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Abstract

Multi-label classification is an important topic in the field of machine learn-

ing. In many real applications, there exist potential dependencies or cor-

relations between labels, and exploiting the underlying knowledge could ef-

fectively improve the learning performance. Therefore, how to learn and

utilize the dependencies between labels has become one of the key issues of

multi-label classification.

This thesis firstly summarizes existing works and analyses their advan-

tages and disadvantages. Several effective methods for multi-label classifica-

tion are then proposed, focusing on ways of exploiting various types of label

dependencies. The contributions of this thesis mainly include:

(1) A method that uses a tree-structured restricted Bayesian network to

represent the dependency structure of labels is proposed. This work is in-

spired by the ClassifierChain method. Compared with ClassifierChain, our

method’s advantage is that the dependencies between labels are represented

using a Bayesian network rather than a randomly selected chain, so more

appropriate label dependencies could be determined. Furthermore, ensemble

learning technique is used to construct and combine multiple tree-structured

Bayesian networks, thus the mutual dependencies between labels could be

fully exploited and the final model could be more robust. The experimen-

tal results verify the effectiveness of these methods. Compared with other

baselines, the show better performance due to more appropriate label depen-

dencies are captured.

(2) A common strategy of exploiting label dependencies is, for every la-

xii



ABSTRACT

bel, to the labels it depends on and use these labels as auxiliary features

in the training phase. The issues of this strategy are that the influence of

label dependencies could be depressed by existing features and indirect label

dependencies could not be taken into consideration. Therefore, a new learn-

ing paradigm that separates the influence of existing features and labels is

introduced, and the impact of label dependencies could be well intensified in

this way. Moreover, a method that models the propagation of label depen-

dencies as a RWR process (Random Walk with Restart) is proposed. In this

method, label dependencies are encoded as a graph, and the dynamic and

indirect dependencies between labels are utilized through the RWR process

over the label graph. The experimental results validate this method, showing

that it outperforms other baselines in terms of learning a label ranking.

(3) Based on above method, a method that takes multiple factors into

consideration when learning label dependencies is proposed. In this method,

dependency between two labels is characterized from different perspectives,

and is determined by learning a linear combination of multiple measures. A

particular loss function is designed, and thus the optimal label dependencies,

i.e., the dependency matrix in RWR process, can be obtained by minimizing

the loss function. The advantage of this method include: a) label depen-

dencies are measures and combined from different perspectives, and b) label

dependences that are optimal to a particular loss function now are obtained.

The experimental results indicate that this method could further learn a

better label ranking compared with the previous one, given an explicit loss

function.

(4) A novel method that learns label ranking by exploiting preferences

between true labels and other labels is proposed. In this method, the original

instance space and label space are mapped into a low-dimensional space

using matrix factorization technique. Therefore, one advantage of the method

is that the number of label is reduced greatly, and problem with massive

labels now can be handle efficiently. Moreover, a loss function is formulated

based on the assumption that an instance’s true labels which have been

xiii



ABSTRACT

given explicitly should be ranked before other labels which are not provided

explicitly. It is then used to guide the process of matrix factorization and

label ranking learning. The advantage of this novel assumption is that it

alleviate issue in traditional assumption that if a label is not given explicitly,

it should not be a true label. Therefore, this method is also applicable to data

that are partially labelled. Its effectiveness is validated by the experimental

result which shows that it could rank explicitly given label well before other

labels for a given instance.

In summary, this thesis has proposed several effective methods that ex-

ploit label dependencies from different perspectives, and their effectiveness

have been validated by experiments. These achievements lay a good founda-

tion for further research and applications.

xiv



Chapter 1

Introduction

Nowadays, a diversity of data, such as text, image, and video are growing

explosively, due to the advance of Internet and information technology. The

emergence of massive data makes it increasingly difficult to explore data and

discover underlying information effectively. Therefore, how to process mas-

sive data and gain discover useful knowledge underneath the data has become

a huge challenge facing both of the academia and industry. To address this

challenge, date mining, which focuses on developing theories and techniques

for extracting knowledge from data, has attracted increasing attention and

established as a systematic discipline in last decade. In particular, classifi-

cation, which can predict possible class labels for a given instance automat-

ically, has become one of the most important data mining techniques due to

its extensive applications.

Traditional classification assumes that an instance belongs to only one

class, so can only be associated with one label. However, instances could

be associated with multiple labels simultaneously in reality. For instance,

in the field of scene classification, an image may contain multiple scenes; in

the field of text categorization, one document may belong to several topics,

and so forth. To enable predicting multiple possible labels of an instance, re-

searchers furthermore proposed the concept of multi-label classification based

on traditional single-label classification. Currently, a variety of theories and

1



CHAPTER 1. INTRODUCTION

models have been proposed regarding multi-label classification, but there

are still some challenges need further investigation despite these significant

achievements.

One of the most significant challenges is how to extract useful informa-

tion from dependencies between labels. To this end, this thesis mainly focuses

on how to improve learning performance by exploiting potential label depen-

dencies from different perspectives. Several methods of learning and utilizing

label dependencies are then proposed accordingly.

1.1 Background

Data mining is a rapidly growing interdisciplinary field which integrates ad-

vanced techniques from multiple fields such as machine learning, statistics,

database, and information retrieval and so on. Formally, data mining refers

to the process of discovering potentially useful knowledge from massive data

(Dietterich 2001, Han, Kamber & Pei 2011). Nowadays, data mining has been

applied in various applications including business intelligence (Chen, Chiang

& Storey 2012), health care (Koh, Tan et al. 2011), sociology(Sullivan &

Mitra 2014), and bioinformatics (Naulaerts, Meysman et al. 2015) etc. Es-

pecially with the advent of big data era, data mining will be extensively

applied in much more and diverse fields.

In general, data mining techniques mainly consist of classification, re-

gression, clustering and pattern discovery and so forth. Out of these tech-

niques, classification probably is the most common yet important one in

practice (Witten, Frank & Hall 2011). In classification, instances are usu-

ally assumed to belong to one of several predefined classes and thus have

different class labels. For instance, a patient could be diagnosed as healthy

or not, and an Email could be spam or regular. Given a training set, i.e.,

a set of instances whose labels are already known, the task of classification

is to learn a classifier using the training set, which is then used to predict

labels for instances whose labels are unknown. At the moment, various theo-

2



CHAPTER 1. INTRODUCTION

ries and methods regarding classification have been proposed by researchers,

such as Bayesian network, decision tree, SVM (Support Vector Machine), k-

nearest neighbours, and neural network, to name a few (Quinlan 1986, Webb,

Boughton & Wang 2005, Muller, Mika & Ratsch 2001, Samworth 2012,

Schmidhuber 2015). These methods have been successfully applied to exten-

sive tasks such as text categorization, speech recognition, image processing,

and medical diagnosis etc. (Liu, Yin, Wang & Wang 2013, Connolly, Granger

& Sabourin 2012, de Oliveira, Andreao & Sarcinelli-Filho 2010, Trzcinski,

Christoudias & Lepetit 2015). Traditionally, an instance is characterized by

a vector of features, and assumed to belong to only one class, i.e., has only

one label. The task of classification thus is to learn a mapping from an in-

stance space to a label space, and this type of learning is called single-label

classification since it only predicts a single label for an instance.

However, an instance might be associated with multiple labels in many

cases. For instance, a report may belongs to several topics such as poli-

tics, economy, and domestic etc., and an image could be viewed as out-

door, city, and sunset from different perspectives. For these types of data,

the task of classification is accordingly changed to learn a classifier that

can predict multiple labels for an instance, and thus is called multi-label

classification or multi-label learning. Obviously, it is necessary to develop

new methods and techniques correspondingly for multi-label classification,

since existing methods are incapable of dealing with multi-label data directly.

Currently, multi-label classification is witnessing a broad range of applica-

tions, such as text mining (McCallum 1999, Schapire & Singer 2000, Esuli

& Sebastiani 2009, Esuli, Fagni & Sebastiani 2008), image analysis (Boutell,

Luo, Shen & Brown 2004, Wang, Yan, Zhang & Zhang 2009, Wang, Hu &

Chia 2010, Wu, Han, Tian & Zhuang 2010, Cabral, De la Torre, Costeira &

Bernardino 2015), video annotation (Qi, Hua, Rui, Tang, Mei & Zhang 2007,

Dimou, Tsoumakas, Mezaris, Kompatsiaris & Vlahavas 2009, Lo, Wang,

Wang & Lin 2011, Wang, Zhao, Wu & Hua 2011, Hou, Zhou, Chen, Feng &

Awudu 2016), genetic function analysis (Zhang & Zhou 2006, Blockeel, Schi-

3



CHAPTER 1. INTRODUCTION

etgat & Struyf 2006, Clare & King 2001, Jiang & McQuay 2012), sentiment

analysis (Trohidis, Tsoumakas & Kalliris 2008, Turnbull, Barrington, Torres

& Lanckriet 2008, Liu & Chen 2015), and recommendation system (Katakis,

Tsoumakas & Vlahavas 2008, Song, Zhang & Giles 2011, Agrawal, Gupta,

Prabhu & Varma 2013, Yang, Li & Luo 2015), etc. Since its extensive appli-

cation, multi-label classification is receiving increasing attention from both

academia and industry, and has become a hot topic in the field of machine

learning and data mining.

1.2 Research issues

By now, a multitude of multi-label classification methods have been proposed

and great achievements have been made as well. However, there are still some

issues need further investigation. Typical issues may include: (1) how to

cope with massive labels efficiently (Agrawal et al. 2013), (2) how to explore

partially labelled data (Zhang, Yu & Tang 2017), and (3) how to identify the

label-specific features (Zhang & Wu 2015) and so on. Out of these issues,

how to learn and utilize dependencies between labels effectively is especially

recognized as a crucial one (Zhang & Zhou 2014). It is agreed upon that

dependencies between labels could provide useful information in some ways.

For instance, an image certainly belongs to outdoor scene, if it belongs to

the sea scene, whereas a report is less likely to be an entertainment report,

if it is about politics, etc. Obviously, how to effectively explore and utilize

these kinds of dependencies could be a significant way of improving learning

performance.

In spite of the progress has been made (Dembczynski, Waegeman, Cheng

& Hullermeier 2010, Dembczyński, Waegeman, Cheng & Hullermeier 2012),

there are few explicit definitions of label dependency, and some critical issues

with respect to learning and exploiting label dependencies still need to be

addressed as stated follows.

(1) Given a label, how to identify the set of labels correlate to it accu-

4
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rately?

One key step of learning label dependencies is for every label to find an

appropriate set of labels it depends on. Conventional methods simply as-

sume every label depends on all other labels, or a subset of labels which are

selected randomly (Cheng & Hullermeier 2009, Read, Pfahringer, Holmes &

Frank 2011, Tsoumakas, Katakis & Vlahavas 2011). As a result, label depen-

dencies learned through this way might not be appropriate, some false depen-

dencies are introduced while some true dependencies are ignored. Therefore,

it is more reasonable to learn label dependencies from data by employing

advanced techniques such as statistical models, in order to represent label

dependencies explicitly and determine the dependency structure of labels

accordingly.

(2) Once the dependency structure of labels is determined, how to take

full advantage of these dependencies, especially the indirect dependencies

that might propagate among labels?

A typical strategy of utilizing label dependencies is for every label to add

labels it depends on into existing features as auxiliary features (Cheng &

Hullermeier 2009, Read et al. 2011, Zhang & Zhou 2014). Thus label de-

pendencies is utilized to impact the following process of learning classifiers.

However, this strategy entails several issues. Firstly, instances already have

hundreds or even thousands of features in most cases, while each label may

depend on few other labels. For a label, it means that the number of labels it

depends on is far less the number of existing features. Therefore, classifiers

built using combination of these two types of features will still be dominated

by original features, and the impact of label dependencies will be depressed

greatly. Secondly, this strategy is not capable of dealing with indirect de-

pendencies that propagate among labels. For example, if label a depends on

label b and label b depends on label c, then a is likely to depend on c as well.

Therefore, how to model the propagation of label dependencies to take full

advantage of them is of great significance in practice.

(3) How to learn the optimal measure of label dependencies with respect
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CHAPTER 1. INTRODUCTION

to a particular learning objective?

In same cases, a real number between [0, 1] is learned for any pair of

label (a, b) as a measure of the dependency extent of a on b. Existing meth-

ods still have some issues when learning this type of measure. Firstly, only

one particular statistical measure is normally used (Tenenboim, Rokach &

Shapira 2010), it means dependency might be learned form a partial view.

However, dependency between two labels could be determined by various

factors, thus it is more desirable that more factors can be taken into consid-

eration when learning label dependencies. Secondly, label dependencies are

predefined before learning classifiers and making predictions in most cases

(Zhang & Zhang 2010). In this way, learning label dependencies is an in-

dependent process without considering the objective function and criterion

used for learning classifiers. Thus the predefined dependencies might not be

optimal for the particular objective function. In all, how to combine multi-

ple aspects to learn the optimal dependencies by minimizing a specific loss

function is another issue of great significance.

(4) How to learn a good ranking of labels by exploring the pairwise pref-

erence between true labels and other labels?

Sometimes, it is not necessary or practical to explore dependencies be-

tween any pair of labels, especially where a lot of labels exist. Firstly, not

all labels of some instances are given explicitly due to the expensiveness of

manual labelling (Sun, Zhang & Zhou 2010, Yang, Jiang & Zhou 2013). How-

ever, existing methods normally assume that a label is not a true label of

an instance, if the label is not given explicitly. Label dependencies learned

based on this assumption might not approximate the true well. Secondly,

people sometimes are more concerned about the predictions in form of label

ranking, especially whether true labels are ranked before the untrue labels or

not (Lo et al. 2011). In this case, exploring only the inter-dependency, i.e.,

preferences, between true and untrue labels would be sufficient to learning a

good label ranking. Now, the task is how to take full advantage of the pair-

wise preference between true labels and untrue labels to learn an accurate
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CHAPTER 1. INTRODUCTION

label ranking.

This thesis aims at dealing with above research issues, especially focusing

on proposing new methods that can explore and utilize the dependencies

between labels effectively to improve learning performance.

1.3 Research contributions

This thesis has conducted concrete research to cope with above issues. The

achievements and contributions made so far are listed as below.

(1) A method based on TAN (Tree Argument Bayesian Network) has been

proposed to identify a subset of correlated labels for every label, i.e., the labels

it depends on. Specifically, a type of restricted Bayesian network is used in

this method to learn and represent the dependency stricture of labels as a

tree. Since the tree structure is learned based on the statistical dependencies

between labels, thus it can identify more appropriate label dependencies.

Furthermore, a method based on ensemble learning has also been proposed

to build and combine multiple trees of labels, in order to take full advantages

of a variety of possible label dependencies induced by different trees.

(2) A novel learning paradigm that exploits label dependencies in the

predicting phase has been proposed. In this paradigm, effects of existing

features and other labels are separately controlled and balanced by varying

weights. Thus impact of label dependencies can be intensified easily by set-

ting a proper weight. Label dependencies are encoded as a graph in this

method. The RWR (Random Walk with Restart) model is used to make

predictions in an iterative process, in which every label’s prediction is prop-

agated over the label graph according to the corresponding dependencies

between labels. Thus the indirect label dependencies are utilized in this way.

(3) A supervised method of learning optimal label dependencies with

respect to a particular learning objective has been proposed. Inspired by

multi-view learning theory, dependency between two labels are measured

from multiple aspects, i.e., characterized by multiple features. A linear re-
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gression model is then employed to learn the optimal label dependencies via

optimizing a particular objective function. Specifically, the dependency ma-

trix in the RWR process is learned in a supervised way rather than being

predetermined.

(4) A method that learns a label ranking by exploiting preferences be-

tween instances’ true labels and other labels has been proposed. In this

method, a novel loss function is proposed based on the assumption that true

labels which are explicitly given should be ranked before other labels in a pre-

dicted label ranking. By minimizing this loss function, this method thus can

output a more appropriate label ranking. Specifically, matrix factorization

technique is used to map the original label space into a low-dimensional space,

so the number of new labels to be dealt with is reduced greatly. Therefore,

this method is also capable of dealing with a large number of labels efficiently.

1.4 Thesis structure

Research background, current progress, research issues have been introduced

in above sections. In following chapters, preliminaries such as basic concepts,

theories, and methods will be presented firstly. Then these proposed meth-

ods will be introduced and analysed respectively. Specifically, this thesis is

structured as follows.

In chapter 1, research background and significance of multi-label classi-

fication are introduced firstly. Existing research issues are pointed out, and

the contributions of this thesis are then presented.

In chapter 2, preliminaries such as fundamental concepts, theories and

techniques regarding data mining and multi-label classification are given,

mainly including: (1) fundamental concepts and learning process regarding

data mining and classification, (2) formal definitions of multi-label classifi-

cation from multiple perspectives, and (3) commonly used criteria for evalu-

ating multi-label learning methods, etc.

In chapter 3, related work are summarized and analysed. To begin with,

8



CHAPTER 1. INTRODUCTION

existing work are broadly divided into 2 groups, i..e, algorithm adaptation

and problem transformation. Furthermore, three typical strategies of prob-

lem transformation are introduced, and several classical methods are de-

scribed in detail.

In chapter 4, the method that uses restricted Bayesian network to rep-

resent dependency structure of labels is introduced. The detailed process of

learning a tree-structure Bayesian network is described firstly. Next, how to

use ensemble learning to learn multiple trees of labels is introduced. Exper-

imental analysis is then presented to validate our proposed methods finally.

In chapter 5, the proposed method that models propagation of label de-

pendencies over a label graph is introduced. The formal problem definition

and the general framework used in this method are given firstly. Next, how

to construct a label graph and implement the propagation of label depen-

dencies as a RWR process is presented, followed by the experimental results

and conclusions.

In chapter 6, the proposed method that uses supervised learning to learn

optimal label dependencies is presented. The definition of the loss function

is given firstly. How to learn the optimal dependencies matrix in RWR pro-

cess via minimizing this loss function is then introduced in detail. Finally,

experiments are conducted over multiple datasets to compare the proposed

method with other baselines, especially the one proposed in chapter 5.

In chapter 7, the method which learns a label ranking through a matrix

factorization process is presented. The issues need to be deal with are given

firstly. Next, the assumption adopted in this method is introduced, based

which the loss function is formulated. Then, the detailed process of learning

optimal parameters via the matrix factorization process is presented. Finally,

the performance of the proposed method is analysed in experiments.

In chapter 8, research contributions made in this thesis are summarized,

and the possible research directions in the future are also given.
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Chapter 2

Preliminaries

This chapter firstly introduces the basic concepts and theories in supervised

learning and classification. Next, definitions and concepts related to multi-

label classification are presented. Finally, criteria that are commonly used for

evaluating multi-label model performance on multi-label data are described.

2.1 Supervised learning and classification

Supervised learning is one of the basic learning patterns in machine learning

(Mohri, Rostamizadeh & Talwalkar 2012). After defining an input space X

and an output space Y, we can get a datasetD = {(xi, yi)|1 ≤ i ≤ n} in which

(xi, yi) is the i-th element, xi and yi is an object in X and Y respectively.

The task of supervised learning is to learn a model, which essentially is a

mapping fθ : X → Y from X to Y. θ is the parameter that determines the

specific model and needs to be learned based on D. For a new object x, f is

used to predict the corresponding output ŷ = f(x).

Since the true output of every xi, i.e., yi, has already been given, the ac-

curacy of predictions made by a model thus could be evaluated by comparing

the predicted outputs and true outputs of instances. In general, a particular

loss function l is often adopted in a learning method to measure the error

of model f made on dataset D, i.e., l(f,D). In this way, an optimal model
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f ∗ on D could be learned by minimizing the loss function l(f,D). Since the

true outputs of instances in D are already given and used to supervise the

process of learning the optimal model, this type of learning is thus called

supervised learning. D is usually termed as training set in which (xi, yi) is a

labelled instance.

2.1.1 Definition of classification

Supervised learning can be divided into several main categories in terms of

different types of output spaces. Classification is a type of special supervised

learning with an output space consists of discrete values. Its definition is

given as below.

Normally, an instance in space X can be represented by multiple features.

For example, people can be characterized by their gender, age, and occupa-

tion etc. In this case, x can be expressed as a vector: x =< v1, v2, . . . , vd >.

d is the number of features, i.e., the dimension of the input space. vi is the

value of the i-th feature which is a real number (numeric feature) or one of

a set of predefined discrete values (categorical feature). In classification, the

output space consists of a set of labels C = {c1, c2, . . . , cm} in which m is the

number of all possible labels. For example, in news categorization, a possible

set of labels could be political, sports, and entertainment. Given a training

set D = {(x1, y1), (x2, y2), . . . , (xn, yn)}, the aim of classification is to learn a

classifier using D, which is then used to predict labels for unseen instances.

It is obvious that a classifier can also be viewed as a mapping of a space of

vectors to a space composed of finite discrete values f : X→ C.

2.1.2 The general process of classification

As one of the fundamental tasks in data mining, a multitude of learning

methods have been proposed for classification currently. In general, the whole

process of classification is composed of these primary steps as shown in Figure

2.1.
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data collection and preprocessing

feature extraction and selection

model selection

model building

model evaluation

start

end

Figure 2.1: The general process of classification

(1) Data collection and pre-processing

The first step of classification is to collect data and create a dataset for

learning and evaluating classifiers. In order to learn classifiers effectively, a

dataset must have enough instances, especially when the input space is high-

dimensional. In addition, the distribution of instances in the data set should

be close to the true distribution of instances in the input space as much as

possible.

It is well known that it is the quality of data determines the performance

of learned classifiers. In practice, raw data are often noisy, incomplete, and

inconsistent, thus cannot be used directly for learning classifiers due to the

poor quality. Some kinds of pre-processing measures are necessary to nor-

malize original data and improve its quality. Typical measures include:

• Data transformation. In real applications, raw data are often unstruc-
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tured or semi-structured, e.g., text, image, and video etc., whereas

typical data mining algorithms can only handle structured data. There-

fore, these data must be transformed into structured data before they

can be used. For example, vector space model and topic model have

been designed specifically for representing a piece of text as a vector of

keywords or topics (Liu 2013).

• Data cleaning. After transformation, the data might still of poor qual-

ity and is not ready to be used directly, mostly due to the existence

of errors, missing values, and outliers etc. Thereby, pre-processing

techniques such as filling in missing values, removing outliers, and cor-

recting errors and inconsistent data etc., have to be applied in order to

improve the data quality.

• Data normalization. Normalization or standardization has a range of

meanings in statistics. In the most common case, it means adjusting

and rescaling values of some variables. The reasons why normalization

is necessary might include the followings. (1) Making the underlying

patterns and relationships more significant and be in line with the spe-

cific model which would be used. For example, if a variable follows the

exponential distribution, it would be sensible to apply the log normal-

ization to it when linear model is selected. (2) Preventing the learned

models biased towards some variables simply because of their different

value scales. Commonly used methods often rescale multiple variables

into a common scale, e.g., [0, 1], thus every variable can be fully take

advantage of.

(2) Feature extraction and selection

Initial dataset could have a huge number of features. For example, when

a piece of text is represented using vector space model, the number of fea-

tures, i.e., keywords, could be tens of thousands. Due to this curse of dimen-

sionality, learning classifiers using such a high number of features would be

prohibitively time-consuming. Therefore, it is more practical to select a sub-

13



CHAPTER 2. PRELIMINARIES

set of informative and useful features to make the learning process efficient

and effective.

(3) Model building and selection

Over decades, a diversity of learning methods have been proposed such as

linear models, decision trees, and neural networks etc. Each of them usually

has a particular assumption and learns classifiers from a different perspec-

tive. Since classifiers are learned using training dataset, it is expected they

would perform well on training dataset. However, the purpose of learning

classifiers is to predict labels for unknown instances, thus one key issue is

how to make the learned classifiers generally robust, i.e., avoiding the issue

of overfitting the training data. One way of alleviating this issue is to add

a regularization term into the model, so classifiers learned used this model

could be relatively simple and robust to future instances. For example, mod-

els like Lasso regression and Ridge regression actually introduce the L1 and

L2 regularization term into the basic linear regression model. Another way

of learning and selecting robust classifiers is to hold out a subset of dataset

as validation set, and measure classifiers’ performance on this validation set

rather than the training set.

(4) Model evaluation

In practice, not all learning methods are suitable for a particular clas-

sification task. Therefore, it is necessary to learn classifiers using multiple

methods, evaluate them and select the optimal one for current task. In or-

der to evaluate classifiers’ performance in an unbiased way, a straightforward

strategy is to divide the whole dataset into training set and test set. Classi-

fiers are then learned using the training set and evaluated using the test set.

In situations when there are no sufficient data that allow for the training/test

division, a commonly used evaluation method is n-folds cross validation, in

which data are randomly divided into n subsets, and model performance is

evaluated n times iteratively. In each iteration, a classifier is trained using

n− subsets as training set, and is evaluated using the remaining 1 subset as

test set. Finally, the average of n evaluation results is returned as the final
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evaluation result.

Currently, various criteria have been designed to evaluate classifier perfor-

mance form different aspects. Among them, misclassification rate is the sim-

ple but extensively adopted one for binary classifiers. Cost-sensitive learning

furthermore assumes that different types of errors may incur different level

of costs. Based on this assumption, a number of criteria that are capable of

dealing with different error cost have also been proposed and applied already

(O’brien, Gupta & Gray 2008, Zhou & Liu 2010, Elkan 2001).

Above are the primary steps of a classification process, in which every step

actually would influence each other and the performance of the final classifier.

In effect, the whole process may go back and forth and is implemented in an

iterative way in order to obtain a good classifier as much as possible.

2.2 Definitions of multi-label classification

Multi-label classification has a similar learning process with the traditional

classification, the difference is that it assumes each instance could have multi-

ple labels. Given a training set, the learning task of multi-label classification

accordingly is to learn a classifier that could predict multiple possible labels

for unknown instances rather than only a single one.

Let X
d be a d-dimensional input space, C = {c1, c2, . . . , cm} be a set

that consists of m possible labels, D = {(xi, Ci)|1 ≤ i ≤ n} thus denotes a

labelled dataset in which xi ∈ X is an instance of X and Ci ⊆ C is the set of

labels associated with xi. We call labels in Ci are xi’s true labels or related

labels, and labels in Ci = {c|c ∈ C∧c /∈ Ci} its false or unrelated labels. The

task of multi-label classification now is to learn a function f : X → 2C using

dataset D, i.e., a mapping from X
d to a set which is composed of all possible

subsets of C. For an unknown instance x, a prediction given by function f

can be denoted as Ĉ = f(x) ⊆ C.

In addition to being represented as a subset, true labels of xi can also be

represented as a m-length binary vector yi =< yi1, yi2, . . . , yim > in which yij
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corresponds to the jth label in C, i.e., cj. yij = 1 means that cj is one of xi’s

true labels (cj ∈ Ci), while yij = 0 means the opposite (cj ∈ C i).

Multi-label classification can also be solved as a label ranking problem,

i.e., the prediction is a ranking of labels that shows every label’s possibility

of being an instance’s true label. For an unknown instance x, a label ranking

will be firstly predicted, then a threshold will be set to determine the set of

true labels based on the ranking. In this case, the learning task is converted

to learn a ranking function r on D, which is essentially is a mapping from

space X
d to a space that consists of all possible rankings of labels in C.

Usually, the ranking function can also be viewed as a scoring function, then

the prediction f(x) is formulated as shown in Equation (2.1)

f(x) = (f1(x), f2(x), . . . , fm(x)) (2.1)

in which fi(x) is the score of label ci with respect to x. When predicting labels

for x, every label’s score will be predicted firstly, then labels are ranked in

terms of these scores and top k labels will be predicted as the true labels.

We can also relate label cj with a variable Yj whose possible values are

{1, 0}. In this case, Y =< Y1, Y2, . . . , Ym > denotes a m-length vector of

variables, and y =< y1, y2, . . . , ym >, a binary vector, is a specific value of Y .

From a probabilistic perspective, multi-label classification can be solved as a

problem of learning conditional probability P (Y |x). In this way, the optimal

prediction for x should be the vector that has the maximum conditional

probability, as show in Equation (2.2)

y∗ = arg max
y⊆{0,1}m

P (y|x) (2.2)

In practice, there always exist some dependencies between labels. That

is, variable Yj’s value should depend on the values of other variables to a

certain extent. Let Dep(Yk) be the set of variables on which Yk depends,

then the task of learning the conditional probability P (Y |x) actually can be

formulated as Equation(2.3).

P (Y |x) =
m∏
k=1

P (Yk|Dep(Yk), x) (2.3)
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It is obvious that the issue now is how to determine an appropriate Dep(Yk)

for each variable Yk, i.e., a set of labels be depended on by ck, in order to

compute the P (Y |x) accurately.
This section introduces and gives several definitions of multi-label from

different perspectives. Currently, a diversity of learning methods for multiple-

label classification have been proposed, and they mainly fall into two cate-

gories. The first one is problem transformation. Basically, it converts a

multi-label problem into one or more single-label problems, so existing meth-

ods for single-label classification can be directly applied. The other one is

algorithm adaption which extends existing methods to enable them to han-

dle multi-label data. In addition, how to exploit dependencies between labels

is a key issue in multi-label classification. In the following section, we will

introduce several typical methods and the strategies they adopt to exploit

label dependencies in detail.

2.3 Evaluation criteria

In order to evaluate performance of different learning methods, the first thing

is to select an appropriate criterion. As stated above, there are two primary

types of predictions in multi-label classification: (1) a binary vector or subset

of labels and (2) a label ranking. Accordingly, there are also two main types of

criteria that can handle different types of predictions respectively. Currently,

a number of criteria for evaluating multi-label learning methods have been

proposed, and some of them are summarized in this section.

To begin with, the notations that will be used in following parts are given.

Let S = {(x1, C1), (x2, C2), . . . , (xn, Cn)} be a test dataset in which xk is the

k-th instance, and Ck is the set of true labels of xk. Let yk be a binary (0/1)

label vector that corresponds to Ck. For a classifier f and a test instance

x, Ĉx represents the labels predicted by f as true labels for x. Similarly, ŷx

represents a binary label vector predicted by f for x. When a label ranking

is returned by classifier f , rank(x) is used to represent the label ranking
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predicted for x, in which the position of label cj is denoted by r(x, cj). Next,

typical criteria with respect to different types of predictions are analysed.

2.3.1 Criteria for a label set prediction

For a classifier f , after predicting a label set for each instance x in S, the

evaluation of its performance could be calculated in two ways. The first one

is from the perspective of instances, i.e., evaluation on every instance xi in

S is calculated firstly by checking (Ci, Ĉi), and the average of these values

is returned as the final evaluation. The other one is from the perspective

of labels, evaluation of multi-label predictions in this way is implemented

as calculating the evaluation regarding each label respectively, and all these

evaluations are then averaged as the final result. Criteria that use the former

strategy thus is called instance-based criterion, and criteria that use the latter

one is called label-based criterion. Generally speaking, typical criteria for

predictions in the form of a label set include these shown below.

(1) Hamming loss

Hamming loss was proposed by Schapire and Singer (Schapire & Singer

2000), and its definition is given in Equation (2.4).

H − loss(f, S) =
1

n

n∑
i=1

|yi ⊗ ŷi|
m

(2.4)

Here yi is the true binary label vector of instance xi in S, and ŷi is the one

predicted by f for xi. ⊗ is the XOR operation that returns the symmetric

difference between two vectors, |yi ⊗ ŷi| thus indicates how many labels are

predicted incorrectly by f . Therefore, Hamming loss measures the ratio of

labels being predicted incorrectly on average. The smaller it is, the better a

classifier’s performance is, and the optimal value could be 0 when the labels

of all instances are predicted correctly. Hamming loss can be viewed as a

type of label-based criterion, since it can be decomposed by labels, and for

each label the evaluation is the same as the traditional misclassification rate

for single-label classification.
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(2) Subset accuracy

It calculates the ratio of instances in S for which the predicted label set

is exactly the same as its true label set. It is defined as Equation 2.5.

subsetAccuracy(f, S) =
1

n

n∑
i=1

δ(Ci = Ĉi) (2.5)

Here δ(·) = 1 when · is true, δ(·) = 0 otherwise. Obviously it’s a stricter

criterion than Hamming loss, since a prediction will still be viewed as a wrong

one even only one label gets the wrong prediction. The greater this measure

is, the better a classifier’s performance is, and the optimal value could be 1

when all the instances’ true labels get right predictions.

(3) Recall

Given the true label set Ci and predicted label set Ĉi for each instance in

S, this criterion calculates the average ratio between the size of Ci ∩ Ĉi and

size of Ci, as depicted in Equation (2.7).

Recall(f, S) =
1

n

n∑
i=1

|Ci ∩ Ĉi|
|Ci| (2.6)

Thus it actually measures the average ratio of an instance’s true labels which

are predicted correctly. The greater this measure is, the better a classifier’s

performance is, and the optimal value could be 1 when all the instances’ true

labels are included in the predicted labels set, even some of predicted labels

are not true.

(4) Precision

Given the true label set Ci and predicted label set Ĉi for each instance

in S, precision calculates the ratio between the size of Ci ∩ Ĉi and size of Ĉi,

and then gets the average on the whole S.

Precision(f, S) =
1

n

n∑
i=1

|Ci ∩ Ĉi|
|Ĉi|

(2.7)

It can be seen that this criterion actually measures the average ratio of an

instance’s predicted labels that are its true labels. The greater it is, the
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better a classifier’s performance is, and the optimal value would be 1 when

all the predicted labels for every instance are its true labels respectively, even

some of the true labels are not in the predict label set for some instances.

(5) F1 measure

Recall and precision are two mutual constrained measures. If you want

to improve the recall, you might have to increase the number of predicted

labels which however might makes the precision declined. Therefore, F1 mea-

sure is introduced to make a trade-off between them and get a compromised

evaluation. Its definition is shown in Equation (2.9).

F1(f, S) =
2 ·Recall(f, S) · Precision(f, S)
Recall(f, S) + Precision(f, S)

(2.8)

It can be seen from Equation (2.9) that F1 measure integrates recall and

precision, so it is more reasonable criterion. It should be noted that F1

actually is a special case of Fβ which is defined as:

Fβ(f, S) = (1 + β2) · Recall(f, S) · Precision(f, S)
(β2 ·Recall(f, S)) + Precision(f, S)

(2.9)

The relatively importance of recall and precision could be adjusted by varying

β.

Aforementioned 3 criteria have been heavily used in the field of informa-

tion retrieval to evaluate the returned documents given an ad hoc query.

(6) Accuracy

Given the true label set Ci and predicted label set Ĉi for each instance

in S, this criterion calculates the average ratio of the size of intersection and

union of these two sets, as shown in Equation (2.10).

Accuracy(f, S) =
1

n

n∑
i=1

|Ci ∩ Ĉi|
|Ci ∪ Ĉi|

(2.10)

The greater this measure is, the better a classifier’s performance is, and the

optimal value could be 1. It is a stricter criterion compared with Precison

and Recall, since the optimal value could be got only when the predicted

label set match the true label set exactly.
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2.3.2 Criteria for a label ranking prediction

These above are bipartition-base criteria that are based on binary predictions.

Another kind of criterion is ranking-based criterion, and criteria of the type

usually are based on a ranking of labels which does not give the explicit

yes/no predictions. Following are several typical criteria of this type.

(1) One-error

One-error evaluates how many times the top-ranked label is not a true

label of the instance (Tsoumakas, Katakis & Vlahavas 2010).

One-error(h,D) =
1

n

n∑
i=1

δ(argmin
c∈C

r(xi, c) /∈ Ci) (2.11)

Here δ(·) = 1 when · is true, otherwise δ(·) = 0. One-error is not a very

rigorous metric, since it only concerns whether the top-ranked one is a true

label or not, ignoring remaining true labels’ predictions. Therefore, it might

not be able to give a reasonable evaluation of a classifier’s performance. The

smaller it is, the better a classifier’s performance is. The optimal value is 0

when the top-ranked label is a true label for every instance.

(2) Coverage

Coverage computes, on average, how many steps are needed to go down

the ranked list of labels to cover an instance’s all true labels, as given in

Equation (2.12).

Coverage =
1

n

n∑
i=1

max
c∈Ci

r(xi, c)− 1 (2.12)

Smaller value of this measure means more true labels are ranked before the

false labels, and thus the classifier’s performance is better.

(3) Ranking loss

Give a set of {(ca, cb)|(ca, cb) ∈ Ci × Ci} that consists of all possible pair

of a true label and untrue label of any instance xi, ranking loss computes,

on average, ratio of label pairs in which the true label is ranked before the

untrue label in the predicted label ranking. Its definition is shown in Equation
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(2.13).

R-Loss =
1

n

n∑
i=1

1

|Ci|
∣∣Ci

∣∣ ∣∣Ri = {(ca, cb) : r(xi, ca) > r(xi, cb), (ca, cb) ∈ Ci × Ci}
∣∣

(2.13)

The smaller it is, the better a classifier’s performance is. The optimal value

could be 0 when all of the true labels are ranked before all the untrue labels

for every instance.

Above are the typical criteria, each of which evaluates multi-label learning

methods from a different perspective. Since every learning method essentially

learns a classifier by minimizing a particular loss function, i.e., an evaluation

criterion, it is thus unlikely for it to show best performance according to all

criteria. For example, an algorithm that optimizes the output with respect

to subset accuracy would show poor performance if evaluated using hamming

loss (Zhang & Zhou 2014, Dembczyński et al. 2012). In practice, multiple

criteria are usually used to evaluate and compare algorithms in a compre-

hensive way, analyse the pros and cons, and give the preferable scenarios of

the compared algorithms.

2.4 Conclusions

This chapter presents the preliminary knowledge, theories and techniques in-

volved in supervised learning and multi-label classification research. Firstly,

it gives the formal definition of supervised learning and traditional single-

label classification, the primary stages of the learning process, and the com-

mon methods and strategies used in each step. Secondly, multiple definitions

of multi-label classification are presented from different perspectives. Finally,

we introduce and analyse several popular criteria used for evaluating multi-

label classification methods. In conclusion, this chapter provides theoretical

and technical foundation for the research work in the following chapters.
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Related works

Current research progress regarding multi-label classification are presented in

this chapter, especially form the perspective that how label dependencies are

exploited in existing methods. To begin with, related works are summarised

into two broad categories. Then, typical methods of problem transformation

are introduced in terms of different types of label dependencies exploited in

detail.

3.1 Overview of existing methods

Arising from text categorization (McCallum 1999, Ren, Peetz, Liang, van

Dolen & de Rijke 2014), multi-label classification has seen a great process.

A great number of models have been proposed which fall into two main cat-

egories, i.e., problem transformation and algorithm adaptation (Tsoumakas

et al. 2010, Zhang & Zhou 2014). representative methods of these two cate-

gories are summaries in this section.

3.1.1 Problem transformation

Problem transformation is to covert a multi-label problem to one or multiple

single-label problems. In this way, existing methods of single-label learning

can be applied directly. Some simple strategies include: (1) remove instances
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with multiple labels, (2) only keep one label for every instance, and (3) copy

an instance multiple times, each with a different label etc. Based on these

strategies, Chen et al. proposed a new way of copying instances based on

entropy (Chen, Yan, Zhang, Chen & Yang 2007). A potential issue of these

strategies is that some useful information might be lost, especially after delet-

ing many instances or labels. Besides these methods, most of advanced meth-

ods actually employ one of following two strategies. One is BR (Binary Rel-

evance) transformation (Boutell et al. 2004, Read 2008b, Read 2008a, Read

et al. 2011, Zhang & Zhou 2007), and the other is LP (Label Powerset)

transformation (Tsoumakas et al. 2010, Tsoumakas, Katakis & Vlahavas

2011, Rokach & Itach 2010, Tenenboim, Rokach & Shapira 2009, Tenen-

boim et al. 2010, Tsoumakas, Dimou, Spyromitros, Mezaris, Kompatsiaris &

Vlahavas 2009).

BR transformation converts a multi-label classification task into multiple

binary classification tasks. For every label, a training set is created using

which a binary classifier is then built. Boutell et al. applied BR transforma-

tion to the scene classification task (Boutell et al. 2004). Zhang et al. used

the k-NN algorithm to build classifiers after applying BR transformation to

the dataset (Zhang & Zhou 2007). In spite of its effectiveness, some possible

issues with BR transformation are: (1) each label is treated independently,

so dependences between labels are ignored, and (2) it is very time-consuming

even infeasible to build a classifier for every label, especially for data with a

great number of labels.

To utilizing pairwise dependencies, Hullermeier et al. built a classifier for

every pair of labels, which could predict a preference between the two labels

given an instance (Hullermeier, Furnkranz, Cheng & Brinker 2008). Based

on this approach, Furnkranz et al. introduced a virtual label to determine

the relevant labels and irrelevant labels (Furnkranz, Hullermeier, Mencia &

Brinker 2008). Although these two approaches take label dependencies into

consideration, they need to build m(m− 1)/2 classifiers, m is the number of

labels. To address this issue, Madjarov et al. proposed a model with two-
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layer architecture to prune unnecessary classifiers (Madjarov, Gjorgjevikj &

Dzeroski 2012). To utilizing dependencies between multiple labels, Cheng

et al. proposed an approach by combining k-NN and the logistic regression

model. It treats other labels as additional features when building a classi-

fier for every label (Cheng & Hullermeier 2009). Zhang et al. proposed the

LEAD model, which used a Bayesian network to represent the dependency

structure of labels (Zhang & Zhang 2010). To deal with massive labels effi-

ciently, Tsoumakas et al. organized labels into hierarchical clusters and built

a classifier for every cluster rather than every label (Tsoumakas, Katakis &

Vlahavas 2008).

On the contrary, LP transformation treats the whole set of labels as a new

single label for every instance, i.e., every new label is a subset of the original

label set. If size of the original label set is m, then there will be 2m possible

new labels. Compared with BR transformation, the major advantage of LP

is that label dependencies could be utilized since it processes multiple labels

as a whole instead treating them individually. However, a major issue is that

some labels might have few instances, due to the exponential increasing of

number of possible labels.

To solve this issue, Read proposed the PS model that decomposed the

original label set of every instance repeatedly until the frequency of every

subset meets a predefined threshold (Read 2008b). Tsoumakas et al. pro-

posed the RAkEL model which actually was a combination of BR and LP.

It converts a multi-label problem into multiple multi-class problems. For

every sub-problem, a subset of k(k < m) labels were selected randomly for

which the LP transformation was applied to build a classifier (Tsoumakas,

Katakis & Vlahavas 2011). Tenenboim et al. proposed a similar method.

The difference is the size of label subset is varied in this method instead of

being fixed as k (Tenenboim et al. 2009). Although these two models can

alleviate the instance sparsity issue, they simply determine every label subset

randomly rather than via a statistical way. To this end, Tenenboim-Chekina

put forward the Chidep model (Tenenboim et al. 2010). It firstly adopts chi-
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square to calculate the dependency or similarity between labels, then divides

the labels into several subgroups using a clustering model. Tsoumakas et

al. chose Phi coefficient instead of chi-square for the dependency calculation

(Tsoumakas et al. 2009). Rokach et al. treated the label division problem as

a set cover problem, and used the greedy strategy to find a optimal solution

(Rokach & Itach 2010).

3.1.2 Algorithm adaptation

Instead of transforming multi-label problems, algorithm adaption extends ex-

isting methods for single-label learning, so they can be applied to multi-label

learning. Cheng et al. combined traditional k-NN method and logistic regres-

sion model for multi-label learning (Cheng & Hullermeier 2009). Based on

AdaBoost model, Schapire proposed the AdaBoost.MH method that solved

a multi-label classification problem as a label ranking problem (Schapire &

Singer 2000). Furthermore, deComite et al. extended the AdaBoost.MH

model to produce alternating decision trees that can handle multi-label data

(De Comite, Gilleron & Tommasi 2003). Clare et al. modified the way of cal-

culating entropy in decision tree to enable the leaf nodes to represent multiple

labels (Clare & King 2001). McCallum et al. processed the multi-label text

data using a type of Bayesian probabilistic model (McCallum 1999). Streich

et al. viewed the multi-label data as an additive mixture of independent sam-

ples, and a corresponding approach was proposed (Streich & Buhmann 2008).

Elisseeff et al. proposed the Rank-SVM model by extending basic SVM

model, which can learn the optimal ranking of labels by maximizing the

margin between instances’ related labels and unrelated labels (Elisseeff &

Weston 2001). Thabtach et al. employed existing approaches for associa-

tion rules discovery to construct a set of rules for classifying multi-label data

(Thabtah, Cowling & Peng 2006). Veloso et al. integrated the association

rule technology and lazy learning and proposed an approach that predict

multiple labels in a lazy way (Veloso, Meira Jr, Gonçalves & Zaki 2007).

Zhang et al. introduced a new loss function into neural network, enabling it
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can produce a ranking of labels (Zhang & Zhou 2006).

In addition to aforementioned models, researchers actually have utilized

a diversity of classical learning paradigm, and made extension to various

existing models. For example, typical learning paradigms such as multi-

instance learning (Zhou, Zhang, Huang & Li 2012, He, Gu & Wang 2012,

Yang et al. 2013), semi-supervised learning (Jiang & McQuay 2012, Wei,

Yang, Junping & Wang 2009, Chen, Song, Wang & Zhang 2008, Ortigosa-

Hernandez, Rodriguez, Alzate, Inza & Lozano 2010, Qian & Davidson 2010,

Liu, Jin & Yang 2006), transfer learning (Wang et al. 2011, Feng & Xu 2010,

Han, Wu, Zhuang & He 2010, nan Kong, Ng & hua Zhou 2009, Kong, Ng &

Zhou 2013), active learning (Hung & Lin 2011, Cheng, Zhang, Xie, Agrawal

& Choudhary 2012, Yang, Sun, Wang & Chen 2009), multi-task learning

(Zhang, Ghahramani & Yang 2005, Quadrianto, Petterson, Caetano, Smola

& Vishwanathan 2010, Chapelle, Shivaswamy, Vadrevu, Weinberger, Zhang

& Tseng 2011), deep learning (Nam, Kim, Menćıa, Gurevych & Fürnkranz

2014, Wang, Yang, Mao, Huang, Huang & Xu 2016), and ensemble learning

(Tahir, Kittler & Bouridane 2012, Shi, Kong, Philip & Wang 2011), etc. have

been explored for dealing with multi-label classification problem.

Generally speaking, algorithm adaptation essentially is to extend existing

models to enable them can deal with multi-label data, and each particular

model has its own way of extension that usually is not applicable to other

models. By contrast, problem transformation is to covert a multi-label prob-

lem into a problem that can be tackled by any existing models instead of

only some particular models. Compared with algorithm adaptation, prob-

lem transformation therefore is more flexible and practical.

We can see that multi-label classification has been well recognized as a

key topic in the field of machine learning and data mining, and research on it

also has made substantial progress. Based on those existing work, this thesis

conducts further research on multi-label classification. Particularly, the focus

of this thesis is how to effectively learn and utilize the dependencies between

labels when the problem transformation strategy is used. In following sec-
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tions, methods which also follow the problem transformation paradigm are

furthermore elaborated from three different ways as well as how they are

related to the proposed method in this thesis.

3.2 Transformed as binary classification

A commonly used method of problem transformation is to convert a multi-

label problem into multiple binary classification problems (Tsoumakas et al.

2010, Zhang & Zhou 2014). Basically, problem of predicting multiple labels is

solved as predicting whether it is a true label or not for every label separately.

A binary classifier is built for every label and used for making a yes/no

prediction. The general framework of this method is shown in Figure 3.1 in

which D is a multi-label dataset, and m is the number of labels. As shown

in Figure 3.1, this framework includes two primary steps.

D 

D1 D2 Dm … 

f1 f2 fm 

Figure 3.1: Transform a multi-label problem into multiple binary problems

(1) Firstly, the original multi-label dataset is decomposed into m single-

label dataset {D1, D2, . . . , Dm} in which Dk is a dataset that consists of

all instances in D. For every labelled instance (xi, yi) in D, the differences

between it and the corresponding (xki , y
k
i ) in Dk include: 1) only label ck’s

value is kept, i.e., only yik in the binary label vector yi =< yi1, yi2, . . . , yim >

is kept thus yki = yik; 2) xi might be transformed to have a new set of features,

i.e. xki ← hk(xi, yi). Now training set Dk = {(xki , φ(Ci, ck))|1 ≤ i ≤ n} can

be used for learning a binary classifier for label ck, and the definition of
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φ(Ci, ck) is given in Equation (3.1).

φ(Ci, ck) =

{
1 if ck ∈ Ci

0 if ck /∈ Ci

(3.1)

(2) Secondly, a classifier fk is learned using Dk and a particular learning

method such as logistic regression, SVM, and decision tree etc. In this case,

a multi-label classifier actually is composed of m binary classifiers. For an

unknown instance x, fk is responsible for predicting whether ck is a true label

of x or not, and the final prediction is the combination of all these predictions

as shown below.

C = {ck|fk(x) = 1, 1 ≤ k ≤ m} (3.2)

Generally speaking, every method that transforms a multi-label classifica-

tion problem into multiple binary classification problems uses the similar way

of generating single-label datasets as shown in Equation (3.1). Differences

between these methods are: 1) different functions hk(xi) → xki is designed

based on different assumptions; 2) different learning algorithms might be

employed to learn the classifier f . In next section, several typical learning

methods of this type are presented.

3.2.1 BR transformation and ML-kNN algorithm

BR (Binary Relevance) transformation is a straightforward method of con-

verting a multi-label problem into multiple binary problems. To construct

the dataset Dk for label ck, BR Transformation simply copies all instances

in D into Dk, i.e., x
k
i = xi(1 ≤ i ≤ n, 1 ≤ k ≤ m) (Tsoumakas et al. 2010).

Based on BR transformation, Zhang and Zhou proposed the ML-kNN

method (Zhang & Zhou 2007). In this method, BR transformation is firstly

used to construct a training set for every label, then kNN (k Nearest Neigh-

bourhood) method is adopted and extended to build classifiers and make

predictions in the Bayesian view. Taking learning classifier fj for label cj as

an example, this method is described as below.
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For an instance x, let N(x) be k instances that are most similar to x,

i.e., its k neighbours. ML-kNN method firstly identifies the N(x) for every

instance x in training set Dj using Euclidean distance which is a common

metric to compute similarities between instances. It then calculates how

many of instances in N(x) have label cj as their true label, i.e., a statistics

Ex(yj) is computed as below.

Ex(yj) =
∑

a∈N(x)

ya(j) (3.3)

Here ya is the binary label vector associated with instance a and ya(j) is the

j-th element of ya. Once Ex(yj) is given, ML-kNN then learns the posterior

probability P (cj ∈ Cx|Ex(yj)) using Bayesian inference. Here Cx is the set

of true labels of x, and the probability P (cj ∈ Cx|Ex(yj)) can be computed

as shown in Equation (3.4) according to the Bayesian theorem.

P (cj ∈ Cx|Ex(yj)) =
P (cj ∈ Cx)P (Ex(yj)|cj ∈ Cx)

P (Ex(yj))
(3.4)

In Equation (3.4), P (cj ∈ Cx) and P (Ex(yj)|cj ∈ Cx) can be calculated by

counting corresponding frequencies in dataset. P (cj /∈ Cx|Ex(yj)) can also

be computed in a similar way. Therefore, classifier fj can be formulated as

shown in Equation (3.5).

fj(x) =

{
1 if P (yj ∈ C|Ex(yj)) ≥ P (yj /∈ C|Ex(yj))

0 else
(3.5)

Above presents the formulation and process of the ML-kNN method. For

every label cj(1 ≤ j ≤ m), its classifier fj is built according to Equation (3.5),

and predictions given by all classifiers are combined according to Equation

(3.2) as the final prediction for unknown instances. In addition to kNN, other

traditional learning algorithms, such as Bayesian networks and decision trees,

etc., can also be used easily with BR transformation. From the perspective of

learning and utilizing dependencies between labels, both BR transformation

and ML-kNN algorithm assume that labels are independent of each other,

and decompose a multi-label problem into multiple independent single-label

problems. Therefore, label dependencies are ignored in these methods.
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3.2.2 IBLR-ML and IBLR-ML+

IBLR-ML (Instance based Logistic Regression - Multi Label) method also

decomposes a multi-label problem into multiple single-label problems, and

employs kNN method to explore k neighbours’ label information (Cheng &

Hullermeier 2009). In contrast to ML-kNN, IBLR-ML takes label dependen-

cies into consideration in the phase of learning classifiers. Let’s take learning

classifier fj for label cj as an example to introduce details of this method.

To begin with, IBLR-ML method also identifies N(x), i.e., k nearest

neighbours for any instance x in the training set D. Given an instance x and

label cj, it then calculates the statistics as given in Equation (3.6).

ωx(j) =
∑

a∈N(x)

s(x, a) · ya(j) (3.6)

Here s(x, a) denotes the similarity between instance x and a, which is a real

number that usually falls into the range [0, 1]. ya(j) is the j-th element of a’s

binary label vector ya, so it is 0 or 1. Therefore, ωx(j) could be viewed as the

weighted average of label values of x’s neighbours. Based on the assumption

that similar instances should have similar labels, ωx(j) would be helpful for

predicting label cj’s value for x.

Then, logistic regression method is employed to learn a probabilistic clas-

sifier for cj. Let πj = P (yj = 1|x) be the probability of cj being x’s true

label, a function shown in Equation (3.7) is learned to compute πj.

log
πj

1− πj
=

m∑
k=1

αk · ωx(k) (3.7)

Here αk(1 ≤ k ≤ m) are the parameters need to be estimated. As shown

in Equation (3.7), πj is determined by the ωx(k) of all other labels (ck(1 ≤
k ≤ m)). This means IBLR-ML actually assumes that every label is de-

pendent on all other labels, and takes label dependency into consideration

when building classifiers. Furthermore, IBLR-ML can be extended to the

IBLR-ML+ method by including the original features, as shown in Equation
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(3.8).

log
πj

1− πj
=

m∑
k=1

αk · ωx(k) +
d∑

k=1

βk · xk (3.8)

Here xk is value of the k-th original feature of x. Based on Equation (3.7)

and (3.8), the binary classifier fj(x) for label cj can be formulated as:

fj(x) =

{
1 if πj ≥ 0.5

0 else
(3.9)

Compared with ML-kNN, we can easily see that possible influence of label

dependencies is considered in IBLR-ML and IBLR-ML+ methods. Partic-

ularly, for label cj, all other labels are treated as additional features and

combined with original features in the phase of constructing Dj and building

classifier fj. This is a typical way of utilizing label dependencies which has

been adopted by many methods. The mapping function used for creating Dj

from D now is:

xji ← (xi, g(cj)) (3.10)

Here, cj are all other labels except cj. Function g is the one shown in Equation

(3.6), which is used to determine the values of these additional features.

3.2.3 LEAD

Aforementioned ML-KNN and IBLR-ML+ are two extremes. The former

assumes that labels are independent of each other, whereas the latter assumes

that every label is dependent on all other labels. LEAD (multi-label Learning

by Exploiting lAbel Dependency) method, proposed by Zhang et al., is a

compromise that assumes that every label should depend on only a subset

of other labels, neither none nor all (Zhang & Zhang 2010). It actually uses

formula shown in Equation (3.11) to compute the probability distribution of

label vector variable Y , given instance x.

P (Y |x) =
m∏
k=1

P (Yk|Dep(Yk), x) (3.11)
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Here Dep(Yk) are the variables correspond to labels which label ck depends

on. To learn the dependency structure of labels, LEAD constructs a Bayesian

network which is a directed acyclic graph that takes every label as a node.

Then it determines Dep(ck) as all the ancestor nodes of ck in the graph, and

adds Pa(ck) as additional features into Dk, i.e., the function used to mapping

xi from D to Dk is:

hj(xi)→ (xj, Dep(cj)) (3.12)

After generating a training set for every label, LEAD also learns a classifier

for every label using the corresponding training set as BR method does.

The above are three typical methods that transform a multi-label problem

into multiple binary problems. The difference between them is that they

utilize the dependencies between labels in different ways and to different

extents. ML-kNN ignores label dependencies totally. LEAD assumes there

are partial dependencies between labels, i.e., every label depends only on a

specific subset of labels, but is independent of others. BLR-ML+ assumes

that every label depends on all other labels. The common thing of these

methods is that they use the same strategy to utilize the label dependencies,

that is, to construct a training set for every label, and add into the labels it

depends on as additional features.

3.3 Transformed as multi-class classification

Besides solved as binary classification problems, another typical strategy to

deal with multi-label classification is to convert it to a multi-class classifica-

tion problem. Instead of constructing a dataset and building a classifier for

every label, this method simply treats the whole labels of an instance as a

new single label. That is, each new label actually is a subset of the original

label set. Since the new label set consists of all the subsets of the original one,

a multi-label problem is accordingly transformed as a single-label, multi-class

problem. Thereby, it can be solved using by traditional multi-class learning

methods. Two typical method of this type are introduced in following parts.
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3.3.1 LP transformation

LP transformation is a common way of converting a multi-label classification

task to a multi-class classification task. Give a multi-label dataset D =

{(xi, Ci)|1 ≤ i ≤ n}, it simply treats the whole of labels of every instance

xi’s as a new single label. Thus the new label set consists of all possible

subsets of the original label set, so there would be 2m possible labels at most.

Since multiple labels are treated as a whole, dependencies between these

labels could be exploited by LP method potentially.

However, possible issues with this method are: (1) There could be a huge

number of labels, since the number of possible labels will increase exponen-

tially as m increases. In this case, there might be few instances associated

with some labels, resulting in that learning an effective classifier is difficult.

(2) Some of the 2m possible labels might not appear in the training set, so

predictions given by a classifier built using such training sets can only be one

of the labels it has already seen.

3.3.2 RAkEL

In order to alleviate above issues of LP method, Tsoumakas et al. proposed

the RAkEL (RAndom k-labELsets) method which actually was an extension

of LP transformation with introduction of the ensemble learning framework

(Tsoumakas, Katakis & Vlahavas 2011, Zhou 2012). Instead of transforming

a multi-label problem into one multi-class problem as LP does, RAkEL trans-

forms a multi-label problem into several multi-class problems. Specifically, it

creates q new multi-label datasets Dj(1 ≤ j ≤ q), each of which corresponds

to a random selection of k labels from the original label set C (k < |C|). In
this way, each of these multi-class dataset will only have 2k possible labels at

most, so the number of possible labels need to be dealt with will be reduced

significantly, especially when k  m.

Let Ck be the new label set that consists of all k-size subsets of C, and

Ck(j) ∈ Ck is the k labels selected randomly for Dj. These new multi-class
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datasets Dj(1 ≤ i ≤ q) can be constructed in the way shown as below.

Dj = {(xi, Ci ∩ Ck(j))|1 ≤ i ≤ n} (3.13)

In dataset Dj, every instance xi is still the same as in the original dataset D,

but only its labels that belong to Ck(j) are kept. After these datasets are

created, basic LP transformation method is then applied to each of them to

build a multi-class classifier accordingly. Since RAkEL transforms a multi-

label problem into multiple independent multi-class problems, it actually can

be viewed as a combination of BR transformation and LP transformation.

Label dependencies are take into consideration in both of LP transfor-

mation and RAkEL methods. However, the k labels selected for every Di

is determined randomly in RAkEL. It means that for every label, the labels

it depends on are determined randomly, which might not be appropriate in

most cases.

3.4 Transformed as label ranking

Another common way of dealing with multi-label classification problem is

to solve it as a label ranking problem. In this way, predicting labels for an

instance x usually consists of two steps. Firstly, a score is predicted for every

label, e.g., its probability of being x’ true label. Secondly, all labels are ranked

in terms of their scores, and top k or labels whose scores are over a threshold

are predicted as the true labels. Sometimes, label ranking learning can be

viewed as learning a function f : X ×C → R, which maps a pair of instance

and label (x, c) to a real number f(x, c). Therefore, we can get a ranking of

labels for x by ordering the corresponding (f(x, c1), f(x, c2), . . . , f(x, cm)).

Two typical methods that address a multi-label classification problem via

ranking labels are introduced in following parts.
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3.4.1 CRPC

In order to predict a overall ranking of labels for an instance x, the CRPC

(Calibrated Ranking by Pairwise Comparisons) method begins with compar-

ing and making preference between every possible pairs of labels. Then it

merges all these partial rankings which only include two labels to obtain a

overall ranking that includes all labels (Hullermeier et al. 2008). Therefore,

two key issues of this method are: (1) how to determine the preference be-

tween two labels, and (2) how to merge all the preferences to generate the

final ranking of all labels.

To learn the preference between any pair of labels (ci, cj)(1 ≤ i < j ≤ m),

i.e., a ranking of them, the similar strategy used in BR transformation is used

in CPRC. Specifically, for each pair of labels (ci, cj), a corresponding training

set is constructed based on which a classifier is built to predict the preference

between (ci, cj) for a given instance x. Since there are m(m− 1)/2 possible

pairs of labels, thus m(m − 1)/2 training sets need to be constructed and

m(m − 1)/2 classifiers need to be built totally. Given a multi-label dataset

D, the training set Dij corresponds to label pair (ci, cj) can be constructed

in a way shown in Equation (3.14).

Dij = {(xk, ψ(Ck, ci, cj))|xk ∈ D,φ(Ck, ci) �= φ(Ck, cj)} (3.14)

Here function φ(Ck, ci) is defined in Equation (3.1), and its value is 1 or 0,

indicating whether ci is a true label of xk or not respectively. φ(Ck, ci) �=
φ(Ck, cj)) guarantees that one and only one label is a true label of xk. This

condition is necessary since only in the way xk can express a clear preference

between two labels, and can contribute to following learning of the classifier.

Instances of which both ci and cj are true labels or false labels should not be

included in Dij.

For an instance x, CRPC method assumes ci is ranked before cj if ci ∈ Ck

and cj /∈ Ck, otherwise it assumes cj is ranked before ci if ci /∈ Ck and cj ∈ Ck.

Accordingly, label ψ(Ck, ci, cj)) of xk in data set Dij is calculated as shown
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in Equation (3.15).

ψ(Ck, ci, cj)) =

{
1 if φ(Ck, ci) = 1 and φ(Ck, cj) = 0

0 if φ(Ck, ci) = 0 and φ(Ck, cj) = 1
(3.15)

Here ψ(Ck, ci, cj)) = 1 indicates label xi is ranked before xj, and ψ(Ck, ci, cj)) =

0 indicates the opposite. It can be easily seen from Equation (3.15) that a

multi-label classification task actually is transformed into multiple binary

classification tasks as BR transformation does. The difference is that a la-

bel value in CPRC method correspond to the preference between a pair of

labels. Next, a classifier fij is built using Dij, which can be used to predict

preference between label ci and cj for unknown instances.

To predict a global ranking of labels for instance x, all these classifiers

{fij|1 ≤ i < j ≤ m} will firstly be used to predict the preferences between

the corresponding pair of labels. According to Equation (3.15), a predicted

preference can also be viewed as a vote given by the classifier. For example,

fij(x) = 1 means classifier fij votes for label ci, and fij(x) = 0 means classifier

fij votes for label cj. Therefore, combining votes from all these classifiers,

the total number of votes that label ci gets should be:

ζ(x, ci) =
i−1∑
k=1

[[fki(x) = 0]] +
m∑

k=i+1

[[fik(x) = 1]] (3.16)

Here [[·]] is 1 when · is true, and [[·]] is 0 when · is false. Now, a ranking of

labels can be easily obtained by sorting their number of votes in descending

order.

A potential issue of CRPC is that m(m−1)/2 classifiers need to be built,

which is very time-consuming, and impractical especially when m is very

large. Therefore, algorithms which extends CRPC mainly focus on how to

reduce the number of classifiers to be built and time complexity (Madjarov

et al. 2012, Mencia, Park & Fürnkranz 2010).
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3.4.2 Rank-SVM

The purpose of CRPC algorithm is to learn an optimal ranking that involves

all labels. However, it is not always necessary or impossible to learn such an

overall ranking. In some cases, it would be more preferable to only concen-

trate efforts on ensuring that all true labels are ranked before untrue labels

when predicting a ranking for an instance, while the orderings within true

labels or untrue labels are less important. Based on this assumption, the

Rank-SVM method was proposed by extending traditional SVM method in

order to enable this type of label ranking (Elisseeff & Weston 2001).

Using BR transformation, Rank-SVM also constructs a training set and

builds a mapping function for every label. The difference is that the mapping

in BR maps an instance to one of several discrete labels, while mapping in

Rank-SVM maps an instance to a real number. Specifically, Rank-SVM

learns a mapping fi : X → R for every label cj(1 ≤ j ≤ m). Usually, linear

models such as the one show in Equation 3.17 can be used to learn such

mappings.

fj(x) =< wj, x > +bj (3.17)

Here wj is a vector of weights each of which corresponds to a feature of x,

and bi is called bias, both of them are the parameters need to be estimated

via minimizing a particular loss function. <> denotes the dot product of

two vectors.

Different from BR transformation in which multiple classifiers are built

independently, classifiers or mapping functions are learned in a collective

fashion in Rank-SVM, i.e., they are influenced by each other to achieve a

global optimization in the learning process. Specifically, the aim of Rank-

SVM is to learn the optimum values of (wj, bj)(1 ≤ j ≤ m) to maximize

the object function shown in Equation (3.18), i.e., the minimum margin in

training set D.

min
(xk,Ck)∈D

min
(yi,yj)∈Ck×Ck

〈wi − wj, x〉+ bi − bj
‖w‖ (3.18)

Here, Ck and Ck denotes the true labels and untrue labels of x respectively.
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For every labelled instances (xk, Ck) in D, distances from any one of its true

labels to any one of its untrue labels are calculated, and the shortest one is

selected as its margin between true labels and untrue labels. Equation (3.18)

returns the minimum one of all instances’ margins which is the shortest

distance of any tuple (xk, ci, cj) that appears in D. By optimizing this object

function, Rank-SVM thus can learn the optimal parameters (wk, bk) (1 ≤
k ≤ m), i.e., the optimal functions fk(1 ≤ k ≤ m) for each label. For an

unknown instance, all these functions will be used to learn a score for the

corresponding labels, then a ranking of labels is generated by ordering these

scores. If a threshold is given, binary predictions of labels can furthermore

be given by selecting labels whose scores are over the threshold as true labels.

Above introduced CRPC and Rank-SVM are two typical methods of con-

verting a multi-label classification problem into a label ranking problem. The

difference is that they target at different types of rankings. CRPC method

tries to learn an overall ranking of all labels by making pairwise compar-

ison between labels. Form the point of view of exploring label dependen-

cies, it takes the dependencies of every pair of labels into consideration. By

contrast, Rank-SVM algorithm only focuses on ranking true labels of an

instance x before its untrue labels as much as possible. In terms of ex-

ploring label dependencies, it only considers the dependencies in pairs of

labels (yi, yj) ∈ Ck × Ck, while the pairwise dependencies between labels

(yi, yj) ∈ Ck × Ck or (yi, yj) ∈ Ck × Ck are totally ignored.

3.5 Conclusions

This chapter mainly introduces the related technologies involved in multi-

label classification research, and provides theoretical and technical basis for

further research work.

We introduce some common strategies in multi-label classification and

typical learning algorithms correspond to each strategy respectively, includ-

ing (1) transforming a multi-label classification task into multiple binary
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classification tasks, related methods include BR transformation, ML-KNN,

IBLR-ML(++), and LEAD; (2) transforming a multi-label classification task

into a multi-class classification task, related methods include LP transforma-

tion, and RAkEL; (3) transforming a multi-label classification task into a

label ranking task, related methods include CRPC and Rank-SVM. Finally,

we introduce and analyse several popular criteria used for evaluating multi-

label learning methods.

While introducing these strategies and algorithms, this chapter particu-

larly analyses them from the point of view of how they learning and utilizing

dependencies between labels. The underlying assumptions of these algo-

rithms regarding label dependencies are summarized as well as their potential

issues, which provide the foundation and research questions for further study.

In each of following sections, we will focus on a specific research question,

propose innovative approaches to deal with the question, validate the perfor-

mance, and point out the suitable scenarios of our approaches via extensive

experiments.
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Learning label dependency

using restricted Bayesian

network

The recently proposed classifier chain method is representative of these meth-

ods that adopt problem transformation strategy (Read et al. 2011). It ranks

the labels randomly and assumes that every label should depend on all the

labels before it in the ranking. In this way, label dependencies it learns

might not be appropriate. To alleviate this issue, a novel approach that uses

a restricted Bayesian network to learn the dependency structure of labels is

proposed in this chapter. In this approach, label dependencies are leaned

from data in a statistical way instead of being determined randomly, so the

influential labels it determines for every label are more appropriate. Fur-

thermore, another approach which learns and combines multiple restricted

Bayesian networks of labels is also proposed based on ensemble learning, in

order to take advantage of label dependencies further.

The remainder of this chapter is organized as follows. First of all, prob-

lem definition, preliminary theories and models are introduced. Next, our

proposed approaches are described in detail. The experimental results and

analysis are then presented, followed by the conclusions finally.
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4.1 Introduction

In real applications, an instance usually belongs to multiple categories, i.e.,

has multiple class labels. To deal with multi-label classification, a straight-

forward approach is the BR transformation that decomposes a multi-label

problem into multiple single-label binary classification problems which can be

solved using traditional methods (Boutell et al. 2004). As introduced before,

BR transformation constructs a training set Dk = {(xki , φ(Ci, ck))|1 ≤ i ≤ n}
for every label ck(1 ≤ k ≤ m). xi is the i-th instance in Dk, φ(Ci, ck)) = 1

if ck is one of xi’s true label, otherwise φ(Ci, ck)) = 0. Then, a traditional

learning method B such as kNN or decision tree can be used to learn the

classifier fk ← B(Dk). When predicting labels for unknown instances, fk is

used to predict whether the corresponding label, i.e., ck, is xi’ true label or

not.

BR transformation has been extensively used due to its simplicity. How-

ever, it ignores the potential dependencies between labels. In reality, mul-

tiple labels of an instance might depend on each other. For example, in

scene classification, a sea scene usually is a outdoor scene; in text categoriza-

tion, a politics report is not likely to be an entertainment report etc. It has

been well acknowledged that exploiting such useful information in label de-

pendencies could improve the learning performance substantially. Therefore,

various extensions of BR transformation have been proposed to incorporate

label dependencies into the learning process (Read et al. 2011, Cheng &

Hullermeier 2009, Zhou & Liu 2010, Li & Zhang 2014, Alvares-Cherman,

Metz & Monard 2012). These methods mostly use aforementioned strategy

of exploiting label dependency, i.e., for every label ck, identify the labels it

depends on and add them into the training set Dk as additional features. In

this case, the training set for ck is Dk = {(zki , φ(Ci, ck))|1 ≤ i ≤ n} in which

zki = (xi, Pa(ck)) is the i-th instance, and Pa(ck) here is called parent labels

of ck is the labels on which ck depends. The key issue now is how to identify

an accurate set of parent labels for every label.

Among existing methods, classifier chain tries to determine label de-
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pendencies by learning a chain-structure of labels (Read et al. 2011, Dem-

bczynski, Cheng & Hullermeier 2010, Zaragoza, Sucar, Morales, Bielza &

Larranaga 2011). To identify the parent labels for every label, it sorts all the

labels randomly to form a label chain, and assumes that each label should

depend on all its preceding labels. A toy example of label chain is given in

Figure 4.1. Given a set of labels C = {c1, c2, c3, c4, c5}, yk(1 ≤ k ≤ 5) in

Figure 4.1 are the corresponding variables whose possible values are {0, 1}.
Dashed arrows in Figure 4.1 indicate that the value of every variable depend

on values of all preceding variables besides the instance. For example, label

variable y4 depends on y3, y5 depends on y4 and y3 etc.

y3 y4 y5 y2 y1

x

Figure 4.1: An example of label chain produced by CC algorithm

Although label dependencies could be utilized to a certain extent in this

way, several possible issues still exist. (1) For every label, its parent labels are

determined randomly rather than being learned using advanced statistical

models. As a result, a label might not have much significant dependency

on these parent labels. Even worse, some inappropriate dependencies that

could lead to suboptimal classifier might be introduced instead. For example,

label variable y5 is assumed to depend on {y4, y3} in Figure 4.1, while y5

might actually depends on y2, which is not captured in in Figure 4.1. (2)

In some cases, there might exist mutual dependency between labels, but a

directed label chain cannot take these mutual dependencies into account. For

example, if label variable y1 and y2 depend on each other in fact, the chain
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shown in Figure 4.1 can only utilize y1’s dependency on y2 (y2 ∈ Pa(y1)).
To address above issues, two novel approaches are proposed in this chap-

ter. Generally, a type of Bayesian network is employed to learn the depen-

dency degrees between variables explicitly. Therefore, the set of parent labels

for every label determined based on the learned Bayesian network would be

more likely to approximate the true. In order to simplify the learning process,

a particular type of restricted Bayesian network is adopted in our approach,

i.e., the TAN (Tree Augment Networks) model proposed in (Friedman, Geiger

& Goldszmidt 1997), which actually generates a tree-like Bayesian network.

Furthermore, ensemble learning technique (Zhou 2012) is used to generate

and combine multiple tree-shape Bayesian networks of labels. Mutual de-

pendencies between labels thus can be fully utilized, since each tree could

represent different dependency structure of labels.

Experimental results show that our proposed approaches perform better

compared with classifier chain and other baselines, especially after utilizing

the combination of multiple tree-structure restricted Bayesian networks of

labels.

4.2 Preliminaries

The problem to be solved is formally defined firstly. Classifier chain method

and other related theories are then introduced.

4.2.1 Problem definition

The aim of our approaches is to learn more appropriate label dependencies.

Particularly, it is how to construct a Bayesian network of labels and use it

to determine the set of parent labels for every label.

Once the label dependencies between labels are determined, the strat-

egy of utilizing label dependencies introduced at the beginning of this sec-

tion is used in our approaches to learn classifiers. Given a training set

D = {(xi, Ci)|1 ≤ i ≤ n}, the same framework used in classifier chain
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is also adopted in our approaches, i.e., constructing a training set Dk =

{(zki , φ(Ci, ck)|1 ≤ i ≤ n} and building a classifier for every label ck(1 ≤
k ≤ m). φ is defined in Equation (3.1) whose value is 0 or 1. zi is formed

based on (xi, Ci) in D, i..e, zki ← g(xi, Ci). For a label ck, if its value de-

pends on original features and other labels, then its classifier fk should be:

yk ← fk(x, Pa(yk)). Here, Pa(yk) is a set of variables that correspond to

the set of parent labels of ck. Similarly, our approaches also add the parent

labels of every label into its related training set as additional features, i.e.,

in label ck’s training set Dk, instance z
k
i is defined as Equation (4.1).

zki = (xi, Pa(yk)) (4.1)

Now, the only task is how to find the set of parent variables Pa(yk) for every

label variable yk(1 ≤ k ≤ m) by constructing a Bayesian network.

4.2.2 Classifier chain

Classifier chain is also based on BR transformation as introduced before. To

determine the dependency structure of labels, it sorts the labels to form a

ordered chain randomly, thus a random ranking of label variables π is got

accordingly as shown in Equation (4.2):

yπ(1) � yπ(2) � · · · � yπ(m) (4.2)

Here yπ(k) is the k-th label variable in ranking π. Pa(yπ(k)), i.e., the set

of variables on which yπ(k) depends on is determined as all the preceding

variables in π, that is:

Pa(yπ(k)) = {yπ(j)|1 ≤ j ≤ k − 1} (4.3)

Once Pa(yπ(k)) is determined for every label variable yk, then the training

set Dk for label ck can be constructed according to Equation (4.1) based on

which a classifier is trained. The formal learning process of classifier chain

method is shown in Algorithm 4.1.
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Algorithm 4.1: The training process of classifier chain

Data: a training dataset: D = {(xi, Ci)}1≤i≤n, a learning method B
Result: m binary classifiers: (f1, f2, · · · , fm)

1 begin

2 sort labels randomly to form a label chain as π shown in Equation

(4.2);

3 for k ← 1 to m do

4 for label variable yπ(k) in π, identify the variables it depends on

according to Equation (4.3);

5 construct the training set Dπ(k) for label cπ(k) according to

Equation (4.1);

6 build the classifier fk ← B(Dπ(k)) using the learning method B
for label cπ(k) ;

7 return m binary classifiers: (f1, f2, · · · , fm)

Algorithm 4.1 gives the specific steps of learning a classifier for every la-

bel. Given a test instance x, classifier fk is responsible for predicting whether

ck is x’s true label or not. Note that labels corresponds to Pa(yk) have been

included in Dk as features. It means the values of these labels should be pre-

dicted before making prediction for ck, i.e., the labels should be predicted in

the order of previously learned label chain such as π. The specific predicting

process of classifier chain is shown in Algorithm 4.2.

In Algorithm 4.2, y =< y1, y2, . . . , ym > is the final label vector predicted

for x, and yk = 1 means ck is predicted as x’ true label, otherwise yk = 0.

As shown in steps 4 - 6, labels are predicted in the order of the label chain

learned before, and the prediction regarding each label is added into x and

used for making predictions for following labels.
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Algorithm 4.2: The predicting process of classifier chain

Data: m binary classifiers: (f1, f2, · · · , fm), instance x
Result: a binary vector y =< y1, y2, . . . , ym >

1 begin

2 y ←< 0, 0, . . . , 0 >|m|;

3 for k ← 1 to m do

4 get the k-th label cπ(k) corresponds to the k-th variable in π;

5 use the classifier fπ(k) to predict the value of cπ(k) for x, and

keep the value into y as yπ(k) ← fπ(k)(x);

6 augment current instance x as x← (x, yπ(k));

7 return y =< y1, y2, . . . , ym >;

4.2.3 Bayesian network

Bayesian network is a type of probabilistic graphical model, and it represents

conditional dependencies between a set of random variables as a directed

acyclic graph (Friedman et al. 1997, De Campos 2006). In general, a Bayesian

network B can be represented using a tuple B = 〈G,Θ〉. G = 〈X,E〉 is a

directed acyclic graph and X = {X1, X2, · · · , Xm} are m random variables

each of which corresponds a node in G. E = {eij|1 ≤ i, j ≤ m, i �= j} is

a set of edges in which eij is the edge goes from Xi to Xj that indicates

the conditional dependency of Xj on Xi. Θ is a set of parameters which

actually is a set of conditional probabilities. For a variable Xi, all possible

values of conditional probability P (Xi|Pa(Xi)) are included in Θ. Because

a conditional probability can also be viewed as the degree of dependency

between related variables, Bayesian network thus is suitable for representing

dependencies between labels in an explicit and quantitative way. Thereby, It

is used in our approach to learn the dependency structure of labels.

To cope with multi-label data, Bielza et al. proposed the multi-dimensional

Bayesian networks, which can model the complex relationship between multi-

ple labels and features (Bielza, Li & Larranaga 2011). Zhang et al. also used
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Bayesian networks to learn the label dependencies (Zhang & Zhang 2010).

However, it is a NP-hard problem to learn an unrestricted Bayesian network

which is prohibitively time-consuming. Therefore, it is necessary to make

some assumptions about the structure of a Bayesian network, in order to

simplify the learning process, especially when there are a huge number of

variables.

4.3 Learn tree structure of label dependen-

cies

As stated above, the chain structure learned in the classifier chain method

might not be suitable for modelling dependencies between labels, due to

its randomness. More reasonable models should be used to explicitly mea-

sure dependencies between labels and determine the dependency structure

of labels. For example, a Bayesian network is used in aforementioned LEAD

method to learn the label dependency structure (Zhang & Zhang 2010). How-

ever, the LEAD method learns an unrestricted Bayesian network which could

be time-consuming when a large number of label exist. Therefore, a partic-

ular tree-structure Bayesian network is adopted in this chapter to learn the

label dependencies. It should be noted that we do not assume that the la-

bels must be organized as a tree in reality, the primary purpose of learning

a tree structure of labels is to simplify the learn process while stilling be-

ing able to learn relatively appropriate label dependencies. This is different

from the hierarchical multi-label classification problem which holds the re-

striction that labels must be organized in a hierarchical way in reality (Esuli

et al. 2008, Bi & Kwok 2011, Brucker, Benites & Sapozhnikova 2011, Vens,

Struyf, Schietgat, Dzeroski & Blockeel 2008). For example, label news can

be divided into labels sports, economy, and politics etc. The approach pro-

posed in this chapter is inspired by the tree-augmented Bayesian classifier

(Friedman et al. 1997, Gaag & de Waal 2006, de Waal & van der Gaag 2007),

and its specific learning process is introduced as below.
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4.3.1 Learn a single tree structure of labels

Let Y = {Y1, Y2, . . . , Ym} be a set of variables in which Yk corresponds to

the k-th label in a label space, and its value is 0 or 1. Given a training set

D, a dataset C = {y1, y2, . . . , yn} can be obtained by collecting label vectors

of all instances in D. Here yi =< yi1, yi2, . . . , yim > is the label vector

corresponds to instance xi in D. Obviously, yi is a m-length 0/1 vector and

it is actually a specific value of variable vector {Y1, Y2, . . . , Ym}. In this case,

learning a Bayesian network of labels is thus to find the optimal one that can

match dataset C as accurately as possible from a set of possible Bayesian

networks. To measure how well a Bayesian network B matches data D, the

log-likelihood function given in Equation (4.4) is used.

LL(C|B) =
n∑

i=1

log(PB(yi)) (4.4)

Here PB is the joint probability determined by Bayesian network B. There-

fore, Equation (4.4) actually gives the portability of C’s existence given B.

The problem now is find the optimal Bayesian network which can maximize

the log-likelihood function given in Equation (4.4).

Furthermore, Equation (4.4) can be transformed as:

LL(C|B) = n ·
m∑
k=1

IP̂C
(Yk;Pa(Yk))− n ·

m∑
k=1

HP̂C
(Yk) (4.5)

Here Pa(Yk) denotes the parent variables of variable Yk that are determined

by B. IP (X;Y ) denotes the mutual information between variable X and Y .

Mutual information is a statistical method used to measure the correlation

between two variables, and its definition is shown in Equation (4.6).

IP (X;Y ) =
∑
x,y

P (x, y) · log P (x, y)

P (x), P (y)
(4.6)

x and y here indicate the possible values of X and Y respectively. The larger

the mutual information is, the larger the correlation between two variables

is. P̂C is the joint probability of all variables determined by dataset C, and
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HP̂C
, whose definition is given in Equation (4.7), is the entropy of variables

determined by probability P̂C .

HP̂C
(Yk) = −

∑
m

P (y) · logP (y) (4.7)

It can be observed from Equation (4.5) that the entropies are independent

from the Bayesian network and only determined by dataset C. It means

that the optimal Bayesian network is that one can maximize the mutual

information of every variable and its parent variables Pa(Yk), i.e., the first

part at the right side of Equation (4.5).

The Bayesian network to be learned is restricted to be a tree in this

chapter in order to simplify the learning process. It means that every label

variable has at most one direct parent label variable, i.e., |Pa(Yk)| = 1 for any

variable Yk. To maximize the mutual information between Yk and Pa(Yk),

it is simply only to find the single variable which has the maximum mutual

information with Y . Therefore, methods of finding a maximum spanning

tree in a graph, like prim algorithm, can be used here to find the Pa(Yk)

for every variable Yk and thus maximize the likelihood function in Equation

(4.5). The steps of learning a tree-structure Bayesian network of labels is

given in Algorithm 4.3.

A tree-structure Bayesian network T that matches the dataset C best

can be obtained by following the steps in Algorithm 4.3. Firstly, the mutual

information of every pair of labels in computed, and a complete undirected

graph is created consists of all label variables as vertices and mutual infor-

mation as weights of edges. Then a maximum spanning tree is learned from

the graph then is converted to be a directed tree T . Every node in T only

has a direct parent node, and the nodes on the path from the root to its

parent node are its ancestors. We assume that each variable would depend

on its ancestors, thus for each label, the labels it depends on are the labels

corresponds to the ancestors of its corresponding variable in T .

After determining labels depended on, i.e., Pa(ck), for every label ck, the

same learning process in Algorithm 4.1 is used to train a classifier for every
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Algorithm 4.3: The process of learning a tree of labels

Data: C = {y1, y2, . . . , yn}
Result: a tree structure of Bayesian network: T

1 E ← {};
2 for i← 1 to m− 1 do

3 for j ← i+ 1 to m do

4 E ← E ∪ IP (Yi;Yj), IP (Yi;Yj) is computed according Equation

(4.6);

5 create a complete undirected graph G =< Y,E >;

6 find a maximum spanning tree T of G using prim algorithm;

7 choose a variable as the root randomly, change the undirected

T to be directed;

8 return T ;

label, only step 4 is replaced with the way we discuss above. Similarly, the

principle of breadth-first should be adopted when making predictions for an

unknown instance, i.e., labels at a lower layer can be predicted only after all

labels at higher layers have been predicted.

This proposed approach is called TCC (Tree based Classifier chain) in this

chapter. We can see that our TCC method could learn more appropriated

label dependencies via computing the mutual information between labels.

4.3.2 Learn multiple tree structures of labels

Let Y = {y1, y2, y3, y4, y5} be a set of labels, Figure 4.2 gives an example

of a maximum spanning tree of labels that could be learned by using Algo-

rithm 4.3. Compared with Figure 4.1, the structure in Figure 4.2 only keeps

dependencies that correspond to the maximum mutual information between

labels, so more appropriated label dependencies could be exploited in this

way.

However, there are still some issues should be dealt with. (1) The root
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Figure 4.2: One possible maximum spanning tree of labels
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Figure 4.2: Trees with different labels as root node. (a) y1, (b) y2, (c) y3

of the final directed label tree is selected randomly. As a result, selecting

different labels as the root would lead to different trees and different label

dependencies to be exploited. Figure 4.2 shows 3 different directed trees of

labels by selecting 3 different nodes as root from the graph shown in Figure

4.2. (2) Since a tree is a directed acyclic graph, mutual dependencies between

labels are ignored in trees. For example, in Figure 4.2, only dependency of

label y3 on y1 is considered in the left tree, while the dependency of y1 on y3 is

utilized in the right one. Since a larger mutual information means a stronger

mutual dependency between two labels, thus multiple different trees should

be considered together to take full advantage of the label dependencies.

To deal with these issues. another approach based on ensemble learning

is proposed in this chapter. Simply, the process in Algorithm 4.3 is repeated

multiple times to output multiple different tree structures of labels, each
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of which has a different label as the root node. Multiple classifiers are then

trained and combined based on these trees of labels. Specifically, the Bagging

method is used to learn multiple different label trees (Breiman 1996), and

the process is shown in Algorithm 4.4.

Algorithm 4.4: Learn multiple classifiers using different label trees

Data: multi-label training set: D, number of classifiers: t

Result: t TCC classifiers: (f1, f2, . . . , ft)

1 for i← 1 to t do

2 create a training set Di using sampling with replacement from D;

3 learn a tree structure of labels Ti using the process in Algorithm

4.3 based on Di;

4 for every label variable yk, identify Pa(yk) as its ancestors;

5 learn a TCC classifier fi according a process similar to Algorithm

4.1;

6

7 return t TCC multi-label classifiers (f1, f2, · · · , ft);

As shown in Algorithm 4.4, multiple tree structures of labels are obtained

by: (1) using different training sets that are sampled from a common dataset

D, and (2) using different label as the root node. Multiple TCC classifiers are

then trained using the Bagging method based on these sampled training sets.

Since every classifier uses a different tree structure of labels, the new approach

thus could take full advantage of possible label dependencies further, while

still only considering the relatively strong label dependencies. When making

predictions for an unknown instance x, all these classifiers are used and the

results of these classifiers are combined using the simple voting method to

obtain the final result. That is, yk is predicted as the true label of instance

x, if majority of these classifiers make the same prediction, otherwise the

opposite.

This approach that trains and combines multiple TCC classifiers is called

ETCC (Ensemble of TCC). By now, the two proposed methods TCC and
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ETCC have been presented. Their performance will be evaluated and ana-

lyzed in next section.

4.4 Experimental result and analysis

In this section, the description of datasets, evaluation criteria, baselines and

their settings are given firstly. After that, the experimental results and anal-

ysis are presented to validate our methods’ performance and show its suitable

scenarios.

4.4.1 Datasets and evaluation criteria

In order to gain insight from and analyze the impact of a particular dataset on

our methods, datasets should be observed from different aspects. In practice,

the following measures which are commonly used for characterizing a multi-

label dataset are also adopted in this experiment.

(1) Label cardinality. It measures the average number of labels an in-

stance has in a dataset, and its definition is given in Equation (4.8).

LC(D) =
1

n

n∑
i=1

|Ci| (4.8)

Here |Ci| is the number of labels that are associated with the i-instance in

D.

(2) Label density. It calculates the average number of labels of an instance

divided by the number of all possible labels as defined in Equation (4.9).

LD(D) =
1

n

n∑
i=1

|Ci

m
| (4.9)

It can seen from Equation (4.8) and Equation (4.9) that LC(D) = LD(D)∗m.

(3) Distinct label set. It gives the number of distinct subsets of labels

that have appeared in a dataset, it is calculated using Equation (4.10).

DLS(D) = |{C|∃(x, C) ∈ D}| (4.10)
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(4) Percentage of distinct label set. It is the ratio between DLS defined

above and number of all possible label sets, as shown in Equation (4.11).

PDLS(D) =
DLS(D)

|D| (4.11)

Table 4.1: Description of data sets used in experiments

dataset domain |D| |X| |Y | LC LD DLS PDLS

bibtex text 7395 1836 159 2.402 0.015 2856 0.386

birds video 645 260 19 1.014 0.053 133 0.206

CAL500 music 502 68 174 26.044 0.150 502 1.000

emotions music 593 72 6 1.869 0.311 27 0.046

enron text 1702 1001 53 3.378 0.064 753 0.442

flags image 194 19 7 3.392 0.485 54 0.278

rcv1 text 6000 47236 101 2.880 0.029 1028 0.171

yeast biology 2417 103 14 4.237 0.303 198 0.082

In this experiment, 8 datasets from various domains are used to evaluate

the methods. These datasets are bibtex, birds, CAL500, motions, enron, flags,

rcv1, and yeast, Table 4.1 gives the description of these datasets in detail. In

Table 4.1, LC, LD, DLS, and PDLS are defined as above. |D| denotes the

number of instances in D, |X| denotes the number of features in D, and |Y |
is the number of labels. It can be seen that these datasets come from various

domains such as text, image, and biology etc. More multi-label datasets can

be found on Mulan’s official website http://mulan.sourceforge.net/.

Hamming loss, coverage, and ranking loss are selected as the criteria to

evaluate and compare methods from different aspects. Their definitions are

given in chapter 2 already. Hamming loss measures the accuracy of prediction

regarding every label, while coverage and ranking loss measure the quality

of an overall ranking of labels. For all 3 criteria, a smaller value indicates a

better performance.
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4.4.2 Baselines and settings

The following 4 advanced methods are selected to compare with our proposed

TCC and ETCC methods.

(1) Classifier chain (CC) (Read et al. 2011). The is the method based

which our TCC method is proposed. The purpose of comparing TCC with

it is to see if learning label dependencies via a tree-structure Bayesian net-

work could generate better performance than determining label dependencies

randomly as in the classifier chain method.

(2) IBLR-ML+(Cheng & Hullermeier 2009). It assumes every label de-

pends on all other labels, so some relatively weak label dependencies might

be included. The purpose of comparing TCC with it is to see if TCC can

have better performance by only keeping the relatively significant label de-

pendencies.

(3) RAkEL (Tsoumakas, Katakis & Vlahavas 2011). It also exploits label

dependencies by using ensemble learning technique. Compared with it, we

can see if our ETCC method is superior to other ensemble learning based

methods.

(4) ECC (Ensemble of CC) (Read et al. 2011). To make the comparison

fair, we also include the ECC method that uses ensemble learning to combine

multiple CC classifiers, and compare it with our ETCC method.

These methods are set as below. The number of nearest neighbors k is

set to 10 in IBLR-ML+. In RAkEL, the size of subset of labels is set to

m/2 as suggested in (Read et al. 2011). For ETCC, ECC, and RAkEL that

use ensemble learning, the iteration number is set to 10 and the random

sample has the same size of the original dataset. In all methods, the Logistic

regression method implemented in Weka is used to train a binary classifier

for every label (Witten et al. 2011).

All these methods are implemented on the Mulan platform which is an

open-source library designed especially for multi-label learning. A diversity of

method have been included in Mulan as well as other functions (Tsoumakas,

Spyromitros-Xioufis & Vilcek 2011). The experiments are run on the Win-
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dows 7 operating system and Jdk1.7 platform.

4.4.3 Results and analysis

5-folds cross validation is used in this experiment, and the average results of

these methods are compared on every dataset in terms of all 3 criteria. The

results are shown in Table 4.2 - 4.4, and are divided into two parts. The left

part in every table is the comparison of our TCC and CC, while the right

part in every table is the comparison of our ETCC and other methods. The

ones with dots indicated the corresponding methods perform worse than our

TCC or ETCC method.

Table 4.2: Performance of each method in terms of Hamming loss

dataset TCC CC IBLR-ML+ ETCC ECC RAkEL

bibtex 0.0140 0.0150• 0.0234• 0.0133 0.0131 0.0137•
birds 0.0902 0.0875 0.0904• 0.0706 0.0624 0.0742•
CAL500 0.2112 0.2246• 0.2318• 0.1642 0.1757• 0.2028•
emotions 0.2369 0.2392• 0.2271• 0.2251 0.2299• 0.2361•
enron 0.0740 0.0779• 0.0800• 0.0721 0.0658 0.0696

flags 0.2870 0.3111• 0.2737 0.2737 0.2929• 0.2994•
rcv1 0.0249 0.0304• 0.0309• 0.0239 0.0240• 0.0244•
yeast 0.2222 0.2247• 0.2010 0.2113 0.2139• 0.2201•

The performance of our proposed TCC and CC methods are compared

firstly. Table 4.2 - 4.4 show that TCC outperforms CC on the majority of

datasets, i.e., 7, 6, and 6 datasets in terms of Hamming loss, coverage and

ranking loss respectively. The average Hamming loss, coverage, and ranking

loss of TCC over all 8 datasets decreases 5.308%, 5.647%, and 10.529% re-

ceptively compared with CC. It means that learning label dependencies using

a more appropriate statistical model as in our TCC method could improve

the learning performance. Compared with IBLR-ML+, TCC does not show

significant superiority, and its average Hamming loss, coverage, and ranking
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loss decreases only 7.060%, 0.012%, and 1.787% respectively. The possible

reason might be that a single tree could not utilize the mutual label depen-

dencies fully in some cases. If this is true, it is possible that our ETCC could

gain further better performance since multiple trees of labels are learned in

it.

Table 4.3: Performance of each method in terms of Coverage

dataset TCC CC IBLR-ML+ ETCC ECC RAkEL

bibtex 0.2276 0.2609• 0.3299• 0.2149 0.2186• 0.5079•
birds 0.2544 0.2555• 0.2776• 0.1976 0.1816 0.2367•
CAL500 0.8867 0.9738• 0.9800• 0.8480 0.8677• 0.9651•
emotions 0.4104 0.4007 0.3852• 0.3821 0.4067• 0.4152•
enron 0.3789 0.3767 0.3610• 0.3218 0.3092 0.7311•
flags 0.6890 0.7586• 0.6399 0.6511 0.6691• 0.7121•
rcv1 0.2806 0.3244• 0.2464 0.2586 0.2288 0.4322•
yeast 0.5679 0.5877• 0.4907 0.5125 0.5134• 0.6108•

We further compared our ETCC and other methods. After utilizing label

dependencies further by combining multiple tree structures of labels, ETCC

shows significant superiority compared with other methods as shown in Table

4.2 - Table 4.4. It outperforms ECC on 5 datasets in terms of all criteria.

Compared with IBLR-ML+, its average Hamming loss, coverage, and ranking

loss decreases 15.314%, 9.708%, and 16.194% respectively. The improvement

demonstrates the superiority of our ETCC method as a result of using en-

semble learning to combine multiple possible dependency structure of labels.

Furthermore, it can be observed that our proposed methods perform bet-

ter especially on the datasets CAL500 and rcv1. we could observe from Table

4.1 that these 2 datasets have relatively larger number of labels. In these

cases, learning label dependencies using a statistical model as in our pro-

posed method is more likely to identify appropriate label dependencies while

avoiding introducing useless information. In terms of robustness, the pro-
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Table 4.4: Performance of each method in terms of ranking loss

dataset TCC CC IBLR-ML+ ETCC ECC RAkEL

bibtex 0.1396 0.1604• 0.2081• 0.1310 0.1362• 0.3515•
birds 0.1782 0.1772 0.1979• 0.1290 0.1202 0.1650•
CAL500 0.2733 0.3950• 0.4354• 0.2372 0.2623• 0.3633 •
emotions 0.2113 0.2033 0.1876• 0.1828 0.2082• 0.2137•
enron 0.1513 0.1664 • 0.1585• 0.1323 0.1226 0.4481•
flags 0.3102 0.3562• 0.2506 0.2516 0.2716• 0.3064•
rcv1 0.1341 0.1657• 0.1217• 0.1215 0.1139 0.3320 •
yeast 0.2147 0.2234• 0.1735 0.1851 0.1876• 0.2478•

posed ETCC method is robust as multiple tree structures are combined as

a result of the application of ensemble learning. For TCC method, different

tree structure is learnt every time a new classifier is built. Although it is not

as robust as ETCC, the tree structure is still more likely to learn appropriate

label dependencies, compared with Classifier chain method.

4.5 Conclusions

Nowadays, exploiting label dependencies to improve the learning performance

is a research focus of multi-label classification. Classifier chain is a straight-

forward algorithm proposed recently, which lean a chain-structure of label

dependency. However, this method determines the label chain randomly,

thus the label dependencies it learns might be not true in reality. To deal

with this issue, a novel approach of learning label dependencies using a type

of restricted Bayesian networks model is proposed in this chapter. Specifi-

cally, a tree-structure restricted Bayesian networks of labels is obtained by

fitting the networks to the training set. In this way, the set of parent labels

identified for every label would be more reasonable than random sorting in

classifier chain method. Furthermore, to take full advantage of mutual de-

pendencies between labels in practice, ensemble learning technique is also
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used to build and combine multiple tree-structures of label dependencies,

each of which capture different dependencies between labels.

Extensive experiments have been conducted to evaluate and compare our

approaches with other typical methods. The results show that the approaches

proposed in this chapter outperform others in most cases, and thus verify

that our approaches’ superiority in learning more appropriate dependencies

between labels. Besides tree model, how to use more general models such

as forest, undirected graphical model, etc. to depict the structure of label

dependency is the major concern in our future research work.
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Chapter 5

Iterative propagation of label

dependencies over graph

In order to take indirect label dependencies into consideration, we propose a

new framework in this chapter to exploit label dependencies in a iteratively

fashion. RWR (Random Walk with Restart) process is adopted to depict the

process of label propagation in our method, so every label’s prediction will be

updated through iterative process of propagation instead of being determined

directly by a prediction model. Specifically, we utilize a graph model to

encode the dependencies between labels, and employ the RWR process to

propagate the dependency among all labels iteratively until the predictions

for all the labels converge. We validate our approach by experiments, and the

results demonstrate that it yields significant improvements compared with

several state-of-the-art algorithms.

The remainder of this chapter is organized as follows. Firstly, the problem

needs to be solved is defined formally and related theories are introduced.

Secondly, the detailed description of the proposed approach is given. Then

experimental result are presented, followed by conclusions finally.

61



CHAPTER 5. ITERATIVE PROPAGATION OF LABEL
DEPENDENCIES OVER GRAPH

5.1 Introduction

As introduced before, how to learn and utilize dependencies between labels is

one of the key tasks of multi-label classification. Let instance xi in a training

set D = {(xi, Ci)| 1 ≤ i ≤ n} be a vector of d features, and all possible

labels are {c1, c2, c3}, then Figure 5.1 gives a toy example of multi-label

classification.

X1 X2 X3 Xd …… 

Y1 Y2 Y3 

Figure 5.1: An example of multi-label classification

In Figure 5.1, variable X1-Xd correspond to the d features of instances,

and variable Y1, Y2, and Y3 correspond to label {c1, c2, c3} respectively. It is

obvious that every label variable’s value depends on not only the feature vari-

ables’ values (denoted by solid lines), but also other label variables’ values

(denoted by dashed lines). For example, variable Y1 depends on Y2 besides

X1-Xd. In order to exploit these dependences between labels, one common

strategy based on BR transformation is, for every label, to add the labels it

depends on as additional features into the training set based on which the cor-

responding classifier is trained (Read et al. 2011, Zhou & Liu 2010, Zhang &

Zhou 2014). Taking variables Yk(1 ≤ k ≤ m) in Figure 5.1 as example, their

parent variables Pa(Yk) should be determined firstly and then combined with

original features to form the new feature set < X1, X2, . . . , Xd, Pa(Yk) >. For

instance, variable Y1 depends on Y2 in Figure 5.1, then learning of the clas-

sifier for label c1 can be outlined as shown in Figure 5.2.

It is obvious that variable Y2 is used to as an auxiliary feature, while other
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X1 X2 X3 Y2......

Y1

Figure 5.2: The learning paradigm for label c1

variables are ignored. In this way, training the classifier for label c1 is thus

changed into a traditional single-label classification task, and the classifier fk

trained based on the augmented training set is: yk = fk(x1, x2, . . . , xd, Pa(yk)).

Pa(yk) here are the specific values of these variables Pa(Yk). In this way,

label dependencies in actually are exploited in the phase of training classifiers

by taking advantage of other useful labels as complementary information. In

spite of its straightforwardness and easy to be implemented, this strategy

still has several potential issues as below.

(1) The influence of label dependencies might be depressed significantly.

Existing features and labels that are depended on are put together to train

classifiers. In practice, there might already exist a huge number of features,

while a label ck may only depends on few other labels, i.e., the number of

existing features might far more than the labels depended (d � |Pa(ck)|).
For example, label variable Y1 in Figure 5.2 only depends on Y2 but d could

be thousands. In this case, the process of training classifier is more likely

to be still dominated by existing features, influence of useful labels could be

depressed which means label dependencies cannot be utilized well.

(2) The indirect and iterative dependencies between labels are not con-

sidered.

Besides directed dependency between two labels, there also exist indirect

and iterative dependencies between multiple labels. For example, the path

Y3 → Y2 → Y1 in Figure 5.1 shows the indirect dependency of Y3 on Y1. It

means label dependencies could propagate along such paths, and this type of
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propagation is ignored in Figure 5.2. Moreover, it might be more practical

if label dependencies between labels is utilized in an iterative way when

making predictions. As shown in Figure 5.1, variables Y2 and Y3 depend

mutually, thus after making initial predictions for them, each one’s current

value should be used to update the other one’s value. This mutual updating

process should be iterated until all variables’ values converge. However, the

approach shown in Figure 5.2 cannot take advantage of this iterative process

of exploiting label dependencies and thus ignore the propagation of indirect

label dependencies.

In this chapter, a novel approach is proposed to deal with above issues.

Using RWR process, this approach can model the dynamic propagation of

label dependencies, and make prediction for every label in a dynamic and it-

erative way. Specifically, this approach firstly learns a graph of labels which

determines the paths and extent of propagation of label dependencies. When

making predictions, every label will be assigned an initial values based on ex-

isting features, these values are then updated iteratively according a random

walk process on the label graph until converge.

5.2 Preliminaries

In this section, the problem definition is presented firstly, then the basic

principle of RWR process adopted in this chapter is described briefly.

5.2.1 Problem definition

As stated before, there are usually two types of results when making predic-

tions for unknown instances. One is a specific subset of labels, and the other

is to predict a probability of being a true label for every label, and rank them

in terms of their probabilities. The approach proposed in this chapter will

give the second type of prediction. Hence, its task is to learn the function p
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shown in Equation (5.1) based on a labelled training set D.

p(x) =< p1(x), p2(x), . . . , pm(x) > (5.1)

Here pk is a real number falls in [0, 1] which indicates the label ck’s probability

of being x’s true label.

Furthermore, the approach proposed in this chapter adopts the following

strategy to solve the problem defined above.

To begin with, a new paradigm is designed that can separate and adjust

manually the impact of existing features and other labels on current label,

thus label dependencies could be well intensified. Specifically, for label ck,

its final predictive function pk is formed as shown in Equation (5.2).

pk(x) = α · gk(p(x)) + (1− α) · fk(x) (5.2)

For a new instance x, its final prediction regarding label ck, i.e., pk(x) is com-

posed of two independent parts as shown in Equation (5.2). fk is a predictive

function which is learned only using original features, thus only the effect of

original features is considered to make the prediction fk(x), which falls into

[0, 1] and can be viewed as an initial predicted probability of being x’s true

label for label ck. Conventional models such as logistic regression, SVM, and

neural networks etc. can be used to learn such kind of function fk for every

label ck(1 ≤ k ≤ m). gk is a function that outputs a real value between [0, 1],

so gk(p(x)) also can be viewed as a predicted probability for ck as fk(x).

However, the difference is that gk(p(x)) only takes label dependencies into

consideration, since only p(x) =< p1(x), p2(x), . . . , pk(x) >, i.e., the current

prediction for all labels are used while x itself is ignored. α is the weight

to balance the influence of both parts and can be adjusted manually. It is

obvious now that by separating the two parts and selecting an appropriate

α, framework in Equation (5.2) can control and utilize the influence of label

dependencies well without suffering from the curse of dimensionality issue.

Next, the following solution for Equation (5.2) is adopted to model the

iterative propagation of label dependencies. Specifically, every label will
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be assigned an initial prediction p0(x) =< p01(x), p
0
2(x), . . . , p

0
m(x) > in the

phase of predicting. Each label’s value then will be updated using other

labels’ current values iteratively until they converge. In each iteration, a

label’s prediction is updated using other labels’ latest predictions, and its

new prediction will also be used to update other labels’ predictions in next

iteration. In this way, the iterative propagation of label dependencies is thus

exploited. Particularly, the task now is to implement the process shown in

Equation (5.3)

ptk(x) = α · g(p(x)t−1) + (1− α) · fk(x) (5.3)

Here ptk(x) is pk(x)’s value at the t-th iteration. Virtually, this is the same

equation used in (Haveliwala 2003) to measure the relevance between two

web pages in Internet.

In conclusion, key tasks of the proposed approach in this chapter are

to: (1) determine the function g to approximate label dependencies, and (2)

implement the iterative process shown in Equation (5.3) to exploits label

dependencies efficiently.

5.2.2 Random Walk with Restart (RWR) model

Inspired by the topic-sensitive PageRank method (Haveliwala 2003), the

RWR model is adopted to address the above two tasks. Given a graph con-

sists of nodes, RWR model is a method that measures the correlation between

nodes and ranks all nodes according to the extent of their correlation with

a particular node. Therefore, it provides a proper way of exploiting depen-

dencies between labels once a graph of labels is constructed. After assigning

an initial value to each node in a graph, RWR will repeatedly update every

node’s value according other related nodes’ values. The updating process can

be viewed as a person is jumping randomly between nodes in terms of certain

probabilities. For example, once there is a jump from node Y1 to Y2, then

Y2’s value should be updated using Y1’s value. Hence, propagation of values

is realized after jumping repeatedly. The probability of jumping between two
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nodes is proportional to the corresponding extent of correlation. Therefore,

RWR essentially assumes that if two nodes have strong correlation, their val-

ues will also be influenced each other strongly. Currently, RWR model has

been widely used in various applications such as search engine, social network

analysis, and recommendation system, etc (Brin & Lawrence 1998, Gori &

Pucci 2007, Tang, Wu & Sun 2012).

In this chapter, a novel approach of predicting label ranking is proposed

based on RWR model. It is called LabelRank, and is described in detail in

following section.

5.3 The proposed LabelRank approach using

RWR model

As stated above, the key tasks are determining the specific function g and the

implementing the framework in Equation (5.3) to fulfil the iterative propaga-

tion of values among labels according to corresponding label dependencies.

In contrast to existing methods that exploit label dependencies in the phase

of building classifiers, the proposed LabelRank approach utilizes label depen-

dencies in the predicting phase, so its two primary steps are:

(1) In the phase of building classifiers, only BR transformation method is

used to train a classifier fk for every label ck independently, label dependen-

cies are ignored. Every classifier is responsible for giving an initial probability

for its corresponding label when making prediction for an instance, i.e., the

fk(x) in Equation (5.3). Usually, models like logistic regression etc. are used

to train these classifiers.

(2) When making predictions for instance x, an initial prediction f(x) =<

f1(x), f2(x), . . . , fm(x) > is firstly given. The iterative process is then exe-

cuted to updating every labels’ predictions according to the label dependen-

cies until they converge to the final predictions.

Besides BR transformation, this approach can also be implemented with

other existing methods to furthermore update their predictions. The detailed
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implementation of step 2 is given as below.

5.3.1 Construction of label graph

The prerequisite of utilizing label dependencies is to measure and represent

them in an appropriate way. To this end, an intuitive graph structure is used

in our approach to represent dependency structure of labels. Specifically, a

graph G =< V,W > is constructed firstly. Here V is a set of nodes each of

which corresponds to a label, and W is a set of edges in which wij denotes

the weight of the edge that connects node vi and vj, and also determines the

dependency degree between label ci and cj. In our approach, wij is defined

as the the number of instances of which both ci and cj are true labels in a

training set D as shown in Equation (5.4).

wij =

{
|{xk|ci ∈ Ck ∧ cj ∈ Ck}| i �= j

0 i = j
(5.4)

Here |.| denotes the size of a set, and Ck is the set of true labels of xk. wij

is defined as 0 if i = j, the reason is to only consider other labels’ impact on

a particular label. Figure 5.3 gives a toy example of label graph under the

definition in Equation (5.4).

y1 

y4 y5 

y2 

y3 

5 

8 

0 

2 

3 
1 

7 
6 

Figure 5.3: An example of label graph

The graph in Figure 5.3 is undirected, and the weight of each edge repre-

sents the correlation of the two corresponding nodes. For example, w12 = 5
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means there are 5 instances that have both label c1 and c2 in training set D.

It is easy to get the adjacent matrix W of a graph according to Equation

(5.4), which obviously is a m×m symmetric matrix, i.e., wij = wji.

Furthermore, the probability of jumping from any node(label) ci to cj(i �=
j), i.e., the degree of ci’s dependency on cj, needs to be determined in order

to implement the RWR process. For this purpose, a dependency matrix S is

defined based on W , and its definition is given in Equation (5.5).

sij =
wij∑m
k=1wkj

(5.5)

It can be seen from Equation (5.5) that matrix S is obtained by nor-

malizing every column of W . The k-th row of S, i.e., Sk. indicates the

degrees of label ck’s dependencies on other labels. S is an asymmetric ma-

trix now(sij �= sji), which means that the mutual dependencies between two

labels are not necessarily equal to each other. By now, we have defined the

matrix S to measure and represent the dependencies between labels. The

definition of g and how to use RWR process to fulfil the propagation of label

dependencies are introduced in next section.

5.3.2 Propagation of label dependencies

As has been stated, one issue of treating related labels as additional features

is that the influence of label dependencies would be depressed especially

when there are already a huge number of features. To deal with this issue,

the framework in Equation (5.3) is adopted to explicitly separate existing

features and other labels, and adjust their weights manually to balance their

impact respectively.

Concrete speaking, given an instance x and label ck, the probability of

ck being x’s true label pk(x) can be inferred from two aspects: (1) x itself,

and (2) the predictions of other labels. In order to make use of other labels’

predictions, the function gk is defined as below.

gk(p(x)) =

∑m
j=1(skj · pj(x))∑m

j=1 skj
(5.6)
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Here skj is defined as in Equation (5.5), and denotes the degree of ck’s de-

pendency on cj. The output of function gk actually is the weighted average

of all other labels’ predictions except ck itself. Taking Equation (5.6) into

Equation (5.2), we can get the complete framework of making a prediction

for ck in Equation (5.7).

pk(x) = α ·
∑m

j=1(skj · pj(x))∑m
j=1 skj

+ (1− α) · fk(x) (5.7)

Here fk is the classifier trained using BR transformation. Since only original

features of x is used to train the classifier and make the prediction, fk thus

represents the effect of x itself. By contrast, gk(x) represents the effect of

other labels’ predictions. α is predefined parameter falls into [0, 1] that can

be adjusted manually to balance the two parts. By assigning different values

to α, we can utilize label dependencies to different extent. For example, label

dependencies will be ignored totally if we set α = 0, while will be the only

determinant if we set α = 1.

Based on Equation (5.7) that gives the predictive function for a single

label, the final prediction consists of predictions for all labels can be formed

using a vector as shown in Equation (5.8).⎛
⎜⎜⎜⎜⎜⎝

p1(x)

p2(x)
...

pm(x)

⎞
⎟⎟⎟⎟⎟⎠ = α · T

⎛
⎜⎜⎜⎜⎜⎝

p1(x)

p2(x)
...

pm(x)

⎞
⎟⎟⎟⎟⎟⎠+ (1− α)

⎛
⎜⎜⎜⎜⎜⎝

f1(x)

f2(x)
...

fm(x)

⎞
⎟⎟⎟⎟⎟⎠ (5.8)

Here T is the probability transition matrix, in which element tij is defined

as:

tij =
sij∑m
k=1 sik

(5.9)

It can be seen that matrix T is obtained by normalizing each row of S.

p(x) at left side of Equation (5.7) is a m-length vector that contains the final

predictions for all labels. f(x) at the right side is the initial predictions made

based only on x’ original features. Simply, Equation (5.8) can also expressed
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as Equation (5.10).

p(x) = α · T · p(x) + (1− α) · f(x) (5.10)

Since p(x) appears at the both side of Equation (5.10), it is difficult to get

a closed form solution. Therefore, the iterative RWR process is used to obtain

the solution of p(x), in which p(x) is assigned an initial value firstly, Equation

(5.10) is then computed repeatedly until p(x) converges. The specific process

is given in Equation (5.11).{
p(x)0 = 1

m
· 1|m|

p(x)t+1 = α · T · p(x)t + (1− α) · f(x) (5.11)

Here p(x)t is p(x)’s value in the t-th iteration. p(x) here is assigned with an

initial value, i.e., p(x)0, which is a m-length vector consists of all 1/m;

Above is the iterative RWR process of making prediction. In summary,

the LabelRank approach proposed in this chapter includes these primary

phases:

(1) In the classifier training phase, learn a multi-label classifier f using

the BR method, and learn the probability transition matrix T ;

(2) When making predictions for instance x, the process shown in Equa-

tion (5.11) is used to get the final prediction p(x).

It can be seen that every label’s prediction is influenced by other labels’,

and also be used to furthermore update others’ in next iteration. The itera-

tive propagation of label dependencies is thus realized in this way. Another

distinctness of our approach is that it quantifies the dependency between any

two labels as a real value in [0, 1] instead of explicitly find the labels depended

on for each label. Its effectiveness will be validated in next section.

5.4 Experimental result and analysis

In this section, the datasets, evaluation criteria, approach to be compared

with, and setup will be presented firstly. Experimental result and its analysis

will be discussed then to shown our method’s performance.
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5.4.1 Dataset and evaluation criteria

In order to make the experiment more convincing, the same 8 datasets used

in last chapter, i.e., bibtex, birds, CAL500, emotions, enron, flags, rcv1, and

yeast, are again used here for building and comparing different approaches.

The description of these dataset are given in Table 5.1, in which the notations

have been explained in last chapter.

Table 5.1: Description of data sets used in the experiments

dataset domain |D| |X| |Y | LC LD DLS PDLS

bibtex text 7395 1836 159 2.402 0.015 2856 0.386

birds video 645 260 19 1.014 0.053 133 0.206

CAL500 music 502 68 174 26.044 0.150 502 1.000

emotions music 593 72 6 1.869 0.311 27 0.046

enron text 1702 1001 53 3.378 0.064 753 0.442

flags image 194 19 7 3.392 0.485 54 0.278

rcv1 biology 6000 47236 101 2.880 0.029 1028 0.171

yeast biology 2417 103 14 4.237 0.303 198 0.082

Since RWR is a method for generating appropriate ranking of nodes, we

expect our approach would generate not only reasonable predictions for each

label, but also a good label ranking. Hence these four criteria are selected

to evaluate the approaches’ performance, i.e., Hamming loss, coverage, one-

error, and ranking loss. Definitions and analysis of these criteria are given in

chapter 2. Hamming loss is used to evaluate whether each label is predicted

correctly or not, while the other 3 are used to evaluate a label ranking. For

all of them, a smaller value means a better performance.

5.4.2 Baselines and settings

The following methods are selected as baselines to be compared with the

LabelRank method proposed in this chapter. They are:
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(1) TCC method proposed in last chapter

(2) Classifier chain (CC) (Read et al. 2011)

(3) IBLR-ML+ (Cheng & Hullermeier 2009)

(4) CDN (Guo & Gu 2011)

The first three methods use the typical strategy described at the be-

ginning of this chapter to exploit the label dependencies, i.e., using labels

depended on as auxiliary features when training classifier. The approach

proposed in this chapter aims to deal with the potential issues of this strat-

egy. Therefore, comparing with them can validate our method’s superiority.

The CDN algorithm is similar to our LR algorithm in that it also exploits

label dependencies in the predicting phase. It also updates all labels’ pre-

diction iteratively until convergence, but the difference is that it uses Gibbs

sampling to implement the iterative process (Guo & Gu 2011).

All these algorithms are implemented on the Mulan platform (Tsoumakas,

Spyromitros-Xioufis & Vilcek 2011). The specific parameters of each algo-

rithm are set as suggested in relevant papers. For the IBLR-ML+ method,

the number of nearest neighbours k is set to 10. For the CDN method, the

first 100 iterations in the Gibbs sampling are ignored, the next 500 iterations

are then used to collect the sampled results. In the LabelRank method pro-

posed in this chapter, BR transformation is used to train the classifier for

each label. The purpose of using BR transformation is to ensure that label

dependencies are only utilized in the predicting phase, so the experimental

results are more reliable. How to determine the optimal value of α in LR

method is not the focus of this chapter. By analysing the effect of different

values of α on the classifier’s performance, the performance of our approach

when α = 0.3 is compared with other methods’. When updating the pre-

dictions iteratively, the values are considered to reach convergence when the

change of values is less than 0.1%. In all above methods, Logistic regression

algorithm implemented in Weka is used as the base classification model to

train a binary classifier (Witten et al. 2011) for each label. All methods are

run in the Windows7 system and JDK1.7 platform.
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5.4.3 Results and analysis

In this experiment, 5-folds cross validation technique is used to train the

classifiers and collect results. The average result of each algorithm on every

dataset are compared. The experiment is divided into two parts: (1) Ob-

serve the effect of different values of α on the performance of the proposed

algorithm; (2) After selecting the appropriate α value, compare the proposed

LR approach with other baselines.

To begin with, the influence of parameter α is examined. Different value

of α corresponds to a different extent of exploiting label dependencies. There-

fore, we set α to different values to examine the different effect of different

extent of exploiting label dependencies. α is changed from 0.1 to 0.9 in this

experiment, a large α means label dependency is given a large weight. The

result in shown in Figure 5.4 - Figure 5.7. These figures show the changing

of LR’s performance along with α on different datasets in terms of Hamming

loss, coverage, one-error and ranking loss.
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Figure 5.4: Influence of α on performance of LR in terms of Hamming loss

It can be seen from Figure 5.4 - Figure 5.7 that our labelRank algorithm

is not very sensitive to the changing of α in terms of coverage, one-error, and
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Figure 5.5: Influence of α on performance of LR in terms of coverage
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Figure 5.6: Influence of α on performance of LR in terms of one-error
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Figure 5.7: Influence of α on performance of LR in terms of ranking loss

ranking loss. This is in line with our expectation since these 3 criteria only

evaluate the quality of a label ranking, i.e., every label’s relative weight rather

than its absolute prediction. Therefore, similar result, i.e., label ranking, will

be given once label dependencies are utilized no matter to what extent.

However, the changing of the α’s value causes a significant change in the

Hamming loss. This is because Hamming loss is based on the absolute value

of every label’s prediction, and different α definitely will output different pre-

dictions. Figure 5.4 shows that the performance of LR method shows different

changing trends on different datasets with the increase of α. In particular,

Hamming loss on datasets birds, CAL500 will decrease when α increases,

which means that the performance is improved if the influence of label de-

pendency is intensified. On the contrary, Hamming loss increases on datasets

emotions, flags, and yeast will increase when α increases. It means that there

are no significant dependencies between labels, and over-emphasizing label

dependency while weakening the utilization of original features will degrade

classifier’s performance instead. Therefore, it is necessary to analyse the par-

ticular dataset and exploit the label dependencies to an appropriate extent

in practice.
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Next, comparison of the proposed LabelRank method with other baselines

in terms of different criteria is also presented. For LabelRank, its result as

α = 0.3 is used for the comparison. Obviously, only Hamming loss out of

the four criteria is sensitive to α on some datasets. As shown in Figure 5.4

- Figure 5.7, LabelRank generally gets its best performance around α = 0.3

on the majority of the datasets, so 0.3 is chosen for α. Table 5.2 - Table 5.5

show the detailed results in terms of each criterion. In all tables, the smaller

the value is, the better the corresponding method is. The bold one indicates

the method performs best on current dataset.

Table 5.2: Performance of each method in terms of Hamming loss

dataset LR TCC CC IBLR-ML+ CDN

bibtex 0.0138 0.0140 0.0150 0.0234 0.0622

birds 0.0896 0.0902 0.0875 0.0904 0.0950

CAL500 0.1885 0.2112 0.2246 0.2318 0.2448

emotions 0.2226 0.2369 0.2392 0.2271 0.2808

enron 0.0766 0.0740 0.0779 0.0800 0.1161

flags 0.2913 0.2870 0.3111 0.2737 0.4029

rcv1 0.0245 0.0249 0.0304 0.0309 0.1152

yeast 0.2102 0.2222 0.2247 0.2010 0.3760

From Table 5.2, it can be seen that LR performs best on 3 datasets.

Compared with TCC, CC, IBLR-ML+, and CDN, the average of LR’s Ham-

ming loss decreases 2.61%, 7.81%, 9.57%, and 38.91% on all datasets. The

improvement is not so significant especially compared with TCC. It means

that LR method might not necessary when accurate prediction for each label

is more concerned, although it does show better performance.

However, the proposed LR method shows significantly better performance

on most of the datasets in terms of other 3 criteria as shown in Table 5.3

- Table 5.5. Under coverage, the LR algorithm performs best on 5 of the

8 data sets. Compared with the TCC, CC, IBLR-ML + and CDN, LR’s
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Table 5.3: Performance of each method in terms of coverage

dataset LR TCC CC IBLR-ML+ CDN

bibtex 0.2143 0.2276 0.2609 0.3299 0.5457

birds 0.3038 0.2544 0.2555 0.2776 0.2737

CAL500 0.8531 0.8867 0.9738 0.9800 0.8825

emotions 0.3697 0.4104 0.4007 0.3852 0.4995

enron 0.3437 0.3789 0.3767 0.3610 0.7418

flags 0.6887 0.6890 0.7586 0.6399 0.8817

rcv1 0.2160 0.2806 0.3244 0.2464 0.5567

yeast 0.5061 0.5679 0.5877 0.4907 0.7410

Table 5.4: Performance of each method in terms of one-error

dataset LR TCC CC IBLR-ML+ CDN

bibtex 0.5124 0.5348 0.5740 0.6746 0.8572

birds 0.7667 0.7513 0.7607 0.7917 0.7916

CAL500 0.8744 0.9223 0.9044 0.8547 0.5754

emotions 0.3019 0.3540 0.3188 0.3120 0.4538

enron 0.4307 0.5764 0.6980 0.5259 0.8813

flags 0.2215 0.3757 0.3601 0.3344 0.6082

rcv1 0.5182 0.5223 0.6367 0.6110 0.9352

yeast 0.2449 0.2669 0.2714 0.2573 0.5163
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coverage decreases by 5.42%, 10.55%, 6.12% and 30.93% over all 8 data sets

on average. Under one-error, LR methods outperforms others on 6 datasets.

Its average one-error decreases by by 12.17%, 15.47%, 12.50% and 29.59%

compared with other 4 methods. LR method also shown superiority on 6

datasets in terms of ranking loss. Its average ranking loss declines by 7.65%,

17.07%, 10.44% and 47.42% compared with other 4 methods. These results

prove that the proposed LabelRank method is more preferable when a good

label ranking is more desirable.

Table 5.5: Performance of each algorithm in terms of ranking loss

dataset LR TCC CC IBLR-ML+ CDN

bibtex 0.1344 0.1396 0.1604 0.2081 0.4007

birds 0.2135 0.1782 0.1772 0.1979 0.2026

CAL500 0.2508 0.2733 0.3950 0.4354 0.3327

emotions 0.1761 0.2113 0.2033 0.1876 0.3078

enron 0.1438 0.1513 0.1664 0.1585 0.5017

flags 0.2762 0.3102 0.3562 0.2506 0.5322

rcv1 0.1062 0.1341 0.1657 0.1217 0.4292

yeast 0.1810 0.2147 0.2234 0.1735 0.4134

In summary, the experimental results show that the method proposed

in this chapter has better performance than other algorithms when a good

label ranking is concerned. It shows superiority on datasets CAL500 and

rcv1 especially in terms of ranking loss. The reason is that there might exist

strong label dependencies in these 2 datasets as suggested in Table 5.1 that

they have a larger number of labels. It indicates that our method is more

applicable when the datasets have more labels.
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5.5 Conclusions

In order to exploit dependencies between labels, a typical way based on BR

transformation is to, for every label, identify the labels it depends on and use

them as auxiliary features for training the corresponding classifier. However,

there might be a huge number of features already while a particular label

may depend only few other labels in most cases. Therefore, the main issue of

training classifier using the combination of original features and other labels

is that the training process will still be dominated by original features, while

impact of label dependencies might be depressed greatly. In addition, such

methods cannot take into account the indirect and iterative influence between

labels.

To deal with these issues, a novel multi-label learning approach based on

random walk with restart model is proposed in this chapter. The indirect and

iterative propagation of label dependencies in this approach is modeled as

a RWR process on the label graph. Specifically, BR transformation method

is employed to train a binary classifier for each label, and a label graph is

constructed in the training phase. When making prediction for an instance,

an initial prediction is given to every label firstly, then the RWR process is run

to update these predictions iteratively until they converge. Moreover, this

approach explicitly separates existing features and labels into two parts when

making predictions, and their influence can be easily adjusted by assigning

different weights manually. Therefore, the influence of label dependencies can

be intensified by giving an appropriate weight. The experimental results show

that this proposed approach performs better than other typical methods on

most datasets in terms of label ranking based criteria, especially on datasets

with a large number of labels.
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Chapter 6

Supervised learning of label

dependencies propagation

Many existing methods determine label dependencies using a particular sta-

tistical measure and then use them in following training or predicting phase.

However, this strategy might suffer from these possible issues. Firstly, mea-

suring label dependencies using one single measure might only reveal the

underlying dependencies from a partial view, while the true dependencies

between labels should be determined by multiple potential factors. Secondly,

these predetermined label dependencies are likely not to be optimal for the

particular objective function and learning task.

A novel multi-label learning method inspired by multi-kernel leaning the-

ory is proposed in this chapter. In this method, multiple measures of label

dependencies from different aspects are combined to determine the dependen-

cies between labels. Furthermore, label dependencies are not precomputed

but by minimizing an explicitly given loss function, so they are optimal for

the particular learning task. Based on the approach proposed in previous

chapter, this new approach aims to learn the optimal probability transition

matrix in the RWR process via a supervised learning way. Instead of being

predetermined, the optimal dependency matrix S is leaned by minimizing a

particular loss function in this chapter.
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The rest of this chapter is structured as follows. Problem definition is pre-

sented firstly. Next is the detailed description of the proposed method. Then

experimental results and analysis are discussed, followed by the conclusions

finally.

6.1 Introduction

The methods proposed in chapter 3 and 4 show two typical forms of rep-

resenting label dependencies: (1) For every label ck, identify the subset of

labels it depend on, i.e., Pa(ck), and (2) for any pair of labels ci and cj,

represent the degree of ci’s dependency on cj using real number. These label

dependencies are then used in following training and predicting phases. For

example, the LR approach proposed in last chapter represents label depen-

dencies as a matrix S in which sij, a real number between [0, 1], denotes the

dependency of ci on cj. Although these two forms are straightforward and

have been adopted widely, some possible issues still exist as below.

(1) A single statistical measure cannot always reveal the true dependence

between labels accurately.

Existing methods usually use a statistical measure, e.g., mutual informa-

tion and Pearson correlation, to determine the dependency degrees between

labels (Tenenboim et al. 2010). However, one particular measure might not

be effective is some cases. For example, when both of two labels are true

labels of few instances, frequency-based measures might not be able to learn

the corresponding dependency effectively. In addition, dependency between

labels might be determined by multiple factors and shown through multiple

aspects. There should be multiple ways of measuring label dependencies. For

example, whether two labels appear together frequently, or whether they have

similar semantic meaning etc. Therefore, a particular measure often shows

a partial view of the true dependencies, and cannot take multiple possible

factors into consideration when learning label dependencies.

(2) Predetermined label dependencies might not be optimal to the objec-
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tive function of the predictive model trained later.

In methods proposed in previous chapters, determining label dependen-

cies is independent of the processes of training classifiers and making predic-

tions. In this case, label dependencies are predetermined and kept unchanged

regardless of what particular models and objective functions are used to train

the classifiers. If we consider the label dependencies as parameters used in

training classifiers, these predetermined parameters might not be optimal to

minimize particular loss functions. For example, the dependency matrix S

in previous method is computed using a frequency-based measure instead of

by minimizing a given loss function. Currently, new learning theories and

patterns have emerged to solve similar issues in various fields. For exam-

ple, instead of being predetermined using Euclidean distance, metric leaning

aims to learn the optimal distance between instances for particular learning

tasks in a supervised way (Xing, Ng & Jordan 2002). Similarly, learning to

rank also tries to learn an optimal ranking of web pages for a given query by

minimizing a particular loss function (Cao, Qin, Liu, Tsai & Li 2007, McFee

& Lanckriet 2010).

Thereby, a more reasonable practice is to learn label dependencies in the

process of training classifiers, in order to obtain the label dependencies that

are optimal for the particular objective function and learning task. To this

end, a new approach that employs supervised RWR model (Backstrom &

Leskovec 2011, Feng & Wang 2012) to learn the optimal label dependencies

is proposed in this chapter based on the approach proposed in last chapter.

Particularly, multiple measures are used to measure label dependencies from

multiple aspects in this chapter. For example, sij, the true degree of label ci’s

dependency on cj, is associated with a vector aij =< aij1, aij2, . . . , aijd > in

which aijk is a specific measure of sij. Furthermore, a function: sij ← gθ(aij)

is learned to determine the optimal sij. Here θ is the parameters needs to

be estimated. In this way, the optimal sij can be learned by estimating the

optimal θ through minimizing a particular loss function. Apparently, the

advantages of this approach include: (1) label dependencies are learned from
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multiple views, and (2) the label dependencies learned in this way are optimal

for the particular objective function and learning task. Experimental results

show that this proposed approach outperforms other methods that predefine

label dependencies on most datasets.

6.2 Problem definition

As stated before, given a multi-label dataset D = {(xi, Ci)|1 ≤ i ≤ n} and an

objective function E, the problem in this chapter is how to learn the optimal

label dependencies by minimizing E. Specifically, several key tasks are:

(1) Define the objective function E;

(2) Determine multiple measures of label dependency, and the function

g. That is to learn the feature vector aij =< aij1, aij2, . . . , aijd > for any sij

which is the degree of label ci’s dependency on cj, and the mapping function:

sij ← gθ(aij);

(3) How to learn the optimal parameters of g, i.e, θ, by minimizing the

objective function E.

In order to fulfil above tasks, a new approach that improves the Label-

Rank method proposed in last chapter is devised in this chapter. Similarly,

RWR process is also used in this chapter to realize the iterative propagation

of label dependencies. The difference is that the dependency matrix in this

chapter is learned via minimizing a specific objective function as a supervised

learning problem. This approach is called SLR (Supervised LabelRank) in

this chapter, and the next section gives its description and analysis in detail.

6.3 Supervised learning of label dependen-

cies

The objective function is presented firstly in this section. The general frame-

work of our approach is then introduced, followed by the detailed description

of parameter estimation process.
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6.3.1 Loss function

Generally, the essence of learning a classifier is to find the optimal one from

many candidates by minimizing a particular loss function. Therefore, a key

issue when design a learning method is to define an appropriate loss function.

Given a labelled training set D, the general from of a loss function is given

in (Vapnik 1999) as defined below

E(f,D) =
1

n

|D|∑
i=1

Ei (6.1)

Here f is the classifier to be evaluated, Ei is its loss with regard to the i-th

instance (xi, yi). According to Equation (6.1), the overall loss usually is the

average of sum of loss regarding every instance.

For an instance xi, let yi =< y1(xi), y2(xi), . . . , ym(xi) > be its 0/1 label

vector, yk(xi) = 1 means ck is xi’s true label, otherwise the opposite. Let

pi =< p1(xi), p2(xi), . . . , pm(xi) > be the prediction given by f for xi, pk(xi)

is a real number between [0, 1] that represents the predicted probability of

ck being xi’s true label. The approach proposed in this chapter also gives

predictions of this probabilistic form, and the loss regarding one instance xi

in this approach is defined as:

Ei =

∑m
j=1(yj(xi)− pj(xi))

2

2m
(6.2)

That is, it is defined as the average of squared difference between true value

and predicted value of every label. Taking Equation (6.1) into Equation

(6.1), we can get the specific loss function used in the proposed approach as

given in Equation (6.3).

E(f,D) =
1

n

|D|∑
i=1

∑m
j=1(yj(xi)− pj(xi))

2

2m
(6.3)

The loss will be smaller, if the predicted value is more close to the true value.

The optimal label dependencies should be determined by minimizing this loss

function in Equation (6.3).
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6.3.2 General framework based on RWR model

In order to learn the optimal label dependencies, the general form of label de-

pendencies should be determined firstly. Based on the LR method proposed

in last chapter, the same dependency matrix is also used to represent the

label dependencies in this chapter. In this case, learning the optimal label

dependencies is actually to learn the optimal dependencies matrix S.

Therefore, the same framework as shown in Equation (6.4) that aggre-

gates influence of original features and other labels is used to make prediction

for label ck.

pk(x) = α ·
m∑
j=1

skj∑m
j=1 skj

· pj(x) + (1− α) · fk(x) (6.4)

Here pk(x) is the predicted probability of ck being x’s true label. fi is a

classifier trained using original features only. α is a number between [0, 1] that

acts as a weight to control the influence of the two parts. sij is a real number

indicates the dependency of ci on cj. Taking all labels into consideration,

thus the predictions for all labels can be expressed as a vector p(x) =<

p1(x), p2(x), . . . , pm(x) >
T , and the function to make these predictions, based

on Equation (6.4), should be:⎛
⎜⎜⎜⎜⎜⎝

p1(x)

p2(x)
...

pm(x)

⎞
⎟⎟⎟⎟⎟⎠ = α · T

⎛
⎜⎜⎜⎜⎜⎝

p1(x)

p2(x)
...

pm(x)

⎞
⎟⎟⎟⎟⎟⎠+ (1− α) ·

⎛
⎜⎜⎜⎜⎜⎝

f1(x)

f2(x)
...

fm(x)

⎞
⎟⎟⎟⎟⎟⎠ (6.5)

Here T is the m×m probability transition matrix, in which the element tij

is a number between [0, 1] as defined in Equation (5.9). As stated in last

chapter, it is the dependency matrix S that determines matrix T , i.e., the

transition probability between labels. The difference is that S is predeter-

mined according to Equation (5.5) in last chapter, whereas it is learned by

minimizing the loss function given in Equation (6.3) in this chapter.

Next, the same RWR process given in Equation (5.11) is also used to
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compute p(x), the detail is given in Equation (6.6) again.{
p(x)0 = 1

m
· 1|m|

p(x)t+1 = α · T · p(x)t + (1− α) · f(x) (6.6)

Here f(x) =< f1(x), f2(x), . . . , fm(x) >
T . p(x) is assigned an initial value

p(x)0, then is updated iteratively until it converges. In summary, Algorithm

6.1 gives the process of the proposed SLR approach.

Algorithm 6.1: The process of SLR approach

Data: Training dataset: D = {(xi, Ci)}1≤i≤n, predictive method f ,

test instance x

Result: predicted result: p(x)

1 Training phase;

2 for k ← 1 to m do

3 for label ck, create the training set Dk from D using BR

transformation;

4 train a classifier fk based on Dk for ck, which will output

predictions as real number between [0, 1];

5 Predicting phase;

6 for k ← 1 to m do

7 use fi to output the initial prediction fk(x) for ck;

8 compute p(x) according to Equation (6.6);

9 return p(x);

The process shown in Algorithm 6.1 is the same as the one in last chapter.

The only task now is to learn the optimal dependency matrix S, which is

introduced in following section.

6.3.3 Learning optimal label dependencies

The method of learning optimal S, i.e., the optimal label dependencies is

given in this section. Particularly, the following strategies are used to learn
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the optimal S.

Instead of using a particular measure to learn label dependencies, multiple

measures are adopted to learn label dependencies in this chapter. As a

result, a feature vector aij =< aij1, aij2, . . . , aijd > is obtained to characterize

label dependency cij from multiple aspects, in which aijt is the t-th specific

measure, which might be defined as shown in Equation (6.7).

aijt =
|xk|ci ∈ Ck

∧
cj ∈ Ck|

|xk|cj ∈ Ck| (6.7)

That is aijt is the ratio of instances which have both label ci and cj to the

instances which have label cj. Usually, other statistical measures such as

mutual information, and Pearson coefficient etc. could be used to measure

label dependency in various ways.

Once multiple measures are determined, a mapping function is then needed

to learn the final label dependency based on these measures as features. A

liner regression model is adopted here to learn the function, although more

sophisticated models could be tested in future work. Specifically, dependency

of ci on cj, i.e., sij, can be learned by the function given in Equation (6.8).

sij = g(yj → yi) = θ0 +
d∑

t=1

θt · aijt (6.8)

The vector aij can be extended as aij =< 1, aij1, aij2, . . . , aijd >. Thus

Equation (6.8) can be simplified as shown in Equation (6.9).

sij = θTaij (6.9)

Here θ =< θ0, θ1, . . . , θd, >
T are the weights of features. Function g takes

aij as input, and sij as output. In this way, dependency matrix S is trans-

formed as S = [g(θTaij)]m×m, so every element in S is determined by the

corresponding features and parameter θ. Therefore, the problem of learning

optimal S is converted to learn the optimal θ∗ that could minimize the loss

function given in Equation (6.3), as shown in Equation (6.10).

θ∗ = argmin
θ
E(θ) = argmin

θ

1

n

n∑
i=1

∑m
j=1(pj(xi)− yj(xi)

2

2m
(6.10)
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E(θ) shown in Equation (6.10) is differentiable since pj(xi) is a real num-

ber, and gradient descent method is employed to solve this optimization task.

The underlying idea is to find the direction along which E(θ) drops fastest,

then take a step along this direction to update the parameter vector θT . This

process will continue until the loss converges, at which point it is expected

that the minimum loss and best θ are found. In particular, the stochastic

gradient descent method is used in our approach, and the specific process is

summarized in Algorithm 6.2.

Algorithm 6.2: Optimization process to find the best parameters

Data: Training dataset: D = {(xi, Ci)}1≤i≤n, The learning rate : lr,

iteration number: t

Result: Optimal parameter vector θ =< θ0, θ1, . . . , θm >

1 initialize θ(0);

2 r ← 0;

3 while E(θ) is not converged or r < t do

4 shuffle the instances in D randomly;

5 for i = 0 to n do

6 get the i-th instance xi;

7 for t = 0 to d do

8 θt(r + 1)← θt(r)− lr · ∂Ei(θ(r))
∂θt

;

9 update matrix S and T according to Equation (6.8)

10 t← t+ 1

11 return the final optimal parameter vector θ

In Algorithm 6.2, lr is the learning rate that determines the size of steps

along the descent direction. θ(r) is θ’s value in the r-th iteration, and Ei(θ(r))

is the loss regarding instance xi in terms of θ(r). Now the remaining problem

is how to compute the partial derivative Ei(θ(r))/∂θt(0 ≤ t ≤ d). The rule

of updating θ is shown in line 8. Without loss of generality, the process of

learning optimal θt, which is applicable to other element in θ, is detailed in
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following part.

According to Equation (6.2), the partial derivative of loss over instance

xi with respect to θt can be computed as shown in Equation (6.11).

∂Ei(θ)

∂θt
=

1

2m

∑m
j=1(pj(xi)− yj(xi))

2

∂θt

=
1

m

m∑
j=1

(pj(xi)− yj(xi))
∂pj(xi)

∂θt

(6.11)

It is clear that computing ∂pj(xi)/∂θt is the final problem, but it is dif-

ficult to compute it directly since we are not given a close-form solution of

pj(xi) according Equation(6.4). Inspired by the random walk process of com-

puting pj(xi), we also employ an iterative process to compute ∂pj(xi)/∂θt.

Based on Equation (6.4), ∂pj(xi)/∂θt can be computed as shown in Equation

(6.12).

∂pj(xi)

∂θt
= α

m∑
k=1

∂(
skj∑m
j=1 skj

· pk(xi))
∂θt

+ (1− α) · fi(x)

= α

m∑
k=1

∂(tkj · pk(xi))
∂θt

+ (1− α) · fi(x)
(6.12)

Since fi(x) is determined by xi’s features, only pk(xi) and tkj involve the

parameter vector θ. Therefore, Equation(6.12) can be further expressed as:

∂pj(xi)

∂θt
= α(

m∑
k=1

tjk · ∂pk(xi)
∂θt

+
m∑
k=1

pk(xi) · ∂tjk
∂θt

) (6.13)

Similarly, we can also combine the partial derivatives of all the labels’ pre-

dictions together, and obtain the partial derivative vector ∂P (xi)/∂θt =

(∂p1(xi)
∂θt

, ∂p2(yi)
∂θt

, . . . , ∂pm(xi)
∂θt

)T formulated as Equation (6.14).

⎛
⎜⎜⎜⎜⎜⎝

∂p1(xi)
∂θt

∂p2(xi)
∂θt
...

∂pm(xi)
∂θt

⎞
⎟⎟⎟⎟⎟⎠ = α · T

⎛
⎜⎜⎜⎜⎜⎝

∂p1(xi)
∂θt

∂p2(xi)
∂θt
...

∂pm(xi)
∂θt

⎞
⎟⎟⎟⎟⎟⎠+ α · ∂T

∂θt

⎛
⎜⎜⎜⎜⎜⎝

p1(xi)

p2(xi)
...

pm(xi)

⎞
⎟⎟⎟⎟⎟⎠ (6.14)
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Obviously, Equation (6.14) has the same form as (6.5), i.e., the same

vector appears at both sides. Therefore, the same iterative solution can be

used to compute ∂P (xi)/∂θt. The remaining problem is how to compute

∂T/∂θt, which is defined as Equation (6.15).

∂T

∂θt
=

⎛
⎜⎜⎜⎜⎜⎝

∂t11
∂θt

∂t12
∂θt

. . . ∂t1m
∂θt

∂t21
∂θt

∂t22
∂θt

. . . ∂t2m
∂θt

...
...

...
...

∂tm1

∂θt
∂tm2

∂θt
. . . ∂tmm

∂θt

⎞
⎟⎟⎟⎟⎟⎠ (6.15)

Matrix ∂T
∂θt

consists of all the partial derivatives of elements in T with re-

spect to θt. According to Equation (6.12), the partial derivative
∂tij
∂θt

can be

computed as in Equation (6.16).

∂tij
∂θt

=

∂sij
∂θt
·∑m

k=1 sik − sij ·
∑m

k=1 ∂sik
∂θt

(
∑m

k=1 sik)
2

(6.16)

Now, the only problem in Equation (6.16) is to compute ∂sij/∂θt. According

to Equation (6.9), ∂sij/∂θt is computed as
∂sij
∂θt

=
∂θT aij
∂θt

= aijt, i.e., the ith

element in vector aij.

So far, solutions of computing various partial derivatives have been given,

∂p(xi)/∂θt can be computed according to Equation (6.14). RWR process is

used here again to solve this problem, as shown in Equation (6.17).{
∂p(xi)
∂θt

(0) = 1|m+1|
∂p(xi)
∂θt

(r + 1) = α · T · ∂p(xi)
∂θt

(r) + α · ∂T
∂θt
· p(xi)

(6.17)

Here ∂P (xi)/∂θt(r) is ∂P (xi)/∂θt’s value in the r-th iteration, and we initial-

ize each element of ∂P (xi)/∂θt(0) to be 1, and it will be updated iteratively

until reaches convergence where a local optimal value is assumed to be ob-

tained. Taking the result of computing ∂P (xi)/∂θt(r) into Equation (6.11),

we can get the complete solution of computing Ei(θ(r))/∂θt, and the overall

process is summarized in Algorithm 6.3.

The overall process of our approach and how to compute all the neces-

sary components are described now. In training phase, Algorithm (6.2) is
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Algorithm 6.3: Random walk of computing partial derivatives

Data: instance: (xi, yi), prediction for xi: p(xi)

Result: partial derivatives: ∂Ei(θ)/∂θ

1 for t← 1 to d do

2 according to Equation (6.17), compute ∂P (xi)/∂θt;

3 according to Equation (6.11), compute ∂E(xi)/∂θt;

4 return ∂Ei(θ)/∂θ;

used to learn the optimal dependency matrix S and T , then process shown

in Algorithm (6.1) to train classifiers and making predictions for unknown

instances. It should be noted that RWR process is used in this chapter to

compute predictions and partial derivatives until they converge, but proving

its convergence theoretically is not a focus of this chapter. In practice, the

iteration times will be set not to exceed a predefined number or once the

difference is smaller than a threshold in two successive iterations, the process

will be stopped.

6.4 Experimental result and analysis

In this section, we conduct experiments on a diversity of data sets to validate

the effectiveness of our proposed approach. The performances of several

methods are analysed and compared in terms of different evaluation metrics.

We also analyse the favourable types of data sets on which label dependency

should be exploited fully and our approach can perform particularly well

6.4.1 Datasets and evaluation criteria

In order to make the comparisons comprehensively and fairly, especially with

the LabelRank method proposed in last chapter, the same 8 datasets used

in last two chapters are also used in this chapter as shown in Table 6.1.

Notations used in this table have been explained in chapter 3.
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Table 6.1: Description of data sets used in the experiments

dataset domain |D| |X| |Y | LC LD DLS PDLS

bibtex text 7395 1836 159 2.402 0.015 2856 0.386

birds video 645 260 19 1.014 0.053 133 0.206

CAL500 music 502 68 174 26.044 0.150 502 1.000

emotions music 593 72 6 1.869 0.311 27 0.046

enron text 1702 1001 53 3.378 0.064 753 0.442

flags image 194 19 7 3.392 0.485 54 0.278

rcv1 biology 6000 47236 101 2.880 0.029 1028 0.171

yeast biology 2417 103 14 4.237 0.303 198 0.082

Hamming loss, coverage, one-error and ranking loss are used in last chap-

ter to evaluate various methods. Since the SLR method proposed in this

chapter is an improvement of the LabelRank method proposed previously,

we also use the same four criteria here to evaluate and compare methods.

For all 4 criteria, the smaller the value is, the better the performance is.

6.4.2 Baselines and settings

The following methods are selected to be compared with the SLR approaches

proposed in this chapter.

(1) The LR (LabelRank) method proposed in last chapter;

(2) Classifier chain (CC) (Read et al. 2011)

(3) IBLR-ML+ (Cheng & Hullermeier 2009)

(4) CDN (Guo & Gu 2011)

Classifier chain does not use any statistical measure but randomly deter-

mines the label dependencies randomly, IBLR-ML+ essentially assumes that

each label depends on all other labels, the weights of which are learned using

a logistic regression model. LR method, which is proposed in last chapter, is

very similar to this SLR method but uses a frequency-based measure to de-
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termine the label dependencies. CDN also assumes that each label depends

on all other labels, a mapping function is learned to determine the label

dependencies for every label. The differences between these 4 methods and

SLR method are: (1) None of them use multiple measures to learn the label

dependencies form multiple aspects; (2) label dependencies in classifier chain

and LR are predefined rather than learned in a supervised way. The purpose

of comparing SLR method with these 4 methods is to examine whether the

learning performance would be improved after optimal label dependencies

are learned, especially compared with LR method.

All these methods are implemented on the Mulan platform (Tsoumakas,

Spyromitros-Xioufis & Vilcek 2011). The specific parameters of each method

are set as suggested in relevant papers. For the IBLR-ML+ method, the num-

ber of nearest neighbours k is set to 10. For the CDN method, the first 100

iterations in the Gibbs sampling are ignored, the next 500 iterations are then

used to collect the sampled results. In the LR and SLR methods, BR trans-

formation is used to train the classifier for each label. By analysing the effect

of different values of α on the classifier’s performance, the performance of our

approach when α = 0.3 is compared with other methods’. When updating

the predictions iteratively, the values are considered to reach convergence

when the change of values is less than 0.1%. In all above methods, Logistic

regression algorithm implemented in Weka is used as the base classification

model to train a binary classifier (Witten et al. 2011) for each label.

6.4.3 Results and analysis

Same to experiments in previous chapters, 5-folds cross validation is used

to run these methods and collect the results. The average results of these

methods are compared on every data set. Similar to experiment in last

chapter, the experiment in this chapter is also divided to two parts: (1)

Observe the influence of α on the performance of our SLR method, and

(2) Once α is selected, compare the performance of SLR method and other

baselines.
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To begin with, the influence of parameter α is examined. Different value

of α corresponds to a different extent of exploiting label dependencies. α is

changed from 0.1 to 0.9 in this experiment, and the result in shown in Figure

6.1 - Figure 6.4.
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Figure 6.1: Influence of α on SLR’ performance in terms of Hamming loss

Figure 6.1 - Figure 6.4 show the changing of the SLR method’s Hamming

loss, coverage, one-error, and ranking loss respectively with changing of α

over various data sets. It can be seen that these results are very similar to

the results in last chapter. It means that the proposed SLR approach is also

insensitive to changing of α in terms of ranking-based criteria. As a result,

the same value of α can be selected to compare SLR and the LR approach

proposed in last chapter.

Next, SLR approach is compared with the baselines over multiple datasets

in terms of various criteria. α is set to 0.3 for both LR and SLR approach.

Table 6.2 - Table 6.4 show the detailed results in terms of each criterion. In

all tables, the smaller the value is, the better the corresponding method is.

The bold one indicates the method performs best on current dataset.

From Table 6.2, it can be seen that our SLR method performs best on

4 datasets, and the average Hamming loss decreases by 0.298%, 8.104%,
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Figure 6.2: Influence of α on SLR’ performance in terms of coverage
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Figure 6.3: Influence of α on SLR’ performance in terms of one-error
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Figure 6.4: Influence of α on SLR’ performance in terms of ranking loss

Table 6.2: Performance of each method in terms of Hamming loss

dataset SLR LR CC IBLR CDN

bibtex 0.0138 0.0138 0.0150 0.0234 0.0622

birds 0.0896 0.0896 0.0875 0.0904 0.0950

CAL500 0.1903 0.1885 0.2246 0.2318 0.2448

emotions 0.2223 0.2226 0.2392 0.2271 0.2808

enron 0.0766 0.0766 0.0779 0.0800 0.1161

flags 0.2839 0.2913 0.3111 0.2737 0.4029

rcv1 0.0245 0.0245 0.0304 0.0309 0.1152

yeast 0.2088 0.2102 0.2247 0.2010 0.3760
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Table 6.3: Performance of each method in terms of coverage

dataset SLR LR CC IBLR CDN

bibtex 0.1928 0.2143 0.2609 0.3299 0.5457

birds 0.2417 0.3038 0.2555 0.2776 0.2737

CAL500 0.7863 0.8531 0.9738 0.9800 0.8825

emotions 0.3697 0.3697 0.4007 0.3852 0.4995

enron 0.3044 0.3437 0.3767 0.3610 0.7418

flags 0.6740 0.6887 0.7586 0.6399 0.8817

rcv1 0.2011 0.2160 0.3244 0.2464 0.5567

yeast 0.5046 0.5061 0.5877 0.4907 0.7410

Table 6.4: Performance of each algorithm in terms of ranking loss

dataset SLR LR CC IBLR CDN

bibtex 0.1235 0.1344 0.1604 0.2081 0.4007

birds 0.1693 0.2135 0.1772 0.1979 0.2026

CAL500 0.2437 0.2508 0.395 0.4354 0.3327

emotions 0.1757 0.1761 0.2033 0.1876 0.3078

enron 0.1295 0.1438 0.1664 0.1585 0.5017

flags 0.2921 0.2762 0.3562 0.2506 0.5322

rcv1 0.0996 0.1062 0.1657 0.1217 0.4292

yeast 0.1807 0.1810 0.2234 0.1735 0.4134
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9.910%, and 39.169% compared with LR, CC, IBLR-ML+, and CDN. Com-

pared with the last 3 methods, SLR’s Hamming loss decreases dramatically,

but its superiority is not significant compared with LR method even it out-

performs LR over 5 datasets. From Table 6.3, it can be seen that SLR

method obtains the best performance over 5 datasets, and performs better

that LR over 7 datasets. It outperforms other 4 methods by 7.38%, 17.62%,

13.02%, and 36.44% on average. Table 6.4 shows that the SLR method per-

forms best on 6 datasets, and outperforms LR on 7 datasets. Compared with

LR, CC, IBLR-ML+, and CDN, the ranking loss of SLR have declined by

5.31%, 22.31%, 15.15%, and 50.95.44%. Thus it demonstrates that the pro-

posed SLR method could output a better ranking of labels compared with

other methods. Especially compared with LR method, the better result in-

dicates that learning optimal label dependencies via minimizing an explicit

loss function could improve the learning performance.

Table 6.5: Performance of each algorithm in terms of one-error

dataset SLR LR CC IBLR CDN

bibtex 0.5145 0.5124 0.574 0.6746 0.8572

birds 0.7824 0.7667 0.7607 0.7917 0.7916

CAL500 0.8686 0.8744 0.9044 0.8547 0.5754

emotions 0.3002 0.3019 0.3188 0.3120 0.4538

enron 0.4372 0.4307 0.6980 0.5259 0.8813

flags 0.3035 0.2215 0.3601 0.3344 0.6082

rcv1 0.5182 0.5182 0.6367 0.611 0.9352

yeast 0.2495 0.2449 0.2714 0.2573 0.5163

However, SLR performs worse the LR method in terms of one-error as

observed from Table 6.5. It performs best only on 2 datasets. Compared

with CC, IBLR-ML+, and CDN, the average one-error of SLR goes down

12.13%, 8.92%, 27.59% respectively, while increases 5.20% compared with

LR method. Since one-error only focuses on whether the top one of a label
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ranking is a true label or not, it means that the SLR approach might not be

good at predicting the most possible label compared with LR, although it

could predict a better overall ranking of labels.

In summary, the SLR approach proposed in this chapter is more prefer-

able when label ranking is desirable. However, it does not show significant

superiority when accurate prediction regarding every label is more concerned.

Furthermore, Table 6.3 - Table 6.4 show that SLR performs better especially

on datasets birds, CAL500, enron. It also can be observed from Fig. 6.1 that

Hamming loss of SLR will decrease when α increases on these datasets. It

indicates that label dependencies in these datasets could be more influential.

That might be the reason why SLR obtains better performance since it could

learn the label dependencies appropriately.

6.5 Conclusions

A classical strategy of exploiting label dependencies is to adopt a particular

statistical measure to predetermine label dependencies firstly, which are then

used in following training and predicting process. In this case, label depen-

dencies are determined without taking the objective function of the classifier

to be trained into consideration. As a result, the predefined label dependen-

cies might result in that the optimal classifier cannot be obtained. To solve

this issue, a novel approach is proposed to learn the optimal label dependen-

cies in this chapter. In this approach, label dependencies are characterized

using multiple measures as features, a linear regression based method is then

employed to learn the optimal label dependencies via minimizing a given loss

function.

The advantages of this approach are: (1) Multiple measures are used to

characterize label dependencies from various aspects, so more useful infor-

mation might be considered. (2) It is possible to learn the label dependencies

that are optimal for the particular objective function and learning task. Ex-

tensive experiments have been conducted, from which it can be concluded
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that: (1) The SLR method proposed in this chapter and the LR method

proposed in last chapter show better performance compared with others, it

means that the RWR model is a more effective way of exploiting label depen-

dencies. (2) Predetermined label dependencies could be helpful in general.

However, it is more appropriate to learn label dependencies by optimizing a

particular objective function.
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Chapter 7

Label ranking by learning label

preferences

Existing methods, including these proposed in previous chapters, usually

try to exploit any possible label dependencies. For example, IBML-ML+

method assumes that every label depends on all other labels (Cheng &

Hullermeier 2009), and SLR method proposed in last chapter uses a ma-

trix to represent dependencies between labels. In some cases, however, it

is not necessary or feasible to take all possible label dependencies into con-

sideration. For example, when predicting a label ranking for an instance,

people are more concerned with whether the true labels are ranked before

untrue labels, while the ordering within true labels and ordering within un-

true labels are not important. Moreover, it is infeasible or inappropriate to

consider the dependencies between any pair of labels in some cases, especially

when a huge number of labels exist and some true labels of instances are not

given explicitly due to expensive cost of manual labeling. How to exploit

label dependencies effectively and efficiently in these cases to output a better

ranking of labels thus is the target in this chapter.

To this end, a novel approach based on matrix factorization technique is

proposed in this chapter. In this approach, instances and labels are mapped

into a joint low-dimensional space Zk, then a mapping function form instance
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space X to Zk rather than the original label space Ym is learned. For every

instance in the training set, the labels that are not explicitly given are treated

as missing labels in this approach instead of being assumed as untrue labels.

Then the assumption that explicitly given labels, i.e., true labels, should be

ranked before these missing label is introduced. Based on this assumption,

a new loss function is designed, and a matrix factorization process that aims

to minimize this loss function is implemented to obtain classifiers than can

output a desirable label ranking.

The advantages of this approach include: (1) Labels that are not given

explicitly are treated as missing labels instead of untrue labels, thus some

misleading assumptions might be avoided. (2) The original label space is

mapped to a lower-dimensional space (Ym → Zk), so only k classifiers need to

be trained. Therefore, it can handle a huge number of labels efficiently com-

pared with methods based on BR transformation, especially when k  m.

A ranking-based loss function is adopted in this approach, the experimental

results demonstrate that it does output a better label ranking, compared

with traditional matrix factorization based methods.

7.1 Introduction

Many of existing methods are concerned with making a prediction for ev-

ery label as accurate as possible, i..e, minimizing the Hamming loss crite-

rion. A typical solution is to train a classifier for every label based on BR

transformation. However, there might are a large number of labels in real

applications. For instance, in online social networks such as Flickr, a photo

might be associated with thousands of tags(Agrawal et al. 2013). As a re-

sult, high-dimensional label spaces usually exists in practice which often lead

to these possible issues: (1) For some instances, only a subset of its true

labels are explicitly given due to the expensive cost of manual labeling, es-

pecially when massive labels exist. (2) It is prohibitively time-consuming

and impracticable to train a label for every label. Therefore, how to handle
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massive label efficiently while still exploiting label dependencies effectively

has been a important topic in multi-label learning in recent years (Weston

& Elisseeff 2002, Tang, Rajan & Narayanan 2009, Bi & Kwok 2013, Bi &

Kwok 2014).

Let X = R
d be the instance space, and C = {c1, c2, , cm} be the label

space consists of m labels, Eqn. (7.1) givens a traditional way of representing

labels of instances in a training set D = {(x1, C1), (x2, C2), · · · , (xn, Cn)}.⎛
⎜⎜⎜⎜⎜⎝

1 0 0 0 1 · · · 0

0 0 0 1 0 · · · 1
...

0 1 0 0 1 · · · 0

⎞
⎟⎟⎟⎟⎟⎠ (7.1)

Y in Eqn. (7.1) is a n × m matrix consists of 0s and 1s that represent

the labels of instances in training set D. Here yij = 1 indicates that cj is

instance xi’s true label (cj ∈ Ci), and yij = 0 indicates the opposite. In

most cases, instances are associated with only a few of labels, so most of Y ’s

elements would be 0s and the matrix would be very sparse. Therefore, it is

difficult for traditional methods to train classifiers effectively and efficiently

based on such a large and sparse matrix. To deal with this issue, matrix

factorization techniques like eigenvalue decomposition and SVD have been

used recently to map the original high-dimensional label space into a space

with low dimensions (Tai & Lin 2010, Tai & Lin 2012). In this way, only a

mapping from instance space to the low-dimensional space is needed, so the

number of classifiers will be decreased greatly. Although massive labels can

be handle in this way, some possible issues still exist.

(1) Many of existing methods assume that labels are not explicitly given

are untrue labels for instance as shown in Eqn. (7.1). That is these methods

assume that there are no missing values in matrix Y . However, it is common

in reality that only a subset of an instance’s true labels are provided, due

to the expensiveness of manual labeling. Therefore, label ci still might be

instance xj’s label even if cj /∈ Ck, it is just not explicitly given temporarily.

As a result, representing labels as a 0/1 matrix in Eqn. (7.1) might bring in
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wrong information

(2) Traditional matrix factorization methods, such as SVD, mainly aim

at approximating above 0/1 label matrix Y as accurate as possible. So they

are not applicable if there are missing values in the label matrix. Moreover,

people might be more interested in a ranking of labels or the top N labels

especially when a large number of possible labels exist.

To solve these issues, an approach that aims at generating a better label

ranking based on matrix factorization is proposed in this chapter. Instead

of assuming that if a label is an untrue label of instance if it is not given

explicitly, this approach simply assumes that labels that are given explicitly

should be ranked before other labels with respect to the same instance. That

is, given an labeled instance (xk, Ck), any label ci ∈ Ck should be ranked

before any label cj /∈ Ck, i.e., ci ∈ Ck should be more likely to be xi’s true

label than cj /∈ Ck. Obviously, this assumption is more reasonable in practice,

since now there is no difference between an untrue label and a missing label

with regard to an instance under this assumption. Moreover, labels are not

treated independently in this approach. A special type of label dependency

essentially is exploited in this approach, i.e., the preference for explicitly

provided labels over unprovided labels with respect to the same instance. A

loss function based on this type of preference is then designed and used to

guide the matrix factorization process, in order to output the desirable label

ranking.

The remainder of this chapter is organized as follows. First of all, the

problem to be solved is defined formally. Next, the proposed approach is

introduced and analyzed in detail. Experimental results are then presented,

followed by the conclusions finally.

7.2 Problem definition

Given a multi-label training set D = {(xi, Ci, C i)|, 1 ≤ i ≤ n}, Ci denotes

the explicitly given true labels of instance xi, and C i is the complement of
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Ci. Different from the 0/1 matrix in Eqn. (7.1), the label matrix in this

chapter is represented as shown in Eqn. (7.2).⎛
⎜⎜⎜⎜⎜⎝

1 ? ? ? 1 · · · ?

? ? ? 1 ? · · · 1
...

? 1 ? ? 1 · · · ?

⎞
⎟⎟⎟⎟⎟⎠ (7.2)

As shown in Eqn. (7.2), an element is set to 1 if the corresponding label is

given explicitly, otherwise is set to the missing value.

Since traditional techniques such as SVD cannot handle missing values,

matrix factorization methods that are usually used in recommendation sys-

tem are borrowed in this chapter (Koren & Volinsky 2009, Salakhutdinov &

Mnih 2008, Koyejo, Acharyya & Ghosh 2013). Label matrix like the one in

Eqn. (7.2) is decomposed, and both instances and labels are mapped into the

joint low-dimensional space to reduce the number of classifiers. Specifically,

let Zk be a k-dimensional space, instance xi and label cj would be mapped

to a k-length vector Pi and Qj in space Z respectively. Generally, vector

Pi =< Pi1, Pi2, . . . , Pik > can be considered as k latent features of xi. For

example, in text categorization, Pi could be the latent topics of a piece of text

xi. Similarity between instance xi and label cj thus can be approximated as

the inner product of the corresponding vectors in Z, i.e., P T
i Qj. If we think

of the label matrix Y in Eqn. (7.2) as a similarity matrix in which 1 means

the maximal degree of similarity, then element yij can be approximated as

P T
i Qj, and matrix Y can be decomposed as shown in Figure 7.1.

yij Pi
T

 

Qi 

Figure 7.1: Factorization of label matrix
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As shown in Figure 7.1, label matrix Y is decomposed into a k×n matrix

P and a k ×m matrix Q as shown in Eqn.(7.3).

Y ≈ Ŷ = P TQ (7.3)

The remaining problem now is to design a particular loss function, and learn

the optimal P and Q by optimizing this loss function. The solution is intro-

duced in next section.

7.3 Preference learning based on matrix fac-

torization

In this section, the loss function is given firstly, followed by the optimization

process of learning optimal parameters. The general processes of training

and predicting are then introduced.

7.3.1 Loss function

As stated before, the remaining problem is how to learn the optimal matrix

P and Q. Therefore, the specific loss function E must be given firstly, and

the optimal P ∗ and Q∗ should be the ones that minimize this loss function

as shown below.

P ∗, Q∗ = argmin
P,Q

E(P,Q) (7.4)

In particular, the following 3 factors are taken into consideration when

designing the loss function.

(1) According to aforementioned assumption, for a given labeled instance

xi, any explicitly given label ca ∈ Ci should be ranked before any label cb ∈
C i. In this chapter, a ranking of labels is obtained by sorting the predicted

value for every label, i.e., ŷij = P T
i Qj, in a descending order. A larger ŷij

means a larger probability of label ci being instance xi’s true label. Therefore,

prediction for any label ca ∈ Ci should be larger than the prediction for any

label cb /∈ Ci with respect to xi in an ideal label ranking. A measure similar

107



CHAPTER 7. LABEL RANKING BY LEARNING LABEL
PREFERENCES

to AUC measure (Huang & Ling 2005) hence is used to evaluate this type of

loss over all possible pairs of labels {(ca, cb)|ca ∈ Ci ∧ cb /∈ Ci}. Its definition
is given in Eqn. (7.5).

AUC(P,Q, xi) =

∑
a∈I(Ci)

∑
b∈I(Ci)

H0.5(ŷia − ŷib)

|I(Ci)||I(C i)|
(7.5)

Here I(Ci) consists of indices of labels in Ci. For example, if Ci = {c1, c2, c5},
then I(Ci) = {1, 2, 5}. |I(Ci)| denotes the size of Ci, and the function He is

defined in Eqn. (7.6).

He(x) =

⎧⎪⎪⎨
⎪⎪⎩

0 x < 0

e x = 0

1 x > 0

(7.6)

Eqn. (7.5) returns the average times when a label ca ∈ Ci is ranked before a

label cb /∈ Ci. Optimal parameter P and Q should be the ones that maximize

the sum of Eqn. (7.5) over all instances, as shown in Eqn. (7.7).

argmax
P,Q

AUC(P,Q) =
n∑

i=1

∑
a∈I(Ci)

∑
b∈I(Ci)

He(ŷia − ŷib)

|I(Ci)||I(C i)|
(7.7)

Eqn. (7.7) can furthermore transformed as the one shown in Eqn. (7.8).

AUC(P,Q) = 1−
n∑

i=1

∑
a∈I(Ci)

∑
b∈I(Ci)

He(ŷib − ŷia)

|I(Ci)||I(C i)|
(7.8)

Therefore, maximizing the AUC-based function shown in (7.7) equals to min-

imizing the loss function shown in Eqn. (7.9).

argmin
P,Q

AUC(P,Q) =
n∑

i=1

∑
a∈I(Ci)

∑
b∈I(Ci)

He(ŷib − ŷia)

|I(Ci)||I(C i)|
(7.9)

It can be observed from Eqn. (7.9) that whether every label will obtain

an accurate prediction or not is not the focus any more. It is acceptable once

the explicitly given labels are predicted with larger values than other labels

for a labeled training instance.
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(2) For an instance xi, the already given labels cj ∈ Ci should be predicted

as accurate as possible. That is to say, for any element yij = 1 in matrix Y ,

the corresponding prediction P T
i Qj should be close to 1 as much as possible.

This is similar to traditional methods of matrix factorization, but only the

1s are considered since they are certain information. With respect to a single

instance xi, the loss function can be defined as in Eqn. (7.10).

1

2

∑
j∈I(Ci)

(yij − P T
i Qj)

2

|I(Ci)| (7.10)

Eqn. (7.10) actually computes the mean squared error over labels. Further-

more, the loss summed over the whole dataset D are given in Eqn. (7.11).

1

2

n∑
i=1

∑
j∈I(Ci)

(yij − g(P T
i Qj))

2

|I(Ci)| (7.11)

(3) The generalization of models. When designing a learning model, it is

critical to try to avoid the overfitting issue caused by making the model too

complicated. Therefore, a regularization term is usually added into the loss

function to make the model more robust. In our chapter, the term shown in

Eqn. (7.12) is also considered.

‖P‖2F + ‖Q‖2F (7.12)

It is actually the sum of P and Q’s squared Frobenius norm. By minimizing

this term, the obtained P and Q would be relatively simple.

Taking all above 3 factors into consideration, the final loss function E is

defined in Eqn. (7.13).

E(P,Q) =
n∑

i=1

∑
a∈I(Ci)

∑
b∈I(Ci)

He(P
T
i Qb − P T

i Qa)

|I(Ci)||I(C i)|

+ β ·
n∑

i=1

∑
j∈I(Ci)

(yij − P T
i Qj)

2

|I(Ci)|

+ γ · (‖P‖2F + ‖Q‖2F )

(7.13)

Here β and γ are the weights used to control influence of the corresponding

parts, and can be adjusted manually or through experiments. How to learn
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optimal P and Q by minimizing this loss function is introduced in next

section.

7.3.2 Parameter estimation

The stochastic gradient descent (SGD) method (Goodfellow, Bengio & Courville

2016) is used to find the optimal P and Q by minimizing the loss function

through an iterative process. In order to take full advantage of the training

set, a new training set is created using training setD = {(x1, C1), (x1, C2), · · · (xn, Cn)},
in which X = {x1, x2, · · · xn} includes all the instances. This new training

set is S = {(x, ca, cb)|x ∈ X, ca ∈ Cx, cb /∈ cx} in which every element is a

triple consists of an instance and one of its provided labels and one of its

unprovided labels. According to the loss function in Eqn. (7.13), the loss

regarding an single instance s = (xi, ca, cb) in S should be:

L(P,Q, s) = He(P T
i Qa − P T

i Qb) + β · 1
2
(yia − P T

i Qa)
2

+ γ(‖P‖2F + ‖Q‖2F )
(7.14)

Algorithm 7.1 gives the specific process of learning the optimal param-

eters using SGD. In every iteration, partial derivatives with respect to the

parameters involved are computed and these parameters are updated us-

ing rules as step 8-10 in Algorithm 7.1. Note that since the function He is

not differentiable, it is actually replaced with Sigmoid function, which is a

monotonic increasing function defined as g(x) = 1
1+e−x .

The detailed formulas of computing derivatives are as follows. Since only

one instance in S is used in very iteration in Algorithm 7.1, let assume it to

be s = (xi, ca, cb), thus only Pi, Qa, Qb which correspond to the i-th column in

P , the a-th and b-th columns in Q are involved in. According to Eqn. (7.14),

the partial derivative with respect to Pi is computed as shown in Eqn. (7.15).

∂L

Pi

= wiab · (Qb −Qa)− β · (cia − P T
i Qa) ·Qa + γ · P (7.15)

The partial derivative with respect to Qa is computed as shown in Eqn.
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(7.16).

∂L

Qa

= wiab · (−1) · Pi − β · (cia − P T
i Qa) · Pi + γ ·Qa (7.16)

The partial derivative with respect to Qb is computed as shown in Eqn.

(7.17).
∂L

Qb

= wiab · Pi + γ ·Qb (7.17)

Here wiab = s(ĉib − ĉia) · (1− s(ĉib − ĉia)).

Algorithm 7.1: The processing of learning optimal P and Q

Data: Training set: S, learning rate: lr, maximal iteration number: t

Result: The optimal P,Q: P ∗, Q∗

1 assign P and Q an initial value randomly;

2 r ← 0;

3 while E(P,Q) in (7.13) has not converged, and r ≤ t do

4 shuffle instances in S randomly;

5 for i← 1 to n do

6 get the current instance s = (xi, ca, cb);

7 compute partial derivatives with respect to Pi, Qa, Qb according

to Eqn. (7.14);

8 Pi(r + 1)← Pi(r)− lr · ∂L(P (r),Q(r),s)
∂Pi

;

9 Qa(r + 1)← Qa(r)− lr · ∂L(P (r),Q(r),s)
∂Qj

;

10 Qb(r + 1)← Qb(r)− lr · ∂L(P (r),Q(r),s)
∂Qj

;

11 r = r + 1;

12 return current P,Q;

Using above Eqn. (7.15)-(7.17) to compute partial derivatives and up-

date P and Q iteratively in Algorithm 7.1, the optimal P and Q will be

obtained. The general process of training classifiers and making predictions

are introduced in next section.

111



CHAPTER 7. LABEL RANKING BY LEARNING LABEL
PREFERENCES

7.3.3 The training and predicting processes

Once matrix P and Q is determined, any instance xi and label cj in training

setD can be mapped to vector Pi and Qj respectively in a joint k-dimensional

space Z. In this way, ŷij = P T
i Qj can be used to approximate the value

yij, i.e., the possibility of cj being xi’s true label. To make predictions for

an unknown instance x, it must be mapped to a vector Px in Z , then a

prediction regarding label cj(1 ≤ j ≤ m) is simply the P T
x Qj.

Therefore, the only remaining problem is to learn a mapping from instance

space X
d to this new lower-dimensional space Zk: f : Xd → Zk. Obviously,

it is a multi-target regression problem that is similar to a multi-label classi-

fication problem but with fewer labels (k < m). A BR transformation based

method is adopted to learn this mapping function f in this chapter, i.e., this

multi-target regression problem is converted into multiple simple regression

problems. Specifically, the key steps are:

(1) Create a new training set B = {(x1, P1), (x2, P2), . . . , (xn, Pn)} using

original training set D and matrix P . Here xi is the i-th instance in D, and

Pi is the corresponding i-th row in P .

(2) Let Z = {z1, z2, . . . , zk} be k variables, and correspond to k dimen-

sions of Zk. For each variable zt(1 ≤ t ≤ k), a training set Bt as shown in

Eqn. (7.18) is created.

Bt = {(xi, Pi[t])|1 ≤ i ≤ n} (7.18)

Here Pi[t] is the t-th element in Pi.

(3) For every variable zt(1 ≤ t ≤ k), learn a regression function fk using

the training set Bt.

When making predictions for an unknown instance x, the steps are:

(1) Use function ft(1 ≤ t ≤ k) to map x to a k-length vector as shown in

Eqn. (7.19).

zx =< f1(x), f2(x), . . . , fk(x) > (7.19)

(2) The predictions regarding all labels then are< zTxQ1, z
T
xQ2, . . . , z

T
xQm)

in which zTxQj is the predicted possibility of cj being x’s true label.
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(3) A ranking of labels is obtained by sorting elements in above predictions

in a descending order.

So far, description of the proposed approach has been given in detail. It

is called RankMF method in this chapter, and its experimental evaluation is

given in next section.

7.4 Experimental results and analysis

This section presents the experimental evaluation and comparison of our

RankMF method and other advanced methods.

7.4.1 Datasets and criteria

The same datasets used in previous chapters are again used in this chapter

as shown in Table 7.1, notations in which have been explained in chapter 3.

Particularly, dataset bibtex, CAL500, and rcv1 are the datasets with a larger

number of labels (|Y | > 100).

Table 7.1: Description of data sets used in the experiments

dataset domain |D| |X| |Y | LC LD DLS PDLS

bibtex text 7395 1836 159 2.402 0.015 2856 0.386

birds bird 645 260 19 1.014 0.053 133 0.206

CAL500 music 502 68 174 26.044 0.150 502 1.000

emotions music 593 72 6 1.869 0.311 27 0.046

enron text 1702 1001 53 3.378 0.064 753 0.442

flags image 194 19 7 3.392 0.485 54 0.278

rcv1 text 6000 47236 101 2.880 0.029 1028 0.171

yeast biology 2417 103 14 4.237 0.303 198 0.082

The loss function used in the proposed RankMF method is to evaluate the

quality of a label ranking. As shown in Eqn. (7.13), it has the similar aim
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with criteria ranking loss and coverage, i.e., the explicitly provided labels

should be ranked before other labels for a particular instance. Therefore,

ranking loss and coverage are used in this chapter to evaluate the methods

and check whether RankMF will give a better label ranking compared with

others.

7.4.2 Baselines and settings

The following advanced methods are selected as baselines.

(1) PLST (Tai & Lin 2012);

(2) The SLR method proposed in chapter 5;

(3) HOMER (Tsoumakas et al. 2009);

(4) IBLR-ML+ (Cheng & Hullermeier 2009).

The PLST method is the primary one with which our RankMF is com-

pared with. Similar to our RankMF method, PLST also uses matrix factor-

ization technique and the same process used in RankMF to learn classifiers

and make predictions. The difference is that SVD method is used in PLST to

decompose a label matrix, i.e., its aim is to approximate the label matrix as

accurate as possible rather than ranking explicitly provided labels at the top.

Therefore, comparison with PLST could validate the superiority of RankMF

by minimizing a ranking-based loss function explicitly. The SLR method

proposed in last chapter obtains a label ranking by using the RWR process.

Clustering technique is used in HOMER method to deal with massive la-

bels. The purpose of comparing with these 4 methods is to check whether

our RankMF method could give better label ranking, especially when lots of

labels exist.

All these methods are implemented on the Mulan platform (Tsoumakas,

Spyromitros-Xioufis & Vilcek 2011). The specific settings are as follows.

Number of nearest neighbors k is set to 10 in IBLR-ML+. Settings of SLR are

the same as in chapter 5. In both PLST and RankMF, ridge regression model

is used to learn the mapping from instance space to the new label space, and

weight of the regularization term in ridge regression is set to 0.001. In SLR,

114



CHAPTER 7. LABEL RANKING BY LEARNING LABEL
PREFERENCES

HOMERand IBLR-ML+, logistic regression that implemented in Weka is

used to learn the base classifiers (Witten et al. 2011).

7.4.3 Results and analysis

In this experiment, 5-folds cross validation is again used to make the evalua-

tions, and the average results of the methods on every dataset are compared

respectively. The experiment is composed two parts: (1) comparison of the

RankMF and PLST method with different k, i.e., the dimension of the new

label space. (2) comparison of RankMF and all the baselines using an ap-

propriate k for every dataset.

5 10 15 20 25
0.14

0.16

0.18

0.20

0.22

0.24

R
an

ki
ng

lo
ss

k

PLST
RankMF

Figure 7.2: Comparison of RankMF and PLST on dataset bibtex in terms

of ranking loss

The influence of parameter k, i.e., the dimension of the space Zk, on the

performance of the proposed RankMF method is examined firstly. A larger k

means the instances and labels could be better represented since they would

be characterized by more latent features. However, these would be too many

parameters which cannot be estimated effectively if k is large, especially

when there are limited training data. An appropriate k thus needs to be
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Figure 7.3: Comparison of RankMF and PLST on dataset birds in terms of

ranking loss
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Figure 7.4: Comparison of RankMF and PLST on dataset cal500 in terms of

ranking loss
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Figure 7.5: Comparison of RankMF and PLST on dataset emotions in terms

of ranking loss
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Figure 7.6: Comparison of RankMF and PLST on dataset enron in terms of

ranking loss
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Figure 7.7: Comparison of RankMF and PLST on dataset flags in terms of

ranking loss
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Figure 7.8: Comparison of RankMF and PLST on dataset rcv1 in terms of

ranking loss
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Figure 7.9: Comparison of RankMF and PLST on dataset yeast in terms of

ranking loss

selected for a particular dataset. Figure 7.2 - Figure 7.9 give the comparison

of RankMF and PLST with k is 5%, 10%, 15%, 20%, and 25% of the number

of labels in every dataset respectively. Only ranking loss is used in these

figures, since results using overage are similar so they are not included due

to the space limit. It can be observed that the RankMF method almost

always has smaller ranking loss than PLST regardless of k’s value. It proves

that the RankMF method proposed in this chapter can rank labels better by

introducing a ranking-based loss function.

Next, The RankMF method is compared with all baselines in terms of

ranking loss and coverage. For RankMF and PLST, the result when k is set

to 20% of the number of labels in each dataset is used in comparison. The

reason of k being set to 20% of the number of labels is that our proposed

method achieves the average of its performance on most of the datasets when

k equals to this value. The results are shown in Table 7.2 - Table 7.3. In

all tables, a smaller value means a better performance, and the bold one

indicates the best method on the particular dataset.

From Table 7.2, it can be observed that the RankMF method performs
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best on 4 datasets. Compared with PLST, HOMER, SLR, and IBLR-ML+,

the average coverage of RankMF decreases by 3.84%, 31.58%, 0.25%, and

14.25%. Overall, RankMF does show better performance in terms of cov-

erage, but the improvement is not significant compared with SLR, or even

slightly worse on datasets with a larger number of labels like bibtex, CAL500,

and rcv1. But the advantage of RankMF is that the number of classifiers

need to be trained in it is far less than that in SLR.

Table 7.2: Performance of each method in terms of coverage

dataset RankMF PLST HOMER SLR IBLR-ML+

bibtex 0.2292 0.2479 0.3791 0.1928 0.3299

birds 0.2059 0.2265 0.2731 0.2417 0.2776

CAL500 0.8136 0.8164 0.9844 0.7863 0.9800

emotions 0.3602 0.3727 0.4998 0.3697 0.3852

enron 0.2885 0.3106 0.8035 0.3044 0.3610

flags 0.6210 0.6449 0.7552 0.6740 0.6399

rcv1 0.2186 0.2125 0.3683 0.2011 0.2464

yeast 0.4913 0.5036 0.6201 0.5046 0.4907

Table 7.3 gives the result in terms of ranking loss. It can be seen that the

RankMF method shows even better performance compared with others. It

performs best on 6 datasets, and the average ranking loss declines by 5.55%,

44.92%, 7.34%, and 22.78% compared with PLST, HOMER, SLR and IBLR-

ML+.

In summary, the RankMF method proposed in this chapter is superior to

the traditional matrix factorization based method PLST and other classical

methods when a ranking of a large number of labels is needed. The reasons

include: (1) a ranking-based loss function is introduced explicitly and above

results have validated its effectiveness. (2) the number of classifiers needs to

be trained is far less than that in classical methods, so it is more efficient.
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Table 7.3: Performance of each method in terms of ranking loss

dataset RankMF PLST HOMER SLR IBLR-ML+

bibtex 0.1484 0.1693 0.2398 0.1235 0.2081

birds 0.1427 0.1535 0.1971 0.1693 0.1979

CAL500 0.2077 0.2133 0.4245 0.2437 0.4354

emotions 0.1649 0.1728 0.2904 0.1757 0.1876

enron 0.1105 0.1204 0.4965 0.1295 0.1585

flags 0.2074 0.2291 0.3545 0.2921 0.2506

rcv1 0.1050 0.1033 0.2125 0.0996 0.1217

yeast 0.1735 0.1766 0.2463 0.1807 0.1735

7.5 Conclusions

This chapter aims to deal with the problem that how to learn a good ranking

of labels when a lot of labels exist. The main issues caused by existence of

lots of labels include: (1) Given a training set, labels of its instances might be

given partially due to the cost of manual labeling. Therefore, the assumption

that labels that are not explicitly given for an instance are not its true labels

might not be reasonable in some cases. (2) It is very time-consuming, even

infeasible, to train a classifier for every label.

To deal with two issues, a novel approach using matrix factorization tech-

nique is proposed in this chapter. It only assumes that the labels that are

explicitly given for an instance should be more likely to be true labels of

this instance, thus should be ranked before other unprovided labels. In this

way, the first issue is voided and a special type of label dependency, i.e.,

the preference between provided labels and unprovided labels for the same

instance, is utilized to design a ranking-based loss function. Moreover, the

original label space is mapped to a lower-dimensional space using matrix

factorization technique, so the number of classifiers need to be trained is re-

duced greatly. The experimental results show that this proposed approach
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can output better label rankings compared with other classical methods.
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Chapter 8

Conclusions and future work

In this chapter, conclusions of the whole thesis and plan for future work are

presented.

8.1 Conclusions

Multi-label classification is a type of machine learning technique that aims to

predict multiple labels rather only one for instances. Recently, how to exploit

dependencies between labels to improve learning performance has emerged

as a fundamental issue of multi-label classification, and various methods have

been proposed with this purpose. However, there are still several issues need

further investigation which include: (1) many of existing methods do not

learn an explicit dependency structure of labels form data, thus the true

label dependencies might not be discovered well; (2) the influence of label

dependency is often depressed, and the propagation of label dependencies is

not well utilized; (3) label dependencies are often predetermined before the

learning process in which classifiers are obtained by minimizing a loss func-

tion, so these predetermined label dependencies might not be optimal with

respect to the particular loss function; (4) how to utilize label dependencies

to learn a ranking of labels in a reasonable and efficiently way when a lot of

labels exist.
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Research on how to exploit different types of label dependency and deal

with above issues have been conducted, and several effective approaches are

presented in this thesis.

(1) In chapter 3, an approach which determines label dependencies us-

ing a type of restricted Bayesian network model is proposed to deal with

the issues exist in the classifier chain model. Inspired by the TAN model, a

tree structure Bayesian network of labels is learned by measuring the mutual

information between any pair of labels. Since label dependencies are ex-

plicitly measured and only the relatively strong dependencies are kept, thus

this approach can learn more appropriate label dependencies. Furthermore,

ensemble learning technique is also used to build and combine multiple tree-

structures of label dependencies, each of which capture different dependencies

between labels. Extensive experiments have verified that our approaches’ su-

periority in learning more appropriate dependencies between labels.

(2) In chapter 4, a novel multi-label learning approach based on random

walk with restart model is proposed. The dynamic and iterative propagation

of label dependencies in this approach is modeled as a RWR process on the

label graph. Specifically, BR transformation method is employed to train a

binary classifier for each label, and a label graph is constructed in the training

phase. When making prediction for an instance, an initial prediction is given

to every label firstly, then the RWR process is run to update these predictions

iteratively until they converge. Moreover, this approach explicitly separates

existing features and labels into two parts when making predictions, and

their influence can be easily adjusted by assigning different weights manually.

Therefore, the influence of label dependencies can be intensified by giving

an appropriate weight. The experimental results show that this proposed

approach performs better than other typical methods on most datasets in

terms of label ranking based criteria, especially on datasets with a large

number of labels.

(3) In chapter 5, a novel approach is proposed to learn the optimal label

dependencies. In this approach, label dependencies are characterized using
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multiple measures as features, a linear regression based method is then em-

ployed to learn the optimal label dependencies via minimizing a given loss

function. The advantages of this approach are: (1) Multiple measures are

used to characterize label dependencies from various aspects, so more useful

information might be considered. (2) It is possible to learn the label depen-

dencies that are optimal for the particular objective function and learning

task. Extensive experiments have shown that this approach show better

performance compared with others, so it is more appropriate to learn label

dependencies by optimizing a particular objective function.

(4) In chapter 6, a novel approach using matrix factorization technique

is proposed to learn label ranking. It only assumes that the labels that

are explicitly given for an instance should be more likely to be true labels

of this instance, thus should be ranked before other unprovided labels. In

this way, the issue that treating missing labels as untrue labels are avoided.

The original label space in this approach is mapped to a lower-dimensional

space using matrix factorization technique, so the number of classifiers need

to be trained is reduced greatly. The experimental results show that this

proposed approach can output better label rankings compared with other

classical methods.

8.2 Future work

Above achievements have laid a good function for future research and real ap-

plications. In the future, the following directions can be followed to conduct

further research.

(1) How to use more advanced models to learn the dependency structure

of labels. In chapter 2, a simplified Bayesian network is used. Although it

is straightforward, it also makes certain assumptions on the label dependen-

cies, so might not be suitable for discovering more complicated dependencies.

Therefore, how to design more sophisticated models to represent label depen-

dencies is one of future research focuses.
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(2) How to effectively utilize the label dependencies dynamically in the

phase of training classifiers. In most of existing methods, label dependencies

are predetermined before training classifiers. When training classifiers, how-

ever, there are not much interaction and influence between these classifiers.

How to transfer useful information between these classifiers when they are

trained thus might be a important research issue. In fact, techniques such

as multi-task learning and transfer learning have been already proposed for

the similar problem, i..e, how to transforming knowledge between different

learning tasks. How to applied these theories and techniques in multi-label

classification is one of focuses in future work.

(3) How to exploit label dependencies efficiently given a large number of

of labels. Nowadays, existence of massive labels is more and more common

in various applications. New issues are caused by massive labels, like these

we introduced in chapter 6. In this thesis, we have made an attempt to deal

with massive labels using matrix factorization techniques. In the future,

more advanced models and more ways of dealing with big data will be tried

to reduce the time complexity or run models in parallel.

(4) Four different methods are proposed in this thesis to tackle the multi-

label classification problem from different aspects. Obviously, each of them

has advantages and disadvantages itself, and is suitable for different situa-

tion. In future work, we also plan to integrate these methods to see if further

improvement could be made. For example, we plan to a) combine Bayesian

network based label dependency structure with the iterative label depen-

dency propagation proposed in Chapter 5, and b) replace the loss function

used Chapter 6 with the one proposed in Chapter 7 for good label ranking

etc.
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