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Modeling of A Floating-Base Flexible Manipulator with Holonomic
Constraints on The End-Effector

Tianming Wang, Wenjie Lu and Dikai Liu'

Abstract— More and more applications of mobile robots
demand intervention capabilities, compared to the widely used
actively controlled rigid-link manipulators, passively controlled
flexible-link manipulators have the advantages of lighter weight,
higher operational speed, lower energy consumption and safer
operation. However, the mobile robot with the flexible-link
manipulator in contact situation has not gained much attention.
In this paper, we derive a mathematical model of a floating-
base flexible manipulator with the end-effector constrained at
a fixed contact position using assumed mode method and quasi
Lagrangian formulation. The proposed model is suitable for
aerial or underwater intervention applications with the flexible
link undergoing three-dimensional large bending deformation,
and can be utilized to calculate contact force given external
input force as well as pose and velocities of the robot. Compre-
hensive simulations and experiments were conducted for model
validation, the test results provide material evidence to verify
the model effectiveness.

I. INTRODUCTION

Mobile manipulators have gained extensive attention dur-
ing the last decades due to their improved maneuverability
and reduced power consumption over their rigid counterparts
[1]. Interaction with environment is a main application for
the mobile manipulators. Common interactive tasks, such as
cable connecting, object catching, and parts replacing, only
demand the rigid-link manipulator combined with the mobile
platform. However, for some exploration tasks or scientific
investigation work, there are usually a demand for the robot
to control its end-effector to contact with the environment for
sampling or detailed detection, but the mobile platform may
have some movement during operation due to some external
disturbances (wind or current). In this situation, the flexible-
link manipulators can be a better choice as they can provide
passive reaction, which is normally faster than the active
reaction of the rigid-link manipulators. Thus, our research
mainly focused on the floating-base flexible manipulator in
constrained circumstance.

Flexible link manipulators have gained extensive attention
during the last years due to their lightweight, higher opera-
tional speed, lower energy consumption and safer operation
compared with the rigid-link manipulators [2], [3]. These
advantages enable the flexible manipulators to be developed
in variant fields, such as manufacturing industries [4] and
aerospace industries [S5], [6]. Accordingly, the necessity of
analyzing the dynamic behavior of flexible link manipu-
lators has been arisen, which attracted many researchers
to explore. The most common dynamic modeling method
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is the Lagrangian formulation [7]-[11]. Chen [8] used the
Lagrangian approach for dynamic modeling of multi-link
flexible arms, the motion of each link is decomposed into
a nominal rigid body motion and a deviation due to elastic
deformations, while this is applicable only assuming small
deformation. Abe [10] provided a model of a two-link
rigid-flexible manipulator for large bending deformation, the
method assumed the dynamic behavior is dominated by the
first vibration mode. However, the high modes might also
have some impacts on the overall system dynamics under
some specific conditions. Chen and Huang [11] came up with
a model of single-link flexible manipulators with an infinite
number of vibration modes. Their modeling method benefits
the precision motion control of the flexible manipulators.

Some complex tasks may need the flexible manipulators
to interact with the environment. For example, thin and
lightweight flexible arms have been used in minimally inva-
sive surgery that make contact inside the patient’s body [12],
[13]. In atomic force microscopy, there would be interaction
between a flexible microcantilever and the sample [14].
Thus, it is necessary to take the contact constraints into
consideration when modeling. Plenty of work [15]-[18] still
focused on the Lagrangian formulation, but the Lagrange
multipliers was used to represent the contact forces and
torques. Some researchers [19]-[24] derived the constrained
equation of motion by applying Hamilton’s principle and the
Lagrange multiplier method. In these methods, the elastic
deflections were normally assumed to be small. Smoljkic et
al. [25] considered large deformations in flexible link, he
provided a quasi-static model instead of a dynamic model
for surgical cases where prudent operation is needed.

Existing work only considers fixed-base cases, while
floating-base flexible manipulators seems more and more
popular due to their improved manoeuvrability. However,
modeling of these robots becomes more difficult, as the
floating-base, like aerial robots or underwater robots, adds
six degrees of freedom, making the traditional Lagrangian
approach not effective any more. Thus, Meirovitch and
Kwak [26] have proposed a quasi-Lagrangian formulation
instead of standard Lagrangian formulation for modeling of
a spacecraft with flexible appendages, this new method writes
up the dynamics using body-fixed velocities, as the sensor
information and actuator forces are exerted on body-fixed
frame [20].

The mentioned research on the floating-base flexible ma-
nipulators only paid attention to unconstrained case, where
the manipulator has a free-moving end-effector, very few
work has been done on constrained case. Besides, most of the



above methods only considered small and planar deformation
of flexible link, as motion and deformation of each link only
occurs in the same direction of joint rotation. While the
floating base has 6 DOF, the link deformation may occur in
all directions, thus three-dimensional bending deformation
occurs. And the existence of constrained surface will give
rise to large bending deformation. However, there are also
limited work that has been done in modeling under these
situations.

This paper seeks a dynamic model of a floating-base
flexible manipulator with the end-effector having contact
with a point on the surface, thus holonomic constraints
are considered. Assumed mode method and modified quasi
Lagrangian formulation are used for model derivation, under
the occurrence of three-dimensional large bending defor-
mation of the flexible link. The developed model can be
utilized to calculate contact force based on known external
force and torque acting on the robot as well as pose and
velocities of the robot. Also, using the model in controller
design, the response could be faster than reading data from
the force/torque sensor. Furthermore, comprehensive experi-
ments have been designed for model validation.

In the following parts, Section 2 introduces problem for-
mulation and several modeling assumptions. Section 3 pro-
vides detailed mathematical derivation of dynamic equations
of motion. Then Section 4 presents experimental validation
procedures and result analysis.

II. PROBLEM FORMULATION

The robot introduced in this paper consists of a rigid body
of size Ly x Ly x L, and a flexible link of length L,, with
the end-effector connected to the end of the link through an
universal joint, as shown in Figure 1. The actuators mounted
on the robot body (propellers or thrusters) are not shown
here for simplification, but we consider the generalized force
input to the system is generated by the thrusters or propellers.
The flexible link is passive, and actuation comes from the
rigid body. To describe the motion of the robot, we introduce
a inertial frame O — XYZ and a body-fixed frame o — xyz
centered at the robot body origin.

The contact can be well described by a stick and slip
friction model [27]. However, the applications require the
end-effector stays at a contact position for several seconds
[28], therefore in this paper it is assumed that the end-effector
is attached to the contact point. The resultant robot dynamic
model and contact force calculated from it are effective in
determining the contact condition (stick or slip).

The following assumptions are made for development of
a dynamic model of the system.

o The flexible link can be considered as an Euler-
Bernoulli beam, as the universal joint allows the link
to rotate around the its neutral axis without twisting,
thus the effects of shear deformation and rotary inertia
can be neglected.

o The flexible link is of the first vibration mode.

o The universal joint is free from friction.

/ contact surface
end-effector < @ universal joint

flexible link

Fig. 1.

Floating-Base Flexible Manipulator

I1I. MATHEMATICAL MODELING

Quasi-Lagrangian formulation has been used for mathe-
matical modeling. It should be noticed that the body-fixed
velocity cannot be integrated to yield a set of generalized
coordinates in terms of position and orientation, in fact, the
integration has no immediate physical interpretation, thus the
associated variables are referred to as quasi-coordinates, and
the velocity components about the body axes can be regarded
as quasi-velocities [29].

To define the generalized and quasi coordinates, we first
need to define the rigid body pose vector in the inertial frame
and the rigid body velocity vector in the body-fixed frame
as

n=[R 6], v=[V, 0], (1)

where R, is the position of the origin of the body-fixed frame
o relative to the inertial frame O — XYZ expressed in the
inertial frame, and 0 is the angular displacements of 0 —xyz
relative to O — XYZ expressed in the inertial frame. V, is
the velocity vector of o and @ is the angular velocity vector
of axes o —xyz, both in terms of the body-fixed frame, they
have the relationship

V() =J cR();

® =146, ©)
in which R, and @ are the velocity vector of 0 and angular
velocities in terms of the inertial frame. J. is the rotation
matrix expressing the transformation from the inertial frame
to the body-fixed frame. J; is the Jacobian to transform
derivative of the Euler angles to body-fixed angular velocity.
Both J. and J; depend on the angular displacements 6, the
detailed expressions are given in Appendix A.

A. Assumed Mode Method

Because of the difficulty to model such continuous dy-
namic systems with infinite number of degrees of freedom
like the flexible link manipulators [30], some discretization
methods have been utilized to represent the elastic deforma-
tion of the link. Three main methods exist in literature, which



are assumed mode method [31], finite element method [30],
[32] and lumped parameter method [2], [33].

Our model used the assumed mode method, the dynamic
behavior is expected to be dominated by the first vibration
mode since the effect of the high-frequency modes is very
small. With assumed mode characterization, the transverse
elastic displacements w can be expressed as the multipli-
cation of space-dependent mode shape functions and time-
dependent modal coordinates

w(s,1) = 9(s)q(t), 3)

where the variable s is the coordinate along the deformed
configuration of the flexible link, ¢(s) and ¢(¢) represent
mode shape functions and modal coordinates, respectively.

/

X

Fig. 2. Flexible Link in Body-Fixed Frame

As shown in Figure 2, the vector of the transverse elastic
displacement in the body-fixed frame can be expressed as
(the bold letters represent vectors in this paper)

B

wP =] weosa wsinat 0 ]T.

“)
The bent flexible link is on a plane perpendicular to x-y
plane, the bending angle « is the angle between this plane
and x-z plane. And u represents the axial shortening of the
flexible link caused by large bending deformation. When
elastic deformation occurs, it is assumed that the neutral axis
of the flexible link is inextensional, hence u can be derived
based on the inextensibility condition [34] as

1, [5(de\’
u(s):fiq2 <d(f> ds. ®)

0

In the maneuver, the degrees of freedom arise from the
rigid-body translations and rotations of the platform and the
elastic displacements of the flexible link. Thus, we can define
the generalized coordinates and quasi velocities:

T

§=[R, 6 qga], p=[V,@qgal. ®

B. Constraint Equations

The constraint condition is that the end-effector is attached
to a fixed contact point, which can be described as

PL=[X Yo z]". 7)

As shown in Fig. 2, R? represents the position of the flexible
link’s upper end point in body-fixed frame

o(La)geosa
¢(La)gsina
L

5 +La+u(Ly)

RE=rB1wh=

e e

. ®)

where r? is the nominal position of the end point in unde-
formed link relative to o, and wf is the elastic displacement
of the end point, both expressed in the body-fixed frame. The

end point position in the inertial frame should be
R, =JIRI+R,. )

When in contact, Ré and P’C should be equalized

R, =P(
T pB ! (10)
J.R;+R,—P-=0,
this gives the constraint equations:
Q=J'RE+R,—PL. (11)

C. Quasi Lagrangian Formulation

To derive quasi Lagrangian equations of motion, the
Lagrange’s equations in terms of generalized coordinates
need to be given first

d [ L L oo\’
iGe) ot (Gr) A=se 0
d [ dL oL  [9Q\T
dt<ae) 0 <80) A=fy, (12b)
d (oL\ OL [dQ\!
i(5) 5%+ (5) 2o (120
d [ JL oL [dQ\T
dt((x>_8a+<8a> 2,:0, (12d)
where
L=T-U (13)

is the Lagrangian in which T is the kinetic energy and U is
the potential energy, Q and A are the constraint equations
and the Lagrange multipliers respectively, and the term f;
and f, are the force and torque acting on the robot, in terms
of the inertial frame.

According to the procedures described in Appendix B
[35], the Lagrangian equations of motion in terms of quasi-



coordinates can be expressed as follows

d (oT aT U
a\av,) " ®v, TR,

(14a)
<8R,,> =T,
d (dT oT 710U
m(m)” v, %56 TV 55
(14b)
Q
(8) Tv27
d ([T\ oT dU [dQ\T
dr(aq> St (5) amo 0w
d (dT\ dT dU [IQ\T
m(m)‘m*m*(aa) =0, (4d)

where the term 7, and 7, are the force and torque acting on
the robot, in terms of the body-fixed frame. The relationship
between generalized force in the body-fixed frame 7, and
that in the inertial frame f, is given in Appendix B.
Then we write the kinetic energy of the system
T = %m,VZVO +VI8 e+ %wTI,a), (15)
where m, is the mass of the robot rigid body, S, is a
skew symmetric matrix of first moments of inertia and I,
is the inertia tensor. It should be noted that, in this paper,
we assume the flexible link and end-effector are quite light
compared to the rigid body, thus we neglect their mass in
the calculation. The kinetic energy of the flexible link and
end-effector can be considered as zero due to the ignorable
mass.
The potential energy consists of two parts, elastic and
gravitational. The elastic potential energy is expressed as [10]

EI S(laf 29N\>  EI ,rlof d®¢\ [ do
Up=— ds+ — 16
£ Zq()(ds) +2qo<ds><ds) (16)
By assuming the center of mass and the center of volume are

the same for the robot rigid body, the gravitational potential
energy can be written as

U= _mrgTRoa o))

where g represents the acceleration of gravity.
Combining (16) and (17) together yields the total potential
energy of the system

U =Ug+Ug. (18)

Next, inserting (15), (18) and (11) into (14) and rearrang-
ing, we obtain the explicit Lagrange’s equations in terms of
quasi coordinates (matrix form is shown in Appendix C)

Mp+C(u)p+D(R)L+E(8)+F(8)A =1
Mp+N(p,8)+F(6)A=r<
Then we calculate the second derivative of the constraint
equations (11) (matrix form is shown in Appendix D)

A(8)is +B(k,8) = Os..

19)

(20)

Put (19) and (20) together, we can obtain the resultant La-
grange multipliers A, which is exactly the contact force that
the end-effector applies to the constraint surface expressed
in the inertial frame.

IV. MODEL VALIDATION
A. Experiment Platform

The following experiment platform is set in the Data Arena
at UTS for validating the proposed robot dynamic model.
As shown in Figure 3, the experiment platform consists of a
robot body mock-up and a fixed aluminum stand. The mock-
up consists of an aluminum cuboid body with a flexible link
mounted on its top. The link is made of a polyurethane
rod with length of 0.252 m. The upper end point of the
link is connected to a universal joint, which is fixed on the
aluminum stand through a force/torque sensor. This sensor
is used for measuring the contact force.

On the bottom of the body, a handle connects to the
body through another force/torque sensor, while the sensor
readings are not exactly the external input force and torque,
which are exerted on the rigid body’s center of mass, thus
there should be a mapping between the sensor readings and
the external input force/torque. These force and torque are
considered as the generalized force generated by the thrusters
or propellers. Both sensors we use are Nano25 transducer
from ATI Industrial Automation.

contact

point force/torque
sensor
universal
joint
flexible arm
link marker
body
marker »
rigid
body
force/torque
sensor
handle

Fig. 3.

Experiment Platform

Detailed parameters about the experiment setup are given
as follows. The rigid body has a mass of 1.377 kg and a cubic
geometry of 0.171 x 0.121 x 0.110 m?, its inertia moments
with respect to the three coordinate axes of the body-
fixed reference frame are 0.0041, 0.0061 and 0.0068 kgmz,
respectively. The flexible arm has the length of 0.252 m and
the diameter of 0.008 m, the flexural rigidity EI is 6.8e-4
Nm?.

As shown in Figure 3, IR reflective markers are fixed onto
the mock-up. The markers and thus the rigid body and the
flexible link are tracked by the OptiTrack motion capture
system in the Data Arena. Figure 4 shows an image of the IR
marker tracking during experiment, blue markers are attached
to the metal stand which is always fixed on the ground,



yellow markers are attached to the cuboid body of the mock-
up, and the orange markers are attached to upper end point
and middle point of the flexible link.

yellow markers for rigid body
orange markers for flexible link (end point & middle point)
blue markers for metal support

Markers: 10
Selected: 0

Fig. 4. An Image of OptiTrack Motion Capture System

B. Experiment Results

During experiments, the handle is manually operated to
introduce various motion of the rigid body and deformation
of the flexible link, all of which are obtained through the
OptiTrack motion capture system. At the meantime, the
contact force (constrained force) and the input force and
torque to the robot system are recorded. Then, given the
acquired input force and torque, together with the body and
arm pose and velocity, the contact force can be obtained from
the developed model in Section 3.
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Figure 5 shows the external input force and torque ob-
tained from the force/torque sensor. And Figure 6 illustrates
the contact forces measured by the force/torque sensor and
calculated through the developed model, respectively. We
mainly focus on the z-axis component of the contact force,
the comparison results are shown in Figure 7. We can tell
from this figure that, the contact forces of the experiment
and simulation have nearly the same trend, and the error
between them is sufficiently small (amplitude with in 0.8N).
The results prove the effectiveness of the developed model.



V. CONCLUSIONS

In this paper, we presented a mathematical modeling
approach for the floating-base flexible manipulator with holo-
nomic constraints on the end-effector. The assumed mode
method and modified quasi Lagrangian formulation have
been applied to derive the dynamic equations of motion,
under the occurrence of three-dimensional large bending
deformation of the flexible link. The contact force can be
calculated using this model based on known external input
force as well as pose and velocities of the robot. The sim-
ulation and experiment results have proven the effectiveness
of the proposed model.

APPENDIX

A. Transformation Matrix

J. is the rotation matrix between o —xyz and O — XYZ,
both J. and J; depend on the angular displacements 6, they
are as follows:

692C93 C92593 —592
Jo=| $0156,c03 — 01503 501562503 +cOicy  s01cH,
c0156,c03+ 501503  cPsOs03 —sOicy  cOicH,
) (21a)
[ 1 0 —s6,
Jd = 0 C91 Selcez s (21b)
L 0 —S91 C916’62

where ¢0; = cos 6;, s6; = sin 6;.

B. Quasi Lagrangian Equations of Motion

The standard Lagrangian equations of motion in terms of
generalized coordinates are

d (dL\ JL [oQ\"
i(n)5nt(5) #=re o
d (dL\ oJL [oQ\
(%) -5+ (%) 20 o
d (OL\ oL [oQ\"
According to the above, we have

|:V0:||: Jc 03><3:||:R:0:|

o | |03 J; 0 (23)

T .
v=J,17,
and, assuming that the matrix J, is not singular, we can solve
for the derivatives 1) by writing

n=Jyv, (24)

JITr, =0y, =1, (25)
_ JC 03><3

JE=u1= [ > ] 26

b—ra 03 (J))™! (26)

This enables us to express the kinetic energy as a function
of the variables v instead of 7). We denote this form of the
kinetic energy by T(Vv,q,q, o, &), as opposed to the original
form T(M,q,q,a,&). The potential energy U will keep the
original form as it does not include any items related to

inertial frame velocities, so as Q. Thus the new Lagrangian,
which also include the variables v, will be in the form

umn,qa). 20

Next we proceed to replace 1 by Vv in the Lagrange’s
equations (22a)

oL & IJLJv; & OJL
Tm—iZITViTm—i:ZICZk,’TVi, k_1,2,...,n,

where q;; is an element of matrix J,, it can clearly be written
as the column matrix

L(n,v.q,q,0,6) =T(v,q,q,0,6) —

(28)

JdL dL
= =Js= 29
from which it follows that
d (JdL d (JL . oL
i (81’]) =Ja (3\’) +Ju$~ (30)
Any element g;; of the square matrix J, has the form
Z aa,, _ 8a,, :VTBTaa,-j’ 31
8nr an an

which is a scalar. It must be noted here that the above triple
matrix product v7J] 31;’ does not involve summation over
the indices of a;;. Then we arrange the resulting scalars in
the square matrix

. aJ
Jo=vJ? [ ] , (32)
b an |
and we get
daL_dc?L .7 0Ja] OL
i i)~ () i 5] v o
Following the same pattern, we write

dL JdL oL dv; _ " JL 8a1]

(91’]/( N 8nk 12 aV,‘ 8nk aT]k ZZT aV, Z 8nk
_ﬁ .7 dJ, oL 2 T Tal oL
oM o v Iy bong v’

(34

where this time summations over both indices of a;; are
involved. However, there is no summation over the index
in dny. This enables us to write the column matrix
L JL aJ,] oL
—=— 4Vl |t ==,
an  adn on |, dv

TJT ala

(35)

where the triple matrix product v } produces n

row matrices, one for each d1;. These n row matrices are
arranged in the square matrix premultiplying %
Introduction of (33) and (35) into (22a) yields

d (oL s [0d.] oL
(’“dt(av)“’b[an]lav)‘

oL ;. [dd,] oL o\,
(55 vt |5 ], 5)+(5) 2=+

(36)




Next premultiply through (36) by JZ, we obtain

LN il oL (09,
dt <8v) ey —db on I (811) A=17, GD

which are referred to as the Lagrangian equations of motion
for quasi-coordinates, where

oJ oJ
r=vijl } —vTJT[ } , (38)
b an |, b an |,
e [ ® 0
J,I'= { Vv, @ ]7 (39

in which @ and V, are skew-symmetric matrices correspond-
ing to @ and V,, respectively. And

T, =J f,, (40)

representing the generalized force in body-fixed frame.

The equation (36) can be further decomposed into two
parts for V, and @ respectively, and (22b) and (22c) can be
involved in the complete form of the quasi Lagrange’s equa-
tions. Also, take (27) into consideration, the final equations
will be

v, oV, “°OR,
(22 . e
c aRo vl
d (0T ~ JT _oT 10U
dz(&w) Vogv, T @54 V) g
SN T (41b)
~p ! (5g) A=ra
d (0T\ oT oU [JQ\!
dt<3q> g 861+<9 ) A=0, @1
d (OT\ 0T oU [dQ\T
dt(&a) Ja (9(1—1_(906) A=0 (41d)

C. Lagrangian Equations of Motion in Matrix Form

Lagrangian equations of motion in terms of quasi coordi-
nates in matrix form:

m I3+ My, -8, 03,1 O3 V,
S, I,+Myp 031 O3y ()
013 013 0 0 q
013 013 0 0 a |
[ {nrd)+~(bMA1 —d)S'r 031 O34 v,
i S, @+V,My @I +dMy, Oz O3y o
013 013 0 0 q
L 01><3 0])(3 0 0 | Ot
[ Dyi Os5:3 O34 O3y V,
n 033 Dy, 0341 O3y o
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| O1x3 O1x3 O 0 o
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L 0
T o
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+ H;EJC A=19 |
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D. Second Derivative of Constraint Equations in Matrix
Form

The second derivative of the constraint equations in matrix
form:

Vo,
[JI —J.S(RE) JTK, JIK, | ‘;’
o
+| J@V, + T oRE + 20T BR +JTK | = 05,

(44)



where

[1]

[2]

[3]

[4]

[7]

[8]
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