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Abstract

In order to meet consumers’ exponentially growing demand, the next-generation wireless
communication systems are aimed at achieving high data rate, low latency, large
device density, and superior energy efficiency (EE). In this dissertation, we address
problems in different scenarios to ensure superior performance of next-generation
wireless communication systems.

We first consider the pilot sequence design for orthogonal frequency-division multi-
plexing (OFDM) systems in a high mobility environment. The design of pilot sequence
to minimize the mean squared error (MSE) of the channel estimate is proposed under a
linear minimum mean squared error (LMMSE) estimator for average path gains. Due
to the existence of interferences of pilot and data subcarriers, the MSE of the LMMSE
estimator is a nonconvex function. Then, the MSE of the LMMSE estimator is trans-
formed to a concave quadratic function and we develop a path-following optimization
procedure, which improves the MSE in every iteration and it quickly converges at
least to its local optimal solution. The developed path-following procedure can also be
adapted to design pilot sequences for the least-square (LS) and maximum-likelihood
(ML) estimators.

The second part of research is devoted to the optimal design of training sequences
for channel estimation in large-scale multiple-input multiple-output (MIMO) OFDM
systems. Under the criterion of minimizing the MSE of the channel estimate, the optimal
design of training sequences for such systems poses a truly large-scale optimization
problem, to which existing optimization solvers are not applicable. We develop a fast
convex programming (FCP) procedure to find its global optimal solution. In each
iteration of the proposed FCP procedure, a solution is found in a scalable and closed
form. The singularity and ill-conditionedness of the channel correlation matrices are
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also exploited to improve the computation efficiency. Furthermore, we also examine
the design of reduced-length training sequences and develop a successive quadratic
programming (SQP) procedure to find the solutions.

Thirdly, we consider the joint design of user power allocation and relay beamforming
in relaying communications, in which multiple pairs of single-antenna users exchange
information with each other via multiple-antenna relays in two time slots. The aim is
to maximize the system’s EE subject to quality-of-service (QoS) constraints in terms
of exchange throughput requirements. The QoS constraints are nonconvex with many
nonlinear cross-terms, so finding a feasible point is already computationally challenging.
The sum throughput appears in the numerator while the total consumption power
appears in the denominator of the EE objective function. The former is a nonconcave
function and the latter is a nonconvex function, making fractional programming useless
for EE optimization. Nevertheless, efficient iterations of low complexity to obtain its
optimized solutions are developed.

Finally, we consider MIMO multicell networks, where the base stations (BSs) are
full-duplex transceivers, while uplink users and downlink users are equipped with
multiple antennas and operate in a half-duplex mode. The problem of interest is to
design linear precoders for BSs and users to optimize the network’s energy efficiency.
Given that the EE objective is not a ratio of concave and convex functions, the
commonly-used Dinkelbach-type algorithms are not applicable. We develop a low-
complexity path-following algorithm that only invokes one simple convex quadratic
program at each iteration, which converges at least to the local optimum.
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Chapter 1

Introduction

This chapter starts with the motivation and scope of this thesis, then introduces some
related research topics, and finally shows outlines of this thesis.

1.1 Motivation and Scope

Since the 1980s, the wireless cellular networks have experienced the steady evolution
from first-generation (1G) to fourth-generation (4G). During the past several years,
mobile-broadband subscriptions have achieved 20% growth annually and will attain
4.3 billion by the end of 2017 [1]. With the rapid increase of mobile-broadband devices
connected to the wireless network, many new mobile multimedia applications are arising.
As a result, the amount of user data will increase to 58% of the global population.
Although the data explosion is unprecedented in its challenging to the current wireless
communication systems, it provides a driving force for developing the next-generation
(5G) wireless communication systems.

Recently, researchers and engineers from academics and industries have paid very
considerable attention to 5G. In 2013 the Mobile and wireless communication Enablers
for the Twenty-twenty Information Society (METIS) project was launched to lay the
foundation for 5G wireless communication systems [2–4]. This project has attracted 29
partners to participate in research, including Ericsson, Alcatel-Lucent, BMW group
research and technology, and Huawei technologies. Compared to 4G, the requirements
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for a 5G wireless communication system contain 1000 times higher aggregate data
rate; 100 times higher user data rate; 100 times higher number of connected devices; 5
times reduced end-to-end latency [3]. It should be noted that it is difficult to meet
these requirements simultaneously. Different applications have different requirements
of system performance.

To fulfill these requirements, many new potential technologies have been studied.
The large-scale (LS) antenna systems are effective means, which can provide very large
enhancements in terms of spectral efficiency (SE) [5]. As a novel multiple access tech-
nique, the non-orthogonal multiple access (NOMA) also can improve spectral efficiency
by allowing multiple users at the same time, frequency or code, but multiplexing in the
power domain [6, 7]. Another disruptive technology of 5G is millimeter wave (mmWave)
communications, which can allow larger channel bandwidth by moving carrier frequen-
cies to mmWave spectrum [8, 5]. Due to the larger channel bandwidth, the data rate
is significantly increased [8, 9]. Compared to half duplex (HD) operations, full duplex
(FD) operation can achieve higher spectral efficiency by allowing transmitting and
receiving at the sametime and in the same bandwidth as well [10, 11]. To enhance
the user experience, optimal signal processing is considered for the next-generation
wireless communication systems in this dissertation.

1.2 Problems in Next-Generation Wireless Com-

munication Systems

In order to meet consumers’ growing demand, many potential technologies are applied
in the next-generation wireless communication systems. To ensure reliability and
efficiency of wireless communication systems, this dissertation aims at solving the hard
non-convex optimization problems under various scenarios. In terms of the reliability
of wireless communication systems, the high-mobility orthogonal frequency-division
multiplexing (OFDM) systems and large-scale multiple-input multiple-output (MIMO)-
OFDM systems are studied. In addition, the energy efficiency of two-way multi-relay
communications and full-duplex networks are considered to ensure effectiveness of the
next-generation wireless communication systems.
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1.2.1 High-Mobility OFDM Systems

In the next-generation wireless communication systems, high mobility environment is
a typical application scenario where users have the demand of reliable data services.
However, providing reliable broadband wireless communications in this environment is a
challenging problem. In this environment, the transmitter or the receiver is mobile and
scatterers may also move. The transmitted signal undergoes many disturbing effects
that interfere with the signal, because the channel in the high mobility environment
represents doubly selective (time-selective and frequency-selective). As a multicarrier
transmission technique, the OFDM can effectively turn a broadband frequency-selective
channel into a large number of orthogonal, frequency-flat narrowband subchannels.
Moreover, with the help of a cyclic prefix (CP), OFDM can eliminate the inter-symbol
interference (ISI) from the multipath effect. Due to the above advantages of OFDM
systems, OFDM has been proposed for providing broadband data services in high-speed
train (HST) transportation systems [12–14] and in many other wireless standards.

However, the fast channel variation can destroy the orthogonality among the OFDM
subcarriers, causing inter-carrier interference (ICI) and severely degrading the quality
of data transmission. To cope with fast channel variations, a sequence of pilot samples
is inserted in each transmitted OFDM symbol to track the channel frequency response
(CFR) matrix that is needed for ICI compensation and data recovery [15, 16]. In
reference [17], the CFR matrix is first simplified by setting all the entries outside the
three main diagonals to zero. It is then vectorized to a sparse vector, which still has
a very high dimension. The covariance of this vector is computed off-line to extract
its dominant eigenvectors. These eigenvectors are then used to create a base for
linearly interpolating the simplified CFR matrix. The pilot sequence is then designed
to minimize the mean squared error (MSE) of this online interpolation. In reference
[18], based on the received signals at both sets of pilot and data subcarriers, a linear
minimum mean squared error (LMMSE) estimator is employed for each entry of the
CFR matrix. Since the number of these estimated CFR entries is much larger than
the number of subcarriers, the LMMSE estimation may not be efficient [19]. Besides,
the computational complexity of this scheme is very high. To overcome the drawback
of LMMSE estimation in estimating a large number of entries based on much fewer
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observations, reference [16] employed compressed sensing to estimate all entries of the
CFR matrix. The main advantage of compressed sensing is its ability to estimate sparse
vectors of large dimensions based on much fewer measurements. However, like the least-
square (LS) estimation, the statistics of the ICI is not exploited in compressed sensing.
The design of pilot sequence based on compressed sensing leads to a computationally-
intractable problem, which was addressed in [16] by discrete stochastic programming
of high computational complexity. In order to obtain accurate channel estimation,
pilot optimization for channel estimation for high-mobility single-input single-output
(SISO)-OFDM channels is studied in this thesis.

1.2.2 Large-Scale MIMO

In 5G systems, large-scale array can drastically increase the capacity due to aggressive
spatial multiplexing. It can also provide reliable communication against both inter-
ference and jamming by offering lots of degrees of freedom [20]. A large-scale MIMO
transceiver deploys a large number of antennas that are placed in a two-dimensional
(2D) planar array as opposed to a one-dimensional (1D) linear array as in a traditional
MIMO setup. The chief benefit of a 2D antenna arrangement is to reduce the form
factor of the antennas, hence making it more practical [21]. In addition to the small
form factor advantage, the large-scale MIMO setup allows the base station (BS) to
transmit/receive spatially-multiplexed signals to/from a large number of user terminals.
As a result, the base station can realize more directed transmissions in the azimuth
and elevation domains simultaneously for a larger number of user terminals.

The channel state estimation (CSE) is necessary to perform precoding and beam-
forming at the transmitter and coherent detection at the receiver. This allows practical
systems to operate close to the theoretical capacity [22]. Compared to SISO systems,
the problem of CSE in large-scale MIMO systems is much more difficult because there is
a much larger number of correlated variables to be estimated (the number of variables is
proportional to the number of transmit-receive antenna pairs and their associated chan-
nel delay spreads [23]). CSE for flat fading MIMO systems has been extensively studied
in the literature either for small-scale systems (see e.g. [24, 19, 25–27] and references
therein) or massive MIMO systems with a few hundred transmit/receive antennas (see
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e.g. [28–33]). For broadband wireless systems, which experience frequency-selective
fading, it is common to use OFDM so that the frequency-selective fading channel is
turned into parallel flat fading sub-channels. However, it is not efficient to estimate
these equivalent large-scale MIMO flat fading sub-channels separately because (i)
they are not independent but rather correlated in time, frequency and space, and
(ii) the total number of channel variables is too large. In fact, even for small-scale
MIMO-OFDM systems, the CSE problem and solutions are not a simple extension of
the techniques developed for flat fading MIMO channels [34, 35].

1.2.3 Two-Way Multi-Relay Communications

As a key technology, two-way relaying (TWR) [36–38] has gained considerable interest
in recent years due to its potential in offering higher information exchange throughput
for cognitive communications such as device-to-device (D2D) and machine-to-machine
(M2M) communications [39, 40]. In the conventional one-way relaying, which needs
four time slots for information exchange between a pair of users (UEs), whereas TWR
needs just two time slots for this exchange [41, 42, 37]. In the first time slot, known
as the multiple access (MAC) phase, all UEs simultaneously transmit their signals
to the relays. In the second time slot, also known as the broadcast (BC) phase, the
relays broadcast the beamformed signals to all the UEs. Due to offering double fast
communication, TWR obviously suffers from double multi-channel interference as
compared to one-way relaying [43, 44]. Both optimal control of UEs’ transmit power
and TWR beamforming are thus very important in exploring the spectral efficiency of
TWR.

There are various scenarios of TWR considered in the literature. The most popular
scenario is single-antenna relays serving a pair of single-antenna UEs [45, 42, 46]. The
typical problems are to design the TWR weights to either maximize the throughput
or minimize the relay power subject to signal-to-interference-plus-noise ratio (SINR)
constraints at UEs. Furthermore, the scenario of single-antenna relays serving multiple
pairs of UEs was addressed in [47] by a polyblock algorithm of global optimization [48]
and in [47] by local linearization based iteration. The fixed power allocation to UEs
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does not only miss the opportunity of power distribution within a network but can
also potentially increase interference to UEs of other networks [49, 50].

Meanwhile, the classical SE in terms of high throughput is now only one among
multiple driving forces for the development of the next-generation communication
networks [51]. The energy consumption of communication systems has become sizable,
raising environmental and economic concerns [52]. Particularly, the network energy
efficiency (EE) in terms of the ratio of the sum throughput and the total power
consumption, which counts not only the transmission power but also the drain efficiency
of power amplifiers, circuit power and other power factors in supporting the network’s
activities, is comprehensively pushed forward in 5G to address these concerns [53]. EE in
single-antenna TWR has been considered in [54] for single-antenna OFDMA in assisting
multiple pairs of single-antenna UEs and in [55] and [56] for multi-antenna relays in
assisting a pair of multi-antenna UEs. The main tool for a computational solution in
these works is semi-definite relaxation, which not only significantly increases the problem
dimension but also performs unpredictably [57]. Also, the resultant Dinkelbach’s
iteration of fractional programming invokes a logarithmic function optimization, which
is convex but still computationally difficult with no available algorithm of polynomial
complexity.

1.2.4 Full-Duplex Networks

FD communication, which allows transmission and reception at the same time and in
the same bandwidth as well to and from multiple downlink users (DLUs) and multiple
uplink users (ULUs), respectively, has emerged as one of the key techniques for the
next-generation communication networks [58–63]. Nevertheless, a challenging issue in
realizing FD communication is that the interference is very severe, not only because
of the residual FD self-interference (SI), but also the cross interference between the
uplink and the downlink transmissions. In this dissertation, we consider the design of
linear precoders to optimize energy efficiency under quality-of-service (QoS) constraints
in FD MIMO multicell networks. Specifically, the BSs are equipped with multiple
antennas and operate in the FD mode. There are two separate groups of multi-antenna
users (UEs) in each cell, the ULUs and the DLUs, and both groups operate in the
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HD mode. Actually, such precoder design problem has not been thoroughly addressed,
even for MIMO cooperative multicell networks with half-duplex base stations.

To ensure efficiency of wireless communication systems, the EE is considered as
the objective function for the multicell networks. Since the EE objective is not a ratio
of concave and convex functions, the Dinkelbach-type algorithm [64], which is the
main tool for obtaining computational solutions of EE optimization problems, cannot
be used directly. Some works [65, 66] consider the specific zero-forcing precoders to
completely cancel the interferences so that the user’s rate function becomes concave
and the QoS constraints become convex. Hence, the EE objective becomes a ratio
of concave and convex functions. It should be noted, however, the EE optimization
problems are still very difficult and there are no polynomial-time algorithms available
to solve them.

1.3 Dissertation Outline

The outline of the dissertation is as follows:
Chapter 1
This chapter presents the motivation and scope, the research topics and the outline of
the dissertation.
Chapter 2
A brief review of wireless channels is firstly presented in this chapter. Then, an overview
of optimization theory including sequential convex programming is introduced.
Chapter 3
To obtain accurate channel state information (CSI), the pilot optimization for an
SISO-OFDM system operating in a high-mobility environment is studied. We first
design a pilot sequence to minimize the MSE of the channel estimate under a LMMSE
estimator. Although it is a difficult polynomial fractional optimization problem, we
develop a path-following optimization procedure, which improves the MSE in every
iteration and quickly converges at least to its locally-optimal solution. Each iterative
solution is given in a closed form with very low computational complexity. Moreover,
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the developed path-following procedure can also be adapted to design pilot sequences
for the LS and ML estimators.

The work in this chapter has been published in:

• Zhichao Sheng, Hoang Duong Tuan, Ha H. Nguyen, and Yong Fang, “Pilot
optimization for estimation of high-mobility OFDM channels,” IEEE Transactions
on Vehicular Technology, vol. 66, no. 10, pp. 8795-8806, Oct. 2017.

• Zhichao Sheng, Hoang Duong Tuan, Yong Fang, Ho Huu Minh Tam, and Yanzan
Sun, “Data rate maximization based power allocation for OFDM system in a
high-speed train environment,” in Proc. 2015 IEEE Global Conference on Signal
and Information Processing (GlobalSIP), pp. 265-269, December 2015.

• Zhichao Sheng, Hoang Duong Tuan, and Yong Fang, “Power allocation for OFDM
system in a high-speed train environment,” in Proc. 2015 IEEE 26th Annual
International Symposium on Personal, Indoor, and Mobile Radio Communications
(PIMRC), pp. 650-655, September 2015.

Chapter 4
The optimal design of training sequences for channel estimation in large-scale MIMO-
OFDM systems is investigated in this chapter. For such systems, the number of transmit
antennas for the downlink (or the number of receive antennas for the uplink) is large,
but not large enough to benefit the asymptotical optimality of using equi-power training
sequences (e.g., due to practical constraints on deployment costs, space and antenna
size). The optimal design of training sequences with regard to the MSE of MMSE
estimator is a truly large-scale optimization problem, to which existing optimization
solvers are not applicable. A fast convex programming (FCP) procedure is developed
to find its global optimal solution. With the aid of the proposed FCP procedure, a
solution is found in a scalable and closed form. To improve the computation efficiency,
the singularity and ill-conditionedness of the channel correlation matrices are exploited.
Furthermore, we also examine the design of reduced-length training sequences and
develop a successive quadratic programming (SQP) procedure to find the solutions.

The work in this chapter has been published in:
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• Zhichao Sheng, Hoang Duong Tuan, Ha H. Nguyen, and Mérouane Debbah,
“Optimal training sequences for large-scale MIMO-OFDM systems,” IEEE Trans-
actions on Signal Processing, vol. 65, no. 13, pp. 3329-3343, July 2017.

• Zhichao Sheng, Hoang Duong Tuan, Ha Hoang Kha, and Yong Fang, “Effectively
inserted training for channel state estimation of spatially correlated MIMO-
OFDM,” in Proc. 2016 IEEE Sixth International Conference on Communications
and Electronics (ICCE), pp. 89-93, July 2016.

Chapter 5
The joint design of user power allocation and relay beamforming in relaying communica-
tions is studied. In such relaying communications, multiple pairs of single-antenna users
exchange information with each other via multiple-antenna relays in two time slots. All
users transmit their signals to the relays in the first time slot while the relays broadcast
the beamformed signals to all users in the second time slot. The objective of interest is
to maximize the system’s EE with the constraints of quality-of-service (QoS) in terms
of exchange throughput requirements. Since the QoS constraints are nonconvex with
many nonlinear cross-terms, it is difficult to find a feasible point. Moreover, the sum
throughput in the numerator of EE is a nonconcave function and the total consumption
power in the denominator is a nonconvex function. Hence, fractional programming
cannot cope with this EE optimization. Nevertheless, we propose efficient iterations of
low complexity to obtain its optimized solutions.

The work in this chapter has been published in:

• Zhichao Sheng, Hoang Duong Tuan, Trung Q. Duong, and H. Vincent Poor,
“Joint power allocation and beamforming for energy-efficient two-way multi-relay
communications,” IEEE Transactions on Wireless Communications, vol. 16, no.
10, pp. 6660-6671, Oct. 2017.

Chapter 6
The linear precoders for BSs and users are designed to optimize EE of MIMO multicell
networks with FD base stations. In these networks, the BSs are FD transceivers, while
uplink users and downlink users are equipped with multiple antennas and operate in
a HD mode. Since the EE objective is not a ratio of concave and convex functions,
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extending the commonly-used Dinkelbach-type algorithms to EE optimization is not
easy. Nevertheless, we develop a low-complexity path-following algorithm that only
invokes one simple convex quadratic program at each iteration, which converges at
least to the local optimum. Numerical results demonstrate the performance advantage
of our proposed algorithm in terms of energy efficiency.

The work in this chapter has been published in:

• Zhichao Sheng, Hoang Duong Tuan, Ho Huu Minh Tam, Ha H. Nguyen, and
Yong Fang, “Energy-efficient precoding in multicell networks with full-duplex
base stations,” EURASIP Journal on Wireless Communications and Networking,
March 2017.

Chapter 7
This chapter summarizes the works of this PhD dissertation and presents the future
research developments.



Chapter 2

Background

In this chapter, we first briefly describe the physical phenomena of wireless channels.
Then, the optimization theory, as a mathematical foundation for solving the problems
in this dissertation, is introduced.

2.1 Wireless Channel

In wireless communication, the radio waves are influenced by many physical phenomena
within propagation from the transceiver to the receiver. As one of basic elements
influencing the performance of wireless communication systems, fading occurs due
to the large-scale effect or small-scale effect. Therefore, the category of fading can
be roughly divided into two different types: large-scale fading and small-scale fading,
shown in Fig. 2.1.

2.1.1 Large-Scale Fading

Large-scale fading means variations occur over relatively large distances, which is
far greater than signal wavelength [67, 68]. On the one hand, large-scale fading is
represented by the path loss which decreases with distance; on the other hand, large-
scale fading also includes shadowing caused by obstacles between the transmitter and
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Fig. 2.1 Large-scale fading and small-scale fading.

receiver. Due to the effect of shadowing, the received signal power may be different
when the radio waves experience the same distance.

In the line-of-sight (LOS) environment without obstacle, the general path loss
model can be expressed as [69]

Pr(d) = PtGtGrλ
2

(4π)2d2L
, (2.1)

where Pr(d) is received signal power, d is the distance from the transmitter to receiver,
λ denotes the wavelength, and L is the system loss factor. Gt and Gr are transmit
gain and receive gain of antennas, respectively. When L = 1 and Gt = Gr = 1, the
free-space path loss in dB is

PL(d) = 10 log(Pt

Pr

) = 20 log(4πd

λ
). (2.2)

Indeed, another form of the path loss model that has attracted a lot of attention, is
log-distance path loss model and given as

PLref (d) = PL(d0) + 10n log( d

d0
), (2.3)

where d0 is a reference distance, which is chosen for different propagation environments.
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2.1.2 Small-Scale Fading

Small-scale fading represents rapid variation of amplitude and phase due to multipath
propagation and relative movement. In terms of time dispersion, if symbol period
Ts is much larger than delay spread, the wireless channel is frequency flat fading.
In this case, the symbols do not interfere with each other. Otherwise, the wireless
channel is frequency-selective fading, which results into inter-symbol interference. On
the other hand, in terms of frequency dispersion, if symbol period Ts is much larger
than the coherence time Tc, the wireless channel represents time-variant. Otherwise,
the wireless channel can be treated as time-invariant. Overall, small-scale fading can
be classified into four different types: frequency selective-time-invariant, frequency
flat-time-invariant, frequency selective-time-variant, and frequency flat-time-variant.

2.2 Optimization Theory

In this section, we first review convex optimization and then describe sequential convex
programming.

2.2.1 Convex Optimization

Fundamental definitions in convex optimization are given as follows

Definition 2.1 [48] Let a, b be two points of Rn. The set of all x ∈ Rn of the form

x = (1 − λ)a + λb

= a + λ(b − a), λ ∈ R (2.4)

is called the line through a and b. A subset M of Rn is callsed an affine set if it contains
every line through two points of it, i.e., if (1 − λ)a + λb ∈ M for every a ∈ M , b ∈ M ,
and every λ ∈ R.

Definition 2.2 [48] Given two points a, b ∈ Rn, the set of all points x = (1 − λ)a + λb

such that 0 ≤ λ ≤ 1 is called the (closed) line segment between a and b and denoted by
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[a, b]. A set C ⊂ Rn is called convex if it contains any line segment between two points
of it; in other words, if (1 − λ)a + λb ∈ C whenever a, b ∈ C, 0 ≤ λ ≤ 1.

Definition 2.3 [48] A function f(x) is convex, if x is on a convex domain C, for all
x, y ∈ C and 0 ≤ λ ≤ 1, it is true that

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y). (2.5)

Definition 2.4 [48] A function f(x) is concave, if x is on a convex domain C, for all
x, y ∈ C and 0 ≤ λ ≤ 1, it is true that

f(λx + (1 − λ)y) ≥ λf(x) + (1 − λ)f(y). (2.6)

Definition 2.5 [48] To the problem min{f(x)|x ∈ D}, a point x∗ ∈ D such that

f(x∗) ≤ f(x), ∀x ∈ D, (2.7)

is called a global minimizer. A point x′ ∈ D such that there exists a neighborhood W

of x′ satisfying
f(x′) ≤ f(x), ∀x ∈ D ∩ W, (2.8)

is called a local minimizer.

A convex optimization problem is represented by

min f0(x)
s.t. fi(x) ≤ 0, i = 1, . . . , m,

(2.9)

where fi(·), i = 0, . . . , m are convex functions. The most important characteristics of
such a convex optimization problem are

• Any local minimizer of (2.9) is also its global minimizer;

• (2.9) is computationally tractable for very wide classes of convex functions fi(·)
in the sense there are algorithms of polynomial complexity for its computation.
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2.2.2 Path-following Method for Nonconvex Programming

This dissertation focuses on the optimal signal processing for different techniques used
in 5G. However, the problems under consideration in this dissertation are nonconvex.
The major method used in this dissertation is sequential convex programming which
invokes a convex optimization problem at each iteration to generate a new feasible
point.

By a nonconvex optimization problem we mean (2.9) with at least one of fi(·), i =
0, . . . , m being a nonconvex function. The most important characteristics of nonconvex
optimization problems are

• A local minimizer is not necessarily a global minimizer;

• Their computation is very difficult. In fact, there is no computational algorithm
of polynomial complexity.

Fortunately, many nonconvex optimization problems arisen in optimal signal processing
for wireless communications can be practically and effectively addressed by path-
following algorithms, which invoke a convex optimization problem at each iteration to
generate their feasible points as we describe below.

Initialized by a feasible point x(0), at the κ-th iteration, a path-following algorithm
approximates nonconvex functions fi(·) by convex functions f

(κ)
i (·) such that

• f
(κ)
i (·) is a global upper bound of fi(·):

fi(x) ≤ f
(κ)
i (x) ∀ x.

• f
(κ)
i (·) agrees with fi(·) at the feasible point x(κ) found from the previous (κ−1)th

iteration:
fi(x(κ)) = f

(κ)
i (x(κ)).

Then the following convex optimization is solved to generate the next feasible point
x(κ+1):

min f
(κ)
0 (x)

s.t. f
(κ)
i (x) ≤ 0, i = 1, . . . , m.

(2.10)
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Note that any feasible point for the convex optimization problem (2.10) is also feasible
for the nonconvex optimization problem (2.9). As x(κ) and x(κ+1) respectively are a
feasible point and the optimal solution of (2.10), it is true that

f
(κ)
0 (x(κ+1)) < f

(κ)
0 (x(κ)) (2.11)

as far as x(κ+1) �= x(κ). Then the point x(κ+1) is better feasible point for the nonconvex
optimization problem (2.9) than x(κ) because

f0(x(κ+1)) ≤ f
(κ)
0 (x(κ+1))

< f
(κ)
0 (x(κ))

= f0(x(κ)) (2.12)

Since x(κ) is bounded by the constraint in (2.9), by the Cauchy’s theorem there is a
convergent subsequence {x(κν)} such that

lim
ν→+∞[f0(x(κν+1)) − f0(x(κν))] = 0.

For every κ, there is ν such that κν ≤ κ and κ + 1 ≤ κν+1, so

0 = lim
ν→+∞[f0(x(κν+1)) − f0(x(κν))]

≤ lim
κ→+∞[f0(x(κ+1)) − f0(x(κ))] ≤ 0,

showing lim
κ→+∞[f0(x(κ+1)) − f0(x(κ))] = 0.

As such the sequence {x(κ)} of improved feasible points at least converges to a point
satisfying the first-order necessary optimality condition for the original optimization
problem (2.9) [70].



Chapter 3

Pilot Optimization for Estimation
of High-Mobility OFDM Channels

3.1 Introduction

OFDM has now become the de facto transmission method for high-speed broadband
communication systems. In fact, OFDM has been standardized in digital video broad-
casting (DVB), wireless local area network (WLAN), worldwide inter-operability for
microwave access (WiMAX) and long-term evolution (LTE) cellular systems. OFDM
is a multicarrier transmission technique which effectively turns a broadband frequency-
selective channel into a large number of orthogonal, frequency-flat narrowband sub-
channels by the use of the fast Fourier transform (FFT) and inverse FFT (IFFT).
Furthermore, by adding a CP to each OFDM symbol, the ISI due to the multipath effect
can be avoided. Another important property of OFDM is that, being a multicarrier
transmission technique, it is very flexible to accommodate multiple users with OFDMA
by separating elements of the spectrum resource easily.

Recently, OFDM has also been proposed for providing broadband data services in
HST transportation systems [12–14]. However, in high-mobility applications, such as
when a HST travels faster than 300 km/h [71, 72], the wireless communication channels
vary significantly within each OFDM symbol. The fast channel variation destroys the
orthogonality among the OFDM subcarriers, causing ICI and severely degrading the
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quality of data transmission [73, 74]. To cope with fast channel variations, a sequence
of pilot samples is inserted in each transmitted OFDM symbol to track the CFR matrix
that is needed for ICI compensation and data recovery [18, 75, 17, 15, 16]. An accurate
estimation for the CFR matrix is challenging because of its large dimension, which is
proportional to the number of subcarriers (which can typically be as large as 512, 1024
or more).

To acquire the channel state information, many works focus on the estimation for
the CFR matrix. In reference [17], the CFR matrix is first simplified and then all the
entries outside the three main diagonals are setted to zero. After that, the simplified
CFR matrix is vectorized to a sparse vector and its dominant eigenvectors are computed
off-line. Based on these eigenvectors, the simplified CFR matrix is created by linearly
interpolating. In this work, the pilot sequence is designed by minimizing the MSE of
this online interpolation. In reference [18], based on the received signals at both sets
of pilot and data subcarriers, a LMMSE estimator is employed for each entry of the
CFR matrix. Due to the high-dimension of the estimated CFR matrix, the LMMSE
estimation may not be efficient [19]. Besides, the computational complexity of this
scheme is very high. To overcome the drawback of LMMSE estimation in estimating
a large number of entries based on much fewer observations, reference [16] employed
compressed sensing to estimate all entries of the CFR matrix. The main advantage of
compressed sensing is its ability to estimate sparse vectors of large dimensions based on
much fewer measurements. However, like the LS estimation, the statistics of the ICI is
not exploited in compressed sensing. The design of pilot sequence based on compressed
sensing leads to a computationally-intractable problem, which was addressed in [16] by
discrete stochastic programming of high computational complexity.

An important contribution to OFDM channel estimation in high-mobility envi-
ronments is made in [75, 76], which show that all entries of the CFR matrix can be
accurately tracked from the average path gains within a few consecutive OFDM symbols.
Specifically, using a basis expansion model (BEM) within a few consecutive OFDM
symbols is shown to capture very well the channel dynamics under a realistic high
Doppler frequency. The computational complexity for this tracking is very low as only
inverses of a few low-dimension matrices are needed. Since the number of average path
gains is small and independent of the number of subcarriers, their LMMSE estimation
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does not require many measurements, implying a shorter pilot sequence, hence a higher
spectral efficiency for OFDM data transmission. More recently, given that the channel
sparsity quickly reduces with a larger Doppler shift [77], reference [78] applies BEM
within a single OFDM symbol to estimate the dominant entries of the CFR matrix by
compressed sensing.

While the advantage of the BEM framework for OFDM channel estimation in
high-mobility environments is clearly demonstrated in [75, 76], it is pointed out that
the important issue of optimizing the training sequence to maximize the benefit of the
BEM technique has never been examined. To fill this gap, the goal of this chapter is to
design the pilot sequence to minimize the MSE of the LMMSE estimation of the average
path gains in the context of BEM. This is a challenging optimization problem since the
ICI from the data subcarriers appears as color noise in the pilot subcarriers [79]. On
the other hand, the ICI from the pilot subcarriers causes the inter-pilot interference
which is made complicated by the higher pilot power. It shall be shown that the
considered pilot design problem is a polynomial fractional function optimization whose
effective solution method has yet been developed to date. The main contribution of
this chapter is to show that the pilot optimization for minimizing the MSE of the
LMMSE estimation of the average path gains can be addressed by sequential convex
programming (SCP), which generates suboptimal closed-form points that converge at
least to a locally-optimal solution. The versatility of our approach is demonstrated
by extending it to design pilot sequences under the LS and maximum-likelihood (ML)
estimators.

The rest of this chapter is organized as follows. The challenges of CFR matrix
estimation are analyzed in Section 3.2. The optimal pilot sequence design with LMMSE
estimation for the average path gains is addressed in Section 3.3. Section 3.4 extends
the proposed approach to design pilot sequences for LS and ML estimators. Simulation
results are provided in Section 3.5 to demonstrate the effectiveness and superior
performance of the proposed solutions and algorithms over other algorithms in the
literature. Section 3.6 concludes the paper.
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3.2 High-Mobility OFDM: System Model and Chan-

nel Estimation

3.2.1 System Model

Wireless communication in high-mobility applications is typically provided by moving
relay stations (MRSs). For instance, MRSs are mounted on the roof of a HST [80, 81, 15]
and exchange information with BS deployed along the train track. Without loss of
generality, the number L of multi-path channel components is assumed to be fixed [75].
Under sampling with the time interval Ts, the time-domain channel is modelled as
sample-spaced time-variant L-tap channel, where the first tap represents the dominant
line-of-sight (LOS) propagation path and the remaining L − 1 taps represent non-LOS
propagation paths between the BS and MRS [82].

The impulse response h0(t) associated with the LOS propagation path is expressed
by [82]

h0(t) = αlos exp(j(2πfD cos(θ)t + ϕ0)), (3.1)

where αlos accounts for the path loss, ν is the velocity of the train, f is the carrier
frequency, c = 3 · 108 (m/s) is the light velocity, θ is the angle of arrival (AOA) of the
LOS path, ϕ0 is the phase shift and fD = νf/c is the maximum Doppler frequency.
The LOS path of the discrete-time channel at the sampling time index m is thus

h0(m) = h0 exp(j2πfD cos(θ)mTs), (3.2)

where h0 = αlos exp(jϕ0). The power gain of the LOS path is therefore σ2
0 = |h0|2. The

correlation between channel samples of the LOS path is

E{h0(m1)h∗
0(m2)} = σ2

0 exp(j2πfD cos θ(m1 − m2)Ts). (3.3)

The samples of L − 1 non-LOS (NLOS) paths h�(m) are assumed to be wide-sense
stationary uncorrelated scattering (WSSUS) random processes, whose power spectral
density follows the Jakes’s model with the maximum Doppler frequency fD [83]. For
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each NLOS path, the correlation between their channel samples is [83]

E{h�(m1)h∗
�(m2)} = σ2

� J0(2πfD(m1 − m2)Ts), � = 1, . . . , L − 1, (3.4)

where J0(·) is the zeroth-order Bessel function and σ2
� is the variance of h�(m). For

convenience, normalize the sum of the power gains of all paths to unity, i.e.,

L−1∑
�=0

σ2
� = 1.

The total power gains of all the NLOS paths is 1 − σ2
0. The so-called Rician factor of

the channel is then defined as [67]

KR = 10 log10
σ2

0

1 − σ2
0
. (3.5)

Consider the transmission of one OFDM symbol over K subcarriers during the
time interval [n(K + KCP)Ts, (n + 1)(K + KCP)Ts − Ts], where n denotes the OFDM
symbol number and KCP is the length of the CP in samples. Thus the duration of
an OFDM symbol is T = (K + KCP)Ts. To avoid IS), KCP is selected to be larger or
equal to the number of the channel taps, i.e., KCP ≥ L. At the receiver side, after
removing CP and taking the FFT of the received signal samples, the signal at the kth
subcarrier can be expressed as:

y(k) = 1
K

K−1∑
m=0

[
L−1∑
�=0

K−1∑
k′=0

x(k′) exp
(

2jπ
m(k′ − k)

K

)

× exp
(

−2jπ
k′�
K

)
h�(m)] + w(k) (3.6)

= H(k, k)x(k)︸ ︷︷ ︸
desired signal

+
K−1∑
k′ �=k

H(k, k′)x(k′)
︸ ︷︷ ︸

ICI

+ w(k)︸ ︷︷ ︸
noise

, k = 0, . . . , K − 1. (3.7)

In the above expression, x(k) is the symbol transmitted over the kth subcarrier, and
w(k) is additive white Gaussian noise (AWGN) sample, which is modelled as circularly
symmetric complex Gaussian random variable with variance σ2

w. At this point, for
notational simplicity, the sample h�(n(K + KCP)Ts + mTs) of the �th channel response
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is written as h�(m), i.e., the index n of the OFDM symbol is dropped. Then the entries
of the K × K CFR matrix H is

H(k, k′) =
K−1∑
m=0

L−1∑
�=0

h�(m)
K

exp
(

−2jπ
m(k − k′) + k′�

K

)
. (3.8)

It is pointed out that for time-invariant OFDM systems, h�(m) ≡ h� (i.e., indepen-
dent of the sampling time index m), which leads to

H(k, k′) =
L−1∑
�=0

h�

K

K−1∑
m=0

exp
(

−2jπ
m(k − k′) + k′�

K

)
= 0

whenever k �= k′. In this case, the channel matrix H is diagonal and y(k) in (3.7) is
free from ICI and only involves the CFR H(k, k) of the kth subcarrier. In contrast,
the time-varying characteristic of the paths h�(m) in the HST environment causes
H(k, k′) �= 0, hence the non-zero ICI term in (3.7).

From (3.7), it is desired to obtain all the CSI in H(k, k′), 1 ≤ k, k′ ≤ K in order to
compensate ICI for symbol detection. In [18], each entry H(k, k′) is estimated by an
LMMSE estimator based on y = [y(1), y(2), . . . , y(K)]T ∈ CK . Note that the number
of H(k, k′) is K2, which is always K times larger than the dimension K of the received
signal vector y. On the other hand, it is well-known that for the LMMSE estimator
to work properly, the number of observations should be no less than the number of
unknowns [19]. Also, the LMMSE estimators in [18] uses the inverse of the covariance
matrix E{yyH}, which is of very high dimensions K × K.

Exploiting the advantage of compressed sensing to recover sparse vectors of large
dimensions from much fewer measurements, reference [16] employs compressed sensing
to estimate all entries H(k, k′) based on observations at pilot subcarriers. Like LS
estimation, the statistics of the ICI is not taken into account in compressed sensing
technique. The computational complexity of compressed sensing is not necessarily low
and it also critically depends on pilot placement. The pilot sequence design poses a
computationally-intractable problem, which was addressed in [16] by discrete stochastic
programming.
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3.2.2 Basis Expansion Model (BEM)

This section briefly summarizes the OFDM channel estimation based on the BEM
in [75, 76]. First, with a slight change of notation, we temporarily define h�(n, m) =
h�(n(K + KCP) + m) as the mth channel sample of the �th path corresponding to
the nth OFDM symbol. The channel path gains h�(n, m) over Nc consecutive OFDM
symbols are represented by a polynomial BEM as [75]

h�(n, m) =
Nc−1∑
q=0

ηq�(n(K + KCP) + m)q + ξ�(n, m), (3.9)

where ηq� is the model coefficients, ξ�(n, m) represents the modeling error, 0 ≤ n ≤
Nc − 1, and 0 ≤ m ≤ K − 1. Then, the average path gain corresponding to the nth
OFDM symbol is

��(n) = 1
K

K−1∑
m=0

h�(n, m)

= 1
K

Nc−1∑
q=0

K−1∑
m=0

(n(K + KCP) + m)qηq� + ξ�(n), (3.10)

where ξ�(n) = 1/K
∑K−1

m=0 ξ�(n, m). Using the above BEM, the approach in [75, 76]
first estimate the average path gains in each OFDM symbol. The coefficients of the
BEM are then obtained from the average path gains. Finally. the channel path gains
h�(n, m) are reconstructed by the BEM over a few OFDM symbols.

By stacking Nc average path gains over Nc consecutive OFDM symbols, the coeffi-
cients η� = [η0�, . . . , η(Nc−1)�]T can be obtained as

η̂� = G−1����, (3.11)

where G(n, q) = 1/K
∑K−1

m=0(n(K + KCP) + m)q, and ���� = [��(0), . . . , ��(Nc − 1)]T .

As can be seen, the computational complexity of the BEM-based estimation is very
low since it is based on a system of small number of linear equations. Moreover, the
number of the average path gains ��(n) is the same as the tap number L, which is
not only small but also independent of the number of subcarriers K. From the view
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point of LMMSE estimation, one may not need so many measurements for estimating
L average path gains ��(n) in each OFDM symbol, which implies that not many pilot
samples are needed for their estimation. It is also pointed out that a better estimation
for η� can be obtained by representing (η0,�, η1,�)T with an auto-regression model and
then applying a Kalman filter for tracking [76].

3.2.3 Average Path Gain Estimation

Since it has been made clear about the meaning of the average channel path gains
in each OFDM symbol and how their estimates can be used in the BEM framework,
from now on, for notational simplicity, the OFDM symbol index n is dropped and the
average path gains are defined for one OFDM symbol as

�� = 1
K

K−1∑
m=0

h�(m), � = 0, 1, . . . , L − 1. (3.12)

The main purpose of this section is to analytically show how the pilot sequence
affects the MSEs of the estimates of the average path gains under the LMMSE,
LS and ML estimators. To this end, suppose that S pilot symbols are located at
positions {p1, . . . , pS} while the data symbols are placed in the remaining positions
{d1, . . . , dK−S}. Let ��� = [�0, . . . , �L−1]T ∈ CL denotes the average path gain vector,
Λ = [H(p1, p1), . . . , H(pS, pS)]T ∈ CS denotes the vector of the diagonal entries of the
CFR matrix at the pilot subcarriers. By using (3.12) in (3.8) one has

H(k, k) = 1
K

K−1∑
m=0

L−1∑
�=0

h�(m) exp
(

−2πj
k�

K

)

=
L−1∑
�=0

�� exp
(

−2πj
k�

K

)
, (3.13)

which particularly yields
Λ = FL���, (3.14)

where FL ∈ CS×L (S ≥ L) is a full column rank matrix with entries

FL(g, � + 1) = exp(−2jπpg�/K), g = 1, 2, . . . , S, � = 0, . . . , L − 1.
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The covariance matrix of ��� is calculated as

R��� = 1
K2 diag

⎧⎨⎩
K−1∑
m1=0

K−1∑
m2=0

E(h0(m1)h∗
0(m2)), . . . ,

K−1∑
m1=0

K−1∑
m2=0

E(hL−1(m1)h∗
L−1(m2)

⎫⎬⎭ ,

(3.15)
where each term E{h�(m1)h∗

�(m2)} is defined by (3.3) or (3.4).

Denote the pilot vector as x := [x1, x2, . . . , xS]T = [x(p1), . . . , x(pS)]T ∈ CS and the
data vector as xd = [x(d1), . . . , x(dK−S)]T ∈ CK−S with E{xd(xd)H} = IK−S. It then
follows from (3.7) that the vector of received signal samples at the pilot subcarriers are

yp = diag{x}Λ + Δx + Θxd + wp (3.16)

= F(x)��� + Δx + Θxd + wp, (3.17)

where

yp = [y(p1), . . . , y(pS)]T ∈ CS,

wp = [w(p1), . . . , w(pS)]T ∈ CS,

F(x) = diag{x}FL,

and

Θ =

⎡⎢⎢⎢⎢⎣
H(p1, d1) . . . H(p1, dK−S)

... . . . ...
H(pS, d1) . . . H(pS, dK−S)

⎤⎥⎥⎥⎥⎦ ∈ CS×(K−S), (3.18)

Δ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 H(p1, p2) . . . H(p1, pS)
H(p2, p1) 0 . . . H(p2, pS)

... ... ... ...
H(pS, p1) H(pS, p2) . . . 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ ∈ CS×S. (3.19)

The second term in the right hand side (RHS) of (3.16)/(3.17) causes inter-pilot
interference with the covariance matrix

E{ΔxxHΔH} = Ξ(xxH) :=
∑

1≤i,j≤S

x∗
i xjΔH

ij . (3.20)
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The deterministic matrices Δij in the above expression is defined in A.1 in the Appendix.

The third term in the RHS of (3.16)/(3.17) appears as color noise with covariance

E{Θxd(xd)HΘH} = RΘ ∈ CS×S, (3.21)

where the entry RΘ(s1, s2), 1 ≤ s1, s2 ≤ S is defined in A.4 in the Appendix.

Note that (A.2), (A.3) and (A.4) together with (3.3) and (3.4) give complete
calculations of Δij and RΘ. By (3.20) and (3.21), the statistics of ICI and noise terms
in the RHS of (3.16)/(3.17) are completely characterized.

LMMSE Estimation: Given that the pilot x is deterministic with ||x||2 = S and
the SNR associated with (3.7) is

SNR = 1/σ2
w, (3.22)

the LMMSE estimate of ��� is

�̂��MS = R���FH(x)(F(x)R���FH(x) + Ξ(xxH) + Rc)−1yp. (3.23)

The corresponding MSE E{||��� − �̂��MS||2} is [84]

mseMS(x) = Trace{R��� − R���FH(x)(F(x)R���FH(x)

+Ξ(xxH) + Rc)−1F(x)R���}, (3.24)

where
Rc = RΘ + σ2

wIS. (3.25)

LS Estimation: The LS estimator for ��� is

�̂��LS = F †(x)yp (3.26)
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which results in the following MSE:

mseLS(x) := E{||��� − �̂��LS||2}
= Trace{(I − F †(x)F(x))R���(I −

F †(x)F(x))H} + Trace{F †(x)(Ξ(xxH)

+Rc)(F †(x))H}
= Trace{F †(x)(Ξ(xxH) + Rc)(F †(x))H}
= Trace{F†

L(diag{x}H(Ξ(xxH) + Rc)−1

×diag{x})−1(F†
L)H}. (3.27)

ML Estimation: For the ML estimate of ��� is [85]

�̂��ML = (FH(x)(Ξ(xxH) + Rc)−1F(x))−1FH(x)(Ξ(xxH) + Rc)−1yp, (3.28)

and the corresponding MSE is

mseML(x) := E{||��� − �̂��ML||2}
= Trace{(FH(x)(Ξ(xxH) + Rc)−1F(x))−1}. (3.29)

Section 3.3 presents in detail the proposed path-following optimization procedure
for pilot sequence design under the LMMSE estimator. Then Section 3.4 extends the
proposed approach to optimize pilot sequences in the cases of LS and ML estimators.

3.3 Pilot Sequence Design for LMMSE Estimator

3.3.1 First-order Approximation

With the LMMSE estimator, the optimization of pilot sequence is to minimize the
MSE given in (3.24) subject to the power constraint ||x||2 = S. State mathematically,

min
x

mseMS(x) s.t. ||x||2 = S, (3.30)
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which is equivalent to

max
x

Trace{R���FH
L diagH{x}(diag{x}FLR���FH

L

diagH{x} + Ξ(xxH) + Rc)−1diag{x}FLR���}
s.t. ||x||2 = S.

(3.31)

Using (3.25), problem (3.31) boils down to

max
x

f(x) := Trace{F̃H(x)(Υ(x) + Rc)−1F̃(x)}
s.t. ||x||2 = S,

(3.32)

where F̃(x) = diag{x}FLR��� and

Υ(x) = diag{x}FLR���FH
L diagH{x} +

∑
1≤i,j≤S

x∗
i xjΔH

ij , (3.33)

with Δij defined by (A.2)-(A.3). It is seen that the entries of the inverse matrix in
(3.32) are polynomial fractional functions in x and hence the objective in (3.31) is
a sum of polynomial fractional functions. Consequently, (3.32) is a very challenging
optimization problem. Next, we develop sequential quadratic programming (SCP) [48]
of low computational complexity for its solution.

First, we shall make use of the following result [86].

Lemma 3.1 Suppose L(x) is an affine map from CS to CN1×N2. Then the function

Trace{L(x)Y−1LH(x)}

is convex in x ∈ CS and positive definite matrix Y of dimension N2 × N2.

It follows from Lemma 3.1 that the function g(x, Y) := Trace{F̃H(x)(Y+Rc)−1F̃(x)}
is convex in (x, Y). Therefore, for all x, x(κ) and positive definite Y, Y(κ), it is true



3.3 Pilot Sequence Design for LMMSE Estimator 29

that [48],

g(x, Y) ≥ g(x(κ), Y(κ)) + 〈∇g(x(κ), Y(κ)), (x, Y) − (x(κ), Y(κ))〉
= 2{Trace(F̃H(x(κ))(Y(κ) + Rc)−1F̃(x))}

−Trace{F̃H(x(κ))(Y(κ) + Rc)−1(Y + Rc)

×(Y(κ) + Rc)−1F̃(x(κ))}. (3.34)

Thus, for Y = Υ(x) and Y(κ) = Υ(x(κ)), one has

f(x) ≥ f (κ)(x)

:= 2{Trace(F̃H(x(κ))(Υ(x(κ)) + Rc)−1F̃(x))}
−Trace(F̃H(x(κ))(Υ(x(κ)) + Rc)−1(Υ(x)

+Rc)(Υ(x(κ)) + Rc)−1F̃(x(κ)))

= a(κ) + 2{(b(κ))Hx} − xHC(κ)x, (3.35)

where
G(κ) = F̃H(x(κ))(Υ(x(κ)) + Rc)−1,

a(κ) = −Trace{G(κ)Rc(G(κ))H},

b(κ) = (([FLR���G(κ)]1,1)∗, . . . , ([FLR���G(κ)]S,S)∗)T ,

C(κ)(i, j) = Trace(G(κ)ΔH
ij (G(κ))H)+

[(G(κ))HG(κ)]i,j[FLR���FH
L ]j,i, 1 ≤ i, j ≤ S.

(3.36)

The tractability of (3.35) is clarified by the following result.

Lemma 3.2 The matrix C(κ) defined in (3.35) is positive definite.

Proof: By (3.20), one has

xHC(κ)x = Trace(G(κ)(diag{x}FLR���FH
L diagH{x}

+E{ΔxxHΔH})(G(κ))H)
= Trace((G(κ))HG(κ)(diag{x}FLR���FH

L

diagH{x} + E{ΔxxHΔH}))
≥ 0, ∀ x ∈ CS.
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The above follows from the facts that (G(κ))HG(κ) is positive definite and
diag{x}RΛdiagH{x} + E{ΔxxHΔH} is positive definite for all x ∈ CS. �

Lemma 3.2 suggests that f (κ)(·) is a concave quadratic function in x, i.e., f (κ)(·) is
a concave quadratic lower bound of f(·). Accordingly, we propose the following method
to find the solution for the nonconvex optimization problem (3.32).

3.3.2 Convex Quadratic Program Solved by Lagrangian Mul-

tiplier and Bisection

Initialized from a feasible x(0), for κ = 0, 1, . . . , we solve the following convex quadratic
program to generate solution x(κ+1):

max
x

f (κ)(x) := a(κ) + 2{(b(κ))Hx} − xHC(κ)x

s.t. ||x||2 = S.
(3.37)

By using the Lagrangian multiplier, the optimal solution x(κ+1) of (3.37) can be
obtained in a closed form:

x(κ+1) =

⎧⎪⎪⎨⎪⎪⎩
(C(κ))†b(κ), ||(C(κ))†b(κ)||2 ≤ S,

(C(κ) + λIS)−1b(κ), otherwise,
(3.38)

where λ > 0 is found by a bisection procedure such that

||(C(κ) + λIS)−1b(κ)||2 = S. (3.39)

The bisection procedure for locating such λ is detailed as follows.

Bisection. Set λ� = 0 and λu = ||b(κ)||/√
S. For λ = (λu + λ�)/2, calculate

γ = ||(C(κ) + λI)−1b(κ)||2. Reset λ� ← λ if γ > S or λu ← λ if γ < S and continue the
process until |γ − S| < ε̃ for some tolerance level ε̃.

It is pointed out that the computational complexity for the above bisection is O(S2),
which is clearer lower than O(SK3) of the scheme in [18]. It is also much less than the
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computational complexity O(K2) for executing each iteration of the algorithm in [16]
because K � S. Moreover, the stochastic optimization algorithm in [16] converges very
slowly [16, Fig. 5] and also requires certain additional conditions for its convergence
[16, (32) and (33)].

Algorithm 1 Path-following algorithm for pilot sequence design
1: Initialization: Set κ = 0 and take any feasible solution x(0) to (3.32). For instance,

|x(0)(i)| = 1.
2: repeat
3: Solve (3.37) to generate x(κ+1) according to formula (3.38).
4: Set κ := κ + 1.
5: until

|(f(x(κ+1)) − f(x(κ)))/f(x(κ))| ≤ ε. (3.40)
for some total level ε > 0.

Algorithm 1 summarizes the iterative procedure for finding the optimal solution
of (3.32). The convergence property of the algorithm is established in the following
proposition.

Proposition 3.1 Algorithm 1 generates a sequence {x(κ)} of improved points, i.e.,

f(x(κ+1)) > f(x(κ)) (3.41)

as far as x(κ+1) �= x(κ). Thus Algorithm 1 stops after finitely many iterations by
criterion (3.40). Any limit point of the sequence {x(κ)} is a Karush-Kuhn-Tucker
(KKT) point of the necessary optimality condition.

Proof: Note that f(x(κ)) = f (κ)(x(κ)) and x(κ) is also feasible to (3.37), which
together with (3.35) give

f(x(κ+1)) ≥ f (κ)(x(κ+1)) > f (κ)(x(κ)) = f(x(κ)),

i.e., x(κ+1) is a better solution of (3.32) than x(κ) whenever x(κ+1) �= x(κ). Since {x(κ)} is
bounded by the constraint ||x(κ)||2 = S, by the Cauchy’s theorem there is a convergent
subsequence {x(κν)} such that

lim
ν→+∞[f(x(κν+1)) − f(x(κν))] = 0.
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For every κ, there is ν such that κν ≤ κ and κ + 1 ≤ κν+1, so

0 ≤ lim
κ→+∞[f(x(κ+1)) − f(x(κ))]

≤ lim
ν→+∞[f(x(κν+1)) − f(x(κν))] = 0,

showing lim
κ→+∞[f(x(κ+1))−f(x(κ))] = 0. The above procedure then obviously terminates

after finitely many iteration under criterion (3.40).

Since each solution of problem (3.37) is an inner approximate solution of (3.32),
each limit point x∗ of {x(κ)} is a KKT-point of the necessary optimality condition [70,
Th. 1]. �

In summary, Proposition 3.1 shows that Algorithm 1 is a path-following procedure,
which converges to an optimal solution of the nonconvex optimization problem (3.30).

Remark. Using (3.16), the LMMSE estimate of vector Λ of the diagonal entries
of the CFR matrix at the pilot subcarriers is

Λ̂MS = RΛdiagH{x}(diag{x}RΛdiagH{x} + Ξ(xxH) + Rc)−1yp, (3.42)

with the corresponding MSE:

E{||Λ − Λ̂MS||2} = Trace{RΛ − RΛdiagH{x}
(diag{x}RΛdiagH{x} + Ξ(xxH) + Rc)−1diag{x}RΛ},

(3.43)

where RΛ = FLR���FH
L ∈ CS×S. Similarly to (3.31), the optimization of pilot sequence

to minimize the MSE given by (3.43) is (3.32) with F̃(x) = diag{x}RΛ, but Υ(x)
remaining the same as defined by (3.33). Such a problem can also be solved by
Algorithm 1.
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3.4 Pilot Sequence Designs for LS and ML Estima-

tors

3.4.1 LS Estimator

First, the MSE achieved with the LS estimator in (3.27) is approximated as

Trace{F†
L(εIS + diagH{x}(Ξ(xxH) + Rc)−1diag{x})−1(F†

L)H} =
Trace{ε−1F†

L(F†
L)H − ε−1F†

LdiagH{x}[ε(Ξ(xxH) + Rc)
+diag{x}diagH{x}]−1diag{x}(F†

L)H}

with a small ε > 0. The pilot design problem is then turned to

max
x

f(x) :=Trace{F†
Ldiag{x}H [ε(Ξ(xxH) + Rc)

+ diag{x}diagH{x}]−1diag{x}(F†
L)H}

s.t. ||x||2 = S.

(3.44)

which can be solved by Algorithm 1 with

G(κ) = F†
LdiagH{x(κ)}(ε(Ξ(x(κ)(x(κ))H) + Rc)

+diag{x(κ)}diagH{x(κ)})−1,

a(κ) = −εTrace{G(κ)Rc(G(κ))H},

b(κ) = (([G(κ)]1,1)∗, . . . , ([G(κ)]S,S)∗)T ,

C(κ)(i, j) = ε · Trace(G(κ)ΔH
ij (G(κ))H) + [(G(κ))HG(κ)]i,j · [IS]j,i,

1 ≤ i, j ≤ S.

(3.45)

3.4.2 ML Estimator

The optimal pilot sequence design in [85] can be stated formally as

min
x

mseML(x) s.t. ||x||2 = S. (3.46)

It is pointed out that, the ML estimator in (3.28) is also a linear estimator. As such,
mseML(x) defined by (3.29) is always no less than mseMS(x) defined by (3.24) under
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the same pilot sequence x. This is analytically shown as follows. Using the matrix
inversion lemma, (3.24) can be written as mseMS(x) = Trace{(R−1

��� + FH(x)(Ξ(xxH) +
Rc)−1F(x))−1}. Then it is simple to see that

mseML(x) − mseMS(x) = Trace{Φ(Φ + R���)−1Φ} > 0,

where Φ = (FH(x)(Ξ(xxH) + Rc)−1F(x))−1.

Given the difficulty of the optimization problem (3.46), [85] replaces it by a lower-
bound minimization problem (which is not quite logical replacement since the mini-
mization should be exercised on the upper bound)1

max
x

Trace{FH(x)(Ξ(xxH) + Rc)−1F(x)}
s.t. ||x||2 = S.

(3.47)

The problem in (3.47) is then addressed in [85] by an ad-hoc method with no optimality
analysis.

Algorithm 1 is easily adapted to solve the lower-bound minimization problem in
(3.47) by simplifying Υ(x) in (3.33) to

Υ(x) = Ξ(xxH) =
∑

1≤i,j≤S

x∗
i xjΔH

ij .

Accordingly, f (κ)(x) in (3.35) and (3.37) is simplified to

f (κ)(x) := a(κ) + 2{(b(κ))Hx} − xHC(κ)x, (3.48)

where
G(κ) = FH(x(κ))(Ξ(x(κ)(x(κ))H) + Rc)−1,

a(κ) = −Trace{G(κ)Rc(G(κ))H},

b(κ) = (([FLG(κ)]1,1)∗, . . . , ([FLG(κ)]S,S)∗)T ,

C(κ)(i, j) = Trace(G(κ)ΔH
ij (G(κ))H), 1 ≤ i, j ≤ S.

Then Algorithm 1 is applied to iteratively generate x(κ+1) according to (3.38) and
(3.39).

1 Trace{(FH(x)(Ξ(xxH) + Rc)−1F(x))−1} ≥ 1/Trace{FH(x)(Ξ(xxH) + Rc)−1F(x)}
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Instead of the lower-bound minimization problem in (3.47), by introducing a fixed
arbitrary small ε, we approximate the solution of (3.46) by solving the following
problem:

max
x

f(x) :=Trace{FH(x)[ε(Ξ(xxH) + Rc) + diag{x}diagH{x}]−1F(x)}
s.t. ||x||2 = S.

(3.49)

The above problem can be solved by Algorithm 1 with

G(κ) = FH(x(κ))(ε(Ξ(x(κ)(x(κ))H) + Rc)
+diag{x(κ)}diagH{x(κ)})−1,

a(κ) = −εTrace{G(κ)Rc(G(κ))H},

b(κ) = (([G(κ)]1,1)∗, . . . , ([G(κ)]S,S)∗)T ,

C(κ)(i, j) = ε · Trace(G(κ)ΔH
ij (G(κ))H) + [(G(κ))HG(κ)]i,j · [IS]j,i,

1 ≤ i, j ≤ S.

(3.50)

3.5 Simulation Results

Similar to [18, 80], considered in all simulation studies is an uncoded SISO OFDM
system operating in a HST environment at a carrier frequency of f = 2.35 GHz [87].
The channel bandwidth is 5 MHz and the number of subcarriers is K = 512 [88].
Without loss of generality, the AOA of the LOS path is set to θ = 0 as in [81]. The
length of the cyclic prefix KCP is selected to be the same as the number of multipath
components L = 8 and the maximum delay is (L − 1)Ts. The Rician factor KR in (3.5)
is set according to the route of the HST operating in China. It is in the range [3.9, 21.9]
dB for the Beijing-Tianjin route and [3.3, 20.5] dB for Tianjin-Beijing route [87]. The
average power gains over the NLOS paths decay exponentially with the path delays
[18] and follow the classic Jakes’ Doppler spectrum [83]. Since the considered channel
is time-varying, S pilot symbols are grouped into equi-spaced clusters for channel
estimation [89]. Following [18], S pilot symbols are grouped into L evenly-distributed
clusters of the same size D = S/L. For implementing Algorithm 1, ε = 10−5 is set in
the stop criterion (3.40).
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3.5.1 Channel Estimation Performance

The simulation results presented in Figs. 3.1, 4.2 and 4.3 are for the train velocity
ν = 400 km/h and the Rician factor KR = 10 dB. With S = 32 and D = 4, the
convergence of Algorithm 1 in solving (3.30) is illustrated in Fig. 3.1. Fig. 4.2
compares the channel estimation performance in terms of MSE achieved with the
LMMSE estimator by solving (3.30), LS estimator by solving (3.44) with ε = 10−1, ML
estimator with the pilot sequence designed as in [85] (indicated in the figure’s caption as
“Kim et al”), which is regarded as the state-of-the-art result, and LMMSE estimator with
the pilot sequence adopted in LTE [90]. The LTE pilot is a pseudo-random sequence
that is defined by a length-31 Gold sequence [88]. Its elements are then grouped into L

evenly-distributed clusters of size D. Also shown is the estimation performance of the
LMMSE estimator with a random pilot sequence, which is randomly drawn from the
quadrature phase-shift keying (QPSK) constellation

{
±
√

1/2 ± j
√

1/2
}

[67]. Similar
comparison is provided in Fig. 4.3 but for S = 64 and D = 8, i.e., a longer pilot
sequence.
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Fig. 3.1 MSE in (3.24) versus the number of iterations in solving (3.30).

It is clear from these two figures that the MSE performance of the LMMSE estimator
when using the optimal pilot sequence obtained by solving (3.30) is always better than
the MSE performance of other estimators. The MSE performance of the ML estimator
with the pilot sequence designed as in [85] is worse than the MSE performance of other
estimators in the low SNR regime, but it is better than the MSE performance of the
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Fig. 3.2 Comparison of channel estimation errors with different channel estimators for
S = 32, D = 4 and ν = 400 km/h.

0 5 10 15 20 25 30
−40

−35

−30

−25

−20

−15

−10

−5

SNR (dB)

M
SE

 (d
B

)

LMMSE estimator
Kim et al
LS estimator
LMMSE estimator with Rand. pilot
LMMSE estimator with pilot in LTE

Fig. 3.3 Comparison of channel estimation errors with different channel estimators for
S = 64, D = 8 and ν = 400 km/h.

LS estimator and approaches the MSE performance of the LMMSE estimator in the
high SNR regime. In general, using a larger number of pilot symbols improves the
estimation performance as can be seen by comparing Figs. 4.2 and 4.3. It is pointed
out that similar MSE performance curves are observed for the slower train velocity of
ν = 300 km/h. Table 3.1 illustrates that when SNR = 25 dB, the iteration numbers for
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Table 3.1 Comparison of iteration number when SNR = 25 dB.

Scheme LMMSE ML LS
Iteration 19 30 45

the LMMSE estimator by solving (3.30), ML estimator, and LS estimator by solving
(3.44) with ε = 10−1 are 19, 30, and 45, respectively.

3.5.2 Data Detection Performance with Proposed Pilot De-

signs

To evaluate the estimation performance when the path gains h�(m) are obtained from
the average path gains, Fig. 3.4 shows the MSE of all channel entries accumulated for
Nc ∈ {2, 3, 4} and SNR = 25 dB. Here, the average path gains �� are estimated by the
LMMSE estimator, which is based on the pilot sequence found by solving (3.30). It
can be seen that MSE < 10−2 for fDT ≤ 0.1 (which corresponds to ν = 442 km/h),
even using just Nc = 2 consecutive OFDM symbols. Fig. 3.4 also suggests that more
than 2 consecutive OFDM symbols should be used for a higher normalized Doppler
frequency, fDT > 0.1.
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Fig. 3.4 MSE of the estimation of the channel path gains h�(n, m).

Once all the channel path gains h�(m) are reconstructed, the channel frequency
responses H(k, k′) can be determined according to (3.8). These frequency-domain
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channel responses are useful in alleviating the ICI from pilot subcarriers. More
importantly, the ICI from the data subcarriers can be mitigated by implementing
the following successive interference suppression (SIS) scheme [75]: (i) the diagonal
elements of the (K − S) × (K − S) matrix Hd made up of the elements at the
rows and columns from positions of data subcarriers in the matrix H are rearranged
from the largest to the smallest. Such ordering is denoted by {ψ1, ψ2, . . . , ψK−S}, e.g.
Hd(ψu, ψu) > Hd(ψv, ψv) with u < v; (ii) the data detection is a recursion process so
that the data subcarrier x(dψ1) is first detected by one-tap frequency equalizer, which
is then combined with the ψ1th column of Hd in reducing the ICI effect at the received
data subcarriers and so on.

Figures 3.5 and 3.6 depict the BER performance employing S = 32 and D = 4 with
ν = 400 km/h and ν = 300 km/h, respectively. In contrast to the one-tap equalization
suggested by Kim et al. in [85] which uses only the CFR H(i, i), the SIS detection
scheme is adopted so that the ICI effect is mitigated. It is observed that, at the high
SNR region, the BER performance improvement using the LMMSE channel estimation
and SIS detection is very significant when compared to performing one-tap equalization
as in [85]. Furthermore, under the same LMMSE channel estimation and SIS data
detection, using the pilot sequences obtained by solving (3.30) achieves better BER
performance than using random pilot sequences and the pilot sequences adopted in
LTE. It is pointed out that Fig. 3.6 shows better BER curves than those in Fig. 3.5.
This observation is also very reasonable since when the channel varies more quickly,
the quality of the channel estimation is reduced, resulting in worse BER performance.

Finally, to investigate the impacts of mismatch between the assumed channel
statistics and the true statistics on the estimation and detection performances, the
true variance σ̂� of h�(m) and the true maximum Doppler frequency f̂D in (3.3) are
modelled as σ̂2

� = σ2
� (1 + εm) and f̂D = fD(1 + εm) with εm ∈ {±5%, ±10%}. Fig.

3.7 shows the MSE achieved with the LMMSE estimator under these two mismatch
settings, and also when there is no mismatch. As can be seen, the mismatch of channel
statistics causes only a slight performance degradation in the low SNR region. This
explains why it has almost no effect on the BER performances as illustrated in Fig.
3.8. Therefore, it can be stated that our proposed pilot design is very robust against
the mismatch of channel statistics.
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Fig. 3.5 BER performance obtained with LMMSE channel estimation and SIS data
detection under different pilot sequence designs for ν = 400 km/h.
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Fig. 3.6 BER performance obtained with LMMSE channel estimation and SIS data
detection for ν = 300 km/h.

3.6 Conclusions

This chapter has studied pilot sequence designs for OFDM systems operating in a
HST environment. In particular, this chapter first considers the challenging nonlinear
optimization problem of pilot sequence design to minimize the MSE of the LMMSE



3.6 Conclusions 41

0 5 10 15 20 25 30
−40

−35

−30

−25

−20

−15

−10

−5

SNR (dB)

M
SE

 (d
B

)

No mismatch
5% error
10% error

Fig. 3.7 Comparison of channel estimation errors with statistics mismatch for S = 32,
D = 4 and ν = 400 km/h.
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Fig. 3.8 Comparison of BER performance with statistics mismatch for S = 32, D = 4
and ν = 400 km/h.

channel estimate. We developed a path-following procedure with sequential convex
programming to improve the MSE at each iteration and generate the suboptimal
solutions. It was also shown that the proposed path-following procedure can be applied
to design pilot sequences that minimize the MSEs of the LS and ML channel estimators.
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Extensive simulation results illustrate the effectiveness and superior performance of
our proposed solutions and algorithms.



Chapter 4

Optimal Training Sequences for
Large-Scale MIMO-OFDM Systems

4.1 Introduction

MIMO-OFDM is adopted in many wireless standards thanks to its implementation
flexibility and robustness against multipath fading channels. Nevertheless, new tech-
nologies are still required to meet the exponentially-growing demand for wireless data
traffic. Recently, LS MIMO configuration [91] has been proposed as one of the key
candidate technologies for the continuing evolution toward beyond-4G and 5G cellular
systems. In a nutshell, a large-scale MIMO transceiver deploys a large number of
antennas that are placed in a 2D planar array as opposed to a 1D linear array as in
a traditional MIMO setup. The key benefit of 2D antenna arrangement is to reduce
the form factor of the antennas, hence making it more practical [21]. For example,
deploying 64 antennas at 5 GHz in an 8×8 planar array with a half-wavelength spacing
would result in a form factor of 0.25m×0.25m, which is much smaller than a linear array
of 2m wide would the antennas be placed in a linear array. In addition to the small
form factor advantage, the large-scale MIMO setup allows the BS to transmit/receive
spatially-multiplexed signals to/from a large number of user terminals. This is because
with 2D antenna elements, dynamic and adaptive precoding/beamforming can be
performed jointly across all antennas. As a result, the base station can realize more
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directed transmissions in the azimuth and elevation domains simultaneously for a larger
number of user terminals.

This chapter is concerned with training sequence design for CSE in a large-scale
MIMO-OFDM system. CSE is necessary to perform precoding and beamforming at
the transmitter and coherent detection at the receiver. This allows practical systems to
operate close to the theoretical capacity [22]. Compared to SISO systems, the problem of
CSE in large-scale MIMO systems is much more difficult because there is a much larger
number of correlated variables to be estimated (the number of variables is proportional
to the number of transmit-receive antenna pairs and their associated channel delay
spreads [23]). CSE for flat fading MIMO systems has been extensively studied in the
literature either for small-scale systems (see e.g. [24, 19, 25–27] and references therein)
or massive MIMO systems with a few hundred transmit/receive antennas (see e.g.
[28–33]). For broadband wireless systems, which experience frequency-selective fading,
it is common to use OFDM so that the frequency-selective fading channel is turned
into parallel flat fading sub-channels. However, it is not efficient to estimate these
equivalent large-scale MIMO flat fading sub-channels separately because (i) they are
not independent but rather correlated in time, frequency and space, and (ii) the total
number of channel variables is too large. In fact, even for small-scale MIMO-OFDM
systems, the CSE problem and solutions are not a simple extension of the techniques
developed for flat fading MIMO channels [34, 35].

Many channel state estimators proposed in the past for (small-scale) MIMO-OFDM
simplify the problem by ignoring the spatial correlations among transceiver’s antennas
[34, 92]. The first estimator for spatially-correlated MIMO-OFDM channels was
developed in [35] but the proposed training sequence and estimator are locally optimized
at extreme SNR regimes only. The globally-optimized training sequences and estimator
were thoroughly addressed in [93, 94] for all SNR regimes. The CSE problem faced in
large-scale MIMO-OFDM systems is a highly-structured large-scale matrix problem,
which cannot be easily factorized for tractably-computational solutions. Whenever
the number of antennas is no more than 100 as in many current and future systems
[91], the CSE solutions for massive MIMO systems (with several hundred antennas
[95, 28, 29, 31]) may not apply. It should be pointed out that spatial correlations of
MIMO-OFDM channels have been exploited in [96] for the estimation of path delays.
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This chpater adopts the minimum mean square error (MMSE) criterion in optimizing
the training sequences for CSE of large-scale MIMO-OFDM systems. In connection to
a similar problem formulation in [93, 94] for small-scale MIMO-OFDM systems, the
MMSE-based CSE problem for large-scale MIMO-OFDM systems at hand poses the
following completely new issues:

• The channel correlation matrices are singular and ill-conditioned due to close
antenna spacing [35, 29]. This prevents the application of the matrix inversion
lemma, which is the main tool for formulating the training sequence design in
tractable optimization.

• The semi-definite programming (SDP) based solution of [93, 94] for small-
scale MIMO-OFDM systems becomes computationally prohibitive for large-scale
MIMO-OFDM systems due to large dimensions of training sequences. Efficient
procedures for solving large-scale SDP have not been developed.

• Optimization for training sequences of reduced length is practically relevant for
large-scale MIMO-OFDM as it leads to higher data throughput, but is a highly
nonconvex optimization problem, whose solution is not yet explored, even for
small-scale MIMO-OFDM systems.

The aim of this chapter is to resolve the aforementioned issues of CSE for large-scale
MIMO-OFDM systems. The main contributions of this chapter are elaborated in the
following.

• Bypassing the need of matrix inverse (which does not exist) or pseudo-inverse
(which is ill-conditioned) of the channel correlation matrices, we first obtain a
convex optimization formulation for the problem of MSE minimization. Moreover,
the singularity and ill-conditionedness of the channel correlation matrices are
also exploited for this tractable formulation. It also reveals that the number of
antennas to transmit the optimal training sequences does not excess the maximal
rank of transmission correlation matrices. In fact this development is new even
for small-scale MIMO-OFDM systems.

• Since the resulting convex optimization problem is large-scale, for which there
is no computationally-feasible solution procedure to date, we develop a scalable
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FCP to find its global optimal solution. This development is new even from the
optimization viewpoint.

• When seeking training sequences of a reduced length, the optimization problem
is no longer convex but is still large-scale. Nevertheless, we develop an efficient
SQP for its computational solution. Each iterative convex program admits a
closed-form solution so the iterative procedure is very efficient. The full length
of training sequences is LMt where L is the delay spread and Mt is the number
of antennas in downlink transmission, which is large for large Mt. We will show
that a very good CSE can be obtained by optimizing the training sequences with
the reduced length of LMt/2.

The rest of this chapter is organized as follows. Section 4.2 introduces the large-scale
MIMO-OFDM system model and formulates the optimization problem of CSE under the
MMSE criterion. Section 4.3 shows that the considered optimization problem can still
be cast into a convex program, which is however large-scale. Fast convex programming
for solving this large-scale convex program is developed in Section 4.4. Successive
quadratic programming for efficiently solving the large-scale, highly nonconvex program
of optimizing reduced-length training sequences is given in Section 4.5. Section 4.6
presents examples to illustrate the performance of our proposed methods. Concluding
remarks are given in Section 4.7.

4.2 Large-Scale MIMO-OFDM System Model and

Training Design

Consider a large-scale MIMO-OFDM system with Mt transmit antennas, Mr receive
antennas as depicted in Figure 4.1, where either Mt is large (e.g., up to 64) for downlink
transmission or Mr is large for an uplink receiver. The MIMO frequency-selective
fading channel can be described by the following transfer matrix:

H(z) =
L−1∑
�=0

H�z
−�,
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Fig. 4.1 A typical MIMO-OFDM system.

where each stationary process H� ∈ CMr×Mt represents the gains of the �th MIMO
path. It is noted that the matrix H� is either very fat (when Mt is large) or very tall
(when Mr is large). Under the assumption of Rayleigh block fading, the elements of H�

are circularly symmetric complex Gaussian random variables that remain unchanged
over the period of one OFDM symbol.

Due to close antenna spacings in 2D planar array, large-scale MIMO channels
exhibit spatial correlations. The spatial correlations of MIMO channels can be modeled
as follows [97–99]:

H� = R1/2
R,� HW,� (R1/2

T,� )T , � = 0, 1, . . . , L − 1, (4.1)

where the deterministic Hermitian-symmetric matrix 0 � RT,� ∈ CMt×Mt models the
correlation among the transmit antenna elements, which is typically singular [35, 29]
with

rank(RT,�) = τ�, (4.2)

which is less than Mt, while 0 � RR,� = R1/2
R,�R

1/2
R,� ∈ CMr×Mr captures the correla-

tion among the antenna elements at the receiver. The matrix HW,� ∈ CMr×Mt is
a stationary process, whose elements are independent and identical distributed cir-
cularly symmetric complex Gaussian random variables with unit variance. Define
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h = (vecT (H0), vecT (H1), . . . , vecT (HL−1))T ∈ CLMtMr . Then the correlation matrix
of h is

Rh = E[hhH ] = diag[RT,� ⊗ RR,�]�=0,...,L−1. (4.3)

Suppose the MIMO-OFDM system operates with M = 2M sub-carriers. Each
information block of length M goes through an OFDM modulator to form an OFDM
block and is transmitted via one transmit antenna. The CP length is chosen to be
longer than the channel order, L−1, to avoid inter-block interference (IBI). Specifically,
sequences x(j) ∈ CMt , j = 0, 1, . . . , M −1 are transmitted from Mt antennas on the jth
sub-carrier. Inside just one OFDM block, N = 2N << M training symbols are inserted
on the t0th, t1th,. . . , tN−1th sub-carriers for channel estimation. Mathematically, the
training sequences are inserted as

s(tk) = x(tk) ∈ CMt , k = 0, 1, . . . , N − 1.

The channel transfer function corresponding to the tkth sub-channel is

Hf (tk) :=
L−1∑
�=0

H�W
�tk
M , k = 0, 1, . . . , N − 1. (4.4)

Thus, the normalized input-output equation for each pilot sub-carrier is

r(tk) =
√

ρ

Mt

Hf (tk)s(tk) + n(tk), k = 0, 1, . . . , N − 1, (4.5)

where ρ is the average training signal-to-noise-ratio (SNR) at the receiver, the tkth
received signal vector is r(tk) = (r0(tk), . . . , rMr−1(tk))T ∈ CMr , the training vector is
s(tk) = (s0(tk), . . . , sMt−1(tk))T ∈ CMt , and n(tk) = (n0(tk), . . . , nMr−1(tk))T represents
AGWN, whose elements are i.i.d CN (0, 1) random variables. It is pointed out that,
in practice, ρ depends on the effects of path loss and shadowing (or shadow fading).
The path loss is a function of distance between the transmitter and receiver, while
shadowing represents the variation of received signal power due to blockages from
objects in the signal path [82].
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From Equation (4.5), we can write the received signal in the training phase as

r(tk) =
√

ρ

Mt

M(s(tk))h + n(tk), k = 0, 1, . . . , N − 1, (4.6)

where M(s(tk)) is defined as

M(s(tk)) =
[
W tk·0

M sT (tk) W tk·1
M sT (tk) · · · W

tk(L−1)
M sT (tk)

]
⊗ IMr . (4.7)

It can be seen from (4.5) that there are MrN measurements for the estimation of LMtMr

unknown parameters, which are the entries of matrices H� ∈ CMr×Mt , � = 0, 1, . . . , L−1.
When all the entries of H� are independent, to make the estimation problem meaningful,
it is widely known that the number of measurements is not less than the number of
unknowns [19], i.e.,

N ≥ LMt, (4.8)

which is large whenever Mt is large. The above condition on the number of sub-carriers
necessary for OFDM channel estimation is also stated in [100, 34, 35]. We shall see
in the next section that N = LMt is sufficient. Moreover, as the entries of H� are
correlated, we will also see that N = LMt/2 when Mt is large, or N = 2L when Mr is
large, can still provide good CSE quality, hence improving the efficiency of the training
phase.

Define the following training symbol matrix

S = [s(t0) s(t1) . . . s(tN−1)]T ∈ CN×Mt . (4.9)

Then (4.6) can be compactly represented as

r =
√

ρ

Mt

M(S)h + n, (4.10)

where

r =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

r(t0)
r(t1)
. . .

r(tN−1)

⎞⎟⎟⎟⎟⎟⎟⎟⎠ ∈ CNMr , n =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

n(t0)
n(t1)
. . .

n(tN−1)

⎞⎟⎟⎟⎟⎟⎟⎟⎠ ∈ CNMr ,
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M(S) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

M(s(t0))
M(s(t1))

. . .

M(s(tN−1))

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= F(S) ⊗ IMr ∈ CNMr×LMtMr ,

F(S) =
[
F0S F1S . . . FL−1S

]
∈ CN×LMt

and

F� = diag{W tk�
M }k=0,1,...,N−1,

� = 0, 1, . . . , L − 1, (4.11)

MH(S)M(S) = [(SHFH
� FmS) ⊗ IMr ]�,m=0,1,...,L−1

= [(SHFm−�S) ⊗ IMr ]�,m=0,1,...,L−1.

The CSE problem is to obtain an estimator ĥ for h from (4.10) with a known (deter-
ministic) training signal S. Since all the random vectors r, h and n in Equation (4.10)
are Gaussian with zero mean, ĥ is a Wiener filter (or MMSE estimator), which is the
mean of a conditional distribution of h [101]:

ĥ =
√

ρ

Mt

RhMH(S)
(

ρ

Mt

M(S)RhMH(S) + INMr

)−1
r. (4.12)

Obviously, the error e = h − ĥ is a Gaussian random variable with zero mean and
covariance

Re := Rh − ρ

Mt

RhMH(S)
(

ρ

Mt

M(S)RhMH(S) + INMr

)−1

M(S)Rh. (4.13)

In general, training design is to find the training matrix S ∈ CN×Mt to obtain
the conditional mean ĥ of the channel state h (which is considered as time-varying
stationary process) under some criterion and subject to the following training power
constraint:

tr{SHS} = Pt. (4.14)
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The commonly-used estimation criteria are minimum least square error [92], minimum
mean squared error E{||e||2} = tr(Re) [35, 93, 94] or minimum error-entropy H(e)
[24, 19, 25, 102]. The crucial assumption in all these works is the non-singularity of
the covariance matrix Rh, under which the Matrix Inversion Lemma can be applied to
simplify Re in (4.13) to

Re =
(

R−1
h + ρ

Mt

MH(S)M(S)
)−1

. (4.15)

For singular Rh as the case in this chapter, as pointed out in [102, 94] the Matrix
Inverse Lemma is no longer applicable, i.e., one cannot simply replace R−1

h in (4.15)
by its pseudo-inverse R+

h as done in [25] for MIMO channel estimation and [35] for
MIMO-OFDM channel estimation. There are also other positive but small eigenvalues
of Rh that make (4.15) ill-conditioned.

To overcome these issues, we first derive Re in a tractable form that does not
involve either R−1

h (which does not exist) or R+
h (which is often ill-conditioned) and is

always well-posed. This is done by using the matrix inverse lemma [103] as follows:

Re = R1/2
h

(
IτTMr − ρ

Mt

(R1/2
h )HMH(S)

×
(

ρ

Mt

M(S)R1/2
h (R1/2

h )HMH(S) + INMr

)−1
M(S)R1/2

h

)
(R1/2

h )H

= R1/2
h (IτTMr + ρ

Mt

(R1/2
h )HMH(S)M(S)R1/2

h )−1(R1/2
h )H , (4.16)

where τT = ∑L−1
�=0 τ� and R1/2

h = diag[R1/2
T,� ⊗ R1/2

R,�+]�=0,...,L−1 with

R1/2
T,� ∈ CMt×τ� . (4.17)

From now on, we consider the following optimization problem:

min
S∈CN×Mt

tr
(
R1/2

h (IτTMr + ρ
Mt

(R1/2
h )HMH(S)M(S)R1/2

h )−1(R1/2
h )H

)
s.t. tr{SHS} = Pt.

(4.18)

One can see that the singularity of the correlation matrices RT,� has been exploited
in dimension reduction for the optimization formulation. In general, the optimization
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problem (4.18) is a difficult nonconvex problem because of the Kronecker product
structures of matrices Rh and M(S). In the next section we show that (4.18) can
still be recast as a convex optimization problem. However, unlike small-scale convex
optimization problems considered in [93, 94], this convex optimization problem for
large-scale MIMO-OFDM systems is computationally prohibitive for existing solvers.
Therefore, Section 4.4 develops a very fast computation procedure for its solution.

4.3 Optimized Training Sequence by Large-Scale

Convex Optimization

Inside an OFDM block, N = 2N << M = 2M training symbols are inserted on the
0th, M/Nth,. . . , (N − 1)M/Nth sub-carriers for channel estimation. Mathematically,
the training symbols are inserted as

s(k) = x(kM/N) ∈ CMt , k = 0, 1, . . . , N − 1.

The kM/Nth sub-channel in (4.4) is

Hf (kM/N) := H(W kM/N
M )

=
L−1∑
�=0

H�W
�kM/N
M

=
L−1∑
�=0

H�W
�k
N , k = 0, 1, . . . , N − 1 (4.19)

Then M(s(kM/N)) in (4.6) is

M(s(kM/N)) =
[
W k·0

N sT (k) W k·1
N sT (k) · · · W

k(L−1)
N sT (k)

]
⊗ IMr . (4.20)

The matrices in (4.11) are simplified to

F(S) =
[
F0S F1S . . . FL−1S

]
,

F� = diag{W k�
N }k=0,1,...,N−1, � = 0, 1, . . . , L − 1, (4.21)

MH(S)M(S) = [(SHFH
� FmS) ⊗ IMr ]�,m=0,1,...,L−1.
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As pointed out before, the Kronecker product structures of matrices Rh and M(S),
which are due to the spatially correlated channels and OFDM modulation, render the
difficulty in solving the optimization problem in (4.18). To overcome this challenge, we
shall make use of the following lemmas on the inequality of a positive definite matrix
and orthogonality of the roots of unity.

Lemma 4.1 [103] For a positive definite block matrix X = [Aij]i,j=1,2,...,L with matrix
entries Aij and its inverse X−1 with matrix entries [X−1]i,j=1,2,...,L , the following
matrix inequality holds true

[X−1]i,i � A−1
ii , i = 1, . . . , L, (4.22)

with the equality if and only if the off-diagonal entries Aij, i �= j are zeros, i.e.,
X = diag[Aii]i=1,2,...,L.

Lemma 4.2 [104] It is true that W kN+i
N = W i

N and

1
N

N−1∑
k=0

W k�
N =

⎧⎪⎪⎨⎪⎪⎩
1, for � ≡ 0 ( mod N),

0, otherwise.

Using Lemma 4.1, the following theorem shows that N = LMt is the optimal number
of training symbols since the estimation quality under the same power constraint is
identical to that with using training sequences of longer lengths.

Theorem 4.1 Suppose that Q ∈ CN×Mt is composed of Mt orthonormal columns
qi ∈ CN , i = 1, . . . , Mt such that

QHFαQ = [qH
i Fαqj]i,j=1,2,...,Mt = 0Mt for 1 ≤ α ≤ L − 1. (4.23)
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Then the optimization problem in (4.18) in S ∈ CN×Mt is equivalent to the following
convex optimization problem in X ∈ CMt×Mt:

L	 = min
0	X∈CMt×Mt

L−1∑
�=0

tr
[
R1/2

�

(
Iτ�Mr + ρ

Mt

(
R1/2H

T,� X

×R1/2
T,�

)
⊗ RR,�

)−1
R1/2H

�

]
s.t. tr{X} = Pt (4.24)

for R1/2
� = R1/2

T,� ⊗ R1/2
R,�+, � = 0, 1, . . . ., L − 1. The optimal solution Sopt of (4.18) is

obtained from the optimal solution Xopt of (4.24) as

Sopt =
[
QX1/2

opt 0N×(Mt−τopt)

]
(4.25)

where τopt = rank(Xopt) and X1/2
opt ∈ CMt×τopt.

Proof For notational simplicity, we denote the objective function of (4.18) by I(S).
By Lemma 4.1, the following optimization problem gives a lower bound for (4.18):

min
S∈CN×Mt

L−1∑
�=0

tr
[
R1/2

�

(
Iτ�Mr + ρ

Mt

(R1/2H
T,� SHSR1/2

T,� ) ⊗ RR,�

)−1
R1/2H

�

]
s.t. tr{SHS} = Pt

(4.26)

Hence
min of Equation (4.18) ≥ min of Equation (5.24)

= min of Equation (4.24),
(4.27)

where the equality in (4.27) follows from the variable change 0 � X = SHS ∈ CMt×Mt

in (5.24), which is possible thanks to N ≥ Mt.

On the other hand, for Sopt defined by (4.25), it can be seen that

min of Equation (4.18) ≤ I(Sopt)

=
L−1∑
�=0

tr[R1/2
� (Iτ�Mr + ρ

Mt

[R1/2H
T,� XoptR

1/2
T,� ] ⊗ RR,�)−1R1/2H

� ]

= min of Equation (4.24) (4.28)
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which together with (4.27) yield

min of Equation (4.18) = min of Equation (4.24).

Thus, the proof of Theorem 4.1 is complete.

It is interesting to observe from (4.25) that only τopt out of Mt antennas need to
send the training pilots for channel estimation. Furthermore, the number τopt can
be effectively taken as the number of the eigenvalues of Xopt that are large than a
threshold.

Using Lemma 4.2, we now provide a construction of matrix Q that is composed of
Mt orthornormal columns qi, i = 1, 2, . . . , Mt satisfying (4.23), namely

qH
i Fαqj = 0, for i, j = 1, 2, . . . , Mt, 1 ≤ α ≤ L − 1. (4.29)

Define
K = �N/Mt�, (4.30)

i.e., K is the maximum integer not exceeding N/Mt. Then take

q1 = (q1(0), q1(2), . . . , q1(N − 1))T ,

|q1(i)| = 1/
√

N, i = 0, 1, . . . , N − 1,

qi(k) = q1(k)W K(i−1)k
N ,

k = 0, 1, . . . , N − 1; i = 2, . . . , Mt

(4.31)

so that ||qi|| = 1, i = 1, . . . , Mt. According to Lemma 4.2

qH
i Fαqj =

N−1∑
k=0

|q1(k)|2W −[K(i−j)−α]k
N

= 1
N

N−1∑
k=0

W
−[K(i−j)−α]k
N

=

⎧⎪⎪⎨⎪⎪⎩
1, for K(i − j) ≡ α ( mod N),

0, otherwise.
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For N satisfying (4.8), K(i − j) �= α for all 1 ≤ i, j ≤ Mt, 1 ≤ α ≤ L − 1 and
|K(i − j)| < N . Therefore

K(i − j) �= α ( mod N) ∀ 1 ≤ i, j ≤ Mt; α = 1, 2, . . . , L − 1 (4.32)

and (4.29) is verified. Moreover, |K(i− j)| < N particularly implies that K(i− j) �= 0 (
mod N). Thus from Lemma 4.2 one has

qH
i qj =

N−1∑
k=0

W
K(j−i)k
N = 0 (4.33)

whenever i �= j. That is, the matrix Q consisting of columns qi, i = 1, 2, . . . , Mt,
satisfies the orthogonality condition:

QHQ = [qH
i qj]i,j=1,2,...,Mt = IMt . (4.34)

In summary, we have shown that for N satisfying (4.8), a matrix Q satisfying the
condition of Theorem 4.1 exists, making the nonconvex optimization problem (4.18)
equivalent to the convex optimization problem (4.24).

One can recognize that (4.24) is convex since it is in fact the following SDP

min
0	X∈CMt×Mt ,

Z�∈C(MtMr)×(MtMr)

L−1∑
�=0

tr(Z�) s.t. tr{X} = Pt,

⎡⎣ Z� R1/2
�

R1/2H
� Iτ�Mr + ρ

Mt
(R1/2H

T,� XR1/2
T,� ) ⊗ RR,�

⎤⎦ � 0,

� = 0, . . . , L − 1,

(4.35)

where Z� are slack variables.

It is pointed out that the SDP in (4.35) is equivalent to the SDP in [94, (32)/(34)]
when RT,� is nonsingular. However, unlike [94], solving the SDP (4.35) with existing
solvers is not computationally feasible because of the large dimensions of the matrix
variables Z� ∈ C(MtMr)×(MrMr) and X ∈ CMt×Mt. The next section develops a novel
fast computational procedure to find the solution of (4.24) for the case of “full length”
training sequence, i.e., when N satisfies (4.8).
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4.4 Fast Convex Programming for Optimizing Full-

length Training Sequences

First, make the following singular value decompositions (SVDs)

RR,� = V�Υ�VH
� , (4.36)

where Υ� = diag(γ�1, . . . , γ�Mr), � = 0, 1, . . . , L − 1. It can be easily verified that
problem (4.24) is equivalently simplified to the following semi-definite program:

min
0	X∈CMt×Mt

L−1∑
�=0

tr
[
R̃1/2

�

(
Iτ�Mr + ρ

Mt

(
R1/2H

T,� XR1/2
T,�

)
⊗ Υ�

)−1
R̃1/2H

�

]
s.t. tr{X} = Pt,

(4.37)

for R̃� = RT,� ⊗ Υ�. We will approximate this semi-definite program by

min
0	X∈CMt×Mt

L−1∑
�=0

tr
[
R̃1/2

�

(
Iτ�Mr + ρ

Mt

(
R1/2H

T,� X(ε)R1/2
T,�

)
⊗ Υ�

)−1
R̃1/2H

�

]
s.t. tr{X} = Pt,

(4.38)

where X(ε) = X + εIMt � 0 whenever X � 0 and ε > 0. It is obvious that the optimal
solution of (4.38) will tend to that of (4.37). Moreover, the objective function in (4.38)
monotonically increases to that in (4.37) as ε → 0+.

Now, define

f�(X) = tr[R̃1/2
� (Iτ�Mr + ρ

Mt

(R1/2H
T,� X(ε)R1/2

T,� ) ⊗ Υ�)−1R̃1/2H
� ].

Suppose X(κ) is feasible for (4.38). It follows from Lemma B.1 in the Appendix that

f�(X) ≤ f
(κ)
� (X), (4.39)



58 Optimal Training Sequences for Large-Scale MIMO-OFDM Systems

for

f
(κ)
� (X) := f�(X(κ)) + ρ

Mt

tr
{

[Iτ�Mr + ρ

Mt

(R1/2H
T,� X(κ)(ε)R1/2

T,� ) ⊗ Υ�]−1R̃1/2H
� R̃1/2

� [Iτ�Mr

+ ρ

Mt

(R1/2H
T,� X(κ)(ε)R1/2

T,� ) ⊗ Υ�]−1
(
(R1/2H

T,� (X(κ)(ε)

×X−1(ε)X(κ)(ε) − X(κ)(ε))R1/2
T,� ) ⊗ Υ�

)}
. (4.40)

By partitioning

[Iτ�Mr + ρ
Mt

(R1/2H
T,� X(κ)(ε)R1/2

T,� ) ⊗ Υ�]−1R̃1/2H
� R̃1/2

�

×[Iτ�Mr + ρ
Mt

(R1/2H
T,� X(κ)(ε)R1/2

T,� ) ⊗ Υ�]−1 =
[A(�,κ)

mn ]m=1,...,τ�;n=1,...,τ�
, A(�,κ)

mn ∈ CMr×Mr

one has
tr
{

[Iτ�Mr + ρ

Mt

(R1/2H
T,� X(κ)(ε)R1/2

T,� ) ⊗ Υ�]−1R̃1/2H
�

×R̃1/2
� [Iτ�Mr + ρ

Mt
(R1/2H

T,� X(κ)(ε)R1/2
T,� ) ⊗ Υ�]−1

×
(
(R1/2H

T,� X(κ)(ε)X−1(ε)X(κ)(ε)R1/2
T,� ) ⊗ Υ�

)}
=

tr{X(κ)(ε)R1/2
T,� A(�,κ)R1/2H

T,� X(κ)(ε)X−1(ε)}
for A(�,κ) = [tr{A(�,κ)

mn Υ�}]m=1,...,τ�;n=1,...,τ�
.

Consider
min

0≺X∈CMt×Mt

L−1∑
�=0

f
(κ)
� (X) s.t. tr{X} = Pt, (4.41)

which is the same as

min
0	X∈CMt×Mt

tr
{

X(κ)(ε)
(

L−1∑
�=0

R1/2
T,� A(�,κ)R1/2H

T,�

)
X(κ)(ε)X−1(ε)

}
s.t. tr{X} = Pt.

(4.42)

Under the following SVD

X(κ)(ε)
(

L−1∑
�=0

R1/2
T,� A(�,κ)R1/2H

T,�

)
X(κ)(ε) = U(κ)diag(α1, . . . , αMt)(U(κ))H , (4.43)
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the optimal solution X(κ+1) of (4.41)/(4.42) is given in a closed form as follows:

X(κ+1) = U(κ)diag
⎛⎝((Pt + kε)√α1∑Mt

i=1
√

αi

− ε

)+

, . . . ,

(
(Pt + kε)√αMt∑Mt

i=1
√

αi

− ε

)+
⎞⎠ (U(κ))H , (4.44)

where k is the rank of

X(κ)(ε)
(

L−1∑
�=0

R1/2
T,� A(�,κ)R1/2H

T,�

)
X(κ)(ε).

As X(κ) is also feasible for (4.41) and X(κ+1) is the optimal solution of (4.41), it is true
that

L−1∑
�=0

f
(κ)
� (X(κ+1)) ≤

L−1∑
�=0

f
(κ)
� (X(κ))

which together with (4.39) yield

L−1∑
�=0

f�(X(κ+1)) ≤
L−1∑
�=0

f
(κ)
� (X(κ+1))

≤
L−1∑
�=0

f
(κ)
� (X(κ))

=
L−1∑
�=0

f�(X(κ)),

i.e., X(κ+1) is a better feasible point than X(κ) for (4.38) as far as X(κ+1) �= X(κ). If
X(κ+1) = X(κ) then it is obvious that X(κ) is the optimal solution of (4.41) and thus is
the KKT point for (4.41). It can be easily checked that any KKT point for (4.41) is
also a KKT point for (4.38).

The above analysis shows that {X(κ)} is a sequence of improved solutions of (4.38),
which converges to the KKT point [70]. Since (4.38) is convex, such KKT point is
its optimal solution. Thus, we have shown that the sequence {X(κ)} converges to the
optimal solution of the convex optimization problem (4.38). The pseudo-code for this
iterative process is provided by Algorithm 2. The following Proposition summarizes
the main result.



60 Optimal Training Sequences for Large-Scale MIMO-OFDM Systems

Algorithm 2 Fast Convex Programming (FCP) for optimizing full-length training
sequences

1: Construct qi, i = 1, . . . , Mt by (4.31) and form Q = (q1, . . . , qMt);
2: Initialize κ := 0 and X(0) feasible to (4.38).
3: repeat
4: Compute X(κ+1) by (4.43), (4.44).
5: Set κ := κ + 1.
6: until (∑L−1

�=0 f�(X(κ)) −∑L−1
�=0 f�(X(κ+1)))/∑L−1

�=0 f�(X(κ)) ≤ εtol.
7: Accept X = X(κ) and S = QX1/2H and calculate the performance metric by∑L−1

�=0 f�(X) in (4.24).

Proposition 4.1 Under any computational tolerance εtol > 0, Algorithm 2 will termi-
nate after finitely many iterations, yielding the global optimal solution of the large-scale
optimization problem (4.38).

Although the global convergence of Algorithm 2 is guaranteed for any initial point
X(0) that is feasible to (4.24), it is also important to initialize Algorithm 2 from a
good point to further reduce the computation effort. To this end, we now develop a
suboptimal strategy for solution of (4.24), which is faster than Algorithm 2 but performs
optimally only at the following special case of the transmit correlation matrix1:

RT,� = U0Λ�UH
0 , � = 0, 1, . . . , L − 1, (4.45)

where Λ� = diag[λ�i]i=1,...,Mt .

Under SVD (4.36), instead of (4.38), we consider another equivalent semi-definite
formulation

min
0	X∈CMt×Mt

L−1∑
�=0

tr
[
R̃1/2

�+

(
IMtMr + ρ

Mt

(
R1/2

T,�+XR1/2
T,�+

)
⊗ Υ�

)−1
R̃1/2

�+

]
s.t. tr{X} = Pt,

(4.46)

1It is pointed out that such a special case has been addressed in [35] for extreme SNR regimes of
small-scale MIMO systems only.
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with R̃1/2
�+ = R1/2

T,�+ ⊗ Υ1/2
� , which can be written as

min
0	X̃∈CMt×Mt

L−1∑
�=0

(
IMt ⊗ Λ1/2

�

) (
IMtMr + ρ

Mt

(Λ1/2
� X̃Λ1/2

� ) ⊗ Υ�

)−1 (
IMt ⊗ Λ1/2

�

)
s.t. tr{X̃} = Pt,

(4.47)
because X̃opt = UH

0 XoptU0 for the optimal solutions X̃opt and Xopt of (4.47) and
(4.46).

With the optimal solution X̃opt of (4.47), it is true that

X(0) = U0X̃optUH
0 (4.48)

is feasible to (4.38) and can be used as an initial point for the implementation of
Algorithm 2.

It follows from Lemma 4.1 that for any positive definite matrix X̃, one has

tr
[(

IMt ⊗ Λ1/2
�

) (
IMtMr + ρ

Mt
(Λ1/2

� X̃Λ1/2
� ) ⊗ Υ�

)−1 (
IMt ⊗ Λ1/2

�

)]
≥

tr
[(

IMt ⊗ Λ1/2
�

) (
IMtMr + ρ

Mt
diag[X̃(i, i)Λ�(i, i)]i=1,2,...,Mt ⊗ Υ�

)−1

×
(
IMt ⊗ Λ1/2

�

)]
.

Thus the optimal solution of (4.47) with only one constraint tr{X̃} = Pt must be in
the diagonal form:

X̃ = diag(y1, y2, . . . , yMt).

This means that the matrix optimization problem (4.47) in the variable X̃ is equivalent
to the following vector optimization problem in y = (y1, y2, . . . , yMt)T ∈ RMt :

min
yi≥0,i=1,2,...,Mt

Mt∑
i=1

fi(yi) s.t.
Mt∑
i=1

yi = Pt, (4.49)

where
fi(yi) =

L−1∑
�=0

Mr∑
j=1

λ�i

(
1 + ρ

Mt

λ�iγ�jyi

)−1
. (4.50)
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Although being convex, (4.49) does not admit a closed-form optimal solution.
Applying existing convex solvers for (4.49) is still time-consuming for large Mt. In the
remainder of this section we will develop a path-following procedure of extremely low
computational complexity for the optimal solution of (4.49).

Using the inequality

(1 + x)−1 ≤ (1 + x̄)−1 + (1 + x̄)−2x̄2(1/x − 1/x̄) ∀ x > 0, x̄ > 0

one has

fi(yi) ≤ f
(κ)
i (yi)

:= fi(y(κ)
i ) + α

(κ)
i (1/yi − 1/y

(κ)
i ) ∀ yi > 0, y

(κ)
i > 0

and fi(y(κ)
i ) = f

(κ)
i (y(κ)

i ) for

α
(κ)
i :=

L∑
�=0

Mr∑
j=1

λ�i

⎛⎝ (ρ/Mt)λ�iγ�jy
(κ)
i

(1 + (ρ/Mt)λ�iγ�jy
(κ)
i )

⎞⎠2
1

(ρ/Mt)λ�iγ�j

(4.51)

Therefore, at the κ-th iteration we solve the following majorant minimization of (4.49)

min
yi≥0,i=1,2,...,Mt

Mt∑
i=1

f
(κ)
i (yi) s.t.

Mt∑
i=1

yi = Pt, (4.52)

which admits a closed-form solution:

y
(κ+1)
i = Pt

√
α

(κ)
i∑Mt

j=1

√
α

(κ)
j

. (4.53)

The following proposition summarizes the above result.

Proposition 4.2 Under any computational tolerance εtol > 0, Algorithm 3 will ter-
minate after finitely many iterations, yielding the global optimal solution of the opti-
mization problem (4.47), which results in a feasible solution (4.48) of the large-scale
optimization problem (4.24).
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Algorithm 3 Faster Convex Programming (Faster CP) for suboptimal full-length
training sequences

1: Initialize κ := 0 and y
(κ)
i = Pt/Mt, i = 1, . . . , Mt.

2: repeat
3: Compute α

(κ)
i , i = 1, . . . , Mt by (4.51) and then y

(κ+1)
i , i = 1, . . . , Mt by (4.53).

Set y(κ+1) = (y(κ+1)
1 , . . . , y

(κ+1)
Mt

)T .
4: Set κ := κ + 1.
5: until (∑Mt

i=1 fi(y(κ+1)
i ) −∑Mt

i=1 fi(y(κ)
i ))/∑Mt

i=1 fi(y(κ)
i ) ≤ εtol.

6: Accept X̃opt = diag{y
(κ)
1 , . . . , y

(κ)
Mt

} and then X(0) by (4.48).

Remark. It can be seen from (4.50) that the rank of the optimal solution X̃opt of
(4.47) is no more than τmax, which is the maximum rank of RT,�, � = 0, . . . , L − 1.
Thus under the special structure (4.45), not more than τmax out of Mt antennas are
needed to send the optimal training sequences. It is pointed out that the computational
complexity for the Faster CP is O(LMtMr), which is clearer lower than O(M3

t ) of
FCP.

This section provides a novel fast computational procedure to find the optimal
solution of (4.24) for the case of “full length” training sequence, which satisfies (4.8).
To obtain higher data throughput, we consider the optimization for training sequences
of reduced length in the next section.

4.5 Successive Quadratic Programming for Noncon-

vex Optimization of Reduced-length Training

Sequences

For the case that the length of the training sequence is short such that N < LMt,
the convex optimization problem (4.24) is only a lower bound minimization of the
nonconvex optimization problem (4.18). Consequently, FCP developed in the previous
section does not provide an optimal solution. In this section we develop a SQP for
solving (4.18) for this case, which, by (4.13), is equivalent to the following optimization
problem:

max
S∈CN×Mt

f(S) s.t. (4.14), (4.54)
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where

f(S) = tr
[
RhMH(S)

(
ρ

Mt

M(S)RhMH(S) + INMr

)−1
M(S)Rh

]
.

At any S(κ) satisfying the power constraint (4.14), by using Lemma B.2 in the
Appendix, one has

f(S) ≥ f (κ)(S)
:= 2{tr(LH(S(κ))M(S))} − ρ

Mt

tr(Φ(S(κ))

×M(S)RhMH(S)) − tr(Φ(S(κ))),

where
L(S(κ)) =

(
ρ

Mt

M(S(κ))RhMH(S(κ)) + INMr

)−1
M(S(κ))R2

h,

Φ(S(κ)) =
(

ρ

Mt

M(S(κ))RhMH(S(κ)) + INMr

)−1

×M(S(κ))R2
hMH(S(κ))

×
(

ρ

Mt

M(S(κ))RhMH(S(κ)) + INMr

)−1

At the κ-th iteration, the following convex quadratic optimization is solved to generate
S(κ+1)

max
S∈CN×Mt

2{tr(LH(S(κ))M(S))} − ρ
Mt

tr(Φ(S(κ))M(S)RhMH(S))

s.t. (4.14).
(4.55)

where, by (4.11),

M(S)RhMH(S)) =
L−1∑
�=0

(F�SRT,�SHFH
� ) ⊗ RR,�.

Now, partition Φ(S(κ)) into N2 blocks of size Mr × Mr,

Φ(S(κ)) = [Φi,j(S(κ))]i=1,...,N ;j=1,...,N , Φi,j(S(κ)) ∈ CMr×Mr ,
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and then represent

x = vec(S), xn+(t−1)N = S(n, t), 1 ≤ n ≤ N, 1 ≤ t ≤ Mt.

Furthermore, let In,t ∈ RN×Mt be a matrix with all zero entries except In,t(n, t) = 1
and define In+(t−1)N := In,t. Then define b ∈ CNMt such that

b∗
n+(t−1)N = tr(LH(S(κ))M(It,n)), 1 ≤ n ≤ N, 1 ≤ t ≤ Mt,

and 0 � A ∈ CNMt×NMt such that, for 1 ≤ n′ ≤ N , 1 ≤ n ≤ N , 1 ≤ t ≤ Mt,
1 ≤ t′ ≤ Mt,

A(n′ + (t′ − 1)N, n + (t − 1)N)

= tr
(

Φ(S(κ))
(

L−1∑
�=0

(
F�In+(t−1)NRT,�IT

n′+(t′−1)NFH
�

)
⊗ RR,�

))

=
L−1∑
�=0

W
(n−n′)�
N RT,�(t, t′)tr

(
Φn′,n(S(κ))RR,�

)
.

It follows that
tr(LH(S(κ))M(S)) = bHx,

tr(Φ(S(κ))M(S)RhMH(S)) = xHAx.

Thus, problem (4.55) is in the form

max
x∈CNMt

[
2{bHx} − ρ

Mt

xHAx
]

s.t. ||x||2 = Pt, (4.56)

which admits the optimal solution in a closed form:

xopt = (A + μINMt)−1b, (4.57)

where μ = 0 if ||A−1b||2 ≤ Pt, otherwise μ > 0 such that

||(A + μINMt)−1b||2 = Pt. (4.58)

The value of μ can be easily found by the following golden search.
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Algorithm 4 SQP for nonconvex optimization of reduced-length training sequences
1: Initialize κ := 0 and X(0) as a feasible point for (4.18)
2: repeat
3: Compute xopt by (4.57) and X(κ+1) by matricization of xopt.
4: Set κ := κ + 1.
5: until |f(S(κ+1)) − f(S(κ)))/f(S(κ))| ≤ εtol for some tolerance εtol.
6: Accept S = S(κ) and f(S(κ)) as the performance.

Golden search. Start from μmin = 0 and μmax = ||b||/√
Pt and μ = (μmin +

μmax)/2. If ||(A + μINMt)−1b||2 < Pt reset μmax = μ, otherwise reset μmin = μ.
Continue search till ||(A + μINMt)−1b||2 = Pt.

Finally, S(κ+1) can be recovered from xopt, for which

f(S(κ+1)) ≤ f(S(κ)), (4.59)

i.e., the objective in (4.18) is decreasing.

Proposition 4.3 Algorithm 4 converges to a local solution of the nonconvex optimiza-
tion problem (4.18), which satisfies the KKT condition.

Proof It follows from (4.59) that the sequence {S(κ)} is a sequence of improved
solutions of (4.18), which either terminates or converges to point S̄ to satisfy the KKT
condition for the convex optimization problem (4.55) (with setting S(κ) = S̄), which is
also the KKT condition for the nonconvex optimization problem (4.18) [70].

It is useful to initialize Algorithm 4 from a good feasible point X(0), which can be
found through the following convex relaxation for (4.18). For N = �L/2�Mt < LMt,
the convex optimization problem (4.24) is only an upper bound of the nonconvex
optimization problem (4.18). The value of K defined by (4.30) is K = �L/2�, which
means L − 2K = 0 if L is even and L − 2K = 1 if L is odd. Therefore, K ≤ L − 1 and
2K > L − 1 for L even but but K ≤ L − 1 and 2K = L − 1 for L odd. Then

qH
i Fαqj = 0, for i, j = 1, 2, . . . , Mt,

α ∈ {1, 2, . . . , L − 1} \ {K, (L − 2K)2K}
(4.60)
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and

qH
i FKqj =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1, for |i − j| = 1 or

|i − j| = 2(L − 2K)

0, otherwise

(4.61)

qH
i F(L−2K)2Kqj =

⎧⎪⎪⎨⎪⎪⎩
1, for |i − j| = L − 2K

0, otherwise.
(4.62)

Moreover, |K(i − j)| < N particularly implies K(i − j) �= 0 ( mod N). Thus (4.33)
is verified by Lemma 4.2, which means {qi}Mt

i=1 are orthogonal and Q is full-rank.
This means that among L − 1 off-diagonal blocks (SHFαS) ⊗ IMr , 0 ≤ α ≤ L − 1
of MH(S)M(S) in (4.11) there is only one nonzero block, namely (SHFKS) ⊗ IMr

(when L is even), or two nonzero blocks, namely (SHFKS) ⊗ IMr and (SHF2KS) ⊗ IMr

(when L is odd). These nonzero blocks are off-diagonal sparse according to (4.61) and
(4.62) since Mt is large. Therefore, the convex optimization problem (4.24) is a tight
approximation of the nonconvex optimization problem (4.18).

4.6 Simulation Results

This section presents simulation results to illustrate the performance of our proposed
methods. Considered in the simulation are large-scale MIMO-OFDM systems employing
M = 1024 sub-carriers. Due to the BS form factor limitation in practice [91, 21], the
BS is equipped with Mh × Mv uniform planar arrays (UPAs) on a half-wavelength
lattice, where there are Mh rows in the horizontal dimension and Mv columns in the
vertical dimension. For example, 4 × 4, 8 × 4 and 8 × 8 corresponding to Mt = 16,
Mt = 32 and Mt = 64, respectively. There are Mr = 2 antennas at each user terminal
that are separated with a half wavelength. The wideband frequency-selective channel
is simulated with L = 4 taps, where the power gains are set as (σ2

0, σ2
1, σ2

2, σ2
3) =

(0.3, 0.3, 0.2, 0.2). Here, the spatial correlation matrix at the BS is written as RT,� =
Rh,� ⊗ Rv,�, where Rh,� and Rv,� are the horizontal and vertical channel covariance
matrices, respectively. Rh,� and Rv,� can be represented by one-ring model [105] that
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is extended to two-dimensional or planar array [99], and is given as

[Rs,�]p,q = 1
2�s,�

∫ θ̄s,�+�s,�

θ̄s,�−�s,�

e−jπ(p−q) sin(α)dα,

where s ∈ {h, v}, �h,� and �v,� are the angle spreads in the horizontal and vertical
dimensions, respectively, θ̄h,� and θ̄v,� are the angles of departure from the transmit
array. Likewise, the spatial correlation matrix at the receiver is expressed as

[RR,�]p,q = 1
2�r,�

∫ θ̄r,�+�r,�

θ̄r,�−�r,�

e−jπ(p−q) sin(α)dα,

where �r,� and θ̄r,� are the angle spread and angle of arrival at the receive array. In the
simulations, the angle spreads are the same and equal to σθ = 12◦. The cyclic prefix is
chosen to be L − 1 which is long enough to cancel inter-block interference. The power
budget is2

Ptot = MMt. (4.63)

Thus, the total power for data symbols is

Psym = MMt − Pt, (4.64)

which is equally located for all data symbols. Specifically, the received signal over the
kth data sub-carrier is given as

r(k) =
√

ρs

Mt

Hf (k)s(k) + n(k), k /∈ {t0, . . . , tN−1}, (4.65)

where ρs = Psym/(M − N)Mt and

Hf (k) := H(W k
M) =

L−1∑
�=0

H�W
�k
M .

Example 1 : This simulation example numerically evaluates the performance of optimal
training sequences designed in Sections 4.4 for downlink channel state estimation of

2Recall that the noise component in (4.5) is modeled to have unit variance.
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Table 4.1 The effective rank of Xopt/X̃opt in (4.41)/(4.47).

SNR (dB) 0 5 10 15 20 25
Mt = 16 4/5 6/6 6/6 8/8 8/8 8/9
Mt = 32 7/8 8/9 9/10 11/11 11/12 12/15
Mt = 64 11/13 13/13 14/15 15/19 16/19 18/20

large-scale MIMO-OFDM systems. The angles of departure are set to be

(θ̄h,0, θ̄h,1, θ̄h,2, θ̄h,3) = (13◦, 16◦, 20◦, 24◦) and

(θ̄v,0, θ̄v,1, θ̄v,2, θ̄v,3) = (20◦, 25◦, 28◦, 33◦), (4.66)

and the angles of arrival are

(θ̄r,0, θ̄r,1, θ̄r,2, θ̄r,3) = (290◦, 300◦, 315◦, 320◦). (4.67)

We first focus on the case of using the optimum training length, namely N = LMt. In
our discussion, the term “effective rank” is defined as the number of eigenvalues that
are larger than the threshold 10−6. The maximum effective ranks τmax corresponding
to Mt = 16, Mt = 32 and Mt = 64 are found to be 13, 20 and 30, respectively. It is the
small angle spread (σθ = 12◦) that results into the singularity of RT,�. The MSE with
optimal training sequences Xopt found by the proposed FCP in (4.41) with εtol = 10−5

and ε = 10−6 is plotted in Fig. 4.2, which is also compared with the equi-power solution
(S =

√
NQ). The optimal training sequences Xopt clearly and significantly outperform

the equi-power solution. Furthermore, the effective rank of Xopt is provided in Table
4.1, which can be seen to be smaller than the effective rank τmax. According to (4.25),
no more than τopt ≤ τmax out of Mt antennas need to send the training sequence.

Next, we compare the performance of training sequences obtained with FCP
and Faster CP. According to the definition of RT,�, the matrix U� depends on the
angles of departure and the angle spreads. Here, we consider two cases of the angles
of departure. When the angles of departure are set as (4.66), Fig. 4.3 plots the
MSE for training sequences obtained with FCP and Faster CP. There are only small
improvements in using FCP instead of Faster CP. This is due to the fact that such
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Fig. 4.2 MSE of FCP and equi-power solutions with N = LMt in the downlink
transmission: (4.66) and (4.67).

small angles of departure (θ̄h,0, θ̄h,1, θ̄h,2, θ̄h,3) and (θ̄v,0, θ̄v,1, θ̄v,2, θ̄v,3) result in similar
U� (� = 0, 1, . . . , L − 1). We also provide the effective rank of X̃opt in Table 4.1.

For larger angles of departure, such as

(θ̄h,0, θ̄h,1, θ̄h,2, θ̄h,3) = (13◦, 20◦, 36◦, 50◦) and

(θ̄v,0, θ̄v,1, θ̄v,2, θ̄v,3) = (20◦, 35◦, 49◦, 65◦), (4.68)

the unitary matrices U� (� = 0, 1, . . . , L − 1) become different. With these particular
settings of angles, The maximum effective ranks τmax corresponding to Mt = 16,
Mt = 32 and Mt = 64 are still 13, 20 and 30, respectively. Fig. 4.4 shows the MSE
for training sequences obtained with FCP and Faster CP. In this case, FCP clearly
outperforms Faster CP.

Example 2 : As mentioned earlier, in the case of N = LMt/2, the convex op-
timization problem (4.24) becomes a lower bound minimization of the nonconvex
optimization problem (4.18). Hence, training sequences found by FCP in Section 4.4
are not optimized. However, the SQP algorithm proposed in Section 4.5 is able to find
the optimal training sequences. First, for the angles of departure and arrival set as
(4.66) and (4.67) and N = LMt/2, the values of MSE achieved by optimal training
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Fig. 4.3 MSE for training sequences obtained with FCP and Faster CP in the downlink
transmission: N = LMt, (4.66) and (4.67).
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Fig. 4.4 MSE for training sequences obtained with FCP and Faster CP in the downlink
transmission: N = LMt, (4.67) and (4.68).
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Fig. 4.5 MSE for training sequences obtained with FCP and SQP in the downlink
transmission: N = LMt/2, (4.66) and (4.67).

sequences found by SQP and FCP are compared in Fig. 4.5. As expected, the optimal
training sequences found by SQP significantly outperform training sequences found by
FCP with Mt ∈ {16, 32}. Fig. 4.6 plots the MSEs of SQP in (4.54) with Mt = 16 and
N = LMt/2 versus iteration numbers for different SNR values and when εtol = 10−5 is
set for the stop criterion. It is observed that the MSE is monotonically decreasing with
increasing iteration number. Fig. 4.7 plots the MSE for optimal training sequences
obtained by FCP with N = LMt and SQP with N = LMt/2. It can be seen that the
optimal training sequences by FCP with full length N = LMt achieves better MSE
than that achieved by the training sequences with the reduced, half-length N = LMt/2
found by SQP. This is expected since when longer training sequences are used for
channel estimation, the channel estimation becomes more accurate.

Second, we further investigate the MSE performance in the case of (4.67) and (4.68)
and N = LMt/2. Fig. 4.8 shows that better MSE performance than can be obtained
by the optimal training sequences that of SQP than the optimal training sequences
of FCP. It also can be seen that optimal training sequences obtained by FCP with
N = LMt outperforms SQP with N = LMt/2 in Fig 4.9.

Example 3 : In the last example, we consider optimal training sequences designed
for uplink channel state estimation of large-scale MIMO-OFDM. In the uplink transmis-
sion, we set Mt = 2, Mr ∈ {16, 32, 64}, (θ̄h,0, θ̄h,1, θ̄h,2, θ̄h,3) = (13◦, 16◦, 20◦, 24◦), (θ̄v,0,
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Fig. 4.6 The MSE of SQP in (4.54) with Mt = 16 and N = LMt/2 versus the number
of iterations in the downlink transmission with (4.66) and (4.67).
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Fig. 4.7 MSE achieved by training sequences obtained with FCP when N = LMt and
with SQP when N = LMt/2: Downlink transmission with (4.66) and (4.67).



74 Optimal Training Sequences for Large-Scale MIMO-OFDM Systems

0 5 10 15 20 25
−15

−10

−5

0

5

10

SNR (dB)

M
SE

 (d
B

)

FCP (Mt=16)

FCP (Mt=32)

SQP (Mt=16)

SQP (Mt=32)

Fig. 4.8 MSE for training sequences obtained with FCP and SQP in the downlink
transmission: N = LMt/2, (4.67) and (4.68).
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Fig. 4.9 MSE achieved by training sequences obtained with FCP when N = LMt and
with SQP when N = LMt/2: Downlink transmission with (4.67) and (4.68).
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Fig. 4.10 MSE achieved by training sequences obtained with FCP and equi-power
training sequences when N = LMt: Uplink transmission.

θ̄v,1, θ̄v,2, θ̄v,3) = (20◦, 25◦, 28◦, 33◦), and (θ̄t,0, θ̄t,1, θ̄t,2, θ̄t,3) = (290◦, 300◦, 315◦, 320◦).
Since the length N = LMt = 8 satisfying (4.8) is still a small number, we use it in this
uplink example. The optimal training sequence is given by (4.25), where Xopt ∈ C2×2 is
the optimal solution of (4.24). Observe that the dimension 2×2 of the variable X is very
small in comparison with the dimension of the involved matrices in (4.24). Therefore it
is very likely that the equi-power solution X = NI2 provides almost optimal solution
of (4.24). The comparison of MSE in Fig. 4.10 for optimal training sequences obtained
with FCP and training sequences S =

√
NQ confirms this expectation. Therefore,

like massive MIMO uplink transmission [106], there is no need to solve (4.24) as the
equi-power training sequence

√
NQ is practically optimal. It can be stated that the

optimal training sequence design is much more challenging for the downlink than uplink
of large-scale MIMO-OFDM systems.

In the Chapter 3 and 4, we have already discussed the optimal sequence design
for high-mobility OFDM systems and large-scale MIMO-OFDM systems to ensure
reliability of wireless communication systems. TWR and FD are the key candidate
technologies for the next-generation wireless communication systems, which can offer
higher information exchange throughput. Menawhile, the energy consumption of
communication systems has become sizable economic concerns. In the following
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chapters, we will study the energy efficiency of TWR communications and FD networks
to ensure effectiveness of the next-generation wireless communication systems.

4.7 Conclusions

In this chapter, we have considered the optimal design of training sequences for
channel estimation in spatially-correlated large-scale MIMO-OFDM systems. The
design objective is to minimize the mean square error of the channel estimate. For
full-length training sequences, we showed that the design problem can be transformed
into a large-scale semi-definite program. We have also developed fast computation
procedures for its solutions. For reduced-length training sequences the design problem
is highly nonconvex but is shown to be efficiently addressed by our proposed sequential
convex programming of low computational complexity. Numerical results confirm the
superior performances of the proposed training sequences.



Chapter 5

Joint Power Allocation and
Beamforming for Energy-Efficient
Two-Way Multi-Relay
Communications

5.1 Introduction

TWR [36–38] has been the focus of considerable research interest in recent years due
to its potential in offering higher information exchange throughput for cognitive com-
munications such as D2D and M2M communications [39, 40]. Unlike the conventional
one-way relaying, which needs four time slots for information exchange between a pair
of UEs, TWR needs just two time slots for this exchange [41, 42, 37]. In the first
time slot, known as the multiple access (MAC) phase, all UEs simultaneously transmit
their signals to the relays. In the second time slot, also known as the broadcast (BC)
phase, the relays broadcast the beamformed signals to the all UEs. Offering double
fast communication, TWR obviously suffers from double multi-channel interference
as compared to one-way relaying [43, 44]. Therefore, both optimal control of UEs’
transmit power and TWR beamforming are crucial in exploring the spectral efficiency
of TWR.
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Many works focus on various scenarios of TWR. The most popular scenario is
single-antenna relays serving a pair of single-antenna UEs [45, 42, 46]. The typical
problems are to design the TWR weights to either maximize the throughput or minimize
the relay power subject to signal-to-interference-plus-noise ratio (SINR) constraints
at UEs. A branch-and-bound (BB) algorithm of global optimization [48] was used in
[45] for sum throughput maximization. Its computational complexity is already very
high in very low-dimensional problems. Semi-definite relaxation of high computational
complexity followed by bisection used in [42] works strictly under a single total relay
power constraint. Furthermore, the scenario of single-antenna relays serving multiple
pairs of UEs was addressed in [47] by a polyblock algorithm of global optimization
[48] and in [47] by local linearization based iteration. The mentioned semi-definite
relaxation was also used in [107–109] in designing TWR beamformer for the scenario
of a multi-antenna relay serving multiple pairs of UEs. It should be realized that most
of relay beamformer optimization problems considered in all these works are not more
difficult computationally than their one-way relaying counterparts, which have been
efficiently solved in [44].

The fixed power allocation to UEs does not only miss the opportunity of power
distribution within a network but can also potentially increase interference to UEs of
other networks [49, 50]. The joint design of UE power allocation and TWR weights for
single antenna relays serving a pair of single antenna UEs to maximize the minimum
SINR was considered in [110]. Under the strict assumption that the complex channel
gains from UEs to the relays are the same as those from the relays to the UEs, its
design is divided into two steps. The first step is to optimize the beamformer weights
with UEs’ fixed power by sequential second-order convex cone programming (SOCP).
The second step performs an exhaustive grid search for UE power allocation. Joint
optimization of UE precoding and relay beamforming for a multi-antenna relay serving
a pair of multi-antenna UEs could be successfully addressed only recently in [111].
An efficient computation for joint UE power allocation and TWR beamforming to
maximize the worst UE throughput for multiple antenna relays serving multiple pairs
of single antenna UEs was proposed in [112]. The reader is also referred to [113] for
joint UE and relay power allocation in MIMO OFDM system of one relay and one pair
of UEs.
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Meanwhile, the aforementioned classical SE in terms of high throughput is now
only one among multiple driving forces for the development of the next-generation
communication networks [51]. The energy consumption of communication systems
has become sizable, raising environmental and economic concerns [52]. Particularly,
the network EE in terms of the ratio of the sum throughput and the total power
consumption, which counts not only the transmission power but also the drain efficiency
of power amplifiers, circuit power and other power factors in supporting the network’s
activities, is comprehensively pushed forward in 5G to address these concerns [53]. EE in
single-antenna TWR has been considered in [54] for single-antenna OFDMA in assisting
multiple pairs of single-antenna UEs and in [55] and [56] for multi-antenna relays in
assisting a pair of multi-antenna UEs. Again, the main tool for computational solution in
these works is semi-definite relaxation, which not only significantly increases the problem
dimension but also performs unpredictably [57]. Also, the resultant Dinkelbach’s
iteration of fractional programming invokes a logarithmic function optimization, which
is convex but still computationally difficult with no available algorithm of polynomial
complexity.

The above analysis of the state-of-the-art TWR motivates us to consider the joint
design of single-antenna UE power allocation and TWR beamformers in a TWR
network to maximize its EE subject to UE QoS constraints. We emphasize that
both sum throughput maximization (for spectral efficiency) and EE maximization
are meaningful only in the context of UE QoS satisfaction, without which they will
cause the UE service discrimination. Unfortunately, such UE QoS constraints were
not addressed whenever they are nonconvex [53–56]. The nonconvexity of these QoS
constraints implies that even finding their feasible points is already computationally
difficult. QoS constraints in terms of UEs’ exchange throughput requirements are
much more difficult than that in terms of individual UE throughput requirements
because the former cannot be expressed in terms of individual SINR constraints as the
latter. To address the EE maximization problem, we first develop a new computational
method for UE exchange throughput requirement feasibility, which invokes only simple
convex quadratic optimization. A new path-following computational procedure for
computational solutions of the EE maximization problem is then proposed.
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The rest of the paper is organized as follows. Section 5.2 formulates two optimization
problems of EE maximization and UE QoS optimization. Two path-following algorithms
are developed in Section 5.3 and 5.4 for their computation. In contrast to fractional
programming, these algorithms invoke only a simple convex quadratic optimization
of low computational complexity at each iteration. Section 5.5 provides simulation
results to verify the performance of these algorithms. Finally, concluding remarks are
given in Section 5.6.

5.2 Two-way Relay Networks with Multiple MI-

MO Relays and Multiple Single-Antenna Users

Fig. 5.1 Two-way relay networks with multiple single-antenna users and multiple
multi-antenna relays.

Fig. 5.1 illustrates a TWR network in which K pairs of single-antenna UEs
exchange information with each other. Namely the kth UE (UE k) and the (K + k)th
UE (UE K +k), with k = 1, . . . , K, exchange information with each other via M relays
designated as relay m, m = 1, . . . , M , equipped with NR antennas.

Denote by sss = (s1, . . . , s2K)T ∈ C2K the vector of information symbols transmitted
by the UEs, whose entries are independent and have unit energy, i.e., E[ssssssH ] = III2K ,
where I2K is the identity matrix of size (2K) × (2K). Let hhh�,m ∈ CNR be the vector of
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channels from UE � to relay m. The received signal at relay m is

rrrm =
2K∑
�=1

√
p�hhh�,ms� + nnnR,m, (5.1)

where nnnR,m ∼ CN (0, σ2
RIIINR

) is the background noise, and ppp = (p1, . . . , p2K)T ∈ R2K
+

represents the powers allocated to the UEs.

Relay m performs linear processing on the received signal by applying the beam-
forming matrix WWW m ∈ CNR×NR . The beamformed signals are

rrrm,b = WWW mrrrm

=
2K∑
�=1

√
p�WWW mhhh�,ms� + WWW mnnnR,m, (5.2)

m = 1, . . . , M.

The transmit power at relay m is calculated as

E[||rrrm,b||2] =
2K∑
�=1

p�||WWW mhhh�,m||2 + σ2
R||WWW m||2.

Relay m transmits the beamformed signal rrrm,b to the UEs. Let gggm,k ∈ CNR be the
vector of channels from the relay m to UE k. The received signal at UE k is given by

yk =
M∑

m=1
gggT

m,krrrm,b + nk

=
M∑

m=1
gggT

m,k(
2K∑
�=1

√
p�WWW mhhh�,ms� + WWW mnnnR,m) + nk, (5.3)

where nk ∼ CN (0, σ2
k) is the background noise, which can be written as

yk = √
pχ(k)

M∑
m=1

gggT
m,kWWW mhhhχ(k),msχ(k)︸ ︷︷ ︸

desired signal

+ √
pk

M∑
m=1

gggT
m,kWWW mhhhk,msk︸ ︷︷ ︸

self-interference

+
M∑

m=1
gggT

m,k(
2K∑

�=1,��=k,χ(k)

√
p�WWW mhhh�,ms�︸ ︷︷ ︸

inter-pair interference

+WWW mnnnR,m) + nk. (5.4)
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In the above equation, (k, χ(k)) is a pair of UEs that exchange information with each
other, so

χ(k) =

⎧⎪⎪⎨⎪⎪⎩
K + k for k = 1, . . . , K

k − K for k = K + 1, . . . , 2K
(5.5)

Assuming that the CSI of the forward and backward channels and the beamforming
matrices is available, UE k effectively subtracts the self-interference term in (5.4) to
have the SINR:

γk(ppp,WWW ) = pχ(k)

∣∣∣∣∣
M∑

m=1
fffH

m,kWWW mhhhχ(k),m

∣∣∣∣∣
2

/
[ 2K∑

�=1,��=k,χ(k)
p�

∣∣∣∣∣
M∑

m=1
fffH

m,kWWW mhhh�,m

∣∣∣∣∣
2

+σ2
R

M∑
m=1

||fffH
m,kWWW m||2 + σ2

k

]
, (5.6)

where fffm,k = ggg∗
m,k, so fffH

m,k = gggT
m,k.

Under the definitions

Lk,�(WWW ) �
M∑

m=1
fffH

m,kWWW mhhh�,m,

Lk(WWW ) �
[
fffH

1,kWWW 1 fffH
2,kWWW 2 ... fffH

M,kWWW M

]
,

(5.7)

it follows that

γk(ppp,WWW ) = pχ(k)|Lk,χ(k)(WWW )|2/[
2K∑

�=1,��=k,χ(k)
p�|Lk,�(WWW )|2 + σ2

R||Lk(WWW )||2 + σ2
k]. (5.8)

In TWR networks, the UEs exchange information in bi-direction fashion in one
time slot. Thus, the throughput at the kth UE pair is defined by the following function
of beamforming matrix WWW and power allocation vector ppp:

Rk(ppp,WWW ) = ln(1 + γk(ppp,WWW )) + ln(1 + γK+k(ppp,WWW )), k = 1, . . . , K. (5.9)
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Accordingly, the problem of maximizing the network EE subject to UE QoS
constraints is formulated as:

max
WWW ∈CN×N ,

ppp∈R2K
+

FEE(w, p) �
K∑

k=1
[ln(1 + γk(ppp,WWW ))

+ ln(1 + γK+k(ppp,WWW ))]/[ζ(P U
sum(p)

+P R
sum(p, W)) + MP R + 2KP U] (5.10a)

subject to 0 ≤ pk ≤ P U,max
k , k = 1, . . . , 2K, (5.10b)

2K∑
k=1

pk ≤ P U,max
sum , (5.10c)

2K∑
�=1

p�||WWW mhhh�,m||2 + σ2
R||WWW m||2 ≤ P A,max

m , m = 1, ..., M, (5.10d)

M∑
m=1

(
2K∑
�=1

p�||WWW mhhh�,m||2 + σ2
R||WWW m||2) ≤ P R,max

sum , (5.10e)

Rk(ppp,WWW ) ≥ rk, k = 1, · · · , K, (5.10f)

where ζ, P R and P U are the reciprocal of drain efficiency of power amplifier, the circuit
powers of the relay and UE, respectively. P R = NRPr and Pr is the circuit power
for each antenna in relay. (5.10f) is the exchange throughput QoS requirement for
each pair of UEs. Constraints (5.10b) and (5.10d) cap the transmit power of each
UE k and each relay m at predefined values P U,max

k and P A,max
m , respectively. On

the other hand, constraints (5.10c) and (5.10e) ensure that the total transmit power
of UEs P U

sum(p) = ∑2K
k=1 pk and the total transmit power of the relays P R

sum(p, W) =∑M
m=1(

2K∑
�=1

p�||WWW mhhh�,m||2+σ2
R||WWW m||2) does not exceed the allowed power budgets P U,max

sum

and P R,max
sum , respectively.1

Note that (5.10) is a very difficult nonconvex optimization problem because the
power constraints (5.10d) and (5.10e), the exchange throughput QoS constraints (5.10f),
and the objective function (5.10a) are nonconvex. Moreover, the exchange throughput
QoS constraints (5.10f) are much harder than the typical individual throughput QoS
constraints

ln(1 + γk(ppp,WWW )) ≥ r̃min, k = 1, . . . , 2K, (5.11)
1While P U,max

k and P A,max
m are used for expressing the hardware capability of UEs and relays,

P U,max
sum and P R,max

sum are introduced to control the interference of the present network to other networks.
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which are equivalent to the computationally easier SINR constraints2

γk(ppp,WWW ) ≥ er̃min − 1, k = 1, . . . , 2K. (5.12)

Note that even finding feasible point of the EE problem (5.10) is already difficult
as it must be based on the following UEs QoS optimization problem

max
WWW ∈CN×N ,

ppp∈R2K
+

ϕ(ppp,WWW ) � min
k=1,...,K

[ln(1 + γk(ppp,WWW ))1/rk

+ ln(1 + γK+k(ppp,WWW ))1/rk ] (5.13a)

subject to (5.10b), (5.10c), (5.10d), (5.10e), (5.13b)

which is still highly nonconvex because the objective function in (5.13a) is nonsmooth
and nonconcave while the joint power constraints (5.10d) and (5.10e) in (5.13b) are
nonconvex. Only a particular case of rk ≡ rmin was addressed in [112], under which
(5.13) is then equivalent to the SINR multiplicative maximization

max
WWW ∈CN×N ,

ppp∈R2K
+

min
k=1,...,K

[(1 + γk(ppp,WWW ))(1 + γK+k(ppp,WWW )] (5.14a)

subject to (5.10b), (5.10c), (5.10d), (5.10e), (5.14b)

which can be solved by d.c. (difference of two convex functions) iterations [114].
Actually, there is no available computation for (5.13) in general. The next section is
devoted to its solution.

5.3 Maximin Exchange Throughput Optimization

To address (5.13), our first major step is to transform the nonconvex constraints (5.10d)
and (5.10e) to convex ones through variable change as follows.

2In (5.10), each user-pair is considered as an individual subsystem of the network and as such QoS
(5.10f) in terms of its exchange throughput Rk(p, W) is certainly of interest. Moreover, it is quite
obvious that the development in this chapter also particularly leads to a new efficient technique for
handling the individual throughput QoS constraints (5.11)/(5.12).
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Following [112], make the variable change

βk = 1
p2

k

≥ 0, k = 1, . . . , 2K. (5.15)

For α > 0 and β > 0, define the functions

Ψk,�(WWW, α, β) � |Lk,�(WWW )|2√
αβ

, k, � = 1, . . . , 2K,

Υk(WWW, α) � ||Lk(WWW )||2√
α

, k = 1, . . . , 2K,

Φ�,m(WWW m, α, β) �
||hhhH

�,mWWW m||2√
αβ

, � = 1, . . . , 2K; m = 1, . . . , M.

(5.16)

which are convex [115].

Theorem 5.1 The optimization problem (5.13) can be equivalently rewritten as

max
WWW ∈CN×N ,

ααα∈R2K
+ ,βββ∈R2K

+

f(WWW,ααα,βββ) � min
k=1,...,K

1
rk

[ln(1 + |Lk,K+k(WWW )|2√
αkβK+k

)

+ ln(1 + |LK+k,k(WWW )|2√
αK+kβk

)] (5.17a)

subject to
2K∑
�=1,

��=k,χ(k)

Ψk,�(WWW, αk, β�) + σ2
RΥk(WWW, αk) + σ2

k

1√
αk

≤ 1,

k = 1, . . . , 2K (5.17b)

βk ≥ 1
(P U,max

k )2
, k = 1, . . . , 2K, (5.17c)

P U
sum(βββ) :=

2K∑
k=1

1√
βk

≤ P U,max
sum , (5.17d)

2K∑
�=1

Φ�,m(WWW m, 1, β�) + σ2
R||WWW m||2 ≤ P A,max

m , m = 1, . . . , M, (5.17e)

M∑
m=1

[
2K∑
�=1

Φ�,m(WWW m, 1, β�) + σ2
R||WWW m||2] ≤ P R,max

sum . (5.17f)
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Proof: One can see that γk(ppp,WWW ) in (5.8) is expressed in terms of functions in (5.16)
as

γk(ppp,WWW ) = |Lk,χ(k)(WWW )|2/[ 1
pχ(k)

(
2K∑
�=1,

��=k,χ(k)

Ψk,�(WWW, 1, 1/p2
�) + σ2

RΥk(WWW, 1) + σ2
k)] (5.18)

which is
|Lk,χ(k)(WWW )|2√

αkβχ(k)
(5.19)

for
βk = 1/p2

k, k = 1, . . . , 2K (5.20)

and
αk =

2K∑
�=1,��=k,χ(k)

Ψk,�(WWW, 1, β�) + σ2
RΥk(WWW, 1) + σ2

k. (5.21)

Therefore,
ϕ(p, W) = f(W,ααα,βββ)

for ααα and βββ defined by (5.20)-(5.21), which is also feasible for (5.17) whenever (p, W)
is feasible for (5.13). We thus have proved that

max (5.13) ≤ max (5.17). (5.22)

Note that (5.17b) is the same as

2K∑
�=1,

��=k,χ(k)

Ψk,�(WWW, 1, β�) + σ2
RΥk(WWW, 1) + σ2

k ≤ √
αk. (5.23)

The point (p, W) with pk = 1/
√

βk, k = 1, . . . , 2K is feasible for (5.13) whenever
(W,ααα,βββ) is feasible for (5.17). Using (5.18) and (5.23), one can see

f(WWW,ααα,βββ) ≤ ϕ(ppp,WWW ),

implying
max (5.17) ≤ max (5.13).
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The last inequality together with (5.22) yield

max (5.17)= max (5.13),

completing the proof of Theorem 5.1. �

The benefit of expressing (5.13) by (5.17) is that all constraints in the latter are
convex so the computational difficulty is concentrated in its objective function, which
is lower bounded by a concave function based on the following result.

Theorem 5.2 Whenever (WWW (κ),ααα(κ),βββ(κ)) is feasible for (5.17), it is true that

ln(1 + |Lk,χ(k)(WWW )|2√
αkβχ(k)

) ≥ f
(κ)
k,χ(k)(WWW, αk, βχ(k))

� a
(κ)
k,χ(k) − b

(κ)
k,χ(k)

√
α

(κ)
k β

(κ)
χ(k)

[2{Lk,χ(k)(WWW )(Lk,χ(k)(WWW (κ)))∗}
−1

2 |Lk,χ(k)(WWW (κ))|2(αk/α
(κ)
k + βχ(k)/β

(κ)
χ(k))]−1 (5.24)

over the trust region

2{Lk,χ(k)(WWW )(Lk,χ(k)(WWW (κ)))∗} − 1
2 |Lk,χ(k)(WWW (κ))|2

× (αk/α
(κ)
k + βχ(k)/β

(κ)
χ(k)) > 0, (5.25)

for x
(κ)
k,χ(k) = |Lk,χ(k)(WWW (κ))|2/

√
α

(κ)
k β

(κ)
χ(k),

a
(κ)
k,χ(k) = ln(1 + x

(κ)
k,χ(k)) +

x
(κ)
k,χ(k)

x
(κ)
k,χ(k) + 1

> 0,

b
(κ)
k,χ(k) =

(x(κ)
k,χ(k))2

x
(κ)
k,χ(k) + 1

> 0.

(5.26)

Proof: We use the following inequalities with their proof given in the Appendix:

ln(1 + x) ≥ ln(1 + x̄)+ x̄

x̄ + 1 − x̄2

x̄ + 1
1
x

∀x > 0, x̄ > 0 (5.27)
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and

|x|2√
αβ

≥ 2{xx̄∗}√
ᾱβ̄

− 1
2

|x̄|2√
ᾱβ̄

(α/ᾱ + β/β̄)

∀x ∈ C, x̄ ∈ C, α > 0, ᾱ > 0, β > 0, β̄ > 0, (5.28)

which is the same as

√
αβ

|x|2 ≤
√

ᾱβ̄

2{xx̄∗} − 1
2 |x̄|2(α/ᾱ + β/β̄)

∀x ∈ C, x̄ ∈ C, α > 0, ᾱ > 0, β > 0, β̄ > 0. (5.29)

Applying (5.27) and (5.29) for x = |Lk,χ(k)(WWW )|2/
√

αkβχ(k) and

x̄ = |Lk,χ(k)(WWW (κ))|2/
√

α
(κ)
k β

(κ)
χ(k) yields

ln(1 + |Lk,χ(k)(WWW )|2√
αkβχ(k)

) ≥ a
(κ)
k,χ(k) − b

(κ)
k,χ(k)

√
αkβχ(k)

|Lk,χ(k)(WWW )|2

≥ a
(κ)
k,χ(k) − b

(κ)
k,χ(k)

√
α

(κ)
k β

(κ)
χ(k)

[2{Lk,χ(k)(WWW )(Lk,χ(k)(WWW (κ)))∗}
−1

2 |Lk,χ(k)(WWW (κ))|2(αk/α
(κ)
k + βχ(k)/β

(κ)
χ(k))]−1,

showing (5.24). �

Accordingly, for a feasible (WWW (κ),ααα(κ),βββ(κ)) of (5.17) found at the (κ−1)th iteration,
the following convex optimization problem is solved at the κth iteration to generate
the next feasible (WWW (κ+1),ααα(κ+1),βββ(κ+1)):

max
WWW ∈CN×N ,

ααα∈R2K
+ ,βββ∈R2K

+

f (κ)(WWW,ααα,βββ) � min
k=1,...,K

1
rk

[f (κ)
k,K+k(WWW, αk, βK+k)

+f
(κ)
K+k,k(WWW, αK+k, βk)]

subject to (5.17b) − (5.17f), (5.25). (5.30)
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Note that

f(WWW (κ+1),ααα(κ+1),βββ(κ+1)) ≥ f (κ)(WWW (κ+1),ααα(κ+1),βββ(κ+1))

by (5.24), and
f(WWW (κ),ααα(κ),βββ(κ)) = f (κ)(WWW (κ),ααα(κ),βββ(κ))

because

ln(1 + |Lk,χ(k)(WWW (κ))|2√
α

(κ)
k β

(κ)
χ(k)

) = f
(κ)
k,χ(k)(WWW (κ), α

(κ)
k , β

(κ)
χ(k)), k = 1, . . . , 2K.

On the other hand, as (WWW (κ),ααα(κ),βββ(κ)) and (WWW (κ+1),ααα(κ+1),βββ(κ+1)) are a feasible
point and the optimal solution of the convex optimization problem (5.30), it is true
that

f (κ)(WWW (κ+1),ααα(κ+1),βββ(κ+1)) > f (κ)(WWW (κ),ααα(κ),βββ(κ))

as far as (WWW (κ),ααα(κ),βββ(κ)) �= (WWW (κ+1),ααα(κ+1),βββ(κ+1)). The point (WWW (κ+1),ααα(κ+1),βββ(κ+1))
is then better than (WWW (κ),ααα(κ),βββ(κ)) because

f(WWW (κ+1),ααα(κ+1),βββ(κ+1)) ≥ f (κ)(WWW (κ+1),ααα(κ+1))

> f (κ)(WWW (κ),ααα(κ),βββ(κ))

= f(WWW (κ),ααα(κ),βββ(κ)).

Analogously to [116, Proposition 1], it can be shown that the sequence {(WWW (κ),ααα(κ),βββ(κ))}
at least converges to a point satisfying the first order necessary optimality condition
for the exchange throughput optimization problem (5.17). This point is also a sta-
tionary point of the epigraph-form representation of f [117]. The proposed Algorithm
5 for (5.17) thus terminates after finitely many iteration, at least yielding a sub-
optimal solution (Wopt,αααopt,βββopt) within tolerance ε > 0. Then (Wopt, pppopt) with
pppopt = (1/

√
βopt

1 , . . . , 1/
√

βopt
2K)T is accepted as the computational solution of the max-

imin exchange throughput optimization problem (5.13).
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Algorithm 5 Path-following algorithm for exchange throughput optimization
initialization: Set κ = 0. Choose an initial feasible point (WWW (0),ααα(0),βββ(0)) for the
convex constraints (5.17b)-(5.17f ). Calculate R

(0)
min = min

k=1,...,K
Rk(WWW (0),ααα(0),βββ(0)).

repeat
• Set κ = κ + 1.
• Solve the convex optimization problem (5.30) to obtain the solution

(WWW (κ),ααα(κ),βββ(κ)).
• Calculate R

(κ)
min = min

k=1,...,K
Rk(WWW (κ),ααα(κ),βββ(κ)).

until R
(κ)
min−R

(κ−1)
min )

R
(κ−1)
min

≤ ε.

Before closing this section, it is pointed out that the one-way relay optimization in
which UE k sends information to UE K + k can be formulated as in (5.17) by setting
γk = 0 and pK+k = 0 and thus can be directly solved by Algorithm 5.

5.4 Energy Efficiency Maximization

5.4.1 Energy Efficiency with Two-Way

We now return to consider the EE maximization problem (5.10). It is worth noticing
that the computational solution for the QoS constrained sum throughput maximization
problem

max
WWW ∈CN×N ,

ppp∈R2K
+

K∑
k=1

[ln(1 + γk(ppp,WWW )) + ln(1 + γK+k(ppp,WWW ))]

subject to (5.10b), (5.10c), (5.10d), (5.10e), (5.10f), (5.31)

which is a particular case of (5.10), is still largely open. As a by-product, our approach
to computation for (5.10) is directly applicable to that for (5.31). Similarly to Theorem
5.1, it can be shown that (5.10) is equivalently expressed by the following optimization



5.4 Energy Efficiency Maximization 91

problem under the variable change (5.15):

max
WWW ∈CN×N ,

ααα∈R2K
+ ,βββ∈R2K

+

F (WWW,ααα,βββ) �
K∑

k=1
[ln(1 + |Lk,K+k(WWW )|2√

αkβK+k

)

+ ln(1 + |LK+k,k(WWW )|2√
αK+kβk

)]/π(βββ,WWW ) (5.32a)

subject to (5.17b) − (5.17f), (5.32b)

R̃k(W,ααα,βββ) � ln(1 + |Lk,K+k(WWW )|2√
αkβK+k

)

+ ln(1 + |LK+k,k(WWW )|2√
αK+kβk

) ≥ rk, k = 1, . . . , K, (5.32c)

where the consumption power function π(βββ,WWW ) is defined by

π(βββ,WWW ) �
2K∑
k=1

ζ√
βk

+ ζ
M∑

m=1
[

2K∑
�=1

Φ�,m(WWW m, 1, β�)

+ σ2
R||WWW m||2] + MP R + 2KP U. (5.33)

In Dinkelbach’s iteration based approach (see e.g. [53, 118]), which requires a
concave numerator and a convex denominator, one aims to find a value τ such that
the optimal value of the following optimization problem is zero

max
WWW ∈CN×N ,

ααα∈R2K
+ ,βββ∈R2K

+

[
K∑

k=1
(ln(1 + |Lk,K+k(WWW )|2√

αkβK+k

) + ln(1 + |LK+k,k(WWW )|2√
αK+kβk

)) −τπ(βββ,WWW )]

subject to (5.17b) − (5.17f), (5.32c). (5.34)

Such τ obviously is the optimal value of (5.32). However, for each τ , (5.34) is still
nonconvex and as computationally difficult as the original optimization problem (5.32).
There is no benefit to use (5.34).

To address computation for (5.32) involving the nonconcave objective function
F (WWW,ααα,βββ) and the nonconvex constraint (5.32c), we will explore the following inequality
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for positive quantities, whose proof is given in the Appendix:

ln(1 + x)
t

≥ 2ln(1 + x̄)
t̄

+ x̄

t̄(x̄ + 1) − x̄2

(x̄ + 1)t̄
1
x

− ln(1 + x̄)
t̄2 t (5.35)

∀ x > 0, x̄ > 0, t > 0, t̄ > 0.

The right-hand-side (RHS) of (5.35) is a concave function on the interior domain of
R2

+ and agrees with the left-hand-side (LHS) at (x̄, t̄).

Suppose that (WWW (κ),ααα(κ),βββ(κ)) is a feasible point of (5.32) found from the (κ − 1)th
iteration. Applying (5.35) for

x = |Lk,χ(k)(WWW )|2/
√

αkβχ(k), t = π(βββ,WWW )

and
x̄ = |Lk,χ(k)(WWW (κ))|2/

√
α

(κ)
k β

(κ)
χ(k), t̄ = π(βββ(κ),WWW (κ))

yields

ln(1 + |Lk,χ(k)(WWW )|2√
αkβχ(k)

)

π(βββ,WWW ) ≥ F
(κ)
k,χ(k)(WWW, αk,βββ)

� p
(κ)
k,χ(k) − q

(κ)
k,χ(k)

√
α

(κ)
k β

(κ)
χ(k)

×[2{Lk,χ(k)(WWW )(Lk,χ(k)(WWW (κ)))∗}
−1

2 |Lk,χ(k)(WWW (κ))|2(αk/α
(κ)
k + βχ(k)/β

(κ)
χ(k))]−1

−r
(κ)
k,χ(k)π(βββ,WWW ), (5.36)
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over the trust region (5.25), for x
(κ)
k,χ(k) = |Lk,χ(k)(WWW (κ))|2/

√
α

(κ)
k β

(κ)
χ(k),

t(κ) = π(βββ(κ),WWW (κ)),

p
(κ)
k,χ(k) = 2

ln(1 + x
(κ)
k,χ(k))

t(κ) +
x

(κ)
k,χ(k)

t(κ)(x(κ)
k,χ(k) + 1)

> 0

q
(κ)
k,χ(k) =

(x(κ)
k,χ(k))2

(x(κ)
k,χ(k) + 1)t(κ)

> 0,

r
(κ)
k,χ(k) =

ln(1 + x
(κ)
k,χ(k))

(t(κ))2 > 0.

(5.37)

Accordingly, the following convex optimization problem is solved at the κth iteration
to generate the next iterative point (WWW (κ+1),ααα(κ+1),βββ(κ+1)):

max
WWW ∈CN×N ,

ααα∈R2K
+ ,βββ∈R2K

+

F (WWW,ααα,βββ) �
K∑

k=1
[F (κ)

k,K+k(WWW, αk,βββ)

+F
(κ)
K+k,k(WWW, αK+k,βββ)] (5.38a)

subject to (5.17b) − (5.17f), (5.25), (5.33), (5.38b)

f
(κ)
k,K+k(WWW, αk, βK+k) + f

(κ)
K+k,k(WWW, αK+k, βk) ≥ rk,

k = 1, . . . , K, (5.38c)

where f
(κ)
k,χ(k) are defined from (5.24). Since,

f
(κ)
k,K+k(WWW, αk, βK+k) + f

(κ)
K+k,k(WWW, αK+k, βk) ≤ R̃k(W,ααα,βββ),

it follows that the feasibility of the nonconvex constraint (5.32c) in (5.32) is guaranteed
by that of (5.38c). Also,

f
(κ)
k,K+k(WWW (κ), α

(κ)
k , β

(κ)
K+k) + f

(κ)
K+k,k(WWW (κ), α

(κ)
K+k, β

(κ)
k ) = R̃k((WWW (κ),ααα(κ),βββ(κ)))

≥ rmin

because (WWW (κ),ααα(κ),βββ(κ)) is feasible for (5.32) and thus feasible for (5.32c). Therefore,
the convex optimization problem (5.38) is always feasible. Analogously to the previous
section, the sequence {(WWW (κ),ααα(κ),βββ(κ))} is seen convergent at least to a locally optimal
solution of problem (5.32) and as thus the proposed Algorithm 6 terminates after
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finitely many iteration, yielding an optimal solution (WWW (opt),αααopt,βββopt) within tolerance ε.
Then (WWW opt, pppopt) with pppopt = (1/

√
βopt

1 , ..., 1/
√

βopt
2K)T is accepted as the computational

solution of the EE maximization problem (5.10).

Algorithm 6 Path-following Algorithm for Energy Efficiency
initialization: Set κ = 0. Choose an initial feasible point (WWW (0),ααα(0),βββ(0)) and
calculate e(0)

max as the value of the objective in (5.10) at (WWW (0),ααα(0),βββ(0)).
repeat

• Set κ = κ + 1.
• Solve the convex optimization problem (5.38) to obtain the solution

(WWW (κ),ααα(κ),βββ(κ)).
• Calculate e(κ)

max as the value of the objective function in (5.10) at
(WWW (κ),ααα(κ),βββ(κ)).
until e

(κ)
max−e

(κ−1)
max )

e
(κ−1)
max

≤ ε.

5.4.2 Procedure for An Initial Feasible Point

To find an initial feasible point (WWW (0),ααα(0),βββ(0)) for Algorithm 6, we use Algorithm 5
for computing (5.13), which terminates upon

[ min
k=1,...,K

Rk(WWW (κ),ααα(κ),βββ(κ))/rk] ≥ rmin (5.39)

to satisfy (5.10f).

For the QoS constraints (5.12) instead of (5.10f), which by the variable change
(5.15) are equivalent to the following constraints

|Lk,χ(k)(WWW )|2 − (er̃min − 1)
√

αkβχ(k) ≥ 0, k = 1, . . . , 2K. (5.40)

The LHS of (5.40) is a convex functions, so (5.40) is called reverse convex [48], which can
be easily innerly approximated by linear approximation of the LHS at (WWW (κ), α

(κ)
k , β

(κ)
χ(k)).
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5.4.3 Energy Efficiency with One-Way

To compare the energy efficiency with one-way communication we need to revisit the
one-way model: the users {1, · · · , K} send symbols (s1, · · · , sK)T ∈ CK via the relays
in the first stage and the users {K + 1, ..., 2K} send symbols (sK+1, · · · , s2K)T ∈ CK

via the relays in the second state. Denote by WWW 1
m and WWW 2

m the beamforming matrices
for the received signals from the users {1, · · · , K} and {K + 1, · · · , 2K}, respectively.
The transmit power at relay m in forwarding signals to users {K + 1, · · · , 2K} in the
first stage is

P A,1
m (ppp1,WWW 1

m) =
K∑

�=1
p�||WWW 1

mhhh�,m||2 + σ2
R||WWW 1WWW 1WWW 1

m||2,

and the transmit power at relay m in forwarding signals to users {1, · · · , K} in the
second stage is

P A,2
m (ppp2,WWW 2

m) =
K∑

�=1
p�+K ||WWW 2

mhhh�,m||2 + σ2
R||WWW 2

m||2.

Therefore, the power constraint at relay m is

K∑
�=1

(p�||WWW 1
mhhh�,m||2 + p�+K ||WWW 2

mhhh�+K,m||2)

+ σ2
R(||WWW 1

m||2 + ||WWW 2
m||2) ≤ P A,max

m , m = 1, ..., M. (5.41)

The total power constraint is

M∑
m=1

[
K∑

�=1
(p�||WWW 1

mhhh�,m||2 + p�+K ||WWW 2
mhhh�+K,m||2)

+ σ2
R(||WWW 1

m||2 + ||WWW 2
m||2)] ≤ P R,max

sum . (5.42)
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Accordingly, for k = 1, · · · , K, the SINR at UEs can be calculated as:

γ̃K+k(ppp1,WWW 1) = pk

∣∣∣∣∣
M∑

m=1
fffH

m,K+kWWW
1
mhhhk,m

∣∣∣∣∣
2

/[
K∑

�=1,��=k

p�

∣∣∣∣∣
M∑

m=1
fffH

m,K+kWWW
1
mhhh�,m

∣∣∣∣∣
2

+σ2
R

M∑
m=1

||fffH
m,K+kWWW

1
m||2 + σ2

K+k]

= pk|LK+k,k(WWW 1)|2/[
K∑

�=1,��=k

p�|LK+k,�(WWW 1)|2

+σ2
R||LK+k(WWW 1)||2 + σ2

K+k] (5.43)

and

γ̃k(ppp2,WWW 2) = pK+k

∣∣∣∣∣
M∑

m=1
fffH

m,kWWW
2
mhhhK+k,m

∣∣∣∣∣
2

/[
K∑

�=1,��=k

pK+�

∣∣∣∣∣
M∑

m=1
fffH

m,kWWW
2
mhhhK+�,m

∣∣∣∣∣
2

+σ2
R

M∑
m=1

||fffH
m,kWWW

2
m||2 + σ2

k]

= pK+k|Lk,K+k(WWW 2)|2/[
K∑

�=1,��=k

pK+�|Lk,K+�(WWW 2)|2

+σ2
R||Lk(WWW 2)||2 + σ2

k]. (5.44)

The EE maximization problem is then formulated as

max
WWW 1∈CN×N ,

WWW 2∈CN×N ,ppp∈R2K
+

1
2

K∑
k=1

[ln(1 + γ̃k(ppp2,WWW 2)) + ln(1 + γ̃K+k(ppp1,WWW 1))]/

[ζ(P U
sum(p) + P̃ R

sum(p, W)) + 2MP R + 2KP U] (5.45a)

subject to (5.10b), (5.10c), (5.41), (5.42), (5.45b)

ln(1 + γ̃k(ppp2,WWW 2)) + ln(1 + γ̃K+k(ppp1,WWW 1)) ≥ rmin, (5.45c)

k = 1, · · · , K.

The pre-log factor 1/2 in the numerator of (5.45a) is to account for two stages needed
in communicating s1, · · · , 2K and the non transmission power consumption at the
relays 2MP R to reflect the fact that the relays have to transmit twice.
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5.5 Simulation Results

This sections evaluates the proposed algorithms through the simulation. The channels
in the receive signal equations (5.1) and (5.3) are assumed Rayleigh fading, which are
modelled by independent circularly-symmetric complex Gaussian random variables
with zero mean and unit variance, while the background noises nnnR,m and nk are
also normalized, i.e., σ2

R = σ2
k = 1. The computation tolerance for terminating the

Algorithm is ε = 10−4. The numerical results are averaged over 1, 000 random channel
realizations.

Without loss of generality, simply set P U,max
k ≡ P U,max, and P A,max

n ≡ P A,max,
P U,max

sum = KP U,max, and P R,max
sum = MP A,max/2. P U,max is fixed at 10 dBW but the relay

power budget P R,max
sum varies from 0 to 30 dBW. The drain efficiency of power amplifier

1/ζ is set to be 40%. As in [119], the circuit powers of each antenna in relay and UE
are 0.97 dBW and −13 dBW, respectively. We consider the scenarios of K ∈ {1, 2, 3}
pairs and (M, NR) ∈ {(1, 8), (2, 4), (4, 2)}, i.e. the total number of antennas is fixed at
8 but the number of relays is M ∈ {1, 2, 4}.

5.5.1 Maximin Exchange Throughput Optimization

This subsection analyses the exchange throughput achieved by TWR. The jointly
optimal power and relay beamforming is referred as OP-OW, while the optimal
beamforming weights with UE equal power allocation are referred as OW. The initial
points for Algorithm 5 is chosen from the OW solutions. To compare with the numerical
result of [112], rk ≡ 1 is set for (5.13a).

Fig. 5.2, 5.3 and 5.4 plot the achievable minimum pair exchange throughput versus
the relay power budget P R,max

sum with K ∈ {1, 2, 3}. The improvement by OPOW over
OW is significant for K = 2 and K = 3. The throughput gain is more considerable
with higher P R,max

sum . It is also observed that using less relays achieves better throughput.
The result in Fig. 5.3 for K = 2 is consistent with that in [112, Fig.2].

Table 5.1 provides the average number of iterations of Algorithm 5. As can be
observed, Algorithm 5 converges in less than 24 iterations in all considered scenarios.
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Fig. 5.2 Minimum pair throughput among user pairs versus the relay power budget
with K = 1.
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Fig. 5.3 Minimum pair throughput among user pairs versus the relay power budget
with K = 2.
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Fig. 5.4 Minimum pair throughput among user pairs versus the relay power budget
with K = 3.

Table 5.1 Average number of iterations of Algorithm 5 with K = 2.

P R,max
sum (dBW) 0 5 10 15 20 25 30

(K, M, NR) = (2, 1, 8) 15.47 12.02 9.72 8.05 11.10 18.45 15.60
(K, M, NR) = (2, 2, 4) 24.20 11.80 8.47 7.07 10.70 11.22 13.17
(K, M, NR) = (2, 4, 2) 22.47 22.95 13.72 12.07 7.90 10.40 11.97

5.5.2 EE Maximization

This subsection examines the performance of energy efficiency achieved by Algorithm
6. rk in (5.39) is set as the half of the optimal value obtained by Algorithm 5.
Firstly, the simulation results presented in Fig. 5.5, 5.6 and 5.7 are for K = 2 and
(M, NR) ∈ {(1, 8), (2, 4), (4, 2)}. Fig. 5.5 compares the EE performance achieved by
TWR, one-way relaying and TWR with UE fixed equal power allocation, which is
labelled as "other method". It is clear from Fig. 5.5 that TWR clearly and significantly
outperforms one-way relaying and TWR UE equal power allocation.

Under small transmit power regime, the power consumption in the denominator
is dominated by the circuit power and the EE is maximized by maximizing the sum
throughput in the numerator. As such all the EE, the sum throughput and transmit
power increase in Fig. 5.5, 5.6 and 5.7 in the relay power budget P R,max

sum .
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Fig. 5.5 Energy efficiency versus the relay power budget with K = 2

Table 5.2 Average number of iterations of the proposed algorithm 6 for two-way with
K = 2.

P R,max
sum (dBW) 0 5 10 15 20 25 30

(K, M, NR) = (2, 1, 8) 23.21 23.08 5.85 12.65 14.06 14.98 15.53
(K, M, NR) = (2, 2, 4) 20.78 26.05 6.85 13.75 19.73 19.98 20.45
(K, M, NR) = (2, 4, 2) 21.11 22.95 8.03 9.61 17.41 19.96 21.46

However, under larger transmit power regime, where the denominator of EE
is dominated by the actual transmit power, the EE becomes to be maximized by
minimizing the transmit power in the denominator, which saturates when beyond a
threshold. When the transmit power saturates in Fig. 5.7, both the EE and the sum
throughput accordingly saturate in Fig. 5.5 and 5.6. It is also observed that for a given
relay power budget and a given number of total antennas in all relays, the configuration
with less relays is superior to the ones with more relays. This is quite expected since
the configuration with less relays achieves higher throughput than the ones with more
relays. Table 5.2 shows that Algorithm 6 converges in less than 26 iterations.

Similar comparisons are provided in Fig. 5.8 and 5.9 for K = 1 and K = 3,
respectively with the superior EE performances of TWR over one-way relaying and
TWR UE equal power allocation observed.
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Fig. 5.6 Sum rate versus the relay power budget with K = 2
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Fig. 5.7 Total power versus the relay power budget with K = 2
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Fig. 5.8 Energy efficiency versus the relay power budget with K = 1
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Fig. 5.9 Energy efficiency versus the relay power budget with K = 3
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5.6 Conclusions

Joint UE power allocation and relay beamforming to either satisfy a UE’s QoS require-
ment or maximize the energy efficiency of TWR serving multiple UEs is a very difficult
nonconvex optimization problem. This chapter has developed two path-following
computational procedures for their solutions, which invoke a simple convex quadratic
program of low computational complexity at each iteration. Simulation results have
confirmed their rapid convergence. We have shown that TWR achieves much higher
energy-efficiency than its one-way relaying counterpart in all considered scenarios.





Chapter 6

Energy-Efficient Precoding in
Multicell Networks with
Full-Duplex Base Stations

6.1 Introduction

Energy saving has become a pressing ecological/economical concern in dealing with
global warming. From this perspective, it is important to reduce the amount of
carbon emissions associated with operating modern and sophisticated communication
networks [120, 121]. Energy saving also helps to reduce the operational cost since
energy consumption constitutes a significant portion of the network expenditure. Green
cellular networks (see e.g. [122, 123]), which aim at optimizing EE for communications
in terms of bits per Joule per Hertz have drawn considerable research interests in recent
years (see e.g. [124–127] and the references therein). In fact, EE has been recognized as
the new figure-of-merit in assessing the quality and efficiency of future communication
networks (see e.g. [128, 129, 53]). For multicell networks, EE requires new approaches
for interference management as compared to the more traditional performance metrics
[130–135], which mainly aim at maximizing the SE in terms of bits per second per
Hertz.
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FD communication, which allows transmission and reception at the same time
and in the same frequency band as well to and from multiple DLUs and multiple
ULUs, respectively, has emerged as one of the key techniques for the next-generation
networks [58–63]. Nevertheless, a challenging issue in realizing FD communication
is that the interference is very severe, not only because of the residual FD SI, but
also the cross interference between the uplink and the downlink transmissions. In this
chapter, we consider the design of linear precoders to optimize energy efficiency under
QoS constraints in FD MIMO multicell networks. Specifically, the BSs are equipped
with multiple antennas and operate in the FD mode. There are two separate groups of
multi-antenna UEs in each cell, the ULUs and the DLUs, and both groups operate in the
HD mode. Actually, such precoder design problem has not been thoroughly addressed,
even for MIMO cooperative multicell networks with half-duplex base stations.

It is pointed out that, since the rate function of the users is nonconcave, the QoS
in terms of user’s minimum rate constitutes difficult nonconvex constraints, which are
addressed very recently in [116] in a different optimization problem. On the other hand,
the EE objective is not a ratio of concave and convex functions in order to facilitate
the Dinkelbach-type algorithm [64], which is the main tool for obtaining computational
solutions of EE optimization problems (see e.g. [117, 136] and the references therein).
To get around such nonconvexity issue, references [65] and [66] consider the specific zero-
forcing precoders to completely cancel the interferences so that the user’s rate function
becomes concave and the QoS constraints become convex, while the EE objective
becomes a ratio of concave and convex functions. This then allows the application of
the Dinkelbach-type algorithm. It should be noted, however, that although having
the convex QoS constraints on zero-forcing precoders, the EE optimization problems
are still very difficult and there are no polynomial-time algorithms available to solve
them. Furthermore, EE optimization for zero-forcing precoders only applies to the
case that the number of antennas at each BS is much larger than the total number
of users’ antennas. As for the FD cooperative multicell networks considered in this
chapter, the interference cannot be completely cancelled out due to the presence of
self-interference [59, 61, 62], hence the Dinkelbach-type algorithm is not applicable.

Motivated from the above observations, the aim of this chapter is to develop a
novel solution approach that directly tackles the nonconvexity of the concerned EE
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optimization problem. The proposed algorithm is a path-following computational
procedure, which invokes a simple convex quadratic program at each iteration. The
rest of the paper is structured as follows. Section 6.2 provides the problem formulation.
Section 6.3 develops its computational solution. Section 6.4 is devoted to numerical
examples. Section 6.4 concludes the paper.

6.2 System Model and Optimization Problem For-

mulations

We consider an MIMO cooperative network consisting of I cells. As illustrated in
Fig. 6.1, the BS of cell i ∈ {1, . . . , I} serves a group of D DLUs in the downlink
(DL) channel and a group of U ULUs in uplink (UL) channel. Each BS operates
in the FD mode and is equipped with N � N1 + N2 antennas, where N1 antennas
are used to transmit and the remaining N2 antennas to receive signals. In cell i,
DLU (i, jD) and ULU (i, jU) operate in the HD mode and each is equipped with Nr

antennas. Similar to other works on precoding and interference suppression (see, e.g.,
[125, 130, 131, 133–135, 65] and references therein), it is assumed in this chapter that
there are high-performance channel estimation mechanisms in place and a central
processing unit is available to collect and disseminate the relevant CSI.

In the DL, a complex-valued vector si,jD ∈ Cd1 is the symbols intended for DLU
(i, jD), where E

[
si,jD(si,jD)H

]
= Id1 , d1 is the number of concurrent data streams

and d1 ≤ min{N1, Nr}. Denote by Vi,jD ∈ CN1×d1 the complex-valued precoding
matrix for DLU (i, jD) . Similarly, in the UL, si,jU ∈ Cd2 is the symbols sent by ULU
(i, jU), where E

[
si,jU(si,jU)H

]
= Id2 , d2 is the number of concurrent data streams and

d2 ≤ min{N2, Nr}. The precoding matrix of ULU (i, jU) is denoted as Vi,jU ∈ CNr×d2 .
Define

I � {1, 2, . . . , I}; D � {1D, 2D, . . . , DD}; U � {1U, 2U, . . . , UU};
S1 � I × D; S2 � I × U ; V � [Vi,j](i,j)∈S1∪S2 .

(6.1)
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Fig. 6.1 Illustration of FD multicell network.

In the DL channel, the received signal at DLU (i, jD) is expressed as:

yi,jD � Hi,i,jDVi,jDsi,jD︸ ︷︷ ︸
desired signal

+
∑

(m,�D)∈S1\(i,jD)
Hm,i,jDVm,�Dsm,�D︸ ︷︷ ︸

DL interference

+
∑

�U∈U
Hi,jD,�UVi,�Usi,�U︸ ︷︷ ︸

UL intracell interference

+ni,jD , (6.2)

where Hm,i,jD ∈ CNr×N1 and Hi,jD,�U ∈ CNr×Nr are the channel matrices from BS m

to DLU (i, jD) and from ULU (i, �U) to DLU (i, jD), respectively. Also, ni,jD is the
AWGN sample, modelled as circularly-symmetric complex Gaussian random variable
with variance σ2

D. By applying dirty-paper coding (DPC) [137] in the DL channel, the
corresponding DL throughput fi,jD is [138, eq. (4)]

fi,jD(V) � ln
∣∣∣INr + Li,jD(Vi,jD)LH

i,jD(Vi,jD)Ψ−1
i,jD(V)

∣∣∣ , (6.3)
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where Li,jD(Vi,jD) � Hi,i,jDVi,jD and

Li,jD(Vi,jD)LH
i,jD(Vi,jD) = Hi,i,jDVi,jDVH

i,jDHH
i,i,jD , (6.4)

Ψi,jD(V) �
∑

(m,�D)∈S1\{(i,�D),�=j,...,D}
Hm,i,jDVm,�DVH

m,�DHH
m,i,jD

+
∑

�U∈U
Hi,jD,�UVi,�UVH

i,�UHH
i,jD,�U + σ2

DINr . (6.5)

In the UL channel, the received signal at BS i can be expressed as

yi �
∑

�U∈U
Hi,�U,iVi,�Usi,�U︸ ︷︷ ︸
desired signal

+
∑

m∈I\{i}

∑
�U∈U

Hm,�U,iVm,�Usm,�U︸ ︷︷ ︸
UL interference

+ HSI
i

∑
�D∈D

Vi,�D s̃i,�D︸ ︷︷ ︸
residual SI

+
∑

m∈I\{i}
HB

m,i

∑
jD∈D

Vm,jDsm,sD︸ ︷︷ ︸
DL intercell interference

+ni, (6.6)

where Hm,�U,i ∈ CN2×Nr and HB
m,i ∈ CN2×N1 are the channel matrices from ULU (m, �U)

to BS i and from BS m to BS i, respectively. The channel matrix HSI
i ∈ CN2×N1

represents the residual self-loop channel from the transmit antennas to the receive
antennas at BS i after all real-time interference cancelations in both analog and digital
domains [139, 62] are accounted for. The additive Gaussian noise vector s̃i,�D with
E
[
s̃i,jD(s̃i,jD)H

]
= σ2

SIId1 models the effects of the analog circuit’s non-ideality and the
limited dynamic range of the analog-to-digital converter (ADC) [21, 59, 139, 63]. The
SI level σ2

SI is the ratio of the average SI powers before and after the SI cancelation
process. Lastly, ni is the AWGN sample, modelled as circularly-symmetric complex
Gaussian random variable with variance σ2

U.

By treating the entries of the self-loop channel HSI
i in (6.6) as independent circularly-

symmetric complex Gaussian random variables with zero mean and unit variance, the
power of the residual SI in (6.6) is

σ2
SIE

⎧⎨⎩HSI
i

⎛⎝ ∑
�D∈D

Vi,�D
VH

i,�D

⎞⎠ (HSI
i )H

⎫⎬⎭ = σ2
SI

⎛⎝ ∑
�D∈D

||Vi,�D
||2
⎞⎠ INr . (6.7)
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It is important to point out that the above power expression only depends on the BS
transmit power and it cannot be changed by precoder matrices Vi,�D .

Upon applying the minimum mean square error – successive interference cancellation
(MMSE-SIC) decoder, the achievable uplink throughput at BS i is given as [68]

fi(V) � ln
∣∣∣IN2 + Li(VUi)LH

i (VUi)Ψ−1
i (V)

∣∣∣ , (6.8)

where VUi � (Vi,�U)�U∈U , Li(VUi) �
[
Hi,1U,iVi,1U , Hi,2U,iVi,2U , . . . , Hi,UU,iVi,UU

]
, and

Li(VUi)LH
i (VUi) =

U∑
�=1

Hi,�U,iVi,�UVH
i,�UHH

i,�U,i, (6.9)

Ψi(V) �
∑

m∈I\{i}

∑
�U∈U

Hm,�U,iVm,�UVH
m,�UHH

m,�U,i + σ2
SI(
∑

�D∈D
||Vi,�D

||2)INr

+
∑

m∈I\{i}
HB

m,i

⎛⎝∑
jD∈D

Vm,jDVH
m,jD

⎞⎠ (HB
m,i)H + σ2

UIN2 . (6.10)

Following [119], the consumed power P tot
i of cell i can be modelled as

P tot
i (V) = ζP t

i (V) + P BS + UP UE, (6.11)

where P t
i (V) �

∑
jD∈D

||Vi,jD ||2 +
∑

jU∈U
||Vi,jU ||2 is the total transmit power of BS and UEs

in cell i and ζ is the reciprocal of drain efficiency of power amplifier. Also P BS = N1Pb

and P UE = NrPu are the circuit powers of BS and UE, respectively, where Pb and Pu

represent the per-antenna circuit power of BS and UEs, respectively. Consequently,
the energy efficiency of cell i is defined by

∑
jD∈D

fi,jD(V) + fi(V)

P tot
i (V) . (6.12)
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In this chapter, we consider the following precoder design to optimize the network’s
energy efficiency:

max
V

min
i∈I

∑
jD∈D

fi,jD(V) + fi(V)

P tot
i (V) (6.13a)

s.t.
∑

jD∈D
||Vi,jD ||2 ≤ P max

BS , i ∈ I, (6.13b)

||Vi,jU ||2 ≤ P max
UE , (i, jU) ∈ S2, (6.13c)

fi,jD(V) ≥ rmin
i,jD , (i, jD) ∈ S1 (6.13d)

fi(V) ≥ rU,min
i , i ∈ I, (6.13e)

where (6.13b)-(6.13c) limit the transmit powers for each BS and ULU, while (6.13d)-
(6.13e) are the QoS constraints for both downlink and uplink transmissions.

On the other hand, the problem of optimizing the energy efficiency in DL transmis-
sion only is formulated as follows:

max
VDL=[Vi,jD ](i,jD)∈S1

min
i∈I

∑
jD∈D

fDL
i,jD(VDL)

ζ
∑

jD∈D
||Vi,jD ||2 + P BS (6.14a)

s.t. (6.13b), fDL
i,jD(VDL) ≥ rmin

i,jD , (i, jD) ∈ S1 (6.14b)

with

fDL
i,jD(VDL) � ln

∣∣∣INr + Hi,i,jDVi,jDVH
i,jDHH

i,i,jD (
∑

(m,�D)∈S1\{(i,�D),�=j,...,D}
Hm,i,jDVm,�D

× VH
m,�DHH

m,i,jD + σ2
DINr

)−1
∣∣∣∣ . (6.15)

Likewise, the problem of optimizing the energy efficiency in the UL transmission
only is

max
VUL=[Vi,�U ](i,�U)∈S2

min
i∈I

fUL
i (VUL)

ζ
∑

�U∈U
||Vi,�U ||2 + UP UE (6.16a)

s.t. (6.13c), fUL
i (VUL) ≥ rU,min

i , i ∈ I, (6.16b)
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with

fUL
i (VUL) � ln

∣∣∣∣∣IN2 +
U∑

�=1
Hi,�U,iVi,�UVH

i,�UHH
i,�U,i

×(
∑

m∈I\{i}

∑
�U∈U

Hm,�U,iVm,�U VH
m,�UHH

m,�U,i + σ2
UIN2

)−1
∣∣∣∣ . (6.17)

As discussed before, for the downlink EE optimization problem (6.14), references
[65] and [66] apply zero-forcing precoders so that all the interference terms in (6.5) are
completely cancelled, making fDL

i,jD(VDL) = ln
∣∣∣INr + Hi,i,jDVi,jDVH

i,jDHH
i,i,jD/σ2

D

∣∣∣. Then
by making the variable change Xi,jD = Vi,jDVH

i,jD , the EE optimization for zero-forcing
precoders becomes:

max
XDL=[Xi,jD ](i,jD)∈S1

min
i∈I

∑
jD∈D

ln
∣∣∣INr + Hi,i,jDXH

i,jDHH
i,i,jD/σ2

D

∣∣∣
ζ
∑

jD∈D
tr(Xi,jD) + P BS (6.18a)

s.t.
∑

jD∈D
tr(Xi,jD) ≤ P max

BS , i ∈ I, (6.18b)

ln
∣∣∣INr + Hi,i,jDXH

i,jDHH
i,i,jD/σ2

D

∣∣∣ ≥ rmin
i,jD , (i, jD) ∈ S1, (6.18c)

XDL ∈ Zzf , (6.18d)

where the last linear constraint (6.18d) is to explicitly specify a zero-forcing precoder.
Since the numerator in the objective (6.18a) is concave in Xi,jD , the problem expressed
in (6.18) is maximin optimization of concave-convex function ratios. To solve such a
problem, references [65] and [66] use the Dinkelbach-type algorithm [64]. Specifically,
the optimal value of (6.18) is found as the maximum of γ for which the optimal value
of the following convex program is nonnegative:

max
XDL=[Xi,jD ](i,jD)∈S1

min
i∈I

[
∑

jD∈D
ln
∣∣∣INr + Hi,i,jDXH

i,jDHH
i,i,jD/σ2

D

∣∣∣
−γ(ζ

∑
jD∈D

tr(Xi,jD) + P BS)]

s.t. (6.18b), (6.18c), (6.18d).

(6.19)

It should be noted that, although being convex for fixed γ, the program (6.19) is still
computationally difficult. This is because the concave objective function and convex
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constraints (6.18c) in (6.19) involve log-det functions. In fact, no polynomial-time
algorithms are known to find the the solution. Another issue is that the zero forcing
constraint (6.18d) in (6.19) would rule out the effectiveness of the optimization, unless
the total number (N · I) of the BSs’ antennas is much larger than the total number
(I · D · Nr) of DLUs’ antennas.

The optimal value of (6.6) is still the maximum of γ > 0 such that the optimal
value of the following program is nonnegative

max
V

min
i∈I

[
∑

jD∈D
fi,jD(V) + fi(V) − γP tot

i (V)] s.t. (6.13b) − (6.13e). (6.20)

However, problem (6.20) is a very difficult nonconvex optimization even for a fixed
γ > 0 because its objective function is obviously nonconcave while its constraints
(6.13e) are highly nonconvex. In fact, one can see that (6.20) for a fixed γ is not easier
than the original nonconvex optimization problem (6.13). In the next section we will
develop a path-following procedure for computing the solution of (6.13) that avoids
the setting (6.20).

6.3 Path-Following Quadratic Programming

With the newly-introduced variable t = (t1, . . . , tI), ti > 0, i = 1, 2, . . . , I and under
the convex quadratic constraints

ζ
∑

jD∈D
||Vi,jD ||2 +

∑
jU∈U

||Vi,jU ||2 + P BS + UP UE ≤ ti, i ∈ I, (6.21)

problem (6.13) is equivalently expressed by

max
V,t

P(V, t) � min
i∈I

∑
jD∈D

fi,jD(V) + fi(V)

ti

s.t. (6.13b), (6.13c), (6.13d), (6.13e), (6.21).
(6.22)
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Let
Mi,jD(V) � Li,jD(Vi,jD)LH

i,jD(Vi,jD) + Ψi,jD(V)
� Ψi,jD(V),

and
Mi(V) � Li(VUi)LH

i (VUi) + Ψ(Vi)
� Ψ(Vi).

At V(κ) � [V(κ)
i,j ](i,j)∈S1∪S2 , which is feasible to (6.13b)-(6.13e), define the following

quadratic functions in V:

Θ(κ)
i,jD(V) � a

(κ)
i,jD + 2

{
〈Ψ−1

i,jD(V(κ))Li,jD(V(κ)
i,jD), Li,jD(Vi,jD)〉

}
−〈Ψ−1

i,jD(V(κ)) − M−1
i,jD(V(κ)), Mi,jD(V)〉

= a
(κ)
i,jD + 2

{
tr
(
(V(κ)

i,jD)HHH
i,i,jDΨ−1

i,jD(V(κ))Hi,i,jDVi,jD

)}
− ∑

(m,�D)∈S1\{(i,�D),�=j+1,...,D}
tr
(
VH

m,�DHH
m,i,jD(Ψ−1

i,jD(V(κ))

−M−1
i,jD(V(κ)))Hm,i,jDVm,�D

)
− ∑

�U∈U
tr
(
VH

i,�UHH
i,jD,�U(Ψ−1

i,jD(V(κ)) − M−1
i,jD(V(κ)))Hi,jD,�UVi,�U

)
−σ2

Dtr
(
Ψ−1

i,jD(V(κ)) − M−1
i,jD(V(κ))

)
(6.23)

and

Θ(κ)
i (V) � a

(κ)
i + 2

{
〈Ψ−1

i (V(κ))Li(V(κ)
Ui ), Li(VUi)〉

}
−〈Ψ−1

i (V(κ)) − M−1
i (V(κ)), Mi(V)〉

= a
(κ)
i + 2

U∑
�=1


{
tr
(
(V(κ)

i,�U
)HHH

i,�U,iΨ−1
i (V(κ))Hi,�U,iVi,�U

)}
− ∑

m∈I

∑
�U∈U

tr
(
VH

m,�UHH
m,�U,i(Ψ−1

i (V(κ))

−M−1
i (V(κ)))Hm,�U,iVm,�U

)
−σ2

SItr(
(
Ψ−1

i (V(κ)) − M−1
i (V(κ))

) ∑
�D∈D

||Vi,�D ||2

− ∑
m∈I\{i}

∑
jD∈D

tr
(
VH

m,jD(HB
m,i)H(Ψ−1

i (V(κ))

−M−1
i (V(κ)))HB

m,iVm,jD

)
− σ2

Utr
(
Ψ−1

i (V(κ)) − M−1
i (V(κ))

)
.(6.24)
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These functions are concave because Ψ−1
i,jD(V(κ))−M−1

i,jD(V(κ)) � 0 and Ψ−1
i (V(κ))−

M−1
i (V(κ)) � 0. Also

0 > a
(κ)
i,jD = fi,jD(V(κ)) − 〈Ψ−1

i,jD(V(κ))Li,jD(V(κ)
i,jD), Li,jD(V(κ)

i,jD)〉
0 > a

(κ)
i = fi(V(κ)) − 〈Ψ−1

i (V(κ))Li(V(κ)
Ui ), Li(V(κ)

Ui )〉,
(6.25)

which follows from the inequality

ln |I + X| ≤ tr(X), ∀ X � 0.

The following result shows that the highly nonlinear and nonconcave functions
fi,jD(·) and fi(·) in problem (6.13) can be globally and locally approximated by concave
quadratic functions.

Theorem 6.1 According to [116]

fi,jD(V(κ)) = Θ(κ)
i,jD(V(κ)) and fi,jD(V) ≥ Θ(κ)

i,jD(V) ∀ V, (6.26)

fi(V(κ)) = Θ(κ)
i (V(κ)) and fi(V) ≥ Θ(κ)

i (V) ∀ V. (6.27)

It follows from the above theorem that the nonconvex QoS constraints (6.13d) and
(6.13e) can be innerly approximated by the following convex quadratic constraints

Θ(κ)
i,jD(V) ≥ rmin

i,jD , (i, jD) ∈ S1; Θ(κ)
i (V) ≥ rU,min

i , i ∈ I. (6.28)

These constraints also yield


{
〈Ψ−1

i,jD(V(κ))Li,jD(V(κ)
i,jD), Li,jD(Vi,jD)〉

}
≥

−a
(κ)
i,jD + 〈Ψ−1

i,jD(V(κ)) − M−1
i,jD(V(κ)), Mi,jD(V)〉 ≥ 0, (i, jD) ∈ S1, (6.29)

and


{
〈Ψ−1

i (V(κ))Li(V(κ)
Ui ), Li(VUi)〉

}
≥

−a
(κ)
i + 〈Ψ−1

i (V(κ)) − M−1
i (V(κ)), Mi(V)〉 ≥ 0, i ∈ I. (6.30)



116Energy-Efficient Precoding in Multicell Networks with Full-Duplex Base Stations

Therefore, by using the inequality

x

ti

≥ 2
√

x(κ)√x

t
(κ)
i

− x(κ)

(t(κ)
i )2

ti ∀x > 0, x(κ) > 0, ti > 0, t
(κ)
i > 0,

we obtain


{
〈Ψ−1

i,jD(V(κ))Li,jD(V(κ)
i,jD), Li,jD(Vi,jD)〉

}
ti

≥ ϕ
(κ)
i,jD(Vi,jD , ti),


{
〈Ψ−1

i (V(κ))Li(V(κ)
Ui ), Li(VUi)〉

}
ti

≥ ϕ
(κ)
i (VUi, ti)

(6.31)

for

ϕ
(κ)
i,jD(Vi,jD , ti) � 2b

(κ)
i,jD

√

{
〈Ψ−1

i,jD(V(κ))Li,jD(V(κ)
i,jD), Li,jD(Vi,jD)〉

}
− c

(κ)
i,jDti

ϕ
(κ)
i (VUi, ti) � 2b

(κ)
i

√

{
〈Ψ−1

i (V(κ))Li(V(κ)
Ui ), Li(VUi)〉

}
− c

(κ)
i ti,

(6.32)

where

b
(κ)
i,jD =

√
〈Ψ−1

i,jD(V(κ))Li,jD(V(κ)
i,jD), Li,jD(V(κ)

i,jD)〉
t
(κ)
i

> 0, c
(κ)
i,jD = (b(κ)

i,jD)2 > 0,

b
(κ)
i =

√

{
〈Ψ−1

i (V(κ))Li(V(κ)
Ui ), Li(V(κ)

Ui )〉
}

t
(κ)
i

> 0, c
(κ)
i = (b(κ)

i )2 > 0.

(6.33)

It is pointed out that functions ϕ
(κ)
i,jD and ϕ

(κ)
i are concave [48]. Furthermore, define

functions

g
(κ)
i,jD(V, ti) �

a
(κ)
i,jD

ti

+ 2ϕ
(κ)
i,jD(Vi,jD , ti) − 〈Ψ−1

i,jD(V(κ)) − M−1
i,jD(V(κ)), Mi,jD(V)〉
ti

,

g
(κ)
i (V, ti) �

a
(κ)
i

ti

+ 2ϕ
(κ)
i (VUi, ti) − 〈Ψ−1

i (V(κ)) − M−1
i (V(κ)), Mi(V)〉
ti

,

(6.34)
which are concave. This can be justified by observing that the first terms of these two
functions, a

(κ)
i,jD/ti and a

(κ)
i /ti, are concave as a

(κ)
i,jD < 0 and a

(κ)
i < 0 by (6.25), while

their second terms have been shown to be concave as above, and their third terms are
concave according to [115].
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We now address the nonconvex problem (6.13) by successively solving the following
convex quadratic program (QP):

max
V,t

P(κ)(V, t) � min
i∈I

[
∑

jD∈D
g

(κ)
i,jD(V, ti) + g

(κ)
i (V, ti)]

s.t. (6.13b), (6.13c), (6.21), (6.28).
(6.35)

Note that (6.35) involves n = 2(N1 · d1 · I · D + Nr · d2 · I · U) + I scalar real variables
and m = I · D + 3 · I + I · U quadratic constraints so its computational complexity is
O(n2m2.5 + m3.5).

Proposition 6.1 Let (V(κ), t(κ)) be a feasible point to (6.22). The optimal solution
(V(κ+1), t(κ+1)) of convex program (6.35) is feasible to the nonconvex program (6.22)
and it is better than (V(κ), t(κ)), i.e.,

P(V(κ+1), t(κ)) ≥ P(V(κ), t(κ)). (6.36)

as long as (V(κ+1), t(κ+1)) �= (V(κ), t(κ)). Consequently, once initialized from a feasible
point (V(0), t(0)) to (6.22), the κ-th QP iteration (6.35) generates a sequence {V(κ)} of
feasible and improved points toward the nonconvex program (6.22), which converges to
an optimal solution of (6.13). Under the stopping criterion

∣∣∣(P(V(κ+1), t(κ+1)) − P(V(κ), t(κ))
)

/P(V(κ), t(κ))
∣∣∣ ≤ ε

for a given tolerance ε > 0, the QP iterations will terminate after finitely many
iterations.

Proof See Appendix D.

The proposed path-following quadratic prgramming that solves problem (6.13) is
summarized in Algorithm 7.



118Energy-Efficient Precoding in Multicell Networks with Full-Duplex Base Stations

Algorithm 7 Path-Following Quadratic Programming for EE Optimization.
Initialization: Set κ := 0, and choose a feasible point (V(0), t(0)) to (6.22).
κ-th iteration: Solve (6.35) for an optimal solution V∗ and set κ := κ+1, V(κ) := V∗

and calculate P(V(κ)). Stop if
∣∣∣(P(V(κ)) − P(V(κ−1))

)
/P(V(κ−1))

∣∣∣ ≤ ε.

Before closing this section, it is pointed out that a feasible initial point (V(0), t(0))
to (6.22) can be founded by solving

max
V

min
(i,jD)∈S1

{
fi,jD(V)

rmin
i,jD

,
fi(V)
rU,min

i

}
: (6.13b), (6.13c), (6.37)

with iterations

max
V

min
(i,jD)∈S1

⎧⎨⎩Θ(κ)
i,jD(V)
rmin

i,jD

,
Θ(κ)

i (V)
rU,min

i

⎫⎬⎭ : (6.13b), (6.13c), (6.38)

which terminate as soon as

fi,jD(V(κ))/rmin
i,jD ≥ 1 and fi(V(κ))/rU,min

i ≥ 1, ∀(i, jD) ∈ S1. (6.39)

6.4 Simulation Results

For the purpose of illustrating the performance advantage (in terms of the EE) of the
proposed FD precoder design, the FD BSs can be reconfigured to operate in the HD
mode with N = N1 + N2 antennas at each BS. In particular, each BS operating in the
HD mode serves all the DLUs in the downlink and all the ULUs in the uplink, albeit
in two separate resource blocks (e.g., time or frequency). We then apply Algorithm 7
to solve the EE optimization problems (6.14) and (6.16). Suppose that Vopt,DL and
Vopt,UL are their optimal solutions. Accordingly, we compare the optimal value of
(6.13) with

min
i∈I

⎛⎝∑
jD∈D

fi,jD(Vopt,DL) + fUL
i (Vopt,UL)

⎞⎠ /2

ζ

⎛⎝∑
jD∈D

||Vopt
i,jD ||2 +

∑
jU∈U

||Vopt
i,�U

||2
⎞⎠+ P BS + UP UE

, (6.40)
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Table 6.1 Simulation parameters used in all numerical examples.

Parameter Value

Carrier frequency 2 GHz
System bandwidth 10 MHz

Maximum BS transmit power, P max
BS 20 W

Maximum user transmit power, P max
UE 150 mW

Noise power density −174 dBm/Hz
Noise figure at a DLU receiver 9 dB
Noise figure at a BS receiver 5 dB

where the fraction 1/2 in the numerator accounts for the fact that two time slots are
used in HD downlink and uplink communications and P BS = (N1 + N2)Pb.

The channel matrix between a BS and a user at a distance d is generated according
to the path loss model for line-of-sight (LOS) communications as 10−P LLOS/20H̃, where
PLLOS = 103.8+20.9 log10 d and each entry of H̃ is an independent circularly-symmetric
Gaussian random variable with zero mean and unit variance [140]. The channel matrix
from a ULU to a DLU at a distance d is assumed to follow the non-line-of-sight (NLOS)
path loss model as 10−P LNLOS/20H̃ with PLNLOS = 145.4 + 37.5 log10 d [140].

For the FD mode, the number N1 of transmit antennas and the number N2 of
receive antennas at a BS are 4 and 2, respectively. The numbers of concurrent downlink
and uplink data streams are assumed to be equal to the number of antennas at a
DLU/ULU, i.e., d1 = d2 = Nr. The precoding matrices Vi,jD and Vi,jU in (6.2) and
(6.6) are of dimensions N1 × Nr and Nr × Nr, respectively. The rate constraints in
(6.13d) and (6.13e) are set as rmin

i,jD = 2 bps/Hz and rU,min
i = 2 bps/Hz, respectively.

The circuit powers for each antenna in BS and UE are Pb = 1.667 W and Pu = 50 mW,
respectively[119]. To arrive at the final figures, 100 simulation runs are carried out and
the results are averaged. Table 6.1 lists other 3GPP LTE network parameters that are
used in all simulations [140]. For simplicity, the drain efficiency of power amplifier ζ is
assumed to be 100% for both the downlink and uplink transmissions.
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Fig. 6.2 A single-cell network with 2 DLUs and 2 ULUs.

6.4.1 Effect of SI in a Single-Cell Network with Fixed Users

The example network in Fig. 6.2 is used to study the energy efficiency performance of
Algorithm 7. The coordinates of BS, ULU 1, ULU 2, DLU 1, and DLU 2 are (0,0),
(0,90), (50,-50), (100,0), and (-50,-20), respectively. By considering a single-cell network
with fixed-location users, one can focus on the effect of SI while isolating those of the
intracell and intercell interferences. Fig. 6.3 shows the energy efficiency results for two
cases of Nr = 1 and Nr = 2. It is clear that the EE under the FD mode degrades as
σ2

SI increases. In particular, FD EE is more than double the HD EE when σ2
SI ≤ −100

dB. Figs. 6.4 and 6.5 further illustrate the data rates of FD and HD modes for Nr = 2
and Nr = 1, respectively. It can be seen that, due to the adverse effect of SI, the data
rates of DL and UL in the FD model degrade with increasing of σ2

SI. For the case of
Nr = 2, Fig. 6.4 shows that the data rates in the FD mode are higher than that of the
HD mode when σ2

SI ≤ −120 dB. Similarly, it is clear from Fig. 6.5 that the data rates
in the FD mode with Nr = 1 are superior than that in the HD mode when σ2

SI ≤ −110
dB.
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Fig. 6.3 Energy efficiency of the single-cell network for FD and HD modes.
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Fig. 6.4 Data rates of DL and UL for FD and HD modes with Nr = 2 in the single-cell
network.
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Fig. 6.5 Data rates of DL and UL for FD and HD modes with Nr = 1 in the single-cell
network.

6.4.2 Effect of Intracell Interference in a Single-Cell Network

The example network in Fig. 6.6 is examined to study the EE performance of Algorithm 7
when the intracell interference changes but σ2

SI is fixed at σ2
SI = −110 dB. The location

of the DLU is fixed at point B but the location of the ULU is varied. For each position
of the ULU at a point A on a circle of radius 90 m, the EE quantity is found by
Algorithm 7. By keeping the small-scale fading parameter unchanged, a small angle
ÂOB in Fig. 6.6 results in a small path loss and accordingly a large intracell interference
level.

It can be observed from Fig. 6.7 that the FD EE is always much higher than the HD
EE if the intracell interference is sufficiently small. The largest gain in EE is achieved
when the ULU-DLU distance is maximum (i.e., ÂOB = π), in which case the intracell
interference is smallest. In addition, Figs. 6.8 and 6.9 plot the data rates of FD and
HD modes for Nr = 2 and Nr = 1, respectively. For the case of Nr = 2, the data rates
of FD DL at ÂOB = 0 are smaller than that of the HD DL. This is expected since
when the ULU is very close to DLU at ÂOB = 0, the intracell interference is strongest.
When the ULU-DLU distance becomes larger, the data rates of FD are significantly
higher than the data rates of HD. In the case of Nr = 1, the data rates of FD DL are
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Fig. 6.6 A single-cell network with one fixed DLU and one moving ULU. The DLU
location is fixed at point B, whereas the ULU is located at any point A on the circle of
radius of 90 m.

only smaller than that of HD DL at ÂOB = 0, while the data rates of FD UL are
higher than that of HD UL at every position of the ULU.

6.4.3 Multi-Cell Networks

In the last simulation scenario we compare the FD EE and HD EE for a three-cell
network as depicted by Fig. 6.10. The positions of the ULU and DLU in each cell are
fixed at distances 2r/3 = 66.67 m and r/2 = 50 m from their serving BS, respectively.
Fig. 6.11 shows that the EE decreases with the increasing level of SI. In contrast to the
FD EE in the single-cell network, the FD EE in a three-cell network degrades in the
low σ2

SI regime. This is because there is intercell interferences in a three-cell network.
In the high σ2

SI regime, the FD EE is better than that in the single-cell network.

The convergence behavior of Algorithm 7 is demonstrated in Fig. 6.12 for the
network in Fig. 6.10, where the error tolerance for convergence is set as ε = 10−3. As
can be seen, the proposed algorithm monotonically improves the objective value after
every iteration. Table 6.2 shows that the convergence occurs within about 32 iterations.
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Fig. 6.7 Energy efficiency of the single-cell network under FD and HD modes.
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Fig. 6.8 Data rates of DL and UL for FD and HD modes with Nr = 2 in the single-cell
network.
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Fig. 6.9 Data rates of DL and UL for FD and HD modes with Nr = 1 in the single-cell
network.

Table 6.2 The average number of iterations required by Algorithm 7

σ2
SI (dB) -150 -130 -110 -90

Average number of iterations 32.4 20.3 25.7 18.5

Note also that each iteration only involves one simple convex QP, which can be solved
very efficiently by any available convex solvers such as CVX [141]. The data rates of
the minimum cell energy efficiency for Nr = 2 and Nr = 1 are provided in Figs. 6.13
and 6.14, respectively. For the case of Nr = 2, the data rates of FD DL are slightly
smaller than that of HD DL, but the gap between FD UL and HD UL data rates
becomes larger as σ2

SI increases. In the case of Nr = 1, although the data rates of FD
DL are higher that of the HD DL, it decreases with increasing σ2

SI. On the contrary,
the data rates of FD UL are smaller than that of the HD UL.

6.5 Conclusions

We have designed novel linear precoders for base stations and users in order to maximize
the energy efficiency of a multicell network in which full-duplex BSs simultaneously
transmit to and receive from their half-duplex users. The precoders are found by a low-
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Fig. 6.10 A three-cell network with 1 DLU and 1 ULU. The cell radius is r = 100 m.
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Fig. 6.11 Effect of SI on the energy efficiency in a three-cell network.
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Fig. 6.14 Data rates of DL and UL for FD and HD modes with Nr = 1 in a three-cell
network.

complexity iterative algorithm that requires solving only one simple convex quadratic
program at each iteration. It has also been proved that the proposed path-following
algorithm is guaranteed to monotonically converge. Simulation results have been
presented in various network scenarios to demonstrate the performance advantage of
the proposed precoders in terms of energy efficiency.



Chapter 7

Conclusions and Future Work

7.1 Conclusions

Chapter 3 has considered the pilot sequence design for OFDM systems in a high mobility
environment to minimize the MSE of the channel estimate under a LMMSE estimator
for average path gains. This design problem was formulated as a nonconvex optimization
problem, which has been solved by a path-following computational procedure.

A similar problem for channel estimation in large-scale MIMO-OFDM systems
was considered in Chapter 4, which is formulated as a truly large-scale optimization
problem, and a fast convex optimization procedure was proposed to locate its global
optimal solution.

In Chapter 5, we have considered the joint design of user power allocation and relay
beamforming in relaying communications to allow multiple pairs of single-antenna users
to exchange information in two time slots. The design objective is to maximize the
system’s EE under quality-of-service constraints in terms of the exchange throughput
requirements, which has been successfully addressed by an efficient path-following
computational procedure.

In Chapter 6, we have studied MIMO multicell networks, where the BSs were in
FD model, while uplink users and downlink users operated in HD mode. The aim is
to design linear precoders for BSs and users to optimize the networks’ EE. Again, a
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path-following algorithm using a simple convex quadratic program in each iteration
has been developed for computational solutions.

7.2 Future work

Interesting directions for future work are presented in the following.

• In Chapter 3, we considered the pilot sequences design with the fixed power
allocation for OFDM systems in a high mobility environment. The interesting
future work can be carried out to joint design for the pattern and power of the
pilot sequences for MIMO-OFDM systems in the high mobility environment.
Besides, vehicle-to-everything (V2X), which includes V2V (Vehicle-to-vehicle),
V2P (Vehicle-to-Pedestrian), V2I (Vehicle-to-Infrastructure) and V2D (Vehicle-
to-device), promotes the development of intelligent transportation systems. The
vehicle, pedestrian, infrastructure and device detect the signal in the wireless
environment and then exchange with other devices in real time. Since V2X works
in different channel scenarios, channel estimation should be a challenging problem
in terms of providing low-latency and high reliability communication.

• In Chapter 4, the optimal design of training sequences for channel estimation in
large-scale MIMO-OFDM was considered for time invariant channel. In future, it
is interesting to consider the optimal design of training sequences for large-scale
MU-MIMO systems in multi-cells. The BS equipped with large-scale antennas
can serve lots of users at the same time. Furthermore, large-scale MU-MIMO
systems can provide reliable communication via spatial and multiuser diversity.
But this superiority requires that the BS should have the knowledge of uplink
channel state information. In large-scale MU-MIMO systems, estimation of
uplink channel state information is very difficult because of pilot contamination
resulted from co-channel interference. It is worth to consider the scheme of
channel estimation which can mitigate the pilot contamination and design the
optimal training sequences for channel estimation.
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• In Chapter 5, multiple pairs of single-antenna users exchanging information with
each other via multiple-antenna relays needed two time slots. In this work, we
assumed that the CSI of the forward and backward channels and the beamforming
matrices are available, where the channel was quasi-static block fading. In the
future work, we can consider the channel estimation for two-way multi-relay
communications under the time-variation channel. When the users and the relays
are mobile, the channel estimation problem becomes challenging.

• In Chapter 6, the design of linear precoders to optimize energy efficiency MIMO
multicell has been considered, where the BSs equipped with multiple antennas
operate in the FD mode and users operate in the HD model. The mmWave com-
munication, as a key technology in the next-generation wireless communication
systems, can provide higher data rate by allowing larger channel bandwidth. Due
to the high cost and energy of transmit RF chains, joint RF-baseband hybrid
precoding has been proposed for diversity and multiplexing gains. Therefore, it
is worth considering RF-baseband hybrid precoding for maximizing the EE for
the systems.
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Appendix A

Deterministic matrices

The deterministic matrices Δij in the above expression is defined as follows

Δij := E{ΔIijΔH}

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

E{Δ(1, i)Δ∗(1, j)} E{Δ(1, i)Δ∗(2, j)} . . . E{Δ(1, i)Δ∗(S, j)}
E{Δ(2, i)Δ∗(1, j)} E{Δ(2, i)Δ∗(2, j)} . . . E{Δ(2, i)Δ∗(S, j)}
. . . . . . . . . . . .

E{Δ(S, i)Δ∗(1, j)} E{Δ(S, i)Δ∗(2, j)} . . . E{Δ(S, i)Δ∗(S, j)}

⎤⎥⎥⎥⎥⎥⎥⎥⎦ ,

(A.1)
where Iij is the S × S matrix of all zero entries except [Iij](i, j) = 1. Thus

Δij(s1, s2) = 0, whenever (s1 − i)(s2 − j) = 0, (A.2)
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otherwise

Δij(s1, s2) = E{Δ(s1, i)Δ∗(s2, j)}
= E{H(ps1 , pi)H∗(ps2 , pj)}

=
K−1∑
m1=0

K−1∑
m2=0

L−1∑
�1=0

L−1∑
�2=0

E(h�1(m1)h∗
�2

(m2))
K2

× exp
(

−2jπ
m1(ps1 − pi) + pi�1

K

)

× exp
(

2jπ
m2(ps2 − pj) + pj�2

K

)

= 1
K2

K−1∑
m1=0

exp
(

−2jπ
m1(ps1 − pi)

K

)

×
K−1∑
m2=0

exp
(

2jπ
m2(ps2 − pj)

K

)

×
L−1∑
�=0

E(h�(m1)h∗
�(m2)) exp

(
−2jπ

(pi − pj)�
K

)
. (A.3)

Note that, since ΔH
ij = Δji, only Δij for 1 ≤ i ≤ j ≤ S need to be calculated.

RΘ(s1, s2) = E
{

K−S∑
i=1

Θ(s1, i)Θ∗(s2, i)
}

= E
{

K−S∑
i=1

H(ps1 , di)H∗(ps2 , di)
}

=
K−S∑
i=1

K−1∑
m1=0

K−1∑
m2=0

L−1∑
�=0

E(h�(m1)h∗
�(m2))

K2

× exp
(

−2jπ
m1(ps1 − di) − m2(ps2 − di)

K

)
1

K2

K−1∑
m1=0

exp
(

−2jπ
m1ps1

K

) K−1∑
m2=0

exp
(

2jπ
m2ps2

K

)

×
L−1∑
�=0

E(h�(m1)h∗
�(m2))

K−S∑
i=1

exp
(

2jπ
(m1 − m2)di

K

)
. (A.4)



Appendix B

Lemma B.1 and B.2

Lemma B.1 For A, B � 0, C and X � 0 and X̄ � 0 of appropriate size, it is true
that

tr[C(I + (AXAH) ⊗ B)−1CH ] ≤
tr[C(I + (AX̄AH) ⊗ B)−1CH ]
+tr[(I + (AX̄AH) ⊗ B)−1CH

×C(I + (AX̄AH) ⊗ B)−1

×((A(X̄X−1X̄ − X̄)AH) ⊗ B)].

(B.1)

Proof Function F (X) := tr[C(I + (AX−1AH) ⊗ B)−1CH ] is concave in X � 0
according to [94, Lemma 1]. Therefore [48]

F (X) ≤ F (X̄) + 〈∇F (X̄), X − X̄〉
= F (X̄) + tr[(I + (AX̄−1AH) ⊗ B)−1CHC(I

+(AX̄−1AH) ⊗ B)−1((AX̄−1(X − X̄)X̄−1

×AH) ⊗ B)]
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for all X � 0 and X̄ � 0. Replacing X → X−1 and X̄ → X̄−1 into the last inequality
leads to

tr[C(I + (AXAH) ⊗ B)−1CH ] ≤
tr[C(I + (AX̄AH) ⊗ B)−1CH ]
+tr[(I + (AX̄AH) ⊗ B)−1CH

C(I + (AX̄AH) ⊗ B)−1

((A(X̄X−1X̄ − X̄)AH) ⊗ B)]
∀ X � 0, X̄ � 0.

Note that the right hand side does not involve the inverse of X̄ so by using the pertur-
bation argument X̄ → X̄(ε) = X̄ + εI � 0 for ε → 0+ we can see that (B.1) is still
true for X̄ � 0.

Lemma B.2 For Y � 0, Ȳ � 0 and S, S̄ of appropriate dimension, one has

tr(SHY−1S) ≥ 2{tr(S̄HȲ−1S)} − tr(S̄HȲ−1YȲ−1S̄) (B.2)

Proof Using [86], function f(S, Y) := tr(SHY−1S) is convex on the domain {(S, Y) :
Y � 0}. Therefore [48],

f(S, Y) ≥ f(S̄, Ȳ) + 〈∇f(S̄, Ȳ), (S, Y) − (S̄, Ȳ)〉
= 2{tr(S̄HȲ−1S)} − tr(S̄HȲ−1YȲ−1S̄),

which proves (B.2).



Appendix C

Proof for inequalities (5.27), (5.28)
and (5.35)

The function ψ1(z) = ln(1 + z−1) is convex on the domain z > 0 [142]. Therefore [48]

ψ1(z) ≥ ψ(z̄) + ∇ψ1(z̄)(z − z̄) ∀ z > 0, z̄ > 0,

which is seen as

ln(1 + z−1) ≥ ln(1 + z̄−1) + 1
z̄ + 1 − z

(z̄ + 1)z̄ ∀z > 0, z̄ > 0. (C.1)

The inequality (5.27) is obtained by substituting x = z−1 and x̄ = z̄−1 into (C.1).

Next, the function ψ2(x, α, β) = |x|2/√
αβ is convex on the domain z ∈ C, α > 0

and β > 0 [115], so again

ψ2(x, α, β) ≥ ψ2(x̄, ᾱ, β̄) + 〈∇ψ2(x̄, ᾱ, β̄), (x, α, β) − (x̄, ᾱ, β̄)〉,

which is seen as (5.28).
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Finally, by checking its Hessian, the function ψ3(z, t) = (ln(1 + z−1))/t is seen to
be convex on the interior of R2

+. Therefore,

ψ3(z, t) ≥ ψ2(z̄, t̄) + 〈∇ψ3(z̄, t̄), (z, t) − (z̄, t̄)〉
∀ z > 0, z̄ > 0, t > 0, t̄ > 0,

which is seen as

ln(1 + z−1)
t

≥ 2ln(1 + z̄−1)
t̄

+ 1
(z̄ + 1)t̄ − z

(z̄ + 1)z̄t̄

− ln(1 + z̄)
t̄2 t.

The inequality (5.35) follows by substituting x = z−1 and x̄ = z̄−1 into the last
inequality.



Appendix D

Proof for Proposition 6.1

By (6.26) and (6.27), any (V, t) feasible to the convex program (6.35) is also feasible
to the nonconvex program (6.22). As (V(κ), t(κ)) is feasible to (6.35), it follows that

P(V(κ+1), t(κ+1)) ≥ P(κ)(V(κ+1), t(κ+1)) > P (κ)(V(κ), t(κ)) = P(V(κ), t(κ))

as far as (V(κ+1), t(κ+1)) �= (V(κ), t(κ)), hence showing (6.36).

Since the sequence {(V(κ), t(κ))} is bounded by constraint (6.13c), by Cauchy’s
theorem, there is a convergent subsequence {(V(κν), t(κν))}, i.e.,

lim
ν→+∞

[
P(V(κν+1), t(κν+1)) − P(V(κν), t(κν))

]
= 0.

For every κ, there is ν such that κν ≤ κ and κ + 1 ≤ κν+1. It follows from (6.36) that

0 ≤ lim
κ→+∞[P(V(κ+1), t(κ+1)) − P(V(κ), t(κ))]

≤ lim
ν→+∞[P(V(κν+1), t(κ+1)) − P(V(κν), t(κν))]

= 0,

showing
lim

κ→+∞

[
P(V(κ+1), t(κ+1)) − P(V(κ), t(κ))

]
= 0.
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For a given tolerance ε > 0, the iterations will therefore terminate after finitely many
iterations under the stopping criterion

∣∣∣(P1(V(κ+1), t(κ+1)) − P(V(κ), t(κ))
)

/P(V(κ), t(κ))
∣∣∣ ≤ ε. (D.1)

Each accumulation point (V̄, t̄) of the sequence {(V(κ), t(κ))} satisfies the minimum
principle necessary condition for optimality [70].
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