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Abstract11

Today, as a consequence of the growing installation of efficient technologies, such as com-12

bined heat and power (CHP) as a co-generation, the integration of electricity through grid13

supply, Photovoltaic (PV) and energy storage systems as an integrated network is attracting a14

lot of attention in smart grid applications. To model the interaction among electricity and nat-15

ural gas, the energy hub framework is adopted to determine a modelling procedure for such16

multi-carrier energy systems. This paper presents a residential energy hub model for a smart17

home as a modified framework of conventional energy hubs in a smart grid with considera-18

tion of heat pump water heater, coordination of sources and carbon emissions. Therefore, this19

study is twofold; the first part optimizes the operation of the combined CHP, Photovoltaic and20

storage system under time-of-use tariff. Since residential load management plays a key role21

in realizing household demand response programs in a smart grid, performing optimal load22

management in the proposed residential energy hub model is also studied in this paper. To23

achieve this, the optimization problem is extended by considering modelling of a heat pump24

water heater. It is also found out that CO2 signal could give customers an environmental25

motivation to shift or reduce loads during peak hours, as it would enable co-optimization of26

electricity consumption costs and carbon emissions reductions.27

Keywords: Residential energy hub; Residential demand response; Heat pump;28

Optimization; time-of-Use tariff; Carbon emissions.29
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Nomenclature
Indices
i appliances index
t an index of the time period
ω an index of weighting factors
k an index of flexible appliances
j an index of night time time loads
Sets
A a set of all household appliances
N the control horizon (24Hrs)
K a set of flexible appliances
J a set of night time loads
Parameters
ts sampling time (15 mins)
Pi rated power of appliance i (kW)
Nk duration of appliance k being on(mins)
ρt time-of-use electricity (TOU) price at time t (R)
C the maximum cost that the consumer is willing to pay (R)
dki the on-time start of appliance k
ek the on-time end of appliance k
ubl

k,t baseline commitment status of appliance k at time t
Pin f lex

t power consumed by inflexible appliances (kW)
Php peat pump water heater power demand (kW)
COP coefficient of performance
Tlow, Tup lower and upper hot water temperature set points ( ◦C)
Ta ambient temperature ( ◦C)
To initial hot water temperature ( ◦C)
Tin(t) inlet cold water temperature ( ◦C)
R South African rands (1R = 0.074 USD as of 22.09.2015)
p(t) time-of-use electricity price (R/kWh)
N total number of sampling intervals
ts and k sampling time (hour) and kth sampling interval respectively
ηCHPe CHP electrical efficiency
ηCHPe CHP thermal efficiency
DOD depth of discharge
ηc battery’s charging efficiency
ηd battery’s discharging efficiency
E0 the initial state of charge of the battery at time t
Emin minimum allowable battery capacity (kWh)
Emax maximum allowable battery capacity in (kWh)
λc the carbon emission price (R/kg)
Mc,t mass of carbon dioxide emission(kg)
αgrid C02 emission rate of the grid (kg/kWh)
Rand (R) South African currency (1Rand = 0.080US D), as at 16 Mar. 2015.
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QL total standby (convectional) losses
qloss conventional loss in (W/m2)
4x thickness of the insulation (m)
h surface heat transfer coefficient (W/m2K)
κ thermal conductivity (W/m K)
S area total surface area (m2)
c specific heat capacity of water (J/kg ◦C)
Variables
QD total losses due to water demand
WD(t) flow rate (litres/hour)
T (t) hot water temperature inside the tank ( ◦C)
uk,t optimal commitment status of the kth flexible appliance at time t
u j,t optimal commitment status of the jth night time appliance at time t
u(t) heat pump power supply switch control variable (0 or 1)
ø diameter (m)
Ṫ derivative of temperature
L mass of water inside the tank (kg)
Et state of the battery at time t(kWh)
Pb,t the battery charging power(kW)
P̄b,t the battery discharging power received by the user(kW)
Pg,t grid power at time t(kW)
P f lex

t power consumed by flexible appliances (kW)
Pngt

t power consumed by night time appliances (kW)
PA,t power demanded by all appliances excluding battery at time t (kW)

31

1. Introduction32

Electrical energy hub describes the relation between in and outputs of energy flows. Gen-33

erally, in the hub; multiple energy carriers like electricity, gas and heat can be converted,34

conditioned and if available also stored [1]. Thereby, a hub can model a single building, a35

city or a whole country. In smart grid applications, residential energy hub is a platform that36

is used to facilitate residential demand response (RDR) in the presence of renewable energy37

resources and storage systems. It provides electrical power demand reduction while also giv-38

ing added value to residential consumers1. The optimization of energy consumption, with39

consequent cost reduction, is one of the main challenges for the present and future smart grid40

[2]. In this work, residential energy hub is studied under time differentiated electricity price41

using optimization approach.42

Optimization approach in a residential hub is primarily concerned with optimal control43

of residential loads, supply resources and storage systems [3, 4]. The modelling takes into44

account the consumer’s preferences. In [5], the authors model home load management in45

1K. Tweed, EnergyHub plays both sides of the residential hardware debate,17 July 2012/2012 < http :
//www.greentechmedia.com/articles/ >
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a residential energy hub with resources as combined heat and power (CHP) and electricity46

grid with plug-in hybrid electric vehicle (PHEV) as the charging and discharging device. A47

mixed integer linear programming (MILP) problem is formulated with the load classified as48

responsive and non-responsive appliances without consideration of carbon emissions. In [6,49

7], optimal operation of residential energy hubs in smart grids is studied with consideration50

of carbon emissions. The disparity lies in the MILP with extensive modeling of different51

types of appliances in a household taking into account consumer’s comfort level [6]].52

General micro-grid studies have been conducted in [8–17]. However, the difference be-53

tween micro-grid, energy hubs and virtual power plants has been presented in [1] and the54

purpose of this work is to advance research on energy hubs. However, some of the knowl-55

edge on modelling some components of energy hubs such as renewable sources, storage and56

loads can be borrowed from micro-grid modelling.57

Research on energy hubs is very active presently and notable efforts have been made on58

modelling and optimization of the operation of such systems. Residential load modelling59

is generally dealt with under residential demand response [3, 17, 18]. The study on micro-60

grid and hubs under demand response are carried out with consideration of carbon emissions61

in [19, 20]. Study on sizing and optimising CHP for residential applications is carried out62

in [21–26] both with and without DR. Economic evaluation of micro-CHP is carried out in63

[27, 28]. The study on operation of energy hubs can be conducted in two ways; economic64

dispatch (ED) within the hub and ED between hubs [29].65

South Africa has over the years implemented residential rooftop PV systems; however66

grid connection of small-scale renewable electricity generation is yet to be implemented be-67

cause South Africa’s national regulator (NERSA) is currently in the process of developing68

the regulatory framework on small-scale renewable embedded generation and the guidelines69

on electricity reseller tariffs [30]. Some of the challenges with small-scale renewable genera-70

tion grid tie include but not limited to reverse power flows and metering tariff solutions. This71

is the motivation for considering households with dedicated solar PV and storage systems,72

without feed-in to the grid.73

The purpose of this paper is to formulate a practical optimal control model for ED within74

a hub with modelling of appliances with a heat pump and coordination of all considered75

resources. The heat pumps are the future energy-efficient devices and when coupled with do-76

mestic appliance scheduling can yield great success in demand side management (DSM) [31].77

In this work, the problem is modelled as mixed integer nonlinear programming (MINLP)78

problem as compared to most literature which has presented the problem as a simplified lin-79

ear problem, hence foregoing some of important sub-models and constraints of the problem80

and rendering the models far from reality. Therefore our work models a practical situation81

that gives precise predictions on optimal control settings for actual implementation. This is82

the contribution of this work to the general research area of residential energy hubs for smart83

grid applications.84

The remainder of this paper is organized as follows: Sections 2 focuses on defining the85

problem and optimization model formulations, respectively. Section 3 provides information86

on the case study. While simulation results are presented and discussed in Section 4. Lastly87

section 5 is the conclusion.88
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2. Problem model formulation89

2.1. proposed model schematic layout90

The optimal control model for the energy hub considered in this paper is shown in Figure91

1. An energy hub is generally described relating the inputs and outputs of one unit. In92

this way the network is mathematically comprehensible and very adaptive for every possible93

combination [1, 7, 9]. In contrast to [7, 9], in this work the residential energy hub is modelled94

with dedicated PV, battery storage and CHP system. The layout of the considered energy hub95

is shown in Figure 1. In the proposed model the electrical power sources are; the micro-CHP96

PeCHP,t, utility grid power Pg,t and battery storage system P̄b,t, which is in turn charged by the97

PV system, Ppv,t. The thermal load is satisfied by the thermal output PhCHP,t from the CHP.98

The outputs at time step t are L(e,t) and L(h,t) for electrical and thermal loads respectively. The99

system delivers transformed electricity and gas as electrical power to electrical loads and heat100

to thermal loads respectively.101

Pb,t

Natural gas
PhCHP,t

CHP

+ Vdc -

Grid power Pflex,t

Pngt,t

Pinf,t

Electrical loads

Floor heating

Thermal load

Pb,t ≤ Ppv,t

D
C

-D
C

 

C
o

n
v

. 

+
 V

d
c 

-

Inputs (Pg,t, Ppv,t, Gt)

Energy hub

Outputs (Le,t , Lh,t)

Uhp,t

Php,t 

Heat pump

PeCHP,t 

Uk,t

Uj,t

Figure 1: Schematic layout of the proposed energy hub

In this model the output L(e,t) and L(h,t) consist of various load demand which are; heat102

pump demand Php,t, inflexible appliance load Pin f ,t, flexible appliance load P f lex,t, night ap-103

pliance load Pngt,t and finally the thermal load WD,t. While ts is sampling time and the control104

horizon is 24-h. The model has 18 control variables of the appliance scheduling switches, the105

battery status of charge and hot water temperatures are the state variables.106

2.2. Sub-models mathematical formulation107

The mathematical model is presented in this section. First, the sub-models are formulated108

and the objective function is presented at the end of the section.109

5
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2.2.1. Battery model110

The PV-battery system is considered in this work because of their numerous benefits to111

both the consumer and the utility. The PV system typically has a peak generation around112

mid-day, which generally does not align well with on-site demand with more consumption113

in the evening. Storage at the PV system is used to store this energy. PV energy, like other114

renewable energy sources, is subject to rapid weather variations, and the resultant of this is115

significant grid instability. In this work, storage system is optimally charged and discharged116

to compensate for these fluctuations. This improves the interconnection of PV systems to the117

grid, and support grid stability. The battery model is presented with general battery dynamics118

presented by the battery’s state of charge (SOC) [18, 32]. The battery energy storage system119

is characterized by continuous charging and discharging power, therefore Pb,γ and P̄b,γ are120

considered continuous variables at time step γ.121

Et = E0 + ts

t∑
γ=1

(ηcPb,γ −
P̄b,γ

ηd
), 1 ≤ t ≤ N, (1)

where Et is the SOC of the battery, E0 is the initial SOC of the battery, whereas ηc
∑t
γ=1 Pb,γts122

and 1
ηd

∑t
γ=1 P̄b,γts are the battery energy during the charging and discharge period, respec-123

tively.124

The following constraints are applied to the battery model:125

Emin ≤ Et ≤ Emax, t = 1, ...,N, (2)

where126

Pb,t × P̄b,t = 0, t = 1, ...,N, (3)

where equation (2) is the battery energy capacity limits, equation (??) is the relation between127

Emin and Emax through the battery’s depth of discharge (DOD). equation (3) presents the128

exclusive operation of the battery because the battery cannot charge and discharge at the129

same time. This constraint also permits the battery to be in an idle mode. N is the number of130

sampling intervals.131

2.2.2. Carbon emissions cost model132

The carbon emissions model is the carbon footprint of the consumer from the grid elec-133

tricity usage offset by the injection of emission-free electricity from the PV system and the134

CHP. The objective function is to minimize the cost of carbon emissions in a household.135

Jc =

N∑
t=1

λC MC,t, (4)

6
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where Jc is the CO2 emission cost, λC, is the emission price and MC,t is the mass of CO2136

emission in kilogram. αgrid is the CO2 emission rate of the grid, which is 0.99 kg of CO2/kWh137

for South Africa’s utility2, and is charged at λC = R0.1323/kg, which is computed as follows;138

MC,t = (
N∑

i=1

Pg,t + Pb,t − P̄b,t − Ppv,t − PeCHP,t)ts × αgrid, (5)

with the assumption that the PV power output is sufficient to meet the battery’s requirement,139

that is Pb,t = Ppv,t, therefore, equation (5) reduces to:140

MC,t = (
N∑

i=1

Pg,t − P̄b,t − PeCHP,t)ts × αgrid. (6)

Note that the charging of the battery is taken care of by the PV system.141

2.2.3. Combined Heat and Power model142

The CHP output model in this work is adopted from [5] as follows;143

PCHPe,t = ηCHPeGe, (7)
144

PCHPh,t = (1 − ηCHPe)Gh. (8)

PCHPe,t is the CHP’s electrical output at time t or the hub’s electrical input. ηCHPe is the145

CHP’s gas to electrical conversion efficiency taken as 0.4. Ge and Gh is the CHP gas converted146

to electrical power and thermal respectively, in the absence of gas burner Ge=Gh=Gt.147

The CHP electrical capacity is bounded to its maximum electrical capacity;148

PCHPe,t = Cmax
CHPe

(9)

where Cmax
CHPe

is the maximum electrical output capacity of the CHP.149

JCHP =

N∑
t

βg,tGtts (10)

The main aim of objective equation (10) is to minimizes the hubs’ gas input. βg,t is the price150

of gas at each time slot t and Gt is system’s gas input. Gt is obtained by coupling the CHP’s151

thermal and electrical inputs to the conversion efficiency.152

Gt =
PCHPe,t

ηCHPe

+
PCHPh,t

ηCHPh

,∀t (11)

2 Eskom Integrated report,2014<http://http://www.integratedreport.eskom.co.za//>
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2.2.4. Power balance of the energy hub153

The power flows of the system layout presented in Figure 1 is given as thus;154

Pg,t + P̄b,t + PeCHP,t = PL,t,∀t (12)

where PL,t = PA,t + Uhp,t × Php,t is the power demanded by all appliances and the heat pump155

and the total power consumed by a set of all appliances (A) in a household at time step t is156

given by:157

PA,t = Pin f ,t + P f lex,t + Pngt,t, (13)

Pin f ,t ≥ 0, P f lex,t ≥ 0, Pngt,t ≥ 0,

158

where159

P f lex,t =

K∑
k=1

Pk,tuk,t (14)

Pngt,t =

J∑
j=1

P j,tu j,t (15)

Household’s electrical appliances are classified into three categories as Pin f
t , Pngt,t, P f lex,t de-160

noting inflexible, night time and flexible day time loads, respectively. A household consists161

of these three types of loads. Flexible loads can be adjusted according to the consumer’s162

preferences and night-time loads can be committed during the night (22:00-0:500), while in-163

flexible appliances are non-shiftable. The household consist of a set of all appliances, A and164

an index i ∈ A, while index of flexible appliances is k ∈ K and night time loads are denote165

j ∈ J. uk,t and u j,t are the optimal controllable appliance status for flexible and night time166

loads.167

The total electrical power demanded by the load in a household at time t, Le,t, is satisfied168

by the battery power output P̄b,t, the power from CHP, PCHPe,t and the grid power (Pg,t) as169

in equation (12) while the output (Ppv,t) charges the battery. The grid power supplied to the170

household is capped to the maximum capacity of the distribution board installed in the house171

as shown in equation (16).172

0 ≤ Pg,t ≤ Pmax
m , (16)

Pmax
m = 230V ×60A×0.75 = 10.35kW, with nominal single phase voltage and current ratings173

of 230V and 60A respectively, and an assumed power factor of 0.75. Constraint equation (17)174

bounds the battery charge to the PV output.175

0 ≤ Pb,t ≤ Ppv,t. (17)

8
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2.2.5. Heat pump water heater model176

The heat pump model used in this paper is adopted from [14, 33], having a fixed power177

rating Php (kW). For simplicity of modelling purposes, the energy losses in the evaporator,178

refrigerant and compressor are accounted for by the overall coefficient of performance (COP)179

of other thermal components in the HPWH. A constant COP is assumed in this paper. There-180

fore, only energy losses as a result of hot water demand QWd,t and convectional (standby) loss181

Qrad,t are considered in the model.182

The standby losses, Qrad,t, are thermal losses dispatched through the tank’s casing mate-183

rial. These losses can be minimised through increased thermal insulation and application of184

low thermal conductivity materials. The per second convention loss qloss in W/m2, according185

to [34], is given in equation (18),186

qloss (T (t),Ta) =
T (t) − Ta
4x
κ

+ 1
h

, (18)

where 4x and κ are the insulation thickness and thermal conductivity coefficients respectively,187

h is the surface heat transfer coefficient of the tank and T (t), Ta are the hot water and ambient188

temperature respectively. Therefore, for a given tank surface area S area, the total standby189

losses are:190

QL (T (t),Ta) = qlossS area. (19)

The other loss is associated with the hot water demand QWd,t, which triggers the inlet cold191

water into the tank to maintain a constant volume. Therefore, T (t) drops during hot water192

demand period because of the inlet of cold water into the tank. Losses associated with the193

hot water demand are given as [35, 36] in equation (20):194

QWd,t = cWD(t) (T (t) − Tin) , (20)

where c = 4180J/kg/ ◦C is the specific heat capacity of water. Tin is the municipal inlet water195

temperature whereas WD(t) is the hot water demand flow rate in litres/hour.196

In order to satisfy the HPWH thermal output requirements, the corresponding electrical197

power input is [35, 38]:198

Php(t) =
QWd,t + Qrad,t

COP
. (21)

The power balance is a dynamic equation. Let QH(t) be the total HPWH heat output199

kilowatts and L the water mass (tank capacity) in kilograms. Therefore, the power balance200

becomes a first derivative differential function given in equation (22) [37].201

cLṪ (t) = QH(t) − Qrad,t − QWd,t, (22)

QH(t) = PhpCOPu(t). (23)

9
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By substituting equation (18) to (21) into equation (22), one gets202

Ṫ (t) =

PhpCOPu(t) − S area

(
T (t)−Ta
4x
κ + 1

h

)
− cWD(t) (T (t) − Tin(t))

cL
, (24)

denoting:203

Ψ(t) =
S area

cL
(
4x
κ

+ 1
h

) +
WD(t)

L
, (25)

204

ζ =
PhpCOP

cL
, (26)

Γ(t) =
S areaTa

cL
(
4x
κ

+ 1
h

) +
WD(t)Tin(t)

L
, (27)

then equation (24) becomes:205

Ṫ (t) = −Ψ(t)T (t) + ζu(t) + Γ(t). (28)

2.2.6. Discrete hot water model inside the heat pump206

The water demand flow rate WD(t) and the inlet water, Tin(t), are functions of time taken207

from the case study. The general discrete formulation of equation (28) in terms of the k-th208

hot water temperature is given in equation (29):209

Tk+1 = (1 − tsΨk)Tk + tsζuk + tsΓk. (29)

Then, Tk+1 at each interval can be derived as:210

T1 =(1 − tsΨ0)To + tsζu0 + tsΓ0,

T2 =[(1 − tsΨ1)(1 − tsΨ0)]To + tsζ [(1 − tsΨ1)u0 + u1] +
[
(1 − tsΨ1)tsγ0 + tsΓ1

]
,

T3 =[(1 − tsΨ2)(1 − tsΨ1)(1 − tsΨ0)]To + tsζ [(1 − tsΨ2)(1 − tsΨ1)u0 + (1 − tsΨ2)u1 + u2]
+

[
(1 − tsΨ2)(1 − tsΨ1)tsγ0 + (1 − tsΨ2)tsΓ1 + tsγ2

]
,

...

Tk+1 =To

k∏
j=0

(
1 − tsΨ j

)
+ tsζ

k∑
j=0

u j

k∏
i= j+1

(1 − tsΨi) +

k∑
j=0

tsΓ j

k∏
i= j+1

(1 − tsΨi) ,

(30)

where; To and Tk are the initial and k-th water temperatures inside the tank respectively. ts is211

the sampling time, whereas uk is the k-th switch status, which is either 1 or 0. Ψ j and γ j are212

functions of equation (25) and equation (27) respectively and ζ represents a constant given213

equation (26). The acceptable hot water temperature set points are given by inequality (31):214

Tlow ≤ Tk ≤ Tup, (31)

where, Tlow and Tup are the lower and upper desired temperatures respectively.215
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2.2.7. Appliance operational model216

Given the predetermined parameters of the controllable appliances; dk, ek and Nk, as the217

beginning and end of time to which each flexible appliance is to be scheduled, and duration218

required to finish the normal operation of each controllable appliance, the following; equation219

(32) holds.220

ek∑
t=dk

uk,t = Nk,∀k, (32)

where221

Nk ≤ (ek − dk). (33)

ek∑
t=dk

uk,t · uk,(t+1) · uk,(t+2) · · · uk,(t+(Nk−1)) = 1, t = 1, ...,N. (34)

u2,t − u6,t − u7,t = 0 (35)

d6 + N6 ≤ d7+1. (36)

0 ≤ Pk,t ≤ Pmax
k , (37)

where nonlinear constraint equation (34) models the non-interruptible operation of appli-222

ances. Equality (35) and inequality (36) are coordination constraints. equation (35) coordi-223

nates lighting with the appliances used in their respective rooms, using the the laundry room224

as a reference. The time the laundry lights are off is when neither washing machine nor drier225

is on. equation (36)ensures that, for example, the dryer follows the washing machine. The226

numerical indices in equation (35) and inequality (36) correspond to appliance index as pro-227

vided in Table 1. The laundry room lights has index i = 2, washing machine, i = 6, and dryer228

has index i = 6. Inequality(37) is the appliance power consumption limit.229

tsρt

T∑
t=1

(Pin f ,t +

J∑
j=1

P j,tu
ngt
j,t +

K∑
k=1

Pk,tuk,t + ui,tPhp,t) ≤ C. (38)

This constraint models the maximum cost that the household is willing to incur within230

the control horizon. The parameter C is obtained from the consumer’s bill and provided in231

the case study.232
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Je = tsρt

T∑
t=1

(Pin f ,t +

J∑
j=1

P j,tu j,t +

K∑
k=1

Pk,tu
f lex
k,t ). (39)

where typically233

u f lex
k,t =

{
1, when day flexible appliance k is on at time t;
0, when day flexible appliance k is off at time t.

It is assumed that the types of appliances that cause most inconvenience are flexible appli-234

ances. The baseline ubl
(k,t); the baseline appliance average switching status is obtained from235

the measured data.236

2.3. Objective function237

The energy hub operational optimization model under consideration consists of electrical238

power from the grid, gas input, carbon emissions and inconvenience costs that need to be239

minimized. In order to obtain a parento optimum operational scheme in equation (40), a240

weighting method is employed to integrate the sub-objectives into one. The advantage of241

this approach is that the consumer has an option to choose the objective to use to control242

their consumption. The household seeks to minimize the following combined cost function.243

Where ω is the index of weighting factors and ωi, represents the weighting attached to these244

sub-objectives according to the consumer’s preference, and
∑4
ω=1 wω = 1.245

min J = ω1Je + ω2JCHP + ω3JC + ω4JI (40)

The first term minimizes the hubs’ grid’s electrical energy input,second sub-objective246

minimises the cost of using CHP, the third term is the carbon emissions cost while the fourth247

is the inconvenience cost brought by appliance optimal schedule against the baseline. The248

formulated model is MINLP optimal control problem with control variables uk,t,u j,t,uhp,t, Pb,t,249

P̄b,t, and Pg,t, Gt, PeCHP,t, PhCHP,t. The objective function equation (40) is subjected to the250

presented constraints.251

2.4. Optimization solution methodology252

The MINLP optimization problem equation (40) is solved with an optimization solver,253

SCIP, available in the Matlab interface OPTI toolbox. The simulation study is performed254

for a 24 hour control horizon, at a sampling time ts of 15 minutes. SCIP is currently one of255

the fastest non-commercial solvers for MIP and MINLP. It is also a framework for constraint256

integer programming and branch-cut-and-price3,4. It uses Interior Point Optimizer (IPOPT)257

3SCIP: Solving Constraint Integer Programs.< http://scip.zib.de/>.
4T.Berthold, et al., Solving mixed integer linear and nonlinear problems using the SCIP

Optimization Suite, ZIB-Report 12-27 (July 2012), Takustrae 7 D-14195 Berlin-Dahlem
Germany.<file:///C:/Users/User/Downloads/ZR-12-27%20(1).pdf>
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and SoPlex as nonlinear and integer algorithms. SoPlex is an advanced implementation of258

the revised simplex algorithm for solving linear programs. It features preprocessing, exploits259

sparsity, and provides primal and dual solving routines. It is the default LP solver in SCIP.260

IPOPT is an open-source solver for large-scale nonlinear programming. IPOPT implements261

a primal-dual interior point method and uses line searches based on filter methods6,7. The262

solver offers solutions to problems of the form:263

min f (x), s.t.,


Ax ≤ b, Aeqx = beq(linear constraints)
c(x) ≤ d, ceq(x) = deq(nonlinear constraints)
Lb ≤ x ≤ Ub(variable bounds)
xi ∈ Z(integer decision variables)
x j ∈ {0, 1}, i , j(binary decision variables)

The measured results are compared with simulation results to demonstrate the effectiveness264

of the algorithm.265

3. Case study266

A typical apartment in South Africa has been used as a case study with appliances shown267

in Table 1. The household has a dedicated PV and battery system and a CHP.268

3.1. Tariff269

The tariff used is based on South Africa’s TOU Homeflex 1 tariff structure for residential270

consumers. The Homeflex 1 tariff has five charge components3 as service charge, network271

charge, environmental levy, peak charge and off-peak charges. We model these into fixed and272

variable charges as follows:273

ρt = FC + VC, (41)

where FC is a fixed charge and consist of service charge, network charge and environmental274

levy, while VC are peak and off-peak energy charges.275

FC = R(2.96 + 3.68 + 2.00)/100, (42)

and276

VC =

{
R1.7487, peak time, t ∈ [07:00,10:00),[18:00,20:00)
R0.5510, off-peak time, t ∈ [00:00,07:00),[10:00,18:00],[20:00,00:00].

3.2. Appliance data277

Appliance maximum rated power is specified by the appliance manufacturers and can be278

obtained from the appliances. One month’s weekday data on appliance usage in the house-279

hold under study were collected. Table 1 shows flexible, inflexible and night-time loads con-280

sidered for this work. Table 1 also shows the measured maximum run-time, Nk, of appliance281

k.282

7Opti Toolbox solvers. <http://www.i2c2.aut.ac.nz/Wiki/OPTI/index.php/Solvers> Date accessed
11.12.2016

3Eskom tariffs and charges 2011/2012 < http : //eskom.com >
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Table 1: Appliances data
Index (i) Appliances Rated Power Pi(kW) Duration Ni(hrs/day)

Flexible
1 Kitchen lights 0.11 As kitchen appliances
2 Laundry room lights 0.11 As laundry appliances
3 Microwave 1.5 1
4 Stove 2.2 2
5 EWH 2.0 5
6 Washing machine 2.4 2
7 Clothes dryer/spin 2.0 1
8 Vacuum cleaner 0.8 1
9 DVD player 0.025 3

Inflexible
10 TV room lights 0.11 As Tv
11 Refrigerator 0.4 3
12 Television 0.25 3
13 Decoder 0.07 3

Night loads
14 Breadmaker 1.5 3
15 Dishwasher 1.5 3

The the maximum budget (C) that the household is willing to incur in the study horizon283

is (R) 25. This data is obtained from the bill of the consumer.284

3.3. Photovoltaics array and battery data285

The household is assumed to have a battery bank with data provided in Table 2 and the286

data for PV is shown in Figure 2; this data is adopted from [15]. The battery capacity is287

an assumed value of 10 kWh. The minimum discharge capacity of 50% has been shown to288

sustain the lifespan of the battery [16].289
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Figure 2: PV power output

Table 2: Battery data
Battery capacity 10kWh
ηc 75%
ηd 100%
DOD 50%

3.3.1. Heat pump water heater parameters290

The HPWH considered in this paper is a Quantum solar heat pump1 air source tank-291

wrapped heat exchanger (condenser) and its parameters are shown in Table 3.292

Table 3: Heat pump parameters
Power input
(kW)

COP Storage capacity
(l)

Compressor (cc) Tank (h/ø) (m) 4x (m) κ (W/m.K) h (W/m2K)

7 3.8 270 39.0 1.41 × 0.66 0.035 0.055 6.3

The preferred hot water temperature is set to 50 ◦C ≤ Tk ≤ 60 ◦C; the average country293

ambient temperature of Ta = 25 ◦C is used. The initial water temperature in the tank is set to294

To = 52 ◦C. However, the above desirable temperature varies from one individual to another.295

The hot water demand and inlet temperatures extrapolated from [41]296

1www.quantumecohotwater.com.au
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4. Simulation results and discussion297

This section of the manuscript present the results obtained from the simulation with the298

weighting factors as w1=0.3; w2=0.2; w3=0.2; w4=0.3.299

In Figure 3, the optimal power flows are shown represented as; total electrical load con-300

sumed in the household PL, grid power Pg, battery discharge power P̄b and the CHP electrical301

output power PeCHP. The load power is at its peak morning at 08:00-09:00 at a load of 5.84kW302

and an evening peak of 6.85kW at 18:00. During the morning peak the load is satisfied by303

the grid power Pg = 2.07kW and the battery P̄b = 3.58kW while the CHP power is zero.304

At evening peak the load is also satisfied by both Pg = 2.07kW and P̄b = 4.7832kW while305

PeCHP = 0kW. However CHP supplies maximum power at t = 22 : 00 of 1.944kW. It306

is observed that the CHP supplies electrical power at all other times except at peak times307

because at that time it is more cheaper to use the battery than CHP. During off-peak times308

the load is met by both CHP and the grid, typically at t = 11 : 00;P̄b = 0kW, Pg = 2.07kW309

and PeCHP = 1.3722kW which both satisfy a load of PL = 3.4422kW. At t = 23 : 00;310

PL = 3.6142kW, P̄b = 0kW, PeCHP = 1.5442kW and Pg = 2.07kW.311
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Figure 3: Optimal power flows from the hub and the loads

Figure 3 above shows that the grid power stays almost relatively constant, with a very312

small variation. This solution suggests that it is more expensive to have CHP during peak313

times. It also shows that the consumer, with a number of sources can utilize less power from314

the grid and this could provide a great benefit to the grid in achieving less power consumption315

from the grid for stability. Figure 3 power flow simulations do satisfy the power balance316

equation equation (12) where it shows that the load PL is satisfied by all the three supply317

sources at any given time. At peak times power drawn from the grid is reduced by 64.55%318

and 69.79%, respectively for morning and evening peaks. During off-peak times it reduced319

by a maximum of 60.15%. This information could be very much useful to the utilities.320

The use of renewable source’s saves the CO2 emissions by over 80% in the day consid-321

ered. Figure 4 shows baseline and optimal emissions scatter plots.322
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Figure 4: Baseline & optimal CO2 emissions

Though, it is debatable whether CHP contributes to CO2 or not. In this paper, it has been323

assumed that the CHP fuel does not produce emissions, the though energy hub is charged. It324

is still an area that needs further study because [39] suggests that it is not always that CHP325

would bring CO2 savings. In their work, they discuss the impact of some major variables on326

the CO2 emission reduction capacity of co-generation. They consider two sets of variables:327

the characteristics of the CHP process and the composition of the electricity generation sector328

that are found to have an impact on CO2 reduction. However, in [40],they found out that CHP329

contributes greatly in CO2 mitigation. Therefore, this area needs further investigation.330

Figure 5 shows the heat pump load switching schedule. From 00:00 to 05:00 the heat331

pump switches on to heat the water before morning peak. The optimal control avoids schedul-332

ing it during morning peak, though it bring it in to maintain the temperatures within desirable333

range as shown in Figure 6.334

17



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

0 5 10 15 20 25
0

1

1.2

Time  (hrs)

U
h
p
 s

w
it

ch
in

g
 

Figure 5: The switching frequency of the heat pump

During the off peak TOU around 09:00 the heat pump is turned on till end of the period335

to rise the water temperature in readiness of the evening demand. The major advantage of336

this proposed optimal operation strategy it that, it avoids operating the heat pump in the peak337

TOU period which subsequently lowers the energy bill.338

The optimal temperature of the hot water supplied by heat pump is shown in Figure 6.339

The hot water temperature, Tk, rises from the initial To = 52 ◦C to 57 ◦C at 04:00. Thereafter,340

at 05:00 the temperature start dropping due to hot water demand. Tk lowers to 51 ◦C at 09:00341

due to high water demand, however, the optimal control switches on (as shown in Figure 5)342

the heat pump and temperatures rises to 59 ◦C at 17:00. The hot water temperatures is kept343

within customer desirable temperatures throughout the day at the same time benefiting from344

the reduced energy bill.345
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Figure 6: Optimal hot water temperature inside the heat pump water heater tank

The optimal control is meeting the customer’s constraints by providing the desirable hot346

water temperature, at the same time saving the energy cost.347

The battery’s SOC is shown Figure 7. The SOC is constant from midnight to 06:00 in348

the morning till sunrise. There is no PV production during the night, however, as the sun349
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irradiance begun the SOC is shown to increase from 5kWh to 10kWh at 09:00. The battery350

is fully charged and only at 18:00 during evening peak the battery supplements ( as shown in351

(Figure 3) the grid power and CHP to meet the loads.352 0 5 10 15 20
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Figure 7: The battery status of charge

Therefore, the SOC drops to 5kWh after 18:00 and the battery is not charged again due353

to the absence of the sun.354

Figure 8 presents simulation of the coupling of CHP gas parameters the Gt gas input with355

Ge and Gh as gas for conversion to electrical and thermal loads respectively. The upper two356

sub-plots; the first one is the gas used for electrical while the second one is for conversion into357

thermal. The thermal loads consumes a constant amount of gas input at 2.778 while gas for358

electrical loads varies for example at morning and evening peaks gas converted to electrical359

power is zero and this is in agreement with the load flow relations in Figure 3 where during360

peak times the CHP does not supply the electrical load.361
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Figure 8: Gas coupling

The gas consumption is at its maximum value of 14.9292 at t=22:00. It is at this time362

where we have seen above in the load flows that CHP supplies maximum power to the load.363

Figure 9 shows the cost components of: baseline(BL), optimal costs of all appliances364

and heat pump (LS), LS with battery discharging (LSBD), LSBD with CHP (LSBDECHP)365

and carbon cost (CO2) that the baseline cost of supplying all appliances and a heat pump is366

R111.57 and this cost is brought down by 47% due to optimal scheduling of appliances and367

the heat pump. It must be noted that it is assumed that the HP is switched on most hours of368

the day before the applying the strategy.369
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Figure 9: Cost comparison

The cost is further brought down by 12.15% due to the use of PV/Battery system while370

on the other hand 23% cost savings is realised due to the CHP. These results show that the371

optimal scheduling of appliances brings a significant contribution to the household energy372

cost reduction followed by the CHP while the PV/Battery system is the least. It is to be noted373

that the cost saving due to appliance shifting is affected by the disparity between the peak and374

off-peak price, which in this case is 30%.375

5. Conclusion376

An optimal control problem has been formulated to model the interaction among electric-377

ity and natural gas, the energy hub framework is adopted to determine a modelling procedure378

for such multi-carrier energy systems for grid connected residential with a CHP, PV and379

battery storage system under DR. It has been shown that use of energy carrier can help in380

modelling a residential with several interconnected sources and loads. It has been shown by381

simulation that the residential with can have different cost savings due to each supply compo-382

nent. The grid power has been dropped by a minimum of 60% while the CO2 emissions have383
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been reduced by over 80% with the assumption that the CHP contributes to the reduction of384

emissions.385

The benefit of the model could afford economic benefit to the residential consumers as386

has been seen in this case that the cost of power from the grid has been reduced by over 70%.387

The power consumption from the grid has been tremendously reduced and this is crucial to388

utilities. The electricity maximum cost savings realised from this arrangement is 95%. The389

carbon emissions are also are also reduced in this set up. Economic analysis to show the time390

of break even for the consumer on when they would start making returns from their capital391

incurred on the actual system is a further research that is currently ongoing.392
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