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Abstract

Two coexisting families of sub-harmonic resonances can be induced at different forcing
frequencies in a time-delayed nonlinear system having quadratic nonlinearities. They
occur in the region where two stable bifurcating periodic solutions coexist in the
corresponding autonomous system following two-to-one resonant Hopf bifurcations of the
trivial equilibrium. The forced response is found to demonstrate small- and large-
amplitude quasi-periodic motion under the family of sub-harmonic resonances related to
Hopf bifurcation frequencies, and large-amplitude periodic and quasi-periodic motion
under the family of sub-harmonic resonances associated with the shifted Hopf bifurcation
frequencies. The family of sub-harmonic resonances related to Hopf bifurcation
frequencies may cease to exist with the loss of the initially established frequency
relationship of sub-harmonic resonances when the magnitude of periodic excitation is
beyond a certain value. This will lead to a jump phenomenon from small- to large-
amplitude quasi-periodic motion. Bifurcation diagrams, time trajectories and frequency
spectra are numerically obtained to characterize the sub-harmonic resonances of the

time-delayed nonlinear system around the critical point of the resonant Hopf bifurcations.

Keywords: Sub-harmonic resonances, loss of sub-harmonic resonance, time-delayed

nonlinear system, two-to-one resonant Hopf bifurcations, quasi-periodic motion.
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1. Introduction

Time delays can inherently appear in many engineering systems with feedback control
including, magnetic bearing systems [1], manufacturing process [2-6],
microelectromechanical systems [7], actively controlled mechanical systems [8], vehicle
systems [9, 10], and spacecraft [11]. Such systems have been referred to as time-
delayed nonlinear systems in order to distinguish them from conventional nonlinear
systems without time delay, and concurrently time-delayed nonlinear equations used to
represent the corresponding mathematical models [12]. Generally speaking, there are
three issues needed to be addressed for time-delayed nonlinear systems, which are 1)
determination of the critical values of time delays where the trivial equilibrium will lose its
stability, 2) identification of bifurcation behaviours of the trivial equilibrium, and 3)
characterization of the forced response resulting from the dynamic interactions between
the periodic excitation and stable bifurcating solutions (SBSs) generated from Hopf
bifurcations. The first two issues can be classified as local stability and bifurcations and
are related to the autonomous time-delayed nonlinear systems (no excitation is presented
in the system), while the third issue as dynamic interactions and is for the non-

autonomous time-delayed nonlinear systems.

Many researchers have investigated the local stability and bifurcations of the autonomous
time-delayed nonlinear systems which exhibit different behaviour from the conventional
nonlinear systems. Specifically, the trivial equilibrium of autonomous time-delayed
nonlinear systems may lose its stability via single Hopf bifurcations or double Hopf
bifurcations when the characteristic equation has one or two pairs of purely imaginary
eigenvalues [13-17]. Then the postcritical behaviour of the time-delayed nonlinear
systems exhibits stable periodic motion or unstable divergent motion. The frequency of
stable bifurcating periodic solution is related to the frequency of Hopf bifurcations which is
different from the so-called linearized natural frequency of the time-delayed nonlinear
systems. An interaction of double Hopf bifurcations may generate non-resonant or
resonant Hopf bifurcations at a co-dimension two point, depending on the frequency ratio
of two Hopf bifurcations. Resonant Hopf bifurcations can lead to interactions of the SBSs

which produce more complicated behaviour.

The periodic excitation presented in non-autonomous time-delayed nonlinear systems
can dynamically interact with the SBSs. The resultant dynamic interactions can induce

resonant oscillations in the forced response and are not yet fully explored. Primary and



secondary resonances were studied for the time-delayed nonlinear systems in the
neighbourhood of single Hopf bifurcations [18-21]. Additionally, combination resonances
such as additive and difference type were found in the neighbourhood of non-resonant
Hopf bifurcations [22]. In other words, only one family of resonances was found for the
time-delayed nonlinear systems considered in the existing studies. Resonant Hopf
bifurcations of the trivial equilibrium can induce more complex dynamic behaviours than
single or non-resonant Hopf bifurcations. For example, they can induce the co-existence
of two SBSs in the corresponding autonomous system [23]. The dynamic interactions
between the periodic excitation and either of the SBSs can create different families of
resonances in the corresponding non-autonomous system at different forcing frequencies

(will be briefly discussed in Subsection 2.3).

This paper will study two families of sub-harmonic resonance response in a time-delayed
guadratic nonlinear system. The coexistence of sub-harmonic resonances in a time-
delayed nonlinear system can be considered as a new dynamic phenomenon that has
not yet been reported in the literature. The remainder of this paper is organized as
follows. Section 2 briefly discusses two coexisting SBSs and different families of primary
and secondary resonances. Two families of sub-harmonic resonance response are

numerically studied in Sections 3 and 4. Section 5 presents the concluding remarks.
2. Coexistence of the SBSs and different families of resonances

This section provides a brief background on the resonant Hopf bifurcations, the
coexistence of the SBSs, the approximate solutions to the family of sub-harmonic
resonance response related to Hopf bifurcation frequencies, and then introduces the

different families of resonances.

2.1 The time-delayed nonlinear system and resonant Hopf bifurcations

A mass-damper-spring system with feedback control, as shown in Figure 1, can be
regarded as a simple model for describing the oscillations of time-delayed nonlinear
mechanical systems. The nonlinear spring has a linear-plus-quadratic characteristic
stiffness. The quadratic nonlinearities are commonplace in engineering systems and may
come from nonlinear elastic forces, nonlinear stress-strain relationships, and geometrical
deformations such as initial curvatures and buckled states of flexible structures. The
vertical tire force of a vehicle is also a quadratic nonlinear function of the vertical tire

deflection in the first approximation. The time delay is considered as delayed reactions of
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actuators or purposely introduced in the control loop. Periodic excitations considered may

come from the eccentricity of unbalance and inertia effects in mechanical systems.
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Fig.1l. The schematic of a simple time-delayed nonlinear mechanical system.

The dimensionless equation of motion determining the oscillations of the mass can be
given by:

e 108+ ° X+ ax® =ecos(Qt)+ px(t—7)+ & t—7)+kx*(t—7), (1)

where x is the displacement, u is the damping coefficient, o is the so-called linearized

natural frequency, a Iis the coefficient of the quadratic term, e and Q denote the
amplitude and frequency of the periodic excitation, and an over-dot represents the

differentiation with respect to time t. The parameters, z, p, g, and k; stand for the time

delay, the linear and quadratic feedback gains, respectively. The procedure for deriving

equation (1) can be found in reference [24].

The trivial equilibrium of the corresponding autonomous time-delayed nonlinear system
(which can be obtained by letting e = 0.0 in equation (1)) may lose its stability via single or
double Hopf bifurcations, depending on the number of purely imaginary eigenvalues.
When two pairs of purely imaginary eigenvalues exist, the frequencies of double Hopf

bifurcations can be written as:

1
o ZE(qz i 207 A ) (4207 ). )

The corresponding critical time delays can be obtained as
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Depending on the coefficients of linear terms and the critical time delay, the trivial
equilibrium of the corresponding autonomous system may lose its stability via two-to-one

resonant Hopf bifurcations with 6, :5, ~2:1, whose point cannot be expressed analytically

but located numerically once the system parameters are given [25].

The parameters used in this paper are given by: =01, w=24, =06, p,=-28,
q, =-1.025, k =-0.3, B =-0.03, p,=0.021. Here the linear feedback gains are
expressed as p=p,+f, q=0q,+/f,, to account for the small local area of the double
Hopf bifurcations. The parameters g, and g, denote the perturbations of the critical
values of linear feedback gains p, and q, at the resonant Hopf bifurcations. For the
given parameters, the frequencies of double Hopf bifurcations and the corresponding
critical time delay, calculated from Equations (2) and (3), are found to be o, =3.16252,
0, =1.58634, r=2.2728, respectively. The frequency ratio is given by ¢, :0, =1.9936 = 2.0,

thus the double Hopf bifurcations can be regarded as two-to-one resonances with
0, = 20,.

2.2 Two coexisting SBSs

Following the trivial equilibrium losing its stability via the resonant Hopf bifurcations, the
postcritical behaviour of the corresponding autonomous time-delayed nonlinear system
may exhibit the coexistence of two SBSs depending on the initial conditions. Figure 2
shows two coexisting SBSs starting from different initial conditions. Numerical solutions
are obtained using dde23 in MATLAB under the initial conditions h(t) =(s;,s,) for t<r
with s;,s, being constants. These two coexisting SBSs are termed as the small- and
large-amplitude SBSs according to the maximum amplitude of vibration. As can be seen
from the figure, the small-amplitude SBS has two frequency components, 1.582 and
3.161rad/s, as given in the spectrum diagram. By considering both the rounded errors in

calculation and the data sampled frequency, these two frequencies can be regarded as

the theoretical Hopf bifurcation frequencies (HBFs), which can be obtained from Equation



(2) as o, =3.16252, ¢, =1.58634. On the contrary, the large-amplitude SBS contains four

frequency components with two dominant peaks as shown in Figure 2(b). The two major
peaks are 1.51 and 3.017rad/s, which are different from the HBFs and termed as the
shifted Hopf bifurcation frequencies ( or the SHBFs for brevity). The two small peaks are
the sum of the SHBFs and two times the higher SHBF, respectively. Two SHBFs have
approximately a ratio of 1.998, which can also be considered as two-to-one resonances.
Unlike the HBFs, the SHBFs cannot be obtained analytically but only numerically by
performing FFT analysis. The two SBSs have their own basins of attraction [23].
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Fig. 2. The time trajectories and frequency spectra of two SBSs of the corresponding

autonomous time-delayed system, (a) the small-amplitude SBS from h(t) =(0.18,-0.10),

(b) the large-amplitude SBS from h(t) =(0.38,-0.10).

2.3 Different families of primary and secondary resonances



As shown in Sub-section 2.2, the corresponding autonomous time-delayed nonlinear
system admits two coexisting SBSs having different frequencies. Dynamic interactions
between the periodic excitation and either of SBSs can produce resonances in the forced
response of the time-delayed nonlinear system. A total of five types of primary and
secondary resonances may occur for each of SBSs. In particular, for the small-amplitude
SBS having HBFs, the primary resonances can be induced when the forcing frequency is
tuned to either of HBFs. In addition, three types of secondary resonances can be
generated in the forced response, including sub-harmonic, super-harmonic and
combination resonances. The sub-harmonic and super-harmonic resonances associated
with the HBFs are expected to happen when the forcing frequency is adjusted at two
times the higher HBF and half the lower HBF, respectively. The combination resonance
related to the HBFs occurs in the form of additive resonances when the forcing frequency
is adjusted to be the sum of the HBFs. Similarly, for the large-amplitude SBS having the
shifted HBFs, another family of five types of primary and secondary resonances will
happen when the forcing frequency is tuned to certain relationships with the SHBFs of the
large-amplitude SBS. For the sake of better explanation, a flow chart shown in Figure 3 is

used to indicate graphically the different families of primary and secondary resonances.
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Fig. 3. Block diagram of different resonance families. The terms HBFs and SHBFs

represent the Hopf bifurcation frequencies and the shifted Hopf bifurcation frequencies.

According to the reduction theory of functional differential equations [26], the time-
delayed nonlinear equation in the neighbourhood of the resonant Hopf bifurcations can
be reduced to a system of four first-order ordinary differential equations on the manifold.
This indicates that the set of reduced ordinary differential equations is available only for
the HBFs but not for the SHBFs. Accordingly, only the approximate solutions to the five
types of resonance response related to the HBFs can be developed analytically using a
perturbation method, while the approximate solutions to the resonant response
associated with the SHBFs cannot be obtained analytically but numerically. The
approximate solutions to the secondary resonance response related to the HBFs were
analytically constructed and the frequency-response curves were given in reference [24].
Two families of super-harmonic resonances were studied in reference [23] and it was
found that one family of super-harmonic resonances may suddenly disappear and the
other family of super-harmonic resonances can be established by adjusting the forcing

frequency accordingly.

2.5 The analytical approximate solutions

This subsection briefly recalls the approximate solutions to the sub-harmonic resonance
response at two times the higher HBF, and then discusses the frequencies involved in the

approximate solutions. More details can be found in reference [24].

By conducting the reduction of the functional differential equations [26], the set of

ordinary differential equations associated with the HBFs are given by:

&=1,2,+(5, +1,)z, +1 32, +1,2, + f,,(z) +e, cos(Q),

& =(-0,+1,)z,+1,,2, + 1,2, +1,,2, + T,,(z) +e, cos(Q) ,

& =132 +1,,2, +13,2,+ (0, +1,,)z2, + f5,(2) + e, cos(Qt),

& =1,2,+1,2,+(-5, +1,5)z, +1,,2, + T,,(2) +e, cos(Q), 4)

where z ={z,,2,,2,,2,} represents the local coordinates on the centre manifold associated
with the resonant Hopf bifurcations. The coefficients I; are linear combinations of two

small parameters g, and g,. The nonlinear functions f,,(z) contains all 10 possible



quadratic terms, z;z; with i, j =12,3,4. The coefficients |;, ¢, and those in f,(z) are not

reproduced here.

Equation (4) can be considered as a conventional two-degree-of-freedom weakly
guadratic nonlinear system under two-to-one internal resonances. The three frequencies
under two-to-one internal resonances and sub-harmonic resonances are assumed to

satisfy the relationships:
0,=20,+¢0,, Q=20,+¢0;, (5)

where o, and o, are the internal detuning and external detuning parameters.

The first-order approximate solutions which are obtained by using the method of multiple

scales [27], can be written as:

z,, =1,cos(o,T, +¢,) + A cos(QT,) + A, sin(Q2T,) ,
Z,, = —nsin(o,T, + ¢,) + A, cos(QT,) + A, sin(QT,) ,
z,, =r,c08(5,T, + ¢,) + B, cos(QQT, ) + B, sin(QT,) ,

z,, =—r,sin(58,T, + ¢,) + B, cos(QQT,) + B, sin(QT,), (6)

where 1, r,, ¢ and ¢, denote the amplitudes and phases of the free-oscillation terms.
The coefficients A and B, are not reproduced here for brevity [more details can be found

in reference [24].

It should be mentioned that Equation (6) is the approximate solution to the nonlinear
equation (4) on the centre manifold. The corresponding approximate solution to the
collective (observed) behaviour of the original time-delayed nonlinear system given by

equation (1), as a certain combination of solution (6), can be obtained as:

X = rlcos(%Qt +%g03) +1, cos(%Qt —%y+%¢3) + (A + B,)cos(Qt) + (A, + B,)sin(Qt), (7)

where the first two terms are the free-oscillation terms and the last two terms are the
forced vibration terms. ¢, and y represent the phases of the free-oscillations terms.
Here, the frequencies of two free-oscillation terms are given in terms of the forcing
frequency, under the condition that they have been adjusted to a half and a quarter of the
forcing frequency by the quadratic nonlinearities involved. Moreover, their ratio becomes

exactly two-to-one. On the other hand, if the frequencies cannot be adjusted to the exact
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relationships of internal and sub-harmonic resonances, then the approximate solutions
should be expressed in terms of the HBFs as:
X =r.c0s(ot + ¢ ) +r,cos(o,t +¢,) + (A + B)cos(Qt) + (A, + B,)sin(Qt).  (8)

Given the nature of the nearly commensurable relationship of the two HBFs, the
collective response of the time-delayed nonlinear system is quasi-periodic motion, though
there may be only three frequencies involved in the motion. This feature is different from
the conventional nonlinear systems in that the frequencies of the free-oscillation terms

are usually given by the exact relationship of internal and secondary resonances [27].

The three frequency components in the approximate solutions (7) and (8) hold both
relationships of internal and sub-harmonic resonances as given by Equation (5). If their
relationships are broken in the forced response, then the sub-harmonic resonances will
no longer exist. Consequently, the approximate solutions given by equations (7) and (8)

will be invalid to represent the sub-harmonic resonance response.
3. The family of sub-harmonic resonances associated with the HBFs

While the approximate solutions can be analytically obtained by using a perturbation
method for the sub-harmonic response associated with the HBFs, bifurcation diagrams
and quasi-periodic motions would be better obtained using numerical methods. In
constructing bifurcation diagrams, the steady-state response is obtained by dumping the
transient response of the first 16000 periods of the periodic excitation. Then a total of 120
points is taken at each step. The initial condition for numerical integration is

h(t) = (0.18,-0.10), from which the corresponding autonomous time-delayed system

admits small-amplitude SBS having the HBFs, as discussed in Section 2.3.
3.1 The forced response

The forcing frequencies are set to be in the vicinity of two times the higher HBF, i.e.,
6.322, under this family of sub-harmonic resonances. Except for the forcing frequency
and magnitude, the other system parameters remain unchanged in numerical integration.
Figure 4 shows the bifurcation diagrams of the forced response where the excitation

magnitude is in the region of [0.05,3.0] with a step of increase by 0.1. The four forcing

frequencies are Q =6.262, 6.302,6.342,6.362, respectively. The bifurcation diagrams can
be categorised into two groups according to the outlined shapes with Figures 4(a,d) being

classified as Group | and Figures 4(b,c) as Group II.
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These two groups of bifurcation diagrams indicate two different patterns of the observed
behavior of the time-delayed nonlinear system. By categorizing the maximum vibration
amplitude, the forced response exhibits small-amplitude quasi-periodic motion (or simply
referred to as small QP motion) for Group I, while small- and large-amplitude quasi-
periodic motion (or simply termed as small and large QP motion) for Group Il. Unlike
Group I, the bifurcation diagrams of Group Il are divided into two regions, 0.05<e<0.95,
and 0.95<e<3.5 in Figure 4(b), 0.05<e<1.75, and 1.75<e<3.5 in Figure 4(c), where
small and large QP motion is present, respectively. The small QP motion jumps to large-
amplitude non-resonant motion at e =0.95 in Figure 4(b) and at e=1.75 in Figure 4(c),
respectively. Figures 4(b,c) also imply that jumps occur at different values of the

excitation magnitudes for different forcing frequencies.
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Fig. 4. Bifurcation diagrams of the forced response under the sub-harmonic resonance
related to the HBFs for different frequencies; (a) Q=6.262, (b) Q=6.302, (c) Q=6.342,
(d) ©=6.362.
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The Group | bifurcation diagrams show that the displacements are of small amplitude and
change smoothly. Figure 5 gives the small QP motion at e=2.0, according to the
bifurcation diagram Figure 4(a). The outlined shape of time history shows beat
phenomenon, as displayed in Figure 5(a). A close observation indicates three peaks in
the time history and the changes in amplitudes of three peaks with time, as shown in
Figure 5(b). There are three main frequency components involved in the motion as
displayed in Figure 5(c), which are the lower HBF, the higher HBF, and the forcing
frequency, respectively. The phase portrait is a dense cluster of orbits and the
corresponding Poincare map shows a closed curve in Figure 5(d), further confirming that
the motion is quasi-periodic. The frequencies of the free-oscillation terms are not adjusted
to a quarter and half the forcing frequency. A possible explanation would be that the
small-amplitude SBS and the particular solution generated from the periodic excitation
compete each other but the particular solution is not strong enough to adjust the
frequency components in the small-amplitude SBS. As the forcing amplitude is
increased, the dynamic interaction between the small-amplitude SBS and the particular
solution becomes stronger, which is evidenced by the changes in the magnitudes of the
HBF components in the response. The magnitude of the forcing frequency component in
the forced response increases linearly with a gradual increase of the forcing magnitude.
This validates the theoretical predictions of the amplitudes of the particular solution terms

given in Equation (8) being linearly proportional to the forcing amplitude.
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Fig.5. The sub-harmonic resonance response at 2 =6.262 and e=2.0; (a) time history,

(b) enlargement of time history, (c) frequency spectrum, (d) Poincare map.

The Group Il bifurcation diagrams give a different scenario with two types of motion. The
small QP motion disappears and instead large QP motion comes up after the forcing
magnitude passes a certain value. Simultaneously, the frequency components
corresponding to the HBFs vanish and new frequency components related to the SHBFs
arise in the forced response. As will be discussed in the next sub-section, this will result

in the loss of the sub-harmonic resonance.
3.2 The loss of the sub-harmonic resonances at two times the higher HBF

For certain forcing frequencies (for example, as shown in Group Il bifurcation diagrams),
the forced response exhibits small and large QP motion depending on the level of the
excitation magnitude. The characteristics of two types of quasi-periodic motion are
further studied by examining time trajectories and frequency spectra before and after the
critical value of the forcing magnitude. According to Figure 4(c) for the forcing frequency
0 =6.342, the forced response exhibits small QP motion at e=1.65, as shown in Figure
6(a), with its maximum amplitude being 0.1458. This amplitude can be considered to be
small when compared with that (approximately 3.376) of the subsequent quasi-periodic
motion given in Figure 6(b). The small QP motion contains three frequency components,
which are two HBFs and the forcing frequency, indicating the occurrence of the sub-
harmonic resonance associated with the HBFs. At e=1.85, the forced response shows
the large QP motion containing seven frequency components, as shown in the frequency

spectrum of Figure 6(b). The three dominant peaks are 1.51, 3.017, and 6.343rad/s,
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which correspond to the SHBFs and the forcing frequency. The other lower frequency
peaks are the combinations of these components. The frequency components associated
with the HBFs have disappeared. Thus the frequency relationship of the sub-harmonic
resonance at two times the higher HBF no longer exists in the large QP motion. This may
suggest that the large-amplitude SBS be excited in the forced response at an expense of
the disappearance of the small-amplitude SBS. As a result, the initially established sub-
harmonic resonance at two times the higher HBF is lost, leading to non-resonant
response in the observed behaviour. The collective behaviour of the time-delayed
nonlinear system remains non-resonant response of large-amplitude motion as the

forcing magnitude increases further.

Figure 6(c) shows the forced response for the excitation amplitude e=3.5. The non-
resonant response has seven frequency components and the three dominant frequency
peaks are two SHBFs and the forcing frequency, that is, 1.507, 3.014, and 6.343rad/s,
respectively. The two SHBFs seem to be under exact two-to-one relationship. The other
lower frequency peaks are the combinations of these three dominant frequencies. It is
interesting to notice that the maximum amplitude of the large QP motion does not
increase significantly when compared with that for e=1.85, but the magnitudes of the
frequency components change, indicating the vibrational energy exchanges between the

two frequency modes.
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Fig.6. Time trajectories and frequency spectra of the response at the forcing frequency
Q=6.342 for different excitation magnitudes, (a) e=1.65, (b) e=1.85, (c) e=3.5.

As shown in Figure 4(b), after the excitation magnitude e>0.95, the time-delayed
nonlinear system exhibits large-amplitude non-resonant response and consists of the
SHBFs. If the excitation frequency is then accordingly tunned in line with the newly
appeared frequency component (i.e., the SHBFs), it is found that the other family of the
sub-harmonic resonances (i.e., the sub-harmonic resonance associated with the SHBFs)
cannot established halfway through. This can be seen from Figures 7(a, b), which show
the bifurcation diagrams of the forced response with an increase of the forcing amplitude
starting from e=0.95. In numerically constructing the bifurcation diagrams, only the
forcing frequency is changed by choosing a certain value around two times the higher
SHBF, while the simulation procedure and the other parameters remain unchanged as
those for constructing Figure 4(b). The forcing frequency is tuned to be approximately the

two times the higher SHBF halfway through.
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0 =6.034, (b) bifurcation diagram at Q=6.094, (c) time history, and (d) frequency
spectrum at Q=6.034, e=3.5.

Interestingly, the forced response demonstrates the small QP motion, which is
gualitatively different from the corresponding segment shown in Figure 4(b). As shown in
Figure 7(c), this small-amplitude QP motion can also be regarded as non-resonant
response and contains three dominant frequency components, which do not hold the
relationship of sub-harmonic resonances. Surprisingly, the SHBF components previously
existing in the large-amplitude non-resonant quasi-periodic motion disappear and the
HBFs reappear in the resultant non-resonant response after the forcing frequency is
adjusted at two times the higher SHBF. It is conjectured that the small-amplitude SBS is
excited and the response is actually a direct interaction between the particular solution
and the small-amplitude SBS. As discussed in reference [23], the two SBSs of the

corresponding autonomous time-delayed nonlinear system have their own basin of
17



attraction. Under the periodic excitation, the basin of attraction may be changed
depending on the forcing frequency and magnitude, thus leading to different motion. In
summary, under same initial conditions, the large QP motion under two times the higher
HBF will disappear and becomes the small QP motion if the forcing frequency is changed
according to the frequency components of the large-amplitude SBS. This indicates that
the sub-harmonic resonance at two times the higher SHBF cannot be established halfway

through by tuning the forcing frequency.
4. The family of sub-harmonic resonance at two times the higher SHBF

The forcing frequency is initially set in the neighbourhood of two times the higher SHBF.
Figure 8 shows the bifurcation diagrams of the sub-harmonic resonance response for four
different excitation frequencies. For Q=5.974, as shown in Figure 8(a), the forced
response demonstrates large QP motion over the entire region of the forcing amplitude.
For 2=5.994, the bifurcation diagram shown in Figure 8(b) is qualitatively different from
the one at 2=5.974, and shows large QP motion for e <2.15 and periodic motion for
e>2.15. When the forcing frequency is changed to two times the higher SHBF, the
forced response, as given in Figure 8(c), admits a large-amplitude periodic motion whose
period is four times the period of the periodic excitation. The bifurcation diagram shown
in Figure 8(d) for Q=6.094 can be divided into three regions, 0.05<e<1.75,
1.75<e<2.65, and 2.65<e<3.0. Correspondingly, the time-delayed system exhibits
large QP motion, a window of large-amplitude periodic and QP motion, and large-
amplitude periodic motion, respectively.

4 . 4 T T s ee e e
| 3
A HIHER R EHTIET HIHBHIHINL
perdiidiigiiiiiiag HE 23 i
mivipdgepdeifiistatsiiieriiiy :
Frieregrdyigrapdidaaiygtestig 1|
RS RS RS PR R R RN E RERE RES R RED: o
= RS I IR R I BRI LR IR R N £
+113 IEEE RS s b4 L
g MEE §;:,o‘:‘ z. o3t ;"t'f; gD
Sopiizts ,;aiz; silecisiiteicy 2 iiiiires
ER | ! !i!!l l g ] ' ! o EEER
= -1r: . o
o ; pitpidsd i i : 02
1i w:;;:f%i; ! :
pibiidisisiisgiitny Sk
HIHHHT
3 H !’; ”§§ i I R e
U
“ 05 1 15 2 25 3 5o 05 1 15 2 25 3
Excitation magnitude, e Excitation magnitude, e
(a) Q=5.974 (b) Q =5.994

18



+
sy
- -
-

B

B LT R T oY
A

e
“remems
e B
LT T —.
-
ey

R
-

]

e

Displacement, x
o
Displacement, x
d . [=1
[T YT Ty ST S ST S Ty

............................

fe B

5 1 15 2 25 3
Excitation magnitude, e Excitation magnitude, e

o
=]
n
Py 8
[
[
in
w
o

(c) Q=6.034 (d) Q=6.004

Fig.8. Bifurcation diagrams of the sub-harmonic resonance response at two times the
higher SHBF. (a) Q=5.974, (b) 2=0.7485, (c) 2=6.034, (d) Q=6.094.

Figure 9 shows time trajectories and frequency spectra of the sub-harmonic resonance
response at two times the higher SHBF, where the frequency and magnitude of the
periodic excitation are chosen in line with Figure 8(d) at ©=6.094. Two values of the
excitation amplitudes are taken in the window region of large-amplitude periodic and QP

motion.

At e=2.25, the large QP motion has four main frequency components which are two
SHBFs, the sum of two SHBFs, and the forcing frequency. There are also extra peaks
around the higher SHBF and the forcing frequency, as shown in Figure 9(a). A closed
curve is shown in the Poincare map further confirming the forced response is quasi-
periodic. Figure 9(b) shows the large-amplitude periodic motion for e =3.5 having four
frequency components, which can be considered as one to four quarters the forcing
frequency. It is very interesting to note that the amplitude of the large-amplitude periodic
motion does not change significantly as the forcing magnitude increases. However, the
magnitudes of the frequency components have changed, indicating the occurrence of
sub-harmonic resonance at two times the higher SHBF-.
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Fig.9. Time trajectories and frequency spectra of the forced response under the sub-

harmonic resonance related to the SHBFs, (a) e=2.25, (b) e=3.5.
5. Conclusion

This paper identified two coexisting families of sub-harmonic resonances at different
frequencies in the forced response of a time-delayed nonlinear system, when two
coexisting stable bifurcating solutions are present in the corresponding autonomous
systems. Under the family of sub-harmonic resonance at two times the higher the HBF,
the forced response may demonstrate small- and large-amplitude QP motion. On the
contrary, under the family of sub-harmonic resonance at two times the higher the SHBF,
the forced response may show large-amplitude QP and periodic motion, as well as the

window of large-amplitude periodic motion between QP motion.

The initially established sub-harmonic resonance related to the HBFs can be lost with the

disappearance of the HBF components, and large-amplitude QP motion containing the
20



SHBFs appears in the non-resonant response. On the contrast, the initially established
sub-harmonic resonance resonances associated with the SHBFs does not vanish in the
forced response. Following the loss of the sub-harmonic resonances associated with the
HBFs, the sub-harmonic resonances related to the SHBFs cannot be established halfway
through even by purposely changing the forcing frequency to be about two times the
higher SHBF. After doing so, the large-amplitude non-resonant motion becomes the

small-amplitude quasi-periodic motion.
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