $0.039 $0.039

4.3 Calibration model and procedure

Calibration of the model with the sample data are performed with the maximum
likelihood method. The sample data are split into vectors of single (d = S) and
couple (d = C) households for consumption (c?) and housing (h?). Denote the total
data as D = {c®, ¢, h%, hC}. The statistical models are assumed to be ¢ = ¢%(0)e!
and h = %?(9)66;'1, where ¢ and h¢ are sample i from the corresponding dataset,
7(©) and h4(O) are the optimal consumption and housing, respectively, from the

model based on wealth and age corresponding to sample ¢, and the utility model

parameter vector is

9T:<Vs Yo yu 0 a Ts Ecw)\>- (4.3)

Finally, €/ ~ N(0, (¢9)?) and £f ~ N(0, (¢9)?) are the independent non-standardised

error terms (residuals).
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The log likelihood function of N independent identically distributed samples

x = (21, %9, ..., x) from a log-normal distribution such that Inx; ~ A (In i, 0?) is

N

Z (Inx; —Inp)*. (4.4)

=1

Ly(p,0) —g In (270?) —

202

The maximum likelihood estimates of parameters © and o = {0°,0°, 0%, 0C} are

obtained by maximising the total log likelihood:

Les(@(0),0%) + Leo@(0),0°) + Lys (05(0),05) + Ly (h°(0),05),  (4.5)

€

with respect to (0, o).

The calibration is carried out in two steps. First, a suitable starting point is
identified by searching globally. Each utility parameter is assigned a realistic range
of values where three different values are selected. Once a starting point is identified,
the parameters are optimised further using the Nelder-Mead simplex algorithm until
further improvements of the log likelihood function are negligible.

The calibration is computationally expensive. Each time the parameters are
updated the model needs to be solved four times (each combination of single/couple
households and homeowner/non-homeowner). Then, the model output needs to be
generated from the wealth, age, and homeowner data given in each sample. The
model output is compared with the sample data for consumption and housing to

estimate the fit of the model before the next iteration begins.

4.4 Calibration results

The calibration output indicates that the model fits the empirical behaviour. The
statistical model is well chosen with respect for consumption, but housing residuals
do not follow a normal distribution. Figure 4.1 shows a Quantile-Quantile plot of

the residuals for couple households who are homeowners.
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Figure 4.1: Quantile-Quantile plot for couple households where the residuals are
assumed to follow a normal distribution.

Other distributions, such as skew-t, lead to improvement in residual fitting (Fig-
ure 4.2). The residuals are then assumed to be € ~ ST,(0,0% w) and ¢ ~
ST.,(0,0% w) with v degrees of freedom and skewness w, which are estimated from
the residuals. This improves the fit of housing residuals, although extreme values
(larger than four standard deviations) will result in failing normality tests. The
assumption of normally distributed residuals generates AIC' = 4104, while skew-t
residuals AIC' = 682. The assumption that consumption and housing residuals are

independent is confirmed.
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Figure 4.2: Quantile-Quantile plot for couple households where the residuals are
assumed to follow a skew-t distribution.
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4.4.1 Calibrated parameters

The estimated parameters (see Table 4.2) are in line with the related literature.
The risk aversion is slightly lower than that of Ding (2014), who estimated v = —3,
while the consumption floor is well below the full Age Pension rates but in line with
the author’s findings. In relation to Asher et al. (2017), the consumption floor is
marginally lower than the lower quintile in ‘Average Household Consumption’ for
singles ($11,900) and for couples ($21,400). As the estimate in Asher et al. (2017)
is not actually a consumption floor (even the lowest quintile will have some assets),
the model output for total consumption will be similar to these estimates. This
can be compared with Ameriks et al. (2011), where the consumption floor is only
$5,750 USD (the average US social security payment): hence, in relative terms, the

calibrated estimates are higher.

Table 4.2: Calibrated parameters with standard errors.

Vs ole ol 7 a Cs cc (0 A

Value =277 -229 -258 054 26741 11125 18970 1.47 0.037
Std. Error 0.12  0.14 0.19 0.03 1377 1011 1682 0.04 0.006

The calibrated “health” proxy parameter ¢ = 1.47 indicates that the prefer-
ences for consumption that exceed the consumption floor decrease with a factor of
1/ a=1): hence, a 10% decrease for singles and 11% for couples each year owing to
declining health. To put this into perspective, it equals a decrease of $1,828 per year
for the median single household at age 65, and $3,198 for the median couple house-
hold. Bernicke (2005) conducted a US-based study on empirical retirement data
and found that the difference in consumption for the age span 65-75 was 26.4%,
and Higgins and Roberts (2011) found a 20%-30% drop in median levels where the
decrease is larger for wealthier households, which confirms the results. Clare (2014)
found an average yearly decrease of 10% for households with a comfortable lifestyle
(roughly 300% higher than the calibrated consumption floor) and 2% for a modest
lifestyle (roughly 100% higher than the calibrated consumption floor) between ages
70 and 90. The calibrated model suggests a similar decrease in expenditure and
captures the characteristics of larger declines for wealthier households.

Note that the housing preference (A) no longer have subscripts that separate
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between single (Ag) and couple (A¢) households. During calibration the two alter-
native parameters ended up moving together, and the results showed the same value
down to three decimals, thus are now treated as a single parameter.

Finally, 6 implies medium sensitivity of consumption to wealth, which implies
that additional wealth is being saved for a bequest. The parameter estimate is
different from Ding (2014) (# = 0.956), where the calibrated parameter is lower
due to housing now being included in bequest. It indicates that a sequential model
does not affect bequest motives, but adjusts the preferences to account for the
increase in expected bequeathed asset due to housing. Nevertheless, the model
cannot distinguish whether this is due to precautionary savings or indeed clear

bequest motives.

4.4.2 Parameter sensitivity

In order to estimate the sensitivity of the calibrated utility parameters the impact
on the optimal decision parameters is measured. Due to difficulties in calculating
derivatives, the analysis relies on numerical perturbation where each parameter is
adjusted with £+2 standard errors from Table 4.2, and the largest absolute change
from a benchmark is shown for each decision variable in Table 4.3. As a benchmark,
a couple household is chosen at the time of retirement, with a total initial wealth
of $1m. The optimal decisions for the benchmark parameters equals oy, = 0.17,
0y, = 0.72 and H = $554, 744.

The changes in risk aversion for couple households (v¢) and housing (vg) tend
to have the largest impact, while the changes in risk aversion for single households
(7s) tend to be negligible. When using two standard errors this places vy outside
the other risk aversion parameters, hence marginal utility for housing increase or
decrease significantly and affects housing allocation but not the other decision vari-
ables. Similarly, changes in ¢ either increases or decreases the distance relative
to the other risk aversion parameters, hence relative preferences to housing changes
a lot, although risk aversion with regard to risky asset investments also changes
notably. The consumption floors, “health” proxy and housing preferences show less
sensitivity, and the bequest parameters close to none.

Note that the solution of the utility model depends on the relative marginal
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utility between functions and over time, hence similar changes to all risk aversion
parameters (e.g. if all three were adjusted with +2 standard errors) the sensitivity
would be substantially lower and optimal decisions would change less. It is our opin-

ion that the model therefore is fairly robust with regards to the parameterisation.

Table 4.3: Sensitivity of control variables when calibrated parameters are
adjusted 4+ 2 standard errors.

Parameter max|A,| max|A;| max|Ay]

s 0.00 0.00  $1,309
e 0.03 0.19  $246,610
Vi 0.01 0.00  $645,256
s 0.00 0.00  $1,106
o 0.02 0.00  $95,653
a 0.00 0.00  $1

0 0.00 0.02  $1

¥ 0.01 0.05  $9,278

A 0.01 0.07  $96,119

4.4.3 Shortcomings of calibration

We acknowledge the disadvantages of fitting a multi-period model on cross-sectional
data, as cohort effects are not accounted for. Because the Australian Age Pension
system is yet to mature, it is likely that the wealth for each age group is under-
estimated compared to a mature system, especially at an older age. Although it
is difficult to anticipate the effect this would have on the calibration, it is rea-
sonable to expect that if consumption remains near current levels, then the risk
aversion parameter () would increase, while if wealth is underestimated only for
older retirees, then the “health” proxy (1) would increase. This would mean lower
consumption in relation to wealth, as well as an overall lower proportion of risky
asset allocation. In addition, the calibration suffers from ‘identification problems’:
different utility parameters can result in similar outputs as it is the ratio of marginal
utility between utility functions that affects optimal decisions, hence the actual value
of the utility function has a less significant effect. This is again due to the data being

a cross-sectional dataset, hence cohort effects cannot be distinguished.
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4.5 Analysis of Age Pension policy

The calibrated parameters are now used to compare the impact that four different
means-tested policies have on an Australian retiree. Owing to the limitations in the
data used for calibration (see Section 4.2.1), the result should only be considered for
healthy households in the post-retirement phase. This is because the survey samples
tend to be of better health than what might be true in reality, as retirees with poor
health are more likely to live in an assisted care facility.

As the means-test thresholds are adjusted over time, it is important to adjust
the parameters accordingly to allow for different policies to be compared - especially
since the calibration was carried out on data from 2010. The calibrated consumption
floor ¢; and the threshold for luxury bequest a must be adjusted as they represent
monetary values. Since the model is defined in real terms, a new base year must
be set for the comparison. Parameters are therefore adjusted based on the Age
Pension adjustments from 2010 to 2017. Currently, the Age Pension payments
are adjusted to the higher of the Consumer Price Index and Male Average Weekly
Total Earnings. The increase in full Age Pension payments from 2010 to 2017 equals
approximately a 4.5% increase per year. It is assumed that the utility parameters
representing monetary values have increased in the same manner, hence adjusted to
cs = $13,284, ¢c = $20,607 and a = $27,200. Any other parameterisation remains

the same as in the calibration.

4.5.1 Policy definitions

The focus is on four different policies that represent recent changes in the Australian
Age Pension system with respect to model assumptions. A summary of the policies

with the Age Pension rates and means-test assumption is shown in Table 4.4.

Policy 1 - Pre January 2015, no minimum withdrawal (PRE2015NOMWD)

The first policy reflects the means-test and policy rules that applied for the period of
the calibration data. The actual thresholds in the means-test have been adjusted for
the base year 2017. The income in the income-test is based on drawdowns from the

Allocated Pension account, and no minimum withdrawal rules are enforced. Since
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Table 4.4: Age Pension rates and rules used for policy variations.

PRE2015NOMWD PRE2015 POST2015 POST2017

PS.. $22,721 $22.721 $22.721 $22.721
PS.. $34,252 $34,252 $34,252 $34,252
Income-Test Drawdown Drawdown Deemed Deemed
L $4,264 $4,264 $4,264 $4,264
L¢ $7,592 $7,592 $7,592 $7,592
wi $0.5 $0.5 $0.5 $0.5
K5 - - $49,200 $49,200
KC - - $81,600 $81,600
c_ - - 1.75% 1.75%
Gy - - 3.25% 3.25%
Asset-Test

L= $209,000 $209,000  $209,000 $250,000
L=t $296,500 $296,500 $296,500 $375,000
=0 $360,500 $360,500 $360,500 $450,000
L0 $448,000 $448,000 $448,000 $575,000
wl $0.039 $0.039 $0.039 $0.078
Min. Withdrawal No Yes Yes Yes

minimum withdrawals were not enforced in the calibration, the optimal behaviour is
examined without the requirement to withdraw a certain amount from the Allocated

Pension account each year.

Policy 2 - Pre January 2015 (PRE2015)

The difference from Policy 1 is that minimum withdrawals are now enforced (and
applied to policies 3 and 4 as well). The retiree can no longer opt to withdraw a lesser
amount from the wealth in order to receive a full or partial Age Pension to cover
consumption needs. Minimum withdrawal rates for Allocated Pension accounts are
shown in Table 4.5 (Australian Taxation Office, 2016). The rates impose a lower
bound on optimal consumption, hence withdrawals from liquid wealth must be larger

or equal to these rates.

Policy 3 - Post January 2015 (POST2015)

The focus of the changes introduced on the 1% of January 2015 was on the income-
test and Allocated Pension accounts. The income-test now uses deemed income

rather than drawdown, thus the liquid wealth is used in both the asset and income-
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test. The retiree can therefore withdraw more liquid wealth without missing out on

Age Pension payments.

Policy 4 - Asset-test changes January 2017 (POST2017)

On the 1% of January 2017 the thresholds of the asset-test were ‘rebalanced’; hence
changed significantly (Australian Government Department of Veterans’ Affairs, 2016).
The thresholds for the asset-test increased and the taper rate w4 doubled. This effec-
tively means that retirees will now receive a full Age Pension for a higher level of
wealth, but once the asset-test binds, the partial Age Pension will decrease twice as
fast, causing them to receive no Age Pension at a lower level of wealth than before.

No adjustments were made to the full Age Pension or income-test threshold.

Table 4.5: Minimum regulatory withdrawal rates for Allocated Pension
accounts for the year 2016 and onwards (https://www.ato.gov.au/rates/key-
superannuation-rates-and-thresholds/ ).

Age <64 65-74 75-79 80-84 &5-89 90-94 95 <
Min. drawdown 4% 5% 6% 7% 9% 11% 14%

4.5.2 Age Pension function

The Age Pension function was defined in 3.2.4. It can be seen in Figure 4.3 how each
policy affects the Age Pension received, given a certain liquid wealth at age 65 for a
single non-homeowner household. As the PRE2015 policy depends on the drawdown
of wealth as income, the minimum drawdown level of 5% is used. The shape of
the curves is very similar for couples and non-homeowners, although with different
thresholds hence the kinks appear at different wealth levels. It should be noted
that the similarities for POST2015 and POST2017 below ~$550 000 are because
the deemed income from assets makes the income-test binding in both policies. In
the case of a non-financial asset, such as a boat or jewellery, then POST2017 would

generate more Age Pension for lower levels of wealth than POST2015.
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Figure 4.3: Comparison of Age Pension function under different policies for a
single non-homeowner household aged 65.

4.5.3 Optimal consumption

The optimal consumption curve in relation to wealth differs from the one in tra-
ditional utility models, where the deviations can be explained by the Age Pension
means-test parameters. Figure 4.4 shows optimal consumption in relation to liquid
wealth for different age groups and Age Pension policies. The curves are very simi-
lar for both single households and couple households, hence only single households
are shown. Traditionally, consumption is a smooth, concave, and monotone func-
tion of wealth and becomes flatter as wealth increases due to decreasing marginal
utility. In general, this is true for drawdown outside the upper thresholds of the
means-test where no Age Pension is received. As the means-test binds, indicated
by the shaded background, the optimal behaviour changes slightly to anticipate the
Age Pension received (which equals the area between the dashed and solid curves).
This effect can be seen in the PRE2015NOWD and PRE2015 policies, due to draw-
down of wealth being considered income for the means-test. For such policies it is
optimal to withdraw slightly more when a retiree receives no Age Pension but is
close to receiving partial, as larger withdrawals will decrease wealth (and in turn
decrease the withdrawals) to make the retiree eligible to receive a partial Age Pen-
sion. For POST2015 and POST2017 policies the same effect does not exist. The
asset-test is the first to bind as the retiree moves from no Age Pension to partial,
so withdrawal decisions have less impact. Only the decision to withdraw less when

receiving a partial Age Pension is present, which effectively replaces consumption
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from assets with consumption from the Age Pension. There is a marginal effect when
the retiree goes from no Age Pension to receiving a partial Age Pension, especially
for the 2017 asset-test adjustment, shown as a tiny dent where the consumption
and drawdown curve intersect (the threshold between no Age Pension and a par-
tial Age Pension due to the asset-test). This implies that a retiree should consume
slightly more when the wealth is close to this threshold in order to receive a partial
Age Pension, but the additional utility would be so small that it is negligible in
planning. A retiree could therefore better plan the withdrawals in order to max-
imise Age Pension payments under the old policies, as sensitivity to the means-test
decreased when the deemed income rules were introduced. The effect of an optimal
consumption strategy becomes weaker as the minimum withdrawal rates cross over
‘unconstrained’ optimal withdrawals, and for the older retirees the optimal strategy
is only to withdraw the minimum required rate, thus the Age Pension simply adds
to the consumption rather than being included in desired consumption. This is in
line with Bateman et al. (2007), which finds that welfare decreases slightly when
minimum withdrawal rules are enforced over unconstrained optimal withdrawals,
especially for higher levels of risk aversion.

An interesting outcome is when the consumption paths over a lifetime are com-
pared between the different policies (Figure 4.5). Since the optimal drawdown rules
are very similar between policies, and minimum withdrawal rates quickly binds, the
consumption in turn follows the same pattern. However, due to the income-test
changes after 2015, more Age Pension is received in POST2015 and POST2017 in
relation to wealth and drawdown assuming the deeming rates stay constant. This
is especially true early in retirement, where higher consumption otherwise would
result in no Age Pension. One of the reasons for changing the policy was for the
government to generate savings, but the deeming rules will not have the desired
outcome on Allocated Pension accounts unless the deeming rates increase. Only if
the minimum withdrawals are removed (or at least decreased), which in turn could
lead to lower withdrawals for given wealth levels, could current rates lead to Age

Pension payments being less under the more recent policies®. With the current rules

5Tt should be noted that the findings are for the account-based pension only, as other prod-
ucts which do not enforce the minimum withdrawal rates could incur additional savings for the
government under the newer rules.
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(POST2017) the retiree will receive a significant amount of Age Pension over the
lifespan, unless a larger level of wealth has been accumulated prior to retirement.
Wealth paths throughout retirement, however, are almost identical except for
PRE2015NOMWD as the lack of minimum withdrawal rules makes it possible for
risky return to grow wealth. The difference between the minimum withdrawal

enforced policies is solely in consumption from additional Age Pension payments.
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Figure 4.4: Optimal drawdown (c;w¢) and consumption in relation to liquid
wealth for a single non-homeowner household, given different Age Pension policies
and ages.
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Figure 4.5: Comparison of consumption, Age Pension and wealth paths over a
retiree’s lifetime. The wealth grows with the expected return each year, and the
drawdown follows the optimal drawdown decision each year.

4.5.4 Optimal risky asset allocation

Exposure to risky assets in the portfolio is highly dependent on wealth and age, and
sensitive to the asset-test. In general, the percentage allocation tends to decrease
with wealth and over time.
advice, which suggests that the allocation of risky assets should be reduced with
age. However, it is contrary to the findings in Andreasson et al. (2017), where the

same model was calibrated but where housing was not included as bequest, which
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was confirmed in Iskhakov et al. (2015) (as long as the consumption floor is less
than the Age Pension) and Ding (2014). The latter showed that when bequest is
considered a luxury, the optimal allocation of risky assets increases with age, imply-
ing higher allocation to risky assets throughout retirement. Decreasing exposure
with age is indeed optimal only when bequest is not considered in a utility max-
imisation model (Blake et al., 2014). The reason why the calibration suggests this
seemingly contrary behaviour comes from the fact that the preferences for risk are
lower for a given liquid wealth in the bequest function than for consumption. As
the mortality risk shifts the focus from consumption towards bequest, this moves
the proportion risky allocation from high to low, therefore the optimal risky asset
allocation decreases with age.

The contour charts in Figure 4.6 show a complex relationship with the means-
test and Age Pension payments. The exposure to risky assets in the portfolio is
highly dependent on wealth and age, and even more so for the more recent policies
POST2015 and POST2017. This is expected since the means-test is now based on
wealth in both the asset and the income-test, which means investment returns will
have a larger impact on expected utility. The risky allocation can be explained
with the expected marginal utility conditional on wealth. When marginal utility
increases with wealth, the risky allocation will always suggest 100% risky assets.
This is the case for the bottom black areas, where the upper bound to the left
indicates the maximum marginal utility from consumption, and the upper bound to
the right is the maximum marginal utility from bequest. If utility from consumption
is considered individually, then lower levels of wealth will have higher marginal
utility. If marginal utility from bequest is instead isolated, the same effect will
occur albeit at a lower level than for consumption. It is, therefore, optimal up to
these levels to allocate 100% to risky assets, as the potential return is valued more
than the risk. The marginal utility is also affected by the means-test, as a result of
the ‘buffer’ effect. This buffer occurs when the decreasing wealth that stems from
an investment loss is partially offset via increased Age Pension payments and can
be seen as the comparatively darker area towards the top left in POST2015 and
POST2017. These areas correspond to just before a partial Age Pension is received.

The buffer effect is, therefore, strongest for a retiree who has no Age Pension but
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is close to receiving a partial Age Pension. An investment loss in this instance
would be offset by partial Age Pension, whereas an investment profit would not
cause the retiree to miss out on Age Pension that he/she would otherwise receive.
Hulley et al. (2013) found that risky allocation is much higher when the asset-test is
binding owing to the steeper taper rate, and slightly lower (but still higher than the
benchmark) for the income-test. This is the case especially for POST2017, hence,
marginal utility is lower when the asset-test is binding. For very low levels of wealth,
the buffer effect is the opposite; investment losses can never lead to more than full
Age Pension, and investment profits will decrease the amount of partial Age Pension
received, which will result in lower marginal utility. At this point the marginal utility
from potential return outweighs the negative buffer effect, indicating full risky asset
allocation being optimal.

In addition to the impact of the Age Pension, a few general conclusions can be
derived with respect to optimal risky asset allocation. First, as wealth increases, the
allocation to risky assets decreases. A loss in wealth has more negative marginal util-
ity than the equivalent gain has positive utility; hence, preserving available wealth is
preferred over potential additional wealth. This effect increases with wealth owing to
the HARA utility. Second, as the retiree ages, the (mortality risk) weight increases
towards bequest, where the marginal utility is lower. This implies that preserv-
ing capital becomes even more important with age as wealth increases, although
the effect of being a homeowner skews this upwards as the home value effectively
increases the threshold for luxury bequest. Finally, couples tend to be more aggres-
sive with risky assets. One factor is their slightly lower risk aversion compared with
singles, but because the risk of receiving bequest is lower for couples than for singles,
couples are less affected by the second factor stated above. In addition, couples have
a higher chance of recovering negative asset shocks; hence, they have more to gain

from higher risk exposure in the long term.
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Figure 4.6: Optimal allocation to risky assets for single and couple non-
homeowners given liquid wealth, for different Age Pension policies.

4.5.5 Optimal housing allocation

Optimal housing indicates that the retiree is better off allocating the majority of

assets to housing, the reason being two-fold. First, the house value is not included
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in the means-test, hence the retiree can have significant assets and still receive Age
Pension payments. Second, the house can be bequeathed, hence the retiree can
consume all liquid assets and still receive utility by leaving bequest. Figure 4.7
shows the optimal amount of total wealth that should be allocated to housing. Note
that PRE2015NOMWD has been left out as it perfectly overlaps with PRE2015,
and POST2015 and POST2017 are almost identical to each other as well.

The calibrated risk aversion for housing (vy) falls between the risk aversions
of singles and couples. The different curves for optimal housing are due to the
marginal utility of housing in relation to the marginal utility of consumption and
bequest. As wealth increases, the risk aversion for couples favours consumption
more in relation to housing than that for single households. It is therefore optimal
for single households to allocate a higher proportion than for couples. It might seem
counter-intuitive, but this shoud be put into perspective: a couple household will
have more assets available thus the average couple household will still allocate a
higher dollar amount into housing compared with the average single household.

The literature is inconclusive as to whether retirees allocate more assets to hous-
ing in order to be eligible for an Age Pension or not. There is no evidence that the
model considers means-test levels for optimal allocation to housing, such as whether
the asset-test binds or not at ¢y3. This would be indicated by kinks in the housing
allocation curve, where the remaining liquid wealth roughly equals the asset-test
thresholds. The high proportion of housing allocation indicates that housing does
play an important role in the Australian Age Pension. The different policy curves,
however, shows that there is a possibility to plan housing allocation to maximise
utility with respect to different policies, but not to Age Pension payments. After the
changes to the income-test were introduced, the focus shifted even more to assets in

the means-test and the optimal allocation then increased slightly.

4.6 Conclusion

In this chapter, the retirement model was calibrated against data from Australian
Bureau of Statistics (2011) using the maximum likelihood method. Calibration was

performed with respect to consumption and housing, and the estimated parameters
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Figure 4.7: Optimal housing allocation given total wealth W for single and
couple households under various Age Pension policies.

fall within proximity of related empirical research with the exception of bequest
motives owing to differences in the model. A sensitivity test indicates that the
model is rather robust, although individual changes in the risk aversion parameters
lead to larger differences in optimal decisions.

The model was then solved for four different Age Pension policies and optimal
decisions were analysed. The policies represent recent changes to the Age Pension
and means-tests, where the first policy equals the one enforced during calibration. In
general, the possibility of planning retirement decisions with respect to Age Pension
is greater early in retirement but limited when minimum withdrawal rules exceed
unconstrained optimal drawdown rates, especially for wealthier households. This
tends to occur around ages 75-85, depending on wealth level. Only before this point,
is it possible to plan withdrawals in order maximise utility, but these possibilities
are almost nonexistent under the more recent policies. After this, optimal draw-
down equals minimum withdrawal rates as it becomes a binding lower constraint for
withdrawal.

Since drawdown of wealth is now replaced by deemed income, the assets are
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means-tested twice, which means risky asset allocation becomes more sensitive with
respect to the asset-test. The means-test therefore plays a very important role when
optimising risky asset allocation, as the Age Pension works as a ‘buffer’ for losses
in financial assets. A potential loss can be (partly) offset by increased Age Pension
payments, hence retirees who receive no or a partial Age Pension can accept more
risk. This effect dies off as the minimum withdrawal rates bind, and the bequest
motive becomes more important. In general, the changes in optimal risky asset
allocation decreases with wealth, although it decreases over time for non-homeowners
but increases for homeowners. The reason for the difference is that the home can be
bequeathed, hence the part of liquid wealth in the bequest function is only a small
part for homeowners, who then can accept more risk.

With regards to housing, it is optimal to allocate the majority of wealth to
housing. This will allow the retiree to receive more partial Age Pension, while still
being able to bequeath most of his/her wealth, and increases the expected utility in
the long term. Couples have slightly lower preferences towards housing than single
households, although this can be explained by the couple households having more
accumulated wealth, thus the dollar amount invested in housing is still higher for
an average couple household.

One surprising finding is that a retiree will receive more Age Pension over the
course of their lifetime with the most recent policy rules. The high drawdown early in
retirement would result in no Age Pension due to the income-test under the PRE2015
rules, while the new rules combined with the current historically low deeming rates
will generate significant Age Pension payments from the same drawdown and wealth
levels. This, in turn, affects both the decision for allocation in housing as well as
risky investments. The government’s goal of reducing incentives for maximising Age
Pension payments and focusing on maximising total disposable income is, however,
met - the current policy is not as sensitive to optimal withdrawal decisions in order

to maximise Age Pension payments as the previous policies were.
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Chapter 5

A Least-Squares Monte Carlo
method for solving
multi-dimensional expected utility

models

5.1 Introduction

Stochastic control problems are at the heart of decision making under uncertainty
and are critical in many areas such as finance, health, environment, and mining.
In stochastic control problems there is always a choice to be made between model
complexity, such as the number of state/control variables or stochastic factors, and
computational cost. Analytical solutions are limited to problems with few stochastic
factors with restrictions on the dynamics and dimensions, otherwise one has to revert
to numerical methods. Partial differential equation methods suffer from the curse
of dimensionality, and are practical up to two dimensions only. Numerical direct
integration solutions, such as deterministic quadratures also suffer as the number of
dimensions increases, but can sometimes handle more if we are willing to accept less
precise solutions and longer computation times. Simulation methods are therefore
favoured when the number of state variables and stochastic factors increases. The
Stochastic Mesh method (Broadie and Glasserman, 2004) overcomes the dimension-

ality problem, but requires the transition densities of the stochastic factors to be
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known and suffers as the number of time steps increases. One simulation method
that has received increasing interest among researchers is the Least-Squares Monte
Carlo method (LSMC), due to its effectiveness in dealing with higher dimensions
and because it imposes fewer restrictions on constraints and allows for flexibility in
the dynamics of underlying stochastic processes. The idea is based on simulating
random paths of the underlying stochastic variables over time and replacing the con-
ditional expectation of the value function in the Bellman backward recursive solution
of the stochastic control problem with an empirical least-squares regression estimate.
The transition density of the underlying process is not even required to be known
in closed form, which offers much more flexibility than alternative approaches.

LSMC was originally developed in Longstaff and Schwartz (2001) and Tsitsiklis
and Van Roy (2001). The regression is generally performed on the state variables
in order to approximate the value function. In the simpler case, where the state
variable is exogenous (i.e. does not depend on control), the simulation and back-
ward in time solution are rather straightforward. When considering endogenous
state variables (i.e. affected by the control), however, the simulation becomes more
complicated as the future states are affected by the unknown control. The exten-
sions to LSMC that are of particular interest are methods where control variables
are included in the regression basis functions! (Denault et al., 2013, 2017; Khar-
roubi et al., 2014). Kharroubi et al. (2014) allow for random control to be simulated
and their algorithm (referred to as ‘control randomisation’) is the only theoretically
justified LSMC algorithm with endogenous state variables. This algorithm provides
additional benefits of parametric estimate in a feedback form of control, hence no
solution grid for control is required (contrary to Denault et al. (2017)).

Naturally there are pitfalls with LSMC as well. Regression errors can accumulate
over multiple time periods and can eventually blow up, and as the number of samples
increases the algorithm becomes too computationally intensive. There are, however,
methods to deal with such problems. The value function can either be based on the
‘realised values’ (Longstaff and Schwartz, 2001; Denault et al., 2013, 2017; Zhang
et al., 2016) or on the ‘regression surface’ (Tsitsiklis and Van Roy, 2001; Denault
et al., 2017). Although Denault et al. (2017) find little difference between ‘realised

L A basis function is an element of a particular basis for a function space, where the full function
space can be expressed as a linear combination of some chosen functions.
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values’ and the ‘regression surface’, it should be noted that the authors do not
apply “true” realised values as the value function is interpolated with respect to the
choice of controls. True realised values, which require re-simulation of paths after
control is changed in order to calculate the value function, avoid regression errors to
accumulate hence appear to be more stable over longer periods (Zhang et al., 2016)
although with the trade-off of longer computation times. In addition, basis functions
can often be difficult to find and can be highly problem specific. Incorrectly defined
basis functions will quickly inflate the regression errors and blow up the solution of
a multi-period stochastic control problem. This risk is especially high with regard
to objective functions based on utility functions.

LSMC has been applied in many different fields, such as pricing American options
(Longstaff and Schwartz, 2001; Tsitsiklis and Van Roy, 2001), mining and real
options (Chen et al., 2015), electricity (Denault et al., 2013) and portfolio allocation
(Brandt et al., 2005; Garlappi and Skoulakis, 2010; Zhang et al., 2016) to mention
a few. Research with respect to certain issues in LSMC is very diverse, such as
heteroskedasticity in the regression (Fabozzi et al., 2017), avoiding re-computing
realised paths (Glasserman and Yu, 2004; Nadarajah et al., 2017; Nadarajah and
Secomandi, 2017) or managing discontinuity in the basis function (Langrene et al.,
2015).

With regard to problems involving utility functions however, there has been
very limited research. Approximating a utility function with least-squares regression
poses a number of challenges when the agent is risk averse due to very high second
derivatives of the utility functions. Regression directly on the value function works
only when samples of the state variable are restricted to a sub-domain rather than
the full domain. If the full domain is used, then the fit of the regression will be
unsatisfactory in parts of the domain due to the high curvature of the value function.
This will not work in the case where a control can move the state variable over the
full domain, such as a consumption problem where the decision can move the state
of wealth from high to zero. It can work if the control has less influence over
the change in the state variable, such as in portfolio allocation problems, as the
allocation of assets will not result in as significant change in wealth compared to

consumption. Even then authors acknowledge problems as volatility or risk aversion
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increases (Brandt et al., 2005; Denault et al., 2017).

Attempts have been made to resolve this issue, such as utilising Taylor series
expansions around the value function (Brandt et al., 2005; Garlappi and Skoulakis,
2010) or by transformations. However, Taylor series expansions require the utility
function to be differentiable, often with a minimum of four times and also add
effort to compute the derivatives. Garlappi and Skoulakis (2010) apply an inverse
utility function to the value function in order to perform the regression on the
transformed value function, which does indeed improve the regression fit, but results
in a ‘re-transformation bias’ due to Jensen’s inequality?. Such transformation also
ignores any volatility of stochastic variables and underestimates risk. Denault et al.
(2017) on the other hand only applies the transformation when interpolating in
order to use a more coarse grid for state variables, but the use of a grid voids the
purpose of ‘true’ LSMC. Zhang et al. (2016) suggest using basis functions with the
independent variables transformed using a utility function, but if the domain covers
a larger part of the curvature of the utility functions the regression errors will not
be homogeneous, hence still result in a bias.

If the regression is carried out on the non-transformed value function, then con-
trol of disturbance terms is possible but the regression fit might be questionable. If
the regression instead is carried out on the transformed value function, then the fit
will most likely be better but optimal control related to disturbance will be unre-
liable. In this paper two methods are proposed to deal with the re-transformation
bias, based on the characteristics of the problem, in order to account for difficul-
ties in using LSMC with utility functions such as control of disturbance and re-
transformation bias. In addition, a modification based on re-sampling state vari-
ables at each time step is suggested to the probabilistic numerical algorithm that
combines dynamic programming with LSMC in Kharroubi et al. (2014, 2015) to
improve the exploration of the state space, which further helps with the efficiency
of the method in the case of expected utility models.

The chapter is structured as follows. In Section 5.2 the basic problem definition
is stated, and Section 5.3 describes methods to avoid re-transformation bias. In

Section 5.4 the LSMC algorithms are explained, while the accuracy of the algorithm

2Jensen’s inequality states that for a random variable Z and a concave function 1, ¥(E[Z]) >

E[y(2)].
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together with the methods to deal with the re-transformation bias are presented in

Section 5.5. Finally, concluding remarks are in Section 5.6.

5.2 Problem definition

Let t = 0,1,..., N correspond to equispaced points in time interval [0,7] and (€2,
F, {Fi}o<t<n, P) be a filtered complete probability space where F; represents the
information available up to time ¢. We assume that all the processes introduced
below are well defined and adapted to {F;}i>0. Let @ = (m¢)i—0..n be a control

taking value in an action space A C RY, Z = (Z;);—1..n € Z C R? be a disturbance

term with realisation z; and X™ = (X[ );—o. x € X C R? be a controlled state
variable. We also assume that the evolution of the state variable is described by a

transition function

1= Te (X7, T, Zeya) (5.1)

hence the state of the next period depends on the state of the current period, the
control decision and the realisation of the disturbance term.

Now consider the standard discrete dynamic programming problem with the
objective to maximise the expected value of total reward function

N-1

Vo(z) =supE | BY Ry (XT) + Z B'Ry(XT, 1) ‘ X5 =ux; W] , (5.2)
i t=0

where Ry and R; are reward functions satisfying the integrability conditions, and 8
is a time discount factor over a time step. This type of problem can be solved with

backward recursion of the Bellman equation

Vi(z) = sup {Rt(x,m) +E [V (X7 ‘ X7 = g;;m} } t=N—1,..,0, s
. 5.3

VN(ZE) = RN(ZE)

The solution of such a problem is often not possible to find analytically and
numerical methods are required. As the number of state variables, stochastic pro-
cesses, or control variables increases, the numerical solution quickly becomes very

computationally expensive. In the standard case, where state is not affected by con-
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trol, the idea behind utilitising the LSMC method is to approximate the conditional

expectation in Equation (5.3)
D4(X;) = E [BVig (Xe1) [ Xe] (5.4)

by a regression scheme with independent variables X}, and response variable SV, 1(X;11).
The approximation of the function is then denoted as D,. However, if the state
is affected by control, then control randomization is required and the conditional

expectation

QXT ) = E [BVia (X7 )X ] (55)

is estimated by regression on X and randomised 7; (Kharroubi et al., 2014).

For ease of notation the superscript m on the state variable is now dropped.

5.3 Transformation of utility

One of the difficulties with LSMC is to select correct basis functions for regres-
sion estimate of conditional expectation ®;(X;, m;). Commonly used basis functions
include polynomials such as Chebyshev, Hermite, Laguerre and Legendre (Table 5.1)
or one can use Appell polynomials as the generalized form of many standard polyno-
mials (Novikov and Shiryaev, 2005). Unless the function that is being approximated
is convex/concave or smooth, such as piecewise linear, the basis functions might only
work locally. Increasingly complex (e.g., higher order) basis functions can be used
with increasing number of sample paths to improve the accuracy, but this comes with
a computational cost. However, when reward functions Ry(z,-) in (5.3) are based
on the standard utility functions, such as Constant Relative Risk Aversion (CRRA)
U(z) = x7 /7 or Hyperbolic Absolute Risk Aversion (HARA) U(z) = (x—a)? /7, the
basis functions do not produce accurate solution unless constrained locally. A model
based on utility functions will have a value function with a similar shape, hence the
same problems will arise when fitting the basis functions to Vi1(X¢11) as if fitting it
to a utility function. A more effective solution is to perform a transformation based

on the utility function, and account for the re-transformation bias.
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Table 5.1: Definition of common polynomials used as basis functions up to the
nth order.

Polynomial  fo(x) fi(z) fu(z)

Chebyshev 1 x 2xfr1(x) = fo_2(x)
Hermite 1 x (—1)"6*5’32&—2(6* ’

Laguerre 1 1— 2 (2(”—1)+1—$)fn—;(2?)—(n—1)fn—2(r)
Legendre 1 x L (2% = 1)n

Define a utility function U : R — R to be an increasing, monotonic and concave
function. Consider a stochastic control problem (5.3) where the reward is based
on this utility function. Then a value function V;(z) equals the utility function at
time T and will have a similar shape for ¢ < N. Such a function is difficult to fit
with linear regression due to the extreme curvature of common utility functions.
For example, consider a CRRA utility function U(z) = 27/y with a risk aversion
parameter v < 0. The first problem arises when fitting the regression to low values
of x, since when x — 0 then U(z) — —oo and therefore no intercept exists. This
could be avoided by using fractional polynomials in the basis functions, which are
polynomials with fractional exponents. These polynomials (or independent variables
with negative exponents) tend to approximate the utility function shape better.
Unfortunately, fitting such a model is non-trivial when the utility function is not
CRRA or the utility function exerts any kind of piecewise behaviour in relation to
the state variables. If a transformation is applied to either decrease the non-linearity
in the utility function or to deal with non-normality and heteroskedastic residuals,
then Jensen’s inequality results in an incorrect projection when the regression is
transformed back since E[U(-)] < U(E[:]) due to U being concave. The solution
will therefore be biased. In addition to this, any control variables that relate to
disturbance terms (such as allocation between risky and risk-free assets in wealth
allocation problems) will be biased because risk is underestimated.

To improve the approximation of the value function with the least-squares regres-
sion we propose that the regression is performed on the transformed value function
and adjusted for the inverse transformation bias with a bias correction function to
account for Jensens’s inequality. The value function transformed using the inverse

of the utility function will have less non-linearity and will allow for an intercept,
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hence it will have better fit with linear regression (although non-linear independent
variables might still be required). Specifically, we proceed as follows.

Define a transformation H~' : R — R and the inverse (‘re-transformation’)
H : R — R such that H~'(H(x)) = . It is implied that state variables still depend
on control. Let L(X;, m) be a vector of basis functions and A; the corresponding

regression coefficients vector, such that
E [H_l(ﬂ‘/;_;'_l (Xt+l))|Xt; 7Tt:| - A;L(Xh ﬂ-t)' (56)

If M independent Markovian paths of state and control variables are simulated,

one can consider the ordinary linear regression

H™ (Vi (X)) = AL(XY" ) + €,

i (5.7)
" X (), Ele") =0, var[e"] =0, m=1,..,.M
to estimate the regression coefficients as
M
A, = argmin > [H BV (X71)) — AL 7] (5.8)
m=1

It is well known that the estimator _/AXt is the best linear unbiased estimator which
is also consistent and asymptotically normally distributed. If the disturbances €}"
are normally distributed, then this estimator is the maximum likelihood estimator
and asymptotically efficient. Moreover, if disturbances €}* are heteroscedastic (have
different variance), this estimator remains unbiased, consistent, and asymptotically
normally distributed but no longer efficient; see for example (Greene, 2008, chapter
8).

Our objective is to estimate ®,(X7, ;) = E [BVi1(X[1)|XT;m] that can be

expressed as
Oy(Xy,m) = HP(NL(X,, 7)) = /H(A;L(Xt,m) + € )dFy(e,), (5.9)

where Fi(e;) is the distribution of disturbance term €;. Obviously, in general, naive
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estimation

HP(AL(X;, ™)) = H(AL(X,, 7)) (5.10)

will be neither unbiased nor consistent (even if we know the true parameters A;)
unless the transformation is linear.

If a specific distribution is assumed for €, then the integration in (5.9) can be
performed (in closed form for some cases). Otherwise, the empirical distribution of
residuals

& = H ' BV (X[L) — AL, 7, (5.11)

can be used to perform the required integration as proposed in (Duan, 1983) leading

to the following estimate.

Smearing Estimate:

HBRL(X, ™)) = / HRL(X,, m) + e)dFu(e)
1 (5.12)

M
i > HAL(X,, m) + "),

where F w(€) is the empirical distribution function of the estimated residuals (see
Appendix B for details).

If heteroskedasticity is present in the regression with respect to state and control
variables, a method that accounts for the heteroskedasticity is required. In this case

the conditional variance can be modelled as a function of covariates,

varle,| Xy, m] = [QLIC(X, ™))%, (5.13)

where €)(+) is some positive function, £, is the vector of coefficients and C(X;, m;) is
a vector of basis functions. There are various standard ways to find estimates Zt, the
one we use in this chapter is based on squared residuals of the ordinary least squares
method as outlined in Appendix C. Then, one can use the Smearing Estimate with

Controlled Heteroskedasticity proposed in (Zhou et al., 2008) and defined as follows.

Smearing Estimate with Controlled Heteroskedasticity:
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M
~ ~ 1 ~ ~/ ?TL
HB(A’L(X,W)):—E H | NL(Xy, ) + QL,C(Xy, 7)) ——— :
S U T oo (X )
(5.14)

Here, it is also common to replace JAX,: with the weighted least squares estimator
that can be found after estimation of €2(-), see for example two-step procedure in
(Greene, 2008, chapter 8).

It should be noted that an alternative would be to use Generalised Linear Mod-
els, where no transformation of the value function is required and which allow for
heteroskedasticity through a link function. However, Generalised Linear Models are
reported to be quite imprecise when the error distribution assumptions are inaccu-
rate (Baser, 2007), or if the distribution family is misspecified. For a more flexible
approach with fewer restrictions we prefer to use Smearing Estimate if no control of
disturbance terms is required, and Smearing Estimate with Controlled Heteroskedas-
ticity if control variables are related to disturbance terms in the model. These meth-
ods also have the additional advantage that the utility function does not need to be
differentiable or continuous, as long as a transformation that roughly represents the

shape of the value function can be found.

5.4 LSMC algorithm

In this section we describe the LSMC algorithms for the exogenous state and the
endogenous state with control randomisation. In addition, we use an example with
Bermudan options to benchmark the re-transformation method with bias correction

against the standard LSMC method.

5.4.1 Basic algorithm with exogenous state

The basic exogenous state LSMC commonly used in research literature, presented
below in Algorithm 2, is based on two parts: a forward simulation and a backward
solution with optimal control. First, random state paths X;*,m =1, ..., M, are gen-
erated which are affected by random disturbances, following the state evolution in
Equation (5.1) for t = 0, ..., N. The problem is then solved in a dynamic program-

ming fashion, where the reward function is first evaluated at time ¢ = N. Then,
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starting at £ = N — 1 we find the optimal control for each ¢ by regressing the value
function at ¢ 4+ 1 on the state variables at ¢t. Once a decision has been made, the
value function is updated with the outcome and calculations are repeated for ¢t — 1

until we find value function at 0.

Algorithm 2 LSMC for exogenous state

[Forward simulation]
1: fort=0to N do
2: for m =1 to M do
[Simulate random path]

3 if ¢t =0 then

4 Xgn = S()

5: else

6: X7 = Te(X, 2t)
7 end if

8 end for

9: end for

[Backward solution]
10: for t = N to 0 do
11: if t = N then
12: ‘/t(Xt) = RN(Xt)
13: else if t < N then
[Regress transformed value function on state variables]

— . 2
14: Ay = argming, Soy [AL(XP) = HH 8V (X71)
15: Find bias corrected transformation H5(A/L(X,))
[Approximate conditional expectation]
16: Dy(Xy) := HP (AJL(X,))
17: for m =1to M do
[Optimal control]
18: 7 (X{") := argsup,, c 4 {Rt(Xtm, ™) + @t(Xf@)}
19: V(X[ = R(XP i (X)) + BVeen (XT)
20: end for
21: end if
22: end for

To illustrate the LSMC algorithm, we start with a basic exogenous state version
of LSMC applied to pricing standard Bermudan options in the same manner as in
Longstaff and Schwartz (2001). These options can only be exercised at pre-specified
dates and at maturity. Although an option that can be exercised prior to maturity
does not have a truly exogenous state (as the state changes if the option is exercised),
it can still be written in such a way that it can be presented in the current framework
and the exogenous state algorithm can be used. Since Algorithm 2 shows the general
algorithm for the exogenous state, some minor changes are required in order to use
it for Bermudan options and will be discussed further down.

Since utility functions are not used in the pricing, no transformation of the value
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function is required (hence the value function estimate will not suffer from a re-
transformation bias other than possible bias from regression errors). Consider a put
option as in the original paper (Longstaff and Schwartz, 2001). Let ¢t = 0,1,..., N
correspond to the pre-specified equidistant exercise dates obtained by dividing the
option maturity 7" into N steps of length 6t = T/N. The option underlying asset
price S; evolves (under the so-called risk-neutral process appropriate for valuation

of option fair value) as
Sy = STt /Ao ZVE 7 T (0, 1), (5.15)

where r is risk free interest rate, o is volatility and N(0, 1) is the standard normal
distribution. The discounting factor for each time period is 3 = e"%*. The control
variable takes on two values, m; € {0,1}, which represent continuation if 7, = 0
or immediate exercising if m; = 1. The state variable consists of the current asset
price and an absorbing state, X; = {S;, A}, where A indicates that the option has

already been exercised. The transition probabilities for the absorbing state are
PI‘[Xt+1 = A|Xt = A] = Pr[Xt+1 = A|Xt = Stvﬂ—t = 1] = ]_, (516)

while the transition probability Pr[X;y; € dS;1|X; = Sy, m = 0] corresponds to
the process for the asset price. Any other transitions cannot occur, such as moving
to the absorbing state if the option is not exercised, hence the remaining transition
probabilities are zero.
The terminal reward depends on the moneyness of the option at expiration
assuming it has not been exercised,
max(0, K — Xy), if Xy # A,

Ry(Xn) = . (5.17)
O, if XN = A7

where K is the option strike price. The reward function at time ¢

max(0, K — X;), if X; # A and m; =1,
Rt<Xt,7Tt) = ( t) ! 7é ! (518)

0, otherwise,
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only provides reward (a payoff) if the option has not been exercised earlier and the
decision is to exercise the option immediately. The solution of the problem starts
by evaluating the payoff at time N. The cash flow at this point is stored as Vy(Xy)
and at each previous time the decision to exercise the option or wait is determined
by comparing the immediate payoff max(0, K — X;) with the continuation value
Ele "V, 1(X;11)|X¢]. The continuation value is the discounted expected value if
the option is not exercised at time ¢. The estimation of the continuation value is
done by regressing the realised cash flows of V,1(X;;1) at time ¢ + 1 discounted to

t (if not exercised) on a vector L(X}) of basis functions of the state variable
Ele " ""Vi1(Xe1)| Xe] = AJL(X), (5.19)

in order to approximate the conditional expectation ®;(X;) = E [BVi11(Xei1)| Xyl
Note that the state variable, if not exercised, is exogenous and not affected by any
control, hence the transition function in Equation (5.1) is simplified and depends
only on the previous state and the outcome of the disturbance term(s). The optimal

control can then be written as
W:(Xt) = arg H;ax {Rt(Xt7 7Tt) -+ (1 - 7Tt)®t(Xt)} > (520)

since if the option is now exercised the continuation value will not be received, which
is reflected by (1 — m;) in front of the conditional expectation approximation, and is
the same as all future rewards are zero as the state will transition to the absorbing
state A. Equation (5.20) therefore replaces line 18 in Algorithm 2. The effect of the

decision is recorded in the realised value of
Vi(X)) = R(Xo,m (X)) + (1= 77 (X0))e Vi (X, (5.21)

which replaces line 19. If the option is exercised, the realised value equals the
reward for the current period, and if it is not exercised it equals the present value of
future rewards. The full objective function for the Bermudan option problem, which
originally is an optimal stopping problem, then leads to the same optimal stochastic

control problem as Equation (5.2).
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As a numerical example, consider the Bermudan option when Sy = 36, K = 40,
r=0.06,0 =0.2, T = 1and N = 12 (for results, see Table 5.2). The basis functions
are based on ordinary polynomials up to the fourth order of the state variable, and
the price is benchmarked against the Binomial Tree method. First, the problem is
solved using the standard LSMC (column V(). By using a log transformation of
the value function, i.e. H(x) = e*, the heteroskedasticity in the residual errors is
reduced and we get a better regression estimation, although the bias still remains
when re-transformed (column V() where naive estimation (5.10) is used). Finally,
we correct for the bias after re-transformation using Smearing Estimate (5.12). This
log transformation with the bias correction results in a more accurate price even with

fewer sample paths (column V®)).

Table 5.2: Price and standard error of Bermudan option estimated using stan-
dard LSMC (V©), LSMC with log transformation of the value function without
bias correction (V) and LSMC with log transformation of value function and
bias correction (V(?)) using Smearing Estimate. The results are based on M
sample paths, 20 independent repetitions (iterations), and the basis functions are
ordinary polynomials up to the 4th order. The ‘exact’ price obtained by the finite
difference method is $4.3862.

M 1 (0) v V(2

1,000  4.4984 (0.032) 4.4336 (0.038) 4.4054 (0.039)
10,000 4.4616 (0.007) 4.4161 (0.007) 4.3962 (0.008)
100,000 4.4457 (0.003) 4.4048 (0.004) 4.3857 (0.004)

5.4.2 Endogenous state and random control

Algorithm 2 presented in previous section is the very basic case where optimal
decisions do not really affect the evolution of the state variable, with the exception of
reaching the absorbing (exercised) state. To extend it to the case with an endogenous
state, we adopt the discretised version of the control randomisation technique and
LSMC algorithm with realised values from Kharroubi et al. (2014), which is the
only theoretically justified LSMC algorithm with endogenous state variables. The
algorithm is also based on forward simulation and backward solution with optimal
control, with the main difference that random state paths in the forward simulation

are affected by both a random control and random disturbance. The regression to
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estimate the conditional expectation then includes the random control in the basis
functions. Kharroubi et al. (2014) present two alternative versions of the control
randomisation algorithm: the one that uses the regression surface to update the
value function,

Vi(X)) = Ro(Xy, 7 (X0)) + @4(Xo 7 (X)), (5.22)

and another one that uses the realised value function,
V(X)) = Ri(Xe, 7} (X)) + Vi1 (Xis). (5.23)

The difference is that the first method is a value function iteration (VFI), while
the second is a policy function iteration (PFI). The PFI requires a recalculation
of the sample paths for ¢t + 1 to T after each iteration backwards, as the optimal
control affects the future state variables hence changes the simulated paths. This
effect is already estimated in the VFI version with ®;(X;, m;), hence no recalculation
is necessary. Longstaff and Schwartz (2001) argue in favour of realised value func-
tion (5.23), while Tsitsiklis and Van Roy (2001) use the regression surface (5.22).
Denault et al. (2017) notices no difference between the two, but only use a very local
regression which does not include the endogenous state variable. Due to the recal-
culation requirement with PFI the computational complexity grows quadratically
compared with linear growth for VFI. However, PFI tends to accumulate much less
regression errors over time and from experience this method is much more suitable

for problems prone to regression errors when the number of time periods increases.

Forward simulation

The forward simulation in the case of endogenous state with control randomisation
is more delicate than in the case of exogenous state variables, and deserves a special
discussion below. The objective of the forward simulation is to generate enough
information (sample paths) such that the conditional expectation of state and control
variables can be estimated.

The algorithm is intended to be used with a known starting state xy where each
simulated path X", ¢t = 0,..., NV, is subject to the random control 7}"* and distur-

bances in the diffusion process, given by the evolution in Equation (5.1). However,
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if the optimal control 7} tends to take on either a high or low value in the control
domain A this will cause a problem. On the one hand, if random control is uniformly
distributed then the simulated paths will end up in a sub-domain very different from
the one if optimal control is used at each time step. On the other hand, if the typical
range of the optimal control is known, a distribution to reflect this could be used to
better simulate the randomised control where more paths would end up in the same
sub-domain as if the optimal control was applied. While the former would lead to
difficulties in the regression estimation due to lack of state sample paths in sections
of the state domain, the latter would do the same due to lack of control samples
outside the expected range (hence lack samples in the full control domain A4).

A better approach would be to simulate state and control for the full domain
to ensure a better fit for the regression. This can be achieved by using a random
state each time t that is independent of decisions and disturbance for 0,...,t — 1,
as the simulated paths are recalculated after each time period anyway. Denote X,
as the state variable implied by transition function 7;_;(X;_1, m_1, 2;), where X is
an independent random sample from the state variable domain at each time step.
If the state variable X; would be simulated using the transition function as a path
for the full period ¢t = 0,...,T, then )Z'Hl = X;y1 would hold. The logical steps
of this procedure are summarized by Algorithm 3 below. Each X, is simulated
independently of the previous state, which allows the algorithm to spread samples
over the full domain each time period to avoid the pitfalls described. This will
explore the space better and the reason for this will become apparent in Algorithm 4.
In the algorithm, Rand corresponds to random sampling from some distribution that
could be designed for the specific problem. These can be, e.g., uniform distributions

for X; and m;, while distribution for z; is model specific.

Algorithm 3 Forward simulation

1l: fort=0to N —1do
2: for m =1 to M do
[Simulate random samples ]

3: X" :=Rand € X > State

4: " = Rand € A > Control

o: ziy1 = Rand € Z > Disturbance
[Compute the state variable after control]

6: )?gl =T (X, 7, 200 ) > Evolution of state

T end for

8: end for
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Backward optimisation

After the forward simulation step is completed, the problem is now solved with
the backward induction (Algorithm 4), similarly to Algorithm 2. The conditional
expectation ®,(-) of the value function at time ¢ + 1 is estimated with a regression
function, and the optimal decision is found by maximising the sum of the reward
function and the approximated value function. Once the optimal decision has been
found, the sample paths t + 1, ..., N are recalculated with the new optimal control
and the corresponding value function for the realisation of the paths is stored to be

used in the next iteration.

Algorithm 4 Backward solution (Realised value)

1: for t =N to 0 do
2: if t=N then
3: ‘/t(Xt) = RN(Xt)
4: else if ¢t < N then
[Regression of transformed value function]

- _ . - 2
5: Ay = argmina, Y0, [ML(X7) = B8V (K771)]
6: Find bias corrected transformation HB(A}L(X,, 7))

[Approximate conditional expectation]
7 (I)t(Xta%t) = HB(A;L(Xt,%t))
8: for m =1 to M do
9: X=X
[Optimal control]
10: 7 (X{") := argsup,, c 4 {Rt(Xtm, ) + O (X7, wt)}
[Update value function with optimal paths]

11 Ti(X) = R(X, (X))

12: Xity = To( X", mp (X{7), 277)

13: fortj=t+1to N—-1do

14: Ve(X(™) o= Vo (X3") + B9 T Ry (X[, o (X))

15: Rty = TR, (R), 2m)

16: end for N

17 Vi(XP) = V(R + B Ry (X))

18: end for

19: end if

20: end for

Note that at terminal time ¢t = N, where no decision is allowed, X ~ = Xy holds
true, which is why Xy is used on line 3 in Algorithm 4 (hence no need to simulate
Xy which is reflected in Algorithm 3 as it stops at NV — 1). Furthermore, on line 9
and 10 the state after control )?t is used, in order to estimate the value function for
the current period ¢ on line 14. This way 7} has been found and the value function
for )Zt rather than X; has already been prepared so it can be used directly for the

next iteration.
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The loop starting at line 13 is crucial for multi-period stochastic control prob-
lems with utility functions (unless the basis functions are correct for all periods).
It updates the forward simulation at each backward step with the optimal decision,
similar to Longstaff and Schwartz (2001). It therefore uses the realised value func-
tion rather than the regression surface (VFI and PFI methods in Equation (5.22)
and (5.23)) and takes advantage of the tower property of conditional expectations?.
This step helps significantly with the accuracy of the approximation as the time
horizon extends, and avoids (or at least reduces) the risk of the solution blowing
up by limiting the accumulation of regression errors. Compare this with Algorithm
5, which is the equivalent of Algorithm 4 but based on the regression surface (VFI
approach in Equation (5.22)) rather than realised values (PFI approach in Equation
(5.23)). The algorithm does not update the forward simulation at each pass, hence is
faster but might pile regression errors in the value function. However, in Algorithm
4, the function for the optimal control W;‘()?t) is solved each time period during the
forward loop on line 13 that makes the algorithm more computationally expensive.
By storing the optimal control for each state sample, rather than just the regression
coefficients, the optimal control can instead be interpolated for each ¢. This sig-
nificantly speeds up the solution, especially as the number of dimensions/controls

mncreases.

Algorithm 5 Backward solution (Regression surface)

1: for t =T to 0 do
2: if t =T then .
3: W(Xt> = RN(Xt)
4: else if t < T then
[Regression of transformed value function)]

2

5 A= argming, 0, AL R — BV (K1)
6: Find bias corrected transformation H? (AtL(Xt, 7))
[Approximate conditional expectation)]
7. ¢t(Xt7%t) = HB(AQL(XUATF}))
8: for m =1to M do
9: X =X"
[Optimal control]
10: 7 (X) = avgsupp,ea { Re(X7",m0) + (X, m) }
L1: Vi(X7") 1= Ry(Xp,m (X)) + @u(X, i (X]7)
12: end for
13: end if
14: end for

3The tower property states that when conditioning twice, with respect to nested o-algebras,
the smaller amount of information always prevails such that E[E[Z|F11]|F:] = E[Z]|F]
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If a fixed starting point X is desired as in the original algorithm, rather than

a range of potential starting points, then line 9 would be replaced at ¢ = 0 with

)/(\Véﬂ = Xo.

5.4.3 Upper and lower bounds

The value function from Algorithm 4 is already a lower bound (up to the Monte
Carlo error), as replacing the supremum in Equation (5.3) with the estimated opti-
mal control yields a lower bound by definition of the supremum (Aid et al., 2014).
Similarly, an approximate upper bound can be found by using the optimal control
estimate 7} from Algorithm 4, but on line 11 in Algorithm 5 where the realised value
function is replaced by the regression surface. Given that estimator Ci)t(Xt, m;) of the
approximated conditional expectation in Equation (5.5) is unbiased, this results in
an upper bound up to the Monte Carlo and regression error (Aid et al., 2014).
Even if the transformation method minimises the regression error, the error will
always be present. Given a concave utility function these errors will be biased
downwards. Since this upper bound is based on the regression surface, rather than
realised values, it will accumulate significant regression bias over time and often
leads to lower value than the lower bound. An alternative approach is to use an
upper bound based on the expected change of the stochastic variables, as this will
always be equal or larger according to Jensen’s inequality given a concave utility
function. As the lower and upper bound now will suffer equally from the regression
bias it represents a more realistic upper bound of the solution. This only holds
true for a concave utility function — if the function is convex the inequality changes

direction.

5.5 Accuracy of solution

In this section we examine the impacts of Smearing Estimate (5.12), Smearing Esti-
mate with Controlled Heteroskedasticity (5.14) and naive estimate without trans-
formation bias correction (5.10) on the accuracy of the LSMC numerical solution.
Two basic models based on CRRA utility are considered: optimal consumption,

and optimal consumption and risky asset allocation. The models have closed form
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solutions presented in Appendix D which are used for benchmarking of our numer-
ical methods. The chosen model parameter values correspond to the ones causing
problems with numerical solutions in Denault et al. (2017) in the case of high risk
aversion and volatility.

In both examples, we use 10 000 sample paths where state and control were
sampled from uniform distributions, and the disturbance term from a normal dis-
tribution. The basis functions are ordinary polynomials up to the 4th order in both
transformed state and control variables, including mixed terms. The transformation

used is based on the exponent and a CRRA utility function, such that
H'(z)=In [('yx)l/ﬂ . (5.24)

Note that the examples below do not include the standard LSMC case, and use re-
sampling in the forward simulation (Algorithm 3). The reason is simply because the
standard LSMC method is not stable and the solution either blows up, or optimal
control equals full or zero consumption due to bad regression fit if re-sampling in

the forward simulation step is not used.

5.5.1 Consumption model

Consider a typical simple model where the agent receives utility by consuming a
proportion m; := a4 € [0, 1] of the endogenous state variable wealth X; each period
t = 0,...,9, hence terminal time T" = N = 9 resulting in 10 evaluations. The
utility at time ¢ is Ry(X¢, m) = (0 Xy)?/~y and utility of wealth at terminal time
is Ry(Xn) = (anyXn)?/y with risk aversion v = —10. Wealth change between
periods is based on a stochastic return Z ~ N (p1, 02) with drift 4 = 0.1 and standard
deviation ¢ = 0.2, such that the transition to the wealth at ¢ + 1 is

Xt+1 = 7;(Xt7 T, Zt—f—l) = Xt(l — Oét)ethrl. (525)
The closed-form solution for optimal consumption is then

1, if t = N,

(14 (ertr?e?/ za;’;ll)ﬁ)_l, otherwise,
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and the value function is

Vi(XT) = (o)™, (5.27)

as derived in Appendix D. The problem does not have any control variables for allo-
cation of wealth into the risky and riskless assets and is wealth independent, hence
no heteroskedasticity will exist and Smearing Estimate (5.12) is accurate enough.
Figure 5.1 shows the optimal consumption each time period for the different methods
described in previous sections. A clear bias can be identified for the transformation
without consideration to the re-transformation bias, indicating it will not give an
accurate solution, while the two other methods based on Smearing Estimate (5.12)
and Smearing Estimate with Controlled Heteroscedastisity (5.14) are very close to

the true optimal value.

Optimal Consumption

100 - /
Analytical /
90 - Transformation w/o bias correction fi
Smearing Estimate /
Controlled Heteroskedasticity /
80 -

Consumption (%)

Time period (t)

Figure 5.1: Optimal consumption «; as a percentage proportion of wealth for
four different solution methods.

5.5.2 Consumption and investment model

The second model we consider is based on the first, but extended with an additional
control variable for risky asset allocation. The agent now consumes a proportion

of wealth o, and chooses to allocate a proportion §; € [0, 1] of remaining wealth
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into a risky asset with stochastic return Z; and the rest into a risk free asset with
deterministic return 7 = 0.03. Hence, the decision variables are m; = (o, d;) and the

transition function is
X1 = T Xy, 1y, Ziogr) = Xi(1 — ay)eltZent =00 (5.28)

This transition function is approximately the same as the correct transition function
for the specified allocation problem when returns are small. The closed-form solution

(see Appendix D) gives optimal consumption

1, ift=N,

25252 1y .
(1 (eOmtr?0to 24 (=00 7 =N T=5) =1 otherwise,

optimal risky allocation

P (5.30)

vo?
and the value function is the same as in (5.27).

These changes introduce heteroskedasticity with respect to the control variable
by allowing control of the disturbance term, and the Smearing Estimate no longer
gives a correct solution. Figure 5.2 shows the optimal consumption for each time
period and different methods, and Figure 5.3 shows the optimal risky allocation.
Since the effect of the disturbance control is not transformed back, the risk is under-
estimated and therefore suggests full risky investment allocation as risk does not
increase with higher allocation. The Smearing Estimate then includes a slight bias
with regards to optimal consumption due to a constant risk being transformed, which
is higher than the true optimal consumption but still underestimated in regards to
d;. The transformation without bias correction, however, now seems to be accurate,
but does in fact include two biases that happen to cancel each other out in this
example. As the risk is ignored, the risk from the transformation without bias cor-
rection is underestimated and full risky investment is suggested. This in turn affects
the expected capital growth, and together with the bias in the consumption decision
the overall bias is almost cancelled out. Controlled Heteroskedasticity, on the other

hand, considers the effect of disturbance terms once re-transformed and leads to an
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unbiased solution (but still subject to noise, regression and numerical errors).

Consumption (%)

100 -

Optimal Consumption

90 -

Analytical

Transformation w/o bias correction

Smearing Estimate

Controlled Heteroskedasticity /

Time period (t)

Figure 5.2: Optimal consumption a; as a percentage proportion of wealth when
the model allows risky investments, for four different solution methods.

Risky Allocation (%)
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Optimal Risky Allocation

Analytical

Transformation w/o bias correction
Smearing Estimate

Controlled Heteroskedasticity

Time period (t)

Figure 5.3: Optimal allocation of risky assets d; for four different solution meth-

ods.
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5.5.3 Bounded solutions

Even though the accuracy of the estimated optimal control variables compared
with the true optimal control is satisfactory, we performed a further analysis to
see whether the calculated upper and lower bounds of the LSMC value function
spans over the exact value function. The bounds are estimated as described in
Section 5.4.3, in the case of Model 2 with Controlled Heteroskedasticity (5.14), con-
sidered in Section 5.2. The problem is solved with 20 independent iterations where
each iteration involves M = 10000 independent sample paths. In order to estimate
the solution and standard errors, the solutions of the 20 iterations are averaged and
standard errors are calculated. Note that a utility function will always bias errors
downwards, assuming it is concave, and the extreme curvature will quickly affect
any bias. Therefore, the value function is compared on the transformed scale. Table
5.3 shows the lower bound @, (which is the value from using Algorithm 3 or 4), the
upper bound @y from replacing the realised disturbance with the expectated value
of the disturbance term. The absolute difference of the true optimal control param-
eters and the numerical solution for consumption, |A«|, and risky asset allocation,
|Ad|, are shown as the average and the maximum difference. Regression is based on
ordinary polynomials up to the n-th degree in both X; and m;, and results in the

table are presented for n = 2,3,4,6,8.

Table 5.3: Bounded solutions and differences in control variables with different basis
functions. The analytical solution of the problem is H~1(V;) = 9119.

nth degree Qy, Qu |Alave  |A|max  |Aavg  |A|max
2 8735.9 (1.4) 8968.2 (2.0) 0.0011 0.0016  0.0285 0.0640
3 8742.9 (1.2) 9009.1 (6.4) 0.0011 0.0017  0.0225 0.0562
4 8745.7 (1.7) 9027.0 (4.6) 0.0010 0.0016  0.0215 0.0737
6 8742.5 (2.0) 9006.4 (7.4) 0.0012 0.0018  0.0255 0.0832
8 8739.3 (2.1) 9001.0 (7.2) 0.0014 0.0032  0.0235 0.0602

The difference between the bounds and the true value is due to the regression
bias, and that an approximate model always will be suboptimal. As the upper
bound given in Aid et al. (2014) contains a significant amount of regression bias

over time, which is further inflated by utility based objective functions, this value
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turns out to be lower than Q)r, and has been omitted from the table. Using an upper
bound based on the expected change of the stochastic variables will therefore reflect
a more realistic upper bound, although it can still be less than the true solution due
to regression and numerical errors or early stopping criteria in the optimisation of
optimal control.

The difference between the approximation and the analytical solution equals to
as little difference as 4% using the forth order polynomials. The optimal control
tends to be close to the true optimal value. This can be seen when polynomials with
a higher order than four are used, as the regression model now contains redundant
predictors. The optimal control parameters are still within a valid range from their

true value, even though the non-transformed value function starts to deviate quickly.

5.6 Conclusion

LSMC provides many advantages in dynamic programming. Firstly, it does not
suffer from the ‘curse of dimensionality’ in the same way as other methods, and
is therefore faster than numerical methods such as partial differential equation or
quadrature based ones. Secondly, it does not impose restrictions on the stochastic
variable dynamics, hence, even an empirical distribution is sufficient. Finally, it
returns a parametric estimate in a feedback form of control which voids the need for
a grid for control. However, there are many difficulties as well. It is an approximate
method only and can be computationally intensive — especially in finding the optimal
control variables for each sample. The basis functions are often difficult to find and
highly problem-specific, and if they are not defined properly, substantial errors can
pile up over multiple periods.

In this chapter the LSMC method was applied to stochastic control problems
characterised by utility functions. We found that standard LSMC does not work
well for these problems and suggest to perform regression on transformed value func-
tion and then accounting for the re-transformation bias. The bias correction function
can be constructed in various ways depending on the type of problem. The Smearing
Estimate can improve the accuracy of simpler problems without heteroskedasticity

and control of disturbance, while more complex problems require Smearing Estimate
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with Controlled Heteroskedasticity if the heteroskedasticity depends on the state or
control variables. The latter requires performing two regressions, but since the
computational burden is on the optimisation and not the regression the additional
computational cost is minimal. We further observed that the standard forward sim-
ulation stage of LSMC should be modified to achieve accurate results. In particular,
we suggest to re-sample state variables independently at each time step to achieve
better exploration of the state space. This occurs when the sample paths are simu-
lated with control randomisation and the control has a significant influence on the
transition of the state variable, thus all sample paths tend to end up in a small
sub-domain of the state after simulation. By re-sampling the state variables each

time step, we can ensure that the samples exist in the full state variable domain.
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Chapter 6

Extension of retirement model
with annuities and flexible housing

decisions

6.1 Introduction

Australian pension policy is characterised by the means-test, which provides Age
Pension payments for retirees with less wealth and/or income. The means-test raises
a number of questions regarding optimal behaviour, such as optimal behaviour with
respect to current or planned policies, but also regarding the validity of traditional
knowledge in retirement modelling. One such insight is the ‘fact’ that a risk averse
retiree tends to be better off by annuitising part of his/her wealth (Yaari, 1965;
Davidoff et al., 2005; Milevsky and Young, 2007). A lifetime annuity is a financial
product that pays a guaranteed income and insures against outliving one’s assets
(longevity risk). By purchasing an annuity the retiree gives up wealth that could
potentially earn a higher return and which could be used as bequest. Even after
the mortality credit!, the payout rate is generally below the risk premium early
in retirement, but insures the retirees from outliving their incomes. Risk averse
agents?, however, discount the risk premium more and value a protected income

over potentially higher future consumption, thus annuitising more wealth (Iskhakov

!Mortality credit refers to the discounting from mortality risk of future income streams.
2This is true for rational investors only. Irrational investors, however, may value their current
level of consumption too much and therefore defer annuitisation (Marin-Solano and Navas, 2010).
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et al., 2015). There are alternative annuities that address the negative aspects of a
lifetime annuity, such as Guaranteed Minimum Withdrawal Benefit and Guaranteed
Minimum Death Benefit, which allow for equity growth and bequest motives respec-
tively (Luo and Shevchenko, 2015). These products tend to be more expensive due
to the additional benefits. The retiree therefore needs to find a balance between a
guaranteed consumption and the possibility to leave bequest. Yaari (1965) showed
that if no bequest motive is present, then full annuitisation is optimal. If such
a bequest motive exists, however, annuitisation is still optimal but typically only
partial (Davidoff et al., 2005; Friedman and Warshawsky, 1990), which is also the
case when a certain consumption floor is present. Despite this, very few Australians
annuitise any wealth (Iskhakov et al., 2015; Kingston and Thorp, 2005), which is
consistent with retirees who receive other stable income streams (Inkmann et al.,
2011; Dushi and Webb, 2004; Kingston and Thorp, 2005), with the exception of
Switzerland where the majority of retirees do annuitise (Avanzi, 2010; Avanzi and
Purcal, 2014). As the means-tested Age Pension provides an income stream that
covers the calibrated consumption floor from Chapter 4, the Age Pension becomes
a possible substitute for voluntary annuitisation.

Another important aspect of the means-test is the exclusion of any house asset,
which opens up the possibilities for financial planning to maximise utility in retire-
ment. Most Australian households do not convert housing assets into liquid assets
in order to cover expenses in retirement, with the exception of certain events (such
as the death of a spouse, divorce, or moving to an aged care facility) (Olsberg and
Winters, 2005; Asher et al., 2017). However, by allocating more assets to the family
home, the means-tested assets can be lowered which in turn results in more Age
Pension received, and home equity can be retrieved later in retirement if needed. As
with annuities, this raises the question whether retirees should access home equity,
either by selling the home or through home equity products, or if the means-test
crowds out such products as well. Sun et al. (2008) find that reverse mortgages are a
very risky asset, owing to the uncertainty of the interest rates and housing markets.
However, the decision to access home equity cannot be made purely for financial rea-
sons and needs to be set in the context of typical Australian retirement behaviour.

Due to both financial benefits and attachment to their home, and especially neigh-
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bourhood, retirees tend to stay homeowners late in life (Olsberg and Winters, 2005).
The possibility to borrow money decreases with age, mainly due to having no labour
income, and the retiree becomes increasingly locked into their home equity (Naka-
jima, 2017). An increasingly popular solution is therefore a reverse mortgage, which
allows the retiree to borrow against home equity, up to a certain loan-to-value ratio
(LVR) threshold. The LVR threshold tends to increase with age. The initial prin-
cipal limit generally starts with 20-25% at age 65 (subject to expected interest rate
and property value), which translates to either the lump sum or the present value of
future payments, and increases 1% per year. The house equity is used as collateral
and allows the retiree to access housing equity while maintaining residence in the
house. The retiree can typically choose between six repayment options: lump sum,
line of credit (allowing flexible amounts and payment times), tenure (equal monthly
payments), term (tenure but with a fixed time horizon) and combinations of line of
credit with either tenure or term (Chen et al., 2010). The loan is charged with either
fixed or variable interest, but instead of requiring amortisation or interest payments
they accumulate (although the retiree is free to make repayments at any time to
reduce debt). The main benefits of such an arrangement are that it limits the risk
as the loan repayments are capped at the house value, and allows the retiree to
access more equity with age (contrary to traditional loans). However, interest rates
are higher due to lending margin and insurance. Chiang and Tsai (2016) find that
the desire for reverse mortgages is negatively correlated with the costs (application
costs and insurance/spread added to the interest rate) as well as the income for a
retiree, and according to Nakajima (2017) the loans are very expensive for retirees.
In addition, if a lump sum is received and allocated to what is considered an asset
in the means-test, such as a risky investment or simply a bank account, it will affect
the Age Pension. On the other hand, if the funds are spent right away they will not
have an impact on the Age Pension received.

Previous research found that the Age Pension crowds out decisions that otherwise
are optimal (Iskhakov et al., 2015; Biitler et al., 2016). Here, it is evaluated whether
such findings are consistent in a more realistic framework. Asher et al. (2017)
finds evidence that few households use financial products to access home equity,

such as reverse mortgages. For these reasons, we investigate whether the retiree
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is better off based on two additional control variables: borrowing against housing
assets with a reverse mortgage, or simply up/downsizing housing in retirement.
Since housing assets are exempt from the means-test, it might be optimal to over
allocate in housing and then draw it down by reverse mortgage. Extending the
model with more flexible decisions for homeowners is highly timely: in Australian
Government (2017), the government announced that retirees will be able to deposit
non-concessional contributions from the proceeds of selling their home into their
super fund account (subject to additional conditions being met). The deposit is
capped at $300,000 per retiree, hence couples can deposit twice the amount. The
reason is to encourage downsizing in retirement, where the additional living space is
no longer needed. As these rules will be in effect from the 15 of July 2018 they are
not explicitly modelled in this chapter, but signifies the importance of understanding
the effect that house equity related decisions has on the retiree.

The chapter is structured as follows. First, the ‘benchmark’ model is defined in
Section 6.2 which is the foundation used in this chapter. In Section 6.3, additional
optimal control with respect to annuitisation decisions and home equity access is
modelled individually. The results of each extended model are evaluated in Section

6.4. Finally, the chapter is concluded in Section 6.5.

6.2 Benchmark model

The foundations for this chapter are based on the model presented in Chapter 3, with
the same utility functions and parameters, but extend the model in several important
aspects®. First, a stochastic risk-free rate is introduced. Second, a deposit account is
now available in addition to the Allocated Pension account. Although the definition
of a deposit account normally is that it only pays interest and has restrictions on
withdrawals, we use this in a wider sense that allows financial investments, interest

rate investments and yearly withdrawals and deposits with no restrictions on size.

3Tt should be noted that since the model was calibrated to data based on certain assumptions
of deterministic variables, changing these to stochastic might have implications on the utility
parameters. Using the same parameters does, however, function as a benchmark to evaluate the
benefits of additional decisions and extensions to the model. We do not say in this case that the
average Australian retiree is recommended to act based on the model solution, only that such a
solution can show whether the retiree is better or worse off with regards to the decisions.
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6.2.1 Additional dynamics and states

The stochastic risk-free rate is modelled as a Vasicek process
dr(t) = b(r —r(t))dt + ordB(t), (6.1)

where b € (0,1] is the reversion to the mean, 7 € RT is the mean the process
reverts to, og € R is the volatility and B(t) the standard Brownian motion. The

corresponding process is discretised with yearly time steps, hence the process is

2

_ _ o
P =7 +e (ry —7) + 2—];(1 —e )€y, (6.2)

where € ~ N(0,1) is an i.i.d disturbance term. The Vasicek process is chosen as
it allows for negative interest rates, which is suitable as the rate is defined in real
terms. A negative interest rate would then indicate that inflation is higher than the
nominal risk-free rate.

The deposit account Wt € R" is an account which holds liquid wealth separate
from the pension account, where the balance can be invested each period [t,¢ + 1)
and is included in the means-test. It is assumed that the deposit account is invested
in the same way as the Allocated Pension account, but the deposit account must
pay taxes on any capital gains. The purpose of such an account is that the retiree
will be able to save part of the Age Pension and/or drawdowns from the pension
account when minimum withdrawals are larger than what is optimal to consume.
Such an account is necessary later on in Section 6.3.1 and 6.3.2, as it is possible to
receive lump sums but pension accounts do not allow funds to be added to them

after retirement. The consumption each period consist of
Ct = Oét(Wt + /—th) + Pt, (63)

where «; determines the total drawdown from the deposit and pension account. It
can be argued whether a second control variable for consumption from the deposit
account is required, as the retiree now can choose what account to withdraw from
(as long as the minimum withdrawal requirement in the pension account is satisfied).

However, it is assumed the retiree first draws wealth from the pension account up
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to the minimum withdrawal rate v; each period, and in case optimal consumption
exceeds this amount the difference is taken from the deposit account (as long as
sufficient funds are available in the deposit account). Due to the deposit account
attracting a tax on capital gains while the Allocated Pension account is tax-free, it
will always be optimal to deplete the deposit account first, hence the assumption
above. Transitions for the pension account and the deposit account depend on
whether the deposit account can cover any desired drawdowns above the minimum
withdrawal rates. Thus, if W,(1 — a;) > W;(ay — v), the evolution for the pension
account is

Wt+1 = Wt(l — l/t) X ((Stezt“ + (1 — (5t)e”+1). (64)

For the deposit account, the evolution is

Wit =[Wi(1 — ) + Wi(v — )] X (8,7 + (1 — 8,)e"**+)

— (6.5)
— O(W(1 — o) + Wi (v — ), 0p€™+t 4 (1 — 9y )e"t*1),
where the function © calculates the tax on asset growth, and is defined as
O(w, z) = 0.15wmax(z — 1,0). (6.6)

Note that only the deposit account attracts a tax on capital gains. For simplicity,
it is assumed that any gains are realised each year, and that the tax rate is 15%*. If
consumption is less than minimum withdrawals, the excess funds are stored in the
deposit account. On the other hand, if Wt(l —a;) < Wi(ay —v), the deposit account
is depleted (/T/Iv/tﬂ = 0) and the excess consumption comes from the pension account

which evolves as

Wit = (W, + W)(1 — a) % (8,74 + (1 — 6,)e"*+). (6.7)

4Due to the many tax offsets, rebates and investment options in retirement which can alter
the effective tax rate, the tax rate has been set to a fixed 15% which equals the earnings tax on
Self-Managed Super Funds.
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6.2.2 Stochastic control problem definition

For the purpose of a complete definition of the benchmark model, it is defined in
the stochastic control problem framework. For details regarding assumptions and

further explanations please refer to Chapter 3.

e Denote a state vector as X; = (W, Wt, Gy, Hy, 1) € WXW X G XH X R, where
W, €W = R* and I/IN/t € W = R* denotes the current level of liquid wealth
in a pension account and a deposit account respectively. G, € G = {A,0, 1,2}
denotes whether the agent is dead, died in this period, is alive in a single
household, or is alive in a couple household. The stages are sequential; hence,
an agent that starts out as a couple becomes single when one spouse dies.
H, € H = R* denotes the value of the home and 7, € R = R the stochastic

real risk-free interest rate (thus can take on negative values).

e Denote an action space of (ay, &, 0) € A = (—o0,1] x [0,1] x {0, 2L, 1]} for
t = to, and (ay, ;) € A = (—00,1] x [0,1] for t =ty +1,...,T — 1. Here, g €
{0, [%, 1]} is the proportion total wealth allocated to housing, a; € (—o0, 1]
denotes the proportion of wealth consumed and ¢, € [0, 1] is the percentage of
wealth allocated in the risky asset. The upper boundary of 1 indicates that the
drawdown cannot be larger than the total wealth, nor invest more than 100%
in risky assets; hence, borrowing is not allowed. However, negative values for
drawdown are allowed as they represent savings from Age Pension payments
into the deposit account. Housing requires a certain minimum down payment

Hj, and cannot exceed total wealth at retirement.

e Denote an admissible space of state-action combination as D;(z;) = {m(z;) €

Al ap > Vf/d;%i }, which includes the possible actions for the current state and
t t
indicates that withdrawals must be sufficiently large to cover the necessary

consumption floor.

e There exist transition functions for the state variables Wi, m and r;. As

housing is constant in retirement, H;,; = H;. Define the total transition
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function

w
Tt (Wt7at75t7zt+lart+l)

Tt(Wt7Wt7Tt7at75tuzt+1> = ﬂW(Wt,Qt,ét,Zt+1,Tt+1) . (68>
Ty (re)

Here, T}V (-) is the transition function for the pension account

(W,(1—ay)
X (0 4 (1 — §y)e"*1),
(Wy(v — o) + Wy(1 — o))
e (0”1 + (1 — 0y)e™ ),

if /—W/t(l - Oét) > Wt(Oét - V),
TtW() = Wi =

otherwise,

(6.9)

where z;,1 and 741 is the realisation of the return on the stochastic investment
portfolio and risk-free rate respectively, over (¢, 4+ 1]. We assume that the
agent is small and cannot influence the asset price. Ttw() is the transition

function for the deposit account

(

(Wi(1 — ) + Wi(v — ay))

X (5tezt+l —|— (1 — 5t)€”+1)
TV() = Wer = { —O(W(1— ) + Wilv — ow),
5tezt+1 + (1 _ 6t>€rt+1>’

it Wy(1 — o) >
Wi(ay — v),

0, otherwise.

\

(6.10)

Finally, 77 (-) is the transition function for the stochastic risk-free rate, which

is based on equation (6.2), hence

2

T (ry) i= 11 = F 4 e (ry — F) + ;—5(1 e M)y (6.11)

e Denote the stochastic transitional kernel as Q:(dz'|z, m(x)), which represents

the probability of reaching a state in dz’ = (dwyi1, dWii1, gri1, dreer) at time
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t+1 if action () is applied in state x at time ¢. Since the transition function
is based on the stochastic risky return Z;,; and the stochastic risk-free rate
r¢+1, which are Markovian, the transition probability for W, , Wtﬂ and R;iq
are determined by the distributions, where 7, N (u—7,0%) and ri,y S
N(F + e b(ry —7), %(1 — e %)). As the problem is solved with a simulation
based method, the stochastic kernel with respect to the financial stochastic
variables does not have to be explicitly defined. The survival probabilities will,

however, be implemented directly in the calculations. Let ¢(g;11,9:) denote

Pr[Gii1 = gi41 | Gt = g¢]. The stochastic kernel is then given by

Qt(dx/\x,ﬂ't(x))
= Pr[Wiy1 € dwppr, Wigr € dwiyr, Gy = i1, 11 € drr | Xy = 24

= PI‘[Wt+1 € del, Wt+1 - d@t+1,7’t+1 € th_H | m = Wy, VVt = 'l/Et, Tt]

X Q(gt+1;9t)~
(6.12)

The probabilities for family status are defined as

q(2,2) =pS, q(1,2)=1-pf,
q(1,1) =p5, ¢(0,1) =1—pf, (6.13)
q(A,0) = q(A,A) =1,

where p¢ is the probability of surviving for one more year as a couple or p} as

a single. All other transition probabilities for family status are 0.

The reward function depends on the G; state as defined in equation (6.14). If
the agent is alive, he/she receives a reward based on consumption. Thus, if the
agent is alive, he/she receives a reward based on consumption Us and housing
Upy. If he/she died during the year, the reward comes from the bequest U, and
if he/she is already dead, there is no reward. Note that the reward received
when the agent is alive depends on whether the state is a couple or single

household owing to differing utility parameters and Age Pension thresholds.
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UC(Ot7Gt7t)+UH<Ht7Gt)7 if Gt = ]-a27
Rt(WMWt?Gtvat7Ht> = UB(Wt +Wt+Ht)7 lf Gt = O’ (614)
0, if G, = A.

The utility function for consumption is defined as

UC(Cta Gta t)

_ 1 (C’t — Ed)” J C, if Gy=2 (couple),
T Ga 7 S, if Gy =1 (single),
(6.15)

where 74 € (—00,0) denotes the risk aversion, ¢, is the consumption floor, (4
is a scaling factor that normalises utility between couple and single household.
These parameters are subject to family state G;. Finally, ¢ € [1,00) is a

“health” proxy to control for decreasing consumption with age.

The bequest function is defined as

9 1—~s (%a—{—Wt —f—/—V\V/t —f-Ht)’ys
) ., (6.16)

Us(W, + W, + H,) = <—

1-0 Vs

where W, denotes the liquid assets available for bequest, 75 denotes the risk
aversion parameters of a singles household, 6 € [0, 1) the utility parameter for
bequest preferences over consumption, and a € R the threshold for luxury

bequest.

Finally, the utility function for housing is defined as

L (2™ i, >,
UH(HtaGt) =
O, lf Ht — 0,

(6.17)

where 7y is the risk aversion parameter for housing (different from risk aversion
for consumption and bequest), H; is the value of the family home and \; €

(0, 1] is the housing preference defined as a proportion of the market value.
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e The terminal reward at ¢t = T is given by

_ Ug(Wy + Wy, Hy), if Gy >0,
R(Wr,Wr, Gr, Hr) = s(Wr ™ Hr) ! (6.18)
0, if Gr = A.

e The discount factor 3, which was previously set in relation to the determinis-
tic interest rate, does not represent financial discounting but rather personal

impatience hence remains fixed. The discount factor remains the same, with

Bei+1 € (0, 1].

In order to solve the model, the Least-Squares Monte Carlo approach in Chapter

5 will be used.

6.3 Extensions

The model is now extended to areas of interest: annuitisation (extension 1) and
scaling housing/reverse mortgaging (extension 2). Note that extension 1 does not
apply in extension 2 and vice versa - they are separate and independent extensions
which isolate the impact each extension has on optimal control. Any parameterisa-
tion not explicitly stated remains the same as in Chapter 4, where the most recent

policy and parameters are used for the Age Pension in Table 4.4.

6.3.1 Extension 1 - Annuitisation

The argument why the Australian market has shown such a lack of interest in annu-
ities comes down to that the Age Pension is indirectly an indexed life annuity which
pays a known and increasing amount as wealth and income decreases, hence crowd-
ing out annuity purchased (Iskhakov et al., 2015; Biitler et al., 2016). This provides
an implicit insurance against both longevity and financial risk, which otherwise is
the main argument to annuitise. If annuities were exempt of the means-test, then
it would be reasonable to expect an increased interest in annuities. However, the
annuity value as well as annuity payment is included in the asset-test. Any annuiti-
sation would therefore give up ‘free’ money if the means-test is binding, as well as

give up potential equity growth, unless the annuity is of any equity-linked type.
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Annuity pricing

The focus is on a single household, since the joint mortality risk of a couple house-
hold increases the price of the annuity, thus making it less attractive to annuitise.
The retiree can each year decide if he/she wants to annuitise any wealth, hence
making the annuity indirectly a deferred one by saving wealth in retirement in order
to annuitise later (similar to Milevsky and Young (2007)). This introduces the pos-
sibility for the retiree to receive additional equity growth on the wealth yet to be
annuitised, although with the risk associated, but without requiring more complex
annuity products.

Assume an immediate lifetime annuity that is fairly priced (hence there are
no commercial markups or fees) with constant real payments, where the actuarial

present value can be written as

T
aly) =Y i (tiy), (6.19)
i=t+1
where J(t,1,y) represents the price of a zero coupon bond at time ¢ with maturity 4
and face value y (the constant real annuity payment, hence adjusted for inflation),
Pt is the probability of surviving from year ¢ to i. The price of this kind of annuity
equals a portfolio of mortality risk weighted bonds with maturity times from ¢ + 1
up to T'. The bond is priced with yearly time periods, hence the bond with maturity
time ¢y is

J(t, far. y) _ yEé[e_ ftml ,«(T)dT] — ye—r(t,tM)(tM—t)7 (6.20)

where Q is the risk-neutral measure and r(t,tar) is the zero rate. The corresponding

Vasicek risk-neutral process is
dr(t) = [b(F — r(t)) — Aog]dt + ordB(t). (6.21)

The formulas for the bond price and corresponding zero rate can easily be calculated

(see, e.g., Hull (2012))

—InA(t, tar) + B(t, tar)ry
tay —t ’

r(t,ta) = (6.22)
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where
B(t,tar) — tur +t)(B?(F — Aor/b) — 0%/2)  o0%B(t, ty)?
A(t, tar) = exp (B tar) = tar )(bQ( r/b) —0R/2) Ok (4b M) |
6.23
1 _ e—b(t]\/j—t) ( )
Bt,ty)=—% (6.24)

b ;
and A is the market price of risk. Equation (6.22) gives the zero rate in a risk-
neutral world, hence the full term structure can be determined. In order to fit the
real risk-free rate parameters, which are needed to find the correct discounting of
the annuity payment, the process outlined in Hull (2012) is used. First the risk-free
rate r; process needs to be parameterised from real data. The yearly Australian real
deposit rate is chosen to represent a real risk-free rate which the retiree has access
to, where the dataset contains real deposit rates from 1989-2017. Then parameters
of the Vasicek model are estimated using Maximum Likelihood method applied to

the discretized version of the Vasicek model (equation 6.2) as follows.

max Y <—%ln (@(1 - e—%)) Gt T))Z) , (6.25)

b,r,0 Py ‘;_1;(1 _ e—Qb)

where r; is the observed real deposit rate at time ¢;. The calibrated parameters are
b= 0.55, 7 = 0.024 and 6z = 0.029, which are estimates of the parameters in the
real world. The present real risk-free® rate is set to ro = 0.0045. To convert them
into risk-neutral parameters (in order to derive the term structure of interest rates),
it is necessary to estimate A by minimising the squared difference between the term
structure and the zero coupon market rates®. The term structure is generated from
the zero rate function in equation (6.22) using the process in equation (6.21). The
market price of risk is estimated by minimizing the mean squared errors for each

trading date ¢;,7 = 1,...,n with maturity 7,7 =1, ..,10

mlnzz r(ti,t; +1;) 101;5)27 (6.26)

bs

where 7 represents the observed yield at date ¢; with maturity 7j. The estimate

51 year deposit rate from the Commonwealth Bank in April 2017.
6Taken from https://www.quandl.com/data/RBA/F17_0-Zero-Coupon-Interest-Rates-
Analytical-Series-Yields
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comes out as A\ = —0.14, hence the risk-neutral parameter for the mean rate is

=

r=7r— A&R/l; = 0.031, and the other equals the estimates where b = b = 0.55 and
or = 06g = 0.029. The present value of the annuity can now be calculated. Note
that we only attempt to define a model and solution that is useful, and are not
trying to predict the market. The parameterisation and pricing of annuities are for

illustration of the solution only.

Problem definition

In the context of the life cycle model, the retiree can at any time tg,..., T — 1
make a (non-reversible) decision ¢; € [0,1 — o] to annuitise a proportion of liquid
wealth (W, + Wt) As the annuity is of the type annuity-immediate, the annuity
payment is received in the end of the period (hence equals the time at ¢+ 1), but the
cost is discounted to ¢t and affects the wealth immediately in order to protect future
consumption. Any decision to annuitise adds to the new state variable Y; € ) = R*,
which holds the information of the size of annuity payments each period. The

transition function for the state variable is
T (Yey) = Yep = Yi +y, (6.27)

where y is found from equation (6.19) by setting the decision to annuitise equal to
the actuarial present value, a;(y) = ¢,(W; + Wt), and solving for y. Note that y will
always be non-zero due to the non-reversibility of the annuitisation decision. The

transition functions for W, and Wt is updated to

(

Wt(l—Oét—Lt) L~
if Wt(l — O — Lt) > Wt(at + 1 — I/),
X ((5tezt+1 + (1 — 515)6”_'—1),

Wy + W) (1 — oy — 1)

otherwise.

\ X ((5tezt+1 + (1 — 5t)€7”t+1)7
(6.28)
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( —

Wi(1— o — 1) + Wi(v — oy — 1y))

X ((5t62t+1 + (1 — 5t>€rt+1) —~

i _ if Wt(l — O — Lt) >
TV () = — 1 — _ _ _

e () OWi(l — ar — o) + Wi(v — o — 1), Wil + 14— 1),

5tezt+1 + (1 _ 5t)€7"t+1)7

0, otherwise.
\

(6.29)
Any annuitisation is reflected by increased consumption in equation (6.15), hence
the input for the utility from consumption becomes Ug (o (W; + Wt) + P+ Y, Gy, t)
as consumption is based on not only wealth drawdown and Age Pension, but now
also annuity payments. Annuities need to be handled differently in the means-test.
Any annuities which are not account-based (which is the type modelled here) are
not included as deemed assets in the income-test, and are assessed based on the
income they provide with a deduction for part of the annuity value (Department of

Social Services, 2016). The definition of annuity income for the income-test is

g O (yT) ::T(w’ (6.30)

where ¢, is the annuity purchasing time and ap(y) represents any residual capi-
tal value (which always will be zero as per the annuity definition). Similarly, the
assessment of the annuity in the asset-test differs from other financial assets. The
purchase price of the annuity is used, and a deduction to represent the decrease in

value for each year is applied

ay, (y) — ar(y)
T—1,

ar, (y) — (t —tz). (6.31)

These rules cause some implications to the model, as it will require additional state

variables in terms of annuity purchase price and annuity purchasing time (which

complicates the problem definition further as it is allowed to add on to annuities

later in retirement). To avoid this, the calculations in equations (6.30) and (6.31)

are approximated by using equation (6.19) to re-value the annuity at the current

time given the known annuity payment. The assessment part for the income-test
a:(y)

becomes approximately y — = and the asset-test assessment approximately equal
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to a;(y). In Figure 6.1 it can be seen that these methods are approximately equal,
which voids the two additional dimensions in the model. Even if a solution using
LSMC technically could handle the additional states, it is preferred to avoid this as
the additional state variables will have a very minor impact on the value function
but are prone to unnecessary regression errors. The means-test pension functions

need to be updated though. The function for the income-test becomes

P = Pxiax - (PD(Wt) +y— ;t@)t _ Lf) wfl, (6.32)

and the function for the asset-test

Pyi=pl <Wt +a(y) — L;‘_’gh) ol (6.33)

True value

15+ = ——— Approximation, 7 = 0.01
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Figure 6.1: Comparison between the true value of the annuity assessment for
the asset-test, compared with the approximation under three different interest
rate scenarios (7o = 0.01%, 79 = 0.04% and 7y = 0.08%). The annuity is priced
based on a $10,000 annuity payment. The middle scenario reflects the calibrated
risk-free rate.

Finally, the extended model requires some additional constraints which are reflected
in the admissible action space. The lower bound of consumption drawdown now
contains any annuity payments, which the retiree can choose to save in the deposit
account instead of consuming them. The total drawdown (drawdown for consump-
tion and for allocation to annuity purchase) cannot exceed total wealth, although
allocation to annuity purchases can exceed total wealth if the retiree decides to

save part of the Age Pension and annuity payment. The admissible action space is
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therefore updated to

ca— P —Y,
Dt(l't) = {Wt(l't) eA ’ Qg Z Cd—t/\/t’ o+ U S 1} . (634)
W, + W,

6.3.2 Extension 2 - Scaling housing and reverse mortgages

The second main extension to the model allows the retiree to either scale the housing
by selling the current home and acquiring a new one of a different size or standard.
Although downsizing is more common in retirement, especially in the case of a
spouse passing away (Olsberg and Winters, 2005; Asher et al., 2017), the retiree
is allowed to both up- and downscale at any point in time by making a decision
7; € [-1,00). A positive value represents the proportion of the current house value
added to housing (upsizing from the current house), where the transition function
for housing becomes

TH = Hyy = H(1+ 7). (6.35)

The decision variable is therefore bounded below by the current house value, and the
upper bound depends on wealth. Decision is made in the start of each period and any
house scaling is assumed to be instantaneous (no delay between the decision, the sale
of the house and buying a new on). To capture the illiquid nature of housing assets,
a proportional transaction cost ¢ applies. This will reflect actual costs associated
with a sale of the house, as well as avoiding the risk of the optimal decision being
a gradual yearly change in the housing asset. The transaction cost only affects
the sale of the house, as any transaction cost for a new purchase is assumed to be
absorbed by the other party. However, taxes on asset appreciation of the home are
not modelled. Although it is likely to have an impact on the decision in reality,
most retirees who are not homeowners at the time of retirement do not purchase
a home (Nakajima, 2017), hence, the retirees who change houses will already be
homeowners. Due to the housing boom that has been present in Australia since the
1980s, many homes will have a substantial proportion of unrealised asset gains if
the home has been kept for a long time, but a much smaller portion if the home
was purchased recently. Due to this variation, taxes on house asset gains have been
omitted with the expectation that optimal decisions will be an upper bound for how

often scaling of homes occurs, or for the size of the scaling.
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The retiree can also choose to take out a reverse mortgage on the house. The
assumptions of the loan structure is based on Shao et al. (2015), although not limited
to a single payment at issuance. Define L; € £ = R to be the loan value at time t.
The retiree can at any time make the decision to loan a certain proportion [, € [0, Zt]
of the house value up to the threshold 'L}. The loan is based on a variable interest
rate, where the outstanding loan amount accumulates over time. It is possible to

increase an existing loan at any time up to Zt, which is given by
Ly = HI(t) (6.36)

where [(t) is a function for the principal limit (maximum LVR ratio) which changes

with age, and is defined as
I(t) =0.24 0.01(min(85,¢) — 65). (6.37)

The maximum LVR therefore starts at 20% for age 65, which increases with 1%
per year to a maximum of 40% at age 857. The retiree is not liable to repay part
of the loan in the case where the loan value exceeds the LVR or the house value
due to accumulated interest (cross-over risk). If the retiree dies, or decides to sell
the house, any remaining house value after loan repayments goes to wealth (and
can be bequeathed). As Australian reverse mortgages include a ‘no negative equity
guarantee’®, the retiree (or the beneficiaries) are not required to cover any remaining
negative house asset if L, > H, at time of death or if the house is sold’. From the
lender’s point of view, this results in two main risks: house price risk and longevity
risk. If the house price decreases, or the retiree lives too long so that the loan value
accumulates over the house value, the lender is liable for any losses unless these are
forwarded to a third party via insurance. Increased interest rates can also speed up

compounding of the loan, which increases crossover risk. These risks are in practice

"The parameterisation follows ‘Equity Unlock Loan for Seniors’ offered by the Commonwealth
Bank, but does not impose a minimum or maximum dollar value for the loans.

8The guarantee is still subject to default clauses which can negate the guarantee, such as not
maintaining the property, malicious damage to the property by the owner, failure to pay council
rates and failure to inform the provider that another person is living in the house.

9Even if the possibility exists, it will not be optimal to sell the house if the net house asset is
negative as the retiree will give up ‘free’ housing utility and receive no extra wealth. The exception
is a significant upsizing at old age, which is not very likely.
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covered with a mortgage insurance premium rate added to the loan, in addition to
any lending margin required by the lender. The loan-value state therefore requires

a transition function, and evolves as
T} = Lip1 = (Lil—o + L Hy (1 + 7))e % (6.38)

where [,_¢ is the indicator symbol if no changes to house assets are made, and ¢
represents the lending margin and mortgage insurance premium combined. In the
case 7, # 0, any outstanding loan value must be repaid, hence the loan is reset
and a new loan can be taken out subject to the new house value. The costs of any
decision (house transaction cost (), the difference in house assets in case of scaling

and repayment of loan) is reflected in the wealth process. Let

AH . lth(l + Tt) — ]I‘rt#() (Ht(Tt + Qj) + Lt)
;= —
Wy + W,

(6.39)

represent all changes to wealth from house scaling and reverse mortgage decisions as
a proportion of current wealth, where I, is the indicator symbol if any scaling of

housing occurs. Then the transition functions for the wealth states can be defined

as
Wil — oy — Af) .
if Wt(l — Q¢ — A{I) > Wt(O(t + AtH - l/),
X ((262”1 + (1 — 506”“),
V() = _ )
Wi+ Wi)(1 —a — A) .
otherwise,
X (0™ + (1 = d;)e™ ),
(6.40)
(Wt(l — O — Af) + Wt(l/ — O — Af))
X (§,e5t + (1 — §y)e™ ) N
_ " ' i Wi(1— ap — AH) >
V() = —O(W,(1 —ay, — AF) + Wi(v — oy — A,

Wt(Oét + Al{{ — l/),
5t62t+1 + (1 _ 5t)€7”t+1)7

0, otherwise.

\

(6.41)
In addition to new transition functions, the bequest function needs to include the

house asset after any reverse mortgage has been repaid, and becomes Ug(W; +
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/_th7 maX(Ht - Lt7 0))
New constraints need to be imposed on the control variables. The option to take
out (or add to) a reverse mortgage is bounded from above by the difference of any

outstanding mortgage and the loan-to-value ratio Et, hence

e Lt]IT:O
I < 0Ly — ——— 1. 6.42
t_max< y Lt Ht(1+7—t)) ( )

Note that if the control variable for scaling housing is not 0, any outstanding reverse
mortgage must be paid back in full and a new reverse mortgage is available against
the new house value. The max-condition in the formula is to ensure that the upper
bound does not fall below the lower bound to ensure a feasible solution. For the
scaling of housing, an upper bound for how much the house asset can be increased is
determined by available wealth after costs associated with selling the current house
(and repaying any outstanding reverse mortgage) and allocating additional wealth
to the new house N
Wi+ Wy — Lo (0H, + Ly)

Ty < b, : (6.43)

The lower bound is simply —1, since the retiree cannot downscale further than selling
the house and not buying a new one, and the cost associated with the sale is reflected
in the transition functions for the state variables. Finally, drawdown still needs to
cover any consumption that exceeds the Age Pension received, but no longer has an
upper bound of 1 as the maximum amount possible to draw down depends on how
housing decisions and new mortgages affect current wealth. This is fully covered in

the budget constraint
o (W + Wt) + 1o (0He + Ly) — LH (1 4+ 1) — (Wi + ‘//Iv/t) <0. (6.44)

The constraint specifies the total effect control variables have on wealth, where it
ensures that the wealth is enough to cover consumption and housing costs in the
case of scaling housing (including repaying any outstanding reverse mortgage) and
grows if an additional reverse mortgage is taken out.

As for parameterisation, the transaction cost of selling is set to ¢ = 6% as in

Nakajima (2017) and Shao et al. (2015). The markup to the interest rate is set
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according to Chen et al. (2010), with ¢ = 0.0242, but does not require a starting
cost to access the loan. In addition, it is assumed there is no current debt on the
house (or that it is used as security for other liabilities), and that there are no

monthly fees in addition to ¢.

6.3.3 Numerical solution

Both models are solved with Algorithm 4 as outlined in Chapter 5. The approxima-
tion of the conditional value function is made with ordinary least-squares regression,
where the basis function consists of fourth order ordinary polynomials of the state
and control variables. The exception is for extension 2, where the state variable
for the outstanding loan value L; is replaced with the covariate max(0, Hy — L;) as
this is how it appears in the bequest function. To avoid the transformation bias
in the algorithm, the combination of the Smearing Estimate and Controlled Het-
eroskedasticity defined in equation (5.14) is used. The solution is run with 10,000
sample paths, and the optimisation of the variables is performed with a grid search

algorithm.

6.4 Results

6.4.1 Extension 1: Annuitisation

The optimal annuitisation is expected to differ from previous research due to a num-
ber of reasons. In both Iskhakov et al. (2015) and Biitler et al. (2016), the retirement
is modelled with a starting wealth that is assumed to be fully consumed and cannot
be bequeathed. This means that the level of annuitisation identified given a certain
wealth, age and parameters is optimal on a relative basis compared to alternative
investment options in order to maximise consumption each time period. Since the
model in this thesis is calibrated to the behaviour of Australian retirees, where
wealth appears in the bequest function, the annuitisation rate is expected to be
lower. Similarly, as consumption declines with age, any desired consumption above
the consumption floor which can be covered with annuitising early in retirement is

not as desirable at older ages. In many cases this excess consumption is fully covered

127



CHAPTER 6. EXTENSION OF RETIREMENT MODEL WITH ANNUITIES AND
FLEXIBLE HOUSING DECISIONS

by the Age Pension payments. In addition to this, Iskhakov et al. (2015) do not
allow for a risk-free rate, hence the annuity is the only (non-reversible) option to
access risk-free investments. As the extension model allows the retiree to choose a
risk-free allocation, this option can decrease the annuitisation further.

Figure 6.2 compares the results from the definition in Section 6.3.1 with the
scenarios where no risk-free investment is available (6, = 1Vt), and the scenario
where the annuity value for each period is included in the bequest function. Each
scenario assumes that no prior annuitisation has been done. The case where no
risk-free asset is available is almost identical to the default case, indicating that
retirees prefer annuities over risk-free investments due to the mortality credit, but
the case with bequeathable annuities are significantly different. If the interest rates
happen to be higher than normal, then allocation to annuities is slightly higher as
well, even if the interest rate is expected to revert back to normal levels. The results
show that it is still optimal with part annuitisation in a more realistic simulation
environment, although at a low level. This level decreases with age, and becomes
close to constant for higher levels of wealth. For low levels, where full Age Pension is
received, the optimal allocation quickly goes towards zero. A retiree with $500,000
in liquid wealth at retirement optimally allocates 22% to annuities, which results
in approximately $6,500 in annual annuity payments. If the decision is deferred to
age 85, the optimal annuitisation is now lower at 12% for the same wealth, but the
resulting annual payments are higher at $16,500. Although an Australian retiree
has a lower desire for consumption at an older age, the mortality credit at this age
is significant and the retiree can access a large boost in yearly consumption for a
relatively small wealth sacrifice, resulting in higher overall utility.

To set this in relation to previous research, the results from Iskhakov et al. (2015)
suggest on average a higher level of annuitisation, where the range of the authors’
different risk preference and return parameters cover the calibrated ones in this
thesis. The suggested allocation in Iskhakov et al. (2015) is expected to be higher,
owing to the constraint that all wealth is to be consumed. That aside, the result
confirms the general findings in Iskhakov et al. (2015) and Biitler et al. (2016) —
annuitisation is crowded out by the Age Pension and annuitisation increases with

wealth but quickly flattens to a constant proportion. Both papers find evidence that
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the means-test impacts annuitisation, especially when binding. This can be seen as
the decreasing annuitisation rate around $200,000 in Figure 6.2, which represents
the transition from full to partial Age Pension. By annuitising at this (or lower)
wealth level, no more Age Pension can be received by decreasing assets held, but the
annuity payments lead to less Age Pension due to the income-test. When a partial
pension is received, however, any annuity payments are only partly assessed in the
income-test, hence annuitisation is still high until full Age Pension is received. The
means-tested Age Pension thus effectively crowds out annuitisation at lower wealth,
but not for wealthier households. There are no indications of high sensitivity to
means-tested thresholds however, other than decreasing annuitisation rate when the

means-test binds.
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Figure 6.2: Optimal annuitisation at retirement given initial liquid wealth and
no prior annuitisation. In addition to the standard case, the scenarios when no
risk-free asset is available, and when the annuity value is included in the bequest,
is shown.

One common argument against annuitisation is that wealth which could be

bequeathed is given up. Therefore, the model was also solved where the current
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value of the annuity is added to the bequest function. The value was calculated
from the current state of the annuity payment y; and risk-free rate r; using equation
(6.19). The optimal annuitisation is shown by the dotted line in Figure 6.2. This
scenario suggests that higher annuitisation is indeed optimal, where the difference
is significantly higher a few years into retirement and especially for less wealthy
households. The annuitisation rate is in fact higher for poor households in this case,
as they benefit the most from additional utility from annuity payments and bequest,
while the mortality credit keeps the annuity cost low. It should be noted that an
annuity that has a residual value will have a higher price. This scenario was only to
verify the significance of the argument that annuitisation is lower due to not being
bequeathable.

Contrary to Iskhakov et al. (2015) and Biitler et al. (2016), but similar to
Milevsky and Young (2007), the retiree is allowed to purchase annuities at any time,
rather than only at time of retirement (¢ = 65). Figure 6.3 shows the total annuity
allocation for a given initial liquid wealth during the retirement. In order to calcu-
late this, it is assumed the retiree follows the optimal control and that wealth grows
with the expected return. This gives a very different picture of optimal annuiti-
sation than what is seen in Figure 6.2. Households with lower wealth now have a
significant proportion of annuities. This is due to the effect of low consumption in
older age, hence Age Pension payments accumulate and wealth increases, which is
then partly annuitised. It is therefore sub-optimal for poor households to annuitise,
but if their wealth grows it is indeed optimal to anuitise even at very late stages
of retirement. The calculations of total annuitisation in retirement can also can be
used to evaluate when in retirement annuitisation is optimal. The longer the retiree
waits to annuitise, the larger the mortality credit will be in relation to price (due to
the higher death probability), but on the other hand the desired excess consumption
decreases towards the consumption floor. By deferring the choice to annuitise, the
assets can instead be used to generate investment returns. Figure 6.4 shows the
cumulative wealth allocated to annuities with age. The majority of total annuitisa-
tion only happens during the first five years of retirement, and then remains rather
constant. This supports the findings in Milevsky and Young (2007) who shows it

is optimal with immediate partial annuitisation, which also increases with wealth.
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Early annuitisation indicates that it is not optimal to delay annuities in order to get
increased risky exposure. There is one exception though - at very old age (around
95) it becomes optimal to add to the allocation. This is, however, due to growing
wealth from decreased consumption with age, and not an effect of delaying annuiti-
sation. Iskhakov et al. (2015) found that deferred annuities are more attractive to
less wealthy retirees owing to the cheaper price. The extension model does not get
the same result, due to the lack of additional mortality credit when using immediate
annuities, compared to deferred annuities which are purchased before the annuity

payments start.
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Figure 6.3: Optimal total allocation to annuities over the life time in retirement
given initial liquid wealth.
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Age

Initial wealth ($1,000,000)

Figure 6.4: Optimal allocation to annuities over time in retirement given initial
liquid wealth, assuming no previous annuitisation.

It should be noted that the optimal annuitisation is an upper bound due to
the assumption of no commercial loadings. If a commission or management fee
was present, this would make the annuity even less desirable. In addition, since
wealthier households tend to live longer than less wealthy (De Nardi et al., 2010),
the annuitisation is potentially underestimated for the wealthier households and
overestimated for the less wealthy household. As the model does not include medical
expenses at older age, nor aged care, it can be argued that additional annuitisation
is optimal when these costs are included. At the same time, since entering aged care
(i.e. a retirement village) attracts rather large one-time costs, this can decrease the
optimal level of annuitisation. The finding that annuitisation is optimal only early

in retirement might also change in this case.

6.4.2 Extension 2: Scaling housing

The purpose of this extension of the model is to evaluate whether scaling housing, or
accessing home equity, is optimal in retirement. In order to test this, it is important
that the retiree starts with the optimal house asset at the time of retirement. If

not, then the solution might suggest scaling housing just to meet the initial optimal
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ratio of house assets to liquid wealth. This does not reflect whether it is optimal
to scale housing in retirement however, only that it is optimal with a certain level
of housing assets in relation to wealth once retired. The retiree therefore starts
with the optimal house asset at retirement for a given liquid wealth, and the wealth
paths and optimal control is then simulated until terminal time 7". Figure 6.5 shows
the wealth, housing and reverse mortgage paths throughout retirement based on
optimal decisions and the expected return on risky assets. Three different levels
of total initial wealth at retirement are considered: $1m, $2m and $4m where it is
optimal to allocate approximately 80%, 77.5% and 75% respectively into housing for
a single household. The single household is chosen as the relative risk aversion for
housing is slightly lower than risk aversion for consumption. As can be seen, in none
of the cases is it optimal to downscale housing, while all of them take advantage of
the reverse mortgage to keep liquid wealth at a relatively constant level. The loan
value is added on to during retirement when required, but also grows based on the

interest accumulated.
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Figure 6.5: Wealth, house and reverse mortgage paths in retirement given low,
medium and high initial total wealth.

The optimal reverse mortgage as a proportion of the house value decreases with
wealth, and increases with the house value. Irrespective of house value, the loan pro-
portion starts at the same value for households with no wealth. One might expect
that the proportion would be less for a higher house value, as this would still access
more wealth for the retiree, but this is not the case. However, the higher the house
value, the more liquid wealth the retiree can have and still optimally take out a
reverse mortgage. This confirms the results in Chiang and Tsai (2016), who found

that as age increases, and the higher the initial wealth and house price is, the more
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willing the retiree is to use reverse mortgages. Figure 6.6 shows the optimal loan pro-
portion for different house values in relation to liquid wealth for single households,
where the proportion in relation to wealth has a very linear relationship. A less
wealthy household, which might need the wealth more than a wealthier household,
generally should not take out a reverse mortgage unless the house value is substan-
tially higher than the liquid wealth. Each line in Figure 6.6 reaches zero before
it equals the optimal liquid wealth given the house value, hence a reverse mort-
gage is never optimal until wealth is drawn down enough to differ significantly from
the house asset. The same relationship holds true for couple households, although
at a slightly higher wealth level than for singles. When comparing the optimal
loan proportion over time in retirement, the initial maximum level of approximately
10% increases yearly, but flattens out around year 80 and then remains constant
at approximately 20%. The LVR threshold therefore never binds when a loan is
created, given the calibrated parameters. It is reasonable to expect that if the risk
aversion or preferences for bequest decreases, then the optimal loan value might
increase. The optimal reverse mortgage in the solution is also an upper bound, as
additional commercial loadings such as a fee to initiate the loan might apply in real-
ity. However, a reverse mortgage could theoretically be refinanced if interest rates

drop, thus any costs associated with the loan can be lowered that way.
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Figure 6.6: Optimal proportion of reverse mortgage given housing wealth and
liquid wealth at retirement for a single household.

If the retiree’s housing asset is significantly less than optimal, then the solution
will quickly suggest that the retiree should scale (or acquire) housing assets to get

close to the optimal level. However, the opposite does not hold true. If the retiree
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starts with housing assets significantly larger than optimal, then it is not optimal
to downscale, with the exception if the retiree has close to no wealth at all but
significant wealth in the house asset. In general, it is therefore never optimal to
downscale housing in retirement!'®, not even when reverse mortgages are not avail-
able. Only in the case of an event which would incur a significant cost, such as
a medical issue, would it be reasonable to downscale. This event is not modelled,
however, and would be a result of the budget constraints due to the threshold of
the loan value, rather than to maximise utility. It is not optimal to upscale housing
once retired either, with the exception of very low house assets (~$100,000 or less)
which only reflects the desire to get close to the initial optimal ratio rather than an
actual upsizing decision. The reason why downsizing housing is not optimal stems
from a combination of the high cost associated with the sale of the house while
housing is included in the bequest (hence wealth is given up by downsizing), and
that the calibrated consumption floor is already covered by Age Pension payments.
If the retiree wants to access just part of his/her house wealth, then downsizing the
house will first incur a transaction cost on the full home value, even if the retiree
only downscales slightly. To access 10% of the housing wealth, he/she needs to
give up 6% of this equity in costs. It is therefore much more economical to take
out a reverse mortgage. At the same time, housing utility is received based on the
value of the house, even if there is an outstanding reverse mortgage. By utilising
the reverse mortgage the retiree can therefore keep a high housing utility, while still
accessing the equity. The retiree will give up bequeathable wealth as the loan value
accumulates interest, but the funds received from the reverse mortgage can either
be invested at a higher (although risky) return and the loss of utility in bequest is
partly compensated with higher housing utility through retirement.

A final interesting outcome is that the additional decision variables impact the
optimal housing in relation to wealth. With access to the housing asset in retirement,
it is now optimal to allocate slightly more towards housing as can be seen in Figure
6.7. This effect is due to the possibility of ‘hiding’ away assets in a family home,
and then tapping into these assets using the reverse mortgage. It should also be

noted that unlike other jurisdictions, Australia does not tax the imputed rent of

10Tt should be noted that we only consider the case with no outstanding mortgage on the house.
If a significant mortgage exist, the outcome may differ.
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housing, further adding to the bias towards holding housing as an asset. A retiree
can avoid having assets included in the means-test by over allocating to housing
assets, and therefore receive additional ‘free” wealth from the Age Pension. As the
liquid wealth is consumed, it can be replenished by taking out a reverse mortgage,

while still accessing the Age Pension.
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Figure 6.7: Optimal allocation to housing at retirement for the default case
compared to extension model 2 where decisions for scaling housing and reverse
mortgage are available.

6.5 Conclusion

In this chapter the retirement model was extended with the option to annuitise
wealth, and to scale housing or access the home equity with a reverse mortgage. It
was then evaluated whether such options were optimal during retirement in relation
to the means-tested Age Pension.

In general, the optimal annuitisation in a realistic retirement model verifies previ-
ous research performed with more restricted models. The means-tested Age Pension
crowds out annuitisation, and the alternative to allocating wealth to an annuity is
preferred over the risk-free rate. Even when a partial Age Pension is received it is
optimal with partial annuitisation, although decreases quickly around the threshold
for the full Age Pension. For wealthier households, the annuity payments are much
higher than the partial Age Pension received, so even if ‘free’ wealth is given up
the retiree is better off annuitising. The total allocation to annuities, or the point
in time, is not known at the time of retirement and depends on the outcome of

stochastic factors in retirement.
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An annuity provides a significant discount in terms of mortality credits, where
the additional utility is higher compared with the alternative to invest the funds in
risky assets and annuitise at a later stage in retirement. As consumption decreases
with age, this could make annuitisation less desirable, but the results do not indicate
this to be true as the mortality credit is higher at older age. It is optimal to annuitise
sooner rather than later as it is cheaper to store wealth in an annuity rather than risk-
free investments. In the Australian setting, it is not optimal with a one-off decision
to annuitise, but rather to gradually increase allocation in the first five years in
retirement, and to annuitise additional wealth later in retirement depending on the
wealth evolution.

A retiree is in general better off utilising a reverse mortgage rather than down-
sizing the house, despite the accumulated interest of the loan. By keeping a house
that is larger than optimal while drawing down the housing assets, the retiree still
receives utility from living in the house, while it is still partly bequeathable. The
additional utility from this outweighs the cost of an outstanding reverse mortgage.
A reverse mortgage does therefore not necessarily benefit a retiree financially, unless
the retiree can access additional Age Pension payments by ‘hiding’ assets in the fam-
ily home, but it does help maximising utility throughout retirement. The optimal
decisions are, however, subject to wealth levels and housing assets, where wealth-
ier retirees with more housing assets optimally access a higher proportion reverse

mortgage than less wealthier households.

138



Chapter 7

Conclusion

In this thesis we model the retirement phase of the life cycle for Australian retirees.
The model presented is more realistic than currently available models with respect
to stochastic factors and control variables. It allows for sequential family status,
home equity in the bequest function, and a “health” proxy to represent declining
consumption in retirement. The model is shown to capture the characteristics of
Australian empirical data well, and is further fitted to the data via a maximum like-
lihood calibration to the ‘Household Expenditure Survey’ and the ‘Survey of Income
and Household’ from Australian Bureau of Statistics (2011). This allows us to eval-
uate the optimal behaviour for an individual retiree, given a set of circumstances
(family status, wealth level, age, homeowner status) in relation to the Australian
Age Pension. We evaluate such behaviour under four recent policy changes.

A limitation of the model is the fact that it requires a numerical solution, which
stems for the piecewise linear Age Pension function. Therefore, in order to extend
the model with additional states and control variables we utilise the Least-Squares
Monte Carlo method, which is an approximate dynamic programming method. This
method involves a forward simulation and backward optimisation, and is known
to have drawbacks when the time period of the problem increases and when the
objective function is characterised by utility functions. To overcome the difficulties
with longer time periods we adopt the approach in Kharroubi et al. (2014, 2015)
and improve the exploration of the state. To handle the bad fit of the utility based
objective function, a transformation is proposed of the value function where a bias

function is used to manage the re-transformation bias otherwise present. Such a
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transformation when accounting for the bias is also shown to handle the case when
optimal control affects the disturbance term, which otherwise will not be reflected
properly and risk then becomes underestimated.

The Least-Squares Monte Carlo approach is shown to work well, and allows
the model to be extended with annuitisation and access to home equity through
up/downscaling of the home or by taking out a reverse mortgage. The analysis of
the results with respect to the model sheds new light on previous research, that was
in more restrictive frameworks. It is optimal with partial annuitisation in retirement,
even when the means-test binds, although at a lower rate. The decision to annuitise
should be taken early in retirement, as deferring the decision leads to a utility
loss even if the mortality credit is higher. With respect to housing decisions, it
is generally never optimal to scale housing in retirement, other than to meet the
initial optimal house to wealth ratio early in retirement. Downscaling would only
occur due to the budget constraint, where the retiree has no other option in order to
cover costs. A reverse mortage, however, is very beneficial for an Australian retiree,
as it allows the retiree to receive utility from the home while still accessing home
equity and partly bequeathing the home. Although such a loan can be expensive,
the model suggests that all retirees are better off utilising one as the wealth-to-house

ratio decreases due to wealth drawdown.

7.1 Major findings

The major findings in the research project were:

- Demonstration that the sequential model developed can capture the main
characteristics of the typical Australian household in retirement. A time-
dependent declining preference for consumption, modelled as a “health” proxy,

captures the shape of empirical consumption for given wealth and age.

- Demonstration that the model is well calibrated to Australian empirical data,

measured in relation to consumption (given age) and to housing assets.

- Finding that an Australian retiree is better off with the recent Age Pension

policy changes. Despite steeper taper rates, the average retiree will receive
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more Age Pension through retirement owing to the move from assessing drawn
down wealth as income to deemed income. In addition, a retiree can optimally

allocate even more to housing under the active Age Pension policy.

- Demonstration that Least-Squares Monte Carlo can be applied to utility func-
tion based life cycle modelling. The accuracy is greatly increased by regressing
on the realised value function rather than the regression surface, which min-
imises the risk of regression errors growing large when the number of time

periods in the problem increases.

- Development of an approach for bias-correction in order to decrease the regres-
sion errors when using Least-Squares Monte Carlo. The common transforma-
tion of the utility function, which improves the linearity of the value function
to help with the regression, underestimates any risk (stochasticity) in the solu-
tion. In addition, control variables related to stochastic variables are therefore
incorrect. To cope with this it was shown that a re-transformation bias func-
tion can correct both the underestimated risk and the optimal control of such

variables.

- Finding that it is indeed optimal for Australian retirees to partly annuitise
wealth, even when the means-test is binding, although at a lower rate. The

Age Pension does crowd out annuitisation, but not completely.

- Finding that it is optimal to over allocate assets to housing in retirement, and
instead to access the home equity through a reverse mortgage. It is generally

not optimal for the Australian retiree to scale house assets.

7.2 Applications

The model presented in the thesis has several areas of applications:

- To evaluate new financial products in retirement. The model can be extended
or adapted to evaluate how retirees’ behavior can change in relation to such
products, or whether it changes the welfare measured in terms of utility or

lifetime wealth. For example, we found that partial annuitisation is optimal
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for most retirees, and that reverse mortgages are preferred over downsizing.
Based on this, a financial product which pays an income stream and is paid
for (partially) with the home might be of interest. Such a product could also
have a health insurance component if the retiree must move to an aged care

facility.

- To evaluate the impact of policy changes. It is very difficult for the government
to estimate budget needs and welfare changes for proposed policy changes. The
effect at a micro level is not known until empirical data exist after implementa-
tion. A policy change that is expected to distort the behaviour in a particular
way might not have the expected outcome if the retiree has sufficient free-
dom in his/her decisions. The framework in this thesis can therefore improve
the understanding for policy-makers of proposed policy changes. This can be

linked to the next bullet point.

- To model effects on a macro level by aggregating data from micro-simulations.
The model can be solved with the solution spread over a wide range of state
values. The (retired) population in general can be represented by a large
number of samples, distributed in the same way as the population distribution
in respect to the state variables. Each sample is then simulated by associating
it with a starting point in the model solution, and the evolution of state
variables is simulated by using the optimal control from the solution for each
time period. These aggregated simulations can help in understanding the

implications of, e.g., policy changes on a macro scale.

- From an international perspective, there are many application areas as well.
The calibrated values are expected to be similar in other developed countries
owing to the similar characteristics; hence, their specific pension systems can
be modelled by adjusting the Age Pension function and necessary constraints.
The findings presented here can spark ideas for international policy-makers as
well. For example, the fact that it is optimal for retirees to accept additional
risk could be beneficial if a country wants to encourage investments, as pension
savings and equity investments would provide a significant inflow of capital to

the country’s markets.
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- The proposed method to improve the accuracy of utility functions used in
Least-Squares Monte Carlo extends to more areas, such as portfolio optimisa-
tion, game theory or behavioural economics and general decision-making. It

is also applicable to prospect theory problems.

7.3 Further study

The model presented has many benefits, but also a number of limitations which
can open the way to further study. For example, the data used in the calibration
does not include samples in assisted care facilities, hence this ‘phase’ in retirement
was not explicitly modelled. It is likely that retirees living in these facilities face
significant costs for living arrangement as well as medical costs. A suitable extension
to the model would be to add another state to the family status, and to account for
these expenses.

Related to the data limitation above, the calibration does not allow for cohort
effects. To improve the calibration further it would therefore be of interest to cal-
ibrate the model on waves of data that allow for cohort changes to be included.
This allows for a specifically interesting analysis, which is how retirement behaviour
changes with respect to a financial crises, as recent data will cover a couple of them.
However, calibration over time poses additional difficulties as policy changes have
been rather frequent recently. This leads to a time dependent Age Pension function,
which applies to different age groups to reflect the evolution of the Age Pension
policies.

Further options and parameterisation can be introduced in the model, based on
the findings in the thesis. For example, we found that it is not optimal to downscale
housing in retirement. As the utility from owning a house is constant in retirement,
but the retiree will not require the same size of house at older age due to reasons
such as living alone or difficulties moving around, it might be reasonable to assume
a decreasing housing utility with age.

Finally, the model can be extended with the accumulation phase leading up
to retirement. Such an extension would include variables related to salary and

education which affect the total accumulation of Superannuation assets, and can
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allow for voluntary retirement decisions. A lot of research exists on this front already,
but it is limited with regards to Superannuation rules which affect the constraint

and outlook for asset accumulation during the life cycle.
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Data aggregation

The data sample is taken from the ‘Household Expenditure Survey’” and the ‘Survey
of Income and Household’ 2009-2010 (Australian Bureau of Statistics, 2011). The
information is available on both Person level and Household level.

Data are taken from the Personal level, where the Personal level is matched to
the household data and expenditure data via the sample IDs. Up to two Personal
level samples can therefore be matched to one household sample. The data are then
filtered on Age > 27 (class 27 indicates 65 years old) (AGERHBC) and Labour
status (3 = Not in Labour force) (LFSRH). Single/Couple classification is made
from Income Unit Type (IUTYPEP), where 1-2 represents a Couple and 3-4 Single
household.

Since the data are spread between Person level, Household level, and Expendi-
ture level, the different levels need to be matched together by the associated ID. For
couples, the sample set is created from merging the individual (Person level) assets
and liabilities, and then adding this to the Household level data. For singles, the
Household level data and Person level data can be matched one-to-one. Expendi-
ture level data is summed up based on Household ID to match with Household level
data, so that the final sample data have all variables on Household level. The data

are then aggregated to reflect the variables of interest for the calibration:

Consumption Variable aggregated from Expenditure level variables.

All categories are used, with the exception of:
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Category 17, ‘Superannuation and Life Insurance’.!

Category 15, ‘Mortgage repayments’.?

Pension Variable aggregated from Personal level pension variables:

‘Current weekly income from age pension’ (IAGECP)

‘Current weekly income from service pension (DVA)’ (ISERVCP)
‘Current weekly income from disability support pension’ (IDSUPPCP)
‘Current weekly income from pension supplements’ (IPSUPCP)
‘Current weekly income from disability pension’ (IDISBCP)

Family home Variable aggregated from Household level:

‘Estimated sale price of dwelling’ (HVALUECH)
Minus ‘Principal outstanding on selected dwelling’ (LIASDCH).

Wealth Variable aggregated from Person level wealth variables:

‘Balance of accounts with government superannuation funds’ (VSUPGCP)
‘Balance of accounts with non-government superannuation funds’ (VSUPNCP)
‘Value of accounts held with financial institutions’ (VFINCP)

‘Value of debentures and bonds’ (VDEBCP)

‘Value of loans to persons not in the same household” (VPLNCP)

‘Value of other financial investments’ (VINVOTCP)

‘Value of shares - person level’ (VSHARCP)

‘Value of public unit trusts - person level’ (VPUTTCP)

‘Value of own incorporated business (net of liabilities)’ (VIBUSCP)

‘Value of own unincorporated business (net of liabilities)” (VUBUSCP)
‘Value of silent partnerships - person level’ (VSIPCP)

‘Value of private trusts - person level’ (VPRTCP)

Plus Household level wealth:

‘Net wealth of household” (WEALTHH)

IThe reason is that income that is not consumed during retirement will automatically be saved,
hence counting this as an expense would be incorrect.

2This variable accounts only for the principal component, where the effect of mortgage repay-
ments are already reflected in the assets/liabilities.
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‘Value of residential property excl selected dwelling’ (VRPRCH)
‘Value of non-residential property’ (VNRPRCH)

Minus Household level liabilities, children’s wealth, and vehicles/housing con-

tents:

‘Principal outstanding on rental property loans’ (LIARPCH)

‘Principal outstanding on loans for other property’ (excl business and invest-
ment loans) (LIAOPCH)

‘Amount of credit card debt - household level’ (LIACCCH)

‘Amount of HECS/HELP liability’ (LIAHECCH)

‘Amount of Student Financial Supplement liability’ (LIASFSCH)

‘Principal outstanding on investment loans’ (excl business and rental property
loans) (LIAINVCH)

‘Principal outstanding on loans for vehicle purchases (excl business and invest-
ment loans’ (LIAVECH)

‘Principal outstanding on loans for other purposes’ (excl business and invest-
ment loans) (LIAOTCH)

‘Principal outstanding on selected dwelling’ (LIASDCH)

‘Value of children’s assets’ (VCHASSCH)

‘Value of vehicles” (VVEHICH)

‘Value of contents of selected dwelling’ (VCONTCH)

To clean the data from outliers and incorrectly reported variables, the following final

steps are taken:

Remove samples with yearly expenditure less than $3000.

Remove samples where yearly expenditure is larger than half the wealth and

three times the Age Pension received.

Remove samples where no Age Pension is received, although the means-test

indicates significant pension payments should be received.

Remove samples where both pension and consumption were zero.

For singles this left 2,038 samples, and for couples 2,017 samples.
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Duan’s Smearing Estimate

The results in this section are based on Duan (1983). Denote the non-transformed
observations Y;,7 = 1,...,n and the transformed observations 7;,7 = 1,...,n such
that n; = g(V;), Y; = h(n;), i.e. h:= g '. Assume g (the transformation) and h (the
re-transformation) are known monotonic and continuously differentiable functions,
such as a CRRA utility function h(z) = 27 /v, v < 0. Consider the linear regression
carried out on the transformed observations

ni=0X;+¢e, € s F(-), Elg] =0, varle] =02, (B.1)
where 3 is the vector of coefficients, X is the vector of covariates and ¢; are the
independent and identically distributed residuals from some zero mean distribution
F(-) with finite variance. The error terms do not need to have a known distribution,
although they are expected to have zero mean and constant variance. Now, if the
re-transformation is applied to the prediction of the transformed variables we would
get an incorrect estimate due to Jensen’s inequality, because E[Y] < h(E[3'X + €])
if h is a concave function such as a utility function.

Smearing Estimate attempts to approximate the non-transformed expectation
E[Y] = E[h(8X + €)] = / h(BX + e dF(e) (B.2)

after estimating the regression coefficients B using the empirical distribution function
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of the residuals € = n;, — B’Xi:

Fu(e) = 2 Y IE < e}, (B.3)

where I{-} is the indicator symbol that equals 1 if the statement in brackets {-} is

true and 0 otherwise. The estimated expectation of Y can then be found as
E[Y] = /h (B’X + e> b () = zn: h (B’X + a) (B.4)
' o v ‘

To illustrate, suppose we consider regression InY; = 3'X; + ¢; and we want to

estimate E[Y7 /4], then the Smearing Estimate is

n (Bxva) (Ax) .
%Z< ) < ) Ze?w, (B.5)

i=1 v ny i=1

The Smearing Estimate works well for non-normal errors and can accommodate

for heteroskedasticity, provided it is not related to a covariate (Duan, 1983).
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Controlled Heteroskedasticity

Consider a simple model with heteroskedasticity, such as ¥ = B'X + ¢ where
X is a vector of covariates, 3 is a vector of regression coefficients, E[¢] = 0 and
var[e] = 0%¢(X). There are various ways to estimate function ¢(X) that is causing
heteroskedasticity. In particular, we adopt a popular method from Harvey (1976)
(also see Baser (2007), (Greene, 2008, chapter 8)). Assume ¢(X) = e£'X to avoid
negative values, where £ = Ly, L1, ..., Lk is another vector of regression coefficients.

Thus
e =o2e(X)w =c2eF X0, Ep] =0, Ep? =1 (C.1)

and we can write
In(e®) =a+ L1 X1+ ... + Lg Xx +Inv? (C.2)

where a = In(0?) + Ly. The parameter estimates are found by two-stage procedure.
First, we find the ordinary least squares estimate B and calculate the observed
residuals € = Y — @ X. Then we perform the ordinary linear regression (C.2) where
unobserved ¢ are replaced with € to estimate the variance function o2 eXp(Z',,X ).
Finally, using estimated variance, (3 is approximated by the weighted least squares
method. The process can be iterated to improve the estimates.

Other methods to estimate ¢(X) include random effect representation (Hoff and
Niu, 2012), kernel estimates (Muller and Stadtmuller, 1987) or via link functions
(Smyth, 1989).
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Solution to multi-period utility

model

In this section we derive the analytical solution for optimal drawdown and risky
asset allocation in the multiperiod utility model considered in Section 5.5.2. The

objective is to maximize the expected value function

N-1
(0 X3)7
Vo(z) =sup E tt

™

= 1; W] . (D.1)
t=0
Let & represent the stochastic component in the transition function, such as & =
eZ++1 in the case of a single risky asset. This type of problem was originally solved
in Samuelson (1969).

At the terminal time t = N, the value function is given by

(CVNXN)’Y'

Vn(Xn) = S

(D.2)

It is optimal to consume all wealth as no utility is received from saving wealth, hence
by intuition ay = 1. The risky asset allocation at this point has no impact.

At time t = N — 1, the value function is

(an—1Xn-1)"

Vno1(Xn-1) = + E [Va(Xn)]
" X (D.3)
_ (ayaXya) 4 (1 —an-1)Xn1)E [6 ]
v v '
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To find the optimal drawdown, differentiate with respect to ay_1

OVN 1
dan_y

= XN—l(aN—lXN—1)7_1 - XN—1((1 - O‘N—I)XN—I)’Y_lE [57\/_1] ) (D-4)
set this equal to 0 and solve for ay_1

Xy i(ay Xy 1) ' =Xy (1 —ay_1)Xn)'E [57\/,1] =0
= QN_1 = (]_ — O./N_l)]E [57\[_1} ﬁ (D5)

= ay-1=(1+E[§_] ﬁ)_1-

If the stochastic growth of wealth depends on a control variable, such as if {1 =
en-1Zn+(1=0n—1)rn—1 considered in the model in section 5.5.2, then the same steps

are used to find the optimal risky asset allocation dy_;. In this case, assuming

Zt zfvd N(M, 0_2)’

OVn_1
doN—1

=E[(Zy —r)((1 = an-1)Xn-1)"E_,] (D.6)

=E [(ZN _ 7”) (65N71ZN+(1—5N71)TN71)’Y] =0

- D.7)
T— U (
ON_1 = ,
= ON-1 o2
Finally, use ay_1 to find the maximum of the value function Vy_;
XN ) 1—av )X~y ) [£7
Vy-1(Xn-1) = (ax-1Xy-1) + (A~ ay-)Xn1)"E [€y_)]
7 gl
X 1)
- %“QN—W (1~ ano)E 6] (D8)
Xn 1)
- ( = 1) (aN*1>7717

which will be used in the next iteration. By repeating these steps fort = N —2,...,0

a distinct pattern is found, where

1 ift =N,
O = ) (D9)
(1+ (E[g] o))", otherwise.
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