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Abstract 
Many civil engineering structures worldwide are now or will soon be approaching the 

end of their design lives. In New South Wales (NSW), Australia, a joint study 

conducted by the Sydney Morning Herald and the University of Technology, Sydney 

(UTS) suggested that across two-thirds of NSW councils needed more than $340 

million to bring their timber and concrete bridges up to a satisfactory condition. The 

American Society of Civil Engineers reported that 56,007 of the 614,387 bridges in the 

United States were found to be structurally deficient in 2016. Further, there was a 

recorded average of 188 million trips across structurally deficient bridges each day. One 

of the most important factors for budget prioritisation for asset maintenance is the 

condition assessment of structural assets. Austroads reported that the Roads and 

Martime Services (RMS) in NSW maintains 5,500 structures in their Bridge Asset 

Management System. However, they are typically only able to inspect their timber 

bridges once per year and their other bridges every two years due to budgetary 

constraints. Further, the most commonly used method for bridge inspection is visual 

inspection, which is generally unable to identify subsurface damage.  

In the past couple of decades, structural health monitoring (SHM) has gained increasing 

attention as a monitoring system that is able to observe the structural characteristics of a 

bridge over time. SHM systems have been implemented on in-situ bridges world-wide. 

However, there are a limited number of publications that show clear and useful 

interpretations of the information collected from these systems. Meanwhile, damage 

identification methods that have been proposed and demonstrated in a laboratory 

environment are often implemented on structures that are much simpler than in-situ 

bridges. 

This thesis aims to reduce the gap between the damage identification methods 

developed in the laboratory environment and their implementation on in-situ structures 

by proposing two novel damage identification methods. The first method is based on 

finite element (FE) model updating, and the second method is based on artificial neural 

networks (ANNs). Both methods utilise frequency response functions (FRFs), which 

can be directly measured from the structure and provide an abundance of information. 

These methods are demonstrated on two jack arch specimens, which are replicates of a 

structural component of the Sydney Harbour Bridge. 
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The FRF sensitivity method for model updating is investigated in this thesis to estimate 

the location and severity of damage in a structure. One of the main challenges in model 

updating is that a FE model typically contains many more degrees of freedom (DOFs) 

than the number of DOFs that are measured from a physical structure. One way to 

address this issue is by reducing the FE model DOFs to the measured DOFs. The 

drawback of this approach is that important information of the FE mode shapes can be 

lost. Another approach is to expand the measured DOFs to the FE model DOFs. 

However, this can significantly increase the computational cost of the model updating 

procedure. In this study, the FE model is reduced to a linkage model using the System 

Equivalent Reduction Expansion Process (SEREP).  Then, the measured mode shapes 

are expanded to the linkage model using its mass and stiffness matrices. Based on the 

expanded mode shapes, interpolated FRFs are synthesised, and the FRF sensitivity 

method for model updating is applied. The updating parameters are used to form a 

damage index to estimate the location and severity of damage. The results from the 

study show that the method is capable of estimating the location and severity of the 

cracks that are visually identified on the specimen. 

In the context of vibration-based damage identification, researchers have used ANNs to 

detect damage in a structure. In some of these studies, principal component analysis 

(PCA) was used to reduce the dimensionality of FRFs, turning them into principal 

component (PC) scores and making them more practical to be used as inputs into 

ANNs. These researchers demonstrated that ANNs are capable of identifying trained 

and non-trained damage cases. However, few of these studies elaborated on how the PC 

scores of the non-trained cases can be obtained when they have no involvement in the 

calculation of the PCs that are used to transform the FRFs into PC scores. This 

important feature is explored, as the non-trained cases should have no involvement in 

the calculation of the PCs or in the ANN learning process. Further this methodology is 

applied to the jack arch specimen, which simulates a realistic structural component of a 

bridge where the inflicted damage is small, resulting in minimal changes in the FRF. 

The results from this study show that the PCs calculated from the FRFs of the trained 

cases can be used to calculate the PC scores of the non-trained cases, and that these PC 

scores are compatible with the ANNs that are learned with the trained cases. Further, 

this method is applicable to the jack arch specimen, and should be tested on in-situ 

structures in future works. 
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The main contributions to the body of knowledge in this thesis revolve around applying 

damage identification methods that have been demonstrated on simplified laboratory 

models in the past to more realistic applications. The jack arch specimens used in this 

study replicate a structural component of the Sydney Harbour Bridge. The complex 

geometry of the jack arch specimens means that these structures require solid elements 

to be modelled accurately. This will invariably mean that the FE model will contain far 

more DOFs than the DOFs that can realistically be measured from the physical 

structure. The proposed linkage modelling technique is able to mitigate this issue. 

Additionally, when training ANNs to identify damage, it is impractical for all possible 

damage scenarios to be incorporated in the calculation of the PCs that are used to 

transform the FRFs into PC scores. Hence, this study investigates techniques to obtain 

PC scores of damage cases that have no involvement in the calculation of the PCs.  
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Chapter 1  
Introduction 

1.1. Background 
Many civil engineering structures worldwide are now, or will soon be, approaching the 

end of their design lives. In Australia, a joint study conducted by The Sydney Morning 

Herald and The University of Technology Sydney (UTS) (Besser & Howden 2013), 

suggested that across two-thirds of New South Wales (NSW), councils needed more 

than $340 million to bring their timber and concrete bridges to a satisfactory condition. 

The investigation revealed that local governments were spending $16 million a year just 

to maintain their bridges. However, they need to spend double this amount to prevent 

spans from deteriorating even further. 

The 2017 Infrastructure Report Card published by the American Society of Civil 

Engineers (ASCE 2017) indicated that the United States (U.S.) has 614,387 bridges, 

56,007 (9.1 %) of which were found to be structurally deficient in 2016. Further, there 

was a recorded average of 188 million trips across structurally deficient bridges each 

day, 39 % of which were 50 years or older. The average age of these bridges is 

constantly increasing and many of these assets are approaching the end of their design 

lives. The most recent estimate suggests that $123 billion would be needed to 

rehabilitate the deficient bridges in the U.S. 

One of the most important factors in budget prioritisation for asset maintenance and 

rehabilitation is the condition assessment of infrastructures. According to Austroads 

(Kotze et al. 2015), the Roads and Martime Services (RMS) maintain 5,500 structures 

in their Bridge Asset Management System and are only able to inspect their timber 

bridges once per year and their other bridges every two years with exceptions depending 

on the access and condition of the asset. The most commonly used inspection method 

for bridge structures is visual inspection. Additional techniques such as stress waves, 

ultrasonic waves, X-rays, acoustics and radiography can be used to identify subsurface 

damage. However, these methods are time-consuming and costly. 
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Structural health monitoring (SHM) has gained increasing attention in research and 

development in the past couple of decades. SHM is the process of observing a structure 

over time using periodically collected data and extracting damage-sensitive information 

from this data to determine the condition of the asset (Farrar & Worden 2007). 

Although the concept originated in the fields of mechanical and aeronautical 

engineering, it has been making its way to bridge asset management (Ko & Ni 2005). 

The most common form of measured data in a SHM system is the vibration data 

captured from strategically placed accelerometers. Damage detection techniques using 

vibration data are capable of continuously assessing the global condition of the entire 

structure including damage location and severity. 

In most cases, operational and experimental modal analysis are used to capture the 

dynamic characteristics of a structure including its natural frequencies, damping ratios 

and mode shapes. At the most fundamental level, the changes in the resonant 

frequencies of a structure can give indication that the structure has changed, which can 

be used as an indication of damage. This method was popularised in the early stages of 

research into vibration-based damage detection, as the resonant frequencies are easy to 

extract (Adams et al. 1978). However, it was found that natural frequencies turned out 

to be insensitive to damage in many cases (Chen, Spyrakos & Venkatesh 1995). In 

addition to this, the resonant frequencies of a structure were also found to be sensitive to 

environmental influences such as temperature, boundary conditions, mass loading, and 

wind-induced variation effects (Magalhães, Cunha & Caetano 2012; Sohn 2007). 

Researchers have also investigated techniques to identify the location and severity of 

damage by analysing mode shapes of a structure obtained through modal analysis. 

Developed methods have identified changes in mode shapes before and after damage 

directly (Salawu & Williams 1995) and indirectly, using mode shape curvatures 

(Pandey, Biswas & Samman 1991), modal strain energy changes (Shi, Law & Zhang 

1998) and dynamic flexibility (Pandey & Biswas 1994). More recently, wavelet 

transform (WT) has been combined with the Teager energy operator (TEO) to create the 

TEO-WT curvature mode shape, which is less susceptible to noise and is more sensitive 

to multiple damages (Cao et al. 2014). 
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Researchers have also proposed the use of directly measured frequency response 

functions (FRFs) to detect structural damage (Huynh, He & Tran 2005). This approach 

has several advantages. FRFs are measured directly, making them one of the easiest 

forms of data to acquire, involving little human processing (Tang 2005). Measured 

FRFs contain an abundance of information on the structure’s dynamic characteristics, 

and do not require experimental modal analysis (EMA), which is susceptible to human 

error. Researchers have developed damage detection algorithms using direct FRF 

measurements (Choudhury 1996) or their derivatives such as FRF differences 

(Trendafilova & Heylen 2003), or compressed FRFs (Ni, Zhou & Ko 2006). Despite 

this, the complexity and large size of the FRF make it a challenge to use for damage 

detection. Also, the difficulty of distinguishing the change in the FRF caused by damage 

or environmental factors can lead to incorrect damage detection results. 

In recent decades, damage detection via model updating has been researched 

intensively. The ultimate aim of damage detection is to evaluate the safety of a structure 

resulting from the identified damage state (Rytter 1993) and this will invariably require 

a finite element (FE) model. Friswell & Mottershead (2013) laid out the fundamentals 

of model updating with an emphasis on the sensitivity method, which is based on a 

linearization of a typically non-linear relationship between measurable outputs and the 

updating parameters. This method takes advantage of the previously derived eigenvalue 

sensitivities (Fox & Kapoor 1968), eigenvector sensitivities (Nelson 1976) and FRF 

sensitivities (Lin & Ewins 1994). The sensitivity method is probably the most 

successful of the many approaches to updating FE models based on vibration data 

(Mottershead, Link & Friswell 2011). More recently, computational intelligence 

techniques for model updating have been thoroughly investigated (Marwala 2010). 

Researchers assert that FE model updating is essentially an optimisation problem and 

have used methods such as genetic algorithms (Rao, Srinivas & Murthy 2004), particle-

swarm optimisation (Kang, Li & Xu 2012) and Bayesian approaches (Sohn & Law 

1997) to reduce the discrepancies between the model data and the measured data.  

One of the key issues with model updating is that the degrees of freedom (DOFs) of the 

FE model often exceed the DOFs that are measured from the structure. This problem 

has been addressed by either reducing the FE model or expanding the measured mode 

shapes. Reducing a FE model to the measured DOFs can lead to the loss of important 
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information of the modal parameters. On the other hand, expanding the DOFs of the 

measured mode shapes can significantly increase the computational cost of the model 

updating procedure. A balance between these two approaches needs to be established to 

improve the practicality and the reliability of a FE model. 

Patterns in FRF changes can be used to identify damage. Artificial neural networks 

(ANNs) simulate the operation of the human brain and can be trained to recognise 

patterns and classify data while being robust in the presence of noise. This makes the 

ANN a powerful tool for damage detection. One of the challenges of using FRFs as an 

input into ANNs is that FRFs contain a large number of spectral lines, which can be 

overwhelming for ANNs. Principal component analysis (PCA) has been used to 

compress the FRFs to principal component (PC) scores that can be used as inputs into 

ANNs (Zang & Imregun 2001). This method was improved using a hierarchy of neural 

network ensembles to take advantage of individual information from sensor signals (Li 

et al. 2011), and will be further explored in this thesis. While studies that used this 

method did demonstrate that ANNs are capable of identifying trained and non-trained 

cases, few researchers have focused on how the PC scores of the non-trained cases can 

be obtained when they have no involvement in the calculation of the PCs that are used 

to transform the FRFs into PC scores. This capability is important to explore, as non-

trained cases should not be used to calculate the PCs. 

In this study, damage identification algorithms using model updating and ANNs with 

FRF data are investigated. Two methods are proposed in this study. The first method 

introduces a linkage model to connect the FE model to the spatially incomplete 

measured data so that the FE model can be updated to identify the location and severity 

of damage. This method involves reducing the FE model to a linkage model and 

expanding the measured mode shapes using the linkage model so that a balance between 

computational cost and information retained in the updating procedure can be 

maintained. In the second method, the PCs are calculated using the FRFs of the trained 

cases. The PC scores of the trained and non-trained cases are then obtained using these 

PCs. The PC scores are used as inputs into the ANN while the damage severity of the 

specimen is used as the outputs. A study of how effectively the ANN can estimate the 

severity of damage for the non-trained cases is conducted. 
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1.2. Research Objectives 
The main aim of this research is to develop novel methods to identify the location and 

severity of damage in civil engineering structures. This study investigates the 

capabilities and limitations of model updating and ANN for FRF-based damage 

identification. Numerical and experimental validation is used to verify the proposed 

methods. The objectives of this study include the following. 

1. To develop a damage identification method that can connect the DOFs of a FE 

model to the spatially incomplete DOFs measured from a structure using a 

linkage model so that an FRF-based sensitivity model updating approach can be 

applied to identify the location and severity of damage in the structure. This 

involves the following. 

 To determine effective ways to link the FE DOFs to the measured DOFs. 

 To investigate strategies to reduce FE models. 

 To study methods to expand spatially incomplete measured mode shapes. 

 To develop a method that can detect the damage location and severity 

using the FRF sensitivity method for model updating with the linkage 

model. 

2. To develop a damage identification method using ANNs that are able to use the 

PC scores of the non-trained cases as their inputs when the FRFs of the 

non-trained cases are not involved in the calculation of the PCs that are used to 

transform the FRFs into PC scores. This involves the following. 

 To investigate existing ANN methods and determine their shortcomings. 

 To determine effective methods to automatically remove outliers in the 

measured FRFs when there is a large sample size. 

 To determine ways of obtaining the PC scores of non-trained cases when 

they are not involved in the calculation of the PCs. 

 To train ANNs to estimate the severity of damage for trained and non-

trained cases. 
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3. To develop FE models to numerically verify the proposed damage identification 

methods. This involves the following. 

 To create and test numerical models simulating a jack arch. 

 To apply the proposed methods to the numerical jack arch models. 

 To consider the limitations of testing such as noise and limited sensor 

measurements. 

 To investigate various types of damage scenarios. 

4. To conduct laboratory investigations to experimentally validate the proposed 

damage identification methods. This involves the following. 

 To investigate the applicability of the developed damage detection 

methods on physical structures in the laboratory. 

1.3. Research Scope 
This research focuses on improving vibration-based damage detection methods for civil 

engineering structures. The scope of this investigation is limited to the following areas. 

1. The investigation of structural health monitoring and vibration-based damage 

identification methods in civil engineering applications. 

2. The development of a novel linkage model to connect the FE model to physical 

structures implemented with spatially limited sensors for damage identification. 

3. The development of a novel ANN-based damage detection method to estimate 

damage severity for non-trained cases. 

4. The investigation of techniques to improve the reliability and accuracy of 

damage identification. 

5. To verify the proposed damage identification methods using numerical models. 

6. To verify the proposed damage identification methods using data obtained from 

laboratory specimens.  
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1.4. Summary of Contributions 
This research focuses on improving vibration-based damage detection methods for civil 

engineering applications using FRF model updating and ANN techniques. The original 

contributions of this research work include the following. 

1. A novel model updating approach to detect damage is developed. The proposed 

method connects the FE model to spatially incomplete mode shapes via a 

linkage model. In the past, researchers have linked FE models to spatially 

incomplete mode shapes by either reducing the model or expanding the 

measured DOFs. In situations where the FE model is substantially larger than 

the measured DOFs, it can be computationally expensive to expand the 

measured DOFs to the FE model, and reducing the FE model to the measured 

DOFs can result in the loss of important information. The proposed method 

reduces the FE model to a linkage model, which is then used to expand the 

measured mode shapes. 

2. A novel ANN-based damage detection algorithm is developed using FRFs as 

input features for neural networks. Researchers have previously trained ANNs to 

recognise damage cases. The FRF data is typically too large to be used as inputs 

into ANNs and have been compressed using PCA. Studies that used this 

approach were able to correctly identify trained and non-trained cases. However, 

few of these studies elaborated on how the PC scores of the non-trained cases 

can be obtained when they are not involved in the calculation of the PCs that are 

used to transform the FRFs into PC scores. This thesis proposes a method to 

achieve this capability. 

3. Both developed methods are validated numerically and experimentally on 

laboratory jack arch replicas of the Sydney Harbour Bridge. Two identical 

specimens are used for this investigation. The first specimen is progressively 

damaged using a circular saw, and the second specimen is damaged 

incrementally using static loading. The proposed methods are validated on the 

test specimens with these inflicted damage cases. 

  



8 
 

1.5. Outline of Thesis 
This thesis consists of eight chapters, organised as the following. 

Chapter 1 gives an introduction to the work, the objectives of the study, the scope of the 

work, and contribution to the body of knowledge. 

Chapter 2 provides a literature review on vibration based damage identification 

methods. 

Chapter 3 provides details on the jack arch specimens that were replicated from the 

Sydney Harbour Bridge and are used for this investigation. 

Chapter 4 provides details on the experimental modal analysis conducted on the jack 

arch specimens. 

Chapter 5 describes details of creating the finite element model including its design 

parameters, simulation of outputs, model reduction, modal expansion, and modelling of 

damage. 

Chapter 6 provides details of damage identification via model updating using the FRF 

sensitivity method with the linkage modelling technique. 

Chapter 7 provides details of detecting damage in the jack arch specimens using 

artificial neural networks. 

Chapter 8 concludes the thesis. 
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Chapter 2  
Literature Review 

2.1. Introduction 
This chapter provides details into the recent research and development of vibration-

based damage identification methods and structural health monitoring systems applied 

world-wide. The literature review investigates the previous work of other researchers, 

which serves to motivate and form the basis of the original work in this thesis. The 

chapter begins with general remarks pointing out the increasing need to maintain and 

repair aging infrastructure due to the deterioration in their condition and their usage past 

their service lives. Four levels of damage identification are then introduced, and the 

vibration-based damage detection methods developed over the past couple of decades 

are reviewed. These methods are categorised into model-based and non-model-based 

methods. For both categories, previous research in the modal, time and frequency 

domain methods are investigated. The literature review concludes by identifying 

research and development needs that are addressed in this study. 

2.2. General Remarks 
In the past decade, there has been an increasing awareness of the importance of bridge 

safety (ASCE 2017). In the United States (U.S.) governments at all levels are placing 

large efforts to reduce the number of structurally deficient bridges that require 

significant maintenance, rehabilitation or replacement. Without substantial 

improvements to these bridges, they would need to be closed, or worse, could fail. 

Australia has also recognised an increasing need to ensure bridge safety. In 2013, it was 

found that local governments were spending $16 million a year to maintain their bridges 

across two-thirds of New South Wales. However, they needed to spend double this 

amount just to prevent spans from deteriorating further (Besser & Howden 2013). 

Austroads (Kotze et al. 2015) reported that the Roads and Martime Services could only 

inspect their timber bridges once per year and most of their other bridges every two 

years. 
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The concern for deteriorating and aging civil infrastructures, has contributed to the 

research and development for vibration-based health monitoring programs (Magalhães, 

Cunha & Caetano 2012). The recent advances in technology, including the increasing 

availability and affordability of sensors have contributed to the feasibility to install and 

operate permanent monitoring systems. SHM has been applied to bridges world-wide. 

The Tsing Ma Bridge in Hong Kong (Wong 2004), Akashi Kaikyo Bridge in Japan 

(Fujino & Siringoringo 2011), Seohae Bridge in Korea (Koh et al. 2009) and 

Confederation Bridge in Canada (Londoño 2006) are just a few of the many examples 

of SHM implementation. These SHM technologies are driven by the research put into 

vibration-based damage detection in the past couple of decades. 

2.3. An Overview of Damage Identification 
Damage in a structure can be defined as changes within the structure that weakens its 

current or future performance. Its identification can essentially be seen as a method to 

detect changes in the characteristics of a structure caused by damage or deterioration. 

One of the most typically used methods of damage detection is visual inspection. Whilst 

it is ideal to capture data regularly to obtain a maximum level of discrete condition 

states, budgetary constraints and time restrictions in the real world make this a 

challenging task (Kotze et al. 2015). Hence, data is typically gathered every two to five 

years, and only four condition states are typically used in Australia and New Zealand. 

Research into vibration-based damage identification methods began in the 1970s when 

the oil industry made large efforts to develop vibration-based damage identification 

methods for offshore platforms with little success (Farrar & Worden 2007). The concept 

was then adopted by the aerospace community in the late 1970s, prompting the use of a 

shuttle modal inspection system (SMIS) to identify damage in their space craft caused 

by space debris. Finally, the civil engineering community adopted the approach and 

began researching vibration-based damage assessment of bridge structures and 

buildings since the early 1980s. This is the motivation for structural health monitoring. 
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Rytter (1993) laid out the four levels of damage detection that are commonly referred to 

by researchers. 

 Level 1 – The method gives a qualitative indication that damage might be 

present in the structure. (Detection) 

 Level 2 – The method gives information about the probable location of the 

damage too. (Localisation) 

 Level 3 – The method gives information about the size of the damage. 

(Assessment) 

 Level 4 – The method gives information about the actual safety of the structure 

given a certain damage state. (Consequence) 

In general, vibration-based damage identification methods that do not use any structural 

model can primarily provide Level 1 and Level 2 of damage identification. In most 

cases, a finite element model is necessary to attain Level 3 of damage identification. 

However, there are some methods that form a quantitative damage index without a FE 

model. Level 4 prediction usually requires an investigation in the fields of fracture 

mechanics, fatigue-life analysis, or structural design assessment (Doebling, Farrar & 

Prime 1998). The scope of this research is to provide Level 1, Level 2, and Level 3 

identification. 

2.4. Previous Literature Reviews and Surveys 
One of the most recognised literature reviews on vibration-based damage identification 

methods was conducted by Doebling et al. (1996) covering the period of 1968 to 1996. 

The review included details of damage identification via the observation of changes in 

the natural frequencies, mode shapes and their derivatives, modal strain, matrix 

updating methods, non-linear methods and neural network-based methods. These 

methods have been researched extensively in the past couple of decades. 

Salawu (1997) conducted a review on the detection of structural damage by observing 

changes in the natural frequency. The author concluded that natural frequencies alone 

may not be sufficient to locate damage, as similar cracks at different locations can cause 

the same amount of frequency change. Mottershead & Friswell (1993) conducted a 

literature review on model updating in structural dynamics up to the early 1990s and 

Marwala (2010) summarised computational intelligence approaches that have emerged 
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more recently. In order to focus on relevant research work, this literature review is 

presented in the following categories. 

 Structural Health Monitoring Implementation 

 Non-Model-Based Methods 

o Modal Domain Methods 

o Frequency Domain Methods 

o Time Domain Methods 

o Artificial Neural Network Methods 

 Model-Based Methods 

o Modal Domain Methods 

o Frequency Domain Methods 

o Time Domain Methods 

This review will mostly focus on papers that were published after 2010. However, many 

recent research papers rely on key contributions made pre-2010. These papers will also 

be discussed in this literature review. 

2.5. Structural Health Monitoring Implementation 
Structural health monitoring (SHM) is a developing area in the assessment of bridge 

infrastructure. Magalhães, Cunha & Caetano (2012) provided examples of actual SHM 

implementations world-wide. A few of the many examples included: 

 Tsing Ma Bridge in Hong Kong (Wong 2004) 

 Akashi Kaikyo Bridge in Japan (Abe & Fujino 2009) 

 Seohae Bridge in Korea (Koh et al. 2009) 

 Confederation Bridge in Canada (Londoño 2006) 

 Commodore Barry Bridge in the United States (Pines & Aktan 2002) 

The authors pointed out that, despite the physical implementation of SHM in many of 

these structures, there was a need to develop strategies to extract useful data collected 

from the bridges. It was also pointed out that, although there was a large number of 

SHM applications world-world, there were a limited number of publications that 

showed clear and useful interpretations of the information collected from those systems. 
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More recently, Hu, Wang & Ji (2013) implemented a wireless sensor network-based 

SHM system on the Zhengdian Highway Bridge, and their investigation showed that 

their system could capture data and transmit it wirelessly for continuous monitoring. 

However, their measurements were affected by unstable field noise interferences and 

packet loss. Koo et al. (2013) studied the implementation of an SHM system on the 

Tamar Suspension Bridge. The authors pointed out the challenges caused by the 

complexity of the structure. It was also determined that thermal effects were a major 

contributor to deformation, and that there was a large variation in modal frequencies 

potentially resulting from a combination of effects that included varying deformation, 

wind, response levels and traffic loads. Despite the four-year investigation and testing in 

various configurations in the monitoring system, the data was insufficient to identify the 

‘normal’ behaviour of the bridge, making it difficult to detect performance anomalies. 

These recent studies demonstrate that the technology to implement SHM on bridge 

structures is rapidly developing. However, before this data can be used to reliably assess 

the condition of a structure, further investigation in damage identification methods 

needs to be explored in a more controlled environment. There has been a vast amount of 

research conducted in this area, and the remainder of this literature review will 

summarise these investigations. The methods are divided into model-based and non-

model-based methods. For both categories, modal, frequency and time domain methods 

are considered. Artificial neural network methods are also considered for the non-

model-based methods. 

2.6. Non-Model-Based Methods 

2.6.1. Modal Domain Methods 

This section of the literature review is divided into two parts. This first part focuses on 

how modal parameters can be identified in civil infrastructure while the second part 

covers how they can be used to detect damage. 

Modal Parameter Identification 

Modal data has long been used for vibration-based damage detection (Doebling, Farrar 

& Prime 1998). While the data is easily understood, its acquisition is complex and 

requires some form of modal analysis. Most of the research on vibration based damage 

detection methods are conducted in environmentally controlled laboratories. However, 
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in practical applications, structures are subject to various sources of noise. As SHM is 

making its way to large infrastructure such as bridges, researchers have investigated 

robust methods to identify the modal parameters of these in-situ structures. Cardoso, 

Cury & Barbosa (2017) investigated an automated time-domain method to identify 

modal parameters. Mode estimates for several model orders were generated using the 

Data driven Stochastic Subspace Identification (SSI) methods followed by a two-step 

clustering analysis. The first step analysed mode estimates from a single stabilisation 

diagram, outputting modes that had a high chance of being physical while the second 

step selected modes that were definitely considered physical. The method was tested on 

a railway viaduct and was reportedly able to identify all physical modes. 

Galewski (2016) proposed the Spectrum-based Modal Parameters Identification with 

Particle Swarm Optimisation, which consisted of two stages. The first stage identified 

each mode separately in the frequency domain. Information about the natural 

frequencies made it possible to filter modal test measurement data and calculate 

corrected damping values and amplitudes. This allowed particles to be regrouped into 

regions where proper parameter values were expected. The second stage involved 

identifying all modes together in the frequency domain. The methodology was tested on 

an experimental flat plate and semi tube, which confirmed that the method was 

successful in low-noise conditions. 

In terms of practical application, Lam et al. (2017) investigated a Bayesian approach to 

operational modal identification in a boat-shaped building and addressed issues 

including the need to use multiple setups due to the large number of desired 

measurement points, the noise influence of a monsoon and the presence of furniture. 

Reynders et al. (2016) recognised the need to determine the accuracy of identified 

modal parameters and proposed a method to estimate the variance of modal 

characteristics identified using SSI. The method compared the predicted uncertainty 

with the observed variability of the natural frequencies and damping ratios between 

different setups, and differences in estimation accuracy between different modes and 

setups. 
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Damage Identification Using Modal Parameters 

Damage identification methods using modal parameter data has also been a focus of 

research in recent years. A commonly used method of damage identification based on 

modal parameters uses modal strain energies. Shi, Law & Zhang (1998) proposed a 

method to locate damage in a structure by identifying the changes in modal strain 

energy (MSE) in each element before and after the occurrence of damage. The idea 

behind the concept was based on the assumption that damage to a structure would cause 

local stiffness reduction affecting the mode shapes in a localised region. The method’s 

applicability was demonstrated on a simulated truss structure and frame structure where 

damage was simulated by reducing the stiffness of damaged elements. It was concluded 

that the method was effective and robust in locating single and multiple damages in a 

structure. However, the method was highly susceptible to measurement noise and 

incompleteness of measured modes.  

MSE has since been utilised by other researchers to develop damage detection methods. 

Liu et al. (2017) used grouped MSEs to propose a method to detect structural damage in 

offshore platforms. The method aimed to divide modal strain energies into axial 

tension-compression and bending. The value of their method was that it could overcome 

incomplete modal parameters and estimate damage locations based on low-order modal 

parameters. The method’s applicability was demonstrated numerically and 

experimentally on a platform model. It was concluded that the method could accurately 

identify damage location and can be used for large marine engineering structural 

damage detection.  

Cao et al. (2014) explored the use of curvature mode shapes to detect damage. 

According to this research, curvature mode shapes were susceptible to measurement 

noise, affecting their capability for damage identification. The authors proposed the 

synergy between wavelet transform (WT) and a Teager energy operator (TEO) to 

overcome this issue. The method was tested on an analytical and experimental model of 

a beam with three cracks. The results demonstrated that the method had a stronger 

immunity to noise and greater sensitivity to damage than the conventional curvature 

mode shape. 
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To verify damage identification methods on an actual structure, information on damage 

cases would need to be made available. Chang & Kim (2016) pointed out that while 

many techniques have been developed for bridge damage detection, few have actually 

been tested on real in-situ bridges. They conducted a field study on a simply supported 

Warren truss bridge that had been slated for removal following the opening of a 

replacement bridge in 2012. Before the bridge was removed, the researchers tested 

damage detection methods by sequentially applying four artificial damage cases to the 

bridge. The modal properties were identified using a stabilisation diagram-aided 

multivariate autoregressive analysis of vehicle-excited bridge vibrations. The modal 

parameters resulting from the different condition cases were observed, and it was 

concluded that the natural frequencies decreased as a result of damage, signifying a 

global stiffness loss. Additionally, when damage was applied asymmetrically, all mode 

shapes were distorted. The results demonstrate the potential to detect damage using 

modal parameters in real world applications. 

The relationship between fatigue damage and modal parameters has also been studied. 

Curà & Gallinatti (2011) conducted an experimental investigation on the correlation 

between high cycle fatigue damage and modal parameters in steel specimens. While this 

study does not directly relate to bridge structures, fatigue is an important issue to 

consider. For this investigation, a steel beam was clamped using a bench vice to 

simulate a cantilever setup. Observations on the results indicated that the resonance 

frequency decreased along with the number of cycles progression. However, hundreds 

of thousands of cycles were required to observe frequency drops if the stress levels were 

below the fatigue limit. A pause effect, which shows the recovery of the specimen, was 

also observed when the specimen was left unloaded between the end of a test day and 

the start of the next test day. The investigation concluded that changes in the modal 

frequencies can represent fatigue damage progression. However, this is less evident for 

damping parameters. 
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2.6.2. Frequency Domain Methods 

Frequency response functions (FRFs) are easier to obtain than modal parameters and are 

a repeatable characteristic of a structure. As of 2010, damage identification using FRFs 

had already been investigated extensively. Novel approaches that have been explored in 

the past several years are described in this part of the literature review. Reddy & 

Swarnamani (2012) explored the use of FRF curvature energy to detect and localise 

damage. The FRF curvature was derived as an extension of the findings by Pandey & 

Biswas (1994), which suggested that strain or curvature shapes are more effective at 

identifying the location of damage than modal displacements. The method uses the 

variation of the FRF curvature energy at the element of the structure as a damage index 

and its applicability was demonstrated on a numerical aluminium plate. It was 

concluded that the method works well, no modal analysis is needed, and that noise will 

not affect damage localisation. 

Salehi et al. (2010) introduced a gap smoothing method to observe abnormalities in 

residual FRF shapes. It was argued that the imaginary and real parts of an FRF shape 

could be used to localise damage since damage could be identified in mode shapes in 

the form of local non-smoothness. The damage index was formed based on the 

difference between a measured FRF and a cubic polynomial fitted with neighbouring 

points of the FRF. The numerical validation on a simulated cantilever beam was 

successful while the experimental validation on a hanging beam was successful only 

when using the real part of the FRFs was used. Thus, it was concluded that the method 

could use FRFs directly without needing to perform modal analysis. 

Alamdari, Li & Samali (2014) proposed a noise-robust damage identification method 

based on the FRFs of a structure that did not require data from the healthy state. 

Gaussian kernel was used to suppress noise in the FRFs, which were then used to 

develop shape signals based on the second derivative of the operational mode shapes. 

The shape signals were then normalised to form a two-dimensional map to identify the 

damage pattern. The method was tested numerically and experimentally on a fixed-fixed 

beam and it was concluded that without the Gaussian kernel noise suppression 

approach, the method was unable to reliably localise damage. The results were 

improved by applying the noise suppression approach and by increasing the number of 

sensors.  
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Dilena, Limongelli & Morassi (2015) introduced a method that utilised the Interpolation 

Damage Detection Method (IDDM) by Limongelli (2011) to interpret FRFs from a 

reinforced concrete structure subject to increasing levels of concentrated damage. The 

method was based on a comparison between the FRFs before and after the occurrence of 

structural damage and on the determination of an index that considered the loss of 

spatial regularity of the vibrational profile of a structure compared to an undamaged 

state, due to local damage. This method was tested on a single span of the Dogna 

bridge, which was demolished in 2008. The researchers involved in this study 

performed dynamic tests prior to the removal of the structure and introduced seven 

damage configurations to the structure. The authors concluded that the results confirmed 

that IDDM could be used for a preliminary localisation of structural damage in full-

scale bridges. However, they stressed that depending on the context, the sensitivity of 

the problem to the accuracy and completeness of data, and the complexity of the system 

could be influential factors on the method’s reliability.  

While novel approaches to non-model based FRF damage identification methods have 

been studied in the past several years, model-based FRF methods have received more 

attention and will be covered in a later section of this report.  

2.6.3. Time Domain Methods 

Time domain methods are able to use directly measured signals to detect damage 

without transforming the data to the frequency spectrum. In the past several years, the 

auto-regressive (AR) and auto-regressive with exogenous inputs (ARX) techniques have 

been one of the most utilised time domain methods for damage identification. Sohn & 

Farrar (2001) proposed a two stage time series analysis that constructed AR and ARX 

models from a selected reference signal that was recorded when the structure was 

undamaged. The residual error based on the difference between the measurements 

recorded from the structure in its damaged state and the signal predicted from the AR-

ARX model was then defined as the damage-sensitive feature. The idea behind this 

method was that if a structure had been damaged then the prediction model could not 

reproduce the newly obtained time series measured from the damaged structure. The 

authors of this study demonstrated the method’s applicability on an eight degree of 

freedom (DOF) system where non-linear damage was simulated using a bumper. It was 

concluded that the approach was beneficial for the development of an automated 
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continuous monitoring system due to its simplicity and its minimal interaction with 

users. Furthermore, damage diagnosis was conducted for each sensor independently, 

reducing the need to synchronise the time histories of multiple sensors. The authors 

stressed that this method had only been tested on a simple laboratory specimen. 

This methodology has since been applied to other applications. Gul & Catbas (2011) 

took this method a step further and created ARX models for different sensor clusters on 

a 5.5 m by 0.9 m by 1.1 m steel grid model designed to test damage detection methods 

before applying them to real life structures. The physical model consisted of two clear 

spans with continuous beams across the middle supports. The authors were able to 

successfully identify and locate damage for the complex test specimen. Mustapha et al. 

(2015) demonstrated the method’s applicability in a real-world application by 

identifying a damaged jack arch joint in a span of the Sydney Harbour Bridge bus lane. 

The authors trained the ARX benchmark model using data collected from a healthy joint 

and applied the procedure to create a damage index for the six jack arch joints of the 

span. The method correctly identified the damaged jack arch. After repair, the 

previously damaged jack arch showed the same damage index as the healthy jack 

arches. 

Most of the research explored on time domain-based damage identification methods in 

this literature review involve model updating and are covered in a later section of this 

literature review. 

2.6.4. Artificial Neural Network Methods 

Artificial neural networks (ANN) have gained increasing attention in damage 

identification for civil infrastructure in the past couple of decades. Neural networks 

were inspired by the neural architecture of the brain and are capable of being trained to 

recognise outcomes based on input data. The use of neural networks to detect damage in 

a structure was first investigated by Wu, Ghaboussi & Garrett (1992). The authors 

demonstrated the method’s applicability on a simulated shear frame model where 

damage was simulated by reducing the stiffness in a member. The inputs into the ANN 

modes were amplitudes of the Fourier spectrum, and the outputs of the model were 

based on the severity of damage in each member of the structure. The authors concluded 

that this approach had great potential for damage detection. However further 

investigation into the ANN model’s ability to distinguish between measurements 
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recorded at different locations, its ability to generalise non-trained cases and the number 

of damage cases needed for the model to perform adequately was recommended. 

Further issues caused by measurement noise and complex structures should also be 

considered. 

Due to the impracticality of using full-size FRF data with ANNs, Zang & Imregun 

(2001) presented a method of compressing FRF data using principal component analysis 

(PCA). PCA is a statistical technique for reducing the dimensionality of data whereby 

an original set of variables is transformed to a reduced set of uncorrelated variables 

known as principal component scores. The authors demonstrated their method on a 

railway wheel where they reduced their FRF of 4,096 spectral lines to 80 PCA-

compressed FRF values. The compressed FRFs were used as inputs into the neural 

network, and the outputs of the neural network were based on the healthy and damaged 

state of the wheel. It was concluded that PCA is a powerful tool for reducing measured 

FRFs and has the potential to filter unwanted measurement noise. However, the 

extension of the methodology to detect damage location was more difficult, as it would 

require an increase of input and output nodes, and more training cases.  

Li et al. (2011) added to the method of ANN damage detection via PCA compression by 

introducing a hierarchy of neural network ensembles to take advantage of individual 

information from sensor signals. Each network in an ensemble was trained individually, 

then the outputs of each network were combined to produce the ensemble inputs. Thus, 

the generalisation ability of neural networks was significantly improved. The method 

was demonstrated on a simply supported steel beam with each accelerometer being 

allocated an individual network. The outputs from these networks were then used to 

train the network ensemble. It was concluded that the PCA-compressed ANN damage 

detection method yielded more accurate results when ensembles were used.  

Dackermann, Smith & Randall (2014) added further novelty to the method by using a 

response-only approach that eliminated the need for information on the input of the 

FRF. The method used cepstrum-based operational modal analysis (OMA). The 

approach worked by isolating the part of the response signal dominated by transmission 

path effects and obtaining the poles and zeros of the transfer function via curve-fitting, 

thus, generating the FRFs used for damage identification. The methodology was tested 

on a numerical two-storey framed structure where cepstrum analysis was used to 
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generate response-only FRFs from ambient measurements. Following this, PCA was 

used to compress the data, which was then used to train the ANN model to recognise 

different damage cases. The authors concluded that the method was capable of 

accurately identifying joint damage in the provided case study and recommendations for 

further research were made for more general multi-input cases. 

Bandara, Chan & Thambiratnam (2014) demonstrated that the PCA-compressed ANN 

damage detection method could be used to detect nonlinear damage on a three-storey 

bookshelf structure at the Los Alamos National Laboratory. The authors computed a 

damage index based on the ratio between the FRFs obtained from the damaged structure 

and the undamaged structure to enhance the capability of extracting the main features of 

the data sets. The study was divided into two stages. In the first stage, the damage 

patterns used to train the ANN were also used to test its accuracy. For the second stage, 

the damage patterns of the non-trained cases were used to test the performance of 

detection. The results showed that the ANN could detect damage more accurately in the 

first stage than it could in the second stage. However, the results from the second stage 

had a maximum error of around 2 %.  

Aside from using PCA compressed FRFs for damage identification, several other 

approaches that utilised ANNs have been proposed in the past several years. Bakhary, 

Hao & Deeks (2010) recognised that the main drawback of using ANN for damage 

identification was the enormous computational effort for complex structures with large 

DOFs. This was problematic in the identification of small damage. Hence, the authors 

proposed a method to detect small structural damage using the ANN method with 

progressive substructure zooming. The method combined sub-structuring and multi-

stage ANN to detect the location and extent of damage. Modal parameters were used as 

inputs into the ANN and the output was the Young’s modulus of the tested state. The 

results showed that by dividing the full structure into substructures and analysing each 

substructure independently, local damage can be better identified.  

Elshafey, Haddara & Marzouk (2010) investigated the combination of random 

decrement signature and neural networks to detect damage in offshore jacket platforms. 

Random decrement was used to extract the free decaying response of a vibration 

structure, which was used an input into the ANN while the output was an index for 

damage detection. An experimental model of a fixed offshore jacket platform was used 
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to demonstrate the proposed method. The method had varying degrees of success, 

which depended on the location of the damaged member.  The method could detect 

damage in diagonal members; however, it was less successful in detecting damage in 

horizontal members. Thus, the method could be used to detect that there is change in the 

structure prompting further investigation into the exact location and magnitude of the 

damage. 

Jiang, Zhang & Zhang (2011) proposed a two-stage approach to damage identification 

by combining fuzzy neural networks (FNNs) and data fusion techniques. This method 

used modal parameters as inputs in the FNN and defuzzified the outputs to produce a 

rough structural damage estimate. The outputs from three different FNN models were 

then used in a data fusion centre to produce a refined structural damage assessment with 

higher reliability. The methodology was tested with a numerical simulation of a seven-

storey shear building model. The outcomes of this investigation showed that the fusion 

decision-making model can identify patterns that could not otherwise be recognised by 

a single FNN model in the first stage, giving a more reliable damage assessment. 

Liu et al. (2011) combined wavelet pack decomposition, multi-sensor feature fusion 

theory and neural network pattern classification for structural damage diagnosis. In this 

method, wavelet packet transform (WPT) was used to decompose the acceleration 

measurements into component signals. Selected components were then fused to be used 

as inputs into ANNs for various levels of damage assessment. The method was tested on 

the IASC-ASCE SHM (Johnson et al. 2004) benchmark model and the results 

demonstrated that the combination of WPT, multi-sensor feature fusion and the ANN 

could correctly identify the location and extent of damage and thus was a promising 

approach for assessing damage in structures. Shi & Yu (2012) also investigated the 

application of neural networks and wavelet analysis for structural damage detection. 

Meruane & Mahu (2014) developed a real-time damage assessment algorithm using 

ANNs and anti-resonant frequencies. They pointed out that anti-resonant frequencies 

could be identified more easily and accurately than mode shapes and provided the same 

information. The method was tested on the eight DOF spring mass system from the Los 

Alamos National Laboratory (LANL) and an experimental steel beam. Both 

experiments demonstrated that the method was capable of assessing the experimental 

damage, leading to the conclusion that it is possible to locate and quantify structural 
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damage using anti-resonant information obtained from FRFs. This makes anti-resonant 

frequencies a desirable feature for damage assessment. 

Min et al. (2012) recognised the importance of impedance-based SHM and proposed an 

ANN method to automatically identify damage sensitive frequency ranges to provide 

detailed information such as damage type and severity. The impedance-based technique 

used small piezoelectric sensors to excite a structure with a high-frequency band while 

monitoring changes in the impedance signature. The method was tested on a laboratory 

aluminium beam, pipe structure and on a stiffener of a steel girder inside a bridge. The 

results of these experiments showed that the approach efficiently provided damage 

information for various damage cases with autonomously pre-determined damage-

sensitive frequency ranges.  

Shu et al. (2013) investigated the application of damage detection using ANN on a 

simplified railway bridge model excited with train-induced vibrations. The distribution 

parameters such as variance and covariance of the responses, including displacement 

and acceleration were used as inputs into the ANN, which was trained to recognise 

stiffness reduction in a simulated railway bridge. The authors concluded that the method 

was able to detect the location and severity of damage. However, the reliability of the 

damage severity estimation was highly dependent on having an accurate damage 

location estimate. Also, the reliability of the method was sensitive to measurement noise 

and train properties. 

The above examples demonstrate that researchers have been exploring ANN based 

damage identification techniques using different approaches. The technique is 

constantly developing as machine learning methods continue to evolve. 

2.7. Model Based Methods 
This section of the thesis details the damage detection methods that involve adjusting 

parameters within a finite element (FE) model to reduce the discrepancies between 

measured data and the FE model outputs. In FE analysis, assumptions are often made, 

and model updating aims to mitigate these assumptions by adjusting the assumed 

parameters until the measured data matches the simulated data. This concept had been 

adopted for damage identification. This area has been investigated in the modal, 

frequency and time domains. 
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2.7.1. Modal Domain Methods 

Mottershead, Link & Friswell (2011) provided a comprehensive tutorial on updating a 

FE model using the sensitivity method and demonstrated its applicability on a lynx 

helicopter frame by fixing assumptions made in the FE model. The sensitivity method 

has also been utilised by researchers to detect damage. Altunışık, Okur & Kahya (2017) 

used the sensitivity method on a cantilever hollow circular cross-section beam whereby 

damage cases were generated by inflicting three cracks into the pipe. The dynamic 

characteristics of the structure were obtained using Operational Modal Analysis (OMA) 

techniques including Enhanced Frequency Domain Decomposition (EFDD) and 

Stochastic Subspace Identification (SSI) methods. An automated model updating 

method that utilised the modal sensitivity method based on Bayesian parameter 

estimation was used to minimise the differences between the model and measured 

modal parameters for damage detection. The investigation determined that there was a 

non-monotonic decrease in the natural frequencies resulting from the decrease in the 

flexural rigidity of the beam at the cracked section. Also, the location of damage was 

identifiable using 1-COMAC, since an increase in this value could lead to stiffness 

reduction at the crack location. 

Another study that focuses on damage detection based on modal data obtained using 

OMA was conducted by Hansen et al. (2017). In this investigation, mass-normalised 

mode shapes were obtained by combining OMA with a FE model that represented the 

structure and were used to identify the location and severity of damage. An experiment 

on a T-shaped structure was used to demonstrate the validity and limitations of the 

method. The method focuses on changes in the structure due to added mass at targeted 

locations. While this approach did not exactly simulate a crack on the structure, it did 

simulate ice accretion on wind turbines, which could lead to safety issues and further 

damage. 

One of the main challenges of damage identification via model updating is addressing 

the difference between the number of measured points on a structure and the DOFs in 

the corresponding FE model. Researchers have mainly taken two approaches to address 

this issue. The first approach is to reduce the FE model to match the measured DOFs. 

Friswell & Mottershead (2013) describe the early formulations of model reduction. One 

of the earliest techniques used to reduce FE models was the Guyan static reduction 
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(Guyan 1965). However, this method neglected the inertia terms resulting in large errors 

for the higher modes. Guyan reduction was modified into dynamic reduction and was 

used by Paz (1984) to reproduce the exact response of the structure at a chosen 

frequency. The Improved Reduced System (IRS) was then introduced by O'Callahan 

(1989) to improve static reduction by including inertia terms as pseudo static forces. 

Also, the System Equivalent Reduction Expansion Process (SEREP) by O'Callahan, 

Avitabile & Riemer (1989) reduced models with no loss of accuracy for the lower 

modes using computed eigenvectors to produce the reduction transformation matrix. 

These techniques have formed the basis of several of the model reduction and expansion 

techniques used in current literature.  

More recently, Mousavi & Gandomi (2016) introduced an iterative hybrid method 

based on dynamic condensation to detect damage in structures with incomplete modal 

data. With the reduced model, iterative damage detection was used based on the residual 

modal force vector. The technique was used to detect the location and severity of 

damage in a simulated cantilever beam, and a 2D and 3D frame structure. Sun & 

Büyüköztürk (2016) proposed a probabilistic method for Bayesian model updating with 

incomplete modal data. The authors used the iterated improved reduction system 

technique proposed by Friswell, Garvey & Penny (1995) to iteratively reduce their mass 

and stiffness matrices so that their 8 DOF shear building model could be compared with 

the 4 points measured experimentally. The results showed that with the condensation 

technique, the method was capable of providing uncertainty analysis of the model 

parameters and had potential to be used as a tool for the probabilistic condition 

assessment for SHM.  

Hosseinzadeh et al. (2016) proposed a method to detect damage by introducing an 

efficient objective function based on MAC and modal flexibility matrix. The method 

used Democratic Particle Swarm Optimisation (DPSO) to minimise an objective 

function that relied on the search for a geometrical correlation between two vectors thus 

assessing damage in different structure types. During this procedure, the model was 

reduced using the Neumann Series Expansion-based Model Reduction approach 

proposed by Yang (2009). The method was demonstrated numerically on a steel plane 

truss, shear frame and asymmetric plane frame model, and experimentally on a five-

storey shear frame model. In all cases, the FE model was reduced to the measured DOFs 
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and was able to detect damage up to an accuracy of 5% when 5% noise was present. In 

addition to this, the errors between the simulated and estimated damage for the 

experimental case were less than 5% for all cases. Hence it was concluded that the 

method is practical for SHM when sparse sensors are installed on the structure. 

Reducing a FE model in the updating procedure also has the added benefit of improving 

computational efficiency of FE computations. Weng et al. (2014) investigated a 

dynamic condensation approach to calculating eigensensitivity for large and complex 

structural systems. The method aimed to improve the efficiency of sensitivity-based 

model updating using iteratively updated derivatives of the condensed system matrices 

and a transformation matrix. The results of the study showed that the computational 

performance of the proposed dynamic condensation method was more efficient than the 

traditional global method in terms of multiplication counts and running time.  

Researchers have also explored methods to expand measured data to match with the FE 

model. The approaches used to expand modal data are similar to those that are used to 

reduce it. Friswell & Mottershead (2013) provide a method to expand mode shapes 

using the mass and stiffness matrices of a finite element model. Also, the SEREP 

technique, mentioned previously, can be used to expand data in addition to reducing it. 

These techniques are still being used in current literature. 

For instance, Entezami, Shariatmadar & Sarmadi (2017) derived a modified sensitivity 

function of MSE based on Lagrange optimisation to adapt the initial sensitivity 

formulation of MSE for damage identification. In this procedure, the incomplete modal 

data was expanded to the FE model using SEREP. Then the proposed Regularisation 

Least Squares Minimal Residual method was used to overcome the issues caused by 

having incomplete noisy modal data and the ill-conditioning of rectangular sparse 

sensitivity matrices. The method was demonstrated on a numerical truss model where 

damage was simulated by reducing the axial rigidity in targeted elements. To simulate 

the incompleteness of mode shapes, 8 of the 21 DOFs were considered as “measured 

data”. In addition to this, the first five eigenvalues were considered for updating. The 

results from the numerical study demonstrated that the method could locate damage 

even with the incomplete modal data, and that the improved sensitivity function of MSE 

was more sensitive to damage than the initial sensitivity function. 
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Methods to reduce FE models and expand modal data will be explored in this thesis to 

address the limited sensor issue in which the number of DOFs in the FE model exceeds 

the DOFs measured from the structure. 

2.7.2. Frequency Domain Methods 

One of the major drawbacks of using modal parameters for model updating is that they 

can be difficult to obtain. In the past several years, researchers have explored methods 

to update models using FRF data. Huang et al. (2012) proposed an FRF based model 

updating approach to detect damage in a controlled building equipped with semi-active 

friction dampers.  The method was tailored around adding a known stiffness using semi-

active friction dampers. Damage detection was then achieved based on the identified 

stiffness parameters of structural members of both the original and damaged buildings. 

The method was demonstrated using a numerical simulation of a shear-building model 

with semi-active friction dampers, and the results showed that the method was capable 

of locating and quantifying single and multiple damages in the building. It was also 

pointed out that using FRFs for damage detection yielded more accurate results than 

modal based methods, and that it was necessary to test the method in the laboratory 

environment before applying it to real buildings. 

Mohan, Maiti & Maity (2013) investigated the effectiveness of using Particle Swarm 

Optimisation (PSO) to detect structural damage based on FRF data. A comparison was 

made between PSO and Genetic Algorithms (GA) in their ability to detect the location 

and severity of damage in a numerical cantilever beam structure and frame structure. 

The research found PSO to be more reliable in predicting damage than GA. 

Additionally, using FRFs as input responses had better accuracy than using natural 

frequencies, as FRFs contained information on natural frequencies and mode shapes. 

Shadan, Khoshnoudian & Esfandiari (2016) proposed a sensitivity equation that reduced 

the effects of incompleteness in FRF data for model updating by creating a new 

approximation to estimate the unmeasured FRF. The idea behind this method is that 

damage does not significantly change the general form of the FRF, although the shifts in 

the natural frequencies do occur. It was assumed that if the damage was not significant 

then each part of the FRF surrounding a particular mode should move based on the 

change in resonance. The method was tested on a numerical simulation of a truss 
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structure, and the results showed that the method could detect the location and severity 

of damage with limited measured FRFs. The authors pointed out that this method 

needed to be further investigated experimentally. 

Another developing area in frequency domain based damage detection methods is the 

use of transmissibility functions (TFs). Ribeiro, Silva & Maia (2000) generalised the 

concept of transmissibility and pointed out its potential for damage identification. The 

method is based on the ratio of two output signals in the frequency domain. Like FRFs, 

the method is capable of extracting damage sensitive features from a structure using raw 

measurements. However, the advantage to using TFs over FRFs is that TFs do not 

require information of the input force. This is favourable in practical applications, as the 

need to measure a force signal from an impact hammer would be eliminated from the 

damage detection procedure. Johnson & Adams (2002) conducted a numerical and 

experimental investigation on using transmissibility as a differential indicator for 

structural damage. The basis of their investigation was that zeros are much more 

sensitive than poles for damage localisation. Since TFs are determined purely by system 

zeros, they are potentially better indicators of localised damage. The method was 

demonstrated on a numerical 3 DOF nonlinear system and an experimental sheet metal 

panel with patterns simulating typical aircraft “hot spots”. Maia et al. (2011) introduced 

a method to detect and quantify damage using TFs measured along the structure. The 

authors compared the Transmissibility Damage Indicator (TDI) to the Damage and 

Relative damage Quantification Indicator (DRQ), which was based on FRFs, to detect 

damage. The methods were tested numerically and experimentally on a beam, and it 

was found that TDI was much more sensitive to damage than the DRQ. Additionally, 

combining responses considering various forces acting on a structure and measurement 

points significantly enhanced the results of TDI for damage detection and 

quantification. 

Following this, model updating methods have been developed based on the 

transmissibility matrix. For instance, Li, Law & Ding (2012) proposed a substructural 

damage identification method based on the reconstruction on dynamic response in the 

frequency domain. The method was based on using the transmissibility matrix to 

transform the measured responses to responses at other locations. Damage detection 

was achieved using the dynamic response sensitivity-based model updating method (Lu 
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& Law 2007) where the residuals were based on the difference between the measured 

response vector and the reconstructed response vector. The method was used to detect 

the location and severity of damage in a targeted substructure of a seven-storey frame. It 

was found in the numerical case study that the location and extent of damage could be 

accurately identified. However, noise was a major issue that caused uncertainties in the 

system with large false positives. Experimentally, a baseline model was updated using 

data collected from the structure in its healthy state. The damage location and extent 

could be accurately detected with two damage scenarios.   

With the same experimental setup, Li, Hao & Lo (2015) introduced the power spectral 

density transmissibility (PSDT) method for structural damage identification. In this 

investigation, structural damage was located and quantified using the dynamic response 

sensitivity-based model updating approach in which damage identification was achieved 

by minimising the difference between measured and reconstructed power spectral 

density functions. The sensitivity matrix was numerically determined using the 

sensitivities of targeted auto-spectral density functions with respect to the updating 

parameter. This method was tested numerically and experimentally on the seven-storey 

plane frame structure, and it was found that the damage location and extent could be 

identified in both case studies. 

Alternative approaches in regard to damage identification via transmissibility have been 

explored. Meruane (2013) investigated model updating-based damage identification 

methods using anti-resonant frequencies identified with TFs. The author argued that 

antiresonances could be identified more easily and accurately than mode shapes and 

provided the same information as mode shapes and natural frequencies together. The 

model updating procedure used GA to minimise the discrepancies between the 

analytical and measured anti-resonant frequencies by adjusting the updating parameters. 

The method was tested in the 8 DOF mass-spring system designed by the Los Alamos 

National Laboratory and a car exhaust system. In addition to this, the damage 

penalisation technique (Meruane & Heylen 2011) was used to avoid false positives in 

damage. The results of this experiment showed that structural damage could be located 

and quantified using anti-resonant frequencies obtained from TFs alone. 

Further unique novel approaches based on frequency domain damage identification 

have been explored. Mao & Lu (2017) proposed the use of artificial boundary condition 
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(ABC) frequencies for structural damage identification. The concept behind this method 

was that modal frequencies in a structure with perturbed support conditions could 

provide extra modal information for damage assessment. Instead of physically adding 

additional constraints to the structure, the modal frequencies with ABC are determined 

by measuring a 2x2 FRF matrix on the structure at two specified points and identifying 

the singularities of the inverted FRF matrix. This method was tested on an experimental 

fixed-fixed steel beam, and the results showed that the method could reliably detect 

damage location and severity for single and multiple damage scenarios. 

This literature review showed that even though frequency domain model updating 

approaches to damage identification had been well established pre-2010, new novel 

approaches are still being explored in the area. Data interpolation, transmissibility 

functions and artificial boundary conditions are examples of new approaches to FRF 

based model updating for damage identification. 

2.7.3. Time Domain Methods 

Model updating using time domain data has the advantage of achieving model 

optimisation without the need for transforming the data to the frequency domain. Fu, Lu 

& Liu (2013) presented a time domain sensitivity-based model updating approach to 

identify local damages in isotropic plate structures using measured dynamic responses. 

For damage identification, the penalty function method was used with Tikhonov 

regularisation and a time varying response sensitivity matrix to iteratively adjust the 

updating parameters via a damped least squares method. The method was demonstrated 

numerically on two plates where damage was simulated by reducing the stiffness of 

targeted elements. Experimentally, the method was shown using a steel plate where 

damage was simulated with a reduction of thickness in a targeted area. The results of 

this study showed that artificial noise could have a significant effect on damage 

detection results. However, the results could be improved by using more measurement 

points and longer durations in the time history.  

Li & Law (2012) presented a substructural damage identification method based on 

dynamic response reconstruction under moving vehicular loads. The method used a 

transmissibility matrix based on the impulse response function to formulate the 

relationship between two sets of time response vectors from a substructure. In this 

method, structural damage was detected using the dynamic response sensitivity-based 
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method where local damage was simulated by reducing the stiffness of the damaged 

element. The sensitivity matrix was based on the partial derivatives of the reconstructed 

response with respect to the elemental stiffness factors. The residuals were based on the 

difference between the measured response vector and the corresponding reconstructed 

response vector. Adaptive Tikhonov regularisation was also implemented to improve 

the damage identification results in the presence of noise. A numerical study was 

conducted in which a bridge deck was excited with a moving load, and the results 

indicated that local damage could be identified with 5% noise in the measured data. The 

advantage of this method was that it did not require the time histories of moving loads 

and interface forces on a substructure. 

Another method based on vehicular excitation was introduced by Zhan et al. (2011). 

The study proposed an approach for using train-induced responses and sensitivity 

analysis to evaluate the condition of railway bridges. A train-bridge dynamic interaction 

analysis was used to calculate the dynamic responses of the bridges under moving trains 

composed of multiple vehicles. The stiffness variation of the bridge elements was used 

as a damage index, and the sensitivities of train-induced vibrations to structural damage 

were analysed. The penalty function method was used to identify damage based on a 

time varying sensitive matrix of the dynamic responses with respect to damage indices. 

The method was tested numerically on a simply supported beam and a continuous 

bridge. The results showed that the method was stable in the presence of up to 10% of 

noise, and that it was insensitive to track irregularity. 

Based on Bayesian principles, Pokale & Gupta (2014) used a particle filtering algorithm 

to estimate changes in damping and flexural rigidity of a beam using time domain 

experimental measurements. Hence, the size and location of a crack could be estimated 

using the principles of fracture mechanics and particle filtering. The advantage of this 

method was that it did not require a baseline measurement from an undamaged beam. 

The results demonstrated that the method could detect the approximate location and 

severity of damage.  

Wang et al. (2013) developed a time domain damage identification method. In this 

method, an ARMAX model was calibrated using data simulated from a FE model of a 

steel pipe laid in soil with different damage scenarios. The ARMAX model was then 

used to identify damage using a model updating process based on the clonal selection 
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algorithm (CSA). The CSA model was used to update the damage location and severity 

within the ARMAX model to maximise an objective function that reflected the average 

estimation accuracy using ARMAX to model the FE model output. The method was 

demonstrated numerically and experimentally, and it was found that the method could 

identify damage in the updating process and was computationally efficient, since 

ARMAX was a mathematical model. 

Yao & Pakzad (2014) introduced two regression-based methods to estimate local 

stiffness loss in a frame structure using its local acceleration response. The Time 

Domain Regression Method (TDRM) used reconstructed displacements, and the 

Frequency Domain Regression Method (FDRM) was based on signal autocorrelation/ 

cross-correlation spectra. The methods were applied numerically on a five DOF shear 

frame model, and experimentally on a five DOF aluminium-plexi glass structure and a 

seven DOF steel mass-spring model. The results showed that both methods could 

successfully detect damage. However, FDRM was found to be superior in that it was 

more accurate, more robust to noise and less computationally expensive. 

From the included studies, it is evident that several novel approaches to damage 

identification using model updating in the time domain have been proposed including 

the use of excitation from vehicular loads, time varying sensitivity matrices, the 

updating of ARMAX models and regression techniques. 

2.8. Current Research Limitations and Gaps 

Whilst there has been extensive research in the area of SHM and damage identification 

in the past couple of decades, this literature review has shown that there are still short-

comings with the current body of knowledge. For instance, Magalhães, Cunha & 

Caetano (2012) pointed out that, despite the physical implementations of many SHM 

systems, there was still a limited number of publications that showed clear and useful 

interpretations of the information collected from those systems. Further, many research 

papers that investigated the usage of data from SHM systems on in-situ structures 

focused on the quality of the data received and the effects of noise rather than using this 

data to detect damage (Hu, Wang & Ji 2013; Koo et al. 2013). More recently, 

researchers who did investigate damage detection methods on in-situ structures 

demonstrated that their approach had major limitations. For example, Chang & Kim 
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(2016) conducted an investigation whereby they introduced artificial damage cases to an 

in-situ bridge to test whether they could detect damage. Although the authors were able 

to detect damage from the reduction in the natural frequencies, the mode shapes were 

distorted when damage was applied asymmetrically. Despite this, current literature 

demonstrates that there is a potential to develop damage detection methods further for 

real world applications. 

Another major limitation in damage detection research for SHM applications is that 

many of the methods that have been successfully developed for SHM systems have 

been demonstrated on simplified laboratory models instead of in-situ structures. The 

main problem with this approach is that these models can often be simulated using shear 

models, beam elements and shell elements (Entezami, Shariatmadar & Sarmadi 2017; 

Hosseinzadeh et al. 2016; Mousavi & Gandomi 2016). In contrast, in-situ structures 

often have complex geometries, and cannot be modelled using beam and shell elements 

alone. It is often necessary to use solid elements to realistically model the in-situ 

structure.  

This research aims to reduce the current research limitations and gaps presented in this 

literature review by carrying out numerical and experimental investigations whereby 

laboratory specimens are produced to replicate jack arch components from the Sydney 

Harbour Bridge with their complex geometries. A major challenge in this approach is 

that the specimens cannot be modelled using beam and shell elements alone. The 

specimens can only be modelled using solid elements due to their complex shapes. 

Hence, the system matrices of the FE models are significantly larger, and strategies to 

link the large FE model to the physical specimens with their limited sensor arrays need 

to be considered. 

2.9. Summary 
This chapter presented a literature review on vibration-based damage identification 

methods conducted in the past seven years for structural health monitoring systems. The 

sensing technology has been applied to bridge infrastructures world-wide. However, 

there is little evidence of these systems accurately identifying damage on in-situ 

structures. In addition to this, vibration-based damage identification is still being 

explored on smaller scale models in the laboratory environment. From the review, it 

was found that researchers have developed a wide range of techniques to identify 
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damage. These were divided into model-based and non-model-based techniques. For 

both categories, researchers have investigated damage identification methods in the 

modal, frequency and time domains. In addition to this, damage identification using 

ANNs were also investigated and were categorised in the non-model-based methods.  

Some of the main challenges in this area include the following. 

 Uncertainty in field testing caused by measurement noise, measurement errors 

and environmental influences. 

 Spatially incomplete modal testing caused by the limitations in the hardware 

used for the data acquisition process. 

 Complex behaviour in structures that contain a large number of unknown 

parameters. 

 Identification of the existence, location and severity of damage for different 

damage cases. 

 Identification of small damages and multiple damages. 

 Modelling errors in numerical models. 

Even though researchers are constantly addressing these problems, there still remains a 

large gap between the development of damage identification methods using smaller 

scale models in the laboratory environment and the implementation of these methods on 

real in-situ infrastructures. This thesis aims to reduce this gap by investigating damage 

identification techniques on a complex shaped jack arch structure in a laboratory 

environment. Two methods are proposed for this challenge.  

The first method is motivated by the vast research put into model updating techniques to 

estimate the location and severity of damage. Model updating is essentially a method to 

adjust parameters within a FE model to reduce the discrepancies in the outputs of the FE 

model and data measured from a physical structure. In the real world, in-situ structures 

are large and have complex geometries. However, most of the research conducted using 

the model updating technique for civil infrastructure is conducted on a smaller scale 

laboratory model. In addition to this, the corresponding FE model typically consists of 

shear models and models made of beam elements. In some cases, plate and shell 

elements are also used. When applying these methods to in-situ structures, researchers 

will invariably need to consider complex geometries that can only be modelled using 
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solid elements. This investigation aims to reduce the gap between laboratory testing and 

in-situ structures by investigating damage identification techniques on a jack arch 

structure. A large number of DOFs are typically required to model a solid structure with 

sufficient accuracy. At the same time, the number of sensors for instrumentation is often 

significantly less than the DOF of the FE model. This thesis explores the potential to 

use a linkage model to reduce the FE model and expand the measured data so that the 

two align. Different methods of model condensation and modal expansion are 

investigated to solve this issue. 

The second method is motivated by the recent research put into using ANNs to detect 

damage. These studies investigated the ANNs ability to recognise different damage 

scenarios based on FRF data. Due to the large dimensionality of the FRFs, they were 

compressed using PCA, and were then used as inputs to train the ANNs while the 

damage scenarios were used as the ANNs outputs. Researchers have used this approach 

to show that ANNs are able to detect trained and non-trained cases. However, few of 

these studies elaborated on how the PC scores of the non-train cases can be obtained 

when these cases have no influence on the calculation of the PCs used to transform the 

FRF data into PC scores. In real-life applications, information on the non-trained cases 

will not be available for the calculation of the PCs or the training of the ANNs. Hence, 

it is important to develop a method that is able to perform both these tasks without using 

FRFs of the non-trained cases, and test the performance of the trained ANNs with the 

non-trained cases. This thesis explores this capability, as the non-trained cases should 

have no influence in the calculation of the PCs. 
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Chapter 3  

The Jack Arch Specimens 

3.1. Introduction 
This chapter explains the gaps between practical applications for structural health 

monitoring systems and the development of damage identification methods in the 

laboratory environment. It then presents a case study that sets the motivation for this 

thesis including details on the collaboration between the University of Technology 

Sydney (UTS) and Data61 CSIRO for the Roads and Martime Services (RMS) to 

implement a structural health monitoring (SHM) system on the Sydney Harbour Bridge 

(SHB). It addresses the damage identification algorithms that have been implemented 

onto the bridge and explains their shortcomings. Details on the specimens that will be 

used to investigate damage identification algorithms for the remainder of this thesis are 

then provided. 

3.2. Reducing the Gap between Laboratory and In-situ Structures 
As found in the literature review, there is a wide gap between damage identification 

practices in Structural Health Monitoring (SHM) systems on real in-situ structures and 

damage identification methods developed and tested on laboratory models. Much of this 

gap is due to the large size and complexity of the bridge structures. Most of the 

algorithms developed for damage identification are tested on simplified laboratory 

structures that can be modelled using beam and shell elements. At the same time, in-situ 

structures, which these algorithms are aimed at, possess unique geometric components. 

The literature review showed that complex structures were often simplified to detect 

damage via model updating. For example, Altunışık, Okur & Kahya (2017) investigated 

changes in the dynamic characteristics of a hollow pipe by simulating damage in a finite 

element (FE) model that was constructed using solid elements. However, the model 

used for the damage identification process, based on model updating, was constructed 

using beam elements whereby the updated stiffness parameters of these beam elements 

were used to identify the location and severity of damage. Similarly, Londoño (2006) 

conducted a numerical investigation of damage scenarios on the Confederation Bridge 

in Canada. The structure is a multi-span balanced cantilever bridge with a post-
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tensioned concrete box girder. In this study, the structure was simulated using a 

simplified FE model comprising of beam elements whereby damage was simulated by 

reducing the stiffness of the damaged elements. While this approach was capable of 

capturing the overall dynamic behaviour of the structure, simplification of a FE model 

can often lead to modelling errors when trying to correlate a physical structure to the FE 

model (Mottershead, Link & Friswell 2011). This thesis is aimed at determining novel 

approaches to apply damage identification algorithms to more complex structures so 

that the damage identification methods developed by researchers can eventually be 

applied to in-situ structures. 

3.3. Case Study: The Sydney Harbour Bridge 
The Sydney Harbour Bridge (SHB) forms the motivation for this thesis. The iconic 

structure, opened in 1932, links the north and south sides of Sydney, allowing for 

improved accessibility around Sydney and its surrounding suburbs. The structure is 

operated by the Roads and Martime Services (RMS) and provides access between the 

Sydney central business district and the North Shore for approximately 180,000 

vehicles on a daily basis (Australian Government 2008). In addition to this, it provides 

two railway lanes. Being a significant structure that is heavily relied upon, it is 

important to monitor its condition to ensure that the bridge is safe for the general public 

and will continue to operate reliably to facilitate transportation. The bridge is constantly 

exposed to repetitive traffic loading that causes fatigue and deterioration over time. This 

thesis stemmed from a collaboration between the University of Technology, Sydney 

(UTS) and Data61 CSIRO who instrumented a Structural Health Monitoring (SHM) 

system on the SHB for the RMS. 

The project focuses on the bus lane of the SHB, which is comprised of a series of jack 

arches. The jack arch joints were instrumented with sensor nodes. Each sensor node was 

connected to three tri-axial accelerometers mounted on the left, middle and right of the 

specimen. An initial investigation was conducted on a single span of the bus lane 

consisting of six jack arch joints. Vibration data was collected between early August 

and late October in 2012. During this time, it was known that a crack was present in 

Joint 4 of the span while the other joints were in good condition. This is shown in 

Figure 3.1. 
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a)   b)  

c)  

Figure 3.1. Instrumentation of jack arches and crack locations on the bus lane (Khoa et al. 2014). 

 
The data was collected using an event-based system that captured vibration data as a 

motor vehicle drove across an instrumented joint. An event was triggered after the 

acceleration value met a pre-set threshold and data was collected for a period of 1.5 

seconds at a sampling rate of 400 Hz. The pre-trigger was set to 100 samples and a total 

of 600 samples were collected for each event. Joint 4 was repaired in February 2013 and 

another set of data was collected on the 10th of April 2014. Researchers involved in this 

project have used this data to demonstrate damage identification in the real in-situ 

structure. This research includes but is not limited to the following. 

 Khoa et al. (2014) used support vector machines to generate health scores for 

bridge components and used random projections to reduce the computational 

cost of the method. 

 Mustapha et al. (2015) used the autoregressive and autoregressive with 

exogenous inputs (AR-ARX) techniques to develop a damage index based on 

the variation in the residual errors using the data predicted from a benchmark 

model and the measured data. 

 Alamdari, Rakotoarivelo & Khoa (2017) used spectral moments to identify the 

difference between normal signals and distorted ones. A clustering algorithm 

was then used to identify the jack arches with abnormal responses. 
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 There are more research papers based on this bridge. A list of them can be found 

at https://research.csiro.au/data61/structural-health-monitoring/ 

While these approaches are able to detect damage by identifying changes in the patterns 

of vibration, the overall goal of SHM research is to gain an understanding of how this 

data relates to the characteristics of the structure. The damage identification methods 

developed for the structure so far have been non-model-based. However, model-based 

methods are necessary to identify actual characteristics from the structure based on the 

measured data. This is a challenging feat due to the complexity of the structure, 

environmental influences and hardware limitations and has mostly been achieved in a 

controlled laboratory environment with a simplified model. This research aims to bring 

laboratory testing a step closer to the physical structure by conducting laboratory testing 

on a jack arch structure. This investigation deviates from other laboratory damage 

identification studies in that this jack arch structure cannot be modelled using beam or 

shell elements. Solid elements are often necessary to capture the behaviour of structures 

with complex geometries. 

3.4. Laboratory Testing 
Two laboratory specimens were created to investigate damage identification algorithms. 

These specimens were designed based on the geometry of the jack arch structures. The 

specimens were poured using 32 MPa concrete and each had a 200UB18 steel I-Beam 

embedded within it with 50 mm of concrete cover on both ends. The specimens 

comprised of a jack arch cross section along 1.6 m of their 2.0 m profile. The remaining 

0.4 m was comprised of a rectangular block where it was fixed as a cantilever structure 

using a large steel clamp. An additional support was added one metre from the tip of the 

cantilever structure to simulate a stringer support. The dimensions of the specimen are 

provided in Figure 3.2. One of the specimens is shown in Figure 3.3. Two of these 

specimens were investigated in this study and they will be denoted as Specimen 1 and 

Specimen 2 for the remainder of this thesis. The specimens were nominally identical in 

their healthy states but had different damage scenarios. 
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(a) 

 
(b) 

 
(c) 

Figure 3.2. Dimensioned drawings of jack arch specimens at the (a) front view, (b) external side view, 
and (c) internal side view. 
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Figure 3.3. Photograph of a replicated jack arch specimen. 

 

3.5. Specimen 1 
The experimental setup of Specimen 1 was designed to allow damage to be inflicted 

incrementally on the specimen using a circular saw to generate multiple damage cases. 

In total, there were five condition cases i.e., one healthy case and four damage cases. 

The damage cases are illustrated in Figure 3.4. 

The lengths of the cracks for each condition case are summarised below. 

 Healthy Case: There is no crack 

 Damage Case 1: Crack is 75 mm long 

 Damage Case 2: Crack is 150 mm long 

 Damage Case 3: Crack is 225 mm long 

 Damage Case 4: Crack is 270 mm long 

In addition to this, the crack was measured to have a depth of 55 mm. The data collected 

from this specimen will be used in Chapter 7 to demonstrate the neural networks’ ability 

to interpolate damage cases that have not been trained into the neural network.  
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Damage Case 1 Damage Case 2 

  
Damage Case 3 Damage Case 4 

  
 

Figure 3.4. Incremental damage inflicted on Specimen 1. 
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3.6. Specimen 2 

The experimental setup for Specimen 2 was designed so that changes in the dynamic 

characteristics of the structure resulting from load induced cracks applied incrementally 

could be observed. This time, the specimen was statically loaded using a hydraulic jack 

positioned at the front of the specimen. Figure 3.5 illustrates a photograph of this static 

load setup. The specimen was loaded three times to generate three damage cases.  

 

Figure 3.5. Specimen 2 static loading setup. 
 

Figure 3.6 shows the displacement at the front of the specimen plotted against the force 

applied to it. The displacement was measured using a linear variable differential 

transformer (LVDT), and the force was measured using a load cell. For the first static 

load, a linear loading behaviour was observed until a maximum force of 55.0 kN was 

reached with a measured displacement of 2.3 mm. At this point, the specimen was no 

longer able to support the applied load and with the current hydraulic pressure applied, 

the load had suddenly dropped to 41.2 kN with a measured displacement of 4.1 mm. 

This indicated that there was a significant change to the structure following this event. 

The specimen was loaded further up to a load of 49.5 kN with a measured displacement 

of 5.3 mm. Following this, the load was released from the specimen and the specimen 

was in its Damage Case 1 state. 

Hydraulic jack 

Load 
Cell 

LVDT 
(hidden) 

Clamp 
Secondary 

Support 
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Figure 3.6. Displacement at the front of Specimen 2 during the three static loads. 

The specimen was loaded a second time. The purpose of this damage scenario was to 

increase the severity of the damage caused during Load 1 while not inducing significant 

structural change. The specimen was loaded up to 60.0 kN where a total displacement of 

6.4 mm was measured. Following this, the load was released from the specimen, thus 

generating Damage Case 2. For Damage Case 3, the specimen was loaded until it was 

observed that the specimen could no longer take any additional load. The maximum 

load that the structure could withstand was 66.1 kN with a measured displacement value 

of 7.5 mm. After this point, the measured displacement increased with a lower load until 

a displacement of 9.5 mm was measured with an applied load of 57.5 kN. The load was 

released, thus generating Damage Case 3. After each static load, the specimen was 

inspected for visible cracks. These cracks are shown in Figure 3.7. For Damage Cases 1 

and 2, a single crack was observed. This is referred to as Crack 1 in this report. For 

Damage Case 3, a second crack was observed. This is referred to as Crack 2. For each 

Damage Case, the position and lengths of the cracks were measured from the left and 

right sides of the specimen. These observations are summarised in Table 3.1. 
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(a) 

 
(b) 

Figure 3.7. Cracks identified on Specimen 2 from (a) the top front view and (b) the right-side view. 
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Table 3.1. Details of the cracks observed from Specimen 2. 

Crack 1 Crack 2 
Left (mm) Right (mm) Left (mm) Right (mm) 

Distance from front  1300 1400 980 1000 
Crack depth after load 1 276 277 0 0 
Crack depth after load 2 276 326 0 0 
Crack depth after load 3 317 326 220 305 

 

Specimen 2 will be used to demonstrate the linkage modelling technique used to align 

the degrees of freedom (DOFs) of the FE model to the spatially incomplete measured 

DOFs. The linkage model will be used to estimate the location and severity of damage, 

based on the FRF sensitivity method of model updating. This will be presented in 

Chapter 6. 

3.7. Summary 
This chapter presented the gaps between laboratory tested damage identification 

algorithms and practical SHM implementations. It then provided details on the damage 

identification methods that have been implemented on the Sydney Harbour Bridge so 

far. Details of two identical jack arch specimens that will be used to test damage 

identification algorithms for the remainder of this thesis were then provided. The main 

differences in these specimens are the way that they were damaged. 

Specimen 1 was damaged incrementally using a circular saw to produce four damage 

cases. The data collected from the specimen in the healthy state and the four damage 

cases will be used in Chapter 7 to demonstrate that the ANN can interpolate the severity 

of damage for the non-trained cases.  

Specimen 2 was damaged incrementally using static loading to produce three damage 

cases. The data collected from the specimen will be used to demonstrate the linkage 

modelling technique, which aims to find an intermediary between the FE model and the 

spatially limited sensor measurements. Following this, an FRF sensitivity method of 

model updating is used to identify the location and severity of damage. Details of this 

method will be provided in Chapter 6. 
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Chapter 4  
Experimental Modal Analysis  

4.1. Introduction 
This chapter describes the experimental modal analysis (EMA) procedure used to 

identify the modal parameters of the two jack arch specimens detailed in Chapter 3. 

First, the theory and procedure behind the EMA used in this investigation is described. 

Then the procedure is conducted on both specimens in all their condition states. Lastly, 

the FRFs and modal parameters identified from all the conditions states of each 

specimen are compared to observe how damage has changed the dynamic 

characteristics of the specimen. 

4.2. Fundamentals of Experimental Modal Analysis 
Experimental modal analysis (EMA) is used to identify the dynamic characteristics of a 

structure using information on its excitation and its resulting vibrational responses. It 

involves the physical testing and acquisition of vibration data from a test structure, and 

the process of obtaining the modal parameters such as the natural frequencies, damping 

ratios, and mode shapes from the acquired data. In general, EMA can be divided into 

three major steps. The first is signal processing, followed by frequency response 

function (FRF) and modal parameter estimation. 

4.2.1. Signal Processing 

In EMA, signal processing is used to capture and analyse data from a physical structure. 

This usually requires analogue signals to be converted into a corresponding set of digital 

values. The transformation of the digital data from the time domain to the frequency 

domain using Fourier analysis also needs to be considered. A major concern in this 

procedure is that the Fourier transform algorithm uses discrete data over a limited time 

period, which could introduce digital processing errors such as leakage and aliasing 

(Friswell & Mottershead 2013). Additionally, electrical noise interferences on 

transducer signals caused by power supply noise, cabling motion and rattles can also 

cause errors. In signal processing, various techniques are used to reduce these errors as 

much as possible to obtain an improved spectrum of results. Figure 4.1 illustrates the 
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process used to acquire and convert physical quantities from analogue signals to digital 

signals during modal testing. 

 

Figure 4.1. Measurement hardware for modal analysis (Friswell & Mottershead 2013). 
 
Transducers are used to capture the physical motion of a structure as it is excited and 

converts this information into electrical signals. Common types of transducers used for 

vibration measurements in mechanical and structural applications include piezoelectric 

accelerometers and force transducers. Piezoelectric sensors are mostly made of 

materials such as quartz or ceramic. An electrical charge is generated when a 

piezoelectric sensor undergoes a change in load, such as compressive or tensile force. 

Generated charge can be measured by preloading the internal frictional forces. These 

types of sensors can usually be used to measure signals within a wide frequency range. 

Electrical signals obtained from transducers require conditioning and amplifying before 

they can be captured. A signal conditioner conditions the analogue signals from the 

transducer into voltage proportional to the measured physical quantities. Signal 

amplifiers increases the strength of the input signal, and therefore improves the signal-

to-noise ratio. 

There are factors that need to be considered in signal processing that can result in the 

loss of accuracy of the signals, such as aliasing and spectral leakage. Aliasing occurs 

when the sampling rate is less than twice the highest frequency in the data. This leads to 

the Fourier transform being unable to distinguish between frequencies that are within 

and outside of the analysis band (Friswell & Mottershead 2013). Aliasing distorts the 

representation of data and can lead to a significant error in the frequency interpretation 
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of the vibration data. Aliasing typically occurs when converting analogue data to digital 

data. Figure 4.2 illustrates how the frequencies in a signal can be incorrectly interpreted 

when aliasing occurs. 

 

Figure 4.2. Aliasing phenomenon (Friswell & Mottershead 2013). 

The effects of aliasing can be minimised by capturing data at a sampling rate of at least 

twice the highest frequency present in the data. This is presented in Shannon’s 

Sampling Theorem shown in Eq. 4.1. 

 

  

Eq. 4.1 
 

To minimise the effects of aliasing, the sampling frequency should be at least twice the 

Nyquist frequency ( ), which is greater than the highest waveform frequency 

( ). After digitising the data, frequencies that exist above  will appear as 

frequencies below . This can be prevented using an anti-aliasing filter, which is a 

low pass filter with a sharp cut-off (Friswell & Mottershead 2013). 

An analogue-to-digital converter (ADC) is used to convert the analogue input signal 

into digital data. The acquired continuous signal is sampled and converted into a 

discrete time series digital signal where the time interval between two samples is the 

inverse of the sampling frequency. The resolution of the digital signals is equivalent to 

2B, where B is the number of bits used in the ADC. 
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Following the digitising process, the measured time signals are discretised into a 

sequence of values often referred to as discrete time series. In a discrete time series, 

values are only defined at discrete values of time. Discrete time signals are also known 

as signals in the time domain and usually consist of many frequency components that 

are superimposed. The Discrete Fourier Transform (DFT) is a technique that can be 

used to convert time domain signals to the frequency domain and is defined in Eq. 4.2 

(Maia & Silva 1997). 

 
 Eq. 4.2 

 
where  is the discrete time series value at sample ,  is the 

frequency domain signal at sample , and  indicates an imaginary number. The concept 

behind the DFT is illustrated in Figure 4.3. One of the major issues with the DFT is that 

it requires nearly  complex multiply-and-add operations, which can be problematic 

when there are a large number of samples in the discrete time series. The Fast Fourier 

Transform (FFT) was proposed by Cooley & Tukey (1965) to rapidly compute Fourier 

transformations by factorising the DFT transformation matrix into a product of sparse 

factors (Van Loan 1992). The FFT has since been the most commonly used algorithm to 

transform data from the time domain to the frequency domain. 

 

Figure 4.3. Discrete Fourier Transform Concept (Allemang 1999). 
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There are problems that can occur during the FFT process. The artificial truncation of 

sampled data can result in the unwanted distortion known as leakage (Maia & Silva 

1997). The leakage problem is commonly overcome by using a windowing function that 

weighs the original time history data to reduce the noise distortion and leakage effect. A 

few examples of developed windowing functions include uniform, hamming, hanning, 

force and exponential windows. The latter two are commonly used in modal analyses 

that are based on hammer excitation. A force window is usually applied to the impact 

excitation to remove noise from the impact signal. The impulse signal should ideally be 

non-zero for a short excitation duration (e.g. a hammer impact) and zero for the 

remaining time. Hence, any non-zero data after the impulse signal is assumed to be 

noise and is set to zero as demonstrated in Figure 4.4a. Exponential windows are 

usually applied to response signals to ensure that the transient signals decay sufficiently 

at the end of the sampling period, as illustrated in Figure 4.4b. This decay is applied by 

introducing artificial damping to the measurement signals (Friswell & Mottershead 

2013). 

 
(a) 

 
(b) 

Figure 4.4. Windowing functions (a) force window, and (b) exponential window. 

4.2.2. Frequency Response Function 

FRFs are commonly used for dynamic system identification in many industries, 

including structural engineering, automotive and machine tool industries. The general 

procedure for obtaining and using FRFs for system identification is illustrated in  

Figure 4.5. 
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Figure 4.5. Obtaining Frequency Response Functions (Agilent Technologies 2000). 

FRFs contain information on the input-output relationship in a system. For modal 

analysis, this is typically the relationship between the force input and the response 

output. The FRFs are obtained using transducers that record an electric output signal 

from the test structure and an input signal from its excitation source. In modal testing, 

the input signal  describes the force applied to the structure using a modal hammer, 

and  is the response motion signal captured using accelerometers that are attached 

to the structure. Here, both signals are expressed in the frequency domain. The FRF, 

, for each point on the system is the ratio of the output to the input of the system in 

the frequency domain as shown in Eq. 4.3. 

 
 Eq. 4.3 

 

In practical testing, FRF data can be estimated from measured data using two different 

FRF estimators. For the first FRF estimator, the cross input-output spectrum  is 

normalised by the input auto-spectrum  and is described by Eq. 4.4. 

 
 Eq. 4.4 

 

where  is the cross spectrum and  is the 

input auto-spectrum. The overbar denotes the complex conjugate. For the second FRF 
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estimator, the auto-spectrum of the output  is normalised by the cross input-

output spectrum  and is defined as Eq. 4.5. 

 
 Eq. 4.5 

 

where  is the output auto-spectrum. FRFs can be presented in 

the Cartesian form where the real and imaginary components of the FRF are plotted 

against frequency, or the polar form where the magnitude and phase are plotted against 

frequency. In the Cartesian form, the imaginary component reaches a maximum or 

minimum while the real part reaches zero at resonance. In the polar form, the magnitude 

reaches a maximum at resonance while the phase lag approaches 90°. This concept is 

illustrated for a single-degree-of-freedom (SDOF) system in Figure 4.6. These 

characteristics are used to identify the modal parameters of a structure from the FRFs. 

(a) 
 

(b) 

Figure 4.6. FRF graphs in (a) Cartesian, and (b) polar form for a single-degree-of-freedom system. 
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4.2.3. Modal Parameter Estimation 

The modal parameters of a system include its natural frequencies, damping ratios and 

mode shapes. For numerical models, the modal parameters can be identified by 

performing an eigenvalue analysis of the system matrices. In experimental modal 

analysis (EMA), the modal parameters can be obtained from either the FRF in the 

frequency domain or from the impulse response function (IRF) in the time domain. The 

different methods used to estimate modal parameters are illustrated in Figure 4.7. 

 

Figure 4.7. Modal parameter estimation methods (Schwarz & Richardson 1999). 

In EMA, FRFs and curve fitting techniques are typically used to estimate the modal 

parameters of a structure in the frequency domain. The curve fitting process generally 

involves fitting a mathematical model to a set of measured data points by minimising 

the squared error between the analytical function and the measured input-output data. 

All curve fitting methods fall into the following four categories. 

 Local Single Degree of Freedom (SDOF) 

 Local Multiple Degree of Freedom (MDOF) 

 Global Methods 

 Multi-Reference Methods 
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SDOF methods estimate one set of modal parameters at a time as opposed to MDOF 

global and multi-reference methods that can estimate the modal parameters for two or 

more modes at a time (Schwarz & Richardson 1999).  

In the early applications of EMA, modal parameter estimation was commonly 

performed using SDOF curve fitting methods. These methods could extract all three 

modal parameters directly from a set of FRF measurements. More recently, most EMA 

methods are MDOF methods, which also uses curve-fitting techniques to identify the 

modal parameters of a structure. These methods typically use numerical techniques that 

separate the contribution of individual modes present in measured FRFs by estimating 

the individual SDOF contributions to the MDOF measurement. This concept is 

illustrated Figure 4.8. 

 

Figure 4.8. MDOF represented by SDOF superposition (Allemang 1999). 

 
Several MDOF-based methods have been developed over the past few decades 

including complex exponential, rational fraction polynomial, poly-reference frequency 

domain and matrix decomposition methods. In this study, the Least Squares Complex 

Exponential (LSCE) method is implemented using the software Siemens LMS Modal 

Analysis 15A. This method is a single-input-multi-output (SIMO) method that is 

capable of simultaneously processing several IRFs obtained by exciting a structure at a 

single point and measuring the responses at multiple locations. It can be used to extract 

the natural frequency, damping ratios and mode shapes of the structure. Since the data is 

all analysed simultaneously, global estimates of the structure can be obtained. Consider 

the expression for IRF in Eq. 4.6 
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 Eq. 4.6 

 
where  is the IRF between the response at DOF  and the reference at DOF  at 

time ,  is the residue value for mode ,  is the pole value for mode ,  is the 

number of modes and * denotes the complex conjugate. In this expression, the pole 

values  are not a function of an individual response output; rather they are a global 

characteristic of the structure and are the same for any measured FRFs on the structure. 

A stabilisation diagram plots the results of both the computation of the covariance 

matrix and the identification of an increasing number of modes. Stabilised poles are 

then chosen from this diagram for modal parameter estimation. 

4.3. Modal Testing Hardware and Procedure 

EMA was performed to identify the dynamic characteristics of the jack arch specimens 

with all their condition cases. In each modal test, a modally tuned impact hammer (PCB 

086 D05) was used to excite the structure at certain reference points, and the responses 

of the specimens were measured using piezoelectric accelerometers (PCB 352 C34). 

Both of this equipment sent signals to the data acquisition (DAQ) system, which 

consisted of a Chassis (PXIe-1073) containing two Sound and Vibration Modules 

(PXIe-4492). The modules themselves included a signal conditioner and built-in 

antialiasing filters. With each impact sample, the DAQ system sent discrete time signals 

to the computer system as voltage signals. The National Instruments SignalExpress 

software was used to convert the voltage signals into force and acceleration 

measurements, and store this data onto the computer hard drive. The FRFs were then 

processed in MATLAB using the H1 estimator. The Time MDOF Module in the 

Siemens LMS Modal Analysis package, which utilises the LSCE method for modal 

analysis, was then used to extract the modal parameters of the structure. The schematic 

for the physical modal test is shown in Figure 4.9. 
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Figure 4.9. Measurement hardware for modal testing. 

All impact samples were collected over a period of two seconds at a sampling rate of 

8 kHz for Specimen 1. Although, after reviewing the data from Specimen 1, it was 

found that the 8 kHz sampling rate was unable to capture a smooth profile for the force 

input. Hence, the sample rate was increased to 20 kHz for Specimen 2 to obtain a 

smooth force input profile. While it could be argued that the sampling rate of 8 kHz is 

more than enough for civil applications, the experiments were time constrained and 

were conducted based on the understanding that the data could always be down-sampled 

and not up-sampled. A windowing function was not used for any of the signals, as both 

the force and response measurements had decayed sufficiently after the initial impact as 

illustrated in Figure 4.10. When conducting modal analysis with the FRF data, it is 

important to consider the frequency range. In general, the force level of the force input 

into the structure in the frequency domain is relatively constant up to a cut-off 

frequency, which is usually taken as 10 dB below the maximum power (Friswell & 

Mottershead 2013). This cut-off frequency typically increases by using a stiffer hammer 

tip or lower hammer masses. It is essential that the cut-off frequency lies above all 

modes of interests, as the hammer will not excite the structure with sufficient energy at 

frequencies above the cut-off frequency. An example of the auto-spectrum of a force 

input is shown in Figure 4.11. At 10 dB below the maximum power, the frequency is 

approximately 2,250 Hz. Hence, any frequency above this point is unreliable. 
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(a) 

 
(b) 

Figure 4.10. Time history of an impact sample of the (a) force, and (b) acceleration. 

 
Figure 4.11. Auto-spectrum of force excitation. 
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4.4. Experimental Setup and Testing of Specimen 1 

4.4.1. Modal Test Setup for Specimen 1 

The focus of Specimen 1 was to study the changes in the dynamic characteristics of the 

structure resulting from damage inflicted incrementally on the specimen using a circular 

saw. As shown in Figure 3.4, the damage was designed to occur at the front of the 

specimen. To observe these changes, fifteen accelerometers were placed near the front 

of the specimen using the schematic shown in Figure 4.12. 

 
Figure 4.12. Accelerometer placements for Specimen 1. 

The six impact locations (IL) chosen for excitation are shown in Figure 4.13, and 

provided an abundance of data for modal parameter identification. The information 

obtained from either Impact Location 1 or 3 alone was sufficient to detect the modal 

parameters of the structure, as it was found to excite all the modes that could be 

identified from the other impact locations.  
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Figure 4.13. Impact Locations for Specimen 1 viewed from the top. 

For each test, the sampling rate was set to 8 kHz with 16,000 time domain data points 

being recorded. In the frequency domain, this was equivalent to a frequency range of up 

to 4 kHz with 8,000 data points, considering Shannon’s sampling theorem. Thus, giving 

a frequency resolution of 0.5 Hz per data point. 20 impact samples were collected per 

impact location for both the healthy and the damaged cases, and a pre-trigger delay was 

set to capture 1,000 data points before the impact to ensure that the entire impact 

excitation signal was captured.  

The input and response time history measurements obtained from the modal tests were 

then converted to the frequency domain using the FFT. The FRFs were then obtained 

using the H1 estimator, which determined the ratio between the accelerometer response 

and force signals in the frequency domain. Thus 20 FRFs were produced per condition 

case. For each case, the FRFs were a repeatable feature, and hence, the FRFs that were 

identified as outliers were removed. The remaining FRFs were averaged to minimise the 

effects of random noise while emphasising its repeatable features. 
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4.4.2. Experimental Modal Analysis Results of Specimen 1 

After conducting the modal test on Specimen 1 during all five of its condition cases, the 

FRFs were calculated based on the H1 estimator. For this report, the results from IL3 

will be presented. IL1 was impacted with 200 samples per damage case for the neural 

network training described in Chapter 7. As a result, the surface at IL3 was smoother 

than the surface at IL1, leading to more consistent impacts. IL3 is therefore considered 

for the modal analysis in this chapter. For this specimen, the driving point FRF is taken 

to be the ratio of the output at A10 and the input at IL3 in the frequency domain.  

Figure 4.14 shows the comparison between the FRFs obtained from the different 

condition cases with the force input at IL3 and the measured response at A10. 

 

Figure 4.14. Comparison of the FRFs obtained from all condition cases of Specimen 1. 

It is clear from Figure 4.14 that the FRFs are similar for all condition cases. The 

structural damage caused by the saw was minor and therefore did not significantly 

affect the global dynamic characteristic of the structure. To investigate this further, the 

first six identifiable modes were considered. The stabilisation diagram displays 

information on multiple curve fitted FRFs based on the LSCE method with increasing 

model sizes, which are defined by the number of poles in the curve fit FRF. The 

diagram is plotted with symbols indicating the type of poles identified in the curve fit 

FRF.  
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The poles are described as the following (Siemens LMS 2015). 

 o – The pole is not stable. 

 f – The frequency of the pole is not within the tolerance. 

 d – The damping and frequency of the pole are not within the tolerances. 

 v – The pole vector is not within the tolerance. 

 s – Frequency, damping and vector are stable within the tolerances. 

The default tolerance values were used in this modal analysis where the vector, 

frequency and damping tolerances were 2%, 1% and 5% respectively. Figure 4.15 

shows the poles for each curve fitted FRF corresponding to the model size shown on the 

right of the stabilisation diagram. Ideally a mode can be identified by selecting a stable 

mode as indicated by a vertical line of ‘s’ poles. The first six identifiable modes were 

selected from the poles in the stabilisation diagram as illustrated in Figure 4.15. 

Particular attention is paid to Mode 3, which appears to have two dominant peaks. A 

single pole between these two peaks in one of the lower order models is selected to 

represent this mode. The resulting curve-fitted FRF is illustrated in Figure 4.16, which 

shows a single peak being used to represent the two peaks of Mode 3. The modal 

parameters identified in this analysis are summarised in Figure 4.17. Mode 1 is a 

vertical bending mode, Modes 2, 4 and 6 are torsion modes, Mode 5 is an in-plane 

bending mode and Mode 3 appears to be an asymmetric vertical bending mode. This is 

likely because the mode was produced as a result of curve fitting a single peak from two 

close peaks, which was most likely caused by asymmetry in the structural system 

(Davini, Morassi & Rovere 1995). 
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Figure 4.15. Stabilisation diagram for the healthy case of Specimen 1. 

 

 

Figure 4.16. FRF curve-fitted after choosing stable poles from original FRF for Specimen 1. 
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Mode 1 
NF = 44.7 Hz  
Damp = 2.6 % 

 

Mode 2 
NF = 179.7 Hz  
Damp = 1.1 % 

 

Mode 3 
NF = 270.1 Hz  
Damp = 2.0 % 

 

 

Mode 4 
NF = 571.1 Hz  
Damp = 0.9 % 

 

Mode 5 
NF = 904.0 Hz  
Damp = 0.6 % 

 

Mode 6 
NF = 973.5 Hz  
Damp = 0.5 % 

 

 
Figure 4.17. The first six identified modes for Specimen 1 in its healthy state using IL3. 

 

This modal analysis procedure was repeated for all four of the damage cases. The 

Modal Assurance Criterion (MAC) was used to compare the modes of the healthy case 

to those identified from the damaged cases. MAC is defined by Eq. 4.7. 

 
 

 Eq. 4.7 

 
where  represents the healthy mode shape vector for mode  and  represents the 

damaged mode shape vector for mode . The MAC values range between 0 to 1 where a 

higher value indicates a better correlation between two modes. Table 4.1 shows the 

MAC values comparing Specimen 1 in the Healthy Case and Damage Case 1. The 

MAC values above 0.95 are highlighted in green. The results show that the modes 

identified from the healthy case and the damaged case are very similar. Hence, the 

visual representations of the mode shapes extracted from these damage cases are not 

illustrated in the body of this report. The modal parameters identified for all condition 

cases of Specimen 1 are provided in Appendix A.  
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Table 4.1. MAC comparing the healthy case to Damage Case 1 for Specimen 1. 

Damage Case 1 
M1 M2 M3 M4 M5 M6 

H
ea

lth
y 

C
as

e M1 1.00 0.00 0.83 0.00 0.03 0.00 
M2 0.00 1.00 0.14 0.92 0.00 0.53 
M3 0.84 0.13 1.00 0.06 0.03 0.06 
M4 0.00 0.93 0.07 1.00 0.00 0.75 
M5 0.02 0.00 0.01 0.00 0.99 0.00 
M6 0.00 0.53 0.06 0.75 0.00 1.00 

 

Natural Frequency Changes in Specimen 10 

In theory, when a structure is damaged, its modal frequencies generally decrease. The 

natural frequencies for all five condition cases are presented in Table 4.2. The 

inconsistent increase and decrease in the natural frequencies of the first three modes are 

likely due to these modes being rigid body modes and more sensitive to the boundary 

conditions of the structure. The specimen may have moved from its boundary 

conditions while the damage was being applied to it. On the other hand, it is apparent 

that Modes 4 to 6 decrease in natural frequency monotonically as the severity of damage 

increases. This is likely because the higher frequency modes are more influenced by the 

properties of the structure itself. As observed from Figure 4.18, the natural frequencies 

for Mode 5 appears have the strongest correlation to the structural damage in 

comparison to the other modes. The graphical representation of Mode 5 in Figure 4.17 

shows that it is an in-plane bending mode, which would be sensitive to the notch shown 

in Figure 3.4. Hence these results demonstrate that certain modes can be more sensitive 

to damage than others depending on the type of mode and location of damage. 

 

Table 4.2. Natural Frequencies of Specimen 1 with different damage cases. 

Natural Frequencies (Hz) 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 

Healthy Case 44.70 179.66 270.11 571.11 904.01 973.50 
Damage Case 1 45.04 179.70 270.75 570.86 903.16 973.47 
Damage Case 2 45.01 179.40 271.61 570.16 900.78 973.06 
Damage Case 3 45.05 178.86 270.02 570.05 899.33 971.66 
Damage Case 4 44.48 178.67 270.15 569.93 896.11 970.65 
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Figure 4.18. Natural frequency reduction for the first six modes of Specimen 1. 

Damping Ratio Changes in Specimen 1 

Damping ratios are another characteristic of a mode that can be influenced by damage. 

Theoretically, when a structure is damaged, the damping ratios should increase. To test 

this, the damping ratios of Specimen 1 with all condition cases are summarised in  

Table 4.3. No clear trends in the changes to the damping ratios could be observed and 

there was no monotonic increasing or decreasing for any of the modes. Studies 

conducted by Kato & Shimada (1986) and Salawu & Williams (1995) showed similar 

inconsistencies and concluded that a reasonably consistent trend for damping ratios 

resulting from damage could not be established. This was largely due to the damping 

ratio being difficult to evaluate accurately due to measurement errors and uncertainties. 

Table 4.3. Damping ratios of Specimen 1 with different condition cases. 

Damping Ratio (%) 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 

Healthy Case 2.59 1.11 1.98 0.88 0.60 0.49 
Damage Case 1 1.21 0.93 2.09 0.86 0.62 0.47 
Damage Case 2 1.03 1.00 2.21 0.85 0.59 0.57 
Damage Case 3 1.37 1.18 2.07 0.99 0.49 0.58 
Damage Case 4 2.24 1.10 1.97 0.98 0.63 0.59 
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Figure 4.19. Changes in the damping ratios in Specimen 1 resulting from damage. 

 

Mode Shape Changes in Specimen 1 

It is expected that local damage can lead to changes in the mode shape near the damage. 

As the damage introduced to the specimen was a small notch applied at its front, the 

first six captured modes only showed small changes. Out of the six modes that were 

considered for Specimen 1, Mode 5 was found to be the most sensitive to damage. 

Figure 4.20 shows the mode shape of Mode 5 for all condition cases. Here only A1 to 

A7 is considered so that the modal displacements across the front of the specimen can 

be displayed. The mode shapes were mass-normalised based on the driving point FRF. 

It is observed that in its healthy state, the mode shape is close to symmetric with a 

modal displacement of 2.10 mm and 2.03 mm on the left and right sides of the specimen 

respectively, and a modal displacement of -1.67 mm in the middle. For the damage 

cases, the modal displacement on the right of the specimen appears to drop to values 

between 1.60 mm and 1.72 mm for Damage Cases 1,2 and 3. In addition to this, an 

asymmetric modal displacement is observed at A3, potentially indicating that there is 

damage in that vicinity. After the notch has made its way to the top of the specimen for 

Damage Case 4, mode shape symmetry appears to be restored with a modal 

displacement for A4 that is 7.19 % smaller than that of the Healthy Case. The 

comparison of the mode shapes indicates that the modal displacement was larger at A3 
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than at A4 for Damage Cases 1 to 3. The author believes that the mode shapes could 

have given a clearer indication of the damage location if the specimen was clamped on 

its left and right sides to minimise the modal displacement at these locations. The 

derivatives of the mode shapes, such as curvature and modal strain energies were not 

considered here, as their formulations required the flexural rigidity to be calculated. 

Since the profile of the jack arch is not consistent along A1 to A7, this would have been 

difficult to achieve. 

 

Figure 4.20. Mode shapes of Mode 5 for all five condition cases of Specimen 1. 

 
Another possible consideration is the Co-ordinate Modal Assurance Criterion 

(COMAC) defined by Lieven & Ewins (1988) as 

 
 Eq. 4.8 

 
where  and  represent the th mode shape values at point  from the healthy 

and damaged states and  is the number of mode shapes involved in the COMAC 

computation. A low COMAC value normally indicates that there is a worse correlation 

between two mode shapes, which can be an indication of damage. Researchers have 

considered this approach to detect damage, including Li, Hao & Zhu (2014). The 

COMAC values for A1 to A7 for each of the condition cases are summarised in  

Table 4.4. 

Damage 
Location Larger displacement 

than A4 for Damage 
Cases 1 to 3 
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Table 4.4. COMAC values for Specimen 1. 

  
Healthy 

Case 
Damage 
Case 1 

Damage 
Case 2 

Damage 
Case 3 

Damage 
Case 4 

A1 1.0000 0.9994 0.9997 0.9990 0.9995 
A2 1.0000 0.9998 0.9998 0.9996 0.9998 
A3 1.0000 0.9999 0.9999 0.9997 0.9986 
A4 1.0000 0.9991 0.9994 0.9995 0.9991 
A5 1.0000 1.0000 0.9999 1.0000 0.9999 
A6 1.0000 0.9998 0.9999 0.9997 0.9998 
A7 1.0000 0.9995 0.9997 0.9993 0.9989 
A8 1.0000 0.9995 0.9999 0.9994 0.9990 
A9 1.0000 0.9996 0.9998 0.9999 0.9999 
A10 1.0000 0.9995 0.9996 0.9987 0.9994 
A11 1.0000 0.9994 0.9997 0.9994 0.9996 
A12 1.0000 0.9999 1.0000 0.9999 0.9999 
A13 1.0000 0.9995 0.9998 0.9993 0.9997 
A14 1.0000 0.9999 0.9999 0.9999 0.9992 
A15 1.0000 0.9994 0.9997 0.9993 0.9996 

 

The results indicate that the COMAC value for each of the accelerometers is above 0.99 

for each of the condition cases. Hence, this method was unable to detect damage in the 

structure. 

 

4.5. Experimental Setup and Testing of Specimen 2 

4.5.1. Modal Test Setup for Specimen 2 

The modal testing hardware described in Section 4.3 was used for the EMA conducted 

on Specimen 2. This time, the accelerometers were spread out to capture the global 

dynamic behaviour of the specimen, which served two purposes. Firstly, the location of 

damage was not near the front of the specimen, as described in Section 3.6, and needed 

to be identified. Second, the data collected from the specimen will be used to 

demonstrate the proposed damage identification method based on model updating in 

Chapter 6. This method will require global information on the mode shapes. Figure 4.21 

illustrates the location of the accelerometers used for damage identification, and  

Figure 4.22 shows the impact locations used in the modal tests.  
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(a) 

 

 
(b) 

Figure 4.21. Accelerometer placements in the (a) side view, and the (b) cross section view. 
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Figure 4.22. Impact Locations for Specimen 2. 

 

4.5.2. Experimental Modal Analysis Results of Specimen 2 

The modal tests were conducted on the specimen for all its condition cases. Following 

this, the H1 estimator was used to calculate the FRFs of the system. This thesis will 

focus on the results obtained using IL3, as the impact surface at IL3 was smoother than 

IL1, leading to more consistent and reliable results. The FRF obtained using the 

response measurements at A4 and force input at IL3 is taken as the driving point FRF. 

A comparison between the driving point FRFs of the specimen in its different condition 

cases is illustrated in Figure 4.23. Here the frequency range between 0 Hz and 1,200 Hz 

is sufficient to show the first several modes of the system. The magnitudes of the modes 

identified between 800 Hz and 1,200 Hz is significantly larger than those that lie below 

800 Hz. To visually identify the lower modes, the logarithmic scale is used for the plot. 

The first impression of viewing these FRFs is that they are not as clear as the FRFs for 

the previous specimen. In preparing this specimen for static loading, considerable effort 

was put into ensuring that the steel clamp was tightened as rigidly as possible. To 

achieve this, more plaster adhesive was used to bond the specimen to the clamp than the 

previous specimen. Also, a support at the middle of the specimen was used to simulate a 

stringer support of the jack arch. It is believed that these efforts contributed to the 

asymmetry in the system, resulting in single modes splitting into multiple modes. In 
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terms of the FRF plots, this has the appearance of multiple peaks occurring when a 

single peak is expected. In this section, the modal analysis results from the healthy state 

will be discussed first, followed by the results from the damage cases.  

 

 

Figure 4.23. FRF comparison between condition cases for Specimen 2. 

 

Healthy Case 

Modal analysis was conducted on the specimen during its healthy state using the LSCE 

method in LMS Modal Analysis. The stable poles were selected in the stabilisation 

diagram, shown in Figure 4.24a, to identify the modal parameters of the system. Based 

on these poles a curve fitted FRF of the system was produced as shown in Figure 4.24b. 

This curve fitted FRF includes information about the structural system that can be used 

to identify its modal parameters. The modal parameters of the system are summarised in 

Figure 4.25. 
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(a) 

 

(b) 

Figure 4.24. (a) Pole selection in the stabilisation diagram, and (b) the corresponding synthesised FRF. 
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Mode 1 
NF = 45.8 Hz  
Damp = 1.7% 

 

Mode 2 
NF = 164.2 Hz  
Damp = 3.9% 

 

Mode 3 
NF = 203.1 Hz  
Damp = 1.9% 

 

 
 

 
 

 
 

Mode 4 
NF = 283.5 Hz  
Damp = 3.6% 

 

Mode 5 
NF = 374.5 Hz  
Damp = 1.1% 

 

Mode 6 
NF = 614.2 Hz  
Damp = 0.6% 

 

 
 

 
 

 
 

Mode 7 
NF = 888.2 Hz  
Damp = 0.6% 

 

Mode 8 
NF = 988.4 Hz  
Damp = 0.4% 

 

Mode 9 
NF = 1050.8 Hz  
Damp = 0.8% 

 

 
 

 
 

 
 

Figure 4.25. Modal parameters identified from the healthy case of Specimen 2. 

 
Figure 4.25 shows the natural frequencies, damping ratios and mode shapes for each 

mode. Mode 1 is a clear vertical bending mode, Modes 2, 3, 6 and 8 are clear torsion 

modes, Mode 7 is an in-plane bending mode and Mode 9 appears to be a combination of 

an in-plane bending mode and a vertical bending mode. It is unclear what type of modes 

Mode 4 and 5 are. To compare the modal properties of the specimen in its healthy state 

to those identified in the damaged states, it is necessary to pair the modes of the healthy 

specimen to those of the damaged specimen. First, the modal analysis for the damaged 

specimen needs to be conducted. 
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Damaged Cases 

This section will focus on Damage Case 1 and provide a summary for the remaining 

damage cases, as the modes identified for the damage cases are similar. The 

stabilisation diagram used to extract the modal parameters of the system is shown in 

Figure 4.26a. Based on these parameters, the FRF was synthesised as shown in  

Figure 4.26b. It is observed that this time, the region between 300 Hz and 800 Hz in the 

FRF cannot be well-represented by the synthesised FRF. For the healthy case, a torsion 

mode was identified in that region. However, this mode appears to have either 

disappeared or split to multiple modes within this frequency range after damage had 

occurred. Furthermore, only eight modes were identified for this damage case as 

opposed to the nine that were identified in the healthy case. The modal parameters are 

summarised in Figure 4.27.  

A MAC is produced to compare the modes of Damage Case 1 to those of the healthy 

specimen. These results are summarised in Table 4.5 where the values in green indicate 

a MAC value of above 0.95, and the values in yellow indicate a MAC value of between 

0.8 and 0.95. Damaged Modes 1 to 3 and 6 to 8 could be correlated with their healthy 

counterparts. There was a slightly weaker correlation between Mode 4 of both cases 

with a MAC value of 0.85. This mode type was unclear for the healthy case and was a 

torsion mode for the damaged case. Also, Mode 5 of the damaged case correlates with 

Mode 6 of the healthy case with a MAC value of 0.80. These are both torsion modes. 

This mode could be clearly identified with the healthy FRF. However, the poles selected 

in the stabilisation diagram for this mode could not clearly represent the measured FRF. 

EMA was conducted for all condition cases, and the resulting modal parameters are 

provided in Appendix B. For the remainder of this chapter, Modes 1, 2, 3, 7, 8 and 9 of 

the healthy case will be paired with Modes 1, 2, 3, 6, 7 and 8 of the damaged cases 

respectively. These will be referred to as Modes A to F. 
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(a) 

 
(b) 

Figure 4.26. (a) Pole selection in the stabilisation diagram, and (b) the corresponding synthesised FRF for 
Specimen 2 Damage Case 1. 
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Table 4.5. MAC comparing the modes identified from the Healthy Case and Damage Case 1. 

Damage Case 1 
M1 M2 M3 M4 M5 M6 M7 M8 

H
ea

lth
y 

C
as

e 

M1 0.99 0.02 0.02 0.05 0.06 0.31 0.02 0.04 
M2 0.04 0.97 0.91 0.27 0.02 0.01 0.37 0.01 
M3 0.01 0.95 0.97 0.36 0.06 0.00 0.38 0.00 
M4 0.15 0.12 0.27 0.85 0.09 0.03 0.04 0.24 
M5 0.13 0.02 0.08 0.60 0.08 0.03 0.01 0.36 
M6 0.00 0.01 0.02 0.05 0.80 0.00 0.28 0.02 
M7 0.27 0.00 0.00 0.01 0.03 0.98 0.01 0.10 
M8 0.01 0.43 0.34 0.03 0.27 0.01 0.97 0.00 
M9 0.03 0.00 0.00 0.06 0.01 0.06 0.01 0.96 

 
 

Mode 1 
NF = 50.0 Hz  
Damp = 5.9% 

 
 

Mode 2 
NF = 157.7 Hz  
Damp = 2.4% 

 
 

Mode 3 
NF = 210.4 Hz  
Damp = 3.3% 

 
 

 
 

 
 

Mode 4 
NF = 259.8 Hz  
Damp = 1.5% 

Mode 5 
NF = 602.1 Hz  
Damp = 1.2% 

Mode 6 
NF = 880.6 Hz  
Damp = 0.5% 

 
 

 
 

 
 

Mode 7 
NF = 951.7 Hz  
Damp = 0.6% 

Mode 8 
NF = 1013.4 Hz  
Damp = 0.7% 

 

 
 

 
 

 

Figure 4.27. Modal parameters identified from Damage Case 1 of Specimen 2. 
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Natural Frequency Changes in Specimen 2 

Modal analysis was conducted for all the damage cases and paired with the 

corresponding modes of the healthy case. The comparison in the natural frequencies of 

these modes is summarised in Table 4.6 and Figure 4.28. There is no clear trend in 

Modes A to C. These modes are most likely influenced by the changes in the boundary 

conditions. As the static load was being applied to the specimen, it likely altered the 

boundary conditions, which is reflected in these results. In contrast, Modes D to F show 

a monotonic decrease in the natural frequencies resulting from increasing damage 

severity. Hence, the decrease in the natural frequencies for Modes D to F can be an 

indication for increasing damage severity in the structure. 

 

Table 4.6. Natural frequencies of Specimen 2 with different damage cases. 

Natural Frequencies (Hz) 
Mode A Mode B Mode C Mode D Mode E Mode F 

Healthy Case 45.81 164.52 203.09 888.18 988.43 1050.83 
Damage Case 1 49.99 157.75 210.43 880.56 951.68 1013.39 
Damage Case 2 48.46 152.76 195.20 874.22 938.60 998.77 
Damage Case 3 48.13 153.14 195.72 858.03 916.76 979.12 

 

 

Figure 4.28. Changes in the natural frequencies of Specimen 2 resulting from damage. 
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Damping Ratio Changes in Specimen 2 

The damping ratios for all the condition cases were compiled and compared as 

summarised in Table 4.7 and Figure 4.29. Like Specimen 1, there is no clear trend in the 

changes to the damping ratios resulting from incremental damage, and no monotonic 

increasing or decreasing of any of the modes is observed. Again, this is likely due to the 

damping ratios being difficult to evaluate accurately due to measurement errors and 

uncertainty. 

 

Table 4.7. Damping ratios of Specimen 2 with different damage cases. 

Damping Ratio (%) 
Mode A Mode B Mode C Mode D Mode E Mode F 

Healthy Case 1.66 3.9 1.92 0.62 0.42 0.82 
Damage Case 1 5.86 2.36 3.31 0.45 0.64 0.72 
Damage Case 2 5.92 3.55 3.63 0.53 0.85 1.48 
Damage Case 3 3.34 2.11 4.22 0.69 0.77 0.67 

 

 

 

Figure 4.29. Changes in the damping ratios of Specimen 2 resulting from damage. 
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Mode Shape Changes in Specimen 2 

Mode shape changes are expected to result from damage. Given the complexity of the 

structure’s geometry, the accelerometers needed to be placed spatially around the 

specimen to capture its global behaviour. As a result, the accelerometers were 

positioned at four locations along and three locations across the specimen. This did not 

provide sufficient information in any dimension to estimate the location of damage 

using the modal displacements alone. Another indicator of damage from mode shapes is 

the changes in the MAC values comparing the damage cases to the healthy case.  

Table 4.8 and Figure 4.30 provide a summary of this. The results show that for Modes B 

to E, the MAC value decreases with increasing damage severity. In other words, the 

correlation between the damaged and healthy mode shapes decreases as damage 

increases. 

Table 4.8. MAC values comparing damage cases to the healthy case of Specimen 2. 

MAC 
Mode A Mode B Mode C Mode D Mode E Mode F 

Damage Case 1 0.990 0.974 0.965 0.978 0.970 0.964 
Damage Case 2 0.989 0.972 0.927 0.963 0.940 0.901 
Damage Case 3 0.992 0.955 0.884 0.914 0.929 0.939 

 

 

Figure 4.30. 1 – MAC values comparing damage cases to the healthy case of Specimen 2. 
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Given that Mode F was shown to be sensitive to damage in terms of natural frequencies, 

it was expected that the MAC value would monotonically decrease with the increasing 

damage for this mode. To investigate this further, the FRF comparison for all condition 

cases in the range of 800 Hz to 1,100 Hz is illustrated in Figure 4.31. For the 

annotations of this graph, the left side of the hyphen describes the mode type and the 

right side describes the damage case. For example, MD-H represents Mode D for the 

healthy case and MF-D1 represents Mode F for Damage Case 1. The graph shows that 

Mode D had clear peaks for all its condition cases. This lead to the easy identification of 

the modal parameters for this mode with consistent stable poles. In contrast to this, clear 

peaks could be identified for three of the four condition cases of Mode F. A clear mode 

for MF-D2 could not be determined as there was no clear peak for this mode. Hence the 

parameters for this mode could not be determined accurately, which would explain why 

the MAC values for Mode F did not monotonically decrease with increasing damage 

severity. 

 

Figure 4.31. FRF comparison between all condition cases for Specimen 2 showing the range of 
800 Hz to 1,100 Hz. 
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4.6. Summary 
This chapter presented the EMA procedures used to obtain the modal parameters for 

both jack arch specimens. Details of the background in EMA techniques were provided. 

The following observations from the two specimens were made.  

The damage inflicted on Specimen 1 made little changes to the global behaviour of the 

structure, making the identified modes comparable for all condition cases. In general, 

there was a decrease in the natural frequencies as the damage severity increased for the 

higher frequency modes identified, i.e., Modes 4 to 6. The comparison in the damping 

ratios did not reveal any noticeable trend in terms of damage. The comparison of the 

mode shapes for Mode 5 showed that A3 had a larger modal displacement than A4 for 

Damage Cases 1 to 3, potentially indicating the location of damage. 

Extra effort was used to adhere Specimen 2 to its boundary supports. This likely 

attributed to the asymmetry in the structure, leading to unclear FRFs and modal 

parameters. Not all modes identified from the healthy case could be identified in the 

damaged cases. MAC was used to correlate the modes between the healthy case and the 

damaged cases. The natural frequencies of the higher frequency modes decreased as the 

damaged increased. No notable trend in the damping ratios were observed. In general, 

the MAC value between the healthy case and the damaged cases decreased as the 

damage severity increased. 
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Chapter 5  
Finite Element Modelling 

5.1. Introduction 

This chapter presents the finite element (FE) modelling of the jack arch specimen, 

including the geometric and material parameters put into the FE model. The outputs of 

the FE model are then discussed; including the modal parameters identified using 

eigenvalue analysis, time-history simulated with transient dynamic analysis and the 

construction of the frequency response function using the modal parameters of the 

model. The quality of the model is then considered. Several mesh densities are tested to 

weigh the balance between the quality of the model and the computational cost for each 

of the mesh sizes tested. A justification for using linear models is provided whilst 

considering non-linearity in the form of contact and non-linear material properties. 

Methods to reduce the FE model are then explored, along with the methods to expand 

modal data using the FE model. Lastly, the simulation of damage for the two specimens 

is demonstrated, and the resulting change in the modal properties are explored. 

5.2. Creating the Finite Element Model of the Healthy Specimen 

The commercial finite element (FE) analysis package ANSYS Mechanical APDL was 

used to create the numerical model of the jack arch specimens. The geometry of the 

specimen is described in detail in Chapter 3. The jack arches were modelled using the 

SOLID 185 element type, which is an orthotropic three-dimensional structural solid 

defined by eight nodes with translational degrees of freedom in the x, y and z directions. 

According to ANSYS® Academic Research (2015), SOLID185 elements are suitable 

for modelling general 3-D solid structures. The geometric properties are shown in 

Figure 5.1. 
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Figure 5.1. SOLID185 Homogeneous Structural Solid Element (ANSYS® Academic Research 2015). 

The material properties of the specimen also needed to be implemented into the model. 

The specimen was constructed using concrete with a characteristics strength of 32 MPa, 

which has a mean Young’s modulus of 30,100 MPa (Standards Australia 2009). The 

Poisson’s ratio was taken to be 0.2 and the density was taken to be 2,400 kg/m3 based 

on the Australian Standards. In addition to this, the specimen was embedded with a 

200UB18 steel I-Beam. For the material properties of steel, the Young’s modulus was 

taken to be 200,000 MPa and the Poisson’s ratio was taken to be 0.25 in accordance to 

Standards Australia (1998). The density was taken to be 7,860 kg/m3 (Cutnell 1998). 

Using these material properties and the geometry of the specimen described in 

Section 3.4, the FE model illustrated in Figure 5.2 was produced.  

The boundary conditions also needed to be considered for the model. In the 

experimental setup, the specimen was connected to the steel clamp using a thin layer of 

plaster adhesive. This was represented in the FE model as a layer of solid elements, 

shown in red in Figure 5.2. For this chapter, it is assumed that these layers have a 

Young’s modulus of 50 MPa and that they have no mass. Methods to adjust these 

values to reduce the discrepancies between the modal parameters identified 

experimentally and from the FE model are discussed in Chapter 6. The model was 

constructed using the MPA unit system with the lengths expressed in millimetres, time 

expressed in seconds, force expressed in Newtons and pressure expressed in 

megapascals. 
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Figure 5.2. Finite element model of the jack arch specimen. 

 

5.3. Finite Element Model Outputs 

5.3.1. Eigenvalue Analysis 

The finite element model of a structure consists of a system of n second order 

differential equations which are both statically and dynamically coupled (Friswell & 

Mottershead 2013). The matrix form of these equations can be expressed as Eq. 5.1. 

  Eq. 5.1 

 

where  and  are nxn matrices containing mass and stiffness terms which are 

assembled using individual element matrices. The nx1 vector  describes the forcing 

system, and the usual problem in FE analysis is to determine the unknown displacement 

responses, denoted by the nx1 vector . If the homogeneous part of Eq. 5.1 is 

considered and the displacement response is assumed to be harmonic then Eq. 5.2 is 

obtained. 

  Eq. 5.2 

 

Hence the structural eigenproblem can be written as Eq. 5.3. 

  Eq. 5.3 
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where  is the th eigenvalue and  is the th eigenvector. The eigenvalue and 

eigenvector can be interpreted physically as the square of the natural frequencies and 

the mode shapes of a structure, respectively. In this study, ANSYS is used to construct 

the mass and stiffness matrices of the FE model and the eigenproblem is solved using 

the Block Lanczos eigenvalue solver (Montgomery 1995). These methods were applied 

to the FE model illustrated in Figure 5.2, and their natural frequencies were extracted 

and compared with the measured modal frequencies of Specimen 2. A comparison 

between the natural frequencies identified from the FE model and Specimen 2 is 

summarised in Table 5.1, and examples of these comparisons are illustrated in  

Figure 5.3. 

Table 5.1. Comparison between the natural frequencies of the FE model and Specimen 2 modes. 

Mode A Mode B Mode C Mode D Mode E Mode F 
Specimen 2 45.81 164.52 203.09 888.18 988.43 1050.83 
FE Model 57.90 168.79 - 852.70 949.19 1016.70 
Error (%) 26.39 2.60 - -3.99 -3.97 -3.25 

 

Experimental Mode A 
NF = 45.8 Hz 

Experimental Mode B 
NF = 164.2 Hz 

Experimental Mode D 
NF = 888.2 Hz 

   

Numerical Mode A 
NF = 57.9 Hz 

Numerical Mode B 
NF = 168.8 Hz 

Numerical Mode D 
NF = 852.7 Hz 

   
Figure 5.3. Comparison between experimental and numerical modes of healthy Specimen 2. 
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When comparing the numerical modes to the experimental modes, it is important to 

note that the model has 121,533 degrees of freedom (DOF). Hence there are 121,533 

possible modes for this model. In contrast to this, not all vibrational modes from the 

specimen could be obtained through the modal analysis setup described in Chapter 4. 

For instance, force inputs and response outputs were all measured in the vertical 

orientation. Hence it was impossible to detect modes that had no to little vertical modal 

displacements. The modes selected here are the ones that have the highest resemblance 

to the experimental modes. With the current model parameters, the experimental modes 

identified from Specimen 2, described in Section 4.5.2, could be paired with their 

numerical counterparts with a natural frequency error of less than 4% for Modes B, D, E 

and F. The natural frequency of Mode A had a 26.4 % error. This was most likely due to 

assumptions made for the boundary condition parameters. In the experimental setup, the 

specimen was connected to the clamp using plaster adhesive, which had imperfections. 

Non-uniformity in the plaster layer was observed between the specimen and the clamp. 

Hence, it was difficult to obtain an accurate value for the boundary condition 

parameters. Model updating will be explored in Chapter 6 to address this issue. Mode C 

could not be identified from the numerical model. This mode was identified as a torsion 

mode and had a strong correlation to Mode B. The next torsion mode in the FE model 

was identified at 451.78 Hz, which was significantly higher than experimental Mode C. 

As a second torsion mode was not observed up to a frequency of 570 Hz for 

Specimen 1, it is possible that this second torsion mode resulted from the splitting of 

modes due to asymmetry in the imperfect boundary conditions. This phenomenon has 

been observed by Davini, Morassi & Rovere (1995). 

5.3.2. Transient Dynamic Analysis 

Transient dynamic analysis, also known as time-history analysis, is a method used to 

simulate the dynamic response of a structure in the presence of time-dependent loads 

(ANSYS® Academic Research 2015). It is used to determine the time-varying 

displacements, strains, stresses and forces in a structure in response to any combination 

of static, transient and harmonic loads. The analysis takes into account the inertia and 

damping effects in a structure. Transient dynamic analysis solves the basic equation of 

motion described by Eq. 5.4. 

  Eq. 5.4 
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In addition to the terms described in Eq. 5.1,  is introduced as a damping matrix. At 

any time , Eq. 5.4 can be considered as a set of “static” equilibrium equations that also 

take the inertia forces and damping forces into account. ANSYS uses the Newmark time 

integration method to solve these equations at discrete time points. The mechanisms of 

damping are not well understood in structural dynamics. Damping does not possess the 

quadratic formulations like the ones used for mass and stiffness, which are based on 

clearly defined physical parameters (Friswell & Mottershead 2013). Rayleigh damping 

can be used to simplify damping in a FE model, based on Eq. 5.5. 

 
 

 Eq. 5.5 

Here,  and  are usually calculated using known modal damping ratios based on  

Eq. 5.6. 

 
 Eq. 5.6 

 
where  is the circular natural frequency and  is the damping ratio of mode . If the 

natural frequency and damping ratio of two key modes are known then the values of  

and  can be calculated by solving a set of simultaneous equations in which the known 

values of  and  are substituted into Eq. 5.6. Based on the natural frequencies and 

damping ratios of the Modes A and F of Specimen 2,  and  were calculated as 9.37 

and 2.27 x 10-6, respectively. 

A major issue with conducting the transient analysis of the FE model shown in  

Figure 5.2 is the large computational cost. The model contains 121,533 DOFs, and thus 

the equation of motion described in Eq. 5.4, which consists of 121,533 by 121,533 

system matrices, needs to be solved for each time step. Given that the acceleration data 

was captured at a sampling rate of 8 kHz over a period of 2 seconds for the modal tests, 

Eq. 5.4 would need to be solved 16,000 times. For this model, the transient dynamic 

analysis took 22.6 hours. However, as seen in later sections of this chapter, many more 

DOFs may be needed to capture the dynamic behaviour of a damaged structure and 

performing a transient analysis on these larger models is not feasible.  
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Hatch (2000) describes a method to simulate time history using only the natural 

frequencies and mass normalised modal displacements of the input and response DOFs. 

Essentially, instead of solving Eq. 5.4 16,000 times, an eigenvalue analysis can be 

conducted once then the state space model could be used to simulate the time history. 

Because the eigenvalue analysis is conducted using only one set of mass and stiffness 

matrices, this method can only simulate the time history response of a linear model. The 

general form of a state space model is shown in Eq. 5.7. 

 
 

, and,  Eq. 5.7 

where  is the state vector,  is the input vector, and  is the output vector.  is the 

system matrix set up as Eq. 5.8. 

 

 
Eq. 5.8 

 

 

 is the input matrix set up as Eq. 5.9. 

 

 Eq. 5.9 

 

where  is the modal displacement at the force input DOF of the  mode. 

 is the output matrix set up as Eq. 5.10. 

 

  Eq. 5.10 
 

where  is the modal displacement at the response output DOF of the  mode. 
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 is the direct transmission matrix and is set to zero since there is no direct feedthrough 

in this model.  From the state space model, the time history is simulated using the 

“lsim” function in MATLAB.  

A transient analysis was run based on the impact location IL3 shown in Figure 4.22. To 

simulate the experimental testing conditions, the transient analysis was set to simulate 

two seconds of time history data at the response corresponding to accelerometer A4 

with a sampling frequency of 8,000 Hz. Figure 5.4 shows that the simulated time 

response obtained using transient analysis in ANSYS and the state space model in 

MATLAB are in close agreement. More importantly, the simulated response from the 

state space model was obtained in under ten minutes while the solution from ANSYS 

took approximately 22.6 hours. Hence the state space model will be used to simulate the 

time history for the remainder of this thesis.  

 

Figure 5.4. Comparison between ANSYS transient dynamic analysis and state space model results. 

 

The time history shown in Figure 5.4 shows time varying displacement in millimetres 

whereas the experimental setup for the modal test captures the time varying acceleration 

in gs. The time varying displacement from the FE model can be converted to 

acceleration by performing double differentiation with respect to time. The resulting 

acceleration is then expressed as mm/s2, which can be converted to g by dividing the 

values by 9800. The resulting time-varying acceleration response is shown in  

Figure 5.5. 
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Figure 5.5. Simulated time history expressed in acceleration (g). 

 

5.3.3. Frequency Response Functions 

The time histories obtained from the transient dynamic analysis can be used to calculate 

the frequency response functions (FRFs) using the fast Fourier transform and H1 

estimator as described in Chapter 4. However, this is inefficient, as the transient 

analysis of this 121,533 DOF model is computationally expensive. If the modal 

parameters of the structure are known, then the receptance FRFs can be determined 

directly using the FRF expression described in Eq. 5.11 (Maia & Silva 1997). 

 
 Eq. 5.11 

 

Here, there are N number of modes used in the FRF synthesis,  is the modal 

displacement at response j for mode r, and  is the modal displacement at the force 

input k for mode r. The eigenvalues  are the poles for mode r. The residues in Eq. 5.11 

are normalised by multiplying the numerators with , expressed in Eq. 5.12. 

  Eq. 5.12 
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Here, ,  is the modal mass and  is the damped natural frequency of mode 

r. The receptance FRF calculated using Eq. 5.11 can be multiplied by  to produce 

the accelerance FRF. Further, the units can be converted from mm/s2/N to g/N as shown 

in Figure 5.6. 

 

Figure 5.6. Accelerance FRF of the finite element model in its healthy state. 

 

5.4. Quality of Finite Element Model 

For a FE model to produce results with sufficient accuracy, model quality checks need 

to be made. Firstly, discretisation errors can occur when the finite element mesh density 

is inadequate leading to modal data in the frequency of interest not fully converging. 

The second consideration is the non-linearity in the model. There are various sources of 

non-linearity in the specimen, including the connection between the specimen and its 

boundary supports, the bonding of the concrete to the embedded steel I-beam, and the 

non-linearity in the material properties. These considerations will be discussed in this 

section of the report. 

5.4.1. Mesh Density 

The first check necessary, to ensure that a FE model is sufficiently accurate, is the mesh 

density. If the FE model is comprised of elements that are too coarse then this can lead 

to discretisation errors. On the other hand, having a model that is too dense will require 

more computational resources. A balance between the model accuracy and 

computational cost must be made to ensure that the numerical model is accurate and 
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efficient. Several mesh sizes were tested, and the resulting natural frequencies for the 

three modes shown in Figure 5.3 and their corresponding number of degrees of freedom 

(DOFs) are summarised in Table 5.2. 

Table 5.2. Mesh density comparisons. 

Mesh 
Density 

First 
Vertical 
Bending 

First 
Torsion 

First  
In-Plane 
Bending 

DOF 

15 mm 57.89 168.52 851.76 518,586 
20 mm 57.90 168.63 852.11 226,599 
25 mm 57.90 168.79 852.71 121,533 
30 mm 57.91 168.89 852.18 82,665 
40 mm 57.94 169.07 854.58 41,373 
50 mm 57.96 169.73 855.95 19,557 
60 mm 57.98 169.86 858.83 16,068 
70 mm 58.02 170.61 870.58 10,320 

 

The densest mesh that could be achieved with the computer system used for this 

analysis consisted of 15 mm elements. The model with a mesh density of 10 mm 

contained 1,610,709 DOFs and required 29.79 GB of in-core memory, which exceeded 

the 16 GB memory limitations on the computer used for the analysis. On the other end, 

a mesh size of 75 mm could not be achieved because the automated mesh sweep 

function in ANSYS produced elements that violated the element shapes. The mesh 

density of 25 mm was selected because it required only 969.15 MB of memory as 

opposed to the 6,252.24 MB memory requirements of the 15 mm mesh. In addition to 

this, the maximum natural frequency difference between these two mesh sizes for the 

considered modes was within 0.16 % and the accelerometer locations conveniently 

coincided with the 25 mm node intervals. The mesh size of 50 mm would have also 

been suitable for this analysis with a maximum error of 0.72 % for the considered 

natural frequencies. However, the 25 mm mesh was manageable and more accurate than 

the 50 mm mesh. 

5.4.2. Linearity Verses Non-Linearity 

Non-linearity in the specimen also needed to be considered when constructing the FE 

model. ANSYS solves non-linear problems using the Newton-Raphson approach, which 

subdivides the load into a series of load increments. The method evaluates the 

difference between the restoring forces and the applied loads to create the out-of-
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balance load vector, which is then used to perform a linear solution and check for 

convergence. If the convergence criteria are not met then the out-of-balance load vector 

is recalculated, the stiffness matrix is updated, and a new solution is found. The process 

is repeated iteratively until convergence is achieved (ANSYS® Academic Research 

2015).  

One of the main drawbacks of non-linear analysis is that it requires more computational 

resources than the linear analysis due to the number of iterations needed to reach a 

converged solution. In this investigation, the vibrational response is measured from the 

specimen when it is excited with an impact hammer within the linear elastic range. In 

addition to this, the eigenvalue analysis used to extract the modal parameters from this 

FE model uses a single set of mass and stiffness matrices. Hence, an eigenvalue analysis 

does not take non-linearity into consideration. This section of the report aims to justify 

the use of a linear model in favour of a non-linear model. 

Connection between Specimen and Boundary Supports 

There are various sources of non-linearity in the specimen, the first of which is the 

connection between the specimen and its boundary supports. Figure 5.7 shows the 

photograph of the clamp used to fix the specimen. While the clamp did provide 

additional rotational stiffness, it did not fully fix the translational and rotational 

displacements at the supports. Hence, the rigid body motion caused by the lack of 

stiffness in these fixtures could influence the modal parameters of the structure and this 

needed to be incorporated in the model. Non-uniformity was observed in the contact 

between the specimen and the plaster used to adhere the specimen to the clamps. This 

was also observed in the contact between the plaster and the clamps. This made it 

difficult to model this connection accurately. Hence, the modelling of the plaster layer 

was simplified by creating a layer of solid elements that represented the imperfect 

connection between the specimen and its supports to allow the rigid body motion of the 

specimen to be captured. Modelling contact elements between the plaster, specimen and 

clamp fixtures would have also involved making assumptions. 
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Figure 5.7. Specimen clamp. 

 

Bonding Between Concrete Component and Steel I-Beam 

The second consideration is the bonding between the concrete component of the 

specimen and the embedded steel I-beam. The steel I-beam was placed into the 

formwork when the specimen was poured to produce the testing specimens, making it 

an integral part of the specimen’s structural integrity. In the linear model, it is assumed 

that the concrete component and the steel I-beam are in perfect bond, as they share the 

same nodes. However, to account for the potential slippage and separation between the 

concrete and steel components of the specimen, contact and target elements were 

considered. The nodes that were previously shared between the concrete and steel 

components of the model were separated, making these two components unconnected 

entities. CONTA174 elements, which are 3D 8-noded surface-to-surface contact 

elements were modelled on the contact area of the concrete component. TARGE170 

elements, which are used to represent 3D “target” surfaces, were modelled on the steel 

I-beam. Different parameters for the coefficient of friction were tested and the results 

are summarised in Table 5.3. 
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Table 5.3. Comparison between natural frequencies with different contact parameters. 

Coefficient of 
Friction Cohesion 

First 
Vertical 
Bending 

First 
Torsion 

First  
In-Plane 
Bending 

μ = 0 None 57.68 161.26 851.00 
μ = 0.57 None 57.92 168.64 852.30 
μ = 1 None 57.92 168.70 852.32 

Linear Model with Shared 
Nodes 57.90 168.79 852.71 

 

For all tested cases of the non-linear model, the contact between the concrete and steel 

components of the specimen was modelled with no cohesion. When comparing the 

model with no friction to the linear model, there was a natural frequency difference of 

7.53 Hz for the first torsion mode, leading to a 4.46 % error. According to a study 

conducted by Rabbat & Russell (1985), the coefficient of friction between concrete and 

steel should be taken as 0.57. Comparing the linear model to the non-linear model with 

this parameter, the largest observed percentage difference was 0.09 %, which came 

from the first torsion mode. When the coefficient of friction was modelled as 1, the 

maximum difference was 0.05 %. Given that there was a maximum difference of 

0.09 % between the linear model and the non-linear model with the contact properties 

recommended by Rabbat & Russell (1985), it was determined that a linear model would 

be sufficiently accurate for the interaction between concrete and steel. 

Non-Linear Material Properties 

The third consideration is the non-linearity of the material properties themselves. 

According to Chaudhari & Chakrabarti (2012), concrete is typically linear up to 30 % of 

its maximum compressive strength. Given that the characteristic strength of concrete for 

this model is 32 MPa, the specimen should behave linearly up until the compressive 

stress reaches 9.60 MPa. This is, of course, without considering the tensile stress. The 

flexural and uniaxial tensile strengths are calculated as 3.39 MPa and 2.04 MPa, 

respectively, based on the formulas provided by Standards Australia (2009). Also, steel 

is typically linear up until the yield strength is reached. According to 

OneSteel Manufacturing (2014) the yield strength for the 200UB18 steel I-Beam is 

320 MPa. To determine whether the specimen exceeded the linear elastic range, the 

time step of the transient analysis shown in Figure 5.4, containing the maximum tensile 

and compressive stresses, was identified. Figure 5.8 illustrates the stress contours of the 
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first and third principal stresses of this time step. The largest tensile stress was 

determined by identifying the maximum first principal stress, which was 1.64 MPa at 

the impact excitation source.  The largest compressive stress was determined as 

6.00 MPa at the excitation source by identifying the minimum third principal stress. 

Both values lie within the linear elastic range. Hence a linear FE model is sufficient to 

accurately simulate the modal tests. 

 

 
 

 
 

(a) 
 
 

 
 

 
 

(b) 
 

Figure 5.8. Contours of the (a) first and (b) third principal stresses in MPa. 
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5.5. Model Reduction and Modal Expansion 
One of the main challenges in comparing the modal parameters of the FE model to the 

physical structure is that the FE model usually consists of many more DOFs than the 

DOFs that are measured from the structure. There have been two main approaches to 

ensure that the DOFs of the FE model and the physical structure correspond to each 

other. The first approach is referred to as model reduction and involves reducing the FE 

model to the DOFs of the measured mode shapes. The second approach is referred to as 

modal expansion and involves expanding the measured DOFs to match the DOFs of the 

FE model. Both approaches are demonstrated using MATLAB in this chapter. 

Whilst the 25 mm mesh was suitable for conducting an eigenvalue analysis in ANSYS, 

it was too computationally expensive to process in MATLAB. The 121,533 DOF model 

required a pair of 121,533 by 121,533 mass and stiffness matrices to be stored in the 

systems memory. Since the matrices were stored with double precision, 8 bytes were 

needed per element. Hence, it was calculated that at least 220.1 GB of memory would 

be needed to store a pair of mass and stiffness matrices. ANSYS has methods to reduce 

the computational cost of their FE models using symmetric sparse matrices and other 

techniques. At this point in time, the author has not learned these techniques thoroughly. 

Hence, the model reduction and modal expansion methods are demonstrated on the 

50 mm mesh model, which contains 19,557 DOFs. This model requires at least 5.7 GB 

of memory, making it a more practical model to work with in MATLAB than the 

25 mm mesh model. The 50 mm mesh model is shown in Figure 5.9. 

 

Figure 5.9. FE model with a 50 mm mesh. 
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All methods of reducing the FE model and expanding the mode shapes require the mass 

and stiffness matrices to be partitioned according to Eq. 5.13. 

 

  and  Eq. 5.13 

 
The subscript  refers to the master DOFs, and the subscript  refers to the slave DOFs. 

For model reduction, the master DOFs are the DOFs that are retained after the model is 

reduced, and the slave DOFs are the DOFs that are removed from the model. For modal 

expansion, the master DOFs are the measured DOFs, and the slave DOFs are the 

interpolated DOFs. 

 

5.5.1. Model Reduction 

Guyan Reduction 

Several model reduction techniques have been developed in the past several decades. 

One of the earliest methods was developed by Guyan (1965). The method reduces the 

DOFs of the FE model by ignoring the inertial terms of the equilibrium equations and 

expressing the unloaded DOFs in terms of the loaded DOFs. The application of this 

method involves the calculation of the transformation matrix expressed in Eq. 5.14. 

  Eq. 5.14 

 
Once the transformation matrix is obtained, it is used to reduce the mass and stiffness 

matrices using Eq. 5.15. 

 

 
 and  Eq. 5.15 

This methodology was applied to the 50 mm mesh model shown in Figure 5.9. The 

master DOFs were defined by the DOFs that corresponded to the accelerometer 

locations and directions shown in Figure 4.21. The remaining DOFs were used as the 

slave DOFs. The reduced mass and stiffness matrices contained 14 rows and 14 

columns. Hence, 14 modes could be extracted from the reduced model. An eigenvalue 

analysis was conducted on the reduced mass and stiffness matrices, and the resulting 

natural frequencies are compared with the first 14 modes of the full model in Table 5.4.  
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Table 5.4. Comparisons between the natural frequencies of the Guyan reduced and full model. 

Mode 
Full Model 

Natural Frequencies 
(Hz) 

Reduced Model 
Natural Frequencies 

(Hz) 

Absolute 
Error 
(Hz) 

Percentage 
Error 

1 57.96 58.83 0.87 1.49% 
2 61.15 184.78 123.63 202.18% 
3 169.73 302.60 132.87 78.28% 
4 182.40 651.25 468.86 257.05% 
5 265.32 953.15 687.83 259.25% 
6 266.88 1,075.25 808.37 302.90% 
7 453.51 1,498.78 1,045.27 230.48% 
8 515.25 1,649.47 1,134.22 220.13% 
9 520.37 2,189.82 1,669.45 320.82% 
10 639.36 2,377.91 1,738.55 271.92% 
11 654.64 2,602.24 1,947.60 297.51% 
12 834.83 8,820.22 7,985.40 956.53% 
13 838.68 10,261.25 9,422.56 1,123.49% 
14 855.95 12,642.63 11,786.67 1,377.03% 

 

The results show that the first natural frequency has an error of 1.49 %. The next 

smallest error occurs for the third mode with an error 78.28 %. The rest of the modes 

have errors that exceed 200 %. It is noted that the errors generally become larger as the 

natural frequencies increase. This is due to the negligence of the inertia forces. 

Dynamic Reduction 

The static reduction method was modified by Paz (1984) to create the dynamic 

reduction method. This method reproduces the exact response of the structure at a 

chosen frequency by including the inertia forces at that frequency. In this example, the 

chosen frequency ( ) is 57.96 Hz so that the first mode can be reproduced. The 

transformation matrix for dynamic reduction is defined by Eq. 5.16. 

  Eq. 5.16 

 

Once  is obtained, it is applied to Eq. 5.15, replacing , to reduce the mass and 

stiffness matrices. An eigenvalue analysis was conducted on the reduced system 

matrices, and the resulting natural frequencies are compared with the natural 

frequencies of the first 14 modes of the full FE model. The results are summarised in 

Table 5.5.  
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Table 5.5. Comparisons between the natural frequencies of the dynamically reduced and full FE model. 

Mode 
Full Model 

Natural Frequencies 
(Hz) 

Reduced Model 
Natural Frequencies 

(Hz) 

Absolute 
Error 
(Hz) 

Percentage 
Error 

1 57.96 57.96 0.00 0.00% 
2 61.15 88.19 27.04 44.22% 
3 169.73 299.10 129.37 76.22% 
4 182.40 633.59 451.19 247.36% 
5 265.32 839.37 574.05 216.36% 
6 266.88 946.42 679.54 254.63% 
7 453.51 1,493.25 1,039.74 229.27% 
8 515.25 1,598.50 1,083.25 210.24% 
9 520.37 1,651.05 1,130.68 217.28% 
10 639.36 2,363.83 1,724.48 269.72% 
11 654.64 2,592.82 1,938.18 296.07% 
12 834.83 6,470.47 5,635.64 675.07% 
13 838.68 10,258.88 9,420.19 1,123.21% 
14 855.95 12,516.40 11,660.44 1,362.28% 

 

The results show that the first natural frequency of the full model and the reduced model 

are identical. In addition to this, the first three modes have a reduced error when 

comparing them to the results obtained using Guyan reduction. Despite this though, the 

remaining modes have errors that exceed 200 %. 

Improved Reduction System 

The Improved Reduction System (IRS) was introduced by O'Callahan (1989) as an 

improvement to the Guyan reduction method. It provides a perturbation to the 

transformation from the static case by including inertia terms as pseudo static forces. 

The transformation matrix is defined in Eq. 5.17. 

  Eq. 5.17 

 

where  and  and  are the reduced mass and stiffness matrices 

obtained using Guyan reduction. Once the transformation matrix  is obtained, it is 

applied to Eq. 5.15 to reduce the mass and stiffness matrices to a 14 DOF FE model. 

This method was applied to the 50 mm mesh model, and the comparison between the 

natural frequencies of the full model and the reduced model is summarised in Table 5.6.  
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Table 5.6. Comparisons between the natural frequencies of the IRS reduced and full FE model. 

Mode 
Full Model 

Natural Frequencies 
(Hz) 

Reduced Model 
Natural Frequencies 

(Hz) 

Absolute 
Error 
(Hz) 

Percentage 
Error 

1 57.96 57.96 0.00 0.00% 
2 61.15 61.19 0.05 0.07% 
3 169.73 169.82 0.09 0.05% 
4 182.40 189.14 6.74 3.70% 
5 265.32 265.64 0.32 0.12% 
6 266.88 427.72 160.85 60.27% 
7 453.51 519.46 65.95 14.54% 
8 515.25 624.35 109.11 21.18% 
9 520.37 695.21 174.84 33.60% 
10 639.36 749.42 110.06 17.21% 
11 654.64 870.80 216.16 33.02% 
12 834.83 982.84 148.01 17.73% 
13 838.68 1,178.62 339.94 40.53% 
14 855.95 1,623.15 767.19 89.63% 

 

The results show that the IRS method is a significant improvement of the Guyan and 

dynamic reduction methods. For the first five modes, the errors in the natural 

frequencies did not exceed 5 %. Furthermore, the largest observed error was 89.63 %, 

which occurred for the 14th mode. However, in terms of practical applications, this error 

was still too large. 

System Equivalent Reduction Expansion Process 

The System Equivalent Reduction Expansion Process (SEREP) was introduced by 

O'Callahan, Avitabile & Riemer (1989) as a method to produce the transformation 

matrix using computed eigenvectors. The main advantage of this method is that the 

reduced model could exactly reproduce the lower natural frequencies of the full model. 

The transformation matrix is defined by Eq. 5.18. 

  Eq. 5.18 

 
Here,  is the computed eigenvector, and the superscript + refers to the pseudo inverse. 

In applying this method to the FE model in Figure 5.9, the eigenvalue analysis was 

conducted in ANSYS. The mass normalised modal displacements for all DOFs were 

then extracted from ANSYS in a text file and imported into MATLAB to calculate the 
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transformation matrix. The transformation matrix was applied to Eq. 5.15, and an 

eigenvalue analysis was conducted on the resulting reduced system matrices. A 

comparison between the natural frequencies of the full model and the reduced model is 

summarised in Table 5.7. Theoretically, the natural frequencies should be identical. 

However, a maximum error of 0.03 Hz was observed for the first mode. This is likely 

due to the rounding off errors that occurred when exporting the text files from ANSYS 

and importing them into MATLAB. 

Table 5.7. Comparisons between the natural frequencies of the SEREP reduced and full FE model. 

Mode 
Full Model 

Natural Frequencies 
(Hz) 

Reduced Model 
Natural Frequencies 

(Hz) 

Absolute 
Error 
(Hz) 

Percentage 
Error 

1 57.96 57.93 0.03 -0.05% 
2 61.15 61.15 0.00 0.00% 
3 169.73 169.73 0.00 0.00% 
4 182.40 182.40 0.00 0.00% 
5 265.32 265.31 0.01 0.00% 
6 266.88 266.88 0.00 0.00% 
7 453.51 453.51 0.00 0.00% 
8 515.25 515.24 0.01 0.00% 
9 520.37 520.37 0.00 0.00% 
10 639.36 639.36 0.00 0.00% 
11 654.64 654.62 0.02 0.00% 
12 834.83 834.81 0.01 0.00% 
13 838.68 838.68 0.00 0.00% 
14 855.95 855.94 0.01 0.00% 

 

Four methods of model reduction were applied to the full FE model. The results are 

summarised in Figure 5.10. The natural frequencies obtained from the models that were 

reduced with Guyan reduction and dynamic reduction were significantly erroneous, 

particularly for the higher frequency modes. The IRS method substantially reduced 

these errors. However, an error of 89.63 % was still observed for the 14th mode. The 

model reduced using SEREP could reproduce the natural frequencies that were within 

0.03 Hz for all modes. Theoretically, the natural frequencies should have been identical. 

However, rounding errors likely caused these slight differences. The only drawback to 

using SEREP is that the eigenvectors need to already be computed. However, it was not 

a problem to obtain these values from ANSYS. Hence, SEREP will be used to reduce 

the FE model for the model updating procedure in Chapter 6. 



104 
 

 

(a) 

 

(b) 

Figure 5.10. Comparison between the natural frequencies of all reduction methods for  
(a) modes 1 to 7, and (b) modes 8 to 14. 
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5.5.2. Modal Expansion 

While model reduction is the most commonly used method to match the FE model 

DOFs to the measured DOFs, researchers have also used modal expansion to expand the 

measured DOFs to the FE model DOFs. This thesis explores two methods of modal 

expansion. The first method involves using the mass and stiffness matrices directly to 

expand the measured DOFs. The second method is based on SEREP and uses the 

computed eigenvectors to expand the modal data. Both methods are demonstrated using 

the FE model shown in Figure 5.9 and the measured modal displacements of 

Specimen 2, summarised in Section 4.5.  

Expansion Using Mass and Stiffness Matrices 

The first modal expansion method involves using the mass and stiffness matrices. 

Consider the expression in Eq. 5.19. 

 
 Eq. 5.19 

 
Here,  and , respectively, represent the mode shape at the measured and 

unmeasured DOFs of the jth mode, and  is the corresponding eigenvalue. The bottom 

half of this equation can be rearranged to Eq. 5.20. 

  Eq. 5.20 

 
This method was applied to expand the modal displacements of Specimen 2 in its 

healthy state. The nine modes shapes illustrated in Figure 4.25 are expanded to the 

DOFs of the FE model. Although the mode shapes were expanded to all DOFs of the FE 

model, only the top surface is illustrated in this thesis. This is because the plots were 

produced using the “surf” function in MATLAB. The expanded mode shapes are shown 

in Figure 5.11. While the expanded mode shapes do appear to be mostly smooth, there 

are problematic ones, such as Mode 6. Some of the DOFs appear to have a significantly 

different modal displacement when compared to their neighbouring DOFs. These DOFs 

are the master DOFs, and do not have a close agreement with the surrounding slave 

DOFs. A potential reason for this is that the structural characteristics that define this 

particular mode does not agree well with the FE model. Non-smoothness is also present 

in the other modes, albeit to a much lesser extent. 
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Mode 1 
NF = 45.8 Hz  

Mode 2 
NF = 164.2 Hz  

Mode 3 
NF = 203.1 Hz  

   
Mode 4 

NF = 283.5 Hz  
Mode 5 

NF = 374.5 Hz  
Mode 6 

NF = 614.2 Hz  

   
Mode 7 

NF = 888.2 Hz  
Mode 8 

NF = 988.4 Hz  
Mode 9 

NF = 1050.8 Hz  

   
 

Figure 5.11. Mode shapes expanded using the mass and stiffness matrices of the full FE model. 

 
Expansion Using SEREP 

The next modal expansion method discussed is SEREP, which is capable of both model 

reduction and modal expansion. The method uses the eigenvectors that are computed 

from the full FE model to generate the transformation matrix shown in Eq. 5.21. 

  Eq. 5.21 

 
Once the transformation matrix is defined, the expanded mode shapes can be obtained 

using Eq. 5.22. 

  and  Eq. 5.22 

 
This method was applied to the modes identified from Specimen 2 in its healthy state. 

To apply this method, the experimental modes needed to be paired with the FE modes. 

Six modes identified from the specimen were comparable to the FE modes. The 

resulting expanded mode shapes are shown in Figure 5.12. 
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Experimental Mode 1 
NF = 45.8 Hz  

Experimental Mode 2 
NF = 164.2 Hz  

Experimental Mode 6 
NF = 614.2 Hz 

Experimental Mode 7 
NF = 888.2 Hz  

Experimental Mode 8 
NF = 988.4 Hz  

Experimental Mode 9 
NF = 1050.8 Hz  

   
 

Figure 5.12. Mode shapes expanded using SEREP. 

This time the expanded mode shapes appear to be smoother than the mode shapes 

expanded from the mass and stiffness matrices. This is because the formulation used to 

expand the measured mode shapes was also applied to smooth the measured DOFs. 

While the mode shapes expanded using SEREP are smoother, there are major 

drawbacks to this method. The successful application of this method requires the 

experimental modes to be paired with the numerical modes. Whilst this is not a major 

problem when manually pairing the modes, it becomes problematic when attempting to 

automate this process. The modal assurance criterion (MAC) is a common method for 

pairing the experimental modes to the numerical modes. However, there are certain 

instances that can cause the modes to be paired incorrectly. For example, consider 

Modes 2 and 3 of the FE model, shown in Figure 5.13. Mode 2 is a horizontal mode. In 

the vertical direction, it has a maximum mass-normalised modal displacement of 

0.11 mm. In experimental testing, this mode would not be picked up, since the 

excitation and the responses measurements are in the vertical direction. In contrast to 

this, Mode 3 is torsion mode with a maximum mass-normalised vertical modal 

displacement of 2.99 mm. The modal displacements of these two modes are 

summarised in Table 5.8 with their values normalised to the mass matrix and to unity. 

When these two modes are compared using the 14 DOFs that correspond to the 

accelerometers on Specimen 2, the MAC value between these two modes is 0.993 even 

through these are two clearly different modes. Hence, care needs to be taken when 

setting up an automated system to pair experimental modes. 
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Mode 2 – Natural Frequency = 61.15 Hz Mode 3 – Natural Frequency = 169.73 Hz 

 

 
 

 

 
 

Contour for vertical mass-normalised modal displacement (mm) 

 
 

Figure 5.13. Two different FE modes with a MAC of 0.993. 

Table 5.8. Modal displacement of two different modes with a MACC of 0.993. 

Accelerometer  Mass Normalised (mm) Normalised to Unity 
Mode 2 Mode 3 Mode 2 Mode 3 

A1 0.00 0.00 0.00 0.00 
A2 0.11 2.99 1.00 1.00 
A3 0.00 0.00 0.00 0.00 
A4 -0.11 -2.99 -0.99 -1.00 
A5 0.00 0.00 0.00 0.00 
A6 0.08 1.99 0.78 0.66 
A7 0.00 0.00 0.00 0.00 
A8 -0.08 -1.99 -0.77 -0.66 
A9 0.00 0.00 0.00 0.00 
A10 0.03 0.83 0.25 0.28 
A11 0.01 0.18 0.09 0.06 
A12 -0.03 -0.83 -0.25 -0.28 
A13 0.01 0.32 0.12 0.11 
A14 -0.01 -0.32 -0.12 -0.11 

 
Two methods of modal expansion were discussed in this section of the chapter. The 

author favours the method that uses the mass and stiffness matrices of the FE model to 

expand the measured mode shapes due to its ability to expand these mode shapes 

without the need to pair the experimental modes to the analytical modes. It could be 

argued that the modes expanded using SEREP are smoother. However, this is achieved 

by adjusting the modal displacements at the measured DOFs. Since the measured DOFs 

are the only non-interpolated DOFs, these values should not be adjusted. 
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5.6. Modelling the Damage Cases of Specimen 1 
The damage inflicted on Specimen 1 was designed so that data could be collected on 

incremental damage cases.  This was done using a circular saw to produce a notch in the 

specimen. The notch was measured to be approximately 4 mm thick and 55 mm deep. 

In order to retain a hexahedron mesh, the cross section of the specimen needed to be 

constant along its longitudinal profile. The approach taken to model this damage was to 

include a damage strip in the mesh that corresponded with the location of the notch in 

the physical specimen and simulating the notch by removing the corresponding 

elements. The meshes considered for Specimen 1 are shown Figure 5.14. 

 

 
(a) 

 
(b) 

Figure 5.14. Cross sectional mesh of Specimen 1 with (a) 25 mm mesh and (b) 10 mm mesh. 

 
The first mesh size considered was 25 mm, as this is the size used for the undamaged 

FE model shown in Figure 5.2. However, Figure 5.14a demonstrates that this mesh size 

was not suitable, as the abrupt difference between the size of the elements in the damage 

strip and the surrounding elements could lead to artificial disturbances in the stress field 

Damage strip 

Damage strip 
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that could mistakenly be accepted as being physically realistic (Cook 1994). Hence the 

decision was made to use the 10 mm mesh, shown in Figure 5.14b, for the cross section 

instead. Also, the element size along the specimen was gradually increased from 10 mm 

at the front to 50 mm at the fixed end of the specimen to ensure that the mesh was finer 

and had a better aspect ratio near the simulated damage. In total, this model contained 

425,223 DOFs. With the healthy model defined for Specimen 1, the next step was to 

simulate damage in the model by removing the elements that corresponded with the 

notch space. The removed elements are shown in red in Figure 5.15. 

 

75 mm notch 150 mm notch 

  
225 mm notch 270 mm notch 

  
 

Figure 5.15. Elements removed to simulate physical specimen. 
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The eigenvalue analysis was run for each of the damaged models, and the numerical 

modes that corresponded with the experimental modes of Specimen 1 were identified 

and summarised in Table 5.9. The graphical representations of these modes are provided 

in Appendix C. The results showed that the natural frequencies did not necessarily 

decrease with increasing damage for the lower modes. This was particularly true for 

Mode 1 where the natural frequency even appeared to increase. This was likely due to 

the mass lost at the front as a result of removing the elements there. Of the six modes, 

Mode 5 was found to be the most sensitive to the damage inflicted on the specimen with 

a natural frequency difference of 0.62% between the healthy case and the most severe 

damage case.  

 
Table 5.9. Natural frequencies of the finite element model of Specimen 1 with different damage cases. 

Natural Frequencies (Hz) 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 

Healthy Case 58.01 168.78 265.43 636.43 852.01 952.59 
Damage Case 1 58.01 168.75 265.44 636.25 850.17 952.22 
Damage Case 2 58.02 168.75 265.44 636.15 849.57 951.96 
Damage Case 3 58.02 168.75 265.43 636.10 849.25 951.80 
Damage Case 4 58.02 168.75 265.40 636.03 846.73 951.68 

 

It is suspected that Mode 5 is the most sensitive to damage because it is an in-plane 

bending mode. Figure 5.16 shows a comparison between the Mode 1 and Mode 5 for 

the healthy case and all damage cases from the perspective of the front of the specimen. 

For Mode 1, it is shown that the vertical modal displacement is constant for the whole 

cross-sectional area at the front of the specimen. This is because bending does not occur 

across the specimen but along it from the fixed end to its front as illustrated in  

Figure 5.17a. Hence, Mode 1 is not sensitive to damage that occurs at the front of the 

specimen. In contrast to this, the vertical modal displacements for Mode 5 vary at the 

front of the specimen. Bending is observed in this cross section, as shown in  

Figure 5.17b, and it is observed that the notch widens in this mode for the damage cases 

from Figure 5.16. Hence damage that occurs here will affect Mode 5, which is 

evidenced by the results shown in Table 5.9. 
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Mode 1 – Healthy Case – 58.01 Hz Mode 5 – Healthy Case – 852.01 Hz 

 
Mode 1 – Damage Case 1 – 58.01 Hz Mode 5 – Damage Case 1 – 850.17 Hz 

  
Mode 1 – Damage Case 2 – 58.02 Hz Mode 5 – Damage Case 2 – 849.57 Hz 

  
Mode 1 – Damage Case 3 – 58.02 Hz Mode 5 – Damage Case 3 – 849.25 Hz 

  
Mode 1 – Damage Case 4 – 58.02 Hz Mode 5 – Damage Case 4 – 846.73 Hz 

  
Mass normalised vertical modal displacement in mm 

 
 

Figure 5.16. The numerical mode shapes of Mode 5 for the different condition cases of Specimen 1. 
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(a) 

 

(b) 

(c) 

Figure 5.17. Mode shapes of the healthy case for (a) Mode 1 and (b) Mode 5, and (c) the contours for the 
vertical mass-normalised modal displacement in millimetres. 

 
 

Fixed end Mode 1 

Front 

Mode 5 
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5.7. Modelling the Damage Cases of Specimen 2 
A static load was applied to Specimen 2 incrementally to produce three damage cases 

with increasing crack lengths. Details of the experimental setup are provided in 

Section 3.6. One of the most common methods of simulating a crack in a FE model is to 

reduce the stiffness of the elements that correspond to the crack locations (Friswell 

2007). To simplify the numerical model, the locations and depths of the cracks, 

tabulated in Table 3.1, were averaged and summarised in Table 5.10. Based on these 

averaged crack lengths, a FE model was constructed as shown in Figure 5.18 and  

Figure 5.19. In order to retain the 25 mm mesh from the healthy model, the cracks were 

modelled by reducing the stiffness of elements that had a 25 mm thickness. The 

stiffness of these elements reduced further with each progressive damage severity to 

simulate the widening of the crack as shown in Table 5.10. Crack 1 was modelled 

1,350 mm from the front of the specimen and was included in the model for all three 

damage cases. Crack 2 was only included in the model for Damage Case 3. 

Table 5.10. Averaged location and severity of cracks in Specimen 2 for numerical modelling. 

Crack 1 Crack 2 

Located 1350 mm from front of 
Specimen 

990 mm from front of 
Specimen 

 

Average 
Crack Depth 

(mm) 

Stiffness 
Reduction 

Average 
Crack Depth 

(mm) 

Stiffness 
Reduction 

Damage Case 1 276 50% 0 - 
Damage Case 2 301 75% 0 - 
Damage Case 3 322 80% 262 50% 

 

The eigenvalue analysis was run with each of these models and the natural frequencies 

of the modes identified in Table 5.1 are summarised in Table 5.11.  As expected, the 

results show that the natural frequencies for all modes decrease as the damage increases. 

The graphical representations of these modes can be found in Appendix D. 
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Figure 5.18. Modelling Damage Case 3 for Specimen 2 showing both cracks. 

 

Damage Case 1 

 

Damage Case 2 

 

Damage Case 3 

 
Figure 5.19. Finite element modelling of incremental damage for Specimen 2. 

 

Crack 1 
Crack 2 
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Table 5.11. Natural frequency comparisons for the finite element model of Specimen 2. 

Natural Frequency (Hz) 
  Mode A Mode B Mode C Mode D Mode E Mode F 
Healthy Case 57.90 168.78 - 852.35 949.11 1016.51 
Damage Case 1 57.76 167.50 - 850.64 943.10 1012.60 
Damage Case 2 57.48 165.37 - 848.95 933.02 1007.75 
Damage Case 3 57.20 163.37 - 846.25 922.42 1002.96 

 

The results show that the natural frequencies of all modes decrease monotonically with 

increasing damage. A common approach to identifying damage is to look at the changes 

in the curvature mode shapes (Pandey, Biswas & Samman 1991). The changes in the 

natural frequencies shown in Table 5.11 can be used to indicate the presence of damage. 

However, the issue with using natural frequencies is that two or more different types of 

damage can cause the same natural frequency decrease. Changes in the curvature mode 

shapes can give indication of the location of damage. This section will provide 

examples of how curvature mode shapes can be used to localise damage in Mode A and 

B. For Mode A, the modal displacements are measured along the top centre of the 

specimen. However, for Mode B, there was very little displacement along the top centre 

of the specimen since it was a torsion mode. Hence, the modal displacements are 

measured along the left of the specimen. Figure 5.20 is provided to clarify this 

explanation. 

Mode A Mode B 
 
 

 
 

 
 

 
 

Figure 5.20. Location of modal displacements measured from the numerical model of Specimen 2. 

The curvature mode shapes were calculated by performing double differentiation of the 

modal displacements with respect to the distance along the specimen, using the central 

difference method. The curvature differences for Mode A are illustrated in Figure 5.21. 

Modal displacements measured 
along the top centre 

Modal displacements measured 
along the top left 
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Figure 5.21. Curvature difference for the first mode of Specimen 2. 

For Damage Cases 1 to 3, a significant change in the modal shape curvature was 

observed between 1,275 mm and 1,450 mm from the front of the specimen. This change 

increased progressively as the damage severity increased. The stiffness was reduced 

between 1,350 mm and 1,375 mm from the front of the specimen in the FE model for all 

three damage cases, which lies in the middle of this significant curvature change. 

Furthermore, for Damage Case 3, a significant change in curvature was observed 

between 950 mm and 1,075 mm. The second crack was simulated between 975 mm and 

1,000 mm, and lies within this range. Hence, the locations of the cracks were 

successfully identified by observing the changes in the curvature mode shapes.  

Of all the mode changes identified in Table 5.11, Mode B was found to be the most 

sensitive to damage in terms of percentage changes in the natural frequencies. The 

changes in the mode shape curvature for this mode are shown in Figure 5.22. For all 

damage cases, a significant change between 1,300 mm and 1,425 mm can be observed, 

which is where Crack 1 is located. The curvature difference increases with increasing 

damage severity. For Damage Case 3, a second curvature change is observed between 

900 mm and 1,075 mm, which is where the second crack is located. Hence, the 

curvature mode shapes for Mode A and B can be used to identify the location and 

severity of damage in a structure.  
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Figure 5.22. Curvature difference for the third mode of Specimen 2. 

Whilst the FE model demonstrated that the curvature mode shapes could be used to 

estimate the location and severity of damage, this methodology could not be applied to 

the physical specimen. The mode shape curvatures illustrated in Figure 5.21 and  

Figure 5.22 were calculated using 81 modal displacements measured along the 

numerical jack arch. However, the physical specimen was instrumented with 

accelerometers at four locations along the specimen, and at 3 points across it. This did 

not provide enough information to perform a numerical double differentiation to 

observe the changes in the mode shape curvature and locate damage. 

In practical applications, there are a limited number of sensors that can be placed on a 

physical structure. These limitations can be due to the cost of the hardware or the 

inaccessibility to certain locations of the structure for instrumentation. When there are 

not enough sensors, it may be difficult to find the mode shape curvatures. While 

methods to expand the modal data were explored in Section 5.5.2, these methods used 

the FE model in its healthy state to perform the modal expansion. In Chapter 6, a FE 

model updating approach that expands the measured modal displacements will be 

explored to identify the location and severity of damage in Specimen 2. 

 

  



119 
 

5.8. Summary 
This chapter provided details on the finite element modelling of the jack arch 

specimens. The healthy model was constructed using SOLID185 elements in ANSYS 

and incorporated the material properties obtained from the Australian Standards. 

Methods to extract output data from the FE model were then explained. The modal 

parameters were obtained using eigenvalue analysis, the time histories were simulated 

using transient dynamic analysis and state space models, and the frequency response 

functions were synthesised using the modal parameters obtained from the eigenvalue 

analysis. The quality of the model was assessed by comparing different mesh densities. 

The 25 mm mesh was found to be the suitable mesh size for the model. The resulting 

FE model contained 121,533 DOFs and required 969.15 MB of memory for the 

eigenvalue analysis.  

Justification for using a linear model was also provided. Similarly, to the linear 

modelling of the boundary supports, the non-linear modelling would have required 

assumptions to be made. A maximum difference of 0.09 % in the natural frequencies 

was observed between the linear connection and the non-linear connection between the 

concrete and steel I-beam, and the non-linear range in the material properties were not 

reached in the transient analysis.  

Methods for model reduction and modal expansion were then explored. The System 

Equivalent Reduction Expansion process was found to be the most suitable method for 

model reduction, and the expansion method that utilised the mass and stiffness matrices 

of the FE model was found to the more suitable method for modal expansion.  

Damage from both specimens were simulated in the FE model. The damage in 

Specimen 1 was simulated by removing elements that corresponded with the notch in 

the physical specimen. It was found that the in-plane bending mode was the most 

sensitive mode to damage. The damage in Specimen 2 was simulated by reducing the 

stiffness of elements that corresponded with the observed crack in the physical 

specimen. Although changes in the natural frequencies did indicate damage, it did not 

provide information on the location of damage. The damage was located by observing 

the changes in the curvature mode shapes. 
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Chapter 6  
Damage Identification Using 

Finite Element Model Updating 

6.1. Introduction 

This chapter provides the background and theory behind finite element model updating 

including details on iterative methods, model reduction and modal expansion. It then 

provides details on the novelty of the proposed method. The linkage modelling 

technique is introduced to link the large number of degrees of freedom (DOF) of a finite 

element (FE) model to the spatially limited sensor array on a physical structure. The 

damage identification procedure, incorporating the proposed linkage modelling 

technique into the frequency response function-based sensitivity method for model 

updating, is then explained. The method is demonstrated numerically and 

experimentally using the data obtained from Specimen 2.  

6.2. Finite Element Model Updating 

Finite element (FE) model updating emerged in the 1990s as an important aspect of the 

design, construction and maintenance of mechanical systems and civil engineering 

structures (Friswell & Mottershead 2013). In the modern world, there is an increasing 

demand for the improved performance of products of engineering design due to 

increasing energy and material costs. As designs become more refined, there is a need to 

find improvements with an increasing focus on intricate detail. FE models have had a 

significant impact on engineering design and product development since the 1960s. 

However, the approach is limited to the assumptions made in the development of the 

mathematical model. Model updating aims to correct these invalid assumptions by 

reducing the discrepancies between the vibration results obtained from the FE model 

and measured from the physical structure. This thesis will utilise model updating 

techniques, that have been developed by researchers in the past several decades, to 

estimate the location and severity of damage in Specimen 2. 
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6.2.1. Model Updating Using the Sensitivity Method 

While many different techniques for model updating have been researched, this thesis 

focuses on the sensitivity method. According to Mottershead, Link & Friswell (2011), 

the sensitivity method is one of the most successful approaches to updating the FE 

model of engineering structures using vibration test data. It is based on the linearization 

of the generally non-linear relationship between the parameters of the FE model in need 

of correction and its measurable outputs. Examples of these outputs include natural 

frequencies, mode shapes and displacement responses of a structure. Hence, the 

sensitivity method is based on a Taylor series expansion truncated after a linear term. 

The iterative method aims to solve the linear least squares problem expressed in Eq. 6.1. 

  Eq. 6.1 
 
where  is the perturbation in the parameters 
  is the error in the measured output 
  is the sensitivity matrix 
 

 and , respectively, represents the current parameter estimate and the analytical 

output after i iterations.  represents the updated parameter estimate after the linear least 

squares problem is solved. The sensitivity matrix, , contains the first derivative of the 

outputs with respect to the updating parameters and is evaluated at the current parameter 

estimate. The most commonly used forms of the sensitivity matrix uses the eigenvalue 

sensitivities, derived by Fox & Kapoor (1968). The elements of the eigenvalue 

sensitivity matrix are defined by Eq. 6.2. 

 
 Eq. 6.2 

 
where  and  are, respectively, the mass and stiffness matrices of the FE model,  

and  are, respectively, the eigenvalue and mode shape for the th mode, and  is the 

th updating parameter. The eigenvalue sensitivity matrix has been widely used to 

reduce the discrepancies between the natural frequencies in the FE model and the 

measured natural frequencies. Fox & Kapoor (1968) also derived the eigenvector 

sensitivities, which can be used to reduce the discrepancies between the analytical and 

physically measured mode shapes. A drawback of this sensitivity calculation is that it 

involves a summation that requires information on all mode shapes of the analytical 
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model. Nelson (1976) derived a variation of the eigenvector sensitivities that only 

requires the mode shape of interest. The sensitivity matrix is calculated with each 

iteration in the model updating procedure to solve Eq. 6.1. The iterations usually 

continue until a convergence criterion is met. 

Model updating can also be achieved by reducing the discrepancies between the 

analytical and experimental frequency response functions (FRFs) directly. FRFs contain 

information on the modal properties of a structure. This eliminates the need to pair the 

analytical modes to the experimental modes in each iteration of model updating. 

Alamdari et al. (2013) used a gradient-based design optimisation to reduce the 

discrepancies between analytical and measured FRFs by adjusting the non-linear 

properties of a joint. Dos Santos et al. (2005) identified the damage in a laminated 

structure using the FRF sensitivity method. The authors also pointed out that the FRF 

sensitivity technique produced better results than the modal sensitivity method in their 

study due to the FRF sensitivity method having an overdetermined set of equations as 

opposed to the modal sensitivity method, which had an underdetermined set of 

equations. 

An issue to address in model updating is the difference in the degrees of freedom 

(DOFs) in the FE model and the DOFs that are physically measured from the structure. 

Methods that address this issue usually involve reducing a FE model or expanding the 

measured DOFs. 

6.2.2. Model Reduction and Modal Expansion 

An important issue in vibration-based damage identification is the limited sensor array 

used to measure the dynamic properties of the structure. In the ideal case, there would 

be one sensor corresponding to each DOF in the FE model. However, this is rarely 

possible in practical applications, due to the limited sensor availability and the 

inaccessibility of certain areas for sensor placement. Methods to reduce the FE model 

have been developed since the 1960s that are still being used today. The Guyan 

reduction method (Guyan 1965) reduces the number of DOFs in a FE model by 

ignoring the inertial terms of the equilibrium equations and expressing the unloaded 

DOFs in terms of the loaded DOFs. The FRFs generated by the reduced FE model is 

identical to the FRFs produced by the full FE model at zero frequency. However, the 

error in the FRFs becomes more significant as the frequency increases, since the inertia 
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forces are neglected. The static reduction method was modified by Paz (1984) to create 

the dynamic reduction method. This reproduces the exact response of the structure at a 

chosen frequency by including the inertia forces at that frequency. O'Callahan (1989) 

introduced the Improved Reduction System (IRS) as a method that improve the static 

reduction method. The method provides a perturbation to the transformation from the 

static case by including the inertia terms as pseudo static forces. O'Callahan, Avitabile 

& Riemer (1989) introduced the System Equivalent Reduction Expansion Process 

(SEREP) as a method to reduce the FE model using the computed eigenvectors. The 

main advantage of this method is that the modal parameters identified from the reduced 

model are identical to the lower frequency modes of the full FE model. 

The alternative to reducing the FE model to match the measured DOFs is to expand the 

measured DOFs by estimating the modal displacements at the unmeasured DOFS. 

Methods to achieve this invariably uses a FE model to fill the missing data. The first 

method involves using the mass and stiffness matrices of the FE model, along with the 

information on the natural frequencies and modal displacements at the measured DOFs, 

to estimate the modal displacements at the unmeasured DOFs for each mode. The 

second method involves using SEREP to expand the modal data from the FE model. For 

this method, the measured modes are assumed to be a linear combination of the 

analytical modes. This method usually only considers modes that correlate well between 

the model and measured data. 

The techniques used to reduce the FE model and expand the modal displacements were 

demonstrated in Section 5.5. From the comparative study of the model reduction 

methods, it was determined that SEREP was the most suitable method, as the other 

methods had significant errors, particularly for the higher frequency modes. For modal 

expansion, it was determined that the method that utilised the mass and stiffness 

matrices of the FE model was the most suitable method. This was because it did not 

require the experimental modes to be paired with the FE modes. In this chapter, these 

methods will be used to match limited DOFs measured from the physical structure to 

the large number of DOFs in the FE model so that the FE model can be updated using 

the FRF sensitivity method. 
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6.2.3. Model Updating Approaches Used in Damage Identification 

In the context of vibration-based damage identification, researchers have been 

investigating model updating methods to identify the location and severity of damage in 

a structure since the late 1960s. Doebling, Farrar & Prime (1998) provided a summary 

of model updating approaches to damage identification up to the late 1990s. The more 

recent research conducted in the area can be categorised into computational intelligence 

methods and sensitivity methods.  

Computational intelligence techniques aim to address real-world problems using nature-

inspired methodologies (Siddique & Adeli 2013). Marwala (2010) provides details on 

how computational techniques have been applied to FE model updating, by addressing 

it as essentially being an optimisation problem. These methods have been researched in 

practical applications of damage identification. Kang, Li & Xu (2012) used an 

immunity enhanced particle swarm optimisation algorithm to detect damage in a simply 

supported beam. Hao & Xia (2002) used genetic algorithms to detect stiffness reduction 

in elements of a cantilever beam and a portal frame structure. Perera & Torres (2006) 

also used genetic algorithms to detect damage in a simply supported beam structure. 

While these methods excel at finding the global minimum of the discrepancies between 

the measured and analytical results, they generally require a large number of iterations, 

which can be problematic for larger models. 

According to Mottershead, Link & Friswell (2011), the sensitivity method is one of the 

most successful approaches to model updating, and requires less iterations to reach an 

updated model than computational intelligence methods. Sinha, Friswell & Edwards 

(2002) used eigenvalue sensitivities to estimate crack locations and sizes in a cantilever 

beam. Shi, Law & Zhang (1998) derived the sensitivity of modal strain energy with 

respect to damage and used this sensitivity to detect damage in a frame structure.  

The spatial limitation of the sensor arrays have also been addressed by researchers by 

reducing the FE model. Mousavi & Gandomi (2016) addressed this issue by developing 

an iterative hybrid method that utilises dynamic condensation to detect damage in 

structures with incomplete modal data. Hansen et al. (2017) used Guyan reduction to 

condense their T-shaped FE model to ensure that the numerical DOFs corresponded 

with the measured DOFs. Sun & Büyüköztürk (2016) used an iterated improved 

reduced system (IIRS) to reduce their FE model from 8 DOF to 4 DOF to match the 
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measured data. Another added benefit of the model reduction procedure is the overall 

reduction in the computation time required for model updating. Weng et al. (2014) 

derived eigenvalue and eigenvector partial derivatives with respect to a structural 

parameter based on a dynamic condensation technique to improve the efficiency of the 

model updating procedure. 

The spatial incompleteness of the measured mode shapes has also been addressed by 

researchers by expanding the measured eigenvectors to the FE model DOFs. Au et al. 

(2003) and Entezami, Shariatmadar & Sarmadi (2017) used SEREP to expand their 

measured data. Shi, Law & Zhang (1998) made adjustments to SEREP by incorporating 

a weighing coefficient that could be used to weigh the accuracy of the analytical model 

and the measured data. The authors used this method to expand their measured mode 

shapes and localise damage in a frame structure. 

6.3. Methodology 
The past investigations described in Section 6.2.3 used rod, beam and shell elements for 

their FE model updating procedure. However, in certain cases it is necessary to use 

solid elements to model a unique structure for damage detection, which can be 

computationally expensive. Hence, a linkage model, which acts as an intermediary 

between a large FE model and a limited number of measured responses can be used for 

updating. In addition to expanding measured data, SEREP is also capable of reducing 

the full system matrices of a FE model with no loss of accuracy in the natural 

frequencies and mode shapes for the lower frequency modes. Expansion can also be 

achieved by directly using the mass and stiffness matrices of a model which eliminates 

the need for eigenvalue analysis or mode pairing.  

The proposed methodology uses FE model updating based on the FRF sensitivity 

method to localise and quantify damage. Specimen 2 is used to demonstrate this 

method. The parameters defined for the model updating procedure include the Young’s 

modulus of ten divided sections of the specimen and three additional parameters 

relating to the boundary conditions of the jack arch. Due to memory constraints, this 

method needed to be demonstrated using a FE model with a mesh that was coarser than 

the mesh described in Section 5.2. As a result, the full FE model contains 5,706 DOFs. 

This will be explained further in Section 6.5.1. 
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The full FE model is reduced to a linkage model containing 60 DOFs using SEREP. 

The mode shapes determined experimentally using 11 accelerometers are then expanded 

to 60 DOFs using the mass and stiffness matrices of the linkage model. The receptance 

FRFs are synthesised based on the expanded mode shapes and used to form the FRF 

sensitivity matrix and FRF residuals vector. The linear least squares method 

incorporating the trust region reflective algorithm is then used to update the parameters. 

This procedure is iteratively repeated until the convergence criterion is met. The 

damage location and severity are then determined based on the updated parameters. The 

procedure is verified numerically and experimentally.  

The main innovation in the proposed method is that it uses the mass and stiffness 

matrices of a reduced FE model to expand the mode shapes obtained from the measured 

data. Past investigations that aimed to match the DOFs of the FE model to measured 

mode shapes have either reduced the FE model or expanded the measured mode shapes. 

If the DOFs of the FE model are reduced to the measured DOFs, then information of the 

mode shapes retained from the FE model can be insufficient. On the other hand, 

expanding the measured DOFs to the FE model can result in the model updating process 

being computationally expensive. This method aims to provide a balance between the 

information lost due to model reduction and the computational cost of expanding the 

measured DOF by introducing the linkage model. This section is divided into two parts. 

The first part explains how the linkage model is used to link the FE DOFs to the 

measured DOFs. The second part explains how the linkage model is incorporated into 

the FRF sensitivity method for damage identification. 

6.3.1. Addressing the Limited Sensor Issue Using a Linkage Model 

In real structures, it is impractical to place a sensor corresponding to the locations of all 

DOFs in the FE model. These restrictions are due to the limited number of sensors 

available for instrumentation and inaccessibility of certain areas of the structure. This 

study proposes the use of a linkage model that reduces the DOFs of a 3D FE model to a 

linkage model while expanding the measured DOFs to the same model. In this 

investigation, SEREP (O'Callahan, Avitabile & Riemer 1989) is used for model 

reduction. The procedure requires the mass ( ) and stiffness ( ) matrices to be 

partitioned according to the expression in Eq. 6.3. 
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  and  Eq. 6.3 

 
where the subscript  refers to the master DOF that will be retained and  is the slave 

DOF that will be removed after the reduction procedure. The transformation matrix, , 

used to reduce the FE model can be deduced using Eq. 6.4. 

  

 

Eq. 6.4 

 

where  is the matrix containing the mass normalised eigenvectors of the FE model. 

The superscript + refers to the pseudo inverse of a matrix. The transformation matrix is 

then used to reduce the full system matrices to the linkage model system matrices using 

Eq. 6.5. 

 

 

 and  Eq. 6.5 

where  and  are the mass and stiffness matrices of the linkage model. The system 

matrices of the linkage model are then used to expand the measured DOFs to the 

linkage model DOFs. Friswell & Mottershead (2013) provide the procedure for this 

using Eq. 6.6. 

 
 Eq. 6.6 

 

where  and  , respectively, represent the mode shape at the measured and 

unmeasured DOFs of the jth mode, and  is the corresponding eigenvalue. The bottom 

half of this equation can be rearranged to Eq. 6.7. 

  Eq. 6.7 

 

which can be used to calculate the interpolated mode shapes for the unmeasured DOFs 

using the mass and stiffness matrices of the linkage model and the measured 

eigenvectors. The interpolated mode shapes can be used to synthesise the receptance 

FRFs at the unmeasured DOFs using a formulation provided by Maia & Silva (1997), 

expressed in Eq. 6.8. 
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Eq. 6.8 

where there is  number of modes used in the FRF synthesis,  represents the modal 

displacement at response j for mode r,  represents the modal displacement at the 

force input k for mode r. The eigenvalues  are the poles for mode r. The residues in 

Eq. 6.8 are normalised by multiplying the numerators with Eq. 6.9. 

 
 

 
 

 

Eq. 6.9 

where ,  is the modal mass and  is the damped natural frequency of 

mode r. The synthesised FRFs can be used in the model updating procedure covered in 

the next section of this chapter. 

6.3.2. Damage Identification Using FRF Sensitivity Model Updating 

The location and severity of damage is identified in this study by updating the FE model 

using FRF sensitivities. The method is based on the iterative formulation of the FRF 

sensitivities derived by Lin & Ewins (1994). In each iteration, this method uses the 

Linear Least Squares Solver “lsqlin” in MATLAB to minimise the squared 2-norm of 

the residual expressed in Eq. 6.10. 

  Eq. 6.10 

 
where  is the vector of updating parameters and  is the vector of FRF residuals 

calculated using Eq. 6.11. 

 
 Eq. 6.11 

 
where  refers to the vector of the experimentally obtained receptance FRFs at 

the th measured frequency with each row of the vector corresponding to the DOF of the 

measured response with the input applied at coordinate j and  being the 

analytical counterpart.  is the FRF sensitivity matrix and can be calculated using  

Eq. 6.12. 
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 Eq. 6.12 

 

where  is the dynamic stiffness matrix expressed in the frequency domain in  

Eq. 6.13. 

  Eq. 6.13 
 

where  is the stiffness matrix,  is the damping matrix and  is the mass matrix of the 

FE model. The formulation of the sensitivity matrix  requires the partial derivatives of 

the dynamic stiffness matrix with respect to the updating parameters to be calculated. 

The dynamic stiffness matrix derivatives can be reduced to the linkage model using the 

transformation matrix calculated in Eq. 6.4. Also, the numerical conditioning of  

Eq. 6.10 can be improved by normalising the updating parameters so that the current 

parameter estimate is unity. The choice of updating parameters depends on the purpose 

of the model updating procedure. For damage detection purposes, this is typically the 

Young’s modulus of an element or a partition of the model. A decrease in the stiffness 

of the material can indicate damage in a structure. Dividing the FE model into partitions 

and using the Young’s modulus of each partition as an updating parameter can be used 

as an approach for damage detection via model updating. The decision of DOFs to 

retain after model reduction can be tailored around the updating parameters chosen. An 

example of this is provided in the next section of this chapter. The updated parameters 

can be used to form a damage index (DI) for each partition of the structure based on the 

overall stiffness reduction of each partition as expressed in Eq. 6.14. 

 
 

 

 

Eq. 6.14 

 

where  and  refer to the Young’s modulus of a partition of the FE model in its 

healthy state and damaged state respectively. The flow chart for the model updating 

procedure is illustrated in Figure 6.1. In this investigation, this procedure is first applied 

to the specimen in its healthy state to capture the overall Young’s modulus, , and the 

stiffness of its boundary conditions before any damage occurs. Once the structure is 
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damaged, it is partitioned so that the Young’s Modulus, , can be identified for each 

partition. The procedure in Figure 6.1 is repeated for each damage case. As indicated in 

the flow chart, the damage index is only calculated when the procedure is applied to the 

structure in its damaged state. For all model updating procedures applied in this 

investigation, the convergence criterion is set so that convergence is achieved when 

either the changes in all parameters is less than 0.1 % or a maximum of 20 iterations is 

reached. 

 

 

Figure 6.1. Flow chart summarising the model updating procedure. 

While it could be argued that the successful use of model reduction and modal 

expansion depends on the availability of an accurate initial FE model, the FRFs used for 

updating contains information on the natural frequencies, mode shapes and damping 

ratios. All three modal parameters are therefore used to calculate the updating 

parameters for the subsequent iteration. Hence, the model comes closer to the physical 

structure with each iteration. 
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6.4. Application to Jack Arch Specimen 

Specimen 2 is used to demonstrate the proposed method. Details of the damage cases 

can be found in Section 3.6, and details of the modal tests can be found in Section 4.5. 

As a reminder for the reader, a static load was applied at the front of the specimen using 

a hydraulic jack. The specimen was treated as an overhanging cantilever beam in this 

configuration. The load was applied until an immediate reduction in the load carrying 

capacity of the structure was observed. After the loading was stopped, the hydraulic 

jack was removed, and the dynamic test was repeated. A crack was observed at 

1,300 mm measured on the left and 1,400 mm measured on the right of the specimen 

from its front with an average depth of 275 mm. The specimen was loaded a second 

time, and the average depth of the crack was increased to 300 mm. The specimen was 

loaded a third time, and the average depth increased to 320 mm. Additionally, a second 

crack was identified after the third load, and was located 980 mm measured from the 

left and 1,000 mm measured from the right of the specimen from its front with an 

average depth of 260 mm. 

Also, the numbering of the accelerometers was adjusted to demonstrate the proposed 

method. The linkage model will focus on the modal displacements at the top surface of 

the specimen. Hence, only the accelerometers at the top will be considered for this 

investigation. The accelerometers have been renumbered accordingly, and their 

numbering schematic is demonstrated in Figure 6.2. The accelerometers will be referred 

by this schematic for the remainder of this chapter. A1 was chosen as the driving point 

FRF, since impacting the specimen near A1 was found to excite identifiable vertical 

bending, in-plane bending and torsional modes. The inertance FRFs for each impact 

sample were calculated and the outliers were removed. The remaining samples were 

averaged to emphasise the repeatable features of the FRFs while softening the non-

repeatable features. The receptance FRFs were then calculated by dividing the inertance 

FRFs by  at each measured frequency.  
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Figure 6.2. Schematic for the dynamic test for model updating showing the locations of the hammer 

impact and the accelerometers A1 to A11 measuring the vertical direction. 

 

6.5. Numerical Validation 
 

6.5.1. The Finite Element Model 

Memory constraints were a major issue in the numerical modelling of the specimen. 

The mass and stiffness matrices of the FE model were created using ANSYS APDL. 

However, the matrix operations described in Section 6.3 were conducted in MATLAB. 

For the proposed procedure, it was necessary to store multiple system matrices 

including the mass and stiffness matrices of the FE model with its current parameter 

estimates and the partial derivatives of the system matrices with respect to the updating 

parameters.  

The model described Section 5.2 contains 121,533 DOFs, which meant that several 

121,533 by 121,533 system matrices would need to be stored on the computer’s 

memory to conduct this method. The computer used to run this procedure contained 

16 GB of memory, which is not enough to run this procedure with this FE model. Hence 

a FE model with less DOFs needed to be created to demonstrate this method. A FE 

model with a coarser mesh was constructed in ANSYS APDL using 20 noded 

SOLID 186 elements to exhibit quadratic displacement behaviour in the model. This 

model is illustrated in Figure 6.3.  
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Figure 6.3. Coarse finite element model of the jack arch specimen used for model updating. 

The updating parameters in the FE model were defined by dividing the model into ten 

partitions along the structure with each partition being 200 mm long. This was done to 

detect the location and severity of the transverse crack that was expected to occur as a 

result of loading the specimen at its tip in the overhanging cantilever beam 

configuration shown in Figure 3.5. A Young’s modulus value was defined for each of 

these partitions. These parameters are denoted as P1 to P10 in Figure 6.3. The initial 

Young’s modulus for the concrete specimen was set to 30 GPa. The Young’s modulus 

of the adhesives connecting the specimen to the supports were also considered as 

updating parameters, as they had a significant influence on the dynamic properties of 

the structure. They are denoted as BC1 to BC3 in Figure 6.3. The partial derivatives of 

the mass and stiffness matrices with respect to the updating parameters were determined 

numerically by perturbing the updating parameters by a value of 1 MPa and calculating 

the differences in the perturbed and unperturbed system matrices.  

It was observed that a maximum of 5.2 GB of memory was used when applying the 

model updating procedure to this model. If the mesh density was to double in any 

dimension, then the computation would require four times the memory. This was 

problematic, due to the memory limitations of the system used to conduct this analysis. 

Hence, the quality of the model needed to be compromised to demonstrate the proposed 

method. For example, the plaster used to adhere the specimen to the supports was 

modelled with elements that had a poor aspect ratio and the steel I-beam was excluded 

from the FE model. In future works, strategies to improve memory management will be 

employed so that higher quality models can be used. 

BC1 

BC2 

BC3 
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6.5.2. Identifying the Damaged Partition 

The numerical validation demonstrates the model updating procedure being applied to 

the structure in its damaged state. Smeared cracking was used to simulate damage by 

reducing the Young’s modulus of P7, as the crack identified on the specimen was 

located within the region covered by this parameter. The Young’s modulus of P7 was 

reduced to 20 GPa to test whether the damage identification method could detect this 

stiffness reduction. Eleven receptance FRFs were synthesised based on the experimental 

setup of the modal test shown in Figure 6.2. Rayleigh damping was assumed in the FRF 

synthesis with the values of  and , which were based on the 

first and last modes of interest of the specimen in its healthy state. The eleven 

receptance FRFs were then used as the measured data in the numerical study.  

In the initial iteration of the model updating procedure, the mass and stiffness matrices 

of the FE model were reduced from the 5,706 DOF shown in Figure 6.3 to the 60 DOF 

linkage model shown in Figure 6.4 using SEREP. The DOFs of the linkage model were 

chosen based on the updating parameters of the FE model. The partitions of the FE 

model covered a length of 200 mm along the specimen. Hence, 200 mm was chosen as 

the distance between the DOFs along the linkage model. The spacing of 250 mm across 

the specimen was chosen to retain a good aspect ratio for the grid, and to ensure that 

there was a node in the centreline of the structure. This resulted in 55 DOFs for the 

linkage model. An additional 5 DOFs were added to include the measured DOFs, 

resulting in a total of 60 DOFs for the linkage model. Only the vertical DOFs were 

considered for the linkage model since vibration was only measured in the vertical 

direction of the specimen. 



135 
 

 

Figure 6.4. Linkage model. 

The mass and stiffness matrices of the linkage model were then used to expand the 

measured mode shapes to match the DOFs of the linkage model using Eq. 6.7. 

Examples of expanded mode shapes are shown in Figure 6.5.  

 

 

Figure 6.5. Examples of mode shapes expanded from 11 DOFs to 60 DOFs for the numerical study. 
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The interpolated receptance FRFs used in the updating algorithm were then synthesised 

using the expanded mode shapes with the expression in Eq. 6.8. The plots of these 

synthesised FRFs are provided in Appendix E. Sufficient measured frequencies were 

needed to ensure that there was adequate information on the dynamic properties of the 

structure. However, it was found that using too many measured frequencies resulted in 

the updating parameters being adjusted minimally with each iteration. According to 

Imregun, Visser & Ewins (1995), there is a cut-off in the number of measured 

frequencies used where using more measured frequencies is no longer beneficial as the 

number of iterations needed to reach convergence is significantly increased. 

The frequency range chosen for the updating procedure was 0 Hz to 1,000 Hz with an 

increment of 2 Hz. The next step of the damage detection method was to produce the 

FRF sensitivity matrix using Eq. 6.12. The sensitivity matrix consisted of 13 columns 

corresponding to the updating parameters and 60,120 rows to accommodate the 501 

measured frequency points, 60 measurement locations including the measured and 

interpolated DOFs, and the splitting of the real and imaginary components of the FRF. 

The linear least-squares problem in Eq. 6.10 was then solved using the linear least-

squares solver function in MATLAB with the trust region reflective algorithm. The 

lower bounds and upper bounds for P1 to P10 were set to 1 GPa and 30 GPa, 

respectively. A value of 1 GPa was used as a lower limit to allow the Young’s Modulus 

of each partition to drop significantly to indicate its damage severity. 30 GPa was used 

as the upper limit, as it was understood that the Young’s modulus of each partition 

would not rise above its healthy value.  

One of the issues with this method is that the error is based on the difference between 

the target receptance FRF and the FE model receptance FRF. Generally, the magnitudes 

of the peaks decrease with increasing frequency as shown for the driving point 

receptance FRF in Figure 6.6. Because of this, errors that occur in the lower frequency 

modes will be treated as being more significant in the linear least squares problem than 

the errors that occur in the higher frequency modes. This problem was rectified by 

incorporating a weighing matrix into the method. The weighing matrix aimed to 

equalise the significance of each mode by increasing the weights in the errors of the 

higher frequencies. First, the FRFs were sectioned so that there was one significant peak 

per section as shown in Figure 6.6.  
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Figure 6.6. Receptance FRF divided into sections to incorporate weights. 

The peak magnitudes in each section were identified, and the weights for each section 

were calculated by inversing these peak magnitudes. Next, the normalised weights were 

calculated by dividing the weights with the weight of the largest peak. The tabulation of 

these calculations is presented in Table 6.1. Once the weights were decided for each 

frequency range, the weighing matrix was produced. One of the problems with 

producing this weighing matrix was that a 60,120 by 60,120 matrix could not be stored 

in the computer’s memory. However, since the weighing matrix was a diagonal matrix, 

it could be stored in the form of a 60,120 by 1 vector. The weights were incorporated 

into the linear least squares problem in Eq. 6.10 by multiplying the rows of the 

sensitivity matrix  and the FRF residuals  by the square root of the corresponding 

rows of the weighing vector. 

Table 6.1. Calculations for weighing matrix. 

Start Frequency 
(Hz) 

End Frequency 
(Hz) 

Peak Magnitude 
(mm/N x 10-3) Weight Normalised 

Weight 
0 100 1.134 881.8 1.0 

100 200 1.065 939.0 1.1 
200 300 0.217 4,603.0 5.2 
300 500 0.193 5,188.2 5.9 
500 800 0.082 12,142.8 13.8 
800 880 0.097 10,300.5 11.7 
880 960 0.054 18,556.1 21.0 
960 1,000 0.071 13,993.9 15.9 
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The linear least squares problem was solved iteratively with the linkage model system 

matrices and interpolated FRFs changing with each iteration according to the 

adjustments in the updating parameters. The convergence criterion was set to stop the 

iterative procedure, once either, all values had a change of less than 0.1 %, or a 

maximum of 20 iterations was reached. This criterion was met after 17 iterations. The 

parameter convergence is shown in Figure 6.7, and the comparison in the FRFs before 

and after updating is shown in Figure 6.8. The finalised updating parameters were used 

to calculate the damaging index using Eq. 6.14. A comparison between the updated 

parameters and the target parameters is provided in Figure 6.9. 

 
(a) 

 
(b) 

Figure 6.7. Convergence of updating parameters of the numerical investigation for the elastic modulus of 
(a) specimen partitions, and (b) boundary condition adhesives. 
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Figure 6.8. Driving point FRF before and after updating in the numerical investigation. 

 
Figure 6.9. Damage index for the numerical investigation. 

The comparison illustrated in Figure 6.8 indicates a significant reduction in the 

discrepancies between the model FRF and the measured FRF after updating. The 

Young’s modulus of each partition remained within 0.4% of the original value except 

for P7, which dropped down to 20.1 GPa. The damage index calculated using Eq. 6.14 

revealed that the region covered by P7 had an overall stiffness reduction of 33.1% as 

shown in Figure 6.9. The results are summarised in Table 6.2. 
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Table 6.2. Summary of the updating parameters for the numerical study. 

Parameter 
Initial 

Parameter 
(Mpa) 

Updated 
Parameter 

(Mpa) 

Damage 
Index 

Measured 
Parameter 

(Mpa) 
Error 

P1 30,000 30,000 0.0% 30,000 0.0% 
P2 30,000 30,000 0.0% 30,000 0.0% 
P3 30,000 30,000 0.0% 30,000 0.0% 
P4 30,000 29,999 0.0% 30,000 0.0% 
P5 30,000 29,999 0.0% 30,000 0.0% 
P6 30,000 29,871 0.4% 30,000 -0.4% 
P7 30,000 20,075 33.1% 20,000 0.4% 
P8 30,000 29,996 0.0% 30,000 0.0% 
P9 30,000 29,999 0.0% 30,000 0.0% 
P10 30,000 29,999 0.0% 30,000 0.0% 
BC1 50 70.08 - 70.00 0.1% 
BC2 50 39.91 - 40.00 -0.2% 
BC3 50 8.01 - 8.00 0.1% 

 
 

6.6. Experimental Validation 

The proposed method was investigated using the experimentally measured data from 

Specimen 2. One healthy case and three damage cases were considered in this 

experimental validation. The FRF comparisons of these cases are shown in Figure 6.10. 

The practical measurements obtained from the dynamic tests had significantly more 

noise than the numerically simulated measurements. The imperfect boundary conditions 

were a major source of noise in this investigation. Gaps were observed in the plaster 

layers used to adhere the specimen to the fixtures. This non-uniformity in the boundary 

conditions most likely contributed to the splitting of modes identified in the FRF. It has 

been observed that asymmetry in a structure can lead to peaks splitting in FRFs (Davini, 

Morassi & Rovere 1995). This made it difficult to detect all the modes that were 

identified in the FE model. Figure 6.10 shows that four modes, including a vertical 

bending, in-plane bending and two torsion modes could be identified in all four cases. 

The FRF range used to update the model were selected based on these modes. In this 

investigation, the plots for the synthesised and interpolated FRFs for all 60 DOFs for all 

condition cases of the experimental validation are provided in Appendix F. 
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Figure 6.10. FRF comparison of the healthy and damage cases used for model updating. 

6.6.1. Updating the Healthy Case 

Initial attempts were made to detect damage in the structure using the measurements 

from the damage cases alone. However, the updated results for P9 and P10 dropped to 

unrealistically low values. This was possibly due to the information lost in the FRF used 

for updating. Multiple peaks were identified in the FRF between 200 Hz to 800 Hz in 

the numerical study, as shown in Figure 6.8. However, these peaks could not be 

identified in Figure 6.10, with the exception of the mode at 615 Hz for the healthy case. 

This mode could not be identified for the damage cases. It is likely that these modes 

split into multiple modes due to the asymmetry in the cracks. Similarly, the other modes 

may have not been identified due to the asymmetry in the boundary conditions. To 

overcome this issue, the number of updating parameters was reduced by dividing the 

updating procedure into two stages.  

The first stage was to update the healthy case of the specimen using four updating 

parameters including the overall Young’s modulus of the specimen and the three 

boundary condition parameters. The second stage was to update the Young’s modulus 

of the 10 partitions of the jack arch specimen only i.e., P1 to P10. The Young’s modulus 

of the specimen and boundary conditions identified in the first stage were, respectively, 

used as the healthy Young’s modulus and fixed boundary condition parameters in the 

second stage. It was assumed that the boundary conditions would not change between 

Vertical bending mode 

Torsion mode In-plane bending mode 

Torsion mode 
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different cases. The FRFs of the healthy case were cleaned by synthesising the FRFs 

using the modal data obtained experimentally and applying them to Eq. 6.8. The 

Rayleigh damping parameters of  and  were assumed based on 

the damping ratios identified from the first and last mode of interest. A comparison of 

the synthesised and measured driving point FRF is shown in Figure 6.11. The first 

vertical bending and in-plane bending mode, and the second torsion mode were used to 

update the model in its healthy state. The first torsion mode identified at 167 Hz was 

excluded from the updating procedure, as the damping properties of this mode could not 

be represented by the Rayleigh damping parameters used in the FE model. Also, the 

peak identified at 615 Hz was a torsion mode that was removed from the model 

updating procedure, as it had a significantly smaller peak for the measured FRF than the 

one identified from the FE model. Further, this mode could not be clearly identified for 

the damage cases. Hence it was removed from the model updating process. For the 

healthy case, the frequencies considered for updating the model included 0 Hz to 

100 Hz and 800 Hz to 1,000 Hz. The frequency resolution was 2 Hz for the considered 

range.  

 

Figure 6.11. Synthesised driving point FRF verses measured driving point FRF for the healthy case of the 
experimental study. 
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Similarly, to the numerical case, the FE model was reduced to the 60 DOF linkage 

model shown in Figure 6.4, which was then used to expand the mode shapes of the 11 

measured DOFs as shown in Figure 6.12. The interpolated FRFs were synthesised using 

the expanded modal data and used to form the FRF sensitivity matrix, which contained 

of 4 columns corresponding to the updating parameters and 18,240 rows to 

accommodate the 152 measured frequencies, 60 DOFs and the splitting of the real and 

imaginary components of the FRF. Further, a weighing matrix was incorporated into the 

linear least squares problem to equalise the significance of the errors for the three modes 

used in this analysis. A lower limit of 15 MPa was placed for the boundary condition 

parameters to stop them from falling to unrealistic values. The linear least-squares 

problem expressed in Eq. 6.10 was solved and this procedure was repeated until 20 

iterations were reached.  

The iterative change of parameters is shown in Figure 6.13, and the results of the 

updated parameters is summarised in Table 6.3. The results in Figure 6.14 show that the 

updated FRF is a closer representation of the measured FRF than the initial FRF. The 

next step of this investigation was to update the partitions of the FE model using the 

FRFs measured from the damaged specimen.  

 

 

Figure 6.12. Examples of mode shapes expanded from 11 DOF to 60 DOF for the experimental healthy 
case. 
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(a) 

 

(b) 

Figure 6.13. Iterative changes of parameters of (a) the concrete specimen, and (b) the boundary condition 
adhesives for the experimental healthy case. 

 

Table 6.3. Summary of the updating parameters for the healthy specimen. 

Parameter Initial Parameter (MPa) Updated Parameter (MPa) 
Concrete Young's Modulus 30,000 32,721 

Boundary Condition 1 50 39.50 
Boundary Condition 2 50 35.85 
Boundary Condition 3 50 17.49 
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(a) (b) 

Figure 6.14. Driving point FRF before and after updating for the healthy case at frequencies  
(a) 0 Hz to 100 Hz, and (b) 800 Hz to 1,000 Hz. 

 

6.6.2. Updating Damage Case 1 

The next step of this procedure was to identify the damage location and severity using 

the data measured in the first damage case. As with the healthy case, the FRFs were 

cleaned by synthesising the FRFs using modal data obtained experimentally. Rayleigh 

damping was assumed based on the damping ratios of the first and last modes used in 

this investigation leading to the parameters  and . A 

comparison between the synthesised FRF and the measured FRF is shown in  

Figure 6.15. The frequency range chosen for updating were based on the four modes 

identified in Figure 6.10. In this case, the frequency range chosen was 0 Hz to 200 Hz 

and 800 Hz to 1,000 Hz with a resolution of 2 Hz. In each iteration of the model 

updating procedure, the FE model was reduced to the linkage model, which was used to 

expand the measured mode shapes. Examples of expanded mode shapes of the first 

damaged case are illustrated in Figure 6.16. The expanded mode shapes were used to 

synthesise the interpolated FRFs, which was used, in combination with the linkage 

model, to form the sensitivity matrix to update the parameters of the FE model. The 

sensitivity matrix contained ten columns, corresponding to the Young’s modulus of the 

ten sections of the jack arch specimen and contained 24,240 rows to accommodate the 

202 measured frequencies, 60 DOFs and splitting the real and imaginary components of 

the FRF. A weighing matrix was then incorporated into the linear least squares problem 

to equalise the significance of the modes. 
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Figure 6.15. Synthesised driving point FRF vs measured driving point FRF for Damage Case 1. 

 

 
Figure 6.16. Examples of mode shapes expanded from 11 DOF to 60 DOF for Damage Case 1. 
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Figure 6.17. Convergence of updating parameters for Damage Case 1. 

 

  
(a) 

 
(b) 

 
Figure 6.18. Driving point FRF before and after updating for Damage Case 1 at frequencies  

(a) 0 Hz to 200 Hz, and (b) 800 Hz to 1,000 Hz. 
 
Following the model updating procedure, there was a closer agreement between the 

model FRF and the measured FRF as shown in Figure 6.18. The model updating 

procedure was stopped once the maximum of 20 iterations were reached. The updated 

parameter P7 showed a clear decrease in its Young’s modulus value in comparison to 

the other partitions of the specimen. This can be seen in Figure 6.17. Based on the 

updated information, the damage index was calculated. The results shown in  

Figure 6.19 and Table 3.1 indicate that P7 had a stiffness reduction of 41.4 %, which 

was significantly larger than the other partitions of the specimen. These results agree 

with the crack visually identified in Figure 3.7, which was located between 1,300 mm 

and 1,400 mm from the front of the specimen and lies within the region covered by P7. 
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While the stiffness reduction value is significant, it is important to note that the structure 

showed significant reduction in its load carrying capacity after the first load was applied 

as shown in Figure 3.6. The significant stiffness reduction in P7 is reflective of the 

damage that occurred on the structure. 

 
Figure 6.19. Damage index for Damage Case 1 in the experimental investigation. 

Table 6.4. Summary of the updating parameters for Damage Case 1. 

Parameter Initial Parameter 
(Mpa) 

Updated Parameter 
(Mpa) Damage Index 

P1 32,721 32,721 0.0% 
P2 32,721 32,717 0.0% 
P3 32,721 32,721 0.0% 
P4 32,721 32,710 0.0% 
P5 32,721 32,719 0.0% 
P6 32,721 32,365 1.1% 
P7 32,721 19,181 41.4% 
P8 32,721 31,438 3.9% 
P9 32,721 32,700 0.1% 
P10 32,721 32,435 0.9% 

 
 
6.6.3. Updating Damage Case 2 

The second damage case was the next case to be tested in the model updating procedure. 

As with the previous two experimental cases, cleaned FRFs were synthesised using the 

modal data obtained experimentally. The Rayleigh damping values of  and 

 were used based on the first and last mode considered for the second 

damaged case. Figure 6.20 illustrates the comparison between the synthesised and 
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measured driving point FRFs. A frequency range of 0 Hz to 200 Hz and 800 Hz to 

1,000 Hz with a resolution of 2 Hz was chosen to include the modes identified in  

Figure 6.10. The model updating procedure described for the previous experimental 

cases was also used for this case. The parameter convergence is shown in Figure 6.21 

and was stopped after 20 iterations were reached. The Young’s modulus of P7 dropped 

to a value of 14.9 GPa during this model updating procedure. Figure 6.22 shows that the 

model FRF has become a closer representation to the measured FRF after updating. 

Based on these results, the damage index was calculated and can be seen in Figure 6.23 

and Table 6.5. A stiffness reduction of 54.4 % could be observed in P7 as a result of the 

crack after the second load. 

 
Figure 6.20. Synthesised driving point FRF vs measured driving point FRF for Damage Case 2. 

 
Figure 6.21. Convergence of updating parameters for Damage Case 2. 
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(a) 

 
(b) 

 
Figure 6.22. Driving point FRF before and after updating for Damage Case 2 at frequencies at 

(a) 0 Hz to 200 Hz, and (b) 800 Hz to 1,000 Hz. 

 

 
Figure 6.23. Damage index for Damage Case 2 in the experimental investigation. 

Table 6.5. Summary of the updating parameters for Damage Case 2. 

Parameter Initial Parameter 
(Mpa) 

Updated Parameter 
(Mpa) Damage Index 

P1 32,721 32,717 0.0% 
P2 32,721 32,717 0.0% 
P3 32,721 32,713 0.0% 
P4 32,721 32,713 0.0% 
P5 32,721 32,055 2.0% 
P6 32,721 32,638 0.3% 
P7 32,721 14,934 54.4% 
P8 32,721 32,498 0.7% 
P9 32,721 32,345 1.1% 
P10 32,721 32,646 0.2% 
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6.6.4. Updating Damage Case 3 

The next stage of this investigation was to test Damage Case 3. Similarly, to the 

previous cases used to demonstrate the model updating procedure, the cleaned FRFs 

were synthesised using the experimentally obtained modal data.  The Rayleigh damping 

values used were based on the first and last mode in consideration and were  

and . The synthesised FRF is shown in Figure 6.24. A frequency range 

of 0 Hz to 200 Hz and 800 to 950 Hz was selected to update the frequencies based on 

the same modes as the previous damage cases. The parameter changes are shown in 

Figure 6.25, and the resulting updated driving point FRF is shown in Figure 6.26. 

 
Figure 6.24. Synthesised driving point FRF vs measured driving point FRF for Damage Case 3. 

 

Figure 6.25. Convergence of updating parameters for Damage Case 3. 
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(a) (b) 

Figure 6.26. Driving point FRF before and after updating for Damage Case 3 at frequencies 
(a) 0 Hz to 200 Hz, and (b) 800 Hz to 1,000 Hz. 

  
The results in Figure 6.25 and Table 6.6 show that the Young’s modus in P7 dropped to 

14.8 GPa, indicating a stiffness reduction of 54.7 %. Additionally, a second notable 

stiffness reduction was observed in P5, which corresponds with the location of the 

second crack. P5 dropped to 24.3 GPa, indicating a stiffness reduction of 25.8 %. The 

damage index is illustrated in Figure 6.27. 

 

Figure 6.27. Damage index for Damage Case 3 in the experimental investigation. 
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Table 6.6. Summary of the updating parameters for Damage Case 3. 

Parameter Initial Parameter 
(Mpa) 

Updated Parameter 
(Mpa) 

Damage 
Index 

P1 32,721 32,677 0.1% 
P2 32,721 32,721 0.0% 
P3 32,721 32,635 0.3% 
P4 32,721 32,689 0.1% 
P5 32,721 24,270 25.8% 
P6 32,721 32,312 1.3% 
P7 32,721 14,824 54.7% 
P8 32,721 32,514 0.6% 
P9 32,721 32,721 0.0% 
P10 32,721 32,712 0.0% 

 

6.7. Challenges with the Proposed Method 

Several challenges were met while implementing the proposed method. While the 

method was successful in estimating the location and the severity of damage in the jack 

arch specimen, several approaches were taken to address the computational limitations 

and improve the overall results. They are summarised below. 

6.7.1. Memory Constraints 

In general, the FE method can carry a large computational cost. The initial model 

created for this specimen contained 121,533 DOFs, which required 121,533 by 121,533 

mass and stiffness matrices to be defined. A total of 29,540,540,178 elements were 

needed to define the mass and stiffness matrices of this model. Since double precision 

data was used, 8 bytes were needed per matrix element, resulting a memory usage of 

220.1 GB. Fortunately, ANSYS has methods to efficiently compute these large models, 

including the use of symmetric sparse matrices. These methods could not be applied by 

the author at this point in time. The matrix operations described in Section 6.3 were 

conducted in MATLAB, and hence a smaller model was needed to be used to 

demonstrate the method. The resulting model contained 5,706 DOFs. During the whole 

procedure, a pair of mass and stiffness matrices were stored in MATLAB in addition to 

13 matrices containing information on the partial derivatives of the stiffness matrices 

with respect to the updating parameters. These matrices were also 5,706 by 5,706 

elements in size. The memory needed for these matrices was calculated to be 3.4 GB. 

Additional memory was required for the reduced system matrices, the sensitivity matrix, 
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and several other variables. The memory used to conduct the FE analysis in ANSYS 

with each iteration also needed to be considered. In total, it was observed from the 

system monitor that the maximum memory used during this procedure was 5.2 GB. In 

future works, methods to improve computational efficiency of the procedure will be 

considered so that higher quality models can be used. 

6.7.2. Priority of Lower Frequency Modes in Receptance FRFs 

Another issue is related to the nature of the receptance FRFs. In the receptance FRFs, 

the modes of lower frequencies generally have a higher magnitude than the modes of 

higher frequencies. This has proven to be problematic, as the errors in the lower 

frequency modes will appear as a larger error in the FRF residuals vector expressed in 

Eq. 6.11. To rectify this issue, frequency specific weights were incorporated into the 

model updating procedure. The FRFs were divided into sections, and the magnitudes of 

the peaks within each section were identified. A weight was then calculated based on 

the inverse of these peaks and was used to create a weighing matrix. The sensitivity 

matrix and the residuals vector were pre-multiplied by this weighing matrix to equalise 

the significance of each mode.  

6.7.3. Inversion of Badly Scaled Matrices 

The calculation of the interpolated mode shapes requires the slave partition of the 

dynamic stiffness matrix to be inversed as shown in Eq. 6.7. In most cases, this matrix 

can be inversed, and the interpolated mode shapes can be calculated without any issue. 

However, there have been instances where the slave partition of the dynamic stiffness 

matrix was observed as being close to singular, i.e., the reciprocal condition number 

was close to being zero. This resulted in the poor interpolation of the mode shape. 

Figure 6.28 shows a comparison between an interpolated mode shape for the mode at 

988 Hz of the healthy specimen in the first and last iteration. Here, it is shown that the 

mode was interpolated poorly in the first iteration, and the interpolation was improved 

in the last iteration. For this investigation, when a poorly scaled inversion took place, 

the parameters still changed, and the poorly scaled matrices were usually not 

encountered in the next iteration. However, a study on ways to avoid the poorly scaled 

matrices will be considered for future investigations. 
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Figure 6.28. An interpolated mode shape in its first and last iterations. 

 

6.7.4. Nature of Damage 

Another important consideration is the nature of the damage. The damage occurred in 

the form of an asymmetric crack across the jack arch specimen. As such, the resulting 

changes in the FRF are illustrated in Figure 6.10. An important change to observe is the 

apparent disappearance in the peak at approximately 615 Hz. It is believed that this peak 

actually split into multiple smaller peaks as a result from the asymmetry in the system. 

This phenomenon has been observed in the past (Davini, Morassi & Rovere 1995; Fu & 

He 2001). Hence, this peak could not be clearly identified for the FRF synthesis and 

was therefore excluded from the model updating procedure.  

In model updating for damage identification applications, it is common practice to 

detect damage by identifying the stiffness reduction in a FE model that corresponds to 

the physical structure. This method was implemented in this chapter, and it was able to 

estimate the location and severity of damage. However, if vibration-based damage 

identification is to be implemented into in-situ bridge structures to detect a range of 

different types of damage, then this phenomenon should to be explored further. 
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6.8. Summary 
This chapter investigated a method to detect the location and severity of damage in the 

jack arch specimen by updating a linkage FE model using the FRF sensitivity method. 

In the developed method, the specimen was first divided into partitions, then the 

Young’s modulus of each partition was updated to identify the stiffness reduction in 

each section. The numerical validation showed that the method could identify the 

location and severity of damage within 17 iterations. However, the experimental 

investigation proved to be more challenging. In general, the modes between 200 Hz and 

800 Hz could not be clearly identified. A mode at 615 Hz was identified for the healthy 

case. However, the mode appeared to have been split into multiple smaller peaks for the 

damage cases, potentially due to the asymmetry in the crack. Thus, it was necessary to 

reduce the number of updating parameters by diving the procedure into two stages.  

For the healthy case of the experimental investigation, four parameters including the 

overall Young’s modulus of the specimen and three parameters based on the boundary 

conditions of the specimen were updated. The updated overall Young’s modulus of the 

specimen was treated as the healthy Young’s modulus, and the updated boundary 

condition parameters were fixed for the damaged case. Then, the Young’s moduli of the 

10 partitions of the specimen were used as the updating parameters in the model 

updating procedure for the damaged cases. The results correctly located the damage in 

partition P7 with a stiffness reduction value of 41.4 % after the first load. For the second 

damage case, it identified a further stiffness reduction value of 54.4 % at P7. For the 

third damage case, it identified a stiffness reduction of 54.7 % at P7 and 25.8 % at P5, 

which corresponds with the location of the second crack. The method is a practical 

approach for interpolating data to identify the location and severity of damage for real 

SHM systems that contain a limited numbers of measurement sensors. 
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Chapter 7  
Damage Identification Using 

Artificial Neural Networks 

7.1. Introduction 

This chapter provides the background and theory behind artificial neural networks 

(ANNs). It then proposes a novel method for damage detection. In the context of 

vibration-based damage identification, researchers have trained ANNs to estimate the 

condition state of a structure based on frequency response function (FRF) inputs. Due to 

the large size of FRFs, researchers have used principal component analysis (PCA) to 

reduce the dimensionality of the FRFs and transform them into principal component 

(PC) scores. Studies that utilised this method used ANNs to identify trained and non-

trained cases. However, few of these studies elaborated on how the PC scores of the 

non-trained cases can be obtained when they have no influence on the calculation of the 

PCs that are used to transform the FRFs into PC scores. Specimen 1 is used to 

demonstrate this capability in the proposed method. Three of the five condition cases 

are used to calculate the PCs and train the ANNs, and the PC scores obtained from the 

two remaining cases are used to test the ANNs. 

7.2. Artificial Neural Networks 
Artificial Neural Networks (ANNs) are computational networks that attempt to simulate 

the decision processes in the networks of nerve cells in the biological central nervous 

system (Graupe 2013). One of the main advantages of using neural networks over 

conventional computer algorithms is that neural networks can solve a broad range of 

complex, mathematically ill-defined problems, nonlinear problems or stochastic 

problems using simple computational operations such as additions, multiplications and 

fundamental logic elements. In contrast, conventional algorithms use high level 

mathematics and logic designed for specific problems. Another advantage is that ANNs 

have high parallelity whereas conventional machines are typically sequential. Hence the 

ANNs are insensitive to damage of a few redundant cells. Despite this, most ANNs are 

still simulated on conventional digital computers. In this investigation, the basic 
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building blocks of the ANN are described. Then, their implementation into damage 

identification is discussed. 

7.2.1. The Single Neuron 

McCulloch & Pitts (1943) proposed a computational model for neural networks based 

on mathematics and algorithms called threshold logic. The computational model is 

nowadays referred to as a single neuron and can be considered as a non-linear function 

that transforms a set of input variables into an output variable. A single neuron with 

multiple inputs is shown in Figure 7.1. 

 
Figure 7.1. Model of a single neuron with multiple inputs (MathWorks® 2017). 

All the inputs into the neuron are multiplied by their respective weights as shown in  

Eq. 7.1. 

  Eq. 7.1 

where  and  are, respectively, the scalar weights and inputs for input  of the  

inputs,  is a scalar bias and  is the weighted sum of the inputs. The weighted sum of 

the input parameters can also be expressed in the matrix format where  is the single 

row matrix of the weights and  is the vector of inputs. After  is calculated, it is used 

as an input into a transfer function  to calculate the output  of the neuron as shown in 

Eq. 7.2.  

  Eq. 7.2 

 
The neuron is trained by modifying the weights and bias parameters using special 

learning rules. Rosenblatt (1958) formulated the perceptron learning rule, which uses 

training sets to teach neurons. These training sets are expressed in Eq. 7.3 where  is 

the input of sample  and  is the corresponding target. 



159 
 

  Eq. 7.3 

A comparison is made between the target and neuron output calculated from the input 

with the aim of bringing the output closer to the target data. The learning rule iteratively 

adjusts the weights of the inputs and the bias of the neuron using Eq. 7.4 and Eq. 7.5 

respectively. 

  Eq. 7.4 

 
  Eq. 7.5 

 
where the perceptron error vector  is the difference between the target vector  and the 

neuron output vector . The perceptron learning rule is expressed as Eq. 7.6 and 

Eq. 7.7. 

  Eq. 7.6 

 
  Eq. 7.7 
 
where the subscript k represents the iteration or epoch number. The weight and bias 

updating process is repeated until the errors meet a predefined error goal. 

7.2.2. Neural Network Architecture 

The computational capabilities of ANNs can be improved by considering a neural 

network architecture, which consists of layers containing multiple neurons. In these 

neural networks, each of the neurons in a layer are linked to each of the weighted inputs 

for that layer. Further, neural networks containing multiple successive layers of neurons 

have been found to be much more powerful than single layer networks (Bishop 1994). 

A multi-layer network typically contains an input layer, a set number of intermediate 

layers, also known as hidden layers, and an output layer. Each of the neurons have a 

bias , a summation function, a transfer function  and an output . The output of each 

layer becomes the input of the next successive layer. This continues until the last layer 

is reached as illustrated in Figure 7.2. Here, Layer 1 and 2 are the hidden layers and are 

not directly accessible from outside the network. Layer 3 is the output layer that 

provides the network outputs. This configuration can be powerful. For instance, a two-

layer network consisting of a sigmoid function for the first layer and a linear function 
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for the second layer can be trained to approximate any function arbitrarily well 

(MathWorks® 2017). 

 

Figure 7.2. ANN with multiple layers of neurons (MathWorks® 2017). 

 

7.2.3. Neural Network Training 

In the training process, the weights of the neural networks are adjusted to an error 

function, which is often chosen to be the sum of squares (Bishop 1994). Figure 7.3 

illustrates a geometrical representation of an error function as an error surface sitting 

over weight space. A local minimum can be seen at . However, this is not the 

absolute minimum of the error function, as the global minimum can be seen in . A 

single-layer network with linear activation functions has sum-of-square error functions 

that are generally quadratic, which have no local minima, making the global minimum 

easy to find by solving a set of linear equations. As for multilayer networks, the error 

function is highly non-linear, making the search for the minimum iterative, starting 

from a randomly chosen point in weight space. Some algorithms will find the global 

minimum while others will find the nearest local minimum. For practical applications, a 

good local minimum will provide satisfactory results (Bishop 1994). 
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Figure 7.3. Schematic of the error function (Bishop 1994). 

Transfer Function 

The transfer functions, denoted as  in Figure 7.2, need to be addressed. They are used 

to calculate the output from the weighted sum of the input for each layer. The most 

commonly used transfer functions in neural networks are summarised in Figure 7.4. In 

most practical neural network applications, the sigmoid functions are used. However, 

linear functions can also be considered. 

Linear  
function 

 

 
 

 
 

This function will directly 
return the input. 

Log sigmoid  
function 

 

 
 

 
This function has the 

sigmoid curve and limits 
the outputs from 0 to 1. 
Generally used when 

output is greater than zero. 

Tangent sigmoid  
function 

 

 

 
 

This function also has a 
sigmoid curve and has a 
limit between -1 and 1. 

Generally used when there 
are negative and positive 
outputs. It is often more 

accurate than the Logistic 
function. 

 
 

Figure 7.4. The most commonly used transfer functions for artificial neural networks. 
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The Backpropagation Algorithm 

Most algorithms aimed at minimising the error function use the derivatives of the error 

function with respect to the weights of the network. These derivatives form the 

components of the gradient vector  of the error function, which gives the gradient 

of the error surface at any given point in the weight space, as shown in Figure 7.3. 

The error backpropagation technique is a computationally efficient procedure used to 

evaluate the derivatives of a non-linear error function for a multilayer network. In these 

networks, the outputs of one layer becomes the inputs for the next layer as expressed in 

Eq. 7.8. 

  Eq. 7.8 

 
for  where  is the number of layers. The external inputs  

apply to the neurons in the first layer and the external outputs  are the outputs 

of the last layer of the network. The backpropagation algorithm is provided with a set of 

example data similar to the ones expressed in Eq. 7.3. The networks’ weight and bias 

parameters are then adjusted to minimise the error function, which is usually the mean 

squared error (MSE) as expressed in Eq. 7.9. 

  Eq. 7.9 

 
If the network has multiple outputs then Eq. 7.9 can be generalised to Eq. 7.10. 

  Eq. 7.10 

 
The mean square error can be approximated using Eq. 7.11. 

  Eq. 7.11 

 
where the expectation of the squared error is replaced by the squared error at iteration . 

A cycle is the propagation of one set of input/target vectors and an epoch is the 

propagation of an entire set training data. Hundreds or thousands of epochs for all the 

training cases may be used to train a neural network within a specified error tolerance. 
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Levenberg-Marquardt Algorithm 

While there are several algorithms available to optimise the weights and minimise the 

mean squared error, the Levenberg-Marquardt (LM) algorithm is chosen for this thesis, 

as MathWorks® (2017) states that it often the fastest backpropagation algorithm in its 

toolbox and recommends it as a first-choice supervised algorithm. The LM algorithm 

was proposed by Levenberg (1944) as a method to solve non-linear least squares 

problems and was adopted as an ANN training algorithm by Hagan & Menhaj (1994). 

The LM method is a more robust modification to the Gauss-Newton method and is 

expressed in Eq. 7.12.  

  Eq. 7.12 

 
where  is the parameter estimate of iteration k,  is the Jacobian matrix that contains 

the first derivatives of the network errors with respect to the weights and biases and,  is 

the vector of network errors. When the scalar  is zero, Eq. 7.12 becomes the Gauss-

Newton method.  The LM algorithm can be viewed as a trust-region modification to 

Gauss-Newton (Battiti 1992). When  is large, the LM algorithm becomes a gradient 

descent with a small step size. The Newton method is faster and more accurate near an 

error minimum. Hence with each iteration in the LM algorithm,  generally decreases 

and only increases when a tentative step would increase the performance of the 

function. This way, the performance function, i.e. the MSE, is always reduced at each 

iteration. 

Generalisation and Overfitting 

A critical consideration for neutral network training is generalisation. The neural 

network needs to be able to reproduce the correct values for the training samples as well 

as reasonable outputs for the new data that was not used in the network training. 

Overfitting occurs when a learning algorithm fits the parameters of the network too 

closely to the training set, bringing the training error to a very small value. An overfitted 

network memorises the training samples, but is unable to generalise for new situations 

leading to large errors when new data is presented to the network (Xu & Humar 2005). 

Researchers have proposed methods to avoid overfitting including pruning (Hassibi & 

Stork 1993), regularisation (Krogh & Hertz 1992) and the early stopping method 

(Prechelt 1998). This study uses the early stopping method for neural network training 



164 
 

where the input data is divided into a training, validation and testing set.  This way, the 

performance of the training is supervised by the validation set to avoid overfitting. The 

network training stops when the validation set error increases as the training set error 

decreases. At this point, if training continues then the generalisation ability will be lost, 

leading to overfitting. 

Neural Network Ensemble 

Hansen & Salamon (1990) pioneered the idea of using a learning paradigm that trained 

several ANNs simultaneously and independently in a neural network ensemble (Sollich 

& Krogh 1996). This technology has since become increasingly popular in the neural 

network and machine learning communities (Sharkey 2012) and has been applied to 

scientific image classification (Giacinto & Roli 2001), medical diagnosis (Zhou et al. 

2002), facial recognition (Huang et al. 2000),  financial trend prediction (Abdullah & 

Ganapathy 2000) and more. The neural network ensemble consists of networks that are 

trained individually. The outputs of each network are then used as the inputs for the 

network ensemble, which produces an ensemble output. The two-stage neural network 

ensemble is illustrated in Figure 7.5. 

 
Figure 7.5. Feed-forward multi-layer neural network ensemble (Li et al. 2011). 
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Hansen & Salamon (1990) demonstrated that the ensemble consisting of multiple neural 

networks can significantly improve the generalisation ability of the neural network 

system. As each network makes generalisation errors, the collective decisions produced 

by the ensembles is less likely to be erroneous than decisions made by individual 

networks (Zhao, Gao & Yang 2005). Furthermore, the computational effort is 

significantly reduced, as the network ensemble is divided into separate and smaller 

subtasks (Goodale 1995). 

7.2.4. Principal Component Analysis 

Principal component analysis (PCA) was developed by Pearson (1901) as a statistical 

multivariate data analysis technique that converts a set of observations of possibly 

correlated variables to a set of linearly uncorrelated variables called principal 

components (PCs) using orthogonal decomposition. Hotelling (1933) proposed the use 

of the method to analyse the correlation structure between random variables. PCA is 

one of the most powerful tools for achieving dimensionality reduction using eigenvalue 

decomposition of the covariance matrix as its basis. The direction of the eigenvectors 

produced during PCA represents the PCs, which are weighted according to the 

corresponding eigenvalues. The PC scores are a linear combination of the original 

values and the eigenvectors, and the full set of PC scores contain all the information of 

the original set of variables. However, the PCs of lower power can be removed for 

dimensional reduction with a minimal loss of information. PCA not only reduces data 

dimensionality, it also minimises unwanted measurement noise. Since measurement 

noise is random, it is not correlated with the global characteristics of the data set and is 

therefore less significant in the PCs. Their effects can be removed by discarding PCs of 

lower power. More recently, PCA has been used to compress data, extract features, 

reduce noise and pre-process data in a variety of fields including image processing 

(Zhang et al. 2010), pattern recognition (Gardner 1991), time-series prediction (Wu & 

Wei 1989) and structural dynamics (Worden & Tomlinson 2000). 

The explanation of the basic theory behind PCA provided in this thesis makes reference 

to Zang & Imregun (2001) who describes how PCA can be applied to reduce the 

dimensionality of FRFs. All available FRF data is used to form the matrix  

which has  rows of FRF samples, each with  columns representing measured 
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frequencies. An element in the matrix is denoted as  with  and  indicating the 

position of the matrix. The mean response of the th column can be defined in Eq. 7.13. 

 
 Eq. 7.13 

 
The corresponding standard deviation  is defined in Eq. 7.14. 

 
 Eq. 7.14 

 
A typical element  of the FRF matrix  can be replaced by  using 

Eq. 7.15. 

 
 Eq. 7.15 

 
The elements of  make up the response variation matrix . The correlation 

matrix can therefore be defined by Eq. 7.16. 

  Eq. 7.16 

 
The PC are the eigenvalues and corresponding eigenvectors of the correlation matrix 

and are expressed in Eq. 7.17 

  Eq. 7.17 

 
where  is the PC index. The first PC, i.e., the highest eigenvalue and its corresponding 

eigenvector represents the amount of maximum variability and direction in the original 

data. The second PC is orthogonal to the first PC and represents the next significant 

contribution from the original data and so on. Once the PCs are obtained, the projection 

matrix  can be obtained using Eq. 7.18. 

  Eq. 7.18 
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 is the matrix containing the eigenvectors of the correlation matrix. The elements of 

the projection matrix  are referred to as the PC scores and can be viewed as PCA-

compressed FRFs. In addition to this, the columns of the projection matrix that 

correspond to the lower eigenvalues can be removed to reduce the dimensionally of the 

data without significantly affecting the contribution from the original data. 

PCA can be viewed geometrically as a rotation of the axes of the original variable 

coordinate system to new orthogonal axes called principal axes where the direction of 

the new axes corresponds with the maximum variation of the original observations. An 

example with a two-dimensional data set is illustrated in Figure 7.6. 

 

  
(a) (b) 

Figure 7.6. Geometric representation of principal component analysis with the data in its (a) original axes 
and (b) principal component axes. 

 
In Figure 7.6a, PC1 and PC2 depict the axes for the first and second principal 

components, respectively. These principal components are defined by the eigenvectors 

of the covariance matrix. In this two-dimensional data set, the PC1 axis corresponds 

with the direction with the greatest variation in the original data set and the PC2 axis 

represents with the second largest variation. Figure 7.6b shows the PC scores of the first 

and second PCs. Here, the eigenvalue for PC1 and PC2 is 1.90 and 0.10 respectively. 

Hence, if only the first principal component is retained, the reduced dataset would still 

contain 95% of its original contribution. 



168 
 

7.2.5. Damage Identification Using Artificial Neural Networks 

One of the earliest investigations of damage detection using ANNs was conducted by  

Wu, Ghaboussi & Garrett (1992). The authors demonstrated that the ANN could detect 

damage on a simulated shear frame model. The inputs used for the ANN were 

amplitudes of the Fourier spectrum, and the ANN outputs were based on the severity of 

damage in each member of the structure. The authors concluded that the method had 

great potential to be developed further and made recommendations for the further 

investigation into the ANNs’ ability to distinguish between measurements recorded at 

different locations, its ability to generalised non-trained cases and the number of 

damage cases needed for the ANN to perform adequately. 

Due to the impracticality of using full-size FRF data as inputs into ANNs, Zang & 

Imregun (2001) proposed a method to reduce the dimensionality of the FRF data using 

PCA. This approach has since been adopted by other researchers. Ni, Zhou & Ko (2006) 

demonstrated this methodology on a 38-storey tall building model damaged with 

earthquake loading simulated with a shake table. Li et al. (2011) combined this 

approach with neural network ensembles and demonstrated that the ensemble improved 

the damage identification capabilities. Additionally, Bandara, Chan & Thambiratnam 

(2014) proposed a method that can transform FRF data in damage indices that can 

detect non-linear damage using recognised patterns. Researchers that implemented this 

method demonstrated that PCA was successful in reducing the dimensionality of the 

FRF data and reduce noise.  

While these studies did demonstrate that the ANNs are capable of detecting trained and 

non-trained cases, few of them elaborated on how the PC scores of the non-trained cases 

can be obtained when they have no involvement in the calculation of the PC that are 

used to transform the FRFs into PC scores. The calculation of the PCs and the training 

of the ANNs should only be conducted using trained cases, and the PC scores of the 

non-trained cases should be obtainable using these PCs. This study investigates the 

feasibility and resulting accuracy of obtaining the PC scores of the non-trained cases 

using the PCs derived from the trained cases, as it is impractical to have non-trained 

cases involved in the calculation of PCs in real life applications. 
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7.3. Methodology 
Two methods are demonstrated in this investigation. The first method involves using all 

FRF samples to calculate the PCs and obtain the PC scores. The second method 

involves using only the trained cases to calculate the PCs and obtaining the PC scores of 

the non-trained cases.  Once the PC scores are obtained for both methods, the ANN is 

learned using only the trained cases, and the damage severity of the non-trained cases is 

interpolated. This methodology is applied using the data collected from Specimen 1. 

The methodology is divided into three parts. The first part explains the automated 

outlier removal procedure. The second part explains how the PC scores of non-trained 

cases can be obtained when the PCs are calculated using the trained cases. The third part 

explains how the ANNs are trained to estimate the damage severity of the non-trained 

cases. It should be noted that the FRFs used in this study refer to the magnitude of the 

accelerance rather than its complex form. 

7.3.1. Automated Outlier Removal Procedure 

The first part in this investigation involves removing the outliers from the dataset. These 

outliers can come from various sources. For example, the accidental swinging of cables 

or the accidental triggering of the data acquisition process, both of which can result 

from human fatigue. Large amounts of data can be obtained to train ANNs. For this 

study, there is the healthy case and four damage cases. In addition to this, there are 

fifteen accelerometers and 200 impact samples per accelerometer per case. Hence, there 

are a total of 15,000 FRFs to sought through and identify outliers. As it is a tedious task 

to remove the outliers manually, an automated procedure is proposed. The method 

involves compiling separate matrices for the FRFs of the healthy case and the four 

damage cases where the rows correspond to the sample and the columns correspond to 

the measured frequencies. For example, the matrix  includes all the FRFs 

collected from Accelerometer 1 with the specimen in its healthy state. It contains 200 

rows corresponding to the impact samples and 4,001 columns corresponding to the 

measured frequencies. According to the empirical rule, approximately 95 % of data falls 

within two standard deviations of the mean, assuming a normal distribution. This is 

illustrated in Figure 7.7. The mean ( ) and standard deviation ( ) values are calculated 

for each column. The values that lie outside of this 2  range can be identified and are 

counted as outliers.  
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Figure 7.7. Normal distribution plot. 

The outlier matrix  is introduced and its elements consist of 0 and 1 

values. Each element of  is given the value of 1 if the corresponding 

element in  lies outside the 2  range for that column. Each row of 

 is summed up to produce an outlier count. Consequently, the rows with 

the highest outlier counts are removed from the dataset. This procedure is repeated for 

all damage cases and accelerometers. 

7.3.2. Principal Component Calculation Using Trained Cases 

The second part of the proposed methodology involves calculating the PCs using the 

trained cases and obtaining the PC scores of the non-trained cases. For Method 1, where 

all samples are used to calculate the PCs, the method described in Section 7.2.4 is used 

to obtain the PC scores. However, for Method 2, the following procedure is used to 

obtain the PC scores. Once the FRFs are cleaned, they are partitioned as Eq. 7.19.  

 
 Eq. 7.19 

 
The subscripts ,  and  refer to the training, validating and testing samples, 

respectively, and the subscript  refers to all samples. The response variation matrix, 

 can be obtained using Eq. 7.13 to Eq. 7.15 for the training samples only. 

During the process, the mean and standard deviation values for each measured 

frequency of the training samples are stored. Next, the correlation matrix is calculated 

as shown in Eq. 7.20. 

95 % of data 



171 
 

  Eq. 7.20 

 
Once the correlation matrix is obtained, the principal components are calculated using 

the eigenvalue decomposition shown in Eq. 7.21. 

  Eq. 7.21 

 
 and  are then eigenvalues and eigenvectors of the PCs that are formed using 

the trained cases. In order to obtain the PC scores for all samples, it is necessary to form 

the variation matrix . This can be obtained using Eq. 7.15 along with the mean 

and standard deviation values of the trained cases. Next, the projection matrix  can 

be obtained using Eq. 7.22. 

  Eq. 7.22 

 
The elements of  include the PC scores for all FRF samples, and its dimensionality 

can be reduced by observing the contribution of the original data set for each PC and 

removing the PCs with the lower contributions. The reduced data are more practical 

inputs for ANNs than the full FRF data. 

7.3.3. Damage Identification Using Artificial Neural Networks 

Once the methodology for obtaining the PC scores has been established, the ANNs can 

be incorporated into the proposed method. This study uses of the Neural Network 

Toolbox in MATLAB to set up a feedforward neural network for each of the 

accelerometers with the inputs being the PC scores and the outputs being the length of 

the saw-induced cracks of Specimen 1. The dataset is divided into a training set 

containing samples from the trained cases, a validation set containing samples of the 

trained cases, and a testing set containing samples of trained and non-trained cases. 

While the training set is used to train the ANNs, the validation set is used to avoid 

overfitting, and the testing set is used to test the performance of the ANN. The 

Levenberg-Marquardt back propagation algorithm is used to minimise the MSE 

expressed in Eq. 7.9 by adjusting the weights and biases in the ANN. Further, an ANN 

ensemble is utilised to take advantage of the information from all accelerometers. The 

outputs of the ANN for each accelerometer is used as the input for the ANN ensemble, 

and the output of the ANN ensemble is based on the length of the crack. The schematic 

for the two methods are illustrated in Figure 7.8. 
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(a) (b) 

 
Figure 7.8. Flow chart summarising (a) Method 1 and (b) Method 2 of the ANN damage detection 

procedure. 
 

It should be noted that the difference between these two methods is that information on 

the non-trained cases influence the calculation of the PCs for Method 1 whereas they do 

not influence the calculation of the PCs for Method 2. If Method 1 is chosen for the 

damage detection procedure, then the ANNs would need to be retrained whenever new 

data is added to the analysis. This is because the new data will influence the calculation 

of the PCs used to produce the PC scores of the trained cases, which are used to train 

the ANNs. On the other hand, if Method 2 is used, then the FRFs of the new cases can 

be transformed into PC scores using the previously calculated PCs and fed directly into 

the ANNs for damage detection without the need to conduct PCA a second time or 

retrain the ANN. 

  



173 
 

7.4. Experimental Validation 
Specimen 1 is used to demonstrate the validity of the proposed method. The data used 

in this investigation is described in Section 4.4. The specimen was excited at Impact 

Location 1 200 times to generate 200 samples for each accelerometer per condition 

case. In total, there are five condition cases, including the healthy case and four damage 

cases. A frequency range of 0 Hz to 2,000 Hz with an increment of 0.5 Hz is 

considered. Hence there are 4,001 measured frequencies per sample. The first part in the 

experimental validation involves removing the outliers from the dataset. This is to 

ensure that the outliers do not distort the damage detection results. Once the outliers are 

removed, the proposed methodology is demonstrated using all samples to calculate the 

PCs, then using only the training samples to calculate the PCs.  

7.4.1. Outlier Removal  

The outlier removal procedure described in Section 7.3.1 is implemented to remove 

outlier samples from the dataset. The FRFs captured from Accelerometer 1 with the 

structure in its Damage Case 2 state is illustrated for this investigation, as this dataset 

appears to have many samples that are inconsistent with most of the other samples. 

These FRFs are illustrated in Figure 7.9. This dataset is referred to as . 

 

Figure 7.9. FRFs collected from Specimen 1 before outlier removal. 
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The matrix  is produced by identifying the outliers in . 

The values showing the outliers identified for all 200 impact samples for the first 300 

measured frequencies is shown in Figure 7.10. Here, black represents one and white 

represents zero. The impact samples that contain a horizontal line of one values are 

clearly outliers. The rows of  are summed up, and the rows that are 

found to contain the largest number of outlier counts are removed from the dataset. In 

order to be consistent with all condition cases and all accelerometers, 50 samples with 

the highest outlier counts are removed from each accelerometer and condition case. 

Hence, 150 of the 200 samples are retained. Figure 7.11 shows the FRFs that are 

retained after the outlier removal procedure is applied. The values are now more 

consistent. Table 7.1 is a truncated table showing the number of outlier counts for the 

first five accelerometers and the first 20 samples of Damage Case 2. It can be seen that 

the FRFs obtained from samples 2, 3, 8, 11, 13 and 18 consistently have high outlier 

counts than the other FRF samples. It is likely that events occurred during these impacts 

that distorted the acceleration measurements. As a result, these samples have high 

outlier counts and are consequently removed from the dataset. 

 

 
Figure 7.10. Outlier matrix used to identify outlier samples. 
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Figure 7.11. FRFs retained after outlier removal. 

Table 7.1. Truncated table of the outlier count for each FRF for Damage Case 2. 

  A1 A2 A3 A4 A5 
Sample 1 11 3 1 1 61 
Sample 2 3,605 3,626 3,645 3,662 3,607 
Sample 3 3,635 3,697 3,721 3,709 3,644 
Sample 4 0 0 0 2 0 
Sample 5 0 5 4 0 11 
Sample 6 14 37 31 0 1 
Sample 7 0 0 0 0 0 
Sample 8 3,552 3,501 3,590 3,554 3,458 
Sample 9 0 3 1 1 1 
Sample 10 0 1 0 3 0 
Sample 11 2,992 3,059 3,086 3,053 2,959 
Sample 12 1 3 0 0 0 
Sample 13 947 1,025 1,008 980 968 
Sample 14 47 0 3 0 1 
Sample 15 0 0 0 0 1 
Sample 16 0 0 0 0 0 
Sample 17 5 0 0 1 12 
Sample 18 332 294 299 333 344 
Sample 19 0 2 1 0 21 
Sample 20 0 0 1 0 0 
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7.4.2. Method One: Principal Components Calculated Using All Samples  

The next step of the method is to reduce the dimensionality of the FRFs using PCA. The 

division of data into its training, validation and testing sets are summarised in Table 7.2. 

For Method 1 of the experimental validation, all FRF samples are used to calculate the 

PCs. The method to achieve this is described in Section 7.2.4. Figure 7.12 shows a 

scatter plot of the first two PCs for Accelerometer 1. 

Table 7.2. Division of data into training, validating and testing sets. 

Data Division Condition Case Crack Length  
(mm) 

Number of 
Samples 

Training Set 
Healthy Case 0 100 

Damage Case 2 150 100 
Damage Case 4 270 100 

Validation Set 
Healthy Case 0 25 

Damage Case 2 150 25 
Damage Case 4 270 25 

Testing Set 

Healthy Case 0 25 
Damage Case 1 75 150 
Damage Case 2 150 25 
Damage Case 3 225 150 
Damage Case 4 270 25 

 

 

Figure 7.12. Scatter plot showing the first two PCs when all FRF samples are used to calculate the PCs. 
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Figure 7.12 shows that with the first two PCs alone, the samples of each condition case 

are grouped together, although there is some overlapping in the samples. These two PCs 

represent 77.25 % of the contribution from the original data set. Figure 7.13 shows the 

cumulative contribution of the first 20 PCs for all accelerometers. The plot shows that 

20 PCs are necessary to have a reduced dataset that represents at least 95 % of the 

original dataset. Hence, the first 20 PCs are considered in this study. 

 

Figure 7.13. Cumulative contribution of the first 20 PCs for all accelerometers. 

The next step of this procedure is to train the ANNs. The neural network architecture for 

a single accelerometer is illustrated in Figure 7.14. An individual ANN is trained for 

each of the 15 accelerometers. Each ANN contains an input layer consisting of 20 input 

nodes, a hidden layer consisting of 10 nodes and an output layer consisting of a single 

output node. The PC scores are used for the inputs into the ANN and the crack lengths 

are used as its output. The crack lengths are also referred to as the damage severity in 

this chapter. Two transfer function configurations were considered for the ANN. They 

are summarised in Table 7.3. 

Table 7.3. Transfer functions considered in study. 

Configuration Name 
Hidden Layer 

Transfer Function 
Output Layer 

Transfer Function 
1 LL Linear Linear 
2 SL Tangent Sigmoid Linear 
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Figure 7.14. Neural network architecture for a single accelerometer. 

A network that uses the SL transfer function configuration can usually approximate any 

function with a finite number of discontinuities arbitrarily well (MathWorks® 2017). 

This transfer function configuration was found to estimate the damage severity for the 

trained cases accurately. However, it was unable to estimate the damage severity for the 

non-trained cases. This was possibly due to the limited number of available trained 

cases. The LL configuration was found to perform better at estimating the damage 

severity of the non-trained cases. Its results are therefore presented in this chapter. The 

results for both transfer function configurations are provided in Appendix G. 

The regressions plot for the training, validation and testing samples of Accelerometer 1 

are provided in Figure 7.15, and Table 7.4 summarises the mean and standard 

deviations of the estimated crack lengths for each condition case. For the remainder of 

this chapter, these estimates will be referred to as severity estimates. For the trained 

cases, the mean of the severity estimates for the training samples are closer to the actual 

crack lengths than they are for the validation and the testing samples. For the testing 

samples, the mean severity estimates for the non-trained cases are further from the 

actual crack lengths than they are for the trained cases. Further, the standard deviations 

of the severity estimates for the non-trained cases are considerably larger than they are 

for the trained cases. Despite this, the mean of the severity estimates for both the non-

trained cases are between the crack length values of the neighbouring trained cases. In 

addition to this, this information is only based on a single accelerometer. There are 14 

other accelerometers to consider, each with their own individual ANN.  Next, the ANN 

ensemble, which utilises information from the 15 individual ANNs is investigated. 
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Figure 7.15. Regression plots for A1 when all samples are used for PC calculation. 

Table 7.4. Summary of results for A1 when all samples are used for PC calculation.  

Condition Case Mean Standard Deviation Target Value 
Training samples - 100 samples per case 

Healthy Case 0.8 5.8 0.0 
Damage Case 2 149.5 7.5 150.0 
Damage Case 4 269.7 7.7 270.0 

Validation samples - 25 samples per case 
Healthy Case 6.3 5.9 0.0 

Damage Case 2 154.0 5.0 150.0 
Damage Case 4 263.6 9.6 270.0 

Testing samples - 25 samples per case 
Healthy Case 2.2 6.9 0.0 

Damage Case 2 156.1 4.4 150.0 
Damage Case 4 265.8 7.1 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 1 28.8 15.3 75.0 
Damage Case 3 182.4 27.6 225.0 
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The ANN ensemble combines information from the ANNs of each accelerometer by 

using the outputs of the individual ANNs as its inputs and the crack lengths as its 

outputs. The ANN ensemble is illustrated in Figure 7.16. The regression plots for the 

ANN ensemble are illustrated in Figure 7.17, and the summary of the results are 

provided in Table 7.5. The results of the ANN ensemble are an overall improvement 

from the results of ANN for Accelerometer 1. For all condition cases, the variance of 

the severity estimates has decreased. In addition to this, the mean values for each 

condition case are closer to the actual crack length values than they are for the 

individual ANN for Accelerometer 1. The error has reduced from 46.2 mm to 0.2 mm 

for Damage Case 1 and from 42.6 mm to 26.3 mm for Damage Case 2. The reduction in 

the error of the mean severity estimate and reduction in the variance is likely due to the 

ANN ensemble utilising information from all 15 individual ANNs. The results of this 

study show that the ANN is able to estimate the severity of damage for the non-trained 

cases when the PCs are calculated using all FRF samples.  

 

 

 

Figure 7.16. ANN ensemble. 
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Figure 7.17. Regression plots for the ANN ensemble when all samples are used for PC calculation. 

Table 7.5. Summary of results for the ANN ensemble when all samples are used for PC calculation. 

Condition Case Mean Standard Deviation Target Value 
Training samples - 100 samples per case 

Healthy Case 0.0 1.9 0.0 
Damage Case 2 150.1 1.8 150.0 
Damage Case 4 269.9 3.1 270.0 

Validation samples - 25 samples per case 
Healthy Case 1.3 1.5 0.0 

Damage Case 2 150.8 0.9 150.0 
Damage Case 4 268.2 3.2 270.0 

Testing samples - 25 samples per case 
Healthy Case 1.8 2.9 0.0 

Damage Case 2 151.4 1.4 150.0 
Damage Case 4 267.1 3.7 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 1 74.8 12.7 75.0 
Damage Case 3 198.7 7.8 225.0 
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7.4.3. Method Two: Principal Components Calculated Using Training Samples  

Method two of the experimental validation involves calculating the PCs using the 

training samples only and obtaining the PC scores of the non-trained cases from these 

PCs. The methodology explained in Section 7.3.2 is used to obtain the PC eigenvectors 

 based on the 300 samples in the training set summarised in Table 7.2. The PC 

eigenvectors are then used to calculate the PC scores for all FRF samples using  

Eq. 7.22. The scatter plot in Figure 7.18 shows that the samples of each condition case 

are grouped together. However, there appears to be more overlapping between the 

damage cases this time compared to when all samples are used in the PC calculation. 

 

Figure 7.18. Scatter plot showing the first two PCs when training samples are used to calculate the PCs. 

The individual ANN shown in Figure 7.14 is trained for each accelerometer with the PC 

scores being used as the inputs and the crack lengths being used as the outputs. The 

regression plot for the ANN of Accelerometer 1 is shown in Figure 7.19, and the 

summary of the mean and standard deviation for each condition case is provided in 

Table 7.6. In general, the results show that there are less errors in the training samples 

than there are in the validation and testing samples. In addition to this, the mean of the 

severity estimates for the non-trained cases are further from the actual crack length 

values than the estimates from the testing samples of the trained cases. Further, a larger 

variance in the severity estimates for the non-trained cases is observed. 
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Figure 7.19. Regression plots for A1 when training samples are used for PC calculation. 

Table 7.6. Summary of results for A1 when training samples are used for PC calculation. 

Condition Case Mean Standard Deviation Target Value 
Training samples - 100 samples per case 

Healthy Case 1.4 7.8 0.0 
Damage Case 2 149.1 7.5 150.0 
Damage Case 4 269.8 10.1 270.0 

Validation samples - 25 samples per case 
Healthy Case 6.0 7.2 0.0 

Damage Case 2 148.9 6.3 150.0 
Damage Case 4 264.8 10.6 270.0 

Testing samples - 25 samples per case 
Healthy Case 1.9 8.3 0.0 

Damage Case 2 154.2 9.4 150.0 
Damage Case 4 265.2 8.7 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 1 101.4 18.0 75.0 
Damage Case 3 189.5 17.3 225.0 
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The next step of the procedure is to train the ANN ensemble shown in Figure 7.16. The 

regression plots for these results are shown in Figure 7.20, and the mean and standard 

deviations of the severity estimates are summarised in Table 7.7. The results show that 

the ANN ensemble improved the severity estimates compared to the individual ANN 

for Accelerometer 1. For all condition cases, the standard deviations for the severity 

estimates are reduced in the ANN ensemble. In addition to this, the mean values of the 

severity estimates are closer to the actual crack length values than they are for the 

individual ANN, except for the testing samples of the healthy case. The error reduced 

from 26.4 mm to 8.5 mm for Damage Case 1, and the error was reduced from 35.5 mm 

to 18.8 mm for Damage Case 3. This demonstrates that the ANN ensemble has 

improved the ANN’s ability to estimate the severity of damage for the trained and non-

trained cases. 

The purpose of the experimental validation was to investigate whether PC scores of the 

non-trained cases can be determined from the PCs that are calculated from the trained 

cases, and if these PC scores are compatible with the ANNs learned with the trained 

cases. To investigate this capability, the experimental validation demonstrated two 

methods. The first method involved using all FRF samples to calculate the PCs, and the 

second method involved using the FRF samples of the trained cases to calculate the 

PCs. For both methods, the results showed that the PC scores of the non-trained cases 

could be used to estimate the severity of damage for these cases. Method 1 estimated the 

damage severity of Damage Case 1 more accurately than Method 2 did. On the other 

hand, Method 2 estimated the severity of damage for Damage Case 3 more accurately 

than Method 1 did. These results indicate that there is no clear indication that the quality 

of the severity estimates is decreased when the PC scores are obtained using PCs that 

are calculated with the trained cases.  
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Figure 7.20. Regression plots for the ANN ensemble when training samples are used for PC calculation. 

Table 7.7. Summary of results for the ANN ensemble when training samples are used for PC calculation. 

Condition Case Mean Standard Deviation Target Value 
Training samples - 100 samples per case 

Healthy Case 0.0 2.3 0.0 
Damage Case 2 150.0 2.2 150.0 
Damage Case 4 270.1 3.3 270.0 

Validation samples - 25 samples per case 
Healthy Case 2.6 1.6 0.0 

Damage Case 2 150.8 1.5 150.0 
Damage Case 4 269.1 3.7 270.0 

Testing samples - 25 samples per case 
Healthy Case 3.4 2.0 0.0 

Damage Case 2 152.4 1.4 150.0 
Damage Case 4 267.3 3.2 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 1 83.5 8.0 75.0 
Damage Case 3 206.2 9.2 225.0 
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7.5. Numerical Validation 
The numerical validation aims to verify the observations made from the experimental 

validation. First, the procedure used to simulate the time history from the finite element 

(FE) model in Section 5.6 is described. Then, the ANNs ability to estimate the damage 

severity of the non-trained cases is tested using the procedures described for Method 1 

and Method 2. 

7.5.1. Simulating Time History Data from a Finite Element Model  

For the numerical study, the time history data was obtained from the FE model 

described in Section 5.6 using the state space model described in Section 5.3.2. For each 

condition case and accelerometer, white gaussian noise was added to the time history 

signals to produce 150 unique time history signals with random measurement noise. A 

noise level of 10 % was applied to the time history signals for this investigation. An 

example comparing a signal from Accelerometer 1 before and after noise is added can 

be seen in Figure 7.21. Here, it is shown that the noise is more noticeable the closer the 

acceleration value is to zero.  

 
Figure 7.21. Simulated time domain signal with added noise. 
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Based on these time history signals, the accelerance FRFs were produced. The noise 

induced FRFs for the 150 samples of Accelerometer 1 with the structure in its healthy 

state are shown in Figure 7.22. The plot shows that random noise affects the lower 

magnitudes of the FRFs more than it does the higher ones as the signals are weaker for 

these frequencies. This FRF data will be used to demonstrate Methods 1 and 2 of the 

numerical validation. 

 
Figure 7.22. All simulated FRFs for Accelerometer 1 with the structure in its healthy state. 

 

7.5.2. Method One: Principal Components Calculated Using All Samples  

The simulated FRFs are divided into the datasets summarised in Table 7.2 and used to 

calculate the PCs using all FRF samples. The resulting PC scores for the first two PCs 

of Accelerometer 1 are shown in Figure 7.23. It is observed that the PC scores for each 

condition case are grouped together. Further, in this numerical study, the PC scores for 

the first PC appear to increase monotonically with increasing damage. These PC scores 

are used as inputs and the crack length values are used as outputs for the ANN shown in 

Figure 7.14. The regression plots for Accelerometer 1 are shown in Figure 7.24. The 

regression plots from the ANNs for the other accelerometers in the numerical study can 

be found in Appendix H. 
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Figure 7.23. Scatter plot showing the first two PCs when all FRF samples are used to calculate the PCs in 
the numerical study. 

 
The results show that the crack lengths have been estimated more accurately for the 

trained cases than they have for the non-trained cases. For the trained cases, the error in 

the mean value does not exceed 0.5 mm. However, for the non-trained cases, the errors 

of the mean severity estimates are as large as 34 mm. The variances of the severity 

estimates appear to be similar for all condition cases.  

The next step of the procedure is to set up the ANN ensemble. The outputs from the 15 

individual ANNs are used as the inputs for the ensemble, and the crack length values are 

used as the outputs. The regression plots are illustrated in Figure 7.25 and the results are 

summarised in Table 7.9. 
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Figure 7.24. Regression plots for A1 when all samples are used for PC calculation in the numerical study. 

Table 7.8. Summary of results for A1 when all samples are used for PC calculation in numerical study. 

Condition Case Mean Standard Deviation Target Value 
Training samples - 100 samples per case 

Healthy Case 0.0 2.1 0.0 
Damage Case 2 150.1 2.1 150.0 
Damage Case 4 270.0 2.3 270.0 

Validation samples - 25 samples per case 
Healthy Case 0.0 2.5 0.0 

Damage Case 2 149.5 2.7 150.0 
Damage Case 4 269.5 2.6 270.0 

Testing samples - 25 samples per case 
Healthy Case 0.0 2.3 0.0 

Damage Case 2 150.2 2.6 150.0 
Damage Case 4 269.6 2.2 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 1 90.1 2.3 75.0 
Damage Case 3 191.0 2.5 225.0 
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Figure 7.25. Regression for ensemble when all samples are used for PC calculation in numerical study. 

Table 7.9. Results for ensemble when all samples are used for PC calculation in numerical study. 

Case Mean Standard Deviation Target Value 
Training samples - 100 samples per case 

Healthy Case 0.0 0.5 0.0 
Damage Case 2 150.0 0.5 150.0 
Damage Case 4 270.0 0.5 270.0 

Validation samples - 25 samples per case 
Healthy Case 0.1 0.5 0.0 

Damage Case 2 150.1 0.6 150.0 
Damage Case 4 270.3 0.5 270.0 

Testing samples - 25 samples per case 
Healthy Case -0.1 0.4 0.0 

Damage Case 2 149.8 0.6 150.0 
Damage Case 4 270.0 0.5 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 1 89.1 0.5 75.0 
Damage Case 3 194.1 0.6 225.0 
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Similar to the experimental validation, the results show that the ANN ensemble 

improves the damage severity estimation. The variation in the severity estimates are 

decreased significantly, and the mean severity estimates of the non-trained cases are 

slightly closer to the actual crack length value. Overall, the results of the numerical 

study demonstrate that the damage severity of the non-trained cases can be estimated 

when the PCs are calculated using all FRF samples. 

7.5.3. Method Two: Principal Components Calculated Using Training Samples  

The next step in the numerical validation is to determine whether the damage severity of 

the non-trained cases can be estimated if only the training samples are used in the 

calculation of the PCs. The PCs were calculated using the training samples of the 

trained cases and were used to produce the PC scores for all FRF samples. A scatter plot 

showing the first two PCs for Accelerometer 1 is illustrated in Figure 7.26. This time, 

the first PC scores appear to be monotonically decreasing as the damage severity 

increases.  

 

 

Figure 7.26. Scatter plot showing the first two PCs when training FRF samples are used to calculate the 
PCs in the numerical study. 
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The PC scores were used as the inputs and the crack lengths were used as the outputs 

for the individual ANNs. The regression plots are shown in Figure 7.27, and a summary 

of the results is provided in Table 7.10. The ANN for Accelerometer 1 did not estimate 

the damage severity for the trained cases as accurately as the corresponding ANN for 

Method 1. However, the mean values of the severity estimates for the non-trained cases 

are closer to the actual crack length values than they are for Method 1. For both Method 

1 and 2, the standard deviation of the severity estimates for each condition case is 

between 2 and 3. 

 
Figure 7.27. Regression for A1 when training samples are used for PC calculation in the numerical study. 
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Table 7.10. Results for A1 when training samples are used for PC calculation in numerical study. 

Case Mean Standard Deviation Target Value 
Training samples - 100 samples per case 

Healthy Case -0.2 2.3 0.0 
Damage Case 2 150.0 2.3 150.0 
Damage Case 4 270.1 2.5 270.0 

Validation samples - 25 samples per case 
Healthy Case 1.9 2.7 0.0 

Damage Case 2 148.4 2.5 150.0 
Damage Case 4 268.1 2.8 270.0 

Testing samples - 25 samples per case 
Healthy Case 1.8 2.5 0.0 

Damage Case 2 149.2 2.6 150.0 
Damage Case 4 268.4 2.4 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 1 86.0 2.5 75.0 
Damage Case 3 200.1 2.6 225.0 

  

The next step of this procedure is to train the ANN ensembles. The regression plots for 

the ANN ensemble are shown in Figure 7.28, and the summary of the results is provided 

in Table 7.11. 
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Figure 7.28. Regression for ensemble with training samples used for PC calculation in numerical study. 

Table 7.11. Results for ensemble with training samples used for PC calculation in numerical study. 

Case Mean Standard Deviation Target Value 
Training samples - 100 samples per case 

Healthy Case 0.0 0.5 0.0 
Damage Case 2 150.0 0.5 150.0 
Damage Case 4 270.0 0.5 270.0 

Validation samples - 25 samples per case 
Healthy Case 0.1 0.5 0.0 

Damage Case 2 150.1 0.6 150.0 
Damage Case 4 270.3 0.5 270.0 

Testing samples - 25 samples per case 
Healthy Case -0.1 0.4 0.0 

Damage Case 2 149.8 0.6 150.0 
Damage Case 4 270.0 0.5 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 1 89.1 0.5 75.0 
Damage Case 3 194.1 0.6 225.0 
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The most noticeable improvement in the ANN ensemble is the reduction in the variance 

of the severity estimates. In addition to this, the mean values of the severity estimates of 

the trained cases appears to have become closer to the actual crack length. However, the 

mean value for the severity estimates of the non-trained cases appears to be further from 

the actual crack length value. 

7.6. Numerical Validation with Additional Trained Cases 
The previous validations showed that the ANNs are able to estimate the severity of 

damage using PC scores of the non-trained cases that are obtained when the PCs are 

calculated using the FRFs of trained cases. However, the severity estimates of the non-

trained cases can be improved by including additional trained cases into the ANN. To 

demonstrate this, the five condition cases in the previous validations are used as the 

trained cases and additional cases are introduced as the non-trained cases. The data 

division for this study is summarised in Table 7.12. The purpose of this study is to 

determine if adding additional trained cases will improve the estimation of the non-

trained cases. As such, only the ANN ensemble results are presented. 

Table 7.12. Data division for numerical validation with additional trained cases. 

Data 
Division Condition Case Crack Length 

(mm) 
Number of 
Samples 

Training Set 

Healthy Case 0 100 
Damage Case 1 75 100 
Damage Case 2 150 100 
Damage Case 3 225 100 
Damage Case 4 270 100 

Validation 
Set 

Healthy Case 0 25 
Damage Case 1 75 25 
Damage Case 2 150 25 
Damage Case 3 225 25 
Damage Case 4 270 25 

Testing Set 

Healthy Case 0 25 
Damage Case 0.5 37.5 150 
Damage Case 1 75 25 

Damage Case 1.5 112.5 150 
Damage Case 2 150 25 

Damage Case 2.5 187.5 150 
Damage Case 3 225 25 

Damage Case 3.5 247.5 150 
Damage Case 4 270 25 
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7.6.1. Method One: Principal Components Calculated Using All Samples  

The PCs were calculated using all FRF samples and were used to obtain the PC scores 

of the trained and non-trained cases. The PC scores of the trained cases were then used 

as inputs to train the individual ANNs, which were used as inputs to train the ANN 

ensemble. The PC scores of the non-trained cases were then used to test the ANNs. The 

regression plots for the ensemble is illustrated in Figure 7.29, and the mean and 

standard deviations are summarised in Table 7.13. The regression plots from the ANNs 

for all accelerometers in the numerical study with additional trained cases can be found 

in Appendix I. 

 
Figure 7.29. Regression when training additional cases and using all FRFs for PC calculation. 
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The results are improved from the previous validations, as more cases are used to train 

the ANNs. The largest mean error for this ANN was observed for Damage Case 3, 

which had a mean severity estimate error of 4.7 mm. In comparison to this, an error of 

30.9 mm was observed for Damage Case 3 when only three trained cases were used in 

the numerical validation in Section 7.5.2. Hence, the results here show that having more 

trained cases will improve accuracy of the ANN outputs. 

Table 7.13. Result for ensemble in numerical study with additional trained cases using all FRF samples 
for PC calculation. 

Condition Case Mean Standard 
Deviation Target Value 

Training samples - 100 samples per case 
Healthy Case 0.0 0.6 0.0 

Damage Case 1 75.0 0.6 75.0 
Damage Case 2 150.2 0.7 150.0 
Damage Case 3 224.7 0.7 225.0 
Damage Case 4 270.1 0.7 270.0 

Validation samples - 25 samples per case 
Healthy Case -0.2 0.5 0.0 

Damage Case 1 75.1 0.6 75.0 
Damage Case 2 150.1 0.7 150.0 
Damage Case 3 224.7 0.6 225.0 
Damage Case 4 270.0 0.7 270.0 

Testing samples - 25 samples per case 
Healthy Case 0.1 0.6 0.0 

Damage Case 1 75.0 0.5 75.0 
Damage Case 2 150.2 0.8 150.0 
Damage Case 3 224.6 0.7 225.0 
Damage Case 4 270.2 0.6 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 0.5 32.8 0.7 37.5 
Damage Case 1.5 113.7 0.7 112.5 
Damage Case 2.5 186.8 0.7 187.5 
Damage Case 3.5 245.4 0.7 247.5 
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7.6.2. Method Two: Principal Components Calculated Using Training Samples  

This section investigates the ANN interpolation capabilities with additional trained 

cases when only the training samples are used for the calculation of the PCs. The 

regression plots for the ANN ensemble are illustrated in Figure 7.30, and the summary 

of the results are provided in Table 7.14. 

 
Figure 7.30. Regression when training additional cases and using training FRFs for PC calculation. 

  



199 
 

The results demonstrate that additional trained cases can be used to improve the ANN’s 

ability to estimate the damage severity for non-trained cases when only the training 

samples are used in the PC calculations. When only three trained cases were used to 

train the ANNs, a mean severity estimate error of 26.9 mm was observed for Damage 

Case 3 as shown in Section 7.5.3. However, when five cases were used for training in 

this section, the largest mean severity estimate error of 6.4 mm was observed for the 

non-trained cases. This shows that having more trained cases can improve the overall 

damage severity estimation capabilities of the ANNs. 

Table 7.14. Result for ensemble in numerical study with additional trained cases using training FRF 
samples for PC calculation. 

Condition Case Mean Standard 
Deviation Target Value 

Training samples - 100 samples per case 
Healthy Case 0.0 0.7 0.0 

Damage Case 1 74.8 0.7 75.0 
Damage Case 2 150.3 0.7 150.0 
Damage Case 3 224.7 0.7 225.0 
Damage Case 4 270.1 0.7 270.0 

Validation samples - 25 samples per case 
Healthy Case 1.0 0.6 0.0 

Damage Case 1 76.5 0.6 75.0 
Damage Case 2 150.7 0.8 150.0 
Damage Case 3 221.3 0.5 225.0 
Damage Case 4 270.2 0.8 270.0 

Testing samples - 25 samples per case 
Healthy Case 1.2 0.7 0.0 

Damage Case 1 76.3 0.6 75.0 
Damage Case 2 150.8 0.8 150.0 
Damage Case 3 221.2 0.7 225.0 
Damage Case 4 270.3 0.8 270.0 

Testing samples of non-trained cases - 150 samples per case 
Damage Case 0.5 34.1 0.7 37.5 
Damage Case 1.5 115.0 0.6 112.5 
Damage Case 2.5 185.8 0.7 187.5 
Damage Case 3.5 241.1 0.7 247.5 
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7.7. Summary 
In the context of vibration-based damage identification, researchers have used PCA to 

reduce the dimensionality of FRFs, turning them into PC scores and making them more 

practical to be used as inputs into ANNs. These researchers were able to demonstrate 

that ANNs are capable of identifying trained and non-trained damage cases. However, 

few of them elaborated on how the PC scores of the non-trained cases can be obtained 

when they have no involvement in the calculation of the PCs that are used to transform 

the FRFs into PC scores. This investigation studied this capability on Specimen 1. The 

investigation demonstrated two methods. Method 1 involved calculating the PCs using 

all FRF samples, and Method 2 involved calculating the PCs using the FRFs of the 

trained cases only. For both methods, the PC scores were obtained by multiplying the 

response variation matrix with the PC eigenvectors. An individual ANN was trained for 

each of the 15 accelerometers using the PC scores as the inputs and the crack lengths as 

the outputs. The outputs of the individual ANNs were then used as the inputs for the 

ANN ensemble and the outputs for the ensemble was the crack lengths. The ANN 

ensemble then provided an estimate for the crack lengths.  

In the experimental validation, the following observations were made. 

 The first two PCs alone could be used to distinguish between the five condition 

cases. The scatter plot for these two PCs showed that the samples for each 

condition case were grouped together. However, there was overlapping between 

these two groups, and Method 2 appeared to have more overlapping than 

Method 1.  

 The ANN could generally detect the severity of damage for the trained cases 

more accurately than it could for the non-trained cases. However, the mean of 

the severity estimates for the non-trained cases was always between the crack 

length values for the neighbouring condition cases.  

 The ensemble improved the results of the severity estimation for both methods. 

This included the reduction of the error of the mean values and the reduction of 

the variance in the estimations. 

 The ANN ensemble estimated the damage severity of Damage Case 1 more 

accurately using Method 1 than it did using Method 2. 

 The ANN ensemble estimated the damage severity of Damage Case 2 more 

accurately using Method 2 than it did using Method 1. 
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In the numerical study, the following observations were made. 

 The condition cases were more distinguishable from the first two PCs than they 

were in the experimental study and no overlapping occurred. 

 The ANN ensemble reduced the variance in the severity estimates. 

 The severity estimates for the non-trained cases in Method 2 were closer to the 

actual value than they were in Method 1. 

 The ANN ensemble improved the mean of the severity estimates for Method 1 

but not for Method 2. 

 The ANN was able to estimate damage severity of the non-trained cases more 

accurately when it was learned using more trained cases. 

Overall, the results from this study indicates that the PC scores of the non-trained cases 

can be obtained using the PCs that are calculated from the trained cases. Also, these PC 

scores are compatible with the ANNs that are learned using the trained cases. There is 

no clear trend that indicates that calculating the PCs using only the trained cases will 

reduce the quality of the severity estimates for the non-trained cases. In a practical 

application, this would mean that when an FRF sample is obtained, it could be 

transformed into a set of PC scores and fed directly into an ANN without the need to 

conduct PCA a second time or retrain the ANN. 

It should be noted that the performance of ANNs are generally based on the availability 

of a training dataset and its similarity to the test data. For this investigation, the FRFs 

were collected using the same excitation and response. However, an investigation on 

how FRFs obtained using different reference and response points in the ANN training 

should be considered for future work. 

Additional future work could include the investigation of using ambient vibration 

instead of hammer induced ones to detect damage using ANN. This is a more practical 

method, as it would mean that the data could be collected without setting up tests that 

could disrupt traffic. Additionally, this study assumed that damage cases were available 

for training ANNs. In real life applications, this data will not be available via 

experimental means. Future work should include investigations where the ANN is 

trained using numerical data and tested with experimental data. 
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Chapter 8  
Conclusions and Recommendations 

8.1. Summary and Conclusions 
This thesis explored methods to detect damage in a complex shaped structure utilising 

frequency response functions (FRFs). FRFs are one of the easiest forms of data to 

obtain, require little human involvement, and provide abundant information on the 

dynamic behaviour of a structure. Two FRF-based damage identification methods were 

proposed. The first method incorporated a linkage model in the FRF-based sensitivity 

method of model updating to localise and quantify damage. The second method utilised 

artificial neural networks (ANNs) to estimate the damage severity of the non-trained 

cases using principal component (PC) scores obtained when the non-trained cases were 

not involved in the calculation of the PCs. The proposed methods were verified using 

numerical and experimental models of concrete composite jack arch specimens that are 

replicates of a structural component of the Sydney Harbour Bridge.  

Proposed Method 1: Damage Identification Using Model Updating 

The first method utilised the FRF-sensitivity method for model updating. A linkage 

model was introduced to address the large difference in the number of DOFs in the FE 

model and the measured DOFs from the physical structure. The literature review 

showed that methods which addressed this issue matched the DOFs of the FE model to 

the measured DOFs by either reducing the FE model or expanding the measured mode 

shapes. If the FE model is reduced to the measured DOFs then important information on 

the mode shapes will be lost. On the other hand, if the modal data is expanded to the FE 

model DOFs then this can lead to increased computational cost. The linkage model can 

address this issue by acting as a link between the FE model and the measured data. 

The proposed method was verified using the physical and numerical model of 

Specimen 2. From the results, the following observations and conclusions were made. 

 The mass and stiffness matrices of the linkage model were capable of expanding 

the modal data. One of the main aims of the proposed method was to improve 

the computational efficiency of the model updating procedure. One of the steps 

in the proposed procedure involves the inversion of the slave partition of the 



203 
 

dynamic stiffness matrix for each of the expanded modes. On the full FE model, 

this calculation would be computationally expensive. Hence the computational 

cost can be reduced by using the linkage model for this calculation. 

 Another advantage of expanding the mode shapes using the mass and stiffness 

matrices of the linkage model is that mode pairing is not required. On the other 

hand, the System Equivalent Reduction Expansion Process requires the 

analytical and experimental modes to be paired. 

 The numerical investigation showed that the method was able to detect the 

stiffness reduction in P7 with a 0.4 % error within 17 iterations. This 

demonstrated the method’s capability of localising and quantifying damage in a 

complex structure in a numerically simulated environment. 

 The application of this methodology to the laboratory specimen is far more 

complex, as the measured FRFs contain a lot of uncertainties associated with 

real-life testing. It was observed that single modes had split into multiple peaks. 

Past research that experienced similar phenomenon suggested that asymmetry in 

the structure could cause the modes to split into multiple peaks. Asymmetry was 

observed in the boundary conditions, which could have contributed to this 

phenomenon in the FRFs. Another source of splitting peaks could have been the 

cracks themselves. In the healthy state, a peak was clearly identified at 615 Hz. 

However, for the damage cases, this peak had appeared to split into multiple 

smaller peaks, making it difficult to identify the natural frequency of this mode. 

This problem was addressed by limiting the FRF used in the model updating 

procedure to focus on the modes that could be clearly identified in the FE model 

and the experimental specimen. This also meant that the updating procedure was 

carried out using less information. Hence the procedure needed to be divided 

into two stages to reduce the number of updating parameters.  

 The first stage involved updating the Young’s modulus of the specimen in its 

healthy state and three parameters relating to the boundary conditions, resulting 

in a total number of four updating parameters. The Young’s modulus obtained in 

this stage was treated as the healthy Young’s modulus and the updated boundary 

condition parameters were assumed to be the same for all damage cases. 

 The second stage involved updating the specimen in its damaged states. Since 

the boundary condition updating parameters were assumed to be the same as for 
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the healthy case, they were removed from the updating procedure. Hence ten 

parameters were used for updating. For Damage Case 1, the method correctly 

identified the damage to be located in partition P7 with a stiffness reduction of 

41.4 %. For Damage Case 2, this stiffness reduction increased to 54.5 %. For 

Damage Case 3, the stiffness reduction increased slightly to 54.7 %, and a 

second notable stiffness reduction of 25.8 % was identified in partition P5, 

which is where the second crack was located. 

The proposed damage identification method demonstrated that the linkage model was 

able to act as an intermediary between the FE model DOFs and the physically measured 

DOFs for the FRF-sensitivity method of model updating. The updated parameters could 

then be used to form a damage index to locate and quantify the severity of damage in a 

structure. The method was demonstrated numerically and experimentally. The proposed 

method is a practical approach to interpolate unmeasured modal displacements to 

identify the location and severity of damage for real SHM systems that contain a limited 

number of measurement sensors. 

Proposed Method 2: Damage Identification Using Artificial Neural Networks 

The second method used ANNs for their ability to recognise patterns. Principal 

component analysis (PCA) was used to reduce the dimensionality of the FRFs and 

produce principal component (PC) scores. PCA also has the added benefit of noise 

reduction, which is critical for real-life applications in reducing uncertainties from 

measurement noise. Researchers that utilised these methods demonstrated that ANNs 

are capable of identifying trained and non-trained damage cases. However, few of these 

studies elaborated on how the PC scores of the non-trained cases can be obtained when 

they are not involved in the calculation of the PCs that are used to transform the FRFs 

into PC scores. This study investigated this capability, as non-trained cases should not 

be involved in the calculation of the PCs or in the ANN learning process. The 

methodology was demonstrated using two methods. The first method involved using 

FRF samples of the trained cases and the non-trained cases to calculate the PCs used to 

reduce the FRFs to the PC scores. The ANN was learned using the trained cases and 

tested using the non-trained cases. The second method was identical to the first method, 

except the PCs were calculated using the trained cases only.   
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The performance of the proposed method was demonstrated using the physical and 

numerical model of Specimen 1. From the results, the following observations and 

conclusions were made. 

 The outlier removal procedure developed for the proposed method was capable 

of identifying the FRF samples that were likely to be outliers and removing 

these samples to ensure that the remaining samples were consistent. The 

procedure involved the identification of the outliers for each measured frequency 

of the FRF, counting the number of outliers for each FRF sample and removing 

the samples with the highest outlier counts. The experimental validation showed 

that this method was successful in removing the samples that were significantly 

different from the other samples.  

 PCA was capable of reducing the dimensionality of the FRFs used as the inputs 

for the ANNs. The FRFs contained 4,001 measured frequencies, but was 

reduced to 20 PC scores, which were enough to represent at least 95 % of the 

data for each accelerometer. The experimental and numerical study showed that 

the condition cases were highly distinguishable in the scatter plot showing the 

first two principal components.  

 The performance on the ANNs’ ability to estimate the damage severity for 

trained and non-trained cases was assessed when the PCs were calculated using 

all FRF samples and when they were calculated using only the training FRF 

samples. There was no clear trend to suggest that the quality of the severity 

estimates was reduced when the PCs were calculated using only the training 

samples as opposed to all available samples. The damage severity of Damage 

Case 1 was estimated more accurately when all FRF samples were used to 

calculate the PCs, and the damage severity for Damage Case 3 was calculated 

more accurately when only the training samples were used to calculate the PCs. 

 The ANN ensemble improved the severity estimates in the numerical and 

experimental validations. The most notable benefit of using the ANN ensemble 

was that it reduced the variance of the severity estimates when compared to the 

ANN of an individual accelerometer.  In addition to this, it brought the mean of 

the estimates of both the trained and the non-trained cases closer to the target 

value in most of the validations. 
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 The accuracy of the severity estimates for the non-trained case could be 

improved by including additional trained cases in the ANN learning process. 

This was tested by conducting a numerical simulation whereby the original three 

trained cases and two non-trained cases were used as trained cases and four 

additional cases were simulated to generate non-trained cases. The results 

showed that the severity estimation of the non-trained cases had less mean error 

when the additional trained cases were included in the learning process. 

The proposed damage identification method demonstrated that PC scores of the 

non-trained cases can be obtained when information on non-trained cases is not used in 

the calculation of the PCs, and that these PC scores are compatible with the ANNs that 

are learned with the trained cases. Further, it showed that using an ANN ensemble 

reduced the spread of the damage severity estimates. As it is impossible to account for 

every possible damage type, location and severity, good interpolation capabilities of 

ANN-based damage detection methods are most critical for their applicability in the 

field. Hence, this method serves as a practical technique to obtain inputs for ANNs that 

are learned from previously obtained trained cases. 

8.2. Contribution to Knowledge 
In this thesis, the main contributions to knowledge are listed as follows. 

1. This thesis introduced a linkage modelling technique that matched the DOFs of a FE 

model to the spatially sparse DOFs of the experimental specimen. One of the issues 

with model updating is that there are often more DOFs in the FE model than the 

DOFs measured from the physical structure. Researchers have addressed this issue 

by either reducing the DOFs of the FE model or expanding the measured DOFs. 

These approaches can be problematic if the number of DOFs of the FE model are 

substantially larger than the number of DOFs measured from the physical structure. 

If the FE model is reduced to the measured DOFs, then important information on the 

modal characteristics can be lost. On the other hand, if the measured DOFs are 

expanded to the FE model DOFs, then this can significantly increase the 

computational cost of model updating. This thesis addressed this issue by proposing 

a linkage modelling technique that acted as an intermediary between the FE model 

DOFs and the spatially sparse measured DOFs. The results from this study showed 
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that the linkage model can be incorporated in the FRF sensitivity method of model 

updating, localising and quantifying damage, whilst saving computational cost. 

2. This thesis demonstrated that the PC scores of non-trained cases of an ANN can be 

obtained when these non-trained cases are not involved in the calculation of the 

PCs. In the past, PCA has been used to reduce the size of the FRFs to make them 

more practical to be used as ANN inputs. Studies that used this approach 

demonstrated that the ANN could be learned to detect trained and non-trained cases. 

However, there is little research that investigates the feasibility and resulting 

accuracy of obtaining the PC scores of the non-trained cases using the PCs derived 

from the trained cases. This feature is necessary, as the non-trained cases should not 

be involved in the calculation of the PCs or the ANN learning process. This thesis 

addressed this issue by studying the effects of calculating the PCs using the FRFs of 

the trained cases only and using these PCs to obtain the PC scores of the non-trained 

cases. This approach eliminates the need for retraining the ANNs with the newly 

obtained PC scores and thereby presents an improved method. The results from this 

study showed that the ANN was able to estimate the severity of damage for the non-

trained cases when the PC scores for these cases were fed into the ANN. In addition 

to this, there was no significant loss in accuracy when the PCs were calculated using 

the trained cases only compared to when they were calculated using the trained and 

non-trained cases. In a practical application, this would mean that when an FRF 

sample is obtained, it could be transformed to a set of PC scores and fed directly 

into an ANN without the need to conduct PCA a second time or retrain the ANN. 

3. This thesis demonstrated the proposed methods on numerical and experimental 

models of two concrete jack arch specimens. Due to its complex shape and 

structure, the jack arch specimen needed to be modelled using solid elements. This 

resulted in additional complexities that do not occur on simpler models. These 

associated issues were investigated, and their solutions were explored throughout 

this thesis. Examples of these issues included the following. 

 The literature review showed that most researchers matched the FE model 

DOFs to the measured DOFs by reducing the FE model. This can be 

problematic, as the reduced FE model will lose information on the higher 

frequency modes, which can be essential for damage detection. This 

information can be retained by expanding the measured DOFs instead. Most 
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researchers that expanded the measured DOFs used SEREP or a variation of 

it. The issue with SEREP is that it requires the numerical and experimental 

modes to be paired. Due to the complexity of the structure, there can be 

different modes that show high modal assurance criterion (MAC) values, 

especially if the MAC calculations are conducted using limited DOFs. 

Section 5.5.2 shows an example of this. This can be problematic if the mode 

pairing is conducted in an automated procedure. This problem can be 

overcome by using the mass and stiffness matrices to expand the mode 

shapes instead. Whilst this method was developed decades ago, its 

application did not appear in the literature review when focusing on the 

papers published after 2010. Hence, the benefit of not needing to pair the 

modes may not have been fully realised in the general research community. 

 In practical applications, researchers and asset managers will invariably need 

to deal with large amounts of data in a structural health monitoring system. It 

is often necessary to remove outliers from the dataset for it to be reliable. An 

automated outlier removal procedure was introduced in Section 7.3.1 to 

clean the FRF data so that the retained FRFs would be more consistent. This 

same methodology could also be applied in real life applications. 

8.3 Recommendations and Future Work 
Based on the literature review and the research of this thesis, the following 

recommendations for future research work are proposed for the damage identification of 

bridge components using artificial neural networks and model updating based on FRFs. 

1. One of the main aims of this thesis was to reduce the gap between damage 

identification methods applied to in-situ structures and investigated in the laboratory 

environment. Crucial factors in this application, which were not explored in this 

thesis, are changes in the environmental conditions. Although the methods that were 

proposed in this thesis could estimate the location and severity of damage in the jack 

arch specimen, the methods were tested in the laboratory environment. Before these 

methods are applied in the real world, it is important to study how fluctuating 

environmental conditions such as changing temperatures and humidity will 

influence the damage identification performance. 
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2. In many model-updating applications for damage identification, damage is 

simulated by reducing the stiffness of an element. However, in real life applications, 

damage is often more complex. The experimental investigation of the linkage 

modelling method demonstrated that a mode, which could be clearly identified in 

the healthy state, could not be identified in the damaged states. It had appeared that 

the mode had split into multiple smaller modes. It is recommended that this 

phenomenon is explored in future works, as it could occur with in-situ structures. 

3. Computational efficiency was a limiting factor in demonstrating the proposed model 

updating method. While ANSYS has efficient techniques to reduce the 

computational cost of larger models, the matrix operations described in Chapter 6 

were performed in MATLAB and required large amounts of memory to store the 

system matrices of the model. In future works, methods to improve computational 

efficiency should be explored so that higher quality models can be used. 

4. Damage identification using transmissibility has emerged in recent years. The main 

advantage of using transmissibility over FRFs is that transmissibility functions do 

not require information on the force input of the structure. An investigation into the 

application of damage identification using the linkage model and transmissibility 

functions is recommended.  

5. An investigation into different types of structures with different damage types, 

locations and severities is recommended. This applies to both proposed methods. 

For the ANN method, damage of different types and severities can be considered for 

the output of the neural networks. For the model updating method, a linkage model 

and updating parameters can be designed based on different types of structures. 

Examples of these structures can include the ASCE four-storey benchmark building, 

the UCF Benchmark Bridge Structure, the Guangzhou New TV Tower, or a scaled 

laboratory model of a bridge structure created to simulate various types of damage 

and severities. 
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Appendix A 
Modal Parameters of Specimen 1 

A.1. Modal Parameters of the Healthy Case 

Stabilisation Diagram 

 

Modal Parameters 

Mode 1 
NF = 44.7 Hz  
Damp = 2.6 % 

Mode 2 
NF = 179.7 Hz  
Damp = 1.1 % 

Mode 3 
NF = 270.1 Hz  
Damp = 2.0 % 

  
 

 

Mode 4 
NF = 571.1 Hz  
Damp = 0.9 % 

Mode 5 
NF = 904.0 Hz  
Damp = 0.6 % 

Mode 6 
NF = 973.5 Hz  
Damp = 0.5 % 
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Modal Displacement Values (mm) 

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 
A1 2.083 2.018 1.350 2.005 2.105 2.392 
A2 2.109 1.295 1.096 1.067 -0.722 1.175 
A3 2.090 0.614 0.938 0.351 -1.655 0.408 
A4 2.024 0.199 0.809 -0.002 -1.673 0.037 
A5 2.053 -0.528 0.701 -0.612 -1.555 -0.347 
A6 2.058 -1.249 0.641 -1.412 -0.419 -1.181 
A7 2.026 -1.830 0.615 -2.233 2.034 -2.384 
A8 2.139 -1.819 0.669 -2.324 2.174 -2.601 
A9 2.085 0.084 0.841 -0.115 -2.316 0.078 
A10 2.175 2.030 1.340 2.067 1.934 2.568 
A11 1.721 1.991 0.687 1.294 1.671 -0.155 
A12 1.710 0.098 0.341 0.123 -2.001 -0.032 
A13 1.737 -1.947 0.029 -1.363 2.082 -0.006 
A14 1.707 -1.770 0.044 -1.160 1.411 -0.028 
A15 1.735 1.889 0.699 1.187 1.356 -0.070 

 

 

  



226 
 

A.2. Modal Parameters of Damage Case 1 

Stabilisation Diagram 

 

 

Modal Parameters 

Mode 1 
NF = 45.0 Hz  
Damp = 1.2 % 

Mode 2 
NF = 179.7 Hz  
Damp = 0.9 % 

Mode 3 
NF = 270.8 Hz  
Damp = 2.1 % 

  
 

 

Mode 4 
NF = 570.9 Hz  
Damp = 0.9 % 

Mode 5 
NF = 903.2 Hz  
Damp = 0.6 % 

Mode 6 
NF = 973.5 Hz  
Damp = 0.5 % 
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Modal Displacement Values (mm) 

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 
A1 1.797 1.836 1.300 1.864 2.017 2.166 
A2 1.724 1.288 1.037 1.101 -0.240 1.078 
A3 1.792 0.596 0.933 0.316 -1.528 0.313 
A4 1.777 -0.016 0.810 -0.233 -1.526 -0.063 
A5 1.769 -0.525 0.695 -0.636 -1.361 -0.323 
A6 1.746 -1.118 0.625 -1.303 -0.414 -1.042 
A7 1.753 -1.702 0.608 -2.172 1.728 -2.121 
A8 1.807 -1.666 0.646 -2.193 1.806 -2.315 
A9 1.778 0.031 0.807 -0.170 -1.893 -0.010 
A10 1.834 1.846 1.289 1.913 1.924 2.309 
A11 1.445 1.821 0.693 1.235 1.423 -0.165 
A12 1.448 0.091 0.350 0.142 -1.731 -0.014 
A13 1.438 -1.791 -0.008 -1.286 1.803 -0.010 
A14 1.438 -1.715 0.018 -1.097 1.261 -0.033 
A15 1.485 1.729 0.708 1.127 1.161 -0.082 

 

MAC comparing Damage Case 1 to the Healthy Case 

  Damage Case 1 
  M1 M2 M3 M4 M5 M6 

H
ea

lth
y 

C
as

e M1 1.00 0.00 0.83 0.00 0.03 0.00 
M2 0.00 1.00 0.14 0.92 0.00 0.53 
M3 0.84 0.13 1.00 0.06 0.03 0.06 
M4 0.00 0.93 0.07 1.00 0.00 0.75 
M5 0.02 0.00 0.01 0.00 0.99 0.00 
M6 0.00 0.53 0.06 0.75 0.00 1.00 
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A.3. Modal Parameters of Damage Case 2 

Stabilisation Diagram 

 

 

Modal Parameters 

Mode 1 
NF = 45.0 Hz  
Damp = 1.0 % 

Mode 2 
NF = 179.4 Hz  
Damp = 1.0 % 

Mode 3 
NF = 271.6 Hz  
Damp = 2.2 % 

  
 

 

Mode 4 
NF = 570.2 Hz  
Damp = 0.9 % 

Mode 5 
NF = 900.8 Hz  
Damp = 0.6 % 

Mode 6 
NF = 973.1 Hz  
Damp = 0.6 % 
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Modal Displacement Values (mm) 

  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 
A1 1.777 1.912 1.478 2.020 2.082 2.396 
A2 1.774 1.262 1.187 1.131 -0.362 1.221 
A3 1.778 0.622 0.991 0.344 -1.583 0.341 
A4 1.757 0.021 0.837 -0.193 -1.527 -0.042 
A5 1.759 -0.605 0.701 -0.729 -1.364 -0.390 
A6 1.756 -1.181 0.587 -1.413 -0.373 -1.156 
A7 1.719 -1.734 0.490 -2.250 1.604 -2.191 
A8 1.775 -1.746 0.549 -2.334 1.948 -2.571 
A9 1.752 0.033 0.811 -0.166 -2.065 -0.043 
A10 1.812 1.924 1.468 2.096 2.202 2.635 
A11 1.423 1.889 0.792 1.289 1.431 -0.174 
A12 1.428 0.095 0.361 0.124 -1.778 -0.029 
A13 1.415 -1.857 -0.093 -1.359 1.825 -0.011 
A14 1.414 -1.683 -0.060 -1.140 1.211 -0.048 
A15 1.470 1.802 0.820 1.188 1.118 -0.063 

 

MAC comparing Damage Case 2 to the Healthy Case 

    Damage Case 2 
    M1 M2 M3 M4 M5 M6 

H
ea

lth
y 

C
as

e M1 1.00 0.00 0.77 0.00 0.03 0.00 
M2 0.00 1.00 0.21 0.92 0.00 0.53 
M3 0.84 0.13 0.99 0.06 0.03 0.06 
M4 0.00 0.93 0.12 1.00 0.00 0.75 
M5 0.02 0.00 0.01 0.00 0.99 0.00 
M6 0.00 0.53 0.10 0.75 0.00 1.00 
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A.4. Modal Parameters of Damage Case 3 

Stabilisation Diagram 

 

 

Modal Parameters 

Mode 1 
NF = 45.0 Hz  
Damp = 1.4 % 

Mode 2 
NF = 179.0 Hz  
Damp = 1.2 % 

Mode 3 
NF = 270.0 Hz  
Damp = 2.1 % 

  
 

 

Mode 4 
NF = 570.1 Hz  
Damp = 1.0 % 

Mode 5 
NF = 899.3 Hz  
Damp = 0.5 % 

Mode 6 
NF = 971.7 Hz  
Damp = 0.6 % 
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Modal Displacement Values (mm) 

  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 
A1 1.726 1.734 1.341 1.953 2.035 2.366 
A2 1.725 1.110 1.069 1.073 -0.425 1.206 
A3 1.709 0.589 0.871 0.394 -1.633 0.348 
A4 1.698 0.004 0.744 -0.188 -1.502 -0.048 
A5 1.694 -0.502 0.607 -0.642 -1.367 -0.357 
A6 1.698 -1.087 0.542 -1.383 -0.302 -1.134 
A7 1.661 -1.561 0.466 -2.170 1.694 -2.146 
A8 1.722 -1.572 0.519 -2.267 1.989 -2.506 
A9 1.711 0.039 0.753 -0.142 -1.930 -0.044 
A10 1.754 1.742 1.320 2.033 2.146 2.600 
A11 1.373 1.710 0.693 1.274 1.440 -0.143 
A12 1.383 0.090 0.329 0.133 -1.775 -0.018 
A13 1.381 -1.661 -0.030 -1.314 1.796 -0.005 
A14 1.375 -1.617 -0.013 -1.091 1.195 -0.046 
A15 1.420 1.629 0.715 1.172 1.106 -0.025 

 

 

MAC comparing Damage Case 3 to the Healthy Case 

Damage Case 3 
M1 M2 M3 M4 M5 M6 

H
ea

lth
y 

C
as

e M1 1.00 0.00 0.79 0.00 0.03 0.00 
M2 0.00 1.00 0.20 0.93 0.00 0.54 
M3 0.84 0.13 0.99 0.06 0.03 0.07 
M4 0.00 0.93 0.11 1.00 0.00 0.75 
M5 0.02 0.00 0.02 0.00 0.99 0.00 
M6 0.00 0.53 0.09 0.75 0.00 1.00 
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A.5. Modal Parameters of Damage Case 4 

Stabilisation Diagram 

 

 

Modal Parameters 

Mode 1 
NF = 44.5 Hz  
Damp = 2.4 % 

Mode 2 
NF = 178.7 Hz  
Damp = 1.1 % 

Mode 3 
NF = 270.2 Hz  
Damp = 2.0 % 

  
 

 

Mode 4 
NF = 570.0 Hz  
Damp = 1.0 % 

Mode 5 
NF = 896.1 Hz  
Damp = 0.6 % 

Mode 6 
NF = 970.6 Hz  
Damp = 0.6 % 
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Modal Displacement Values (mm) 

  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 
A1 1.968 1.913 1.508 2.029 1.991 1.788 
A2 1.929 1.219 1.173 1.127 -0.561 0.888 
A3 1.922 0.696 1.040 0.744 -1.334 0.131 
A4 1.887 -0.017 0.794 -0.212 -1.549 -0.076 
A5 1.882 -0.542 0.643 -0.645 -1.356 -0.295 
A6 1.871 -1.178 0.535 -1.370 -0.251 -0.852 
A7 1.820 -1.702 0.438 -2.170 2.110 -1.566 
A8 1.918 -1.720 0.489 -2.275 2.160 -1.840 
A9 1.923 0.048 0.858 -0.127 -1.741 -0.144 
A10 2.001 1.911 1.466 2.116 2.056 1.994 
A11 1.542 1.859 0.767 1.285 1.450 -0.096 
A12 1.538 0.083 0.312 0.100 -1.821 -0.032 
A13 1.568 -1.810 -0.055 -1.323 1.852 0.016 
A14 1.532 -1.753 -0.030 -1.095 1.195 -0.012 
A15 1.593 1.784 0.793 1.227 1.182 -0.022 

 

 

MAC comparing Damage Case 3 to the Healthy Case 

    Damage Case 4 
    M1 M2 M3 M4 M5 M6 

H
ea

lth
y 

C
as

e M1 1.00 0.00 0.76 0.00 0.05 0.00 
M2 0.00 1.00 0.22 0.93 0.00 0.53 
M3 0.84 0.13 0.99 0.08 0.04 0.06 
M4 0.00 0.93 0.13 0.99 0.00 0.75 
M5 0.02 0.00 0.01 0.00 0.99 0.00 
M6 0.00 0.53 0.12 0.75 0.00 0.99 
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Appendix B 
Modal Parameters of Specimen 2 

B.1. Modal Parameters of the Healthy Case 

Stabilisation Diagram 

 

 

Modal Parameters 

Mode 1 
NF = 45.8 Hz  
Damp = 1.7% 

Mode 2 
NF = 164.2 Hz  
Damp = 3.9% 

Mode 3 
NF = 203.1 Hz  
Damp = 1.9% 

 
 

 
 

 
 

Mode 4 
NF = 283.5 Hz  
Damp = 3.6% 

Mode 5 
NF = 374.5 Hz  
Damp = 1.1% 

Mode 6 
NF = 614.2 Hz  
Damp = 0.6% 
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Mode 7 
NF = 888.2 Hz  
Damp = 0.6% 

 
 

Mode 8 
NF = 988.4 Hz  
Damp = 0.4% 

 
 

Mode 9 
NF = 1050.8 Hz  
Damp = 0.8% 

 
   

 
 

 

Mass Normalised Modal Displacement Values (mm) 

  M1 M2 M3 M4 M5 M6 M7 M8 M9 
A1 1.63 0.28 0.11 0.77 0.58 -0.02 -0.96 0.03 -0.88 
A2 1.50 -1.24 -1.74 0.20 0.50 -2.46 3.80 -2.90 3.27 
A3 1.64 0.26 0.08 0.79 0.59 -0.08 -0.77 -0.06 -0.80 
A4 1.81 1.85 1.96 1.50 0.87 2.20 3.60 3.33 2.80 
A5 0.73 -0.11 -0.04 -0.53 -0.48 0.01 -0.47 0.00 0.71 
A6 0.54 -1.37 -1.26 -0.98 -0.72 2.02 1.48 0.52 -2.62 
A7 0.72 -0.10 -0.04 -0.51 -0.48 0.00 -0.45 -0.01 0.67 
A8 0.92 1.10 1.14 -0.36 -0.61 -1.97 1.58 -0.50 -2.83 
A9 0.30 -0.20 -0.06 -0.37 -0.20 -0.08 -0.06 0.07 0.52 
A10 0.15 -0.83 -0.39 -0.06 0.02 0.91 0.86 -2.24 -1.27 
A11 0.28 -0.37 -0.14 -0.31 -0.17 0.12 -0.01 -0.22 0.50 
A12 0.53 0.34 0.18 -1.04 -0.60 -1.16 0.68 2.26 -1.43 
A13 -0.03 -0.51 0.00 0.54 0.28 -0.22 0.03 0.03 -0.23 
A14 0.30 0.19 -0.06 -0.44 -0.23 0.18 0.01 -0.12 -0.17 
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B.2. Modal Parameters of Damage Case 1 

Stabilisation Diagram 

 

Modal Parameters 

Mode 1 
NF = 50.0 Hz  
Damp = 5.9% 

Mode 2 
NF = 157.7 Hz  
Damp = 2.4% 

Mode 3 
NF = 210.4 Hz  
Damp = 3.3% 

 
 

 
 

 
 

Mode 4 
NF = 259.8 Hz  
Damp = 1.5% 

Mode 5 
NF = 602.1 Hz  
Damp = 1.2% 

Mode 6 
NF = 880.6 Hz  
Damp = 0.5% 

 
 

 
 

 
 

Mode 7 
NF = 951.7 Hz  
Damp = 0.6% 

Mode 8 
NF = 1013.4 Hz  
Damp = 0.7% 
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Mass Normalised Modal Displacement Values (mm) 

  M1 M2 M3 M4 M5 M6 M7 M8 
A1 1.72 0.13 0.22 0.48 0.35 -0.77 -0.12 -0.77 
A2 1.60 -1.74 -1.24 -0.26 -0.84 3.04 -2.26 3.15 
A3 1.69 0.09 0.16 0.36 0.28 -0.35 -0.07 0.04 
A4 1.83 2.03 1.46 0.99 1.72 3.51 3.57 2.43 
A5 0.64 -0.08 -0.12 -0.25 -0.05 -0.46 0.01 0.63 
A6 0.51 -1.58 -1.11 -0.68 0.92 1.80 0.82 -3.03 
A7 0.66 -0.03 -0.09 -0.25 -0.08 -0.41 0.00 0.57 
A8 0.90 1.51 1.02 0.16 -1.24 1.66 -0.83 -2.45 
A9 0.23 -0.10 -0.18 -0.24 0.21 -0.14 0.15 0.67 
A10 0.07 -0.83 -0.43 0.09 0.72 0.87 -2.18 -0.93 
A11 0.20 -0.27 -0.18 -0.13 0.26 -0.11 -0.11 0.54 
A12 0.24 0.41 -0.16 -0.77 -0.02 0.56 1.77 -0.99 
A13 0.01 -0.39 0.03 0.66 -0.17 0.01 0.02 -0.20 
A14 0.22 0.24 -0.11 -0.39 0.30 0.03 -0.12 -0.15 

 

MAC comparing Damage Case 1 to the Healthy Case 

    Damage Case 1 
    M1 M2 M3 M4 M5 M6 M7 M8 

H
ea

lth
y 

C
as

e 

M1 0.99 0.02 0.02 0.05 0.06 0.31 0.02 0.04 
M2 0.04 0.97 0.91 0.27 0.02 0.01 0.37 0.01 
M3 0.01 0.95 0.97 0.36 0.06 0.00 0.38 0.00 
M4 0.15 0.12 0.27 0.85 0.09 0.03 0.04 0.24 
M5 0.13 0.02 0.08 0.60 0.08 0.03 0.01 0.36 
M6 0.00 0.01 0.02 0.05 0.80 0.00 0.28 0.02 
M7 0.27 0.00 0.00 0.01 0.03 0.98 0.01 0.10 
M8 0.01 0.43 0.34 0.03 0.27 0.01 0.97 0.00 
M9 0.03 0.00 0.00 0.06 0.01 0.06 0.01 0.96 
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B.3. Modal Parameters of Damage Case 2 

Stabilisation Diagram 

 

Modal Parameters 

Mode 1 
NF = 48.5 Hz  
Damp = 5.9% 

Mode 2 
NF = 152.8 Hz  
Damp = 3.6% 

Mode 3 
NF = 195.2 Hz  
Damp = 3.6% 

 
 

 
 

 
 

Mode 4 
NF = 253.0 Hz  
Damp = 1.9% 

Mode 5 
NF = 576.4 Hz  
Damp = 2.5% 

Mode 6 
NF = 874.2 Hz  
Damp = 0.5% 

 
 

 
 

 
 

Mode 7 
NF = 938.6 Hz  
Damp = 0.9% 

Mode 8 
NF = 998.8 Hz  
Damp = 1.5% 
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Mass Normalised Modal Displacement Values (mm) 

  M1 M2 M3 M4 M5 M6 M7 M8 
A1 1.76 0.18 0.15 0.47 0.08 -1.13 -0.16 -1.47 
A2 1.52 -1.87 -1.18 -0.34 -1.76 3.71 -3.19 6.91 
A3 1.74 0.07 0.08 0.38 0.21 -0.88 -0.23 -1.45 
A4 1.92 2.06 1.39 1.01 2.37 2.67 2.95 1.84 
A5 0.66 -0.08 -0.06 -0.23 -0.06 -0.62 -0.04 1.16 
A6 0.51 -1.70 -1.06 -0.66 1.34 1.80 1.23 -4.28 
A7 0.67 -0.05 -0.05 -0.22 -0.06 -0.54 -0.04 0.92 
A8 0.91 1.56 0.96 0.12 -1.67 1.88 -0.99 -4.27 
A9 0.21 -0.12 -0.12 -0.20 0.11 -0.19 0.14 1.02 
A10 0.04 -0.99 -0.36 -0.04 1.06 1.02 -3.22 -1.86 
A11 0.18 -0.29 -0.10 -0.12 0.23 -0.17 -0.21 1.04 
A12 0.23 0.32 -0.38 -0.89 -0.41 0.35 1.84 -1.69 
A13 -0.05 -0.42 0.22 0.70 -0.26 0.06 0.02 -0.30 
A14 0.29 0.30 -0.30 -0.43 0.45 0.10 -0.14 -0.42 

 

 

MAC comparing Damage Case 2 to the Healthy Case 

    Damage Case 2 
    M1 M2 M3 M4 M5 M6 M7 M8 

H
ea

lth
y 

C
as

e 

M1 0.99 0.02 0.01 0.04 0.01 0.20 0.00 0.01 
M2 0.06 0.97 0.81 0.26 0.03 0.00 0.29 0.02 
M3 0.02 0.94 0.93 0.36 0.09 0.01 0.30 0.06 
M4 0.15 0.13 0.30 0.83 0.07 0.00 0.00 0.08 
M5 0.13 0.02 0.09 0.57 0.04 0.01 0.00 0.20 
M6 0.00 0.01 0.03 0.06 0.93 0.01 0.25 0.07 
M7 0.26 0.00 0.00 0.00 0.01 0.96 0.00 0.09 
M8 0.01 0.42 0.28 0.04 0.27 0.01 0.94 0.06 
M9 0.03 0.00 0.00 0.07 0.00 0.06 0.00 0.90 
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B.4. Modal Parameters of Damage Case 3 

Stabilisation Diagram 

 

Modal Parameters 

Mode 1 
NF = 48.1 Hz  
Damp = 3.3% 

Mode 2 
NF = 153.1 Hz  
Damp = 2.1% 

Mode 3 
NF = 195.7 Hz  
Damp = 4.2% 

 
 

 
 

 
 

Mode 4 
NF = 256.0 Hz  
Damp = 1.3% 

Mode 5 
NF = 543.3 Hz  
Damp = 3.9% 

Mode 6 
NF = 858.0 Hz  
Damp = 0.7% 

 
 

 
 

 
 

Mode 7 
NF = 916.8 Hz  
Damp = 0.8% 

Mode 8 
NF = 979.1 Hz  
Damp = 0.7% 

 

 
  

 
 

 

 



241 
 

Mass Normalised Modal Displacement Values (mm) 

M1 M2 M3 M4 M5 M6 M7 M8 
A1 1.65 0.09 0.16 0.36 -0.20 -0.88 -0.19 -0.97 
A2 1.47 -1.94 -1.11 -0.37 -2.87 2.33 -2.12 3.20 
A3 1.63 0.09 0.15 0.32 0.02 -0.79 -0.19 -0.75 
A4 1.94 2.16 1.56 1.12 2.94 2.42 3.37 3.09 
A5 0.64 -0.07 -0.12 -0.26 -0.05 -0.69 -0.07 0.52 
A6 0.41 -1.68 -1.03 -0.65 1.91 1.87 1.16 -1.85 
A7 0.64 -0.02 -0.10 -0.24 -0.07 -0.57 -0.07 0.44 
A8 0.91 1.54 0.73 0.00 -2.11 1.89 -1.08 -2.05 
A9 0.22 -0.07 -0.13 -0.18 -0.01 -0.19 0.10 0.53 
A10 0.07 -0.64 0.21 0.28 1.29 0.37 -1.56 -0.50 
A11 0.18 -0.24 -0.09 -0.11 0.22 -0.21 -0.17 0.54 
A12 0.38 0.41 -0.31 -0.55 -0.62 0.52 1.59 -0.52 
A13 -0.15 -0.34 0.29 0.59 -0.21 0.06 0.05 -0.12 
A14 0.26 0.22 -0.24 -0.27 0.42 0.13 -0.15 -0.16 

 

 

MAC comparing Damage Case 3 to the Healthy Case 

    Damage Case 3 
    M1 M2 M3 M4 M5 M6 M7 M8 

H
ea

lth
y 

C
as

e 

M1 0.99 0.02 0.02 0.05 0.00 0.18 0.02 0.07 
M2 0.07 0.95 0.71 0.31 0.03 0.00 0.27 0.01 
M3 0.03 0.97 0.88 0.43 0.10 0.00 0.31 0.00 
M4 0.14 0.13 0.38 0.81 0.04 0.00 0.03 0.18 
M5 0.13 0.02 0.15 0.58 0.01 0.00 0.00 0.28 
M6 0.00 0.02 0.08 0.12 0.96 0.00 0.38 0.00 
M7 0.28 0.00 0.00 0.01 0.00 0.91 0.02 0.29 
M8 0.02 0.42 0.24 0.08 0.30 0.00 0.93 0.00 
M9 0.03 0.00 0.00 0.07 0.00 0.01 0.01 0.94 
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Appendix C 
Numerical Modes of Specimen 1 

 

The following contours will be used to indicate the vertical mass-normalised modal 

displacements of the FE modes in millimetres. 

 
 

 

C.1. Modal Parameters of the Healthy Case 

Mode 1 
NF = 58.01 Hz 

Mode 2 
NF = 168.78 Hz 

Mode 3 
NF = 265.43 Hz 

  
 

 

Mode 4 
NF = 636.43 Hz 

Mode 5 
NF = 852.01 Hz 

Mode 6 
NF = 952.59 Hz 
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C.2. Modal Parameters of Damage Case 1 

Mode 1 
NF = 58.01 Hz 

Mode 2 
NF = 168.75 Hz 

Mode 3 
NF = 265.44 Hz 

  
 

 

Mode 4 
NF = 636.25 Hz 

Mode 5 
NF = 850.17 Hz 

Mode 6 
NF = 952.22 Hz 

   
 

 
 

C.3. Modal Parameters of Damage Case 2 

Mode 1 
NF = 58.02 Hz 

Mode 2 
NF = 168.75 Hz 

Mode 3 
NF = 265.44 Hz 

  
 

 

Mode 4 
NF = 636.15 Hz 

Mode 5 
NF = 849.57 Hz 

Mode 6 
NF = 951.96 Hz 
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C.4. Modal Parameters of Damage Case 3 

Mode 1 
NF = 58.02 Hz 

Mode 2 
NF = 168.75 Hz 

Mode 3 
NF = 265.43 Hz 

  
 

 

Mode 4 
NF = 636.10 Hz 

Mode 5 
NF = 849.25 Hz 

Mode 6 
NF = 951.80 Hz 

   
 

 
 

C.5. Modal Parameters of Damage Case 4 

Mode 1 
NF = 58.02 Hz 

Mode 2 
NF = 168.75 Hz 

Mode 3 
NF = 265.40 Hz 

  
 

 

Mode 4 
NF = 636.03 Hz 

Mode 5 
NF = 846.73 Hz 

Mode 6 
NF = 951.68 Hz 
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Appendix D 
Numerical Modes of Specimen 2 

 

The following contours will be used to indicate the vertical mass-normalised modal 

displacements of the FE modes in millimetres. 

 
 

 

D.1. Modal Parameters of the Healthy Case 

Mode A 
NF = 57.90 Hz 

Mode B 
NF = 168.78 Hz 

Mode C 
 

  
 

 

Not found 

Mode D 
NF = 852.35 Hz 

Mode E 
NF = 949.11 Hz 

Mode F 
NF = 1016.51 Hz 
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D.2. Modal Parameters of Damage Case 1 

Mode A 
NF = 57.76 Hz 

Mode B 
NF = 167.50 Hz 

Mode C 
 

  
 

 

Not found 

Mode D 
NF = 850.64 Hz 

Mode E 
NF = 943.10 Hz 

Mode F 
NF = 1012.60 Hz 

   
 

 
 

D.3. Modal Parameters of Damage Case 2 

Mode A 
NF = 57.48 Hz 

Mode B 
NF = 165.37 Hz 

Mode C 
 

  
 

 

Not found 

Mode D 
NF = 848.20 Hz 

Mode E 
NF = 933.02 Hz 

Mode F 
NF = 1007.75 Hz 
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D.4. Modal Parameters of Damage Case 3 

Mode A 
NF = 57.20 Hz 

Mode B 
NF = 163.37 Hz 

Mode C 
 

  
 

 

Not found 

Mode D 
NF = 846.25 Hz 

Mode E 
NF = 922.42 Hz 

Mode F 
NF = 1002.96 Hz 
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Appendix E 
Synthesised Frequency Response Functions in the 

Numerical Study 
 

This appendix illustrates the frequency response functions (FRFs) that were synthesised 

from the measured modal parameters, and interpolated using the expanded mode 

shapes. Figure E.1 provides the labels for the degrees of freedom (DOFs) in the linkage 

model. A stands for Accelerometer and In stands for Interpolated FRF. 

 

Figure E.1. Measured and interpolated DOFs in the linkage model. 

 

E.1. Synthesised FRFs of the Measured DOFs 

Accelerometer 1 
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Accelerometer 2 

 

Accelerometer 3 

 

Accelerometer 4 

 

Accelerometer 5 
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Accelerometer 6 

 

Accelerometer 7 

 

Accelerometer 8 

 

Accelerometer 9 
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Accelerometer 10 

 

Accelerometer 11 

 

 

E.2. Synthesised FRFs of the Interpolated DOFs 

Interpolated FRF 1 
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Interpolated FRF 2 

 

Interpolated FRF 3 

 

Interpolated FRF 4 

 

Interpolated FRF 5 
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Interpolated FRF 6 

 

Interpolated FRF 7 

 

Interpolated FRF 8 

 

Interpolated FRF 9 
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Interpolated FRF 10 

 

Interpolated FRF 11 

 

Interpolated FRF 12 

 

Interpolated FRF 13 
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Interpolated FRF 14 

 

Interpolated FRF 15 

 

Interpolated FRF 16 

 

Interpolated FRF 17 
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Interpolated FRF 18 

 

Interpolated FRF 19 

 

Interpolated FRF 20 

 

Interpolated FRF 21 
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Interpolated FRF 22 

 

Interpolated FRF 23 

 

Interpolated FRF 24 

 

Interpolated FRF 25 
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Interpolated FRF 26 

 

Interpolated FRF 27 

 

Interpolated FRF 28 

 

Interpolated FRF 29 
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Interpolated FRF 30 

 

Interpolated FRF 31 

 

Interpolated FRF 32 

 

Interpolated FRF 33 
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Interpolated FRF 34 

 

Interpolated FRF 35 

 

Interpolated FRF 36 

 

Interpolated FRF 37 
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Interpolated FRF 38 

 

Interpolated FRF 39 

 

Interpolated FRF 40 

 

Interpolated FRF 41 
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Interpolated FRF 42 

 

Interpolated FRF 43 

 

Interpolated FRF 44 

 

Interpolated FRF 45 
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Interpolated FRF 46 

 

Interpolated FRF 47 

 

Interpolated FRF 48 

 

Interpolated FRF 49 
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Appendix F 
Synthesised Frequency Response Functions in the 

Experimental Study 
This appendix illustrates the frequency response functions (FRFs) that were synthesised 

from the measured modal parameters, and interpolated using the expanded mode 

shapes. Figure F.1 provides the labels for the degrees of freedom (DOFs) in the linkage 

model. A stands for Accelerometer and In stands for Interpolated FRF. 

 

Figure H.1. Measured and interpolated DOFs in the linkage model. 

 

F.1. Synthesised FRFs of the Measured DOFs 

Accelerometer 1 
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Accelerometer 2 

 

Accelerometer 3 

 

Accelerometer 4 

 

Accelerometer 5
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Accelerometer 6 

 

Accelerometer 7 

 

Accelerometer 8 

 

Accelerometer 9 
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Accelerometer 10 

 

Accelerometer 11 

 
 
 

F.2. Synthesised FRFs of the Interpolated DOFs 

Interpolated FRF 1 
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Interpolated FRF 2 

 

Interpolated FRF 3 

 

Interpolated FRF 4 

 

Interpolated FRF 5 
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Interpolated FRF 6 

 

Interpolated FRF 7 

 

Interpolated FRF 8 

 

Interpolated FRF 9 
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Interpolated FRF 10 

 

Interpolated FRF 11 

 

Interpolated FRF 12 

 

Interpolated FRF 13 
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Interpolated FRF 14 

 

Interpolated FRF 15 

 

Interpolated FRF 16 

 

Interpolated FRF 17 
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Interpolated FRF 18 

 

Interpolated FRF 19 

 

Interpolated FRF 20 

 

Interpolated FRF 21 
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Interpolated FRF 22 

 

Interpolated FRF 23 

 

Interpolated FRF 24 

 

Interpolated FRF 25 
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Interpolated FRF 26 

 

Interpolated FRF 27 

 

Interpolated FRF 28 

 

Interpolated FRF 29 
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Interpolated FRF 30 

 

Interpolated FRF 31 

 

Interpolated FRF 32 

 

Interpolated FRF 33 
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Interpolated FRF 34 

 

Interpolated FRF 35 

 

Interpolated FRF 36 

 

Interpolated FRF 37 
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Interpolated FRF 38 

 

Interpolated FRF 39 

 

Interpolated FRF 40 

 

Interpolated FRF 41 
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Interpolated FRF 42 

 

Interpolated FRF 43 

 

Interpolated FRF 44 

 

Interpolated FRF 45 
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Interpolated FRF 46 

 

Interpolated FRF 47 

 

Interpolated FRF 48 

 

Interpolated FRF 49 
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Appendix G 
Artificial Neural Network Regression Plots in the 

Experimental Study 
 

G.1. LL Transfer Function Configuration 

G.1.1. Regression Plots When Using all Frequency Response Function Samples to 
Calculate the Principal Components. 

Individual Neural Network for Accelerometer 1 

 

Individual Neural Network for Accelerometer 2 

 

Individual Neural Network for Accelerometer 3 
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Individual Neural Network for Accelerometer 4 

 

Individual Neural Network for Accelerometer 5 

 

Individual Neural Network for Accelerometer 6 

 

Individual Neural Network for Accelerometer 7 
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Individual Neural Network for Accelerometer 8 

 

Individual Neural Network for Accelerometer 9 

 

Individual Neural Network for Accelerometer 10 

 

Individual Neural Network for Accelerometer 11 
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Individual Neural Network for Accelerometer 12 

 

Individual Neural Network for Accelerometer 13 

 

Individual Neural Network for Accelerometer 14 

 

Individual Neural Network for Accelerometer 15 
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Neural Network Ensemble 

 

G.1.2. Regression Plots When Using Only Training Frequency Response Function 
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Appendix H 
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H.2.2. Regression Plots When Using Only Training Frequency Response Function 
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Appendix I 
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Numerical Study with Additional Trained Cases 
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I.2.2. Regression Plots When Using Only Training Frequency Response Function 
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