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Abstract

This paper studies the consensus of multi-agent systems with faults and mismatchgs under switched topologies using
a delta operator method. Since faults and mismatches can result in failure of the-consensus even for a fixed topology
with a spanning tree, how to reach a consensus is a complicated and challenging problem under such circumstances
especially when part topologies have no spanning tree. Although some works studied the influence of faults and
mismatches on the consensus, there is little work on reaching a consensus for the multi-agent systems with faults and
mismatches. In this paper, we introduce the delta operator to unify, the consensus analysis for continuous, discrete,
or sampled systems under one framework. We develop the theoriesion the delta operator systems first and then apply
theories of the delta operator systems to the consensus problems:. By converting the consensus problems into stability
problems, we investigate and prove consensus and the associated conditions for systems 1) without any fault, 2) with
a known fault, and 3) with unknown faults,under switching topologies with matching or mismatching coefficients.
Numerical examples are provided and validate the effectiveness of the theoretical results.

Keywords: delta operator system, switched topologies, faults and mismatches, consensus, multi-agent sytems

1. Introduction

Collective behaviors widely exist in nature such as flocking of birds and schooling of fish. They have attracted
more and more attention. Collective behaviors of groups rely on local interactions among individuals, which drives
the emergence of coordination at the group scale [1]. Although the general mechanisms of coordination are not
completely understood, known underlying mechanisms, for example, globally coordinated behaviors arise from local
interactions, have helped us better understand the cooperative control of multi-agent systems [1, 2]. Coordinations

have received increasing interests for their broad applications [3—-6].
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The consensus, as one of the most fundamental collective behaviors, refers to reaching a common state for all
initial conditions. This common state is not decided by centralized systems but by distributed systems with the local
information of every agent and its neighbors [7, 8]. The consensus problem has a long history, and it has received
considerable attention in the last two decades [8§—10]. The consensus problem under ideal conditions is well studied,
and there is also limited work studying the influence of faults and mismatches on consensus. Reaching consensus in
the presence of faults and mismatches is very challenging as they can result in failure of the consensus even for a fixed
topology with a spanning tree, particularly when the system is continuous, discrete or sampled.

Consensus with mismatching coefficients is of practical importance. Some preliminary results.on the consensus
are reported in [11-18]. According to the survey [11], consensus can be reached if the undirected network digraph is
strongly connected. Because the undirected networks can be treated as special cases, of directed networks where the
adjacency matrices are symmetric, the conditions of directed networks are stricter/than those of undirected networks.
The article [12] reports that the first-order consensus can be achieved asymptotically~if the union of the directed
interaction graphs has a spanning tree sufficiently frequently as the system evolyes. It is shown in [13] that the
second-order consensus requires other conditions in addition to hayingya spanning tree. The work [17] states that
a suitable Laplacian matrix and proper coupling strengths are indispensable to achieve consensus for second-order
systems under fixed topologies. That is, the second-order systems\cannot reach consensus with improper strength
coefficients even for fixed topologies with a spanning tree. These studies and results indicate that achieving consensus
with mismatching coefficients is important and useful.

Mismatches resulting in failure of the consensusunder fixed topologies does not necessary mean a failure under
switched topologies. There is limited research onthe consensus for topologies with mismatches and faults, considering
varying topologies. In [15-18], conditions for the/consensus are analysed with reference to the choice of coefficients
under fixed topologies. But these papers did not explain when and how these topologies switch with the proper or
improper coefficients.

With the development of cooperative control, multi-agent systems become increasingly complex, and faults cause
severer impacts on systemyperformance [19]. The sources of faults are multifarious, such as external measurements,
internal settings and weighted deviations. These faults can cause system performance deterioration and lead to insta-
bility which can further result in catastrophic accidents. Thus, many effective fault tolerant control approaches have
been proposed to improve system reliability [19-23]. The authors in [19] studied cooperative adaptive fuzzy tracking
control for a network with unknown actuator faults which are limited to a weighted directed graph with a fixed topol-
ogy. The’paper [20] presents a cooperative actuator fault accommodation strategy for a team of multi-agent systems
with a switching topology on the assumption that the digraph is always strongly connected. The paper [21] presents an
adaptive fault-tolerant control scheme for leader-follower consensus control of uncertain mobile agents with actuator
faults under a fixed topology. The study in [22] addresses the cooperative fault-tolerant tracking control problem for a
class of multi-agent systems subject to mismatched parameter uncertainties, external disturbances and actuator faults
under undirected connected graph with a fixed topology. The authors in [23] propose an H,, cooperative fault recovery
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control scheme confined to the fixed topology with a spanning tree. In actuality, a consensus is likely reached under
switched topologies with unknown faults and a lack of the spanning tree. However, detailed realization is unknown
yet.

With the wide use of computers in modern control engineering and the indispensable sampling operation to ac-
complish computerized processing, the sampled multi-agent systems have been studied in recent year[2, 8, 9]. This
situation can also be found in the signal processing field[24, 25]. These works separately study discrete or sampled
multi-agent systems from continuous ones, which are effective for individual systems, but lack of generality. It is also
hard to bridge and connect between continuous and sampled systems. Therefore, finding a suitable'tool to unify the
continuous and sampled multi-agent systems is very important. Based on the work on the delta operator [26-31], the
delta operator is compatible with continuous and discrete time systems, and hence can'be‘asgeod option for such a
unifying tool.

This paper aims to study the consensus of multi-agent systems with faults@and mismatches under switched topolo-
gies using a delta operator method, to address the major limitations of current research as mentioned above. The main

contributions of this paper are as follows:

e We develop the method on the delta switched systems and this method unify consensus analysis for continuous,

discrete and sampled systems under one framework;

e We investigate and prove the consensus and its associated conditions for systems with no fault, a known fault,

and unknown faults originating from various seurces; and

e We analyse consensus under switching topologies with matching and mismatching coefficients in every case,

and demonstrate the associated conditions,of consensus;

Our developed theorems in thispaper have no special limitations. The topologies can be undirected or directed and
the network can be balanced’or unbalanced. The results in this paper can be applied, but not limited, to the following
cases: no leader; switching leaders; switching between with and without a leader.

The rest of this_paperare organized as follows: some basic concepts are provided in Section2. Section 3 presents
the main results for three cases of the multi-agent systems. Numerical examples are made in Section 4 to verify the
theoretical analysis. Finally, the conclusion is given in Section 5.

Notationss X" “denotes the transpose of a matrix X, P > (<) 0 denotes that the matrix P is symmetric and positive
(negative) definite, I represents an identity matrix, C' represents the space of continuously differentiable functions,

and R" denotes the N-dimensional Euclidean space.

2. PRELIMINARIES

In this section, some important basic graph theories are introduced.



A multi-agent system with n agents is considered in this paper. Basic graph theory is used to model the undirected
or directed interaction among agents. The set of node indexes is 7 = {1,2,...,n}. Let a directed graph G = (V, E, A)
describe the communication topology among the agents, where V = {vi,vo,...,v,}, E € VXV, and A = [g;;]. They
are the set of nodes, a set of edges, and the corresponding adjacency matrix, respectively. We assume that there are
no self loops in the networks. The set N; = {v; € V : (v;,v;) € &, j # i, j € 1,i € 1} stands for the set of neighboring
node v;. The matrix L = [/;;] is called as a Laplacian matrix, where 1) l;; = Y_, ,; ax for i=j; and 2)7;; = —a;;, for
i # j,and i, j € 7. A directed graph is called as a directed tree, when every node has exactly one parent exeept for the
root. A directed tree is seen as a spanning tree of a directed graph when the tree connects all the'nodes of the graph.
More details can be found in [32]. A new matrix H is defined as H = [h;;] € R"DX0=D ] where by ='1;; — 1.

For the switched topologies, we assume that there are m topologies, where m is @ positivesconstant. A finite set
J =1{1,2,...,m} denotes all the switched topologies.

For the considered multi-agent system with n agents, every agent is modeled using-the G"-order model [17, 33—

35]:
i@ = x00)

(G-2) oy _ (G-1) M
X7 = )
V@) = wie T
where x;(f) is the state of the i’ agent, u; is the control input,.and xgk) stands for the k™ derivative of x; and xgo) = Xj.
Since it is harder to get higher order information of other agents in many circumstances, we consider the following

consensus algorithm[33, 34]:

uit)=Bo Yy (= x01) = Bix(0) = -+ = Bo-1x° i = T, @)
JENi(D)
where the positive constants\S8o, 81,52, - - ., Bg-1 denote the (coupling or strength) coefficients, and a;;,1, j € 1, are

the entries of the adjacency matrix A(G) for the given interaction topology G. Let K denote the set of {0,...,G — 1}.

Remark 1. The methods‘and results in this paper are applicable to other consensus algorithms, such as the consensus

algorithm on full coupling state information [17, 35]:

G0 =Fo Y, ayOE D= x"O) + -+ o Y a0 - TV, 3)

JENI(D) JENiI(®)

Only thetvalue of A , I and B in this paper need to be revised accordingly.

Remark 2. For multi-agent systems with proper consensus algorithms, different topologies will cause different a;;.

Correspondingly, a fixed topology means an invariable value of a;j.

Definition 1. The G™-order consensus of the multi-agent systems with n agents is said to be reached only if xl(.k)(t) -

x(jk)(t), k € K, when t — +co, for all initial conditions.



Definition 2. [36] For a switched system with the switching signal o(t) and any T> t >0, the notation Ny,(T, t) stands
for the switching numbers of the p™ subsystem, and T,(T,1) denotes the total running time of P subsystem over the
interval [t, T). The system is said to have a mode-dependent average dwell time (MDADT) 1, if positive numbers

Nop(T, t) and 7, exist, and such that

T,(T,1)
Nop(T, 1) < Nop(T, 1) + ————. “)
Tap
Consider the following delta operator switched systems :
02(1) = fo(2(1)), 2(t0) = 20,1 2 10, ®)
where z(¢) and o are the state vector and the switching signal, respectively. The delta operator is defined as
d
ar° T = 0,
g=1 1 (6)
=, T %0,
dz() T =0
san=94 (7)

(+T)~2()
LR, T #0,

In the above equations, the symbol ¢ denotes the shift operator;, T is the sample period. It is shown in [37] that

the delta operator system approach the continuous system when the sampling time is sufficiently small. The close

connections between this formulation and continuous-timeisystems are also verified in [37].

Remark 3. For sampled systems, a new topology becomes valid after time t; if the switching occurs during the
sampling time t;_ and t; and the new topélogy sustains long enough. It could be denoted by o(t) = p,o(t;) = g,

where p, g stand for two topologies.

Lemma 1. [36] Given a switched,systemz(t) = fo)(z(?)), and constants 1, > 0, u, > 1, p € J. If there exist C 1

Sfunctions V), and class K& functions’k,, and ky,, such that Vp € 7,
ki (DI < V,(llz0)ll) < ka2, ®)
V,(lz0ll) < =2, V, (0l ©)
and¥(o(t)=p,o@)=q) € T xT.p#q
Vi (@t) < upVy(z(iy), (10)

then this system is globally uniformly asymptotically stable with MDADT

. _Inp
TapZTflzp: /lpp’ (11)




Lemma 2. [27] For any p € J, if there exist positive scalars A, € (0,1/T),andT # 0, u, > 1, a positive definite

Sunction Vi), and class Ko, functions ky, and kap, for the delta switched systems (5), such that
kip(llz®ID < Vp(llzdI) < k2, (lzd1)s (12)

OVp(z(0) < =2,V)(2(1)), 13)

and¥(o(t;) = p,o(t;)=q) €I XT,p#q
Vp(2(1)) < ppVy(2(5)), (14)

then the system (5) is asymptotically stable for any switching signal with MDADT

Inp,

In(1 = A,T) (15)

Tap > TZP £_T
Lemma 3. [38] Given matrices Q, H, E and R with appropriate dimensions,|Q.=Q",R = RT > 0. The inequality
Q+HFE+ETFTHT <0
holds for all F satisfying FT F < R, if and only if there exists some &30, such that

Q+eHH" + e \ETRE< 0.

3. MAIN RESULTS

In this section, we study the consensu$ of multi-agent systems using a delta method for three cases: systems
without any faults, systems with a known fault,/and systems with (many types of) unknown faults. In every case,
we discuss two situations: (1) switching topologies with matching coefficients; and (2)switching topologies with

mismatching coefficients.

3.1. Case 1: Systems without any. fault

It is proven in [13; 17]that improper coefficients can result in the divergence of the state even for a fixed topology
with a spanning tree. We call these topologies (or systems) with improper coefficients as topologies (or systems) with
mismatches. For multi-agent systems reaching a consensus under switching topologies, at least two situations could
happen: (A) allsthe topologies are with proper coefficients; (B) Only part topologies are with proper coefficients. For
each situation, the multi-agent systems can be continuous, discrete, or sampled. If we analyze all the combinations of
situations and systems individually, it would be very complicated.

Alternatively, we introduce the delta operator which generalizes both continuous, discrete or sampled systems.
We can then convert the original consensus problems into stability problems in delta switched systems. The above
two situations then correspond to two situations in delta systems: (A1) all the subsystems are stable; and (B1) some
subsystems are unstable. We can then study the consensus problem through the delta operator switched systems.
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3.1.1. Stability analysis of the delta operator switched systems

Firstly, we consider the situation (A1) that all the subsystems are stable in the delta operator switched systems. In
this situation, the value of o in the system (5) is from the finite set J = {1, ..., m}, where m is the number of stable
subsystems.

We have the following lemma:

Lemma 4. Consider delta operator switched systems (5) with given positive scalars A, € (0,1/T)/when T # 0, or

Ap > 0whenT =0, p, > 1. Suppose that there exist C ! functions Vo, and class K functions ki p and kap, such that
kipUlzOID) < Vp(llzID) < kap(llz(@)ID, (16)

6Vy(z(2)) £ —4,V,(2(1)), a7

and¥(o(t) = p,o(t;) =) €T X T, p#4
Vp(2(t) < ppVy(2(t7)), (18)

then the system (5) is asymptotically stable for any switching signalwith MDADT

)- (19)

In o
* A 1 _ P
Tap > Tgp = MI)I_’H;( Wln(l =W

Proof. This lemma can be proven directly from the definition of the delta operator switched systems in (5), (6), (7),

and Lemma 1 and 2. O

Remark 4. According to Lemma 1, 2 and 4, the switched systems reaching stable is subject to some conditions even
when all the subsystems are stable. A¢tually, many works have shown that the switched systems may be unstable even
when all the subsystems are stable. Similarly, the switched topologies cannot guarantee to reach a consensus even

when each topology is with its‘own proper conditions.

Secondly, we consider the situation (B 1) that some subsystems are unstable in the delta operator switched systems.
In this situation, the value of o in the system (5) is from the finite set J = {l,...,m}, where m is the number of
subsystems including m ~ r unstable subsystems. For convenience, we assume that the 1% ond o pth subsystem are
stable, denoted as .7, and the (r+ 1), ..., m" subsystem are unstable, denoted as % . We have the following theorem

for this,situation:

Theorem 1. Consider the delta operator switched systems (5), and given constants ap, 1, > 1, p € J. Suppose that

there exist C! Sfunctions V., and class K, functions ki, and ko, such thatVp € J,

kip(lz®ID) < V(@) < kap(llz(ID (20)

oV,(z(1)) < a,V,(z(1)) 21
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and¥(o(t) = p,o(t))=q e T xT.p#q
V(@) < ppVy(2(t7) (22)

Then the system is globally uniformly asymptotically stable with marginal y* under the following conditions:

‘rap>‘1vi_)mT(—w 10ty ) (ap€(=1/T,0)whenT #0, ora, <OwhenT =0, p €.¥)

In(1+a,w)
Tap > Typ (@p >0,9Y7,,>0,p€ U) (23)

- Iny* —Iny*
T+ Inys—Iny~

O<y <y"'<1

r m
where T~ = 3 Tp(t.0, T* = 3 T,(1.0) Sy = lim (1 +aym)'/*, y~ = max(u e )y = max(yp/ %), and
p=1 p=r+1 w— pes

t, b, t3, -+ are successive sampling times for the sampled systems, or successive switching time for the continuous
systems.
Proof. Suppose t1, t, t3, - - - are successive sampling times for the sampled systems, or successive switching time for

the continuous systems, then :

o(t;) = o(t;-1) stands for no systems switching between the sampling time.#; and #,_;, and py,) = 1;

o(t) = p, o(ti-1) = q, p # g stands for a systems changing between the time #; and #,_;, and this case is denoted
aso(f) = p,o(t;) =q,and i, > 1.

According to the condition 7, > hm( wln(]“# ) in (23)pene has

+a,w)
Yo L (24)
According to the condition I > Zz* ll;’;/ in (23)»one has
YT T < 00 25)

The inequality (21)is equivalent to

$Vniz(0) 2 lim D= BED), oy,

w

Then we have
Vo (z(t +w)) < (1 + wa,)V,(z(D). (26)

For any ¢ > Oflet o = 0-For Vt € [1;, 111 ), let Vo) (#1) = Vo, (x(#1)). Through (22) and (26), we can get

Vo (1)

< (1 +wap) Vo (1)

< S Vo (1)

< Hot1) Sy Verun (1)

< oSy S Vot (1) @7

—(t—t)=t—11-1) -
< H(T(ll)/’lo'(fl l)gg-(zll) g‘u-,(zl 11)] V. o(t- 1)(t]_1)

]
=(=t)=t—11-1) =(—1)=(t:-0)
< [ How) X So) Soty ** Soty Soto) Vo (O)-
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According to (4), we can obtain

Voo (@)

TONe, 0 N NS0 L _T,0) N 1,0
< l_[ Hp ! H Mp ! gl l—l gpl VO‘(O)(O)

p=1 p=r+l p=1 p=r+l

Tp(1,0) Tp(1,0)

r (No,,+ L= ) N (N0,,+ Eom ) _r,a0 N _T “.0) 28)
<Ilwu R ) YT ' 9" o Ve)(0)

p=1 P p=r+1 P 70

N . T,,(t 0) T,(t,0)
< exp{z Nop ln,up} I (,u;"” gp) (,u;"” gp) Ve0)(0).
p=1 p=1 p=r+l
Combining (24) and (25) we have

Va’(t) (t)

N T~ 4T+
< exXp z_:] N()p In Hp Y Y Va’(O)(O)
p;/ t—to) (29)
sexp{zgwmhuw}y“ 2V (0)(0)
=

< Ky 0V, 0)(0),

N
where K = exp { 2. NopIn ,up}. We can then conclude that Vi, (f) conyerges.to zero with marginal y* as t — oo . The
p=1

proof is completed. O

3.1.2. Problem conversion
In order to convert the consensus problems to the stability problems in delta operator switched systems, we first
convert the consensus problems into stability problems and then rewrite them in the form of delta operator switched

systems.

Theorem 2. For the directed network' G (¢), if thé system
(1) = H@)z(1), (1) = z(0). (30)

is globally uniformly asymptetically stable, where
- 0 1
A = o, (31)
—BoH 1
=[-Bil =Pl - —Bell (32)
and z(t).is the state vector that contains the state differences of agents, then the consensus of the multi-agent systems
(1) is reached under the consensus algorithm (2) for all initial conditions.
Proof. ForVke K,Vie{l,...,n— 1}, let
0 = x50 - 5P,
Doy =10, g0,
=100,

9



we have

0]
[Z(k)(t)T o (k) (t)T]T
(k+1) (k }] (33)
+1) T +1) \TT
=z @O ,....z7,0, O]
= 5V(1), whenk < G — 1.
because of
)
=i - P
— x<k+l)(t) _ x(k+l)(t)
= zgkﬂ)(t), whenk < G - 1.
Rewrite the i row vector of L and H as
Li(0) = [ln(0), ln(D), ..., lin(1)],
Hi(t) = [hi1 (1), hio (D), ..., Bip_1 (D],
then, we can get
Z'(G—l)(t)
_ (G- ~T (G D NT1T
=[z;7 @), .. (AN (34)

= —ﬂoH(t)z<°><t> e | Pl () () X L

according to

#97
(G D(f) (G 1)(t)

£y . @i = x"@0) = pix @) -+ = B x Vo)

JENi(1)

- (Bo Z anj(x(o)(t) x(O)(t)) —,lef,l)(f) . —,BG_lx;Gil)(l‘))
JEN(D)

= —Bo(Li(?) — Ly(t)x (1) —,6’1151)(1‘) — —,BG—lzf»G_l)(t)

= —BoHi(0Z2 (1) - B12" (1) = - = P12 ().

From (33).-and (34), (30) can be established. If the system in (30) is globally uniformly asymptotically stable,
the consensus of the multi-agent systems (1) is reached under the consensus algorithm (2) for all initial conditions by

Definition 1. This completes the proof. O

For a fixed topology, the network G and systems (30)(31) are time-invariant. In this situation, reaching a consensus
under all initial conditions requires adequate coefficients 8y, - - - , Bg—1 to make the system (30) be globally uniformly
asymptotically stable. In this paper, we call such coefficients 51, ,Bc-1 as proper coefficients when they make

10



the system stable successfully; otherwise, we call them improper coefficients. For the switching topologies, the
coefficients Bi, -+ ,Bc-1 are accordingly called as proper (or improper) coefficients relative to the corresponding
topologies in the set 7.

From Theorem 2, we can see that, if the system (30) is asymptotically stable, then the multi-agent systems (1)
will reach consensus, under all initial conditions when the consensus algorithm in (2) is applied. Systems (30) can be

rewritten as

(1) = Az(r) + B()z(0), z(ty) = z(0). (35)
where
o 1‘
A= , (36)
00
. 0 0 0 - 0
B= . (37)
—BoH =Bl Bl -\ —Pouid ]

For the sampled data with sample period 7', the next state after-the k”* sampled time is

~ T A
ten) = AT 2(10) f AT Bl dra(ty). (38)
0

In order to process the multi-agent systems with,a delta method, one can rewrite systems (38) in the following

form
2t — 2(t)

T
M) + [ AT Brdran) - (1)
- T
eATZ(l‘k) - 2(t) .\ fOT eA(T_T)B(tk)dTZ(tk) (39)
T T
AT - fOT eA(T_T)B’(tk,l)dT

L+ . )

£: Az(ty) + Boz(ty),
where the matrices/A and B are defined as
AT
A et =1
= ,T #0,
T
fOT AT-OBt)dr
T b

B, £

According to (39) and the definition of the delta operator, the sampled systems of (35) can be rewritten as

0z(1) = Az(t) + Byz2(), (40)
11



when T # 0.

B A Baydr

w

Remark 5. If we redefine matrices A and B as A = lin} * and B, £ lim , then the delta systems

woT

. . ey A B

(40) also represents the continuous-time systems (35), because A = lim ~— = A, B, = lim +———
woT W w—oT w

= B(),
when T = 0.

3.1.3. Solutions to the consensus problems

Based on the preceding results, we can now present solutions to the original consensus problems. We first'consider
the situation (A) that all the topologies are with proper coefficients, and then consider the<situatien (B) that some
topologies are with mismatches.

In the first situation, the value of o in the system (40) is from the finite set J = {1}~ .., m}, while m is the number

of topologies exclusive of those with mismatches. This corresponds to the situation (A1) in switched systems.

Theorem 3. For given constants A, € (0,1/T) when T # 0, or 1, > O when T)= 0, u, > 1, and the switched

topologies G, of the multi-agent systems, p € J, if there exist symmettic. matrices P, > 0, Vp € J, such that
(P,(A+ By +(A+B,) P, +T(A+B,) P,(A+ B))) < -1,P,, (41)
andN(o(t}) = p, o(t;) = q) € J XY, p # q, such that
P, < u,P,, (42)
then the multi-agent systems (1) under consensus.algorithm (2) will reach consensus when

In
lim (—w— P

T 2 _
woT In(1 - 2,w)

A ) 43)

Tup >
Proof. A multiple Lyapunov function is constructed as
V,(2(0) = 2" ())Ppz(D). (44)

From the definition of the delta operator (6), one can get

5V { Vp, T =0. )
P VTV, @)
%, T i 0.

1) WhenT # 0.
According to (38) and (39), we can get
2(t+T)
=z2()+T(A + Bp)z1) (46)
= +T(A+ Bp)d).

12



According to (44) and (46), we have

Vot +T)) = V,(z(5)
=2t + )" Ppa(t + T) — 2(1)" Ppz(t)
= (I +T(A+ B,)z®)" P,(I + T(A + B,))z(t) — z(t)" P,z(t)

= 20" P,z(t) + 2O P,(T(A + B,))z(t) + 2() (T(A + B,))" Pz(t)

+ 20" (T(A + By) Pp(T(A + By))a(t) — 2(0)" Ppz(0) “
= 2(0)" Pp(T(A + Bp)z() + 2() (T(A + By))" Ppz(1)
+ 20" (T(A + By)" P,(T(A + B,)z(0)
= 20" (P,(T(A + B,)) + (T(A + B,))' P, + (T(A + B,)) P,(T(A + B,)))z(t)
Combing (45) and (47), we can get
8V, (z(t)) = 2(t) (P,(A + By) + (A + B,) P, + (A + B,) R, T(A + B,))z(1). (48)
From (41) and (48), we have
0Vp(z(1) < =4,V,(2(1)
2) When T’ = 0.
From (41) and (44), we can get
Vip(2(1))
£ T (OP,z() + 2 (1) Pi(t)
= 7 OH! Ppa(t) + 2/ (P, H,p(1) )
=z ((H! P, + P,H,)2(1)
< —2,2 (DPz(1)
< =4, V(@)
Le.
SVp(z(1)) < =1,V,(2(1))
Combining the/results for 7 # 0 and T = 0, we can obtain
8V, (2(1)) < =2,V (z(1)) (50)
Based on (42) and (44), one can get
Vip(@(t) < ppVy(2(t)), (5D

and

13



Lnin PPz < V,p(2(1) < Amax(P )|z (52)

Combining (50), (51), (52), and Lemma 4, we can establish Theorem 3.

Using a similar process, we can establish and prove Corollary 1 below when using a common P to réplace P,,.

Corollary 1. For the switched topologies G, of the multi-agent systems, p € J, if there exist a“symmetric matrix
P > 0, such that
(P(A+By)+(A+B,)"P+T(A+B,) P(A+B,)) <0, (53)

then the multi-agent systems (1) under consensus algorithm (2) will reach consensus.

In the second situation, some topologies are with mismatches and the valug’of o in‘the’system (40) is from the finite
set J = {1,...,m}, where m is the number of topologies including m—r topologies with mismatches. For convenience,
we assume that the 1,27, r'" topology are with no mismatches, dénoted as |, and the (r+ 1), ..., m™ topology
are with mismatches, denoted as %/. This corresponds to the situation (B1) in switched systems.

In this situation, we have the following Theorem.

Theorem 4. For the switched topologies G, of the multi-agent systems, and give constants a,, u, > 1, p € J. If

there exist symmetric matrices P, > 0, Vp € J, su¢hithat
(P,(A+ By) + (AT Bp)' P, + T(A +B,) P,(A+ B))) < a,P,, (54)

and forV(o(t;) = p,o(t;) = q) € I X T, p-#q
P, < upPy, (55)

then the multi-agent systems (1) under consensus algorithm (2) will reach consensus under conditions:

Tap > ii_)n}(—wmﬁ—';’;w) (ap € (=1/T,0) whenT # 0, or @, <OwhenT =0, p € %)
Tap > Tap (@p >0,9Y7;,>0,p %) (56)

= Inyf-Iny*
T+ Inys=—Iny~

O<y <y <1

- L & — p - 1/tap— 1Tap—
wherel- = Y°T,(1,0), T* = 3 T,(1,0), Spqy = lim(1 + ag(,,.)w)l/w, v = ma(x(pp K ’Sp), vt = max(u, K 'Sy and
p=1 p=r+1 w—T peS pEU
1y, by, 33~ - - ‘are successive sampling times for the sampled systems, or successive switching time for the continuous
systems.
Proof. A multiple Lyapunov function is constructed as
Vp(@(0) = 2" ()Py2(1) (57)
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Using derivations similar to (47)(48) and (49), we can get

6V,(z(1) < @, V,(z(1) (58)
Based on (55) and (57), we obtain
V,(2(t) < ppV,(2(t), (59)
and
AninPPIZOIP < V() < Dpax (PO (60)

Combining (58), (59), (60), and Lemma 1, we can establish Theorem 4.

3.2. Case 2: Systems with a known fault

In this subsection, we investigate the delta operator method for systems with a known fault. Detailed types of
faults will be discussed in next subsection. Most of the results in this case can’be obtained in a similar way to those in
the first case.

Based on (2), we consider the following consensus algorithm

uit) = fBo Y ay®C @) = x"O) B @) — - = o1V @i = 1. 61)

JENi(D)
When the known positive constant f # lgvityis implied that the consensus algorithm (2) has a fault. The fault is

written in the form of deviation ratio.

Remark 6. Note that for the consensus.algorithm (3), we can define the version with the fault as:

uil) = fBo 5 a(? ) = X0 + - + fBo1 Y a0 = 5TV, (62)
JEN;(1) JENi(1)
Accordingly the systems (35) are replaced by
2(1) = Az(t) + FB@)z(0), z(to) = 2(0), (63)

where

F£

I 0
0 fdiag

The matrix fgiqe is diagonal with elements f, ..., f, faiag = diglf, -, f1.
Systems (39) and (40) can then be replaced by

15



Z(tks1) — 2(8)

T
= e - lz(tk) + d fOT eA(T_TT)B(tk_l)dTZ(lk) o
= Az(ty) + FB,z(ty),
and
52(1) = Az(t) + FBo2(0), (65)

respectively, where F = F.
Using a similar process to establishing Theorem 3 and Corollary 1, we can establishyand prove the following

Corollary 2 and Corollary 3 for situation (A), when using F'B), to replace B,,.

Corollary 2. For given constants A, € (0,1/T) when T # 0, or A, > 0 when T.= 0/u, > 1, and the switched

topologies G, of the multi-agent systems, p € [, if there exist symmetric matrices Py > 0, ¥Yp € J, such that
(P,(A+FB,) +(A+FB,)" P, + T(A+ FB,)"P,(A+ EB,)) < -1,P,, (66)

andN(o(t}) = p,o(t;) = q) € I X T, p # g, such that

Py Sy P

then the multi-agent systems (1) under consensusalgorithm (61), will reach consensus when

).

Inu
D _ 14
Tor Neh = I VT 0w

Corollary 3. For the switched topologies G, of the multi-agent systems, p € J, if there exist a symmetric matrix
P > 0, such that
(P(A+FB,)+(A+FB,)’P+T(A+FB,) P(A+FB),)) <0, (67)

then the multi-agentsystems (1) under consensus algorithm (61) will reach consensus.

Similar tothe process of establishing Theorem 4, we can establish and prove the following Corollary 4 for situation

(B) when using F'B), to replace B,,.

Corollary 4.7 For the switched topologies G, of the multi-agent systems, and give constants a,, 4, > 1, p € 7, if

there exist symmetric matrices P, > 0, Vp € J, such that
(P,(A+FB,)+(A+FB,) P, +T(A+FB,)"P,(A+FB,)) < a,P,, (68)

and forV(o(t;) = p,o(t;) = q@) € I X J,p #q,
Pp < ppPy, (69)
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then the multi-agent systems (1) under consensus algorithm (2) will reach consensus under conditions:

Tap > &yi_)n}(—wmﬁ%) (ap € (=1/T,0) whenT # 0, or a, <OwhenT =0, p € %)

Tap > Typ (ap >0,9Y7,,>0,pe %) (70)

- Iny* —Iny*
T+ Inys—Iny~

O<y <y <1

: @ — . Tap= YTap=
where T™ = 3, Ty(t,0), T* = 3, Tp(t,0), Soiqy = im (1 + @oyw)/™, ¥~ = max(uy ™'S,), y* = max(uy 's,), and
p=1 p=r+l w—=T pes pEU
t, b, 13, - -+ are successive sampling times for sampled systems or successive switching time for continuous.systems.

Theorem 3 ( Corollary 1,Theorem 4) can be regarded as a special situation of Corollary 2 (3;4) when the consensus
algorithm has no fault. Besides, Corollary 2, 3 and 4 are also applicable to continueus-time multi-agent systems
(T = 0), discrete-time multi-agent networks (T = 1) and sampled systems (7" > O)under switched topologies (time-

variant B,(?)) or fixed topologies (time-invariant B),).

3.3. Case 3: Systems with unknown faults

We investigate systems with unknown faults in this subsection:\Thefaults can originate from various sources.
We assume that the range of every fault is known. The consensus problem is studied through analysing the types of
faults and the aggregate weighting ranges of these faults, based.on the results in the first case. A new model with the

deviation ratio is proposed. The range of f is known ast

O<fa<f<fu
deISfu-

The faults may originate from coupling (orstrength) coefficient 8, measurement inaccuracies of neighboring states

(71)

(xj = x;), linking weighting errors,&;; and others. The boundaries f; and f, can stand for not only the range of a fault
but also the aggregate weighting ranges of various faults.

We define Fu édlag(]5 slvfu,"'fu)» Fd édlag(ls 719fd""fd)9 FO £ %(Fu_{_Fd)» Fl £ %(Fu_Fd)s then

F =Fy+EF,, (72)

where E'= diag(l="-1,e,---,e),and -1 < e < 1.

Based on(71) and (72), systems (64) can be revised as

oz(1)
= Az(t) + FB,z(t)
= Az(t) + (Fo + EF)Bsz(t) (73)
= Az(t) + FoByz(t) + EF1B,z(1)

= A(rz(t),
17



where A, =A + FoB, + EF|B,.

Now we can get Theorem 5 and Corollary 5 below for the robust unknown fault case. They correspond to Situation
(A).
Theorem 5. For given constants A, € (0,1/T) when T # 0, or 4, > O when T = 0, u, > 1, and the switched

topologies G, of the multi-agent systems, p € J, if there exist symmetric matrices P, > 0, positive constants &,

Vp €, such that

D, TP,(A+F,B,)" &F, P,B)
T(A + FoB,)P, -TP, &, TF, 0 <o, )
g, Fi" g, TF," —&,1 0
B,P, 0 0 —&p1
where D, = (A + FoB,)P, + P,(A + FoB,)" + A,P,,
and forY(o(t;)) = p,o(t7) = q) € I X T, p # q, such that
Pl <P, (75)

then the multi-agent systems (1) under consensus algorithm (61) with fault tolerance (71) will reach consensus when

In
lim (~y—— b

o _
woT In(1 - A,w)

Tap > ap —

).

Proof. According to the Schur Complement lemma, oné.can get that systems (74) are equivalent to

-1

eF1 P,BL || -1 0
Rp _ pL1 P=p P Sp < 0, (76)
g, TF, 0 0 —&pl
D, TP, (A + FyB,)" e, P17 g, TFT
where R, = ,Sp =
T(A + FoB,)P, -7P, B,P, 0

This can be further written-as

g, PpBg —&pl 0

p
g, TF; 0 0 gyl
e, Fy P,BT || &,'1 0
=R, + Pl P=p b S,
e TF, 0 0 &1
CRos F, sp-'PpBg s
- p p
TF, 0 (77)
24 g F\F\" +£,'P,BIB,P, &,F\TF,"
=R,
SPTFlFlT SPTFlTFlT
F, | PPBZ
B PV | AR A [ B,Py 0 ]
1
< 0.
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From Lemma 3, one can get

E[ B,P, 0 ]+ ET[ F,T TFT ]<0. (78)

TF,

This can also be further represented as

FiEB,P, 0
TF\EB,P, 0

P,BTE"F\" TP,BTE"F\"
0 0
D, TP,(A+FyB,+FEB,)"

(79)

T(A+FoB,+FEB,)P, -TP,
<0,
where D), = (A + FoB), + FIEB,)P, + P,(A + FoB, + FiEB,)" + A,P,.

Using diag{P,,’l, I} to pre- and post-multiply both sides of systems (79), respectively, one has

D, T(A + FoB, + E2EB,)"
T(A + FoB, + F1EB,) -TP,
< 0.

(80)

where D, = P,”'(A + FoB,, + F1EB,) + (A + FoB,, + F{EB,)'.P,” + 2,P,”".

According to the Schur complement lemma, systems,(80) are equivalent to

P," (A + FoB, + FIEB))+ (A + FoB, + F\EB,)'P,™" + 1,P,”!

+T(A + FoB, # F1EB,)ATP,)"'T(A + FyB, + FIEB,)

=P, (A+FoB, + FIEB,) + (A + FoB, + F\EB,)'P,™" + 1,P,” (81)
+T(A 4 FoB, + FIEB,)'P,” (A + FoB, + F1EB))

<A

Denoting P, = Pp‘] ,one ¢an get P, > 0 and systems (81) are equivalent to

PP(A + FoB, + F1EB,) + (A + FoB, + FlEBp)TPp
+A,P, + T(A+ FoB, + FlEBP)TP,,(A + FoB, + F1EB)) (82)
< 0.

Based on systems (73) and (82), one has

P,(A+FB,)+(A+FB,)" P, +1,P,+T(A+FB,)"P,(A+FB,) <0. (83)
ie.

P,(A+FB,) +(A+FB,)P,+T(A+FB,) (A+FB,)A, <-1,P,. (84)
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A multiple Lyapunov function is constructed as

V,(z(t) = 2O Ppz(t). (85)

Based on systems (75), one has
P, < ppPy. (86)
Combining (84), (85) and (86) and Corollary 2, we can establish Theorem 5. The proof is completed. L]

Using a similar process, we can establish and prove Corollary 5 below when using a common P:to replace P,,.

Corollary 5. For the switched topologies G, of the multi-agent systems, p € J, if there exist a symmetric matrix

P > 0, positive constants €,, Y p € J, such that

D, TP,(A+FoB,)" &,F\ PB)
T(A + FoB,)P -TP g TFi\_0
o P <0, (87)
epFy T g, TF" ~eph 0
B,P 0 0y -l

where 15,, =(A+FyB,)P+PA+F oB,,)T, then the multi-agent systems (1) under consensus algorithm (61) with fault

tolerance (71) will reach consensus.

Similarly, we can establish and prove the following:Corollary 6 for the robust unknown fault case, that corresponds

to situation (B).

Corollary 6. For the switched topologies Gy, of the multi-agent systems, and the given constants ap, 4, > 1, p € 7,

if there exist symmetric matrices P, .0, positive constants ep, ¥Yp € [, such that

D, TP,(A+F,B,)" &F P,B)
T(A + FyB,)P -TP &, TF 0
I ’ Pt <0, (88)
g, Fi" &, TF," —&,1 0
B,P, 0 0 —&,1

where D, = (A + FoB,)P, + P,(A + FoB,)" —a,P,,
and for¥(a(t;) = p,o(t;) = q) € I X J, p # g, such that

-1 -1
Pp Suqu ,

then the multi-agent systems (1) under consensus algorithm (61) with fault tolerance (71) will reach consensus with

marginal y* under the following conditions:

Tap > lim (-w Moy (@, € (~1/T,0) when T #0, or a, < OwhenT =0, p €.%)

In(1+a,w)

Tap > Typ (ap >0,91,,>0,p W) (89)

T Iny* —Iny*
T+ Inys—Iny-

O<y <y <1
20



o m _ . . = Vtap=

where T~ = 3 T,(t,0), T = ¥ T,(1,0), Sy = lim(1 + a/(,(,[)w)l/”, Y~ =max(u, ’S,), y" =max(u, “S,).and
p=1 p=r+1 w—T pes PEU

t, b, t3, - -+ are successive sampling times for the sampled systems or successive switching time for the continuous

systems.

Remark 7. If the systems (1) and consensus algorithms (2) and (3) satisfy a Lipschitz condition, these approaches
can be applied to the nonlinear multi-agent systems with the aid of matrix inequations [35] or Takagi-Sugeno fuzzy

models [39—41].

Remark 8. The existence of P, P, and &, is the sufficient condition for reaching consensus\Our results provide
reliable conditions that guarantee consensus, especially when the faults are unknown. The linear matrix inequality

(LMI) toolbox in MATLAB can be typically used to find proper values for P, P, and &y

Data transmission and reducing data-transmission in the complex networks and the multi-agent systems are intro-
duced in [10, 42—47]. The network of multi-agent systems can been regarded as_an example of the general complex

network sometimes. The methods proposed in this paper can also be extended to.some general complex networks.

4. Simulation Results

In this section, we present two numerical examples in two different situations to demonstrate the effectiveness of
the theoretical results. Since the first case and the second case can be seen as the special circumstances of the third
case, we only verify the results for the third case,particularly Theorem 5 and Corollary 6, as Corollary 5 is a special
circumstance of Theorem 5.

walf or

We adopt the consensus algorithm with full coupling state information and consider the second-order multi-agent
systems with four agents. We set T =.0bhand 8, = 1. In each example, three signal values (low, middle and high) of
switching signal o=(¢) are used tosepresent three topologies.

Example 1. Situation (A)=All theitopologies are with unknown faults, proper coefficients and spanning trees.

In this example, the adjacency matrices of the switched topologies are

0 0 0 O 0O 01 0 0O 01 0
1 0 0 O 1 0 0 O 1 0 0 O
, ,and, (90)
01 0 O 01 0 0 01 0 1
1 0 0 O 1 0 0 O 1 0 0 O

For this example, the aggregation bias range of all unknown faults is 0.9000 < f < 1.1000. When 8; = 1.2000, all
topologies are with proper coefficients and a spanning tree according to the work [17]. They can reach consensuses
separately.

The LMI toolbox in Matlab is used to find different symmetric matrices P, and positive constants &, satisfying
conditions (74) and (75), for given constant values 4; = 0.0100, 2, = 0.3516, and A3 = 0.4300, and x; = 1.0002,
o = 1.3923, us = 1.7750. The numerical results are shown in Fig. 1. The consensus is reached finally.
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Figure 1: Stat of‘awwitchjng signal when the topologies are with unknown faults, proper coefficients and spanning trees.
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Example 2. Situation (B): All the topologies are with unknown faults. Some of them are with improper coeffi-
cients and no spanning tree.

In this example, the adjacency matrices of the switched topologies are

0O 0 0 O 0 01 0 0O 0 0 O
1 0 0 O 1 0 0 O 1 0 0 O
, ,and 91)
0100 01 00 0000
1 0 0 O 1 0 0 O 1 0 0 0

For this example, the aggregation bias range of all unknown faults is 0.9900 < f < 1.0100. When S, = 0.3700.
The second topology is with improper coefficients and the third topology has no spanhing tree. /They cannot reach

consensuses separately according to the work [17].
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Figure 2: States of agents and switching signal when all the topologies are with unknown faults and some of them are with improper coefficients

and no spanning tree.

The LMI toolbox is used to find different symmetric matrices P, and positive constants &, satisfying conditions
(75) (88) and (89), for given constant values @; = —0.06500, a, = 2.000, and a3 = 1.159, and u; = 1.000, u, = 2.343,
3 = 1.874. According to the condition in (89), % > 19.65. The numerical results in this situation are shown in Fig.
2. In the first 100 seconds, the states of agents tend to diverge, as the dwell time of the agents is far from meeting the

conditions in (89). With the running time increasing, the states of agents turn to the consensus when the dwell time of
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the agents is close to the conditions in (89). The consensus is reached finally.

When the number of agents increases, more computing resources and time will be needed to handle these LMIs.
Such requirements can be relaxed by, e.g., using fitful hardware and software platforms at different scales. Offloading
the computation to off-line is also an efficient method.This is because the feasibility does not depend on the evolution

of multi-agents if we can know the ranges of switching topologies in advance.

5. Conclusion

In this paper, we study and solve a series of consensus problems for continuous, discretesor sampled multi-agent
systems with faults and mismatches under switched topologies. Using the delta operator methed, the consensus
problems are unified under a single framework. We demonstrate that consensus-can be reached under switched
topologies with mismatches and unknown faults, even when some of the topologies have no spanning tree. The
approaches proposed in this paper can be extended to deal with other cooperatingsproblems, such as nonlinear multi-

agent systems.
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