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Abstract

This thesis is concerned with a number of related mathematical optimisation problems in, or closely

related to, the fields of scheduling, timetabling, and rostering. The studies are motivated by real world

problems routinely faced at an Australian electricity distributor. Due to the computational complexity

of the problems considered and typical real-world problem sizes, solution by direct application of

mathematical programming is not possible in practically acceptable time. Therefore, we propose a

variety of heuristic, metaheuristic, and matheuristic approaches to obtain good quality solutions in

acceptable time.

The first study is concerned with a large-scale class timetabling and trainer rostering problem.

The problem is formulated as two Integer Programs: one for class timetabling and one for trainer

rostering. A three-stage approach is presented, consisting of a timetable construction stage, a timetable

improvement stage, and a trainer rostering stage.

The second study investigates a variation of the timetabling problem considered in the first study, but

from an analytical perspective. The problem is presented in the context of batch scheduling. Conditions

that lead to NP-hardness are shown, and a previously-known NP-hardness result is strengthened.

A polynomial time algorithm is presented for a particular case. Simulated Annealing and Genetic

Algorithm based metaheuristics are compared by means of extensive computational experimentation.

The third study is of a partitioning problem concerned with optimising the composition of study

groups, which is related to, but distinct from, several well-known problems in the literature. The

problem is shown to be NP-hard in the strong sense. Four approaches are proposed: the first is based

on Lagrangian Relaxation, the second is based on Column Generation, the third encapsulates Column

Generation within a fix-and-optimise Large Neighbourhood Search framework, and the fourth is a

Genetic Algorithm amalgamated with Integer Programming.

The fourth study is concerned with the timetabling of practice placements. The problem is shown

to be NP-hard in the strong sense. Two approaches are presented: the first approach improves an

initial timetable by means of a Simulated Annealing metaheuristic, and the second approach constructs

and improves a timetable by means of a fix-and-optimise Large Neighbourhood Search procedure.

The aim of this research is to study these related optimisation problems encountered at the

electricity distributor from both analytical and practical perspectives, and to design successful solution

approaches to them.

The research presented in this thesis has been published in several refereed publications [39, 37, 40,

41, 42, 38, 43].
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Chapter 1

Introduction

This thesis is concerned with a number of related mathematical optimisation problems in, or closely

linked to, the fields of scheduling, timetabling, and rostering. The studied problems are all real-world,

and routinely faced in industry. Each of the problems discussed in this thesis originate at an Australian

electricity distributor. Care was always taken to present each of the problems, background, solution

approaches, results, and conclusions, in such a way that they are applicable to many other scenarios

encountered in industry, or otherwise such that they are of academic interest.

The aim of the research was twofold. The primary goal of the research was to investigate the specific

problems routinely faced at the electricity distributor, and to develop efficient solution approaches to

them. The secondary goal was to analyse the investigated problems from an analytical viewpoint, in

order to derive computational complexity results, identify particular cases that are especially easy or

especially hard, and to develop algorithms that solve the problems, or special cases thereof, efficiently.

In all cases, in order to facilitate investigation by analytical means, simplification was made to the

underlying problem. Sometimes a great deal of simplification was made. In practice this is not unusual,

however the consequence is that any algorithms developed for these simplified problems and the

corresponding results may not be directly applicable to the underlying problems. Nevertheless, these

results and algorithms do give us a feel for some of the behaviour of these underlying problems, and

can often guide us towards developing efficient solution approaches to them.

Below is a short outline of each of the problems considered in this thesis along with a brief overview

of the main results presented. This chapter concludes with a summary of the contributions of this

thesis.

1



1.1 Demand-Based Course Timetabling

The first of the studied problems, discussed in Chapter 3, is an in-depth investigation into the

optimisation of a large-scale periodic training and re-training problem at an Australian electricity

distributor. This problem shares many common features with academic timetabling problems, such as

high school and university course and examination timetabling, however our problem contains a number

of features—discussed in the Chapters 2 and 3—that distinguish it from the timetabling problems

most commonly studied in the literature. These distinguishing features also make existing solution

approaches not directly applicable to our problem, and therefore represent a gap in knowledge that

Chapter 3 aims to address.

Due to the extreme hazards involved when working with high voltages, at heights or underground, in

confined spaces, or in the presence of highly toxic or carcinogenic substances, the Australian government

requires—via the Work Health and Safety Act 2011: Part 2, Division 19; and enforced by the Energy

Networks Association (ENA)—that all such workers must successfully complete mandatory safety and

technical training prior to undertaking such work. This training has a limited period of validity and

must be retrained, or ‘refreshed’, otherwise it is considered no longer valid. Most courses have validity

periods of 12 months, but a small few last 3 or even 5 years.

Many large electricity distributors find it practical to deliver some or all of this training themselves,

and those that do will often deliver to the hundreds or perhaps thousands of field workers they employ.

Many such distributors often also offer safety and technical training to the employees and contractors

of other distributors that do not provide their own training, as well as to any other people who work

on or near the electricity network.

Due to the highly periodic nature of the training volume, which is induced by the strict qualification

validity periods, the distributors are able to produce a timetable several months in advance, deciding

how many times each course should be run, when and where, and taught by whom. This problem can

be formulated as a large-scale IP model, however, due to the size of the problem, it is not possible to

solve by direct application of mathematical programming in practically acceptable time, even for very

small problem instances.

Chapter 3 presents the problem in the form of two separated components: class timetabling, and

trainer rostering. IP models for each problem are presented. The proposed solution approach is a

three-stage heuristic consisting of: (i) sequential construction of the initial timetable, (ii) timetable

improvement by means of Large Neighbourhood Search, and (iii) the rostering of trainers.

In the first stage, an initial feasible timetable is produced by means of a constructive heuristic. At

each iteration of the constructive heuristic, the proposed IP model is solved for a small set of classes,

and the resulting solution is appended to a partial solution that becomes increasingly complete at each
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iteration with respect to the underlying problem. The second stage attempts to improve the timetable

using a fix-and-optimise Large Neighbourhood Search heuristic. At each iteration of the second stage,

the proposed IP model is solved for only a small selected subset of the variables, with the remaining

variables substituted by constants that correspond to their values given by the incumbent solution.

In the third and final stage, specific trainers are assigned to the timetable using direct application of

Integer Programming.

While this specific timetabling problem has not received much research attention thus far, the

problem formulation and solution approaches are likely to be relevant to any organisation that delivers

training based on forecast demand, i.e. where numbers of students are approximately known, and a

training timetable must be created to accommodate this future demand. These organisations may be

those that deliver training to their own employees, such as those operating in dangerous industries (e.g.

utilities, natural resource extraction, construction, demolition), those operating in technical industries

(e.g. telecommunications, engineering, manufacturing), or those in general that deliver professional

development training (e.g. acceptable conduct, communication, legal compliance) to their employees.

The application of this automated timetabling system at the electricity distributor was reported to

save the organisation two senior trainer full time equivalent (FTE) salaries each year. At the time

of implementation, this corresponded to AUD$270,000 savings in total per year compared with the

manual approach used previously.

The research in Chapter 3 was presented at the 10th International Conference on the Practice and

Theory of Automated Timetabling (PATAT) 2014 [125, 39] and included in the refereed conference

proceeding as “O. Czibula, H. Gu, Y. Zinder, and A. Russell. A multi-stage IP-based heuristic for

class timetabling and trainer rostering. In International Conference of the Practice and Theory of

Automated Timetabling, 2014”, and was subsequently extended and published in the PATAT 2014

Special Issue by the Annals of Operations Research [37], which was cited by El-Sakka [53].

1.2 Formation and Sequencing of Classes for a Bottleneck Class-

room

The second of the studied problems, discussed in Chapter 4, considers a variation of the timetabling

problem discussed in the previous chapter, but from a different perspective. Here, we instead consider

a single bottleneck classroom with a limited capacity, together with the allocation of specific students

to classes. On the one hand, this problem is a simplification of the problem discussed in Chapter 3

due to the single bottleneck classroom. On the other hand, this problem considers the assignment of

specific students to classes, whereas individual student assignments were not considered in the previous
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chapter. This problem is presented as a batch scheduling problem with incompatible job families [16].

While primarily an analytical study, this research has practical application also. While individual

student assignments are not present in the research in Chapter 3, this is primarily necessitated due to

difficulty in scheduling people in many different corporate divisions across a large geographical area

amid their existing work schedules. Overcoming this obstacle would allow for significantly greater

control in class timetabling, which would likely result in greater training efficiency and further cost

savings. Therefore, it is reasonable to say that an organisation of this type would aim towards such a

goal. Moreover, due to the distribution of rooms in each training location, it is not rarely the case that

only one room is available for a particular course in a given location.

The considered problem has an ordered bicriteria objective function, i.e. a primary objective and a

secondary objective; several primary and secondary objectives are considered. A feasible timetable

is one where all students can be assigned to their one or more required courses, with the number

of students in each class not exceeding some upper bound, which is a property of each course. The

objective is to determine an optimal formation and sequence of classes for courses and students so

as to minimise the considered performance metrics. An optimal schedule is one that minimises the

secondary objective over the set of schedules that minimise the primary objective.

In the context of batch scheduling, we represent the bottleneck classroom by a batching machine,

and each of the students’ course requirements by a job, with a due date being the date at which

their corresponding training expires. The batching machine has a maximum capacity (number of

simultaneous jobs being processed) equal to the maximum capacity of the room, in students. Each

class for a given course is a batch of jobs, where all the jobs correspond to students undertaking that

course. This single machine batch scheduling with an ordered bicriteria objective and incompatible

job families has not been discussed in the literature thus far, and the material in Chapter 4 aims to

address this gap in knowledge.

We present a proof of NP-hardness in the strong sense for the objective of minimising the number

of tardy jobs by reduction in pseudopolynomial time from the single machine total weighted tardiness

problem. We show that for the objective of minimising a maximal regular function of job completion

times, which is NP-hard, students can be optimally assigned to classes in polynomial time so long

as the sequence of courses remains fixed. We present a polynomial time algorithm that is based on

Lawler’s algorithm [97] for the objective of minimising total cost over any regular function of job

completion time.

The bicriteria problem with a maximal primary objective and total secondary objective is formulated

by means of Integer Programming. Direct application of mathematical programming is compared to

two proposed metaheuristic solution approaches—one based on Simulated Annealing and the other on
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Genetic Algorithms—by means of extensive computational experimentation.

The research in Chapter 4 was presented at the Australian Society for Operations Research (ASOR)

Recent Advances 2015 conference [150], where it was awarded the “Best Student Presentation” prize

and AU$250. The research was subsequently published as “O. G. Czibula, H. Gu, F.-J. Hwang, M. Y.

Kovalyov, and Y. Zinder. Bi-criteria sequencing of courses and formation of classes for a bottleneck

classroom. Computers & Operations Research, 65:53–63, 2016” [40].

1.3 Partitioning of Students into Classes

The third of the studied problems, discussed in Chapter 5, is of how best to assign a set students

of different types to an existing timetable of classes, such that the total incompatibility between all

pairs of students in each given class, and simultaneously that the total penalty of assigning particular

students to particular classes, is minimised.

In this context, since different students are employed in different working roles, have different

learning outcomes, have different educational and professional backgrounds, have different skills and

proficiency with regard to certain tasks, etc., it follows that the composition of the study groups can

influence the effectiveness of the delivered training. By assigning similar types of students together into

the same class, the trainer can more effectively tailor the delivery of the core material to the specific

needs of the group. However, it is not simply a case of grouping students into classes such that the

students within each class are as similar to one another as possible. Other considerations exist, such as

the desire for different types of students, but those who must interact with one another professionally,

to occasionally undertake training together in order to facilitate the flow of knowledge, experience,

and understanding between the different groups. Other considerations of the problem must also be

acknowledged, such the permissible ranges of class sizes as well as the costs associated with delivering

each training class.

Using more general terminology, we consider the problem of assigning each of a set of objects, each

of which belongs to one of a set of types, to exactly one of a set of non-identical bins. Each bin has a

permissible cardinality of both contained types and contained objects. The objective is to minimise

the cost of pairing differing types within a single bin, and the cost of assigning particular objects

to particular bins. This problem closely related to, but distinct from, several classical, well-studied

problems in combinatorial optimisation, such as the Graph Partitioning Problem (GPP) and the

related Edge Partitioning Problem (EPP), the Quadratic Multiple Knapsack Problem (QMKP), and

the Quadratic Assignment Problem (QAP). This particular problem does not appear to have been

studied in the past, and Chapter 5 aims to address this gap in knowledge.

The problem is formulated as a linearly constrained Quadratic Program, and a linearisation is
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presented. Four solution approaches to the problem are presented. The first approach is a heuristic

based on the Lagrangian Relaxation of the Quadratic Program, and involves identifying trends in the

many intermediate solutions of the subgradient algorithm to significantly reduce the decision space of

the problem by imposing additional restrictions. The second approach is based on Column Generation,

and three strategies are proposed to produce integer feasible solutions. The third approach incorporates

Column Generation within a fix-and-optimise Large Neighbourhood Search framework. The fourth

approach is an amalgamation of Genetic Algorithms and Integer Programming.

The research in Chapter 5 is an amalgamation of what was presented at the 10th International

Workshop on Algorithms and Computation (WALCOM) 2016 [157, 41] and included in the refereed

conference proceeding as “O. G. Czibula, H. Gu, and Y. Zinder. A Lagrangian relaxation-based heuristic

to solve large extended graph partitioning problems. In WALCOM: Algorithms and Computation,

pages 327–338. Springer, 2016”, and what was presented at the 4th International Symposium on

Combinatorial Optimization (ISCO) 2016 [80, 42] and included in the refereed conference proceeding as

“O. G. Czibula, H. Gu, and Y. Zinder. Scheduling personnel retraining: Column generation heuristics.

In International Symposium on Combinatorial Optimization, pages 213–224. Springer, 2016”. The

research was extended and submitted to the WALCOM 2016 Special Issue by Theoretical Computer

Science, ans was accepted for publication [43], and submitted to the ISCO 2016 Special Issue by the

Journal of Combinatorial Optimisation.

1.4 Timetabling of Practice Placements

The last of the studied problems, discussed in Chapter 6, is concerned with the creation of a practice

placement timetable for apprentices. This problem—which is not well studied from the perspective

of optimisation—is very closely related to the problem of timetabling practice placements in clinical

education, for example nursing students. Since this wide-spread optimisation problem has received

very little research attention thus far, Chapter 6 aims at addressing this gap in knowledge.

Following their theoretical studies, apprentices at the electricity distributor must successfully

complete a number of practice placements, also known as rotations, during which they are exposed to

the skills they will need in their profession. Each apprentice must complete exactly one placement

from each of a set of placement groups, where the set of placement groups is given for the type of

apprenticeship. Each placement within a placement group is of the same type, however they are

different insofar as they may be in different locations or may otherwise have different suitability for

each apprentice. The assignment of a particular apprentice to a particular placement therefore carries

a cost, or penalty, that is accumulated per unit of time the apprentice spends at the placement. Each

placement requires the apprentice to spend a minimum amount of time there. Each placement can
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have either zero apprentices, or between a lower and upper bound of apprentices that is given for the

placement. Each apprentice can do at most one placement at a time, and apprentices cannot stop and

then resume placements at a later time. The objective is to produce a placement timetable where all

apprentices are assigned to exactly one of the placements in each of their required groups, and the

total weighted penalty is minimised.

The problem is shown to be NP-hard by reduction from the partition problem. Two solution

approaches are presented for the problem. The first approach initially constructs a timetable by

means of solving a proposed IP model one apprentice at a time, and then attempts to improve the

timetable using a Simulated Annealing metaheuristic. The second approach uses a fix-and-optimise

Large Neighbourhood Search procedure to produce a timetable.

The problem of timetabling practice placements for students is encountered in many places around

the world in many different disciplines, but perhaps most notably in clinical education. In 2012 alone,

around 300 nursing students in Sydney were unable to graduate on time as they had not completed all

their required practice placements. This was because a timetable where all nursing students would

complete their practice placements in the allotted time could not be constructed. A successful solution

approach to this timetabling problem greatly reduces the chance of this issue, and can also automate

much of the routine and manual task of practice placement timetabling.

The research in Chapter 6 was presented at the 11th International Conference on the Practice and

Theory of Automated Timetabling (PATAT) 2016 [126, 38] and included in the refereed conference

proceeding as “O. Czibula, H. Gu, and Y. Zinder. Timetabling of workplace training: A combination

of mathematical programming and simulated annealing. In International Conference of the Practice

and Theory of Automated Timetabling, 2016”, and was subsequently extended and submitted to the

PATAT 2016 Special Issue by the Annals of Operations Research.

1.5 Contributions

A summary of the contributions of the work presented in this thesis is as follows:

• for the course timetabling problem, discussed in Chapter 3:

– a novel, industry-inspired timetabling problem, similar to, but distinguished from, traditional

academic timetabling problems, is presented,

– a large-scale Integer Programming formulation of the considered problem is presented as:

1. an Integer Programming model to create a class timetable, subject to the unique

operational constraints imposed by the industry, and
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2. an Integer Programming model, presented as several network flow models together

with non-network coupling constraints, to create a trainer roster for an existing class

timetable, subject to the unique operational constraints imposed by the industry,

– a three stage solution framework is proposed, consisting of:

1. an initial timetable construction stage, employing an Integer Programming-based

constructive heuristic,

2. a timetable improvement stage, employing a Integer Programming-based Large Neigh-

bourhood Search fix-and-optimise heuristic,

3. a trainer rostering stage, employing direct application of Integer Programming,

– the proposed heuristic framework is shown, by means of extensive computational experi-

mentation, to produce good quality solutions in practically acceptable time, whereas direct

application of mathematical programming could not be shown to perform successfully,

• for the bi-criteria single-machine batch scheduling problem with incompatible job families,

discussed in Chapter 4:

– a novel, industry-inspired problem was presented as a single-machine batch scheduling

problem with incompatible job families and an ordered bi-criteria objective,

– for the objective of minimising the number of tardy jobs, NP-hardness is proven by pseu-

dopolynomial reduction from the single machine total weighted tardiness problem,

– for the objective of minimising maximum cost, an O(n2) algorithm is presented, where n is

the number of jobs, for both the single- and bicriteria cases,

– an Integer Programming model for the considered model is presented,

– for the case with a maximal primary objective and a total secondary objective, a Simulated

Annealing approach incorporating a Tabu list is presented, requiring O(n) operations to

establish feasibility,

– to compare with the Simulated Annealing approach, a Genetic Algorithm is also presented

for the considered problem,

– it is shown, by means of extensive computational experimentation, that both of the proposed

metaheuristics outperformed direct application of Integer Programming,

• for the partitioning problem, discussed in Chapter 5:

– a novel, industry-inspired problem was presented, which is distinct from but closely related

to the graph partitioning problem, the edge partitioning problem, the quadratic multiple

knapsack problem, and the quadratic assignment problem,

8



– the NP-hardness of the problem is proved by reduction from the clique problem,

– a novel Quadratic Programming formulation, as well as its linearisation, is presented for the

problem,

– four solution approaches are presented:

1. an approach based on solving the Lagrangian Dual problem by means of the subgradient

algorithm, and then identifying trends in the intermediate solutions and imposing

restrictions that significantly reduce the decision space of the underlying problem,

2. an approach based on Column Generation, where three strategies utilising the generated

columns are proposed to produce integer feasible solutions to the primal problem,

3. a fix-and-optimise Large Neighbourhood Search approach incorporating the Column

Generation procedure,

4. an amalgamation of Genetic Algorithms and Integer Programming,

– it is shown, by means of extensive computational experimentation, that the fix-and-optimise

LNS approach performed the best, followed by the Column Generation-based approaches,

followed by the Lagrangian Relaxation-based approach, followed by the Genetic Algorithm-

based matheuristic. Each of the proposed heuristics are shown to outperform direct

application of mathematical programming,

• for the practice placement timetabling problem, discussed in Chapter 6:

– a industry-inspired timetabling problem was presented that does not appear to have been

previously studied from the perspective of optimisation,

– the NP-hardness is proved, even in the case of only a single time interval, by reduction from

the partition problem,

– a novel Integer Programming formulation of the problem is presented,

– two solution approaches are presented:

1. an approach that constructs an initial timetable one student at a time, and then

improves the initial timetable using Simulated Annealing, and

2. an approach that employs a fix-and-optimise Large Neighbourhood Search procedure to

produce a timetable,

– it is shown, by means of extensive computational experimentation, that the proposed

heuristics outperform direct application of Integer Programming.
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This chapter discusses both the historical and the state-of-the-art research that is most relevant

to this thesis. First, the concept of timetabling from the perspective of combinatorial optimisation is

briefly introduced. Next, timetabling is discussed in general, mainly from the perspective of complexity

analysis. Finally, the literature relevant to the research in Chapters 3, 4, 5, and 6 is discussed separately

and in order.

A number of books on combinatorial optimisation, decomposition, and complexity analysis ([64],

[117], [160]), and metaheuristics ([51], [68], [147], [123]) are recommended in order to gain an under-

standing of material presented in this thesis.

2.1 A Very Brief Introduction to Timetabling

A timetable can be described as the allocation of a set of meetings to a set of times, where a meeting

is a combination of resources, such as people, rooms, and equipment. Timetabling is a combinatorial

optimisation problem concerned with allocating resources in space and time, subject to the specific

problem’s constraints, in such a way that a given set of objectives are optimised. Automated timetabling

was first mentioned in the scientific literature by Gotlieb [71] in the 1960’s, and since then the field of

automated timetabling has attracted a great deal of research attention.

There are several variations on the timetabling problem in general, and it has a wide range of

applications, such as the timetabling of buses, trains, and aeroplanes, home deliveries, work shifts,

in project management, etc. A large proportion of practical timetabling research in the literature

is concerned with high school and university course and examination timetabling. This may be, in

part, due to researchers’ increased exposure to these optimisation problems, and perhaps also due to

the relative uniformity between timetabling problems across educational institutions throughout the

world, making it more amenable to research, collaboration, and competition. Indeed, the International

Timetabling Competition, focussing on high school and university timetabling, attracts researchers

from all over the world who compete against one another for prizes, prestige, and to advance knowledge

in the field [131]. High school and university timetabling problems are special cases of educational

timetabling problems, which are special cases of timetabling problems in general, which are special

cases of scheduling problems in general [6].

In many cases, authors choose to describe timetabling problems in terms of “hard” and “soft”

constraints. The so-called hard constraints are those that must not be violated for a solution to be

considered feasible, whereas the so-called soft constraints are those whose violations are considered

undesirable, and should be minimised wherever possible. For example, hard constraints may include

those forbidding trainers or students from being scheduled to different activities at the same time,

while soft constraints may include those that require each lecturer to be allocated a total number of
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teaching hours between a nominated upper and lower bound. In some cases, like where feasibility is

particularly difficult to achieve, some constraints that may otherwise be considered hard, such as the

requirement that students should not be required to attend two lectures simultaneously, are instead

classified as soft [138].

2.2 Complexity of Timetabling

Carter and Tovey [27] discuss the computational complexity of a small subproblem contained within

perhaps all university and high school timetabling problems: the Classroom Assignment Problem

(CAP).

Define Xi,j to be 1 if class i ∈ [1, n] is assigned to room j ∈ [1,m], or 0 otherwise. Time is

partitioned into a number of discrete time periods, and classes are already understood to run at a

particular time. The constraints of the problem can be formulated as follows:

m∑
j=1

Xi,j = 1 i = 1, . . . , n (2.1)

∑
i∈Pk

Xi,j ≤ 1 j = 1, . . . ,m; ∀k (2.2)

where Pk is the set of classes that run during period k. Constraints (2.1) ensure that each class is

assigned to exactly one room, and constraints (2.2) ensure that classes running at simultaneous time

periods cannot be assigned to the same room.

The authors define three objectives for the above-mentioned problem in increasing order of difficulty:

Feasibility, which asks the question of whether a feasible solution exists at all; Satisfice, which asks the

question whether a feasible solution exists in which each class i can only be assigned to a subset of rooms

Si ⊆ [1,m] deemed “satisfactory”; and Optimize, where the objective is to minimise
∑n

i=1

∑n
j=1 ci,jXi,j

for the cost ci,j of assigning class i to room j. The authors define the case where several related

but non-overlapping classes must be run in the same room as the noninterval classroom assignment

problem, and the case with no such restriction as the interval classroom assignment problem.

The authors provide a proof of NP-completeness, by reduction from the graph K-colourability

problem, for the Feasibility objective of the noninterval case, while the Feasibility problem for the

interval case is solvable in O(n) time. Also provided is a proof of NP-completeness, by reduction from

3-SAT, of the Satisfice objective of the interval case, even when the problem is restricted to just two

periods. The results in [27] show that optimisation of essentially all high school and university course

and examination timetabling, including the class timetabling problem we consider in Chapter 3, is

NP-hard.

Cooper and Kingston [34] discuss five sources of NP-completeness for the timetable construction
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problem frequently encountered in practice:

• Intractability owing to giving students choice of subjects from a wider pool is shown by reduction

from graph K-colourability. The authors note that this problem can be avoided by publishing

the timetable in advance, and requiring students to choose their subjects such that they have no

clashes.

• Intractability owing to varied class sizes resulting in difficulty in assigning the target number of

meetings to each teacher—even when disregarding restrictions imposed by teacher qualifications

and the requirement that there be no clashes—is shown by reduction from the bin packing

problem. The authors note that some high schools permit split assignment, where meetings can

be split into two, allowing two teachers to share the meeting, to create small fragments to fill the

bins. Universities are not subject to this problem, as workloads are generally lighter and more

flexible.

• Intractability owing to time-incoherence, where as a result of varying meeting sizes some meetings

must share at least one time period, is shown by reduction from the exact cover by 3-sets problem.

The authors demonstrate that the timetable construction problem is NP-complete as a result

of time incoherence, even in the absence of the above-mentioned bin packing substructures.

The authors also show that enforcement of time-coherence can be shown to be NP-complete by

reduction from the bin packing problem.

• Intractability owing to restrictions on class times—such as double classes or classes spread

throughout the week—is shown by reduction from the exact cover by 3-sets problem. The authors

note that the special case where the exact cover by 3-sets problem can be solved in polynomial

time if no element occurs in more than two subsets [64], and also the special case where times

are to be assigned to any number of time-disjoint meetings, can be solved in polynomial time by

means of a bipartite matching.

• Intractability owing to the problem of assigning multiple forms simultaneously—a form being

where all meetings having a nominated student group in common—is shown by reduction from

the three-dimensional matching problem.

In general, the multiple unique sources of intractability inherent to the timetable construction

problem imply that it is unlikely that one can construct an efficiently solvable subproblem from which

meaningful information about the greater problem can be recovered.

Welsh [158] introduces the relationship between the NP-hard graph colouring problem and the

timetabling problem, discussed further by Lewis [101]. A simple timetabling problem can be converted
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to a graph colouring problem, and vice-versa, by representing events as vertices, and connecting

together with edges those vertices that correspond to events that cannot be scheduled at the same

time [90]. Each timeslot can be represented by a colour, and a feasible timetable is one where the

corresponding graph colouring uses no more unique colours than available time slots. The author

discusses that although real-world timetabling problems often contain constraints that make graph

colouring insufficient as a modelling tool on its own, some timetabling heuristics extract information

derived from this subproblem to aid in the search for solutions to the underlying problem. Marx [107]

discusses the relationship between graph colouring problems and their extensions to several scheduling

problems, such as aircraft scheduling and the scheduling of biprocessor tasks.

2.3 Demand-Based Course Timetabling

This section gives an overview of literature in the field of academic timetabling, as it best relates to

the research presented in Chapter 3. Comparisons with our considered class timetabling problem are

made, and highlights of important similarities and differences are highlighted.

Academic timetabling has been a very active and growing research area [127]. Early solution

approaches to these problems attempted to imitate a person’s decision processes, and were known as

‘Direct Heuristics’ [140]. These worked on the principle of successive augmentation, whereby the ‘most

constrained’ courses were usually scheduled first, and variations to these approaches typically explored

different ways of defining ‘most constrained’. The approaches that followed were more general, such as

those based on mathematical programming, network flow, or by reducing the problem to the graph

colouring problem [138].

Researchers in large-scale timetabling typically do not attempt to find optimal solutions to these

problems as such solutions often cannot be found in practically acceptable time. Much of the recent

research attention has instead been focused on heuristics, including metaheuristics [101, 22], and

decomposition methods such as Lagrangian Relaxation [58], Column Generation [133, 124], and Row

Generation [21]. There has been some research activity in using graph colouring heuristics to solve

timetabling problems that can be expressed as graphs [119, 109, 23, 153].

In an example of Row Generation, Burke et al. [21] propose a mixed integer model with fewer

variables than a classical approach, but with an exponential number of constraints. The constraints

are only applied if they are needed. The authors also introduce additional cuts that are not required

for optimality, but do improve the computational performance of the procedure. In an example of

applying graph colouring to timetabling, Burke et al. [23] solve an examination timetabling problem

by means of a heuristic based on graph colouring to split exams into groups that can be scheduled

together, combined with another algorithm to fit the exams into rooms.
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A recent trend has been to develop ‘hybrid heuristics’ [22], which combine certain features of

one heuristic with those of another, typically with the aim of improving computational performance

by overcoming the heuristics’ weaknesses. In Gunawan et al. [73], attempts were made to improve

the convergence rate of Simulated Annealing (SA)—whose introduction is attributed to Kirkpatrick

et al. [94] and Černỳ [28]—by implementing the memory property of Tabu Search (TS) to solve a

university course timetabling problem. The annealing rate in SA can have a dramatic influence over

the performance of a SA implementation [161]. It is not uncommon for people to experiment with a

variety of simple and complex annealing schedules paired with reheating rules, typically with the aim

of avoiding the heuristic becoming trapped in local minima [1]. A novel hybrid heuristic was presented

in Bölte and Thonemann [15], where the authors propose a Genetic Program (GP) to optimise the

annealing schedule for SA. They presented the dedicated cooling schedules found by GP that converge

fastest for particular problems, and they also provided the cooling schedule found by GP that converges

fastest across all problems they tested.

Despite the difficulty in solving large-scale timetabling models using straight-forward application of

IP, several researchers have had some success using this approach. Perhaps the earliest examples are by

Lawrie [98] from 1969 and by Akkoyunlu [2] from 1973. A more recent example of IP-based university

course and examination timetabling is presented by Dimopoulou and Miliotis [48], where the authors

augmented an IP with a heuristic improvement stage. A high school timetabling problem is presented

in [14], where the authors were able to solve the IP directly. An ILP was presented by Schimmelpfeng

and Helber [139], which had, amongst others, 99 teachers, 156 courses, and 181 teaching groups. The

model had 35,611 rows, 91,767 integer variables, and 662,824 non-zeroes in the co-efficient matrix. An

optimal solution was obtained in just 10 seconds using IBM ILOG CPLEX 9.1.2, or about 2 minutes

with Coin-OR Branch-and-Cut.

The vast literature produced on university and high school class timetabling does not address our

considered class timetabling problem in Chapter 3. The reasons are outlined below:

• Our considered class timetabling problem has different objectives to that of traditional university

and high school class timetabling problems. Indeed, in our problem the focus is on satisfying

demand, which fluctuates over the planning horizon, whereas in all publications of university

and high school timetabling problems there is no fluctuation in demand, and the main focus is

typically on the minimisation of teacher and student preference violations.

• Another objective of our class timetabling problem is to strengthen the robustness of the timetable

over long periods of time by levelling the utilisation of resources, whereas in university and high

school timetabling problems, the goal is typically to construct a timetable for one or two weeks

that repeats throughout the semester or year.
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• Our considered class timetabling problem is intended for a commercial organisation, where the

ability to rent out available rooms is an important concern. The consideration of such opportunity

for renting out rooms is not found in university and high school timetabling.

• University and high school timetabling problems require the allocation of a given set of classes to

locations and times, whereas in our class timetabling problem, the number of classes and their

sizes is part of the decisions that are to be made.

• In our class timetabling problem, the timetable should satisfy rigorous restrictions on how

courses—which are composed of several modules—are scheduled. This is in contrast to university

timetabling, where there are no comparable restrictions on the time and location for the assignment

of different activities, such as lectures, computer laboratories, tutorials, etc.

• Our considered class timetabling problem requires decisions on the movement of scarce mobile

resources between different locations, which is very unusual in university and high school

timetabling.

The above-mentioned differences make the mathematical models commonly used in university and

high school timetabling not applicable to our problem, which causes the necessity to develop new

mathematical models together with new optimisation procedures that address the specific features and

objectives of the problem on hand.

Not only new and interesting from a mathematical point of view, the considered class timetabling

problem is also important from a practical perspective. Indeed, training and retraining of employees is

an important and costly component of the business for many organisations. For example, according to

a 2013 report from the Minerals Council of Australia, the vast majority of mining training in 2012 was

conducted by the Australian mining industry itself, with over $1.1 billion spent. The report states that

the training expenditure is almost 5.5% of total payroll, and that almost 98% of training expenditure

is industry-funded with only 2% coming from government subsidies. [111]

A recent study sponsored by the Minerals Council of Australia (MCA) shows the mining

industry in Australia has made big investments in training workers for mining jobs.

Incredibly, it shows the vast majority of mining training in 2012 has been conducted by

the mining industry with over $1.1 billion spent compared to government training subsidies

of $26 million training subsidies.

The research consultancy report: Training and education activity in the minerals sector

reveals contrary to popular opinion, the mining industry spends a huge amount on employee

training.
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The areas where research on timetabling for training and retraining can be of significant benefit also

include other utility companies, forestry companies, oil and gas companies, construction companies,

etc., to mention a few.

2.3.1 Rostering

Closely related to timetabling is rostering: the assignment of workers to shifts, satisfying constraints

for example related to workers’ skills, worker numbers, weekends and breaks, and so on, so as to

optimise some performance criteria. Research in rostering has spanned several decades and has steadily

been gaining research attention. The workforce rostering problem can be formulated and solved in

many different ways [56, 155] including Dynamic Programming [12, 54], Integer Programming [8, 112],

metaheuristics [35, 74, 55], and Constraint Programming [32, 120]. A commonly used model for

scheduling and rostering comes from Dantzig’s set covering formulation [44, 56].

For the rostering subproblem we consider in Chapter 3, we find the network model, based on a

shift-time graph, proposed by Balakrishnan and Wong [7] to be effective. The authors discuss the

rotating workforce scheduling problem, and propose a model based on network flow. All constraints of

the problem are encoded within the network itself, apart from the staff covering constraints, which

are enforced using non-network side constraints. Lagrangian Relaxation is used to find a lower bound

on the staffing requirements, and a primal solution is obtained by solving the shortest path networks.

The proposed approach is able to solve large-scale problems, including those with many complicating

conditions on shifts, as is very common in the real world. The authors also note that while all operational

constraints could be handled simultaneously by means of Integer Programming, the proposed network

flow approach gives a deeper insight into the operation and structure of the problem, and facilitates

the design of efficient computational procedures.

2.4 Formation and Sequencing of Classes for a Bottleneck Class-

room

This section gives an overview of the literature as it pertains to the material presented in Chapter 4.

Batch scheduling has been studied for over three decades. Among the first to study the problem

were Ikura and Gimple [79], who studied the single batch processing machine problem with batch sizes

of 1 . . . k, release times and due dates. They present efficient algorithms for minimising the makespan

(commonly referred to as Cmax) under the assumption that, for a pair of jobs i and j, if the release

time for job i is later than for job j, then the due date for job i is no earlier than for job j.

There has been an effort in studying the prototype of the considered batch scheduling problem,
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i.e. the single-machine batch scheduling problem with incompatible job families, where the batch size

is constant rather than family-dependent. For this same prototype problem, but with a different

application, Uzsoy [154] showed that the minimisation of the total weighted completion time, or the

maximum lateness (commonly referred to as Lmax) can be solved in polynomial time. The paper

presents—for the static case where all job are immediately available—polynomial time algorithms for

the objective of minimising Cmax, Lmax, and the total weighted completion time. Then
∑

j∈J wjCj ,

for the case where job arrivals are dynamic, a polynomial time algorithm to minimise Cmax and several

heuristics to minimise Lmax are proposed.

Later, Mehta et al. [110] proved that the problem for the minimisation of total tardiness is NP-hard

in the strong sense by pseudopolynomial reduction from the single unit capacity machine total weighted

tardiness problem. As for the minimisation of the number of tardy jobs, Jolai [85] showed that

the problem is NP-hard by pseudopolynomial reduction from the single unit capacity machine total

weighted number of tardy jobs problem. Jolai then presented a polynomial-time Dynamic Programming

algorithm for the special case where the number of job families and machine capacity are fixed. Jolai [86]

studied the problem of minimising earliness-tardiness criteria subject to a common unrestricted job

due date, proving the problem is NP-hard.

Studying a more generalised problem where each job requires a different amount of machine capacity,

Dobson and Nambimadom [49] considered the problem of minimising the total weighted completion

time, presenting a polynomial-time algorithm for special cases of the problem, and three heuristics

for the general case: a greedy heuristic, a successive knapsack heuristic, and a generalised assignment

heuristic. Azizoglu and Webster [5] designed a branch-and-bound procedure for the same problem that

can optimally solve cases up to about 25 jobs in acceptable time.

The problem of scheduling jobs with equal processing time on a single batching machine to minimise

a primary and secondary criterion, as well as a linear weighted criterion, is studied by Lie et al. [105].

The authors present polynomial time algorithms for various combinations of the primary and secondary

criteria. Janiak et al. [82], Cheng et al. [30] and Janiak et al. [83] developed polynomial time algorithms

for group technology single machine scheduling problems, including problems with ordered criteria, in

which the jobs are processed sequentially in a batch, a single batch is made for each family and each

batch is preceded by a set-up time.

2.5 Partitioning of Students into Classes

This section gives an overview of the literature as it pertains to the material presented in Chapter 5.

The considered combinatorial optimisation problem is distinct from, but shares certain similarity

with, the Graph Partitioning Problem (GPP) [17], also known as the Min-Cut Clustering Problem
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(MCC) [84]. Given an undirected graph G(V,E) with weights wv, v ∈ V , edge costs ce, e ∈ E, the GPP,

which is the problem to find a partition Γ = {W1, . . . ,WK} of V , can be formulated as follows:

min:
K∑
i=1

∑
e∈E(Wi)

ce (2.3)

s.t. wmin ≤
∑
u∈Wk

wi ≤ wmax k = 1, . . . ,K (2.4)

where E(Wi) = {(i, j) ∈ E : i, j ∈Wi}. This problem is known to be NP-hard in general [64].

The problem studied in Chapter 5 is distinct from the GPP in several ways. In the language of the

GPP, each cluster in our problem has a lower- and upper-bound not only on the included node weight

(where we assume each node has unit weight), but also a lower- and upper-bound on the on the node

type, where the node type is analogous to the student type in our problem. Moreover, our problem

permits certain clusters to remain empty. Our problem also penalises particular node pairs for being

assigned to particular clusters.

The GPP arises in various practical situations, for example: partitioning subroutines that are

compiled into computer code into clusters, such that the communication between clusters is min-

imised [84]; assigning data or processes evenly to processors, such that inter-process communication

is minimised in parallel computing environments [3]; in aircraft control, where the flow of aircraft

within blocks is maximised and the flow of aircraft between blocks is minimised [13]; partitioning the

electronic subcircuits in very large-scale integration (VLSI) systems, such that the electrical connections

between partitions is minimised [89]; partitioning a power network into so-called islands to prevent the

propagation of cascading failures [102, 103]; for route planning along road networks [95, 106]; and in

many other domains. Although the combinatorial optimisation problem considered in Chapter 5 and

the GPP are different, each provides an insight in the design of solution techniques for the other.

Kernighan and Lin [93] studied the GPP, and presented a heuristic that runs in O(n3) for sparse

graphs. It is known as the Kernighan-Lin algorithm, and is among the best-known today for this

problem. Carlson and Nemhauser [25], motivated by the problem of scheduling classes at a university,

studied the problem of partitioning the graph with no restriction on the size of each subset, however

they do consider an interaction cost (penalty) corresponding to any two nodes grouped into the same

subset. They present an efficient algorithm for finding feasible solutions that are also local minima,

however the nonconvexity of the quadratic objective function prevents them from identifying a global

minimum.

Several particular cases of the GPP, including Integer Programming (IP) models for each case, are

discussed by Chopra and Rao [31]. The authors take advantage of the graph structure when clustering.

They also discuss several valid inequalities and facet-defining inequalities for the GPP. A Column

Generation approach is presented in Johnson et al. [84], which the authors tested on graphs with
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between 30 and 61 nodes, and between 47 and 187 edges. For the 12 test cases the authors considered,

their proposed approach provided integer solutions for all but two, and for those, solutions obtained by

a Branch-and-Bound scheme were very close to the fractional solutions provided by Column Generation.

Chapter 5 also presents IP models for the considered partitioning problem, but is concerned with a

Lagrangian Relaxation-, Column Generation- and matheuristic-based approaches, and is focussed on

solving large instances with hundreds of classes and thousands of students.

The Edge Partitioning Problem (EPP), which is closely related to the GPP, is the problem of

covering the edges of an edge-weighted graph with a set of edge-disjoint subgraphs, where the total

edge weight in each subgraph is at most k [69]. The NP-hardness of the EPP is shown by Goldschmidt

et al. [69], and also a linear time approximation algorithm with performance guarantee is proposed.

Taşkın et al. [148] discuss a combination of integer and constraint programming methods for the

stochastic EPP, and present a two-stage cutting plane algorithm.

The problem considered in Chapter 5 is also closely related to the Quadratic Multiple Knapsack

Problem (QMKP), which is a combination of the multiple knapsack and quadratic knapsack problems.

Given n objects and K knapsacks, the problem can be formulated as follows:

max:
n∑
i=1

K∑
k=1

uiXi,k +
n−1∑
i=1

n∑
j=i+1

K∑
k=1

vi,jXi,kXj,k (2.5)

s.t.

n∑
i=1

wiXi,k ≤ ck k = 1, . . . ,K (2.6)

K∑
k=1

Xi,k ≤ 1 i = 1, . . . , n (2.7)

Xi,k ∈ {0, 1} i = 1, . . . , n; k = 1, . . . ,K (2.8)

where the variable Xi,k corresponds to the assignment of item i to knapsack k, ui is the reward for

assigning item i to any knapsack, vi,j is the reward for assigning items i in the same knapsack as item

j, wi is the weight of item i, and ck is the maximum capacity of knapsack k.

The problem studied in Chapter 5 is distinct from the QMKP in several ways. In the language of

the knapsack problem, our problem assigns a reward for assigning a particular item to a particular

knapsack, and a reward for pairing particular item types of objects together in knapsacks. Our problem

not only introduces a lower bound on the item weight in a knapsack (where we assume each item

has unit weight), but also a lower- and upper-bound on the number of item types in each knapsack.

Moreover, our problem permits certain knapsacks to remain empty. Lastly, our problem requires that

each item must be assigned to exactly one knapsack.

The QMKP received little attention in the literature until recently, and most solution approaches

are based on meta-heuristics [29, 63, 75, 87]. In particular, greedy and Genetic Algorithms (GA) for the
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QMKP are discussed in Julstrom [87]. The author presents two greedy heuristics that build solutions

by choosing objects according to their value densities, and two GA heuristics. One GA is a standard

implementation, while the other is extended with greedy techniques that probabilistically favour objects

of higher value densities. The algorithms are tested on 20 problem instances, and the extended GA is

reported to perform best on all but one test case. In Chapter 5 we present a matheuristic that is an

amalgamation of Genetic Algorithms and IP.

A Lagrangian Relaxation based approach to solving the QMKP exactly is presented in Caprara et

al. [24], whereby a tighter bound is computed using the subgradient method. The proposed approach

is able to optimally solve instances with up to 400 binary variables. In Chapter 5 we also consider

a Lagrangian Relaxation based approach, but focus on problems with between 17,697 and 267,393

binary variables (and between 42,656 and 367,232 for the linearised models). The size of our problem,

together with the complexity results presented in Chapter 5, leads to the aim of obtaining a good

approximation solution in practically acceptable time.

Another closely related but distinct problem is the Quadratic Assignment Problem (QAP) [96],

which can be formulated as follows:

min:
N∑
i=1

N∑
j=1

N∑
k=1

N∑
l=1

ci,j,k,lXi,jXk,l (2.9)

s.t.

N∑
j=1

Xi,j = 1 i = 1, . . . , N (2.10)

N∑
i=1

Xi,j = 1 j = 1, . . . , N (2.11)

Xi,j ∈ {0, 1} i, j = 1, . . . , N (2.12)

where Xi,j typically represents the assignment of object i to position j. The two sets of constraints

require that each object is assigned to exactly one position, and each position is assigned exactly one

object. The quadratic objective function penalises the simultaneous assignment of object i to position

j, and object k to position l with penalty ci,j,k,l.

The problem studied in Chapter 5 is distinct from the QAP in several ways. In the language of the

QAP, our problem does not penalise the simultaneous assignment of object i to position j with the

assignment of object k to position l where j 6= l. Our problem allows multiple objects to be assigned to

the same position, and there are lower- and upper-bounds on the number of objects in each position,

and lower- and upper-bounds on the number of object types in each position. Moreover, our problem

permits certain positions remain empty.

Despite being easy to formulate, the QAP is difficult to solve, and was shown to be NP-hard by Sahni

and Gonzalez [136]. Only implicit enumeration methods such as branch-and-bound [66, 96, 65, 121] or
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cutting plane methods [10] are known to solve QAP optimally, however heuristic approaches to solve

the QAP, for example based on Simulated Annealing [159, 15], Tabu Search [143, 146, 57], and Genetic

Algorithms [149, 60, 52], have been proposed.

2.6 Timetabling of Practice Placements

This section gives an overview of the literature as it pertains to the material presented in Chapter 6.

Much of the literature on educational timetabling focuses on high school and university course and

examination timetabling [19, 22]. To the authors’ knowledge, the considered optimisation problem of

practice placement timetabling has not received the attention in the literature that it deserves. Among

few publications relevant to the problem considered in this Chapter 6, Franz and Miller [61] consider

the resident scheduling problem—a special case of the multiperiod staff assignment problem [4]—in

which medical residents are assigned to rotations at hospitals. The authors present a decision support

system in which feasible integer solutions were successfully obtained by means of a rounding heuristic

applied to the linear relaxation of the binary Integer Programming model.

Beliën and Demeulemeester [11] discuss the problem of scheduling a number of trainees (students)

at hospital ophthalmology department. The authors study the problem of scheduling a set of nursing

trainees to specific activities along the planning horizon. The students are partitioned into a number

of experience groups, and each task requires the allocation of a number of students from one or more

experience groups. The authors detail several practical considerations, such as the requirement that

students performing an activity for the first time will require more time until the student masters the

relevant skills. The authors develop an exact procedure based on Column Generation, making use of

a zero-one multi-commodity flow formulation with side constraints, where the pricing problem was

formulated as a constrained shortest path problem. The authors were able to solve instances with 52

time periods.

The problem studied in this chapter can be viewed as a generalisation of the classical Open Shop

Scheduling Problem (OSSP) [128]. In the OSSP, there is a set of machines and a set of jobs. Each

job must be processed on each of the machines in any order, and the processing time of each job on

each machine is specified. Each machine can process at most one job at a time, and each job can be

processed on at most one machine at a time.

A Simulated Annealing (SA) solution approach was applied to the OSSP for the objective of

minimising makespan by Liaw [104], where the author defines the neighbourhood structure based on

blocks of operations on critical paths. The authors tested their approach on a number of randomly

generated problems, as well as benchmark problems from the literature. Their approach was able to

produce many optimal and near-optimal solutions, and some of the benchmark problems were solved
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to optimality for the first time.

In contrast to the OSSP, in the considered problem, each placement (which can be interpreted as a

machine) can accommodate several apprentices (which can be viewed as jobs) simultaneously. The

duration of the placement (which can be interpreted as the processing time of a job on a machine)

in our problem is variable, and must be at least the minimum required time for this placement. The

requirement of OSSP that each job must be processed on each machine is replaced by the partition of all

placements (machines) into groups; the association of each apprentice (job) to a subset of these groups;

and the requirement that each apprentice must be assigned to exactly one placement in each associated

group. Furthermore, the objective function in our problem (to minimise total weighted penalty)

differs from the objective functions commonly used in publications on OSSP. The typical objectives to

minimise for the OSSP include, for example, makespan, maximum lateness, total completion time or

total weighted completion time, total number of late jobs, etc.

It is well-known that the classical OSSP is a difficult problem. In particular, it is NP-hard for the

criterion of makespan [70]. Since the planning horizon is given in the problem considered in Chapter 6,

which imposes a restriction on the makespan, even the problem of answering whether or not there exists

a feasible solution for the workplace training timetabling problem is NP-complete. The complexity of

the feasibility problem is caused also by the restrictions on the number of apprentices allowed by each

placement. In the formulation in Chapter 6, the planning horizon is partitioned into intervals of equal

length. It will be shown in Section 6.3 that even if the planning horizon is comprised of just a single

time interval, the feasibility problem remains NP-complete.
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Abstract

We consider a timetabling and rostering problem involving periodic retraining of large numbers

of employees at an Australian electricity distributor. This problem is different from traditional

high school and university timetabling problems studied in the literature in several aspects. We

propose a three-stage heuristic consisting of timetable generation, timetable improvement, and

trainer rostering. Large-scale Integer Linear Programming (ILP) models for both the timetabling

and the rostering components are proposed, and several unique operational constraints are

discussed. We show that this solution approach is able to produce good solutions in practically

acceptable time.
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3.1 Introduction

Australia’s largest electricity distributor (by number of connections and number of employees) is

responsible for building, repairing, and maintaining all electricity distribution equipment that service

their operational area of over 20,000 square kilometres. The voltages on the electricity network range

from 230V to 500kV, and there is an extreme risk of electrocution if works are not performed carefully

and with strict safeguards in place. Other hazards electrical workers face include falling from heights,

having objects dropped on them from above, working in confined spaces, and working in the presence

of hazardous materials such as toxic gas, asbestos, or other harmful substances. Having such a

hazardous working environment and supplying such an essential service to the population, it is among

the distributor’s highest priorities to deliver safety and technical training promptly and efficiently to

all people where required, including employees, contractors, and to third parties, working on or near

the electricity network as required by Australian industry law. Indeed, it is a legal requirement in

Australia—via the Work Health and Safety Act 2011: Part 2, Division 19; and enforced by the Energy

Networks Association (ENA)—that such workers maintain their safety and technical training.

Most of the training in question has a limited validity period after which it is considered no longer

valid unless “refreshed”. Most courses have a validity period of 1 year, while some others can last 3 or

5 years, and a scarce few have unlimited validity periods. Validity periods are subject to change as

industry legislation is occasionally revised. If a worker does not successfully refresh training for a job

role before it expires, they are not permitted to work on or near the electricity network in that role until

they have successfully completed the required training. Sometimes the initial training is longer and

more comprehensive than subsequent training for that course. In some cases, if the subsequent training

has not been successfully refreshed before the expiry date, the initial training must be completed again.

Many different training courses are delivered, each of which is composed of one or more modules.

Each student enrolled in a course must successfully complete all the contained modules in order to

successfully complete the course. Each module has a duration and a maximum number of students

that it can accommodate. The modules of a course can be run in any order, however they must be run

back-to-back, with no gaps between the modules. These are often referred to as ‘no-wait constraints’.

If a course runs longer than a working day, the modules must be sequenced such that none of the

training days exceed the length of a single working day. Courses run for a maximum of five days, and

must complete before the weekend. If a course has a total duration of half a day or less, it may either

start first thing in the morning or immediately after lunch (which is fixed to be at noon for half an

hour). Otherwise, if a course’s duration is longer than half a day, it may only start first thing in the

morning. Each course may be run an arbitrary number of times, perhaps several times in a single day

and in several locations, and we refer to each individual instance of a course as a class.
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The distributor’s operational area can be partitioned into a number of regions, each containing one

or more training facilities. We refer to each training facility as a location, and each location contains

one or more rooms in various sizes. Some rooms have a removable divider that allows them to be split

into two separate, smaller rooms. Each module of each class is run in a room. Each room has a list of

compatible modules and a maximum number of students it can accommodate. Since both modules and

rooms have a limitation on the number of students, each module-room pair has a maximum number of

students given by the minimum of these two values. Different modules of a class can be assigned to

different rooms, but all the modules of a class must be assigned to a single location.

Modules are taught by trainers, each of whom has a location to which they are regularly assigned,

however trainers may travel to other locations when required. All trainers work a standard 8 hour

work day with a half hour lunch break. There are different types of trainers, such as junior and

senior trainers. All trainers have other responsibilities aside from teaching, therefore the proportion of

working time each trainer is assigned to face-to-face teaching should be as close as possible to a value

determined by the trainer’s type.

Certain modules require shared, mobile resources which can be moved from location to location.

The total number of these modules that can run at any given time in any given location is limited

by the quantity of the required equipment locally present. Each mobile resource requires a certain

amount of time to pack and unpack. The amount of time required to move a mobile resource from one

location to another is given, and approximately proportional to the distance between them. Mobile

resources can be moved at any time, including outside working hours. Mobile resources cannot be used

while they are being moved.

When constructing a timetable, the distributor does not make decisions about which students will

attend which classes, as this is out of the distributor’s control. The reason is that training is offered

not only to the distributor’s own employees, but also to contractors and to third parties—anyone in

any industry working on or near the electricity network. Due to the highly periodic nature of the

training volume induced by the course validity periods, and taking into account other factors such as

planned capital works, the distributor can estimate to a good approximation the expected training

demand profile for each course in each region over the next year or so. Rather than creating a timetable

incorporating which students will attend which classes, the distributor instead creates a timetable for

classes and trainers only, based on the expected demand profile for each course in each region. Workers

can then view the timetable using an online system, and book themselves into classes at times and

places that are suitable and convenient for them. The distributor aims to schedule at least enough

capacity for each course in each region across the planning horizon to meet the expected demand. If

by two weeks before the course start date it still has not accrued the minimum class size in students,
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the distributor can then decide whether to cancel the class and notify the attendees, or permit the

class continue with fewer students than normally required.

The robustness of the training plan is of great importance. A robust timetable will not need to be

significantly changed in the event of unexpected circumstances such as room or trainer unavailability.

Rather than approaching the issue of robustness in an explicit way, e.g. by incorporating extra variables

or constraints, or running sensitivity analyses, we approach it in an implicit way by considering what

timetable features undermine robustness, and avoiding them where possible.

One timetable feature that detracts from its robustness is a room swap, which is where the class

must move from one room to another. In addition to being time consuming and inconvenient for the

students and the trainer, if one of the rooms assigned to a class become unexpectedly unavailable and

no substitute can be found, the class may need to be cancelled. Likewise, and for largely the same

reasons, having trainer swaps—where the trainer teaching one module is different from the trainer

teaching the previous module—also detracts from the robustness of the solution. Additionally, it is

desirable for trainers not to travel excessively, as the further a trainer has to travel the more cost is

incurred and the greater the likelihood the trainer will be unexpectedly delayed, for example due to

heavy traffic, breakdowns, accidents, etc.

Since it is expected that people will be booked into classes at a time and place suitable and

convenient to them, this should be considered during the timetabling process. Courses should be

uniformly distributed throughout the planning horizon to maximise the likelihood that people will be

able to find a class at a suitable time.

Certain rooms can be rented out to third parties if not in use for an extended period of time,

generating some revenue for the distributor. Currently, due to administration costs, only a few rooms

have the option to be rented out to third parties, however if the potential revenue generated can be

shown to be substantial, the distributor may expand their room rental program.

Until recently, training timetables were designed by hand, requiring an experienced person at least

three uninterrupted days to produce the timetable for one month. Currently, a software tool is used to

generate their training plans on a month-by-month basis. This software is able to rapidly generate

feasible timetables and rosters, however it does not contain any optimisation functionality. Due to

changing industry regulations related to safety and technical training, as well as long-term fluctuations

of demand, a more sophisticated tool is needed to manage and optimise their training plan that is

capable of handling these changes in a flexible way.

The presented timetabling and rostering problem is a large-scale, multi-objective optimisation

problem. It has many similarities to typical high school and university timetabling problems, but is

distinguished from them in a number of important ways. The goal of this research is to investigate a
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Figure 3.1: A high-level view of the three-stage approach.

flexible software tool incorporating mathematical optimisation techniques to help solve this difficult

timetabling and rostering problem. Due to the large-scale nature of the considered problem, we have

so far been unable to produce an optimal solution in practically acceptable time by means of direct

application of mathematical programming. We propose a three-stage heuristic procedure consisting of

an initial timetable generation stage, an iterative timetable improvement stage, and finally a trainer

rostering stage. Integer Programming (IP) models are developed for each stage, which address all the

current practical requirements, and are also flexible to changes in requirements.

The remainder of the chapter is organised as follows: Section 3.2 describes the three-stage heuristic

in detail. Section 3.3 describes the class timetabling ILP model, and Section 3.4 describes the trainer

rostering ILP model. Section 3.5 discusses some important details about the implementation of the

approach. Section 3.6 describes our computational experimentation and results. Finally, our conclusions

are given in Section 3.7.

3.2 Optimisation Procedure

In order to improve tractability and simplify the modelling of the considered problem, we have divided

it into two related subproblems: a class timetabling subproblem and a trainer rostering subproblem.

The former is the problem of allocating modules to rooms forming classes, where the objectives are

that the unsatisfied student demand is minimised, room swaps are minimised, and the potential

to rent out rooms is maximised. The latter is the problem of—subject to an existing timetable of

classes—allocating trainers to modules, where the objective is to minimise trainer travel and minimise

the number of trainer swaps. Aggregated trainer numbers, as opposed to individual trainers, are

included in the class timetabling subproblem for capacity purposes only, in order to improve the

likelihood that the timetable will allow for a feasible trainer roster. The combined solution to both

subproblems results in a complete timetable and roster.

To have a flexible tool that is able to solve these complex subproblems, we have developed two IP

models: one for the class timetabling subproblem and one for the trainer rostering subproblem. IP is

flexible in the sense that one can simply add, remove, or substitute constraints to modify the model
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in various ways. Decomposing a larger, integrated problem into multiple subproblems, such as this

training problem into the timetabling and rostering subproblems, often results in substantially faster

optimisation, although usually at the cost of solution quality. In our case, even after decomposing the

problem into two subproblems, the timetabling IP model was still too large to be solved in practically

acceptable time given real world data for organisations such as the electricity distributor.

In order to produce a complete, usable timetable and roster in practically acceptable time, we

propose a three stage heuristic approach (see Figure 3.1). The first two stages tackle the class

timetabling subproblem, and the third stage tackles the trainer rostering subproblem. The first stage

produces an initial feasible class timetable, the second stage attempts to improve the class timetable,

and the third stage allocates individual trainers—subject to the timetable produced in the second

stage—to form a roster.

3.2.1 Stage 1: Initial timetable construction

The considered class timetabling problem is NP-hard [45, 27]. We choose to construct the initial class

timetable using the class timetabling IP model rather than using metaheuristics, as each generated

solution to the IP is guaranteed to be optimal with respect to the model being solved, even though the

constructed initial timetable as a whole is unlikely to be optimal.

The first stage constructs an initial feasible timetable incrementally. This is accomplished by

successively solving the class timetabling IP model for one class at a time. Each time a class is

scheduled, the rooms and other resources it occupies become unavailable for subsequent classes for

its duration. As more and more classes are present in the partial schedule, more rooms become

unavailable at certain times, and more resources and trainers are consumed in particular locations

at particular times. In each subsequent iteration, variables corresponding to the occupied rooms,

resources, and trainers in the partial solution are fixed when creating the IP model. As less rooms,

resources, and trainers become available in each subsequent iteration, the resulting models tend to have,

in general, fewer decision variables. This constructive approach is conceptually similar to so-called

Direct Heuristics [138].

The order of the list that determines the sequence in which classes are to be scheduled can be

arbitrary. Scheduling courses one by one using different sequences likely results in different timetables

with different objective values. It is reasonable to assume that if the most demanding courses—those

which have longer durations, with many modules, and very specific room and resource requirements—

are scheduled first, and the least demanding courses are scheduled last, then it is more likely that a

feasible timetable can be constructed. Based on similar ideas in [26] and [88], a scheduling complexity

value should be estimated for each course, and classes should be scheduled in decreasing order of these
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Figure 3.2: A buffer added to either end of the reduced planning horizon.

values. If the courses are scheduled in descending order of their estimated scheduling complexity, we

can reasonably expect there to be a greater likelihood that an initial timetable can be constructed in

the first stage that minimises unsatisfied demand than if the classes were scheduled in a very different

order. The course scheduling complexity value can be estimated by considering:

• the total duration of the course,

• the number of unique mobile resources required by the modules of the course, and the duration

for which they are needed, and

• the room specificity of the modules in the course, i.e. how few rooms the modules are compatible

with, and how many unique, specific rooms are required, and how many other locally in-demand

courses also compete for those rooms.

Since the problem being solved at each iteration of the first stage is relatively small, several initial

timetables can be constructed by considering the above-mentioned order with minor perturbations,

such as swapping two classes in the list. The timetable with the best objective value can be used in

subsequent stages.

To further reduce the size of the IP model, we can add additional restrictions based on the class

being scheduled. We can determine when each class should ideally run in order for the classes of that

course to be uniformly distributed along the timeline. Then, when allocating a class, we can consider a

much shorter planning horizon centred around this time as opposed to considering the entire planning

horizon. However, since we cannot guarantee that the course can be scheduled at exactly the times we

want, especially in the later iterations, this restricted planning horizon may need to be extended to

allow some freedom in scheduling (see Figure 3.2). The shorter the considered planning window, the

more control we have over the position of the course and the smaller the IP model will be, however a

feasible solution is less likely exist, particularly in later iterations. The buffer in the planning horizon

can start out small, and be incrementally increased if no solution can be found.

When scheduling classes one by one, it is also possible, without loss of generality, to consider only

a single region in the IP model. Looking at the demand of a course, together with the state of the
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current partial solution, we decide in which region the next class should be placed, and include only

that region in the IP model. Moreover, any room incompatible with all of the course’s modules should

also be excluded from the IP model.

The final IP for each iteration of the first stage becomes substantially smaller and can be typically

solved in a few seconds on a modern desktop computer. Given real-world data from the electricity

distributor, the model being solved at each iteration contains one class with 1 to 5 modules; a planning

horizon of between 24 and 144 time periods; and one region with a 1 to 4 locations, each with 1 to 15

rooms.

3.2.2 Stage 2: Timetable improvement

The first stage constructs an initial feasible timetable that it is unlikely to be optimal, since poor

decisions made at the early stages of the process can have a compounding effect on the remaining

allocations. The second stage attempts to improve the timetable using a Large Neighbourhood Search

(LNS) fix-and-optimise heuristic. As with the first stage, the second stage makes use of the timetabling

IP model to produce new solutions.

At each iteration, the components of the incumbent solution whose change may improve the

objective value are identified. For example, suppose one class contributes a penalty to the objective

value because it contains some room swaps. Perhaps the room swaps were necessary at the time the

initial timetable was constructed as there was no other way to fit it in subject to the surrounding

classes, but it may be possible to eliminate the room swaps. To attempt to improve the timetable in

this regard, the identified class, together with at least one other class, should be removed from the

timetable and the class timetabling IP model should be re-solved for the removed classes, subject to

the remaining timetable. The more classes are removed and re-scheduled simultaneously, the better

the outcome is likely to be, however the computational effort required grows rapidly in the number of

selected classes.

See Figure 3.3 for an illustration of a poorly constructed timetable, where three classes are scheduled

one by one, in order. Due to the limited compatibility between modules and rooms, and poor decisions

early in the process, the modules of Class 3 have been assigned to three separate rooms. During Stage 2,

Class 3 is identified as contributing a penalty to the objective value due to the room swaps. Solving

the timetabling IP model for only Class 3 alone cannot produce a better solution as it is already in the

optimal position subject to the surrounding classes. If the timetabling IP model is solved for all three

classes simultaneously, then the timetable shown in Figure 3.4 will be produced, eliminating the room

swap cost of Class 3 entirely.

At each iteration, the only variables present in the IP are those pertaining to the selected classes; all
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Figure 3.3: An example of a timetable with unnecessary room swaps.
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Figure 3.4: Unnecessary room swaps from the example in Figure 3.3 avoided.

other variables are fixed to a constant value determined by the state of the remainder of the timetable.

The “large neighbourhood” in the LNS heuristic is the set of all feasible solutions to the IP model.

Stage 1 is a “fix-and-optimise” heuristic because, at each iteration, a set of variables are fixed, and the

remainder of the variables or optimised. Stage 2 continues until a stopping criterion has been reached,

such as a time limit or failure to improve the timetable after a certain number of iterations.

Stage 2 attempts to improve situations where there are:

1: courses where not all demand has been satisfied,

2: classes with many room swaps, and

3: classes occupying rooms that could otherwise be rented out.

We identify several classes to be rescheduled that are relevant to one another with respect to

opportunity to make improvements. In the case of 1, the classes of a selected course whose demand

has not been satisfied in a given region and time period should be paired with other classes that have

an overlapping set of compatible rooms with the selected classes. If necessary, additional classes can be

created for the courses with insufficient capacity. In the case of 2, a class which contains room swaps

should be paired with one or more other classes in the same region and time period, and that have an

overlapping set of compatible rooms with the selected class. In the case of 3, a set of selected classes
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that occupy rooms that could otherwise be rented out should be paired with one or more other classes

in the same region and time period, and that have an overlapping set of compatible rooms with the

selected classes, and that are not currently occupying the rentable rooms. It is important to balance

the desire to make more substantial improvements by selecting as many classes as possible, with the

need to keep size of the IP model manageable by selecting as few classes as possible. The procedure

in Stage 2 is heuristic, and therefore cannot guarantee an optimal solution. The algorithm is also

vulnerable to becoming stuck in a local minimum if the selected neighbourhood is not sufficiently large.

Dorneles et al. [50] solve a Brazilian high school timetabling problem with a similar IP-based fix-and-

optimize heuristic that is conceptually very similar to the Stage 2 (improvement) approach discussed

here. In their implementation, they select one of three possible neighbourhood types: classes, teachers,

or days. They explore the set of neighbourhoods by means of a Variable Neighbourhood Descent

(VND) method, in which they limit the size of the neighbourhood by some predefined parameter, and

the neighbourhoods are selected randomly. The sizes of their subproblems are sufficiently small to

enable repeated solution by a general-purpose MIP solver in acceptable time. Our Stage 2 approach is

similar in that we also solve subproblems, defined by a subset of all variables of the whole timetabling

problem, with respect to the remaining class timetable. In contrast, our neighbourhoods are selected

by analysing the incumbent timetable and identifying which scheduled classes negatively affect the

objective value. Of the neighbourhood types discussed in [50], the ‘classes’ neighbourhood type is

the only one applicable in our case, as our timetabling subproblem only includes aggregate trainers,

and the length of courses relative to time granularity make the ‘days’ neighbourhood computationally

impractical. The size of our neighbourhoods is adaptive, based on analysis of which other classes are

most relevant with respect to opportunity to make improvements, to the classes being improved in a

particular iteration.

3.2.3 Stage 3: Rostering

In the third stage, the rostering IP model is used to allocate specific trainers to each module on the

timetable. While the IP for the timetabling subproblem cannot be solved by direct application of

Integer Programming for real-world data due to the size of the model, the IP model for the rostering

subproblem—subject to the produced timetable—is considerably smaller and can be solved by a

general-purpose MIP solver on a modern desktop computer typically in under a minute.

We found that the network model in [7] provides an efficient solution approach for our rostering

problem, which is represented as a one minimum cost flow networks for each trainer, together with

some non-network side constraints. The objective of the rostering IP model is to minimise the total

flow cost. The structures of the networks are given by the timetable for which the roster is being
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generated. Flow along a particular arc on a network corresponds to a particular trainer being allocated

to a module. Since the locations of trainers and the locations of scheduled modules are known, it

is simple to determine the distance each trainer will need to travel in order to teach a given set of

modules. Moreover, determining the number of trainer swaps is as simple as counting the incidences

where the ith trainer differs from the (i+ 1)th trainer for a given class. Flow along each arc on each

network therefore represents some amount of travel distance and the possibility of a trainer swap. The

flow cost of each arc is given by a linear combination of the travel cost and trainer swap cost. While

worker pay is often a high priority in many other rostering problems, we do not consider it in our

rostering subproblem, as the distributors trainers are paid a fixed salary, regardless of how many hours

they teach. The case of considering workforce pay may be a consideration in future research.

If the produced timetable has no feasible solution with respect to trainer rostering, the reason

must be determined, and the problem should be corrected in the timetable. Due to the nature of the

rostering subproblem, infeasibility can only arise if there are insufficient compatible trainers to teach

the modules on the timetable. If there are n trainers capable of teaching a particular set modules,

however there are m > n of those modules running at a particular time period in a particular location,

then there can be no feasible roster. In this case, the algorithm returns to stage two and solves the

timetabling model with the additional constraint that, at all times, the total number of times modules

requiring this type of trainer running at any given time must not exceed n. If this approach continues

to fail to admit a feasible roster, some classes may need to be removed from the timetable resulting in

some unmet course demand.

3.3 Timetabling Model

This section describes an Integer Programming model to create a timetable of classes subject to demand,

following the problem description above. The first two of the three stages in the heuristic procedure

discussed in Section 3.2 make use of this model.

3.3.1 Time Discretisation

In the timetabling model, time is discretised into half-hour periods. Times that are not available for

training, such as lunch times and any time outside standard working hours, are not present in the set

of time periods. Periods are grouped into coarser intervals called days, each of which contain exactly

15 periods. We group multiple days into longer units that we denote time windows. Each time window

corresponds to a month, and contains each working day from that month. Finally, periods are grouped

together into rental windows. A rental window represents a set of consecutive periods in which rooms

may be rented out to a third party. Rental windows range from being half a day to several days long.
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Rental windows may overlap with one another, such as a morning, an afternoon, and a whole day

rental window for a particular day. If a rentable room is unoccupied for one or more rental windows, it

may be rented out to a third party, potentially bringing in additional revenue.

3.3.2 Input Data Set-up

Some pre-processing on the input data can reduce the size of the resulting IP models. For the purpose

of the class timetabling model, we fix the number of classes of each course to a practical estimation.

While in practice each individual module can exist in many different courses, for the purposes of this IP

model, we require each module to be part of exactly one class - we refer to these as module instances.

Each module in each course must therefore be duplicated such that each class has a set of unique

modules.

Each location may have several rooms, however some rooms may be regarded as identical, i.e. they

have the same list of compatible modules, the same capacity, the same rental income, etc. In this case,

we can group identical rooms into ‘room types’, where each room type represents a set of rooms in a

given location that are functionally identical. Rooms in different locations are never grouped together,

and each compound room—rooms with removable dividers—has its own, unique room type.

Compound rooms can be modelled using a set of mutually exclusive room pairs. Suppose room C

can be split into two smaller rooms A and B. Rooms A and B can be used simultaneously, however

the use of A is mutually exclusive with that of C, as is the use of B with that of C.

3.3.3 List of Symbols

Notation:

S(i) The ith element of any indexed set S.

Sets of primary objects:

P The indexed set of time periods.

D The indexed set of days.

Ω The indexed set of time windows.

Λ The indexed set of rental windows.

L The set of locations.

Ξ The set of regions.

M̂ The indexed set of module instances.

C The set of courses.

R The set of room types.
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T The set of resource types.

Sets of derived objects:

Ic The indexed set of classes for course c ∈ C.

Bc,i The indexed set of module instances for course c ∈ C class

i ∈ Ic.

Pd The indexed set of periods in day d ∈ D.

P̄ω The indexed set of periods in time window ω ∈ Ω.

P̃λ The indexed set of periods in rental window λ ∈ Λ.

P̂c The set of periods in which course c ∈ C is permitted to

start.

L̄ξ The set of locations in region ξ ∈ Ξ.

R̃ The set of mutually exclusive room pairs, where {r1, r2} ∈ R̃

for r1, r2 ∈ R, r1 6= r2.

R̃l The set of room types in location l ∈ L.

Rm The set of room types suitable for module m ∈ M̂ .

Primary decision variables:

Xm,r,p ∈ {0, 1} 1 if module m ∈ M̂ runs in a room of type r ∈ R

starting at period p ∈ P , or 0 otherwise.

Yc,i,p ∈ {0, 1} 1 if course c ∈ C class i ∈ Ic starts at period p ∈ P ,

or 0 otherwise.

Ŷc,i,l ∈ {0, 1} 1 if course c ∈ C class i ∈ Ic runs in location l ∈ L,

or 0 otherwise.

ψt,l,k,p ∈ Z+ The quantity of resource t ∈ T moving from location

l ∈ L to location k ∈ L (l and k may be the same),

starting at period p ∈ P .

ψ̂t,l,k,d ∈ Z+ The quantity of resource t ∈ T moving from location

l ∈ L to location k ∈ L (l and k may be the same),

overnight at the end of day d ∈ D.

φl,d ∈ Z+ The number of trainers assigned to location l ∈ L

on day d ∈ D.

Auxiliary variables:
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X̂m,r,p ∈ {0, 1} 1 if module m ∈ M̂ runs in a room of type r ∈ R

during period p ∈ P , or 0 otherwise.

Ȳc,i ∈ {0, 1} 1 if course c ∈ C class i ∈ Ic runs, or 0 otherwise.

Ỹc,i,ω,ξ ∈ Z+ The number of students expected to sit in course

c ∈ C class i ∈ Ic during time window ω ∈ Ω in

region ξ ∈ Ξ.

uc,ω,ξ ∈ Z+ The number of students not accommodated for

course c ∈ C during window ω ∈ Ω in region ξ ∈ Ξ.

tm ∈ {0, 1} The new room flag for module m ∈ M̂ . If the room

type for this module is that same type of room as

for the previous module, if applicable, then tm = 0,

otherwise tm = 1.

ρr,λ ∈ Z+ The number of rooms of type r ∈ R occupied during

rental window λ ∈ Λ.

Zi ∈ R The ith goal term in the objective function.

Constants:

σt ∈ Z++ The quantity available of resource t ∈ T .

δt,l,k ∈ Z+ The time required (in periods) for a unit of resource

t ∈ T to move from location l ∈ L to location k ∈ L.

θl,d ∈ Z+ The number of trainers normally allocated to loca-

tion l ∈ L on day d ∈ D.

θmax ∈ Z+ The maximum number of additional trainers permit-

ted to any location on any given day.

θmin ∈ Z+ The maximum number of subtracted trainers per-

mitted from any location on any given day.

Qr,p ∈ Z+ The quantity of room type r ∈ R available at period

p ∈ P , or 0 otherwise.

dr,λ ∈ R+ The expected revenue from renting out a unit of

room type r ∈ R during rental window λ ∈ Λ.

lc ∈ Z++ The length (in periods) of course c ∈ C.

πc ∈ Z++ The length (in periods) of the rolling time window

used to compute the minimum and maximum num-

ber of times a course c ∈ C should be run.

40



π+
c ∈ Z++ The maximum number of times a course c ∈ C

should be run in any given time window of length

πc.

π−c ∈ Z+ The minimum number of times a course c ∈ C should

be run in any given time window of length πc.

sc,ω,ξ ∈ Z+ The demand (in students) for course c ∈ C during

window ω ∈ Ω in region ξ ∈ Ξ.

αi ∈ R+ The coefficient of the ith goal in the objective func-

tion.

um ∈ Z++ The maximum number of students module m ∈ M̂

can hold.

vr ∈ Z++ The maximum number of students room type r ∈ R

can hold.

3.3.4 Core Timetabling Constraints

The following constraints express the core requirements of the timetabling problem, and are likely to

appear in many similar timetabling problems:

dm−1∑
q=0

Xm,r,(p−q) = X̂m,r,p ∀m ∈ M̂, r ∈ R̂m, p ∈ P (3.1)

∑
m∈M̂

X̂m,r,p ≤ Qr,p ∀r ∈ R, p ∈ P (3.2)

∑
m∈M̂

X̂m,r̃1,p +
∑
m∈M̂

X̂m,r̃2,p ≤ 1 ∀{r̃1, r̃2} ∈ R̃, p ∈ P (3.3)

∑
r∈R

∑
p∈P

Xm,r,p = Ȳc,i ∀c ∈ C, i ∈ Ic,m ∈ Bc,i (3.4)

∑
p∈P̂c

Yc,i,p = Ȳc,i ∀c ∈ C, i ∈ Ic (3.5)

The auxiliary variables X̂m,r,p are set up from Xm,r,p according to (3.1). The constraints (3.2)

express the requirement that rooms should not be double-booked, however since identical rooms

within a single location are aggregated together, the right-hand-side is given by the quantities of the

aggregated rooms. The constraints (3.3) also express the requirement that splittable rooms should not

be double-booked, however since splittable rooms are never aggregated together, the right-hand-side

remains 1. The constraints (3.4) ensure that each module of a course is run exactly once if the course

is run, or not at all. The expressions (3.5) set up the Ȳc,i variables, which is a sum over all periods of

Yc,i,p, and also imply
∑

p∈P̂c Yc,i,p ≤ 1 for all classes.
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3.3.5 Characteristic Constraints

The remaining constraints express the operational requirements that are rarely found in traditional

timetabling problems.

Module Positioning Constraints

∑
m∈Bc,i

∑
r∈Rm

X̂m,r,p =

lc−1∑
q=0

Yc,i,(p−q) ∀c ∈ C, i ∈ Ic, p ∈ P (3.6)

∑
m∈Bc,i

∑
r∈R̃l

∑
p∈P

Xm,r,p = |Bc,i| × Ŷc,i,l ∀c ∈ C, i ∈ Ic, l ∈ L (3.7)

The constraints (3.6) expresses the requirement that the modules in a class run back-to-back, and

(3.7) expresses the requirement that all the modules in a class must be run in exactly one location.

Capacity Constraints

The following constraints determine the capacity of each class in each time window and region based

on the values of the X and Y variables:

Ỹc,i,ω,ξ ≤Mc,ξ

∑
p∈P̄ω

Yc,i,p ∀c ∈ C, i ∈ Ic, ω ∈ Ω, ξ ∈ Ξ (3.8)

Ỹc,i,ω,ξ ≤Mc,ξ

∑
l∈L̄ξ

Ŷc,i,l ∀c ∈ C, i ∈ Ic, ω ∈ Ω, ξ ∈ Ξ (3.9)

Ỹc,i,ω,ξ ≤Mc,ξ

1−
∑
p∈P̄ω

Xm,r,p

+ min{um, vr} ∀c ∈ C, i ∈ Ic, ω ∈ Ω, ξ ∈ Ξ,

m ∈ Bc,i, l ∈ L̄ξ, r ∈ R̃l (3.10)

The constraints (3.8)-(3.10) set up the Ỹc,i,ω,ξ variables given some sufficiently large constant Mc,ξ.

For best performance, the value of Mc,ξ should be chosen to be as small as possible, which is the largest

course capacity for the course c in the rooms available in region ξ.

3.3.6 Trainer Movement Constraints

In this model, trainers are considered in a generalised, aggregated way for capacity purposes only.

Nevertheless, we permit the quantity of these generalised trainers to change per location per day to

give a coarse representation of trainer movements. Each trainer has a location where they are normally

based, however they may be required to travel to other locations.

φl,d ≤ θl,d + θmax ∀l ∈ L, d ∈ D (3.11)

φl,d ≥ θl,d − θmin ∀l ∈ L, d ∈ D (3.12)

42



∑
l∈L

φl,d =
∑
l∈L

θl,d ∀d ∈ D (3.13)

∑
m∈M̂

∑
r∈R̃l

X̂m,r,p ≤ φl,d ∀l ∈ L, d ∈ D, p ∈ Pd (3.14)

The constraints (3.11) and (3.12) establish the minimum and maximum number of trainers permitted

to be at a given location on a given day, and the constraints (3.13) ensure that the total number of

trainers allocated to each location is equal to the total number of trainers expected to be working

company-wide on that day. The constraints (3.14) express the requirement that, at any given time,

the total number of modules run in a location concurrently must not exceed the number of generalised

trainers we have chosen to allocate there.

3.3.7 Resource Movement Constraints

A flow network can be help to visualise the flow of resources between locations across time. Resources,

in this context, refer to shared, mobile pieces of equipment that are required for teaching particular

modules. For each type of resource and for each day, we can construct a flow network with the nodes

arranged in a rectangular lattice (See Figure 3.5). The horizontal axis represents time, and the vertical

axis represents the various locations. Each node represents the end points of a time period at a given

location. Adjacent nodes are connected by directed arcs horizontally and pointing forward in time, with

the flow along those arcs representing the quantity of the resource available at a particular location at

a particular time. Nodes are also connected between different locations by directed arcs in such a way

that the time interval from the source node to the destination node is given by the time required to

move the resource from the source location to the destination. This flow network is merely a modelling

aid, and not solved directly by flow network algorithms. However the flow balance equations from the

network can be transcribed directly into the resource movement constraints in the timetabling IP. One

can say that the timetabling IP model contains a network flow subproblem.

We permit resources to move from any location to any other location overnight at no cost, therefore

the initial condition for each resource network for each day is simply that the sum across all locations

must equal the available quantity of that resource.

If l = k, the variables ψt,l,k,p represents the quantity of resource t ∈ T available at location l ∈ L

during time period p ∈ P . If l 6= k, the variable represents the quantity of the resource moving from

location l ∈ L to location k ∈ L starting its journey at time p ∈ P . Since the transport time of resource

t ∈ T from l ∈ L to k ∈ K is given by δt,l,k, the arc represented by ψt,l,k,p will be connected to the

node that represents the start of period p+ δt,l,k.
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Period p − 1 Period p Period p + 1

ψt,2,2,p−1 ψt,2,2,p ψt,2,2,p+1

ψt,1,1,p−1 ψt,1,1,p ψt,1,1,p+1

Location 2: · · · · · ·

Location 1: · · · · · ·

ψ t,
2,
1,
p−

1

ψt,
2,
1,
p

ψ
t,1,2,p−

1

ψ
t,1,2,p

Figure 3.5: A sample flow network for some resource t about period p with 2 locations.

The flow balance equations for the networks are expressed as follows:

∑
l∈L

∑
k∈L

ψ
t,l,k,P

(1)
d

= σt ∀t ∈ T, d ∈ D (3.15)

∑
k∈L

ψt,k,l,(p−δt,k,l) =
∑
k∈L

ψt,l,k,p ∀t ∈ T, l ∈ L, d ∈ D, p ∈ (Pd \ P
(1)
d ) (3.16)

We ensure that the number of times resources are used is limited by the number available at the

time:

∑

m∈M̂t

∑

r∈R̃l

X̂m,r,p ≤ ψt,l,l,p ∀l ∈ L, t ∈ T, p ∈ P (3.17)

3.3.8 Spreading Constraints

For each course, we have a defined minimum and maximum number of classes that may be run in any

arbitrary set of consecutive periods of a predetermined length:

π−
c ≤

∑
i∈Ic

πc∑
q=0

Yc,i,p+q ≤ π+
c ∀c ∈ C, p ∈ P̂c (3.18)

The constraints (3.18) establish the minimum and maximum number of classes, respectively, that

must be run across all regions for each course. The value of the πc and the π−
c and π+

c constants is

determined given the problem data.

3.3.9 Objective Function

Being a large-scale industrial problem, there are many potential objectives we can consider. In this

research we consider three objectives in a weighted linear function:

• minimise the number of expected students not accommodated,

• maximise the rental revenue, and
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• minimise the number of room swaps in the timetable.

The first objective, denoted by Z1, is to minimise the number of students not accommodated:

∑
i∈Ic

Ỹc,i,ω,ξ + uc,ω,ξ = sc,ω,ξ ∀c ∈ C,ω ∈ Ω, ξ ∈ Ξ (3.19)

uc,ω,ξ ≥ 0 ∀c ∈ C,ω ∈ Ω, ξ ∈ Ξ (3.20)∑
c∈C

∑
ω∈Ω

∑
ξ∈Ξ

uc,ω,ξ = Z1 (3.21)

The second objective, denoted by Z2, is to maximise the rental revenue:

∑
m∈M̂

X̂m,r,p ≤ ρr,λ ∀r ∈ R, λ ∈ Λ, p ∈ P̃λ (3.22)

Z2 =
∑
r∈R

∑
λ∈Λ

[
−dr,λ × (Q̂r,λ − ρr,λ)

]
(3.23)

where Q̂r,λ is the smallest value of Qr,p, ∀p ∈ P̃λ for each λ ∈ Λ.

The third objective, denoted by Z3, is to minimise the number of room swaps across all courses:

Xm,r,p −
∑

n∈Bc,i,m6=n
X̂n,r,(p−1) ≤ tm ∀c ∈ C, i ∈ Ic,m ∈ Bc,i, r ∈ Rm, p ∈ P (3.24)

Z3 =
∑
m∈M̂

tm (3.25)

The objective function is a weighted linear sum of the individual objectives:

minimise: Z = α1Z1 + α2Z2 + α3Z3 (3.26)

with nonnegative weights α1, α2, and α3.

In reality, the timetabling problem has an ordered bi-criteria objective: the goal is to maximise the

potential room rental revenue and minimise the number of room swaps (Z2 and Z3) over the set of

timetables that minimise the unmet demand (Z1). This can be achieved by solving the timetabling

subproblem for the primary objective of minimising Z1, and then solving the timetabling subproblem

again for the secondary objectives of minimising over Z2 and Z3, but with the additional constraint that

Z1 must assume the optimal value. A simpler way of achieving the same result is to give a sufficiently

large coefficient α1 with respect to the coefficients α2 and α3. A similar subject of study is Lexicographic

Optimisation, in which multiple ordered objectives are present, where lower priority objectives are

optimised so long as they don’t interfere with higher priority objectives [81, 163]. Lexicographic

Optimisation is an application of Goal Programming [99], a branch of Multiobjective Optimisation.
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Location 3

Location 2

Location 1

Day 1 Day 2 Day 3 Day 4

Course 3
Module 1

Course 2
Module 1

Course 1
Module 1

Crs 4
Mod 1

Crs 4
Mod 2

Crs 5
Mod 1

Crs 5
Mod 2

Crs 6
Mod 1

Crs 7
Mod 1

Crs 6
Mod 2

Figure 3.6: A sample timetable, simplified for viewing in this format, showing 4 days, 3 locations, and

7 courses each with 1 or 2 modules.

3.4 Rostering Model

Given a solution to the class timetabling problem from Section 3.3, the rostering model describes the

problem of allocating specific trainers to modules, resulting in a complete timetable and roster. A

minimum cost network flow approach, together with some non-network side constraints, can be utilised

to give a simple and convenient representation of the rostering problem.

Given a timetable, a min-cost flow network is constructed for each trainer. There are two different

types of nodes, and four different types of directed arcs in the networks: home nodes, activity nodes,

commencement arcs, transition arcs, return arcs, and bypass arcs. Home nodes represent the location

where the trainer starts and ends their work day. Activity nodes represent specific modules that can

be taught by the trainer. Commencement arcs—representing the trainer commencing training for a

particular day—originate from home nodes and end at activity nodes. Transition arcs—representing

trainer finishing teaching one module and then teaching another (with or without a break)—originate

from activity nodes and end at activity nodes. Return arcs—representing the trainer completing

their training for a particular day—originate from activity nodes and end at home nodes. Bypass

arcs—representing a particular day when a trainer will not deliver any training—originate at home

nodes and end at home nodes.

As an example, Figure 3.6 shows a simplified view of a timetable with 7 courses, and the corre-

sponding min-cost flow network is shown in Figure 3.7. In Figure 3.7, flow along any of the arcs from

(4:1)→(5:2), (H2)→(4:2), (H2)→(5:2), (5:1)→(4:2), or (H3)→(6:2) indicate the presence of a trainer

swap. Care should be taken not to double-count trainer swaps. The convention we use is to count only

classes where the incoming trainer differs from the preceding trainer, not when the outgoing trainer is

different from the proceeding trainer. For our incoming-only convention, we do not count flow along

the arcs (4:1)→(H3), (5:1)→(H3), or (6:1)→(H4) when determining the number of trainer swaps.
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Figure 3.7: The min-cost flow network corresponding to the sample timetable shown in Figure 3.6.

(Home nodes are hatched, and activity nodes are solid)

Flow costs on the arcs of the network are determined by two factors. The first factor is determined

by the distance the trainer needs to travel for the allocation, including travel to the first module taught

in a day, travel from the last module taught in a day, and also travel from module to module. The

second factor is the trainer swap cost. A trainer swap happens if the arc starts with an activity node

which is not the last module of a class, but ends with a home node or an activity node from a different

class.

We introduce the following symbols for the rostering model:

Notation:

pred(m) The set of predecessors of module m ∈ M̂ .

succ(m) The set of successors of module m ∈ M̂ .

Sets of objects:

D The indexed set of days.

M̂ The indexed set of module instances.

Md The set of modules that run within day d ∈ D

T The set of trainers.

Tm The set of trainers capable of teach module m ∈ M̂ .
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Variables:

ψ̄τ,m ∈ {0, 1} 1 if trainer τ teaches module m as their first

module on that day, or 0 otherwise.

ψτ,m,n ∈ {0, 1} 1 if trainer τ teaches module m followed by mod-

ule n, or 0 otherwise.

ψ̃τ,m ∈ {0, 1} 1 if trainer τ teaches module m as their last

module on that day, or 0 otherwise.

ψ̂τ,d ∈ {0, 1} 1 if trainer τ doesn’t teach any modules on day

d, or 0 otherwise.

Xm,τ ∈ {0, 1} 1 if trainer τ teaches module m, or 0 otherwise.

The flow balance equations for the network are as follows:

ψ̂τ,d +
∑
m∈Md

ψ̄τ,m = 1 ∀τ ∈ T, d ∈ D (3.27)

ψ̄τ,m +
∑

n∈pred(m)

ψτ,n,m =
∑

n∈succ(m)

ψτ,m,n + ψ̃τ,m ∀τ ∈ T,m ∈ M̂ (3.28)

where (3.27) ensures that, at the start of each day, the trainer either teaches one or more modules or

does not teach any modules; and (3.28) conserves flow throughout the day. Since the flow for each day

is implicitly conserved by (3.27) and (3.28), we do not require any additional equations to balance the

flow from day to day.

Any integral flow is always a feasible roster for a single trainer, since the network is constructed in

such a way the trainer can never be required to be in two places at once, nor can they be required to

teach a module they are not capable of teaching.

The individual trainer networks on their own cannot guarantee a feasible solution to the rostering

problem, as multiple trainers could be allocated to the same module, or modules may be left with

no trainer at all. We introduce some non-network side constraints that combine the many trainer

networks into a single IP model.

ψ̄τ,m +
∑

n∈pred(m)

ψτ,n,m = Xm,τ ∀m ∈ M̂, τ ∈ T (3.29)

∑
τ∈Tm

Xm,τ = 1 ∀m ∈ M̂ (3.30)

where (3.29) sets up the auxiliary variable Xm,t, which is 1 if trainer t teaches module m or 0 otherwise,

and (3.30) ensures that every scheduled module is taught by exactly one trainer.

In order to ensure fairness, we wish to avoid, wherever possible, the situation where one trainer is

scheduled to train much more or less than their peers:

U−τ ≤
∑
m∈M̂

(wm ×Xm,τ ) ≤ U+
τ ∀τ ∈ T (3.31)
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where U−t and U+
t are the minimum and maximum number of periods, respectively, that we permit

trainer t ∈ T to teach.

The objective of the rostering problem is to minimise the flow cost all networks simultaneously.

min
∑
τ∈T

∑
m∈M̂

[
c1(τ,m)× ψ̃τ,m

]
+
∑
τ∈T

∑
m∈M̂

∑
n∈M̂

[c2(τ,m, n)× ψτ,m,n] +

∑
τ∈T

∑
m∈M̂

[
c3(τ,m)× ψ̄τ,m

]
+
∑
τ∈T

∑
d∈D

[
c4(τ, d)× ψ̂τ,d

] (3.32)

where c1(·), c2(·), c3(·), and c4(·) give the flow costs of the commencement, transition, return, and

bypass arcs, respectively, where the flow costs are characterised by any applicable trainer travel costs

and trainer swap costs.

3.5 Implementation

As a result of the back-to-back restriction when scheduling the modules of a class, there is an implied

set of feasible start times for each module instance. These can be determined by permuting the order

of the modules of the course, and determining the start time of each module relative to the course

start time. Clearly, if no module permutation can allow for certain modules to start at certain times,

then the variables corresponding to those module start times can be safely eliminated from the model.

The solution space of the timetabling model exhibits some symmetry, as, for a given timetable, the

indices of the classes of any course can be permuted without affecting the objective value. There are n!

ways of indexing the n classes of a single course across an existing timetable. We can eliminate many

symmetric solutions by introducing the following constraints:

p∑
q=0

Yc,i,q ≥ Yc,(i+1),p ∀c ∈ C, i ∈ Ic, p ∈ Pc (3.33)

which ensures that, for any given course, class i must be run in order to run class i+ 1, and also that

class i must be run no later than class i+ 1.

In Stage 2 (improvement), since the solution at iteration i is feasible at iteration i+ 1, it can be

provided to the IP solver as a “warm start” or “advanced start” to begin the search procedure [77].

3.6 Computational Results

The electricity distributor supplied both current and historical data related to class timetabling and

trainer rostering. The overwhelming majority of their training volume comes from the eight most

frequently run safety courses, which have between one and four modules and needed up to 26 classes

each for a monthly timetable. There were five regions and 15 locations, and room counts ranged from
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Figure 3.8: Typical yearly training volume at the Australian electricity distributor.

one to eight per location. There were 21 trainers in 11 of the 15 locations, and each trainer could teach

between eight and 14 modules. There were eight working hours per day, split into half-hour periods.

There were three rental windows per day: one in the morning, one in the afternoon, and one for the

whole day. There was one demand window per month, spanning the entire duration of the month.

As a result of several factors, including new- and mid-year apprentice intakes, and from the summer

and winter holiday seasons, the training volume fluctuates from month to month following a yearly

pattern. Since most courses are valid for 12 months, students who complete a course in a particular

month are likely to request the same course again around the same time the following year. Figure 3.8

shows typical training volume by month. February—the busiest month—is usually about twice as busy

as June or December—the least busy months.

We generated a series of 48 test cases with similar properties to the supplied data. All test cases

and solution files can be downloaded from https://goo.gl/zUWYV2. The test cases had planning

horizons ranging between two and five weeks, between two and five regions each with two locations

per region, and between two and four rooms per location. The courses were generated to be between

one and five days long, with up to 15 modules per course. Each of the test cases target one of three

timetable densities: Low (L), Medium (M), and High (H). The course demand values in the L, M, and H

test cases were selected such that, if all classes are run at 80% of their student capacity, the resulting

timetable will be about 1
3 , 1

2 , and 2
3 full, respectively, where a full timetable is one where every room is

occupied at every time slot. For brevity, we refer to each test case by their target timetable density,

number of days, and number of regions. For example, (L|10|2) is the smallest test case with low target

timetable density, 10 days and 2 regions, whereas (H|25|5) is the largest test case with high target

timetable density, 25 days and 5 regions.

The smallest test case, (L|10|2), had 13, 261 variables and 18, 565 constraints for the complete
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Test Case Cols Rows Test Case Cols Rows Test Case Cols Rows

(L|10|2) 13261 18565 (M|10|2) 14427 20730 (H|10|2) 16267 23869

(L|10|3) 29215 31393 (M|10|3) 33099 37108 (H|10|3) 36605 42592

(L|10|4) 56253 49907 (M|10|4) 61749 57005 (H|10|4) 69639 66068

(L|10|5) 83383 64823 (M|10|5) 93693 77022 (H|10|5) 106155 91076

(L|15|2) 23246 36118 (M|15|2) 26284 41816 (H|15|2) 29976 48737

(L|15|3) 52356 58944 (M|15|3) 60013 70093 (H|15|3) 70050 84574

(L|15|4) 103785 93173 (M|15|4) 121753 113339 (H|15|4) 134357 127404

(L|15|5) 147920 124199 (M|15|5) 178637 159168 (H|15|5) 200594 185017

(L|20|2) 35802 56074 (M|20|2) 41623 66586 (H|20|2) 47713 78115

(L|20|3) 83827 100481 (M|20|3) 96509 120324 (H|20|3) 115221 148142

(L|20|4) 153137 150021 (M|20|4) 178934 180809 (H|20|4) 206623 214455

(L|20|5) 253259 223389 (M|20|5) 299697 275786 (H|20|5) 347315 327884

(L|25|2) 52191 82204 (M|25|2) 60888 97115 (H|25|2) 72637 117327

(L|25|3) 121575 151682 (M|25|3) 149025 193513 (H|25|3) 174001 229970

(L|25|4) 225070 226831 (M|25|4) 273907 282633 (H|25|4) 321000 338276

(L|25|5) 352849 322377 (M|25|5) 421138 399011 (H|25|5) 507011 493472

Table 3.1: The number of variables (Cols) and constraints (Rows) for the timetabling IP model for

each test case.

timetabling subproblem, and the largest test case (H|25|5) had 507, 011 variables and 493, 472 constraints.

The number of variables (columns) and constraints (rows) for each of the test cases can be seen in

Table 3.1.

We used IBM ILOG CPLEX 12.5.0.0 [78] 64-bit on an Intel i7-4790K quad-core 4.00Ghz system

with 16GB of RAM, running Windows 7 Professional. Our code was written in C#, and interacted

with CPLEX using the IBM ILOG Concert API. We used default CPLEX settings, except we increased

the maximum allowed memory usage to the total amount of free physical memory.

We chose the weights in the class timetabling objective function to be α1 = 106, α2 = 5, and

α3 = 1, based on empirical testing and the distributor’s inspection of the produced timetables. For the

rostering objective, we gave each km travelled a weighting of 1, and each trainer swap an objective

weighting of 5 in the objective function.

The time the algorithm spent in Stage 1 (construction) and Stage 2 (improvement) is shown in

Table 3.2. During timetable construction in the first stage, no time limit is imposed. During Stage 2,

there are two termination criteria: the LNS algorithm terminates if it is unable to improve the solution
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Test Case S1 S2 Test Case S1 S2 Test Case S1 S2

(L|10|2) 13 12 (M|10|2) 22 12 (H|10|2) 43 13

(L|10|3) 44 28 (M|10|3) 103 27 (H|10|3) 168 9550

(L|10|4) 195 11634 (M|10|4) 287 12227 (H|10|4) 481 13075

(L|10|5) 420 14549 (M|10|5) 571 15660 (H|10|5) 1015 16999

(L|15|2) 45 25 (M|15|2) 102 31 (H|15|2) 167 34

(L|15|3) 146 62 (M|15|3) 239 86 (H|15|3) 554 83

(L|15|4) 565 19226 (M|15|4) 1116 18734 (H|15|4) 1714 20107

(L|15|5) 1146 21492 (M|15|5) 2347 24786 (H|15|5) 3986 27158

(L|20|2) 103 49 (M|20|2) 158 282 (H|20|2) 339 66

(L|20|3) 443 129 (M|20|3) 589 165 (H|20|3) 3779 18129

(L|20|4) 1413 820 (M|20|4) 3964 28955 (H|20|4) 6377 28961

(L|20|5) 6084 36161 (M|20|5) 8558 42273 (H|20|5) 19297 71159

(L|25|2) 232 94 (M|25|2) 331 109 (H|25|2) 805 107

(L|25|3) 888 273 (M|25|3) 1916 907 (H|25|3) 7410 24196

(L|25|4) 3006 1492 (M|25|4) 7962 38773 (H|25|4) 17354 43881

(L|25|5) 10768 48409 (M|25|5) 12577 54548 (H|25|5) 43749 60956

Table 3.2: The amount of time, in seconds, the algorithm spent in Stage 1 (S1) and Stage 2 (S2) for

each test case.

52



Test Case Z
(1)
1 Z

(1)
2 Z

(1)
3 Z

(2)
1 Z

(2)
2 Z

(2)
3

(L|10|2) 0 -8131 42 0 -9455 42

(L|10|3) 0 -11773 54 0 -13991 56

(L|10|4) 9 -14398 105 9 -16184 92

(L|10|5) 3 -15568 112 3 -21403 111

(L|15|2) 0 -11327 65 0 -13632 66

(L|15|3) 0 -16389 98 0 -22053 87

(L|15|4) 0 -21551 146 0 -25996 156

(L|15|5) 34 -27153 156 12 -24446 166

(L|20|2) 0 -15804 91 0 -20507 89

(L|20|3) 0 -22585 139 0 -28911 125

(L|20|4) 0 -34912 160 0 -40988 158

(L|20|5) 0 -43984 257 0 -45091 251

(L|25|2) 0 -16621 115 0 -20060 106

(L|25|3) 0 -33200 135 0 -39603 143

(L|25|4) 0 -38811 250 0 -54119 207

(L|25|5) 0 -50316 274 0 -62890 277

Table 3.3: The objective value components for stages 1 and 2 for the test cases with low target timetable

density.

after a number of iterations or if a time limit is reached. The time limit was chosen to be 1000 · |D| · |Ξ| ·κ

seconds and the number of iterations at which to terminate if no improvement can be made was chosen

to be 10 · |D| · |Ξ| ·κ, where, for a given test case, D is the set of included days (as defined in Section 3.3),

Ξ is the set of included regions (as defined in Section 3.3), and κ is 1
3 , 1

2 , and 2
3 for test cases with low,

medium, and high target density, respectively. These values were determined experimentally. Due to

the time required to solve each individual IP model, the total time sometimes exceeds the time limit

slightly.

The solution quality results for Stage 1 (construction) and Stage 2 (improvement) for the test cases

with low target timetable density are given in Table 3.3. Stage 1 was able to construct timetables

that satisfied all demand for 13 of the 16 cases. Of the three cases where not all demand could be

satisfied, Stage 2 was only able to improve one of them with respect to the number of unsatisfied

students, bringing the number of unsatisfied students from 34 down to 12 for that test case. Due to

the room compatibility, course spreading, resource movement, and trainer capacity constraints, not

all test cases have feasible timetables where all student demand can be satisfied. Stage 2 was able to
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Test Case Z
(1)
1 Z

(1)
2 Z

(1)
3 Z

(2)
1 Z

(2)
2 Z

(2)
3

(M|10|2) 0 -6477 54 0 -7682 49

(M|10|3) 0 -6715 83 0 -10070 72

(M|10|4) 14 -9884 122 14 -12894 116

(M|10|5) 5 -11353 140 4 -13897 114

(M|15|2) 0 -6937 84 0 -9989 93

(M|15|3) 0 -16667 89 0 -20669 90

(M|15|4) 35 -17520 168 15 -22039 173

(M|15|5) 18 -21380 182 18 -22456 174

(M|20|2) 0 -15756 89 0 -19439 91

(M|20|3) 0 -16910 163 0 -27363 129

(M|20|4) 6 -23372 218 6 -24548 208

(M|20|5) 8 -33400 312 0 -35073 298

(M|25|2) 0 -15625 121 0 -18673 111

(M|25|3) 0 -21981 183 0 -28373 185

(M|25|4) 2 -37006 295 2 -38862 281

(M|25|5) 4 -53925 318 4 -56626 303

Table 3.4: The objective value components for stages 1 and 2 for the test cases with medium target

timetable density.

improve the rental revenue objective by about 18% on average, with a maximum improvement of about

39%. Stage 2 was able to reduce the number of room swaps by about 4 swaps per test case on average

with a maximum improvement of 43 eliminated room swaps, or about 3% on average with a maximum

improvement of 20%.

The solution quality results for Stage 1 (construction) and Stage 2 (improvement) for the test cases

with medium target timetable density are given in Table 3.4. Stage 1 was able to construct timetables

that satisfied all demand for 8 of the 16 cases. Of the eight cases where not all demand could be

satisfied, Stage 2 was able to improve three of them with respect to the number of unsatisfied students,

bringing the total number of unsatisfied students from 48 down to 19 for those three cases. Stage 2 was

able to improve the rental revenue objective by about 23% on average, with a maximum improvement

of about 62%. Stage 2 was able to reduce the number of room swaps by about 8 swaps per test case

on average, with a maximum improvement of 34 eliminated room swaps, or about 6% on average with

a maximum improvement of 26%.

The solution quality results for Stage 1 (construction) and Stage 2 (improvement) for the test cases
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Test Case Z
(1)
1 Z

(1)
2 Z

(1)
3 Z

(2)
1 Z

(2)
2 Z

(2)
3

(H|10|2) 0 -4516 64 0 -5939 64

(H|10|3) 8 -5700 94 2 -8110 81

(H|10|4) 29 -8914 124 17 -10856 126

(H|10|5) 34 -9460 155 5 -10587 141

(H|15|2) 0 -5539 93 0 -9338 98

(H|15|3) 0 -7822 131 0 -15269 127

(H|15|4) 49 -20583 191 49 -21617 182

(H|15|5) 40 -20922 233 40 -21976 222

(H|20|2) 0 -8298 136 0 -12972 125

(H|20|3) 0 -9299 209 0 -18822 190

(H|20|4) 23 -19805 254 23 -20818 242

(H|20|5) 0 -21448 314 0 -21448 314

(H|25|2) 0 -8529 161 0 -13369 168

(H|25|3) 0 -17871 210 0 -24004 231

(H|25|4) 0 -29399 350 0 -30873 334

(H|25|5) 26 -36185 393 26 -37999 375

Table 3.5: The objective value components for stages 1 and 2 for the test cases with high target

timetable density.
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Test Case S3 Test Case S3 Test Case S3

(L|10|2) 0.1 (M|10|2) 0.1 (H|10|2) 0.3

(L|10|3) 0.2 (M|10|3) 0.3 (H|10|3) 0.5

(L|10|4) 6.2 (M|10|4) 8.6 (H|10|4) 10

(L|10|5) 18 (M|10|5) 16 (H|10|5) 21

(L|15|2) 0.1 (M|15|2) 0.2 (H|15|2) 0.4

(L|15|3) 0.4 (M|15|3) 0.5 (H|15|3) 0.5

(L|15|4) 25 (M|15|4) 27 (H|15|4) 27

(L|15|5) 22 (M|15|5) 31 (H|15|5) 38

(L|20|2) 0.3 (M|20|2) 1.6 (H|20|2) 0.3

(L|20|3) 0.4 (M|20|3) 0.5 (H|20|3) 4.7

(L|20|4) 10 (M|20|4) 12 (H|20|4) 15

(L|20|5) 25 (M|20|5) 29 (H|20|5) 41

(L|25|2) 0.4 (M|25|2) 0.5 (H|25|2) 0.6

(L|25|3) 0.4 (M|25|3) 4.3 (H|25|3) 11

(L|25|4) 10 (M|25|4) 17 (H|25|4) 22

(L|25|5) 29 (M|25|5) 33 (H|25|5) 39

Table 3.6: The amount of time, in seconds, the algorithm spent in Stage 3 (S3) for each test case.

with high target timetable density are given in Table 3.5. Stage 1 was able to construct timetables that

satisfied all demand for 9 of the 16 cases. Of the seven cases where not all demand could be satisfied,

Stage 2 was able to improve three of them with respect to the number of unsatisfied students, bringing

the total number of unsatisfied students from 71 down to 24 for those three cases. Stage 2 was able

to improve the rental revenue objective by about 34% on average, with a maximum improvement of

about 202%. Stage 2 was able to reduce the number of room swaps by about 6 swaps per test case on

average, with a maximum improvement of 19 eliminated room swaps, or about 3% on average with a

maximum improvement of 16%.

The amount of time, in seconds, the algorithm spent in Stage 3 (rostering) for each test case is

shown in Table 3.6. The test case that required the longest time to produce an optimal roster required

only 41 seconds, and the largest test case required only 39 seconds to produce an optimal roster.

The number of variables (columns), and constraints (rows) for the rostering IP model for each test

case, subject to the final generated timetable is given in Table 3.7. The rostering IP model—subject to

the final generated timetable—has, on average, about 13% as many variables and about 9% as many

constraints as the complete timetabling IP model for problem described the test case. Moreover, the

56



Test Case Cols Rows Test Case Cols Rows Test Case Cols Rows

(L|10|2) 2533 2085 (M|10|2) 2756 2287 (H|10|2) 3495 2854

(L|10|3) 4154 3238 (M|10|3) 4998 3848 (H|10|3) 5862 4538

(L|10|4) 10086 8015 (M|10|4) 12159 9464 (H|10|4) 13337 10285

(L|10|5) 13284 9945 (M|10|5) 14941 11187 (H|10|5) 17969 13391

(L|15|2) 3385 2706 (M|15|2) 4559 3603 (H|15|2) 4808 3786

(L|15|3) 6513 5107 (M|15|3) 6766 5264 (H|15|3) 9093 7064

(L|15|4) 17939 13850 (M|15|4) 19070 14675 (H|15|4) 19283 14743

(L|15|5) 20955 15562 (M|15|5) 22425 16507 (H|15|5) 27700 20106

(L|20|2) 4874 3902 (M|20|2) 4929 3925 (H|20|2) 9771 5352

(L|20|3) 9164 6996 (M|20|3) 9478 7207 (H|20|3) 13400 10000

(L|20|4) 18323 13831 (M|20|4) 24231 18227 (H|20|4) 27456 20529

(L|20|5) 32205 23638 (M|20|5) 37657 27487 (H|20|5) 40842 29757

(L|25|2) 5983 4811 (M|25|2) 6164 4948 (H|25|2) 9101 7200

(L|25|3) 10178 7619 (M|25|3) 13269 9852 (H|25|3) 16155 11881

(L|25|4) 23550 17618 (M|25|4) 31560 23417 (H|25|4) 37222 27483

(L|25|5) 34816 25222 (M|25|5) 37397 26970 (H|25|5) 46211 33073

Table 3.7: The number of variables (Cols) and constraints (Rows) for the roster IP model, subject to

the final generated timetable, for each test case.
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Test Case Travel Swaps Test Case Travel Swaps Test Case Travel Swaps

(L|10|2) 209.7 1 (M|10|2) 0.0 0 (H|10|2) 419.3 1

(L|10|3) 1045.7 1 (M|10|3) 378.6 0 (H|10|3) 1723.1 1

(L|10|4) 233.0 0 (M|10|4) 490.6 0 (H|10|4) 388.3 1

(L|10|5) 322.3 1 (M|10|5) 177.6 0 (H|10|5) 391.2 2

(L|15|2) 1512.6 1 (M|15|2) 1629.0 1 (H|15|2) 1803.5 1

(L|15|3) 266.1 0 (M|15|3) 105.6 0 (H|15|3) 853.1 1

(L|15|4) 1505.6 0 (M|15|4) 1887.1 1 (H|15|4) 1887.1 1

(L|15|5) 3343.1 0 (M|15|5) 4193.0 0 (H|15|5) 4172.1 0

(L|20|2) 20.1 1 (M|20|2) 20.1 1 (H|20|2) 20.1 1

(L|20|3) 0.0 0 (M|20|3) 0.0 0 (H|20|3) 0.0 0

(L|20|4) 22.3 2 (M|20|4) 0.0 1 (H|20|4) 0.0 1

(L|20|5) 269.2 1 (M|20|5) 669.1 0 (H|20|5) 1056.2 0

(L|25|2) 1569.2 7 (M|25|2) 1024.9 3 (H|25|2) 3546.1 4

(L|25|3) 0.0 1 (M|25|3) 0.0 0 (H|25|3) 0.0 0

(L|25|4) 1399.4 1 (M|25|4) 2896.9 1 (H|25|4) 3665.0 1

(L|25|5) 0.0 1 (M|25|5) 0.0 4 (H|25|5) 50.9 3

Table 3.8: The total trainer travel distance and number of trainer swaps for each roster produced.

complete timetabling IP model has about 16% more constraints than variables, whereas the rostering

IP model has about 23% fewer constraints than variables. These substantial differences together

with the dominant network flow structure of the rostering model may explain, in part, why these

rostering problem instances are computationally tractable even for the largest of the test cases, while

the timetabling problem instances remain intractable for all but the smallest test cases.

The total distance travelled by trainers, in kilometres, and the total number of trainer swaps present

in each of the produced rosters is shown in Table 3.8. Rosters which had zero trainer travel and swaps

were found in 23 of the 48 test cases. There was an average of about 18km travelled and about 0.02

trainer swaps per location per day, which is consistent with the distributor’s previous training rosters.

CPLEX was able to find optimal solutions to the full timetabling models described in Section 3.3

and rostering models described in Section 3.4 to 16 of the 48 test cases, and the results are compared

with those from the three-stage heuristic in Table 3.9. The columns from left to right are the test case

name, the optimal values for Z1, Z2, and Z3 in the timetabling subproblem, the optimal values for

trainer travel distance (DT) and trainer swaps (TS) in the rostering subproblem subject to the optimal
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TestCase Z1 Z2 Z3 DT TS Time T-Ratio TT-Opt TT-Heur R-Opt R-Heur

(L|10|2) 0 -9455 42 209.7 1 48 0.52 -47233 -47233 1049.3 1049.3

(L|10|3) 0 -13991 56 1045.7 1 98 0.73 -69899 -69899 5229.4 5229.4

(L|15|2) 0 -13660 67 1454.5 1 171 0.41 -68233 -68094 7273.3 7564.2

(L|15|3) 0 -22053 87 371.7 0 597 0.35 -110178 -110178 1858.5 1330.4

(L|20|2) 0 -20576 89 20.1 1 1460 0.10 -102791 -102446 101.7 101.7

(L|25|2) 0 -20060 106 1390.3 5 8173 0.04 -100194 -100194 6956.3 7852.8

(M|10|2) 0 -7682 48 0.0 1 862 0.04 -38362 -38361 1.0 0.0

(M|10|3) 0 -10070 72 677.4 0 349 0.37 -50278 -50278 3387.0 1893.1

(M|15|2) 0 -10265 90 1745.3 1 1974 0.07 -51235 -49852 8727.7 8146.0

(M|15|3) 0 -20669 90 0.0 0 2865 0.11 -103255 -103255 0.0 528.1

(M|20|2) 0 -19439 90 20.1 1 1594 0.28 -97105 -97104 101.7 101.7

(H|10|2) 0 -5939 64 629.0 0 177 0.32 -29631 -29631 3145.0 2097.7

(H|10|3) 2 -8416 82 1643.2 1 35168 0.28 1958002 1959531 8217.0 8616.4

(H|15|2) 0 -9373 99 1745.3 1 909 0.22 -46766 -46592 8727.7 9018.6

(H|15|3) 0 -15270 124 743.4 0 81161 0.01 -76226 -76218 3716.9 4266.4

(H|20|2) 0 -13041 127 20.1 1 41349 0.01 -65078 -64735 101.7 101.7

Table 3.9: Results related to the optimal solutions for some of the smaller test cases.

timetable, the time required to find the optimal solution (Time), in seconds, the ratio of total time

required by our heuristic to total time required for CPLEX to find the optimal solution (T-Ratio), the

optimal objective value for the timetabling problem (TT-Opt), the objective value for the timetabling

subproblem our heuristic found (TT-Heur), and the optimal (R-Opt) and heuristic (R-Heur) values for

the rostering subproblem, subject to the optimal and heuristic timetables, respectively. Our heuristic

was able to find the optimal timetable for 7 of the 16 cases.

Since the rostering subproblem is based on the produced timetable, different timetables yield a

different sets of feasible rosters with different optimal objective values. Compared with the optimal

roster, subject to the sub-optimal timetable produced by the heuristic approach, the optimal roster,

subject to the optimal timetable, had a worse objective value in five cases, had the same objective

value in five cases, and a better objective value in six test cases. This suggests that in this case, in the

absence of an integrated model—one that unifies the timetabling and rostering subproblems into a

single IP model—it may not be a good strategy to invest excessive computational effort in producing

the best possible solution for each subproblem.

The electricity distributor does frequently engage in long-term strategic planning, where the

purchase and sale of organisational resources must be investigated, specific trainer specialisations

must be determined, and the structure of courses must be adjusted to meet the changing needs of the
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organisation and the requirements of changing safety laws. For long-term strategic planning purposes,

having high quality timetables and rosters is of paramount importance to the organisation and the

time requirements of the three-stage heuristic are within acceptable limits. It is a matter of ongoing

research to further improve the process and reduce total computation time where possible.

An implementation of the Demand-Based Course Timetabling solution approach discussed in

this chapter was trialled at the Australian electricity distributor. After a period of monitoring and

analysis, it was reported by senior management that the automated timetabling solution, by producing

efficient timetables and freeing a number of staff from timetabling-related duties, carries a recurring

saving of about AUD$270,000 (2013). Moreover, the once difficult matter of making timetable changes

when unexpected events occur has been reported to be far less daunting. At the time of writing, the

automated timetabling system remains in use at the organisation.

3.7 Conclusions

In this chapter we studied a timetabling and rostering problem involving periodic retraining of large

numbers of employees at an Australian electricity distributor. We developed an Integer Programming

model to solve the timetabling of classes, and an IP model to solve the rostering of trainers to an

existing class timetable. Both models were developed so that they can deal with all the practical

requirements in a flexible manner, given the changing nature of the organisation and industry laws.

Due to the size of the problem given real world data, it was not possible to solve to optimality in

practically acceptable time. A three-stage heuristic framework has been presented, which consists of

an initial timetable generation stage, an iterative improvement stage, and a trainer rostering stage.

All three stages utilise the IP models that were developed. The computational results show that

the proposed approach is able to generate solutions for the problem sizes typical for training at the

distributor, and that the approach is effective for both operational and strategic planning purposes.

The proposed fix-and-optimise Large Neighbourhood Search algorithm is easily generalisable to many

other class timetabling problems from other institutions.

In the few cases where we were able to solve the timetabling subproblem to optimality, the optimal

rosters occasionally yielded poorer solutions compared with the optimal rosters to timetables produced

by our heuristic. Even for different timetables with identical objective values, the optimal rosters can

have very different objective values. This reinforces that solving each subproblem to optimality does

not always lead to a global optimum, which suggests an integrated model is worth investigating.

Future research can investigate different modelling techniques and related solution approaches to

further reduce the required computation time. It can be investigated whether replacement of the first

stage with a different heuristic or metaheuristic approach has a significant impact on solution time or
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quality. Others can adapt the introduced techniques to other problems and determine whether they

are successful in other problem domains.

A real-word implementation of the proposed solution approach was very successful, with annual

reported savings of AUD$270,000.
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Abstract

In this chapter, the problem of class formation and sequencing for multiple courses subject to

a bottleneck classroom with an ordered bi-criteria objective is studied. The problem can be

modelled as a single-machine batch scheduling problem with incompatible job families (where jobs

are partitioned into families, and only jobs from the same family can processed simultaneously on

a single machine), and parallel job processing in batches, where the batch size is family-dependent.

For the minimisation of the number of tardy jobs, the strong NP-hardness is proven. For the

performance measure of the maximum cost, we consider single criterion and bi-criteria cases. We

present an O(n2) algorithm—n is the number of jobs—for both cases. An Integer Programming

model as well as Simulated Annealing and Genetic Algorithm matheuristics to solve a fairly

general case of the bi-criteria problem are presented and computationally tested.
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4.1 Introduction

This study addresses a scheduling problem that is inspired by the problem of scheduling training

courses for trainees working for large organisations with scarce teaching resources. One such example

is Australia’s largest electricity distributor by number of connections and number of employees, which

is required by Australian law under the Work Health and Safety Act 2011: Part 2, Division 19, to

deliver regular safety and technical training to all its employees who work on or near the electricity

network. The problem of scheduling thousands of workers (students), hundreds of classes of multiple

courses with dedicated trainers and classrooms across a small number of training facilities is highly

complex in practice. It is useful, however, to develop efficient algorithms for solving smaller or special

cases as it provides insight into the underlying problem.

In contrast to the research in Chapter 3, this chapter investigates the case of a single classroom

with a limited capacity, primarily from an analytical viewpoint. In the studied problem, there are a

set of students and a set of courses. Each student is required to undertake one or more courses by

certain due dates. It is assumed that we have a single classroom where multiple students can be taught

simultaneously, provided they are all undertaking the same course. The classroom retains a limited

capacity, and each course is characterised by a maximum class size in students, in accordance with

its distinct training content. Without loss of generality, the maximum class size is no greater than

the classroom capacity. The class duration is also course-dependent. The classroom is not allowed

to be used for more than one class at any time. The objective is to determine an optimal formation

and sequence of classes for courses and students so as to minimise the considered performance metrics.

As with many industrial problems, it is often difficult to quantify the needs of the organisation with

a single objective function. We investigate the case where two ordered objectives—a primary and

a secondary objective—are considered. An optimal schedule is one that minimises the secondary

objective over the set of schedules that minimise the primary objective.

The studied course scheduling problem with a bottleneck classroom can be modelled as a single-

machine batch scheduling problem with incompatible job families, where the batch size is family-

dependent. Before providing the comprehensive mapping between these two problems, we describe

the single machine batch scheduling problem with incompatible job families. There is a set of n jobs,

which are categorised into m distinct job families. The number of jobs in family f is denoted by nf ,

and
∑m

f=1 nf = n. Here and below, we assume that each summation and maximum is taken over all

families or jobs, unless otherwise specified. The job j of family f is denoted by (f, j), f ∈ {1, . . . ,m}

and j ∈ {1, . . . , nf}. The jobs belonging to the same job family f have a common processing time

pf . Each job (f, j) is also characterised by a due date df,j , a weight wf,j and two non-decreasing

cost functions gf,j(Cf,j) and hf,j(Cf,j), where Cf,j is the completion time of the job. The batching
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machine, where the parallel-batch mode is applied, can process simultaneously multiple jobs belonging

to the same family as a batch [16]. The maximum number of jobs allowed to be processed concurrently,

i.e. the batch size, which is clearly no greater than the machine capacity, depends on the family of

those jobs inside the batch and is denoted by bf . The processing time of a batch belonging to family

f does not depend on the number of jobs in the batch and is always pf . There is no machine idle

time between the batches, otherwise a schedule is not completely determined. A schedule is defined

to be the sequence and composition of all batches. The objective is to find a batch schedule for jobs

such that the considered performance measures, dependent on job completion times, are minimised.

As with the Class Timetabling subproblem discussed in Chapter 3, this problem is closely related to

Lexicographic Optimisation [81, 163], a special case of Goal Programming [99], which is a branch of

Multiobjective Optimisation.

The mapping is given as follows. The bottleneck classroom is represented as a single batching

machine. Each course maps to a job family, and each course requirement for a student is represented

by a job. This means that if a student is required to complete, for example, three different courses,

these three requirements will be represented by three jobs which belong to three distinct families.

The due date imposed upon some course requirement for some student is exactly the due date of

the corresponding job. The course-dependent class duration is represented as the family-dependent

job processing time. Then a class of students formed for some course corresponds to a batch of jobs

for some family. The maximum class size for some course is represented as the batch size for the

corresponding job family. Hereafter, the studied problem will be described as the single-machine

batching scheduling problem with incompatible job families subject to family-dependent batch sizes.

The remainder of this chapter is organised as follows. Section 4.2 provides analytical results of

the considered problem, including a proof of NP-hardness in the strong sense for the number of tardy

jobs criterion, a polynomial time algorithm for the maximal primary and maximal secondary criterion

case, and a polynomial algorithm for the case with a given sequence of batches. Section 4.3 discusses

computational approaches to solving the considered problem, including Integer Programming (IP)

approaches for exact solutions, and Simulated Annealing (SA) and Genetic Algorithm (GA) approaches

for heuristic solutions. Section 4.5 contains concluding remarks.

4.2 Analytical Results

In this section we discuss the complexity results for four ordered bi-criteria cases and the polynomial

solvability of one of the cases under the assumption that the sequence of batches is fixed a priori. We

use the notation (f1, f2) to represent the ordered relationship between two objectives in the ordered

bi-criteria problem. For example, (
∑
gf,j ,

∑
hf,j) is an ordered bi-criteria objective whose optimal
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solution minimises the secondary criterion
∑
hf,j over the set of solutions that minimise the primary

criterion
∑
gf,j . Note that the objective functions

∑
hf,j ,

∑
gf,j , maxhf,j and max gf,j are regular,

that is, they are non-decreasing in each argument.

4.2.1 Complexity of ordered bi-criteria cases

There are four cases of the bi-criteria problem with the sum and maximum objectives depending on

their type and order. We will first strengthen the result of Jolai [85] and show that the problem of

minimising the number of tardy jobs,
∑
Uf,j , is NP-hard in the strong sense. Given a batch schedule,

function Uf,j(t) is defined such that Uf,j(t) = 0 if t ≤ df,j (for t = Cf,j job (f, j) is on-time) and

Uf,j(t) = 1 if t > df,j (for t = Cf,j job (f, j) is tardy).

Theorem 1. The problem of minimising
∑
Uf,j is NP-hard in the strong sense irrespective of whether

the batch sizes are bounded or unbounded.

Proof. We use a reduction from the decision version of the NP-hard in the strong sense problem of

minimising total weighted tardiness on a single machine, discussed in Lawler [97]. Given an instance A

of the single-machine total weighted tardiness minimisation problem, we can construct an instance B of

the studied problem in pseudo-polynomial time in the following way. For instance A, we let n̄ be the

number of jobs, and denote by p̄j , d̄j , and w̄j the processing time, due date, and weight, respectively,

for job j = 1, . . . , n̄. For each job j in instance A, construct a corresponding family j consisting of w̄j

jobs with due date d̄j , w̄j jobs with due date d̄j + 1, and so on until w̄j jobs with due date d̄j + UB,

where the upper bound UB =
∑n̄

j=1 p̄j , for instance B. This gives instance B a total of w̄j(UB + 1)

jobs for each family j, whose job processing time is p̄j , j = 1, . . . , n̄. The batch size for each family is

assumed to be sufficiently large such that all jobs of each family can be processed simultaneously in

one batch.

Consider the decision problem of determining whether a schedule with the total weighted tardiness

no greater than some positive integer κ exists for instance A. If such a schedule exists for instance A,

then a schedule whose number of tardy jobs is no greater than κ for instance B also exists. In the

corresponding schedule of instance B, all jobs of the same family are processed in one batch, and the

batch sequence, i.e. the family sequence, of instance B is identical to the job sequence of instance A.

See Figure 4.1 for an illustration.

Conversely, if a batch schedule with the number of tardy jobs no greater than κ exists for instance

B, then it can be converted into a schedule of the same or better quality, in which all jobs of the same

family are assigned in the same batch. Then the sequence of jobs for instance A defined by the sequence

of families in the latter batch schedule has the total weighted tardiness no greater than κ.
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Figure 4.1: The composition of the family j in B, corresponding to job j in A.

Theorem 1 showed that there exists a regular objective
∑
gf,j =

∑
Uf,j that is NP-hard in the

strong sense, therefore, without knowing more about g, the regular objective
∑
gf,j in general is also

NP-hard in the strong sense. For the ordered bi-criteria cases, the result with respect to the primary

criterion could affect the computation with respect to the secondary criterion (as will be shown in

Section 4.2.2), but not the other way around. Therefore, the ordered bi-criteria objective with primary

criterion
∑
gf,j must have computational complexity at least as hard as the computational complexity

of the single criterion
∑
gf,j problem. This is essentially because the problem must first be solved for

the primary criterion, and then for the secondary criterion with respect to the solution to the primary

criterion. We can then conclude that based on the result in Theorem 1, the first two ordered bi-criteria

cases: (
∑
gf,j ,

∑
hf,j) and (

∑
gf,j ,maxhf,j) are NP-hard in the strong sense in general for regular g

and h, though there may exist particular g and h that are solvable in polynomial time. Hoogeveen [76]

shows that the case (max gf,j ,
∑
hf,j) is also NP-hard in the strong sense in general for regular g and h.

The discussion in [76] is not specifically for a batch scheduling problem, however the results contained

are applicable here also. Again, there may be particular g and f where (max gf,j ,
∑
hf,j) is solvable in

polynomial time.

The final case, (max gf,j ,maxhf,j), can be solved in polynomial time assuming that the functions

are polynomially computable. We will give some lemmas and an algorithm as a proof. We start with

single criterion case of minimising the maximum cost function max gf,j .

Proposition 1 in Uzsoy [154] implies that, for the single criterion problem with a regular performance
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measure, there exists an optimal schedule in which all batches are full, except possibly the last batch

of each family. This last batch of family f includes sf = nf − bf (dnfbf e − 1) jobs and each other batch

of family f includes bf jobs if nf > 0. The makespan value, Cmax, is therefore given by

Cmax =
∑
f

pf

⌈
nf
bf

⌉
.

We will only consider schedules that meet these conditions.

Given an arbitrary schedule, let us introduce the family completion times Cfmax = maxj∈1,...,nf Cf,j ,

f = 1, . . . ,m, which represents the latest completion time of any job in family f .

Lemma 1. There exists an optimal schedule for the problem of minimising max gf,j, in which the last

batch of each family f contains the jobs that retain the smallest sf values of gf,j(C
f
max).

Proof. Given a schedule, denote by Sf the set of sf jobs which have the smallest sf values of gf,j(C
f
max)

for each family f . Consider an optimal schedule σ∗ where the last batch of family f is comprised of

the set of jobs Uf ∪ Vf where Uf ⊂ Sf and Vf 6⊂ Sf . Clearly, there exists a set of jobs V′f scheduled

elsewhere such that Uf ∪ V′f = Sf and |V′f | = |Vf |. The positions of the jobs in Vf and V′f can be

swapped to produce a new schedule σ′, in which the last batch of family f includes the set of all

jobs in Sf and no others. Since the completion time of each job (f, j) in Vf is earlier in σ′ and gf,j is

non-decreasing, gf,j(Cf,j) for each job (f, j) ∈ Vf must be no greater in σ′ than in σ∗. The completion

time of each job (f, j) in V′f is later in σ′ than in σ∗, however according to the definition of Vf and

V′f , gf,j(C
f
max) ≥ gf,i(Cfmax) for (f, j) ∈ Vf and (f, i) ∈ V′f and therefore the objective value in σ′ is no

greater than σ∗, hence σ′ is also optimal. The lemma follows.

Lemma 1 implies that an optimal formation of the last batch of family f can be determined if Cfmax

in an optimal schedule is known.

Given an instance, let JLastf denote the set of sf jobs of family f retaining the smallest sf values of

gf,j(Cmax). Define Gf = max(f,j)∈JLastf
{gf,j(Cmax)}, f = 1, . . . ,m.

Lemma 2. There exists an optimal schedule for the problem of minimising max gf,j, in which a batch

comprising JLasth is sequenced last if Gh = min1≤f≤m{Gf}.

Proof. Consider an optimal schedule σ∗, in which a batch containing JLastf1
of family f1 is sequenced

last, and for some family f2 we have Gf1 ≥ Gf2 . Denote in schedule σ∗ the last batch of family f2 by

Bf2 , the partial schedule preceding to Bf2 as A, and the partial schedule following Bf2 as B. From σ∗,

construct a new schedule σ′ by removing Bf2 from the schedule, shifting B earlier such that B starts

as soon as A finishes, and placing Bf2 at the end of the schedule. Each job (f, j) in B has an earlier

completion time in σ′ than in σ∗, therefore gf,j(Cf,j) for each job (f, j) in B must be no greater in
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σ′ than in σ∗. After shifting Bf2 to the end of the schedule σ′, the composition of jobs in Bf2 might

need to be altered to satisfy Lemma 1 for schedule σ′, i.e. Bf2 shall contain JLastf2
. Suppose that Bf2

currently comprises the set of jobs Uf2 ∪ Vf2 such that the jobs Uf2 ⊂ JLastf2
and Vf2 6⊂ JLastf2

. The set of

jobs V′f2
, such that Uf2 ∪ V′f2

= JLastf2
, can be found in the partial schedule A. Swapping the position of

jobs Vf2 and V′f2
in σ′ ensures Bf2 contains JLastf2

. Each job (f, j) ∈ Vf2 now has an earlier completion

time and hence gf,j(Cf,j) for (f, j) ∈ Vf2 is no greater in σ′ than in σ∗. Each job (f, j) ∈ V′f2
now has a

later completion time, however since Gf1 ≥ Gf2 , the total cost of σ′ must be no greater than σ∗, hence

σ′ is also optimal. The lemma follows.

Justified by Lemmas 1 and 2, we suggest the following optimal algorithm for the problem of

minimising max gf,j . This algorithm is a modification of Lawler’s algorithm [97].

Algorithm 1

Step 1. Initialise job sets Nf = {(f, 1), . . . , (f, nf )} for f ∈ {1, . . . ,m}. Determine Cmax =
∑
pfd

nf
bf
e.

Set the objective value gmax = 0. Calculate sf = nf − bf (dnfbf e − 1), f = 1, . . . ,m.

Step 2. Re-number jobs of each family f with nf > 0 such that gf,1(Cmax) ≤ gf,2(Cmax) ≤ · · · ≤

gf,nf (Cmax), f = 1, . . . ,m. We have Gf = gf,sf (Cmax). Determine family f∗ of the batch

completing at Cmax by calculating f∗ = arg min1≤f≤m,nf>0Gf . Sequence the batch Bf∗ =

{(f∗, 1), (f∗, 2), . . . , (f∗, sf∗)} such that it completes at Cmax.

Step 3 Re-set Nf∗ := Nf∗ \ Bf∗ , nf∗ := nf∗ − sf∗ , sf∗ := bf∗ , gmax := max
{
gmax, Gf∗

}
, and

Cmax := Cmax − pf∗ .

(i) If Cmax = 0, then terminate with an optimal schedule.

(ii) Otherwise, repeat Step 2.

The run time of Algorithm 1 can be easily evaluated. Step 2 requires O(n) operations since

re-sorting can be avoided by making use of the median-based technique for finding the kth smallest

value [36], where k = sf . After that, finding f∗ needs O(m) time. Step 3 requires O(1) operations.

Steps 2 and 3 are repeated at most n times. Thus, the total run time of Algorithm 1 is O(n2) since

m ≤ n.

The bi-criteria problem of minimising maxhf,j over the set of solutions that minimise max gf,j can

be converted into two single-criterion problems. First, Algorithm 1 should be run for the objective

of minimising max gf,j to find the optimal objective value G∗ with respect to the primary criterion.

For the secondary criterion of minimising maxhf,j , introduce an auxiliary function ĥf,j(t) for each job

(f, j) that is equal to hf,j(t) if gf,j(t) ≤ G∗, or ∞ if gf,j(t) > G∗. Next, the solution to the bi-criteria

problem (gf,j , hf,j) can be found by solving the single-criterion problem of minimising max ĥf,j .
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Figure 4.2: Assigning jobs to a fixed sequence of batches.

4.2.2 Fixed batch order

In the problem considered so far, the sequence of batches with respect to their family can be arbitrary,

i.e., any batch that is sequenced ith can be a batch of jobs belonging to any family. We now consider

the case where the sequence of batches is fixed, i.e., any batch sequenced ith must be a batch of jobs

from a particular family, decided a priori. Then the problem simplifies to deciding which jobs will

be assigned to which position in each batch on the schedule in order to optimise some performance

measure. Assume that, in the fixed sequence, there are rf = �nf

bf
� batches of family f , and each batch

can include up to bf jobs, f = 1, . . . ,m.

For a single objective
∑

gf,j or maxf,j gf,j , which is not necessarily regular, it is possible to optimally

assign jobs to the fixed sequence of batches in a way similar to that in Brucker et al. [16]. Consider a

weighted bipartite graph where jobs form one set of vertices, and positions in the batches form another

set of vertices. Edges exist between any job and any position in any batch of the same family, see

Figure 4.2.

Since the completion time of each batch is known in advance, the cost of any edge between job

(f, j) and position of the batch finishing at C can be set to gf,j(C). Then the problem boils down to

selecting exactly one edge for each job so that the total or maximum cost is minimised.

Notice from Figure 4.2 that the sub-graphs of distinct families are disconnected. This implies that

we can solve a smaller Linear Bottleneck Assignment Problem [18] (also known as the Bottleneck

Bipartite Matching Problem [132], closely related to the Bipartite Matching Problem) for each family

instead of solving one large problem for all families and then combine optimal solutions for families

in a global optimal solution. Let the graph for one family include Nf vertices and Mf edges, where

Nf = nf + bfrf and Mf = nfbfrf .

In the case of the bottleneck objective max gf,j , the linear bottleneck assignment problem for
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the sub-graph corresponding to family f can be solved in O(Nf

√
NfMf ) time by the algorithm of

Punnen and Nair [132]. In the case of the sum objective
∑
gf,j , the linear bottleneck assignment

problem problem can be solved in O(N2
f logNf +NfMf ) = O(NfMf ) time by Dijkstra’s algorithm [47]

implemented with Fibonacci heaps as described in Fredman and Tarjan [62].

The described approach can be adapted for the ordered bi-criteria cases (max gf,j ,maxhf,j) and

(max gf,j ,
∑
hf,j), so that, once the optimal solution value f∗1 has been determined for the primary

objective, every edge with the cost exceeding f∗1 is removed from the bipartite graph. The linear

bottleneck assignment problem is then solved for the reduced graph. This approach, given its simplicity

and polynomial time complexity, is highly conducive to heuristic approaches where the space of fixed

batch orders is explored.

4.3 Computational Approaches

We consider the bi-criteria objective (max gf,j ,
∑
hf,j) for our computational experiments, which, for g

and h in general, was shown to be NP-hard in Hoogeveen [76]. We assume that gf,j and hf,j are regular

and all convex piecewise linear. We present an IP approach complemented by Simulated Annealing

and Genetic Algorithm metaheuristics, which are considered to be alternative solution approaches

when IP is incapable to produce a solution in a desired time limit.

4.3.1 Integer Programming Approach

It is possible to formulate the ILP model for the studied batch scheduling problem in many ways. We

have chosen to use assignment and positional date variables discussed in Keha [91], as that approach

performed the best as the number of jobs increased for the single machine scheduling problem. Our

own experimentation with the different formulations reflected their findings for the batch scheduling

problem.

Using the assignment and positional date variables approach, we consider a set of ordered positions

to which batches can be assigned. Each batch is paired up with a position on the timeline. The

starting time of the batch assigned to position k is equal to the completion time of the batch assigned

to position k − 1.

Define variables uf,i,k to be 1 if batch indexed i of family f is assigned to position k on the timeline,

or 0 otherwise. Define variables γk to be the completion time of the batch which is assigned to position

k, and Df,i to be the completion time of batch indexed i of family f . Following from Proposition 1

in Uzsoy [154], the family f has rf = dnfbf e batches in the optimal schedule, and clearly we require

r =
∑

f rf positions in total.
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It is convenient to write the ILP model in two parts: one to assign batches to positions and one to

assign jobs to batches. The part of the ILP model that sequences the batches is as follows:

r∑
k=1

uf,i,k = 1 1 ≤ f ≤ m, 1 ≤ i ≤ rf (4.1)

m∑
f=1

rf∑
i=1

uf,i,k = 1 1 ≤ k ≤ r (4.2)

γ1 =
m∑
f=1

rf∑
i=1

pfuf,i,1 (4.3)

γk = γk−1 +
m∑
f=1

rf∑
i=1

pfuf,i,k 2 ≤ k ≤ r (4.4)

γr = Cmax (4.5)

Df,i ≥ γk − Cmax(1− uf,i,k) 1 ≤ f ≤ m, 1 ≤ i ≤ rf , 1 ≤ k ≤ r (4.6)

uf,i,k ∈ {0, 1} 1 ≤ f ≤ m, 1 ≤ i ≤ rf , 1 ≤ k ≤ r (4.7)

γk ≥ 0 1 ≤ k ≤ r (4.8)

Df,i ∈ [min
f
pf , Cmax] 1 ≤ f ≤ m, 1 ≤ i ≤ rf (4.9)

The constraints (4.1) and (4.2) ensure that all batches are assigned to exactly one position and that

all positions have exactly one batch assigned, respectively. (4.3) establishes the completion time of the

first position, and (4.4) establishes the completion times of the remaining positions. (4.6) ensures the

completion time of each batch is no earlier than the completion time of the positions to which they

have been assigned. Finally, (4.7), (4.8), and (4.9) establish the valid ranges of the variables.

Define variables Af,j,i to be 1 if job (f, j) is assigned to batch indexed i of family f , or 0 otherwise.

The part of the ILP model that assigns jobs to batches is as follows:

rf∑
i=1

Af,j,i = 1 1 ≤ f ≤ m, 1 ≤ j ≤ nf (4.10)

nf∑
j=1

Af,j,i ≤ bf 1 ≤ f ≤ m, 1 ≤ i ≤ rf (4.11)

Df,i − Cmax(1−Af,j,i) ≤ Cf,j 1 ≤ f ≤ m, 1 ≤ j ≤ nf , 1 ≤ i ≤ rf (4.12)

Af,j,i ∈ {0, 1} 1 ≤ f ≤ m, 1 ≤ j ≤ nf , 1 ≤ i ≤ rf (4.13)

Cf,j ∈ [min
f
pf , Cmax] 1 ≤ f ≤ m, 1 ≤ j ≤ nf (4.14)

The constraints (4.10) ensure that each job is assigned to exactly one batch, and (4.11) ensure that

the number of jobs assigned to each batch is at most bf—the maximum parallel capacity for batches of

family f . (4.12) ensures the completion time Cf,j of each job (f, j) is no earlier than the completion
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time of the batch to which it has been assigned. Finally, (4.13) and (4.14) establish the valid ranges of

the variables.

To obtain the optimal primary objective value, we can make use of the polynomial time algorithm

discussed in Section 4.2.1, or we can solve the following ILP model:

G∗ = min: G (4.15)

s.t. G ≥ gf,j(Cf,j) 1 ≤ f ≤ m, 1 ≤ j ≤ nf (4.16)

(4.1)− (4.14)

Note that if cost functions of completion times are all convex piecewise linear, then (4.16) can be

easily written in linear functions of the existing variables.

Let d̄f,j be the largest value of Cf,j where gf,j(Cf,j) = G∗. Here, d̄f,j represents the deadline for

job (f, j). As long as Cf,j ≤ d̄f,j for all jobs, the solution will remain optimal with respect to the

primary criterion. We can then solve the bi-criteria problem with the following IP model:

min:
∑
f,j

hf,j(Cf,j) (4.17)

s.t. 0 ≤ Cf,j ≤ d̄f,j 1 ≤ f ≤ m, 1 ≤ j ≤ nf (4.18)

(4.1)− (4.14)

where (4.18) ensures that the solution remains optimal with respect to the primary objective.

4.3.2 Simulated Annealing Approach

Since the considered problem with bi-criteria objective (max gf,j ,
∑
hf,j) is NP-hard in general for g

and h, we can expect that we will not be able to obtain exact solutions to problem instances beyond a

certain size in practically acceptable time. In such circumstances, an approximate solution of good

quality that can be obtained in a reasonable time is often adequate. Simulated Annealing (SA) is

a probabilistic, general purpose framework for solving optimisation problems using a local search

paradigm.

By virtue of the results in section 4.2.2, we can optimally assign jobs to a fixed sequence of batches

in polynomial time. The correct sequence of batches will produce the optimal schedule to the original

problem. The task of SA is therefore to explore the space of batch sequences in attempt to find the

sequence of batches that gives the optimal schedule. In the context of our SA algorithm, a “solution”

is a sequence of batches, and is distinguished from a “schedule”, which is characterised by a sequence

of batches together with a complete assignment of jobs to batches.

The neighbourhood function generates a neighbour solution to an existing one by swapping one

or more pairs of batches in the sequence. With probability π1, one pair of batches is swapped; with
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probability π2, two pairs of batches are swapped; and so on, with the relation π1 ≥ . . . ≥ πr and∑r
i=1 πi = 1. The aim of this extended neighbourhood is to prevent the algorithm getting stuck at a

solution where there exists no feasible neighbour if only a single pair of batches can be swapped.

Checking the feasibility of a potential neighbour against the primary criterion can be accomplished

with O(n) operations, where n is the number of jobs in the sequence. Recall the definition of the

deadlines d̄f,j from Section 4.3.1: d̄f,j is largest value of Cf,j where gf,j(Cf,j) = G∗. One can dispatch

the jobs in ascending order of d̄f,j into the earliest available position in a batch of the same family.

If all jobs can be arranged such that Cf,j ≤ d̄f,j , then the batch sequence is feasible with respect to

the primary criterion. If, however, Cf,j > d̄f,j for any job, then the batch sequence cannot produce a

solution of jobs that is feasible with respect to the primary criterion.

To prevent visiting the same solutions multiple times, we introduce a finite-length, first-in-first-out

list that records recently visited solutions. The neighbourhood function is forbidden from generating

solutions that appear in this list. This approach was discussed in Gunwan [73], where Simulated

Annealing was hybridised with Tabu Search in a similar way, which improved the performance of the

algorithm. Each time a new solution is visited, it is added to the list; if the list is full, the oldest

solution is removed.

Our complete SA implementation is as follows:

Step 1. Based on the problem size, i.e. the number of batches, determine the initial temperature T0,

the termination temperature Tmin, the cooling rate 0 < α < 1, the reheating threshold κ > 1, the

reheating amount ν > 1, the length of the visited solution list ψ, and the time limit tmax.

Step 2. Initialise the iteration counter i := 0, the initial solution S0, the best-known solution S∗ := S0.

Step 3. Generate a candidate neighbour solution Si+1 from current solution Si, which doesn’t exist in

the list of previously visited solutions and which is feasible with respect to the primary criterion.

Step 4. If x ≤ exp(C(Si)−C(Si+1)
Ti

) for some random x ∼ U(0, 1) and cost function C(S), accept Si+1

as the next solution and add it to the list of previously visited solutions. Otherwise Si+1 := Si.

Step 5. If C(Si) < C(S∗) then S∗ := Si. If S∗ hasn’t been updated in κ iterations, Si = S∗, and

Ti := νTi.

Step 6. Apply the cooling function: Ti+1 := αTi, and increment the iteration counter i.

Step 7. If Ti < Tmin or the elapsed time exceeds tmax, terminate the algorithm reporting back S∗,

otherwise go to Step 3.

The initial solution S0 is taken to be the batch sequence obtained when solving the problem for the

primary criterion.

Our SA implementation explores the space of batch orders rather than directly exploring the space

of solutions, and it uses exact methods to produce optimal schedules subject to those batch orders.
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Such hybridisations between metaheuristics and mathematical programming techniques are known as

matheuristics, as described in Burke [20].

4.3.3 Genetic Algorithm Approach

Another heuristic solution approach we consider is Genetic Algorithms (GA). As with most other

metaheuristics, there are several variants of GA and there is no one agreed specification of precisely

how it should be implemented. We consider a steady-state GA, where new individuals are added to,

and unfit individuals are discarded, from a single population [145].

In GA, the representation of a solution is important so that they not only fully characterise the

solution but that is also amenable to the necessary genetic operators. In our implementation of GA,

we have chosen to represent a solution as an ordered sequence of batch indices. For example:

6 1 3 7 2 8 5 4

represents a solution where batch 6 is sequenced first, batch 1 is sequenced second, and so on, with

batch 4 sequenced last. The indices that identify each batch is determined a priori. In any solution,

each batch index must appear exactly once, and each solution must remain feasible with respect to the

primary criterion.

The purpose of the selection operator is to decide which solution(s) will be selected from the

population to produce offspring. It is possible to design the selection operator in a number of ways,

and we have chosen to use the n-tournament operator [135]. The n-tournament operator takes a set

of randomly selected individuals from the population and returns the one with best fitness, which is

calculated as the objective function value. In our implementation, we use the n-tournament operator

to select two parent solutions from which an offspring will be generated.

The purpose of the crossover operator is to take two or more solutions and combine them to produce

a new solution. In our implementation, the crossover operator takes a random half of the elements

from the first parent and places them in the same position in the offspring partial solution and then

fills in the missing indices in the remaining places in the order they are defined in the second parent.

For example, for parents

6 1 3 7 2 8 5 4

and

7 5 2 4 1 6 8 3

The crossover operator produces the partial solution from the first parent:
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1 2 5 4

and to complete the solution from the second parent, the remaining places are filled in with the missing

indices in the order they are defined in the second parent:

7 1 6 8 2 3 5 4

The purpose of the mutation operator primarily to avoid stagnation of genetic diversity in the

population, but there is also a possibility to improve a solution using random mutation by sheer chance.

In our implementation of GA, the mutation operator is identical to the neighbourhood function in our

SA implementation, i.e. one or more pairs of batches are swapped. For example:

7 1 6 8 2 3 5 4

after swapping the batches indexed 3 and 6, becomes:

7 1 3 8 2 6 5 4

To generate the initial population, the mutation operator is used repeatedly to produce a diverse

set of feasible solutions. First, the initial solution, obtained when solving for the primary criterion, is

added to the population. Then, until the population is of the desired size P , a random member of the

population is chosen, the mutation operator is applied to it, and, if feasible, the mutated solution is

added to the population.

When culling (discarding) solutions from the population, they are chosen randomly with non-

uniform probability. The solutions with the best objective values have the lowest probability of being

chosen, while the solutions with the worst objective values have the highest probability of being chosen.

We create a reference list of indices Φ, which contains the index 1 once, the index 2 twice, the index 3

three times, and so on. Since the population contains at most P solutions, Φ contains P (P + 1)/2

elements. The population is kept sorted at all times by objective value, from lowest to highest. When

culling, the index of the solution to remove from the population is selected uniformly from Φ.

Our complete GA implementation is as follows:

Step 1. Based on the problem size, i.e. the number of batches, determine population size P , time limit

tmax, the tournament size 0 < τ < P , the cull rate 0 < µ < P , and the mutation rate 0 ≤ λ ≤ 1.

Step 2. Initialise the initial population of solutions and identify the solution S∗ with the best objective

value.

Step 3. While the elapsed time is less than tmax:

• Randomly discard µ solutions from the population.
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Group Families Jobs/Family Batch Sizes Total Batches Total Jobs

A 3 5 2 9 15

B 5 6 2 15 30

C 6 8 2 24 48

D 8 16 6 24 128

E 10 32 8 40 320

F 10 48 8 60 480

G 10 64 8 80 640

Table 4.1: Outline of the 7 difficulty groups.

• While the population size is less than P :

i. use the n-tournament operator to pick two sets of τ solutions from the population and return

the best solution from each set.

ii. create a new offspring by applying the crossover operator on the first and second parents,

and with probability λ apply the mutation operator.

iii. if the offspring is feasible with respect to the primary criterion, add it to the population.

• If the best solution in the population has a better objective value than S∗, then S∗ becomes

the best solution in the population.

• If the elapsed time exceeds tmax, terminate the algorithm reporting back S∗.

4.4 Computational Results

Using training records from the electricity distributor as a template, we generated 105 test cases divided

into seven difficulty groups: A to G with increasing difficulty, each test group with 15 test cases. For

each test case, employees were selected randomly from the organisation and their training requirements

and due dates were used to create jobs. Table 4.1 outlines the properties of the seven test case groups.

The columns from left to right are as follows: The name of the test group, the total number of families

considered, the number of jobs in each family, the maximum size of any batch, the total number of

batches in the problem instance, and the total number of jobs in the problem instance.

For our computational experimentation, we consider the maximum weighted tardiness primary

objective and total weighted tardiness secondary objective, where the weights for the primary and

secondary objectives are not necessarily equal. Recall that job tardiness is the time elapsed after the

job due date before its completion. Since this problem is inspired by industry, we wish to explore

problems and provide solutions that make practical sense to the organisation, and it is a simple matter
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to justify this particular ordered bi-criteria objective in the context of scheduling at the electricity

distributor. We want a schedule that minimises tardiness, however a maximum weighted tardiness

objective is not suitable as the quality of the schedule is determined solely based on the job whose

weighted tardiness is greatest: all other jobs are therefore allowed to be scheduled such that their

weighted tardiness can be up to that value without penalty. A total weighted tardiness objective, on

the other hand, is also not suitable on its own as there may be little or no difference, with respect to

the objective value, between a schedule that has a low but uniform tardiness across all jobs, and a

schedule that has little to no tardiness across most jobs but exceptionally high tardiness across a small

few. By minimising total weighted tardiness over the set of schedules that minimises the maximal

weighted tardiness, we will obtain a solution that is of more practical use to the organisation.

Since the electricity distributor does not currently have any established way to quantify the cost

or penalty for staff missing their training deadlines, random tardiness functions were generated for

each employee. The gf,j(Cf,j) and hf,j(Cf,j) functions were unique to each staff member. For each

staff member, we generated two random numbers αf,j and βf,j based on their position in the company,

distributed uniformly on the interval [1
2 , 1) for support workers and uniformly on the interval [1, 2] for

supervisors and managers. gf,j(Cf,j) is then defined to be 0 if Cf,j ≤ df,j , or αf,j(Cf,j −df,j) otherwise.

Similarly, hf,j(Cf,j) is 0 if Cf,j ≤ df,j , or βf,j(Cf,j − df,j) otherwise.

The computer used for all experiments was an Intel i7-2640M dual-core 2.8Ghz system with

4GB RAM running Microsoft Windows 7 Professional 64-bit, Service Pack 1. All ILP models were

solved using IBM ILOG CPLEX 12.5.0.0 using default solver parameters [78]. The bipartite matching,

polynomial time algorithms from section 4.2.1, and SA procedure were written in C#. Where applicable,

our software communicated with IBM ILOG CPLEX from C# using the IBM ILOG Concert API.

The experimental process was as follows: For each of the 15 test cases in each of the 7 groups,

Algorithm 1 was used to determine the optimal solution and objective value with respect to the primary

criterion. Then, for each test case, SA and GA were each applied 20 times with different random seeds.

The pseudorandom number generator we used was the MT19937 Mersenne Twister, re-seeded with the

CoCreateGuid function from the Windows API for each run. For SA, the starting solution in each

case was the solution from Algorithm 1. For both SA and GA, infeasible solutions were not permitted;

when a neighbour, offspring, or mutation produced an infeasible solution, the solution was discarded

and the operator(s) were applied again until a feasible solution was found.

The heuristic parameters for SA and GA were scaled linearly given the problem size. Since the

SA and GA heuristics are exploring the sequence of batches, the problem size is defined by the total

number of batches. Table 4.2 shows the parameters used for SA across the 7 test groups. The rows

correspond to the initial temperature T0, the terminating temperature Tmin, the annealing rate α, the
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A B C D E F G

T0 1.0× 102 8.5× 104 2.1× 105 2.1× 105 4.4× 105 7.2× 105 1.0× 106

Tmin 0.01000 0.00916 0.00789 0.00789 0.00563 0.00282 0.000001

α 0.99000 0.99076 0.99190 0.99190 0.99393 0.99647 0.999000

κ 10 20 30 30 50 75 100

ν 1.1 1.1 1.1 1.1 1.1 1.1 1.1

ψ 50 100 150 150 250 375 500

tmax 5 15 40 120 1200 6800 9600

Table 4.2: The SA parameters used across the 7 test groups.

A B C D E F G

P 50 88 145 145 246 373 500

τ 2 4 6 6 10 15 20

µ 5 7 8 8 12 16 20

λ 0.1 0.1 0.1 0.1 0.1 0.1 0.1

tmax 5 15 40 120 1200 6800 9600

Table 4.3: The GA parameters used across the 7 test groups.

number of iterations κ after which to return to the best known solutions if it has not been improved,

the reheating rate ν which multiplies the temperature when returning to the best known solution, and

the time limit in seconds tmax. Table 4.3 shows the parameters used for GA across the 7 test groups.

The rows correspond to the constant population size P , the tournament size for selection τ , the number

of unfit individuals to cull at each iteration µ, the mutation rate λ, and the time limit in seconds tmax.

The chosen values of π1, π2, . . . , πr are shown in Table 4.4. These values were fixed for all test cases

in all groups. We permitted a maximum of r = 6 batches to be swapped when generating a random

neighbour.

We found that Algorithm 1 was able to compute an optimal solution for the primary criterion for

even the hardest test cases very quickly (See Figure 4.3). It took between about half a millisecond

on average for the A test cases, up to about 47 milliseconds on average for the G test cases. By

comparison, the straight forward ILP approach for the primary criterion took 581.6ms on average to

π1 π2 π3 π4 π5 π6

0.7500 0.1875 0.0469 0.0117 0.0029 0.0007

Table 4.4: The probabilities πk associated with swapping k pairs of batches in the neighbourhood

function
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Figure 4.3: The average solve time in milliseconds for the test groups using Algorithm 1.

A B C D E F G

Min 0.01 0.04 3.68 9.33 - - -

Mean 0.03 3.04 2990 8756 - - -

Max 0.14 19.8 14420∗ 34608∗ - - -

Table 4.5: The minimum, mean, and maximum reported time, in seconds, for CPLEX to find an

optimal solution.

solve the A test case, 13.15 seconds on average to solve the B test case, and was only able to find the

optimal solution about a quarter of the time for the C test case given the five minute limit. Even when

we increased the limit to 10 minutes, we were not able to find a solution for many of the C test cases.

While there are some problems where methods with exponential worst case bounds are often preferred

over polynomially bounded algorithms, such as the simplex algorithm for linear programming, our

empirical results suggest that our polynomially bounded algorithm performs very well in practice and

is preferable over mathematical programming.

Table 4.5 shows the minimum, mean, and maximum reported time, in seconds, for CPLEX to find

an optimal solution for each of the 7 test groups. Test group C had a 12-hour time limit for CPLEX,

which failed to find an optimal solution to one of the test cases. The lowest optimality gap reported by

CPLEX in the C group was 13.39%, and the corresponding solution matched the best-known solution

from SA and GA. For test group D, which had a 16-hour time limit for CPLEX, we were unable to find

optimal, or even feasible, solutions to two of the test cases. We were unable to produce any optimal

solutions at all for the remaining test groups using CPLEX, and the lowest optimality gap we were

able to achieve in a 16-hour limit was 58.23%, however the corresponding incumbent solution matched

the best solution produced by SA/GA for that test case.
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A B C D E F G

SA Min 1.00 1.00000 1.0000 1.0000 1.0000 1.0000 1.0000

SA Mean 1.00 1.00008 1.0006 1.0003 1.0011 1.0062 1.0090

SA Max 1.00 1.01458 1.0145 1.0117 1.0118 1.0258 1.0338

SA Opt 300 295 275 261 168 47 18

GA Min 1.00 1.00000 1.0000 1.0000 1.0000 1.0188 1.0397

GA Mean 1.00 1.00068 1.0040 1.0023 1.0123 1.0521 1.0740

GA Max 1.00 1.06649 1.0492 1.0387 1.0616 1.1294 1.1279

GA Opt 300 270 190 194 19 0 0

Table 4.6: The performance of SA and GA with respect to the optimal or best-known solutions.

Table 4.6 shows the performance of SA and GA with respect to solution quality. The rows show

the average ratio of the best-known reported solution from the algorithm to the best-known solution

overall from SA, GA, or IP where available, across each of the test cases; the average ratio of the

mean reported solution to the best-known solution overall, across each of the test cases; the average

ratio of the worst solution reported to the best-known solution overall, across each of the test cases;

and the total number of reported solutions that matched the optimal or best-known solution for the

corresponding test case out of 300, for SA and GA respectively. For the A test group, the SA and GA

heuristics were able to find the optimal solution for all 15 cases in all 20 runs. For the B test group,

both algorithms performed consistently well, with the reported solutions being just 0.008% and 0.068%

greater than the optimal on mean for SA and GA respectively. The average performance of SA and

GA continues to fall for groups C and higher, with the average performance of GA deteriorating faster.

For the E group, SA continued to find the best-known solution 56% of the time, while GA only found

the best-known solution about 6% of the time.

We recorded the best known solution at each iteration of each of run of SA and GA for each test

case. In order to visualise the aggregated convergence behaviour of these algorithms, we normalised the

time dimension and objective value dimension of the data to the range [0, 1]. In the time dimension, 0

refers to when the algorithm begins and 1 refers to the longest running time across the algorithms for

that group. In the objective value dimension, 1 refers to the initial solution’s objective function value

from Algorithm 1 and 0 refers to the best-known or optimal solution’s objective function value for the

test case. For each point in the time dimension, we have a point in the objective value dimension for

each of the runs in the test group. We use these samples to report the mean and median convergence

of each algorithm in each test group, as well as the interquartile range of the convergence values across

the 300 runs in each group.
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Figure 4.4: Convergence behaviour of SA and GA for test groups A, B, and C.

Figure 4.4 shows the performance of SA and GA for groups A, B, and C. SA was able to find

the optimal solution in almost all of the test cases. For the A group, both algorithms found the

optimal solution extremely quickly, however as the difficulty increased, both algorithms required more

computational effort to find new and better solutions.

A representation of the behaviour of SA and GA across all the test cases in the D group can be

seen in Figure 4.5. Observe that for the D test group, both SA and GA have an initial phase of rapid

improvement, however the rate of improvement slows earlier in SA than in GA. SA has a second phase

of rapid improvement towards the end of the algorithm as the temperature falls quite low, whereas

the rate of improvement in GA appears to stagnate. SA has a better average convergence at the

termination of the algorithm compared with GA.

The behaviour of the SA and GA algorithms for the E group is shown in Figure 4.6. It can be clearly

seen that, on average, SA has difficulty improving the solution in the early stage while the temperature

is high, but makes progress towards the end of the algorithm. Even though there is relatively high

variability in the progress of SA early on, the overwhelming majority of the runs converge to the

best-known solution near the end. In contrast, GA makes good progress early on, however, as with the

D set, the rate of improvement slows towards the end. At the end of the algorithm, many runs fail

to converge to the best-known solution, and there is a relatively high degree of variability among the

performance across the runs.

83



0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Time (normalised)

C
o
n
v
er

g
en

ce
(n

o
rm

a
li

se
d

)

SA Convergence for Group D

Median
Mean

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Time (normalised)

C
o
n
v
er

g
en

ce
(n

o
rm

a
li

se
d

)

GA Convergence for Group D

Median
Mean

Figure 4.5: Convergence behaviour of SA and GA for the D test group.
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Figure 4.6: Convergence behaviour of SA and GA for the E test group.
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Figure 4.7: Convergence behaviour of SA and GA for the F test group.

The behaviour of the SA and GA algorithms for the F and G groups are shown in Figure 4.7 and

Figure 4.8, respectively. For these groups, SA had pronounced difficulty improving the initial solution

in the early stages of the algorithm, but made rapid and consistent improvement in the later stage, as

the temperature became low. GA made slow and consistent improvements throughout the algorithm,

but failed to find the best-known solution much of the time given the time limit.

These computational results suggest that, on average, while SA appears to find better solutions

than GA given the time we allowed, it became progressively more difficult for the algorithm to make

early improvement as the problem size increased. Had the allowable run time of the algorithm been

just 25% shorter, most of the SA runs would have failed to improve the initial solution at all for the F

or G groups. In contrast, GA appeared to have less difficulty making slow but regular improvements

even as the problem size grew larger.

4.5 Conclusions

In this chapter, we studied the problem of class formation and sequencing for multiple courses subject

to a bottleneck classroom with an ordered bi-criteria objective. We showed that this problem for

the objective (max gf,j ,maxhf,j) is solvable in polynomial time, and that the (
∑
gf,j ,

∑
hf,j) and

(
∑
gf,j ,maxhf,j) cases are NP-hard in the strong sense in general for g and h by proving that minimising∑
Uf,j is NP-hard in the strong sense; the problem may be solvable in polynomial time for particular

g and h. The case of the (max gf,j ,
∑
hf,j) objective was already shown to be NP-hard in the strong

sense by Hoogeveen [76] for a distinct but comparable problem, for g and h in general; while again the

problem may be solvable in polynomial time for particular g and h. We showed that that the problem
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Figure 4.8: Convergence behaviour of SA and GA for the G test group.

of minimising
∑
hf,j can be solved in polynomial time as a linear bottleneck assignment problem,

assuming the sequence of batches is fixed in advance, and also showed this result can be easily extended

to the ordered bi-criteria case.

We provided an O(n2) algorithm that is optimal for the maxhf,j objective, or (max gf,j ,maxhf,j)

with minor modification. Empirical results show that this algorithm performs well in practice, even for

large sized problem instances.

We provided an ILP model for the single machine batching problem, which can be used to find

optimal solutions to small instances in a reasonable time. We proposed SA and GA matheuristics to

solve larger problem instances in practically acceptable time, and showed that feasibility of a batch

sequence with respect to the primary criterion can be established in O(n) operations. We showed that

our SA algorithm is able to find very good solutions in a short time for small to moderately sized

problem instances. We showed that our GA algorithm was also able to find good solutions for medium

to large problem sizes, making slower but more consistent improvements compared to SA.

Future research for this problem can be directed towards investigating more sophisticated math-

ematical programming tools, such as decomposition methods, to allow finding optimal solutions of

larger sized problems. To supplement this preliminary analysis of two heuristic approaches, future

research can investigate other metaheuristics and approximation methods. Future research can address

the related problem of bi-criteria sequencing of courses and class formation for multiple classrooms.
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Abstract

This chapter is concerned with a partitioning problem. One of the applications, and the motivation

for this research, is the problem of class formation for training and retraining sessions at large

electricity distributors. The large scale of this problem together with various restrictions on

the resultant assignment to classes make this planning a significant challenge. The chapter

presents a complexity analysis of this problem together with linear and nonlinear mathematical

programming formulations. Four different approaches are developed. The first is based on

the Quadratic Multiple Knapsack formulation and Lagrangian Relaxation. The second is a

collection of three different Column Generation based optimisation procedures. The third is

a Large Neighbourhood Search procedure, incorporating Column Generation. The fourth is a

matheuristic developed as an amalgamation of Genetic Algorithms and Integer Programming.

The approaches are tested by means of computational experiments. The experiments used data

typical to large electricity distributors.
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5.1 Introduction

This chapter is concerned with the combinatorial optimisation problem where the union of disjoint sets

F1, . . . , FK (referred to as families) must be partitioned into sets S1, . . . , SN in such a way that each

Si is either empty, or has cardinality between ai and bi, i.e. ai ≤ |Si| ≤ bi, and each nonempty set Si

must contain elements from at least pi and at most qi families. All ai, bi, pi, and qi are given.

There is a cost ci,j associated with the inclusion of each element j of F1 ∪ . . . ∪ FK into each set Si.

For any two distinct families Fk and Fl, and any set Si, the cost bk,l is incurred for the simultaneous

presence of elements from both families Fk and Fl in Si. This cost does not depend on the number of

elements from Fk and Fl in Si. The objective is to minimise the total cost associated with the partition

S1, . . . , SN .

The above mentioned combinatorial optimisation problem was motivated in particular by the

problem of class formation for training and retraining at large electricity distributors. Such organisations

typically have thousands of workers of different types, and some also provide training to their contractors

and to third parties. Due to the multitude of hazards that exist when working with high voltages, at

heights, in confined spaces, or in the presence of harmful substances, local laws often require all such

workers to undergo regular safety, technical, and professional training.

Keeping in mind the primal goal of the training provider, it is reasonable to refer to the people

undergoing training as workers, although such terms as students and trainees, justified by the broad

variety of participants, are often used in practice, and in the context of this chapter have the same

meaning.

Many of these students have very different learning outcomes from these courses, different learning

styles, different levels of education or English proficiency, and different levels of technical proficiency for

certain tasks. Although assigning only one type of student into any class enables the training delivery

to be better tailored to the needs of the specific group, in some cases it is beneficial to combine several

compatible types of students in the same class, for example to facilitate the exchange of knowledge

and experience between student types. Furthermore, due to the cost of delivering training and the

scarcity of training resources, it is often not possible to run segregated classes, and some undesirable

blending of student types may be necessary. Each class can either be empty, in which case it will be

cancelled with no penalty, otherwise it must contain between a minimum and a maximum number of

students, and between a minimum and maximum number of student types.

Most of the training required for anyone working on or near the electricity network in Australia

has a limited period in which it is valid. Workers are only permitted to work in roles for which they

have up-to-date training. Therefore the company incurs a certain cost each time an employee is not

permitted to work due to the expiration of required training. Furthermore, training sessions (classes)
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have different suitability for a trainee not only because they are held at different dates but also because

they differ by location, teaching mode, etc. Instead of specifying for each class all these attributes, the

models below involve a cost (penalty) for allocating a trainee to a particular class. The objective is to

minimise the total penalty. When a single course is considered, the above leads to the combinatorial

optimisation problem studied in this chapter.

The remainder of this chapter is organised as follows. Section 5.2 presents a Linearly Constrained

Quadratic Programming formulation, as well as its linearisation, for the studied problem. Section 5.3

analyses the complexity of the considered partitioning problem. Section 5.4 discusses a Lagrangian

Relaxation of the Quadratic Program. Section 5.5 presents the first approach, which is a heuristic based

on the Lagrangian Relaxation. Section 5.8 presents the second approach, which is an amalgamation of

Genetic Algorithms and Integer Programming. Section 5.9 discusses the results of the computational

experimentation. Our concluding remarks are given in Section 5.10.

5.2 Quadratic Programming Formulation

Let N = {1, · · · , N}, M = {1, · · · ,M}, and K = {1, · · · ,K} be the set of available classes, the set of

students to be assigned, and the set of student types, respectively. Denote the penalty of assigning

student j ∈ M to class i ∈ N by ci,j , and the penalty of pairing student types k ∈ K and l ∈ K

together in the same class by bk,l. Each student has exactly one type, and the set of students who

are of type k is represented by Fk, k ∈ K. Each student must be assigned to exactly one class, but

not all classes must be run. Each class i ∈ N that is run must contain at least ai and at most bi

students, and at least pi and at most qi student types. Students or student types cannot be assigned

to classes that are not run. The binary variable Xi,j is defined to be 1 if student j is assigned to class

i, or 0 otherwise; the binary variable Yi,k is defined to be 1 if student type k is assigned to class i, or

0 otherwise; The binary variable Zi is defined to be 1 if class i is run, or 0 otherwise. The following

Quadratic Program describes the problem:

(QP) min: α

N∑
i=1

K∑
k=1

K∑
l=1

bk,lYi,kYi,l + β

N∑
i=1

M∑
j=1

ci,jXi,j (5.1)

s.t.
N∑
i=1

Xi,j = 1 j = 1, . . . ,M (5.2)

aiZi ≤
M∑
j=1

Xi,j ≤ biZi i = 1, . . . , N (5.3)

piZi ≤
K∑
k=1

Yi,k ≤ qiZi i = 1, . . . , N (5.4)

Xi,j ≤ Yi,k i = 1, . . . , N ; k = 1, . . . ,K; j ∈ Fk (5.5)
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Yi,k ≤
∑
j∈Fk

Xi,j i = 1, . . . , N ; k = 1, . . . ,K (5.6)

Xi,j ∈ {0, 1} i = 1, . . . , N ; j = 1, . . . ,M (5.7)

Yi,k ∈ {0, 1} i = 1, . . . , N ; k = 1, . . . ,K (5.8)

Zi ∈ {0, 1} i = 1, . . . , N (5.9)

The quadratic term in (5.1) represents the penalty of pairing student types together, and the

linear term represents the penalty of assigning students to classes, weighted by coefficients α and β,

respectively.

The constraints (5.2) express the requirement that each student must be assigned to exactly one

class. The constraints (5.3) and (5.4) express the requirement that each running class must have

between ai and bi students, and between pi and qi student types, respectively, if the class is run, or

zero otherwise. The constraints (5.5) express the requirement that a student may only be assigned to

a class if that student’s type has also been assigned to that class. The constraints (5.6) ensure that a

class can only be assigned a type if at least one student of that type is in the class.

It is possible to linearise the quadratic term in (5.1) by introducing Ŷi,k,l = Yi,kYi,l together with

constraints:

Ŷi,k,l ≤ Yi,k i = 1, . . . , N ; k = 1, . . . ,K; l = 1, . . . ,K (5.10)

Ŷi,k,l ≤ Yi,l i = 1, . . . , N ; k = 1, . . . ,K; l = 1, . . . ,K (5.11)

Ŷi,k,l ≥ Yi,k + Yi,l − 1 i = 1, . . . , N ; k = 1, . . . ,K; l = 1, . . . ,K (5.12)

to give the linearised model:

(LQP) min: α
N∑
i=1

K∑
k=1

K∑
l=1

bk,lŶi,k,l + β
N∑
i=1

M∑
j=1

ci,jXi,j (5.13)

s.t. (5.2)− (5.12)

Ŷi,k,l ∈ {0, 1} i = 1, . . . , N ; k = 1, . . . ,K; l = 1, . . . ,K (5.14)

An augmented model (AQP) can be constructed by relaxing constraints (5.2) and introducing

variables Sj ∈ Z+ and Tj ∈ Z+, where Z+ is the set of nonnegative integers, which together represent

the deviation in the number of classes to which student j is assigned. The sum of these variables is

then heavily penalised in the objective function:

(AQP) min: α
N∑
i=1

K∑
k=1

K∑
l=1

bk,lYi,kYi,l + β

N∑
i=1

M∑
j=1

ci,jXi,j + γ

M∑
j=1

(Sj + Tj) (5.15)

s.t.
N∑
i=1

Xi,j + Sj − Tj = 1 j = 1, . . . ,M (5.16)
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(5.3)− (5.9)

Sj ∈ Z+ j = 1, . . . ,M (5.17)

Tj ∈ Z+ j = 1, . . . ,M (5.18)

where γ is very large, typically several orders of magnitude greater than α and β. The (LQP) model

can be modified in the same way to form the (ALQP) augmented linearised model.

The advantage of the augmented model is that feasible solutions are significantly easier to find, as

violations of (5.2) allow (5.3) and (5.4) to be satisfied more easily. In the event that a solution cannot

be found in which maxj Sj = maxj Tj = 0, the organisation can then decide what steps to take next,

for example to create additional classes, to modify class size constraints, etc.

The time required to find an optimal solution to the above mentioned models grows rapidly, where

even some small test cases with just a few dozen students can take several hours to solve. As the

problem instances we hope to solve are significantly larger than this, we propose to use a heuristic

approach.

5.3 NP-completeness

It is known that the clique problem, specified by an integer k and a graph G(V,E), where V is the set

of nodes (vertices) and E is the set of edges, is NP-complete in the strong sense, requiring an answer

to the question whether or not G(V,E) contains k nodes that form a complete subgraph [64].

This section presents a proof of the NP-completeness in the strong sense of the following problem:

C PARTITION

Input: a set S; a function c that associates with each pair {j, g} ⊂ S of distinct elements a nonnegative

integer c(j, g); a nonnegative integer C; and a set of pairs of positive integers

{(a1, b1), . . . , (aN , bN )},

where ai ≤ bi for all 1 ≤ i ≤ N .

Question: does there exist a partition S = S1 ∪ . . . ∪ SN such that, for each 1 ≤ i ≤ N , either Si = ∅

or ai ≤ |Si| ≤ bi, and ∑
1≤i≤N

∑
{j,g}⊆Si
j 6=g

c(j, g) ≤ C?

It is easy to see that the C PARTITION problem is a decision version of a particular case of the

partitioning problem considered in this chapter. Therefore, the NP-completeness in the strong sense of

C PARTITION implies the NP-hardness in the strong sense of the original partitioning problem. The

proof is a polynomial reduction to C PARTITION the following problem:
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CLIQUE

Input: undirected graph G(V,E) and positive integer k

Question: does G(V,E) contain a complete subgraph of k nodes?

It is well known that the CLIQUE problem is NP-complete in the strong sense. [64].

Theorem 2. CLIQUE ∝ C PARTITION and therefore C PARTITION is NP-complete in the strong

sense.

Proof. For any instance of CLIQUE with graph G(V,E) and integer k, the corresponding instance of

C PARTITION is constructed as follows:

• S = V ,

• N = |V | − k + 1,

• C = 0,

• ai = bi = 1 for 1 ≤ i < N and aN = bN = k,

• c(j, g) =

 0, if [j, g] ∈ E

1, otherwise
.

Then, for any feasible partition, |SN | = k and |Si| = 1 for all 1 ≤ i < N . Hence,

∑
1≤i≤N

∑
{j,g}⊆Si
j 6=g

c(j, g) =
∑

{j,g}⊆SN
j 6=g

c(j, g) ≤ 0

if and only if G(V,E) contains a complete subgraph of k nodes.

5.4 Lagrangian Relaxation

We can formulate the Lagrangian Relaxation model by moving the constraints (5.2) to the objective

function:

(QR) min: α
N∑
i=1

K∑
k=1

K∑
l=1

bk,lYi,kYi,l + β
N∑
i=1

M∑
j=1

ci,jXi,j +
M∑
j=1

λj

(
1−

N∑
i=1

Xi,j

)
(5.19)

s.t. (5.3)− (5.9) (5.20)

where λj ∈ R, j = 1, . . . ,M , is the Lagrangian multiplier corresponding to the jth constraint (5.2),

which can be interpreted as the penalty of not assigning the jth student to exactly one class. The

quadratic term in (5.19) can be linearised in the same way as with (5.1).

In (QP), only constraints (5.2) couple together the N subproblems of assigning students to a

particular class i. In (QR), these constraints are moved to the objective function, therefore it is possible
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to express (QR) as N smaller, class-specific subproblems (QRi):

(QRi) min: α
K∑
k=1

K∑
l=1

bk,lYi,kYi,l + β
M∑
j=1

ci,jXi,j −
M∑
j=1

λjXi,j (5.21)

s.t. aiZi ≤
M∑
j=1

Xi,j ≤ biZi (5.22)

piZi ≤
K∑
k=1

Yi,k ≤ qiZi (5.23)

Xi,j ≤ Yi,k k = 1, . . . ,K; j ∈ Fk (5.24)

Xi,j ∈ {0, 1} j = 1, . . . ,M (5.25)

Yi,k ∈ {0, 1} k = 1, . . . ,K (5.26)

Zi ∈ {0, 1} (5.27)

where the N solutions to (QRi) for 1 ≤ i ≤ N are combined to form the solution to (QR).

The Lagrangian Relaxation (QR), as its name suggests, is a relaxation on the original model (QP).

That is to say, an optimal solution to (QR) given some vector λ gives a lower bound on the optimal

objective value to (QP). The Lagrangian Dual corresponds to the problem of finding the λ vector that

gives the tightest lower bound. This vector is denoted as λ∗. It is a well-known result that the optimal

solution to the Lagrangian Dual gives a lower bound to (QP) that is at least as tight as the lower

bound provided by the linear relaxation, i.e. the removal of the integrality constraints, of (QP) [72, 59].

A typical way to solve the Lagrangian Dual is by means of the iterative subgradient algorithm, which

iteratively updates λ using the relationship

λk+1 = λk +
sk · εk(η∗ − ηk)

||sk||2
(5.28)

The value of the Lagrangian multipliers λ at the kth iteration is denoted by λk. The optimal

objective value of the Lagrangian Dual problem is given by η∗, and ηk is the objective value of (QR)

at the kth iteration. Since the value of η∗ is generally not known in advance, it is typically estimated

by means of some heuristic, which will likely give an underestimation on the true value. Therefore, the

positive scaling factor εk is introduced, which is typically given an initial value of 2 and halved whenever

the best-known (tightest) lower bound hasn’t been improved in a certain number of iterations [72]. A

subgradient sk of the Lagrangian Dual at iteration k can be given by

skj = 1−
N∑
i=1

Xk
i,j j = 1, . . . ,M (5.29)

where Xk
i,j are the values of the variables obtained at the kth iteration.

94



5.5 Lagrangian Heuristic

The Lagrangian Dual problem from Section 5.4 is solved by means of the subgradient algorithm. In

doing so, one solution to the Lagrangian Relaxation problem is generated for each iteration. These

solutions may be infeasible with respect to the original problem, since constraints (5.2) are relaxed.

However, by observing trends in certain features of these solutions, it is possible to impose assumptions

on the solutions to the underlying problem that reduce the decision space significantly.

The nature of the assumptions we propose to impose is one in which pairs of students must be

assigned to the same class. Naturally, if an assumption is imposed that students j1 and j2 must be

paired together, and that students j2 and j3 must be paired together, then it follows that students

j1 and j3 must be paired together also. One can represent these assumption in the form of a graph,

where each vertex corresponds to a student, and each edge between vertices ju and jv corresponds to a

pairing assumption between students ju and jv. From the terminology of graph theory, a set of such

students that must be assigned together is represented by a clique. Due to the transitive nature of

student pairing assumptions in this problem, all such cliques are necessarily disjoint.

One of the parameters of the proposed LR-based heuristic determines whether or not to allow

cliques with more than 2 vertices. If these cliques are not permitted, then once student pair {ju, jv} is

added to the set of assumptions, no further assumptions may be imposed involving students ju or jv.

Another parameter of the proposed heuristic is ρ ∈ {0, . . . ,M}, which defines the number of explicit

pairs to impose. For example, if the pairs {j1, j2} and {j2, j3} are imposed, then it is not necessary to

explicitly impose the pair {j1, j3} as it will be implicitly satisfied.

During the subgradient algorithm to compute the Lagrangian Dual, many partial solutions are

generated, and these are added to a solution pool. For all pairs of students {ju, jv}, where u < v,

each solution in the pool is examined. The number of solutions where ju and jv are together in the

same class is denoted tu,v. We impose an assumption that those ρ student pairs {ju, jv} who have the

highest tu,v values must be paired together in the final solution. Other ranking criteria can be used to

decide which pairs of students must be assigned together.

It is important that the imposed assumptions reduce the problem size in such a way that the

resulting problem is not more difficult to solve. For example, imposing too many assumptions about

paired students could make finding feasible solutions very difficult, impairing the performance of the

algorithm. A number of other assumption types are considered in [41], including pairs of students who

must be assigned separately. The approach of imposing assumptions where students should be assigned

separately is less effective as the problem size grows much larger, such as the test cases considered

in this chapter, as each such assumption on student pairs {ju, jv} assigned separately requires new

constraints Xi,ju + Xi,jv ≤ 1 for each class i. As the number of classes and students grows very
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large, the large number of these introduced constraints can have the unwanted effect of hindering the

performance of the algorithm.

It is possible to impose a wide variety of assumptions in a similar manner. For example, one can

impose restrictions on which classes must run, and which classes must not, by examining the frequency

with which they run or do not run in the solutions from the subgradient algorithm. Likewise, one can

impose restrictions on which student types must be assigned to particular classes and which student

types must not. In our experience these other types of assumptions can be quite heavy handed, and

subsequently make finding feasible solutions to the underlying problem, subject to the assumptions,

difficult. It is a matter for further research to investigate whether these assumptions, or others, can be

successfully incorporated into this LR-based heuristic framework.

Denote the set of student pairs who must be assigned to the same class as T . The (QP) model,

subject to imposed assumptions, is as follows:

(AQP) min: α

N∑
i=1

K∑
k=1

K∑
l=1

bk,lYi,kYi,l + β

N∑
i=1

M∑
j=1

ci,jXi,j (5.30)

s.t. (5.2)− (5.9)

Xi,ju = Xi,jv i = 1, . . . , N ; {ju, jv} ∈ T (5.31)

where (5.31) imposes the assumptions that student pairs in T must be assigned to the same class.

The (AQP) model above is described with equality constraints (5.31) for convenience, however

the model can easily be modified to contain fewer variables. This can be accomplished by redefining

the primary variables X so that they no longer correspond to the assignment of a particular student

to a class, but a set of one or more students to a class. Minor alterations must also be made to the

objective function and the constraints, including a weight coefficient (corresponding to the number of

students represented by the variable) added to constraints (5.3).

The proposed LR-based Heuristic uses the following parameters: ρ defines the number of non-

implicit pairs to add to T , and a parameter that either permits or forbids cliques with more than 2

vertices.

LR-based Heuristic:

Step 1. Initialise a set of assumed pairs T as an empty set.

Step 2. Run LD-Subroutine and store the result P. For each pair of students {ju, jv}, where u < v,

count the number of instances tu,v in P where ju and jv are assigned to the same class.

Step 3. Find the student pair {ju, jv} not already in T , or if only 2-vertex cliques are permitted

then the pair {ju, jv} where neither ju nor jv are present in T , whose corresponding tu,v has the

greatest value, and add that pair to T . If |T | < ρ then repeat Step 3.
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Step 4. Solve (AQP) subject to T , and return the solution.

LD-Subroutine:

Step 1. Initialise the Lagrangian multiplier vector to its starting value λ1 := 0, ε1, determine an

estimate for η∗ by means of a heuristic, set the tightest lower bound η̄ := −∞, initialise the empty

solution pool P, and initialise the iteration counter k := 1.

Step 2. Construct the (QRi) models for 1 ≤ i ≤ N , solve them, and combine the N partial solutions

to form the complete solution and add it to P. Compute λk+1 according to (5.28).

Step 3. If the objective value of the complete solution ηk is greater than η̄, then set η̄ := ηk.

Step 4. If η̄ has not been improved in the last ε̃ iterations, then εk+1 := 1
2εk. Otherwise, εk+1 := εk.

Step 5. If k exceeds the maximum number of iterations, then terminate LD-Subroutine and return η̄

and P; otherwise set k := k + 1 and return to Step 2.

5.6 Column Generation Approaches

Define Pi to be the set of all feasible sets of trainees that can be assigned to class i. We define p ∈ Pi

to be a pattern.

We can then define the set-covering formulation:

(M) min:
N∑
i=0

∑
p∈Pi

cipX
i
p (5.32)

s.t.
∑
p∈Pi

Xi
p ≤ 1 i = 1, . . . , N (5.33)

N∑
i=1

∑
p∈Pi

sip,jX
i
p = 1 j = 1, . . . ,M (5.34)

Xi
p ∈ {0, 1} i = 1, . . . , N ; p ∈ Pi (5.35)

where the binary variable Xi
p is 1 if pattern p is selected for class i or zero otherwise; cip is the cost of

selecting pattern p for class i, and sip,j is 1 if student j exists in pattern p, or 0 otherwise.

The constraints (5.33) express the requirement that each class can have at most one pattern selected,

and the constraints (5.34) express the requirement that each trainee must be assigned to exactly one

class.

For problems of practical size, there are far too many patterns in the master problem (M) to

consider explicitly. For all such problems, it is useful to consider the reduced master problem (RM)

that is identical to (M), but contains only a subset of patterns Pi ⊆ Pi.
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The (RM) objective function and constraints equivalent to (5.34) can easily be modified to

incorporate the Sj and Tj variables, as with (AQP), to give the augmented reduced master problem

(ARM).

According to the Column Generation approach [46], new columns (patterns) are iteratively added

to Pi for each class i. First, the linear relaxation of the reduced master problem is solved for an initial

set of patterns. If we solve the augmented variant, the initial set of patterns can be empty. At each

iteration, new patterns can be generated by solving with an IP solver, for each class i, the subproblem:

(SPi) min: α
K∑
k=1

K∑
l=1

bk,lYi,kYi,l + β
M∑
j=1

ci,jXi,j − π1,i −
M∑
j=1

π2,jXi,j (5.36)

s.t. ai ≤
M∑
j=1

Xi,j ≤ bi (5.37)

pi ≤
K∑
k=1

Yi,k ≤ qi (5.38)

Xj ≤ Yi,k k = 1, . . . ,K; j ∈ Fk (5.39)

Yi,k ≤
∑
j∈Fk

Xk k = 1, . . . ,K (5.40)

Xi,j ∈ {0, 1} j = 1, . . . ,M (5.41)

Yi,k ∈ {0, 1} k = 1, . . . ,K (5.42)

where π1,i is the dual variable corresponding to constraint (5.33) for class i, and π2,j is the dual variable

corresponding to constraint (5.34) for student j from the linear relaxation of (ARM). The objective of

(SPi) is therefore to find the pattern with the most negative reduced cost to add to Pi.

At each iteration, the linear relaxation of (RM) or (ARM) is solved subject to the set of available

patterns Pi, and (SPi) is solved for each class i to find new patterns with the most negative reduced

cost. If (SPi) cannot produce a pattern with negative reduced cost, then no new patterns are available

for class i in this iteration. When no new patterns are available for any class, the Column Generation

procedure has reached its conclusion and can be terminated.

The above-mentioned Column Generation procedure will most likely not yield a feasible integer

solution to the original problem as it is solved for the linear relaxation of (RM) or (ARM). We now

present three solution approaches, incorporating the Column Generation procedure, to produce integer

solutions.
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5.6.1 Reduced Master Heuristic

The most simple solution approach is to solve (RM) or (ARM) with their original, unrelaxed integer

variables, subject to the patterns generated according to the Column Generation approach. This

approach is not guaranteed to yield an optimal solution since the set of generated patterns may not

contain the necessary patterns required for such a solution. Moreover, the (RM) may not have a

feasible integer solution if the generated patterns cannot satisfy (5.34), however the (ARM) problem

will always yield a feasible integer solution, regardless of the available patterns.

Solving (RM) or (ARM) with very many patterns can still be computationally challenging. In cases

where the number of patterns is very large, solving (RM) or (ARM) may not be possible in acceptable

time, and alternative approaches may need to be considered.

5.6.2 Fix Columns

Another solution approach based on Column Generation is to make assumptions about which patterns

will run in the final solution using information from the linear relaxation of the master problem. Those

patterns whose corresponding variables in the linear relaxation of the master problem have the greatest

value are assumed to run, i.e. the corresponding Xi
p variable is set to 1 in (RM) or (ARM). We refer to

these as accepted patterns. If the corresponding variable’s value in the solution to the linear relaxation

was already 1, then setting this variable equal to 1 will not affect the objective value since no change

will have been made. If, however, the value of the variable in the solution was less than 1, then setting

it equal to 1 may cause the objective value to deteriorate. The process of finding these accepted

patterns is applied iteratively, with more and more patterns assumed in the final solution. Whenever

the objective value deteriorates by more than a factor of τ since the previous iteration, typically around

1%, the Column Generation procedure is run again to generate new patterns subject to the set of

accepted patterns. Since there are only N classes and at most one pattern can be run per class, at

most N patterns can be fixed.

Pattern-fixing heuristic

Step 1. Generate the initial set of patterns P by the Column Generation procedure described above.

Initialise the empty set of accepted patterns P̂ . Initialise the iteration counter c to 1.

Step 2. Solve the linear relaxation to (ARM) subject to the patterns P , with the additional assumption

that the Xi
p variables corresponding to each pattern in P̂ must have value 1. The optimal LP

solution is denoted by σ∗c.

Step 3. Find a pattern p̃ from P \ P̂ whose corresponding Xi
p variable in σ∗c has greatest value. Add

p̃ to P̂ , and remove all patterns from P that are mutually exclusive with p̃.
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Step 4. If the objective value of σ∗c is worse than σ∗c−1 by more than a factor of τ then generate

additional patterns by running the Column Generation procedure described above, with the

assumption in (ARM) that the Xi
p variables corresponding to each pattern in P̂ must have value 1.

Add these new patterns to P .

Step 5. If some students remain unallocated in P̂ , increment c and return to Step 2.

The only parameter in the pattern fixing heuristic is τ , which determines how much objective value

deterioration is required to trigger the subroutine to generate additional patterns. In practice, however,

it is useful to impose a time limit and/or iteration limit on both the subroutine to generate more

patterns and also the algorithm as a whole. When the time or iteration limit is reached in the pattern

generating subroutine, the subroutine terminates with the patterns generated so far. When the time or

iteration limit is reached on the whole algorithm between Step 2 and Step 4, the current (ARM) is

solved as an IP to produce a solution.

Aside from the time and iteration limit, the pattern generating subroutine normally terminates

when no more patterns can be generated, i.e. when there are no more patterns with reduced cost less

than zero. In practice, this subroutine can sometimes continue generating a very large number of new

patterns for a long time, with reduced costs very close to zero. While having more patterns allows

more possible solutions in (ARM), having too many patterns results in a problem with very many

variables, which can be computationally difficult to solve. When the number of patterns grows very

large, typically above ten thousand, even the linear relaxation can take a minute or more to solve.

For this reason, the pattern generating subroutine should also terminate when no patterns can be

generated with reduced cost with absolute value greater than some small ε.

5.6.3 Student Clustering

Another solution approach based on the Column Generation procedure is to make assumptions about

which pairs of students will be assigned to classes together using information from the linear relaxation

of the master problem, in a similar way as was described in Section 5.5. Let pj1,j2 =
∑

p∈P̃(j1,j2)
Xi
p
∗
,

for set of patterns P̃(j1,j2) ⊆ P containing student pair (j1, j2) and solution values Xi
p
∗
, which can be

interpreted as an indication that students j1 and j2 should appear in the same pattern in the final

solution. The pairs with highest pj1,j2 values will be enforced in the solution process. We refer to these

as accepted pairs of students. The process of finding accepted pairs of students is applied iteratively,

with more and more pairs of students assumed in the final solution. As with the pattern-fixing heuristic

from Section 5.6.2, when the objective value deteriorates by more than a factor of τ since the previous

iteration, new patterns are generated subject to the pairs of students that have been fixed thus far.

Student-clustering heuristic
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Step 1. Generate the initial set of patterns P by the Column Generation procedure described above.

Initialise the empty set of accepted student pairs Ŝ. Initialise the iteration counter c to 1.

Step 2. Solve the linear relaxation to (ARM) subject to the patterns P . The optimal LP solution is

denoted by σ∗c.

Step 3. Find a pair of students (j1, j2) not already in Ŝ where pj1,j2 has greatest value. Add this pair

of students to Ŝ and delete all patterns from P that contain j1 but not j2, or contain j2 but not j1.

Step 4. If the objective value of σ∗c is worse than σ∗c−1 by more than a factor of τ then generate

additional patterns by the Column Generation procedure described above, with the assumption in

each (SPi) that Xj1 = Xj2 for all pairs (j1, j2) ∈ Ŝ, and increment c.

Step 5. If some students remain unpaired in Ŝ, increment c and return to Step 2. Otherwise, solve

(AQP) subject to the pairs specified in Ŝ.

As with the pattern-fixing heuristic described in Section 5.6.2, the only parameter is τ , but it is

useful to impose time and iteration limits to the main algorithm and the pattern generating subroutine.

It is again also useful to terminate the pattern generating subroutine when no new patterns can be

generated whose reduced cost has absolute value greater than some small ε.

5.7 Large Neighbourhood Search with Column Generation Heuris-

tics

The Column Generation procedure and three proposed solution approaches mentioned above may not

produce good-quality violation-free solutions in acceptable time for larger, more difficult instances

of the problem. Therefore, we propose to incorporate the above-mentioned procedures within a

fix-and-optimise [67, 130] Large Neighbourhood Search (LNS) [141, 129] framework.

In the iterative fix-and-optimise LNS procedure, the problem is solved for a subset of variables at

each iteration, with the remaining variables “fixed” as constants. The neighbourhood to be explored at

each iteration is the set of feasible solutions to this restricted problem. At each iteration, a different

subset of variables is chosen to be optimised over. Each iteration results in a solution no worse than

the previous, since the previous solution must be feasible in the subsequent iteration. This search

algorithm can be vulnerable to being trapped in local minima unless neighbourhoods are carefully

chosen and sufficiently large.

We propose to solve our problem using a fix-and-optimise LNS procedure, where at each iteration

the restricted problem is solved by the Column Generation heuristics described above. Doing so can

have several advantages:
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• Using the Column Generation heuristics to solve the restricted problem allows much larger

neighbourhoods to be explored in the LNS framework, which can help to improve the convergence

of the algorithm;

• The Column Generation procedure can be initialised with any compatible already-generated

columns from previous iterations; and

• Since the Column Generation heuristics do not guarantee an optimal solution, the LNS procedure

has the opportunity to move to solutions with worse objective values, which may allow it to escape

from local minima.

At each iteration, the compositions of a set of classes are fixed, while the remaining classes are

optimised. The sets of classes are chosen at random, however they are chosen so that the proportion of

students they cover fall within a lower and upper bound. These two parameters we denote ρmin and

ρmax. For example, if ρmin = 0.2 and ρmax = 0.3, and M = 100, then the set of fixed classes should

contain between 20 and 30 students, and the remaining students are assigned to the remaining classes.

Fix-and-optimise Large Neighbourhood Search heuristic incorporating Column Genera-

tion

Step 1. Generate an initial solution by randomly assigning students to classes. Students may be

assigned to multiple classes to satisfy minimum and maximum class sizes.

Step 2. Pick a random subset of classes containing between ρmin ×M and ρmax ×M students to be

fixed.

Step 3. Solve the problem for the remaining classes and remaining students using one of the Column

Generation heuristics from Section 5.6, storing all columns that are generated in a column pool.

Compatible columns from this pool can be used to form the initial set of columns in the Column

Generation procedure.

Step 4. If no improvement on the best-known solution has been made after a certain number of

iterations, or if a time limit has been reached, terminate the algorithm reporting the best-known

solution. Otherwise, return to Step 2.

5.8 Genetic Algorithm Based Matheuristic

Although Genetic Algorithms (GA) are often used in solving the QKP and QMKP [137, 142, 75], these

publications on GA are not directly applicable to our problem due to the existence of lower bounds

on class sizes. Moreover, the existence of lower and upper bounds on class sizes renders classical
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operations of crossover and mutation inefficient, i.e. both operations produce too many infeasible

solutions. The computational experiments indicated that the common approach of introducing a

penalty for infeasibility does not adequately address the problem of infeasibility. These observations

lead to the development of a matheuristic—presented in this chapter—which is an amalgamation of

GA and IP. This matheuristic was compared with the other approaches described above.

In the developed version of GA, feasible solutions in the initial population are generated using a

two-step procedure. First, we decide which classes will be run, and how many students of each type

will be in each class by solving an IP. Define variables X̄i,k ∈ Z+, where Z+ is the set of nonnegative

integers, to be the number of students of type k to assign to class i. Any feasible solution to the

following IP describes a feasible allocation of anonymous students of each type to each class:

(FP) min:

N∑
i=1

K∑
k=1

γi,kX̄i,k (5.43)

s.t.
N∑
i=1

X̄i,k = |Fk| k = 1, . . . ,K (5.44)

aiZi ≤
K∑
k=1

X̄i,k ≤ biZi i = 1, . . . , N (5.45)

piZi ≤
K∑
k=1

Yi,k ≤ qiZi i = 1, . . . , N (5.46)

X̄i,k ≤ |Fk| × Yi,k i = 1, . . . , N ; k = 1, . . . ,K (5.47)

Yi,k ≤ X̄i,k i = 1, . . . , N ; k = 1, . . . ,K (5.48)

X̄i,k ∈ Z+ i = 1, . . . , N ; k = 1, . . . ,K (5.49)

Yi,k ∈ {0, 1} i = 1, . . . , N ; k = 1, . . . ,K (5.50)

Zi ∈ {0, 1} i = 1, . . . , N (5.51)

The constraints (5.44) express the requirement that the total number of students assigned for

each type is equal to the total number of students of that type. The constraints (5.45) and (5.46),

analogous to (5.3) and (5.4), express the requirements that the number of students and student types,

respectively, must fall within the allowed ranges for each running class. The constraints (5.47) and

(5.48), analogous to (5.5) and (5.6), express the requirement that students can only be assigned to

classes if their type is also assigned, and that types can only be assigned to classes if at least one

student of that type is also assigned. The constants γi,k are chosen randomly each time (FP) is solved,

enabling a diverse range of solutions to be produced.

While the feasibility problem was shown to be NP-complete in Section 5.3, the instances of (FP)

that arise from our real-world-inspired test cases can be solved quickly. For all test cases, including all
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cases where CPLEX could not solve the original QP problem, CPLEX solved (FP) model in under a

second.

Next, students of each type are optimally assigned to classes according to the numbers obtained

from the solution to (FP). This is possible in polynomial time, since the problem of assigning students

to classes in fixed numbers can be represented by a minimum cost network flow model. In the network,

there is one node for each student, and one node for each student type that is assigned to each class.

For example, if all students assigned to a class are of the same type, then there is only one node for

that class. If k different types of students are assigned to the class, then the class is represented by k

nodes; one for each type. Directed arcs connect the source to each student node with lower bounds on

flow equal to one, and directed arcs connect the nodes from each student type node in each class to

the sink with upper bound on flow equal to the number of students of the respective type in that class.

Student nodes are connected to all nodes of their type by directed arcs with unrestricted flow, and

with flow cost equal to the cost of assigning that student to the corresponding class.

The selection operator we propose to use is the so-called n-tournament selection operator [135].

The n-tournament selection operator chooses a solution by randomly sampling n solutions from the

population, and choosing one based on some criterion. Most often, the criterion is the best objective

value.

The crossover operator, which addresses the challenge imposed by the existence of lower and upper

bounds on class sizes, is defined as follows. As with conventional crossover operators, the designed

crossover operates on two solutions, referred to as parents. The results of the designed crossover is a

single solution, referred to as a child. As with the procedure that generates solutions for the initial

population, the crossover operator involves two stages. First, (FP) is solved to determine which classes

should be run in the child, and the number of students of each type in each class, with the additional

restriction that those classes that are run in both parents must run in the child, and those classes that

are not run in either parent will not run in the child.

Next, students are assigned to classes in numbers specified by the numbers obtained from the

solution to (FP). Here, the additional restriction is imposed that those students that are assigned to

the same class in both parents must be assigned to that class in the child, and any student whose

classes in one or both of the parents are running in the child must be assigned to one of those classes in

the child. The remaining students are assigned according to the minimum cost network flow approach

discussed earlier.

The complete GA algorithm is as follows:

GA-based Matheuristic:

Step 1. Initialise the solution pool P, and the iteration counter k := 1.
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Step 2. Solve (FP) given random coefficients γi,k. Construct a solution to the studied problem by

randomly assigning students to classes according to the numbers in the obtained solution to (FP).

Add the constructed solution to P. If the P has not yet reached the required size, repeat Step 2.

Step 3. Pick n solutions at random from P, and identify a solution with the worst objective value.

Delete this solution from P.

Step 4. Pick n solutions at random from P, and identify a solution with the best objective value.

Denote this solution A .

Step 5. Pick n solutions random from P, and identify a solution with the best objective value. Denote

this solution B.

Step 6. Find the optimal solution F ∗ to (FP) given random coefficients γi,k, with the additional

assumptions that Zi = 0 for all classes i that are not run in either A or B, and Zi = 1 for all

classes i that are run in both A and B. Add to P a new solution constructed by assigning

students to classes one at a time as follows:

i. Any student that is assigned to class i in both A and B should be assigned to class i in the

constructed solution if there is remaining space in the class.

ii. Any student that is assigned to classes iA in A and iB in B, where iA and/or iB are running

in F ∗, should be assigned to either class iA or iB in the constructed solution, as long as the

remaining capacity of the class permits.

iii. Any remaining students are assigned to the remaining spaces in the constructed solution at

random, according to the numbers specified in F ∗.

Step 7. Increment the iteration counter k. If k has exceeded the iteration limit, or if the total time

limit has been reached, then terminate the algorithm returning a solution from P with the best

objective value. Otherwise, return to Step 3.

5.9 Computational Results

Using typical training data from an Australian electricity distributor as a template, we randomly

generated a set of 27 of test cases1. Each test case had between 512 and 2048 students across 40

student types, and between 32 and 128 classes.

1All test cases and solution files are available for download from https://goo.gl/q5Z1cx.
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Case Classes Students Density Case Classes Students Density Case Classes Students Density

01 32 512 L 10 64 512 L 19 128 512 L

02 32 512 M 11 64 512 M 20 128 512 M

03 32 512 H 12 64 512 H 21 128 512 H

04 32 1024 L 13 64 1024 L 22 128 1024 L

05 32 1024 M 14 64 1024 M 23 128 1024 M

06 32 1024 H 15 64 1024 H 24 128 1024 H

07 32 2048 L 16 64 2048 L 25 128 2048 L

08 32 2048 M 17 64 2048 M 26 128 2048 M

09 32 2048 H 18 64 2048 H 27 128 2048 H

Table 5.1: The number of classes (Classes), number of students (Students), and density (Density) for

the 27 test cases (Case).

The minimum and maximum student capacities for the classes in each test case were chosen such

that the test cases fall into one of three density groups: low density (L), where approximately 25% of the

classes will be needed and the rest will remain empty; medium density (M), where approximately 50%

of the classes will be needed and the rest will remain empty; and high density (H), where approximately

75% of the classes will be needed and the rest will remain empty.

We used IBM ILOG CPLEX 12.6.3.0 64-bit on an Intel i7-4790K quad-core 4.00Ghz system with

16GB of RAM, running Windows 10 Professional. Our code was written in C#, and interacted with

CPLEX using the IBM ILOG Concert API. We used default CPLEX settings with the exception of

time limits. The GA-based matheuristic is probabilistic, therefore we ran it on each of the test cases 10

times. The pseudorandom number generator we used was the MT19937 Mersenne Twister [108]. For

the weighted objective function, we used α = β = 1. We determined the average amount of time taken

for the LR-based heuristic, and permitted the same amount of time for the GA-based matheuristic and

for attempting to solve the QP model directly. Similarly, we determined the average amount of time

taken for the CG-based heuristic, and permitted the same amount of time for the fix-and-optimise

LNS heuristic.

The main properties of the test cases are outlined in Table 5.1. The columns are as follows: the

test case identifier (Case), the number of classes N (Classes), The number of students M (Students),

and the density groups (Density).

The number of variables (columns) and constraints (rows) in the (QP) and (LQP) models for

each test case is given in Table 5.2. The size of the models is not dependent on the test case

density, therefore test cases with the same number of classes and students, but with differing densities,

are grouped together. The columns are as follows: the test case identifiers (Cases), the number

variables in the corresponding (QP) model (ColsQP), the number constraints in the corresponding
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Cases ColsQP RowsQP ColsIP RowsIP

01, 02, 03 17697 18304 42656 93184

04, 05, 06 34081 35200 59040 110080

07, 08, 09 66849 68992 91808 143872

10, 11, 12 35393 36096 85312 185856

13, 14, 15 68161 69376 118080 219136

16, 17, 18 133697 135936 183616 285696

19, 20, 21 70785 71680 170624 371200

22, 23, 24 136321 137728 236160 437248

25, 26, 27 267393 269824 367232 569344

Table 5.2: The number of columns (Cols) and rows (Rows) for the QP model (QP) and LQP model

(IP) for the 27 test cases (Cases).

(QP) model (RowsQP), the number variables in the corresponding (LQP) model (ColsQP), and the

number constraints in the corresponding (LQP) model (RowsQP). For these test cases, the linearised

models (LQP) have, on average, roughly 1.84 times as many variables, and roughly 3.46 times as many

constraints, as their (QP) counterparts.

For the Lagrangian Relaxation procedure, the starting ε value is commonly taken to be ε1 = 2 [72].

For our problem, however, we found the procedure did not perform well with this value, especially

for the larger test cases where the best bound remained at zero even after hours and several hundred

iterations. During our initial computational experiments, we found that ε1 = 0.05 with ε̃ = 2 produced

much better performance for the Lagrangian Relaxation procedure across all our test cases, however

for the purposed of our LR-based heuristic, it is better for the Lagrangian Dual procedure to generate

a large number of diverse solutions than to have fast convergence with a small set of solutions. We

therefore used a starting value of ε1 = 0.1 and set ε̃ to 10.

Table 5.3 shows the bounds provided by linear relaxation of (LQP), by Lagrangian Relaxation,

and by Column Generation. The columns are as follows: the test case identifier (Case), the linear

relaxation bound (LinRel), the Lagrangian Relaxation bound (LagRel), and the Column Generation

bound (ColGen). The Lagrangian Relaxation provided a lower bound to the objective value of the

underlying problem that was between 1% and 132%, with an average of 36%, higher than the linear

relaxation bound. The bound provided by Column Generation, i.e. the objective value obtained by

solving the reduced master problem subject to the generated columns, was between 14% and 625%,

with an average of 314%, higher than the bound provided by the linear relaxation of (LQP).

It is important to note that for a minimisation problem, the bound provided by the Lagrangian
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Case LinRel LagRel ColGen

01 25035.50 26143.16 28558.89

02 12097.10 13628.89 15129.14

03 12666.40 14002.61 15942.71

04 62811.90 63444.30 85524.05

05 30338.50 31758.52 61447.54

06 22712.00 24404.62 45659.07

07 93526.70 94673.71 240087.11

08 62690.60 64573.21 264742.06

09 49709.40 51102.07 168549.10

10 7258.90 9649.33 12497.39

11 5102.90 7566.36 10056.28

12 3662.90 5325.06 6562.87

13 21060.30 23194.41 53693.10

14 10892.80 13587.90 28465.51

15 11109.40 14069.49 24793.17

16 43627.00 45856.09 102458.21

17 24609.50 27704.03 116886.45

18 18517.30 22071.88 83270.76

19 2812.70 5666.28 8382.02

20 1564.40 3632.29 6060.63

21 1666.50 2949.20 3922.38

22 7232.50 10842.10 28291.06

23 3917.00 7765.47 18342.05

24 2952.60 6476.81 16040.31

25 20935.30 24713.55 130912.61

26 11147.10 15749.39 65753.88

27 6998.30 11906.54 39411.62

Table 5.3: The lower bound provided by the linear relaxation of LQP (LinRel), Lagrangian Relaxation

(LagRel), and Column Generation (ColGen) for the 27 test cases (Case).
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Dual converges from below, whereas the bound provided using the Column Generation procedure

converges from above. The consequence is that a partially converged solution to the Lagrangian Dual

will provide a bound that is less tight than one from a fully converged one, and may even be less

tight than the bound provided by the linear relaxation, but still serves as a valid lower bound on the

optimal objective value. On the other hand, a partially converged solution to the reduced master

problem, i.e. one where there exist more columns with negative reduced cost that could be generated,

will give a bound that is higher, and may even be higher than the optimal solution to the underlying

problem. This should be kept in mind when interpreting the results in Table 5.3, especially given that

the imposed termination conditions may lead to the procedures terminating early.

Table 5.4 shows the time required, in seconds, to compute the lower bounds shown in Table 5.3.

The columns are identical to those in Table 5.3. The Lagrangian Relaxation procedure took between

2.5 and 816, with an average of 103, times longer than the linear relaxation. The Column Generation

procedure took between 2.9 and 2317, with an average of 170, times longer than the linear relaxation.

Both the Lagrangian Relaxation and Column Generation procedures have the added benefit that each

iteration produces one feasible partial solution for each class.

For the LR-based heuristic, we investigate ρ values corresponding to 10%, 20%, and 30% of the

total population size, and we investigate the effect where cliques with more than two vertices are either

permitted or are forbidden. In all cases, the time limit, in seconds, to solve the AQP model was equal

to the number of students. This time limit was reached for all test cases. Table 5.5 shows the objective

values of the solutions produced using the LR-based heuristic. The columns are as follows: The test

case identifier (Case), ρ set to 10% of the population size with larger cliques permitted (10% C), and

with larger cliques forbidden (10%), ρ set to 20% of the population size with larger cliques permitted

(20% C), and with larger cliques forbidden (20%), ρ set to 30% of the population size with larger

cliques permitted (30% C), and with larger cliques forbidden (30%).

The (10% C) produced the best solutions for 5 test cases, (10%) for 4 test cases, (20% C) for 4 test

cases, (20%) for 5 test cases, (30% C) for 5 test cases, and (30%) for 4 test cases. The runs where

larger cliques were permitted produced best solutions for 14 test cases, and produced best solutions for

13 test cases where larger cliques were forbidden. When looking at the ratio between the objective

value of the solution produced given certain parameters to the objective value of the best solution

produced, (10%) performed the worst, with a ratio of about 1.996, while (30%) performed the best,

with a ratio of about 1.248. Overall, the ratio where large cliques were permitted was about 1.649, and

the ratio was about 1.609 when large cliques were forbidden. According to these results, it appears that

the selecting the largest of the tested values of ρ and forbidding large cliques had the best outcome

overall. This is most likely because imposing more student pairs allowed the solver to find solutions to
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Case LinRel LagRel ColGen

01 13 627 148

02 19 1036 566

03 24 956 3991

04 29 857 387

05 34 1302 808

06 27 1729 3718

07 64 1544 768

08 47 1726 2090

09 75 1973 5510

10 152 2023 729

11 16 1809 2205

12 10 1612 9481

13 317 1534 928

14 259 2539 2928

15 80 2691 1608

16 680 2197 4286

17 511 3369 16066

18 369 4040 1194

19 29 2420 6613

20 3 2447 6952

21 4 2421 604

22 630 3481 2138

23 91 4084 6429

24 10 4610 1248

25 1744 4370 5352

26 572 5912 11854

27 257 5923 4063

Table 5.4: The time, in seconds, required to compute the lower bound by means of linear relation of

LQP (LinRel), Lagrangian Relaxation (LagRel), and Column Generation (ColGen) for the 27 test

cases (Case).
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Case 10% C 10% 20% C 20% 30% C 30%

01 27728.0 28349.5 28260.0 27228.5 30125.0 28181.5

02 15512.5 15510.5 15667.0 16607.0 15952.5 15939.0

03 15901.5 16493.5 16027.5 16368.5 17407.0 16821.5

04 156498.0 135303.5 149792.5 68155.5 65624.5 152989.0

05 113635.5 102934.5 161448.0 34396.5 37772.5 33468.5

06 26498.5 28689.5 25914.0 26448.0 29558.0 26252.0

07 284443.5 264407.0 337967.0 96777.0 310202.5 97785.5

08 71145.5 207659.5 178323.5 235653.5 70464.5 205008.0

09 52939.5 161932.5 154799.5 149034.5 52773.5 53392.5

10 51398.0 56282.0 83387.5 69566.5 46425.0 64256.0

11 54987.0 49014.0 13425.0 17713.0 14943.5 15080.0

12 13189.0 11561.0 47952.5 10607.5 8650.5 9955.5

13 149670.5 111301.5 121775.5 112428.5 160489.5 108433.0

14 16297.0 16352.5 15953.0 63331.0 16090.0 16286.0

15 21600.5 29704.0 24326.0 20903.0 24969.0 21562.5

16 193459.0 184879.5 224889.0 218679.5 200310.5 278620.0

17 230104.0 176429.0 241710.0 250492.0 204366.0 272560.0

18 29946.0 320669.5 30025.5 112569.0 269609.5 34162.5

19 60118.5 65537.0 66608.0 57081.5 59630.0 18540.5

20 52531.0 59937.0 77608.5 35564.5 40345.0 38385.5

21 85501.5 86071.0 86321.0 96603.0 96240.0 90446.5

22 107470.5 76535.0 67545.0 117384.0 83727.5 100723.5

23 102924.5 123642.0 116893.5 149978.0 130494.0 115310.0

24 84763.5 90099.0 160378.5 74002.0 92816.5 78813.0

25 245627.0 186002.5 190062.0 218624.0 240426.0 243105.0

26 291573.5 331949.0 310532.5 318246.0 285952.5 243200.5

27 247332.5 320109.5 260695.0 274399.0 276121.5 312599.0

Table 5.5: Objective values from the LR-based heuristic using 10% of students paired with and without

large cliques (10% C) and (10%), 20% of students paired with and without large cliques (20% C) and

(20%), and 30% of students paired with and without large cliques (30% C) and (30%) for the 27 test

cases (Case).
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the problem with imposed pairs faster, and because forbidding large cliques would result in a greater

variety of students present in imposed pairs for a given value of ρ.

Table 5.6 shows the objective values obtained my means of the Column Generation-based heuristic

making use of the Reduced Master Heuristic method (MP) described in Section 5.6.1, the column

fixing method (PF) described in Section 5.6.2, and the student clustering method (SC) discussed in

Section 5.6.3. The column fixing approach produced solutions with objective values that were between

6.8% and 127%, with an average of 70.6%, compared to those by the reduced master heuristic. The

student clustering approach produced solutions with objective values that were between 6.9% and

100%, with an average of 53%, compared to those by the reduced master heuristic.

Table 5.7 shows the time, in seconds, required by the Column Generation-based heuristic to produce

the solution by each of the three methods discussed. The columns are identical to those in Table 5.6.

The column fixing approach required between 10% and 115%, with an average of 82.9%, the time

required by the reduced master heuristic. The student clustering approach required between 60%

and 329%, with an average of 121%, the time required by the reduced master heuristic. The column

fixing approach required less time on average, and produced better solutions on average than the

reduced master heuristic. The student clustering approach required slightly more time on average, but

produced significantly better solutions on average than the reduced master heuristic.

Since the student clustering approach performed the best on average, we chose to test the fix-

and-optimise LNS heuristic, whereby the student clustering approach is used Step 3 of the procedure

described in Section 5.7. The LNS would terminate if no improvement was made in 5 iterations, and

ρmin and ρmax were taken to be 0.2 and 0.3 respectively. Table 5.8 shows the objective values (LNS) of

the solutions produced by the fix-and-optimise LNS heuristic, making use of the student clustering

heuristic for each of the 27 test cases (Case). The fix-and-optimise LNS approach produced solutions

with objective values that were between 5.6% and 98.8%, with an average of 39.3%, compared to those

by the reduced master heuristic.

For the GA-based matheuristic, we explored the tournament size for the n-tournament selection

operator, n = {N, 5N, 10N}, with a fixed population size of 100N . In all cases, the GA-based

matheuristic was permitted to run for an arbitrary number of iterations, but had a time limit equal to

the average amount of time taken for the LR-based heuristic for that test case.

We also tested variations on the n-tournament selection operators, in which parent solutions are

selected as inputs for the crossover operator. The three variations for selecting the parents were

1. Best: the solution with the best objective value from a tournament of size n;

2. Random: a random solution2 from a tournament of size n; and

2Note that Random is equivalent to selecting a random solution from the entire population.
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Case MP PF SC

01 28170.5 29263.0 27309.5

02 84160.0 75338.5 69732.5

03 85005.5 83019.0 17930.5

04 198129.0 196931.5 194957.0

05 193497.0 129093.0 122432.5

06 156389.0 138656.5 27955.5

07 98718.0 98718.0 98718.0

08 282679.0 80060.0 68597.0

09 262715.5 169529.0 53137.0

10 75302.5 62478.5 15095.0

11 92955.0 58576.5 12270.5

12 122791.0 8303.0 8466.0

13 145808.5 100128.5 98355.0

14 104104.5 103981.5 94979.0

15 178150.0 26021.0 19842.0

16 278203.5 222386.5 246993.0

17 268233.5 169765.5 167142.0

18 34304.5 27570.5 26653.0

19 57579.0 12251.5 12739.5

20 39603.5 19208.0 16120.0

21 60774.0 77234.5 5884.0

22 153938.0 90386.5 24991.0

23 56289.5 18971.5 17789.5

24 14079.5 12561.5 12383.0

25 295561.5 202205.0 295401.5

26 34731.0 26428.0 25599.5

27 24201.5 20870.5 20927.5

Table 5.6: Objective values from the Column Generation-based heuristic obtained by using the reduced

master heuristic (MP), the column fixing (PF), and the student clustering (SC) methods for the 27

test cases (Case).
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Case MP PF SC

01 2629 321 1672

02 4870 1487 5124

03 12397 9207 12009

04 387 438 505

05 6140 1656 6060

06 12892 11921 13227

07 767 783 780

08 2092 2286 3548

09 14769 14594 15199

10 3657 1070 3675

11 6520 4543 6810

12 18201 15230 17737

13 928 1063 3065

14 8453 7790 8086

15 9733 11004 10271

16 4286 4310 4326

17 16069 17244 23116

18 11332 7225 11642

19 9785 7487 10085

20 11656 10643 11831

21 8815 5692 9259

22 2138 2224 5975

23 12653 9177 12247

24 10291 10826 10321

25 5352 5397 5550

26 11857 12851 18454

27 15842 14236 15835

Table 5.7: The time, in seconds, taken by the Column Generation-based heuristic obtained by using

the reduced master heuristic (MP), the column fixing (PF), and the student clustering (SC) methods

for the 27 test cases (Case).
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Case LNS Case LNS Case LNS

01 27265.0 10 14854.0 19 10127.0

02 15227.5 11 11830.5 20 14014.5

03 15505.5 12 6922.0 21 5287.0

04 64628.5 13 98298.0 22 23781.0

05 32335.5 14 16575.0 23 17535.5

06 25504.5 15 19473.5 24 12124.0

07 97626.0 16 220319.5 25 198001.0

08 65422.5 17 41449.5 26 25279.0

09 52177.0 18 26593.5 27 19861.0

Table 5.8: Objective values from the fix-and-optimise LNS heuristic (LNS) using the student clustering

methods for the 27 test cases (Case).

3. Worst: the solution with the worst objective value from a tournament of size n.

The selection operator is invoked twice in order to select two parents. We compared the relative

performance of selection pairs {Best, Best}, {Best, Random}, and {Best, Worst}.

In all cases tested, {Best, Best} produced consistently superior results. {Best, Random} produced

final solutions that were, on average, 11.752% worse than {Best, Best}, and {Best, Worst} produced

final solutions that were, on average, 22.727% worse than {Best, Best}. Since {Best, Best} produced

consistently superior solutions, we do not report the results of {Best, Random} and {Best, Worst} in

the remainder of the chapter.

Table 5.9 shows a comparison of the results of the GA-based matheuristic using different tournament

sizes. The columns are as follows: the test case identifier (Case), followed by the minimum (Min),

average (Avg), and maximum (Max) objective value reported across the 10 runs of the GA-based

matheuristic using the different population sizes. For each test case, the parameter set that produced

the best results on average are indicated. The results clearly show that using larger tournament sizes

results for the GA-based matheuristic produces the best results overall. Using n = 5N results in final

solutions with objective values that are, on average, 6.98% worse than n = 10N , and using n = N

results in final solutions with objective values that are, on average, 13.81% worse than n = 10N . Using

larger tournament sizes increases the likelihood that better solutions will be chosen from the population,

however the selection procedure becomes slightly more time intensive. Using a very large tournament

size may not always be advisable, however, as it may decrease the genetic diversity in the population

due to the same few good solutions being selected in most iterations for crossover.

Table 5.10 shows the solution quality of the LR-based heuristic, CG-based heuristic, GA-based
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Case N Min N Avg N Max 5N Min 5N Avg 5N Max 10N Min 10N Avg 10N Max

01 91242.0 104088.8 126507.0 89317.0 100309.4 107197.5 70969.0 96212.6 106917.5

02 80001.5 87148.5 101027.0 78458.0 84956.9 97735.5 71913.5 81374.2 87640.0

03 67970.5 73771.3 83557.5 64769.5 67121.1 68708.0 57838.5 67702.6 73492.5

04 186384.5 212467.4 243732.0 163696.5 186075.5 199798.0 134469.0 172069.1 207858.0

05 152188.5 181547.4 209962.5 166769.0 173756.5 181388.0 127361.5 158909.7 187397.0

06 139030.0 152711.7 176796.5 126221.0 144869.3 156351.0 114863.5 132484.3 150388.5

07 339135.5 431919.6 483614.0 373937.0 412425.4 450458.0 292499.0 362869.7 455445.5

08 345296.5 379839.0 416811.0 332903.5 355297.7 374316.0 270846.5 336157.9 373108.0

09 229166.5 247770.2 258267.5 207775.5 224390.2 260741.5 200377.5 238324.4 272314.0

10 65488.0 76016.5 87723.0 54077.5 72858.1 81155.5 54570.5 70972.1 84968.5

11 62119.5 67928.3 77767.0 58894.0 63194.5 68366.5 51782.5 59756.5 67927.5

12 67654.0 77697.6 85777.0 68634.0 72986.8 76799.0 63146.0 69697.7 77014.5

13 127503.5 159373.0 191844.0 134490.5 145765.4 159078.0 127183.0 150736.9 184762.5

14 107942.0 121064.8 133317.5 99062.0 110802.5 126008.0 86389.0 104101.8 117581.0

15 113694.5 133210.4 150128.5 120876.5 133918.6 143327.5 95478.5 119608.7 153496.5

16 276536.5 328791.5 372141.0 275411.0 306524.9 339932.5 241305.0 283971.6 312162.5

17 218382.0 268251.9 296087.5 224007.0 246367.0 275521.0 204612.0 233492.8 262544.0

18 238596.5 262473.8 309772.5 231984.0 263037.9 284629.0 207467.0 246838.2 287351.5

19 55876.5 69762.7 82040.0 44653.5 64460.8 85016.5 48913.5 57696.7 67454.0

20 48163.5 53883.0 66689.0 48211.0 52363.9 57575.0 39044.0 45617.2 55981.5

21 41338.0 75161.5 92132.5 37948.0 57068.9 82655.5 40752.0 53276.6 88666.5

22 129922.5 147397.9 163537.0 135758.0 152261.8 175112.5 101933.0 130587.5 150005.0

23 119509.0 135456.7 152733.5 106466.5 130127.5 145559.5 94491.0 120684.6 144671.0

24 111839.0 137977.1 170726.5 114220.0 124454.0 134612.5 76647.5 110887.4 130358.0

25 260619.5 305671.7 350736.0 261987.0 291420.2 324293.5 222027.0 275145.5 340572.0

26 201494.5 252628.5 284579.0 212065.0 233238.4 251600.0 188994.0 228316.5 249142.0

27 124748.0 223403.6 259918.5 119727.0 211191.7 241518.0 136182.5 181289.6 211825.5

Table 5.9: Minimum (Min), Average (Avg), and Maximum (Max) objective value for GA-based

matheuristic with tournament sizes N , 5N , and 10N for the 27 test cases (Case).
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Case LR Max LR Avg LR Min CG Max CG Avg CG Min GA Max GA Avg GA Min LNS AQP

01 28350 28312 28182 28171 28248 27310 104089 100204 96213 27265 86541

02 15511 15865 15939 84160 76410 69733 87149 84493 81374 15228 86956

03 16494 16503 16822 85006 61985 17931 73771 69532 67703 15506 58051

04 135304 121394 152989 198129 196673 194957 212467 190204 172070 64629 -

05 102935 80609 33469 193497 148341 122433 181547 171405 158910 32336 140779

06 28690 27227 26252 156389 107667 27956 152712 143355 132484 25505 81186

07 264407 231930 97786 98718 98718 98718 431920 402405 362870 97626 -

08 207660 161376 205008 282679 143779 68597 379839 357098 336158 65423 -

09 161933 104145 53393 262716 161794 53137 247770 236828 238324 52177 -

10 56282 61886 64256 75303 50959 15095 76017 73282 70972 14854 65037

11 49014 27527 15080 92955 54601 12271 67928 63626 59757 11831 68323

12 11561 16986 9956 122791 46520 8466 77698 73461 69698 6922 60528

13 111302 127350 108433 145809 114764 98355 159373 151958 150737 98298 116016

14 16353 24052 16286 104105 101022 94979 121065 111990 104102 16575 138668

15 29704 23844 21563 178150 74671 19842 133210 128913 119609 19474 109097

16 184880 216806 278620 278204 249194 246993 328792 306429 283972 220320 257973

17 176429 229277 272560 268234 201714 167142 268252 249371 233493 41450 161866

18 320670 132830 34163 34305 29509 26653 262474 257450 246838 26594 190474

19 65537 54586 18541 57579 27523 12740 69763 63973 57697 10127 49032

20 59937 50729 38386 39604 24977 16120 53883 50621 45617 14015 54660

21 86071 90197 90447 60774 47964 5884 75162 61836 53277 5287 96165

22 76535 92231 100724 153938 89772 24991 147398 143416 130588 23781 134996

23 123642 123207 115310 56290 31017 17790 135457 128756 120685 17536 135129

24 90099 96812 78813 14080 13008 12383 137977 124440 110887 12124 116919

25 186003 220641 243105 295562 264389 295402 305672 290746 275146 198001 -

26 331949 296909 243201 34731 28920 25600 252629 238061 228317 25279 186099

27 320110 281876 312599 24202 22000 20928 223404 205295 181290 19861 241981

Table 5.10: Poorest (Max), average (Avg), and best (Min) objective values from the LR-based heuristic

(LR), the CG-based heuristic (CG), the GA-based matheuristic (GA), the LNS heuristic (LNS), and

QP model (QP) for the 27 test cases (Case).
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matheuristic, fix-and-optimise LNS-based heuristic, and straightforward approach of solving (QP). To

solve (QP), CPLEX was allowed the same time limit the GA-based matheuristic was allowed, which

was equal to the average amount of time taken by the LR-based heuristic. The columns are as follows:

the test case identifier (Case), the objective value from the LR-based heuristic using the parameter set

that performed the poorest overall (LR Max), the average objective value using the LR-based heuristic

(LR Avg), the objective value from the LR-based heuristic using the parameter set that performed

the best overall (LR Min), the objective value from the CG-based heuristic using the strategy that

performed the poorest overall (CG Max), the average objective value using the CG-based heuristic

(CG Avg), the objective value from the CG-based heuristic using the strategy that performed the best

overall (CG Min), the objective value from the GA-based matheuristic using the parameter set that

performed the poorest overall (GA Max), the average objective value using the GA-based matheuristic

(GA Avg), the objective value from the GA-based matheuristic using the parameter set that performed

the best overall (GA Min), the objective value from the fix-and-optimise LNS heuristic (LNS), and the

objective value using the straightforward approach of solving (QP).

Overall, the fix-and-optimise LNS-based heuristic incorporating Column Generation performed the

best, followed by the Column Generation-based approaches, then the Lagrangian Relaxation-based

approach, and finally the Genetic Algorithm-based approach. The straight forward approach of solving

the QP model did not perform well, and failed to produce any feasible solutions for five of the test

cases.

5.10 Conclusions

This chapter studied a partitioning problem. One application of this problem, and the motivation for

this research, is the problem of class formation for training and retraining sessions at large electricity

distributors. A proof of NP-hardness in the strong sense for the considered problem is presented.

Four different solution approaches were developed. The first is based on the Quadratic Multiple

Knapsack formulation and Lagrangian Relaxation. The second is based on Column Generation, and

three approaches are proposed to produce integer feasible solutions: a reduced master heuristic, a

column fixing heuristic, and a student clustering heuristic. The third is based on a fix-and-optimise

Large Neighbourhood Search (LNS) that incorporates the Column Generation approach. The fourth is

a matheuristic developed as an amalgamation of Genetic Algorithms and Integer Programming.

The four solution approaches, as well as the direct solution of the Quadratic Multiple Knapsack

formulation, are validated and compared by means of computational experimentation. The test cases

were randomly generated using typical training data from an Australian electricity distributor as a

template. The fix-and-optimise Large Neighbourhood Search-based approach integrating Column
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Generation performs the best overall, followed by the Column Generation-based approach with the

student clustering strategy, then by the Lagrangian generation-based approach, and finally the Genetic

Algorithm-based matheuristic. Direct application of mathematical programming did not perform well,

and failed to produce any feasible solutions for five of the test cases in the allotted time.

This chapter considered the Lagrangian Relaxation-based heuristic and Genetic Algorithm-based

matheuristic separately, however there are several papers in the literature that report success from

hybridising Lagrangian Relaxation with Genetic Algorithms, such as [122, 162, 118]. Future research

should investigate whether such Lagrangian Relaxation and Genetic Algorithm hybrid approaches can

produce good results for this problem.
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Abstract

This chapter is concerned with the problem of scheduling workplace training, which arises in

a broad range of organisations, from the hospital placements of nursing students to apprentice

training at organisations such as electricity distributors. The problem can be viewed as a

generalisation of the Open Shop Scheduling Problem. The chapter discusses the complexity of

the considered problem, and presents an optimisation procedure, which is a sequential application

of Integer Linear Programming and Simulated Annealing. The chapter also presents a fix-and-

optimise Large Neighbourhood Search approach. The effectiveness of the proposed optimisation

procedures are demonstrated by computational experiments using data with typical characteristics

of real-world problems arising at large electricity distributors. The computational experiments

show that the proposed optimisation procedures produce superior solutions on average compared

to those from a general purpose MIP solver.
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6.1 Introduction

This chapter is concerned with the problem of timetabling workplace training, which arises in a broad

range of organisations. This practical training is frequently in the form of a set of so-called “practice

placements”, sometimes simply referred to as “placements”, or as “rotations” [100]. Each practice

placement is undertaken by one or more students simultaneously, and is designed to provide them with

real-world hands-on experience while under the supervision of a competent instructor.

This training model is encountered in a number of disciplines and in a number of industries. It is

perhaps most notable in the area of clinical education, for example in nursing, where students that

have completed the theoretical components of their studies must then gain practical experience in a

number of areas prior to becoming fully qualified [9, 114].

Another example, and the main motivation for this research, is the problem of creating a placement

timetable for apprentices of different types at large electricity distributors. Such organisations may

take in hundreds of new apprentices each year, and apprenticeships can take several years to complete.

Given the motivation of the research in this chapter, in what follows the discussion is conducted in

terms of apprenticeship planning.

The set of placements is partitioned into a number of placement groups. Each placement in a

particular group exposes the apprentices to the same core set of skills. Each apprentice has a set

of required groups determined by their apprenticeship type, e.g. line worker, cable jointer, electro-

mechanic, etc., and each apprentice must therefore complete one placement from each of their required

groups in order to complete their practical training. Apprentices of different types may have some

overlapping placement groups with one another, however we assume a particular placement will never

appear in more than one placement group.

Apprentices require supervision while in a placement; too few apprentices in a placement is

impractical as it removes qualified and experienced staff from their regular duties with little benefit to

the organisation, and too many apprentices in a placement can be too burdensome for the supervisors.

Therefore, at any given time, each placement is permitted to have either no apprentices, or between a

minimum and maximum number of apprentices, where these limits are given for each placement. Each

apprentice must spend a minimum amount of time in each assigned placement—typically a number

of weeks or months—in order to gain the necessary skills and experience. There is no maximum

permissible amount of time for time in placements, however apprentices must complete their practice

placements by the time their apprenticeships finish.

Although any placement in a particular group provides the same core set of skills, suitability for

each apprentice varies from placement to placement. For example, the travel distance for the apprentice

is a serious consideration during the assignment process. Suitability and personal preferences for
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placements are modelled by means of a penalty for each apprentice-placement pair per unit time. The

goal is to minimise the total penalty over a given planning horizon.

Apprenticeships at Australia’s largest electricity distributor (by number of connections and number

of employees) last for four years, where the first 18 months consist of theory lessons, and the remainder

is spent in practice placements in office and workshop environments, as well as out in the field. The

company claims that the yearly requirement to create placement timetables that are not only feasible,

but satisfy as many apprentice preferences for placements as possible, is a significant and recurring

challenge.

The remainder of the chapter is organised as follows. Section 6.2 presents the Integer Programming

(IP) formulation for the considered problem. Section 6.3 discusses the computational complexity.

Section 6.4 presents the first optimisation procedure, consisting of an initial construction stage followed

by a Simulated Annealing improvement stage. Section 6.5 presents the second optimisation procedure,

consisting of a fix-and-optimise Large Neighbourhood Search heuristic. Section 6.6 presents the results

of the computational experimentation. Section 6.7 gives concluding remarks.

6.2 Problem Formulation

Let N = {1, . . . , N} be the set of apprentices, and M = {1, . . . ,M} be the set of placements. M is

partitioned into placement groups {M1, . . . ,Mk} = M̂. Define Gi ⊆ M̂ to be the set of required

placement groups for i ∈ N . The planning horizon is discretised into a number of time periods of equal

length indexed from 1, . . . , T , and define T = {1, . . . , T}. Define Xi,j,t to be 1 if i ∈ N starts j ∈M

at or before the beginning of period t ∈ T , or 0 otherwise. Define Yi,j,t to be 1 if i ∈ N completes

j ∈ M before the beginning of period t ∈ {1, . . . , T + 1}, or 0 otherwise. In order to facilitate the

exposition of the model, we extend the planning horizon by an addition period T + 1. Without the

additional period T + 1 used for the Y variables, no placement can take place at time T . Zj,t is 1 if

j ∈M contains apprentices at t ∈ T , or 0 otherwise. The constant ci,j is the penalty per unit time of

assigning i ∈ N to j ∈ M. The constant lj is the minimum duration for j ∈ M. The constants aj

and bj are the minimum and maximum number of apprentices that j ∈M can hold, respectively. The

following Integer Program (IP) describes the problem:

(P) min:

N∑
i=1

M∑
j=1

T∑
t=1

ci,j(Xi,j,t − Yi,j,t) (6.1)

s.t. Xi,j,t ≤ Xi,j,t+1 i = 1, . . . , N ; j = 1, . . . ,M ; t = 1, . . . , T − 1 (6.2)

Yi,j,t ≤ Yi,j,t+1 i = 1, . . . , N ; j = 1, . . . ,M ; t = 1, . . . , T (6.3)

Xi,j,T = Yi,j,(T+1) i = 1, . . . , N ; j = 1, . . . ,M (6.4)
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Xi,j,t ≥ Yi,j,t i = 1, . . . , N ; j = 1, . . . ,M ; t = 1, . . . , T (6.5)∑
j∈g

Xi,j,T = 1 i = 1, . . . , N ; g ∈ Gi (6.6)

M∑
j=1

(Xi,j,t − Yi,j,t) ≤ 1 i = 1, . . . , N ; t = 1, . . . , T (6.7)

T∑
t=1

(Xi,j,t − Yi,j,t) ≥ ljXi,j,T i = 1, . . . , N ; j = 1, . . . ,M (6.8)

N∑
i=1

(Xi,j,t − Yi,j,t) ≥ ajZj,t j = 1, . . . ,M ; t = 1, . . . , T (6.9)

N∑
i=1

(Xi,j,t − Yi,j,t) ≤ bjZj,t j = 1, . . . ,M ; t = 1, . . . , T (6.10)

N∑
i=1

M∑
j=1

Xi,j,1 ≥ 1 (6.11)

Xi,j,t ∈ {0, 1} i = 1, . . . , N ; j = 1, . . . ,M ; t = 1, . . . , T (6.12)

Yi,j,t ∈ {0, 1} i = 1, . . . , N ; j = 1, . . . ,M ; t = 1, . . . , T + 1 (6.13)

Zj,t ∈ {0, 1} j = 1, . . . ,M ; t = 1, . . . , T (6.14)

where the expression (Xi,j,t − Yi,j,t) results in 1 if apprentice i ∈ N is to attend placement j ∈M at

t ∈ T , or 0 otherwise. The expression (6.1) describes the objective, which is to minimise the total

assignment penalty. Constraints (6.2) and (6.3) establish the temporal relationships between the

Xi,j,∗, 1 ≤ ∗ ≤ T , and Yi,j,∗, 1 ≤ ∗ ≤ T + 1, variables, respectively. Constraints (6.4) ensure that

placements must finish if they start, and (6.5) ensure that placements must start before they finish.

Constraints (6.6) ensure that each apprentice’s requirements are satisfied. Constraints (6.7) ensure

that no apprentice is required to attend more than one placement at any given time. Constraints (6.8)

ensure that apprentices spend the minimum amount of time in their assigned placements, and (6.9) and

(6.10) ensure that each placement j ∈M has either 0, or between aj and bj apprentices, respectively.

The constraint (6.11) reduces the symmetry in the feasible region by forcing at least some assignments

to happen at the beginning of the planning horizon. The above formulation was chosen over one with

a more ‘natural’ encoding scheme, such as where Xi,j,t is 1 if apprentice i attends placement j at time

t or zero otherwise, in order to simplify the model with respect to the variable durations, without gaps,

that apprentices can attend placements.

6.3 Complexity of Finding a Feasible Solution

In this section we show that even the problem of detecting the existence of a feasible solution when

T = 1 and there exists only one placement group is NP-complete. It is easy to see that a feasible
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solution for the problem with T = 1 and a single placement group exists if and only if there is a solution

for the following system of two inequalities:

a1x1 + . . .+ aMxM ≤ N (6.15)

b1x1 + . . .+ bMxM ≥ N (6.16)

where xi ∈ {0, 1} for all 1 ≤ i ≤ M . Let c be a nonnegative integer. Denote by PL(c) the decision

problem, requiring to answer whether or not there exists a solution for (6.15) - (6.16), where a1, . . . ,

aM and b1, . . . , bM satisfy the inequalities

bi − ai ≥ c for all 1 ≤ i ≤M. (6.17)

Observe that c is not part of the input, i.e. the input is only positive integers N , a1, . . . , aM and

b1, . . . , bM , where all pairs ai, bi satisfy (6.17). In other words, all instances of PL(c) satisfy (6.17) for

the same c.

In order to prove that, for any nonnegative integer c, PL(c) is NP-complete, consider the following

decision problem which will be referred to as PARTITION:

Input: positive integers u1, . . . , un such that
n∑
i=1

ui is even.

Question: does there exists a solution to the equation

u1x1 + . . .+ unxn =
1

2

n∑
i=1

ui, (6.18)

where xi ∈ {0, 1} for all 1 ≤ i ≤ n?

It is well known that PARTITION is NP-complete [64]

Lemma 3. For any positive integer c, PARTITION ∝ PL(c) and therefore PL(c) is NP-complete.

Proof. Let u1, . . . , un be an arbitrary instance of the PARTITION and let c be an arbitrary nonnegative

integer. If c = 0, then PARTITION ∝ PL(c) is achieved by setting M = n, N = 1
2

∑n
i=1 ui, and

ai = bi = ui for all 1 ≤ i ≤ n.

If c > 0, then the corresponding instance of PL(c) is constructed as follows: M = n,

ai = ncui for all 1 ≤ i ≤ n

bi = ai + c for all 1 ≤ i ≤ n. (6.19)

and

N =
nc

2

n∑
i=1

ui.
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Supposed that (6.18) holds for some x′1, . . . , x′n. Then, by multiplying (6.18) by nc and taking into

account that M = n,

a1x
′
1 + . . .+ aMx

′
M = N

which by virtue of (6.19) gives also (6.16).

Supposed that (6.18) does not have a solution. Consider arbitrary x′1, . . . , x′n such that

a1x
′
1 + . . .+ aMx

′
M ≤ N.

By dividing by nc and taking into account that M = n,

u1x
′
1 + . . .+ unx

′
n ≤

1

2

n∑
i=1

ui.

Hence,

x′1 + . . .+ x′n < n. (6.20)

Furthermore,

u1x
′
1 + . . .+ unx

′
n <

1

2

n∑
i=1

ui,

because of the assumption that (6.18) does not have a solution. Since the left-hand side and the

right-hand side are integer,
1

2

n∑
i=1

ui ≥ u1x
′
1 + . . .+ unx

′
n + 1

which, by multiplying by nc and taking into account (6.20), M = n and N = nc
2

∑n
i=1 ui, gives

N ≥ a1x
′
1 + . . .+ aMx

′
M +Mc > a1x

′
1 + . . .+ aMx

′
M + c(x′1 + . . .+ x′M )

= b1x
′
1 + . . .+ bMx

′
M .

Hence, x′1, . . . , x′M is not a solution to (6.15)-(6.16).

Consequently, (6.18) has a solution if and only if the system (6.15)-(6.16) has a solution.

6.4 Constructive and Improvement Approach

The problem is very challenging, and the required computational effort for straight-forward solution of

(P) grows very rapidly as the problem size increases. Even for very small test cases, commercial IP

solvers struggle to solve it on a modern desktop computer. Since real world problems are much larger,

typically involving hundreds of apprentices, we propose two solution approaches: (i) A two-stage

approach, consisting of a sequential construction stage to produce an initial feasible solution, followed

by an improvement stage based on Simulated Annealing. (ii) A fix-and-optimise Large Neighbourhood

Search matheuristic. The details of these approaches are given in the remainder of this section.
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6.4.1 Sequential Construction

Solving (P) directly for hundreds of apprentices is not currently possible in practically acceptable time.

It is, however, possible to incrementally construct a complete solution by scheduling a small set of

apprentices N̂ ⊆ N at a time by solving an IP model. A similar IP-based constructive approach was

considered in Chapter 3.

In order to incrementally construct a schedule, we first introduce an augmented version of (P):

(AP) min:
∑
i∈N̂

M∑
j=1

T∑
t=1

ci,j(Xi,j,t − Yi,j,t) + µ

M∑
j=1

T∑
t=1

(Uj,t + Vj,t) (6.21)

s.t. (6.2)− (6.8)∑
i∈N̂

(Xi,j,t − Yi,j,t) + Uj,t ≥ ajZj,t j = 1, . . . ,M ; t = 1, . . . , T (6.22)

∑
i∈N̂

(Xi,j,t − Yi,j,t)− Vj,t ≤ bjZj,t j = 1, . . . ,M ; t = 1, . . . , T (6.23)

(6.11)− (6.14) (with i ∈ N̂ instead of i = 1, . . . , N)

Uj,t ∈ Z+ j = 1, . . . ,M ; t = 1, . . . , T (6.24)

Vj,t ∈ Z+ j = 1, . . . ,M ; t = 1, . . . , T (6.25)

where the augmenting variables Uj,t and Vj,t represent the shortfall and excess apprentices in placement

j ∈M at time t ∈ T , respectively. The objective function (6.21) penalises these values, weighted by a

very large coefficient µ.

The (AP) model permits solutions that violate the constraints (6.9) and (6.10) from (P), albeit

with considerable penalty. Allowing these violations is necessary when constructing a solution a small

number of apprentices at a time. For example, if minj∈M aj > |N̂ |, then no feasible solution can exist.

Even when minj∈M bj < |N̂ |, a feasible solution may not exist without the augmenting variables, even

if a feasible solution exists for (P).

Apprentices are dispatched (scheduled) one or more at a time, in a particular order. At each

iteration, the considered apprentices N̂ are scheduled by solving (AP), and the solution is appended to

a partial solution that becomes increasingly complete at each iteration with respect to the underlying

problem. Each time (AP) is solved for a given set of apprentices, it is subject to the partial solution

so far, i.e. the apprentices that have been scheduled in all previous iterations. A complete solution is

produced once all apprentices have been scheduled. The order in which the apprentices are scheduled

is likely to have a significant effect on the final constructed solution. We propose three basic ordering

rules, and their relative performance is presented in Section 6.6:

1. Indexed order: Schedule apprentices in the order in which they are defined.
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2. Random order: Schedule apprentices at random.

3. Average placement weighted penalty: Schedule apprentices in decreasing order of
∑

g∈Gj (
∑

j∈g(ljci,j)/|g|).

While the sequential construction approach can produce a solution with substantially less compu-

tational effort than by directly solving (P), the solution quality is not guaranteed to be good. The

produced solution is, however, a good starting point for some other solution approaches, such as local

search metaheuristics.

6.4.2 Simulated Annealing

The solution obtained from the sequential constructive approach may be improved by a local search

metaheuristic such as Simulated Annealing (SA). A straight forward implementation of SA is proposed.

A solution is represented by the set of all apprentices, each of whom is characterised by: (i) a list

of placements they will attend, (ii) a list of durations corresponding to their attended placements,

and (iii) a list of starting offsets—the starting offset of a given placement for an apprentice is the

unallocated time between the start of the placement and end the of the previous placement.

The neighbourhood function produces at each iteration a candidate neighbour solution σ′, based

on the current solution σ, by applying one of the following operations to a random apprentice:

• swapping the order of two placements at random,

• substituting one random placement for another from the same placement group,

• incrementing or decrementing the amount of time spent at a random placement, or

• incrementing or decrementing the starting offset for a random placement.

Selection of the apprentice and neighbourhood operation is at random with uniform probability.

The first and second types of operations listed above will always produce a feasible solution to the

augmented (AP) model. The third and fourth types of operations should be applied in such a way that

the minimum placement duration is not violated, and that starting offsets are always non-negative.

6.5 Fix-and-Optimise Large Neighbourhood Search Approach

Since the problem considered in this chapter has not yet been considered in the literature, we propose

an alternate solution approach in order to compare with the procedure described in Section 6.4. We

propose a fix-and-optimise [67, 130] Large Neighbourhood Search (LNS) [141, 129] algorithm.

In the iterative fix-and-optimise LNS procedure, each iteration solves a subproblem consisting

of a subset of the original variables, with the remaining variables being “fixed” as constants. The
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neighbourhood to search at each iteration is the entire set of feasible solutions to the considered

subproblem. Different subsets of variables to optimise over are chosen for each iteration in attempt to

gradually improve the solution. Since the previous solution must be feasible in the subsequent iteration,

each iteration therefore results in a solution no worse than the previous.

To start with, the fix-and-optimise LNS heuristic must begin with an initial feasible solution. A

feasible solution to (AP) simply satisfies apprentice placement requirements, with the restrictions on

minimum and maximum placement sizes relaxed. We can therefore easily construct an initial feasible

solution by assigning each apprentice to any one placement for each of their required placement groups

for the minimum required duration, ignoring the number of apprentices in each placement at any

given time. Alternatively, an initial feasible solution can be obtained using the constructive heuristic

described in Section 6.4.1.

At each iteration, decisions need to be made about which variables will fixed (replaced by constants).

We fix the variables associated with the following two solution features:

1. The complete timetable for a given apprentice,

2. The complete timetable for a given non-empty placement.

In the former case, one or more apprentices are selected. All X and Y variables associated

with those apprentices have their values replaced by constants corresponding to the solution at the

previous iteration. In the latter case, one or more placements are selected, and all X and Y variables

corresponding to those placements are replaced by constants. It is possible to fix both a subset of

placements and a subset of apprentices in a given iteration.

Naturally, the more features that are fixed, the faster the subproblem can be solved, however it is

less likely that larger improvements can be made. Conversely, the fewer features that are fixed, the

greater the opportunity for improvement on average, however significantly more computational effort

is likely to be required per iteration. We propose to initially fix a large number of apprentices and

placements, perhaps as high as 90% for larger problem sizes, in order to keep computation times short

per iteration. When the algorithm fails to improve the solution after a certain number of iterations,

the number of apprentices and placements to fix should be decreased at a geometric rate.

We propose to deterministically select apprentices and placements to fix. For each apprentice i, we

determine what their contribution is to the objective value defined by
∑N

j=1

∑T
t=1 ci,j(Xi,j,t − Yi,j,t).

Similarly, for each placement j, we determine what their contributions are to the objective value

defined by
∑M

i=1

∑T
t=1 ci,j(Xi,j,t − Yi,j,t) + µ

∑T
t=1(Uj,t + Vj,t). The list of apprentices and placements

are each sorted by their contributions to the objective value. In the event that two apprentices or two

placements have the same contribution, they are ordered according to their index. If α apprentices
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and β placements are to be fixed, then α
2 apprentices are selected from the start of the list, and α

2

apprentices are selected from the end of the list, and likewise β
2 placements are selected from the start

of the list, and β
2 placements are selected from the end of the list.

In order to prevent the algorithm getting stuck in a cycle, a list of previously fixed sets of

variables and their corresponding values must be kept, and the algorithm is not permitted to revisit

these neighbourhoods. If the selection procedure described above would call for a previously visited

neighbourhood to be revisited, then the set of apprentices and/or placements to fix should be shifted

inwards. For example, instead of fixing apprentices {1, . . . , α2 } and {M − α
2 , . . . ,M}, apprentices

{2, . . . , α2 + 1} and {M − α
2 − 1, . . . ,M − 1} should be fixed, and likewise for placements.

When the number of features to fix reaches a minimum threshold, when the algorithm reaches a

time limit, or when the algorithm cannot find an unvisited neighbourhood, the procedure is terminated

and the best solution is returned.

6.6 Computational Results

In order to test the proposed solution approaches, a set of 36 test cases were randomly generated

with similar characteristics to real-world cases found at Australia’s largest electricity distributor (by

number of connections and number of employees). All test cases and corresponding solution files can be

downloaded from https://goo.gl/c8yt8H. The testing system was an Intel i7-4790K quad core CPU

with 16GB RAM, running Microsoft Windows 10 64-bit. Code was written in C#, and we used IBM

ILOG CPLEX 12.5.0.0 64-bit using the ILOG Concert API to solve the mathematical programming

models, including a straight-forward “direct” approach of the (AP) models for comparison. CPLEX

was given a two-hour time limit for the direct approach.

We set T = 1.5×maxi∈N

{∑
g∈Gi maxj∈g{lj}

}
in order to approximate the required length of the

timeline. We constructed timetables with the sequential heuristic using all three list permutations

mentioned in Section 6.4.1. In each case, we scheduled apprentices one at a time. We then chose the

timetable with the best objective value and used that as a starting point for the SA metaheuristic

mentioned in Section 6.4.2.

Neighbour solutions in SA were chosen randomly with uniform probability. We set the initial

temperature to 106, the termination temperature to 10−3, and used a geometric cooling rate of 0.99,

which was applied at each iteration. These values were determined experimentally, using trial-and-error

on some small, medium, and large test cases. It is a matter of future research to determine what

parameter values perform best in general.

For the fix-and-optimise LNS heuristic, we started with an initial feasible solution created by

assigning apprentices to one placement from each of their required placement groups, ignoring placement
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Case |N | G |M| ρ Case |N | G |M| ρ

01 100 4 16 2 19 200 4 16 2

02 100 4 16 4 20 200 4 16 4

03 100 4 32 2 21 200 4 32 2

04 100 4 32 4 22 200 4 32 4

05 100 4 64 2 23 200 4 64 2

06 100 4 64 4 24 200 4 64 4

07 100 8 16 2 25 200 8 16 2

08 100 8 16 4 26 200 8 16 4

09 100 8 32 2 27 200 8 32 2

10 100 8 32 4 28 200 8 32 4

11 100 8 64 2 29 200 8 64 2

12 100 8 64 4 30 200 8 64 4

13 100 16 16 2 31 200 16 16 2

14 100 16 16 4 32 200 16 16 4

15 100 16 32 2 33 200 16 32 2

16 100 16 32 4 34 200 16 32 4

17 100 16 64 2 35 200 16 64 2

18 100 16 64 4 36 200 16 64 4

Table 6.1: The number of apprentices, placement groups, and placements for the 36 test cases

bounds as described in Section 6.5. At each iteration, we initially allowed 75% of both apprentices and

placements to be fixed, and these values were squared each time no improvement could be made. We

gave each iteration a time limit of half an hour, and a time limit of two hours for the entire procedure.

The procedure would also terminate if no apprentices or placements would be fixed.

Table 6.1 outlines the 36 test cases that were tested. The tables outline the test case identifier

(Case), the number of apprentices (|N |), the total number of placement groups (G), the number of

placements (|M|), and the number of groups per apprentice (ρ).

Tables 6.2 and 6.3 show the time taken, in minutes, for each procedure tested. The columns are as

follows: The test case (Case); the time taken for sequential construction using the indexed order (Idx),

random order (Rnd), and average placement weighted penalty order (Pty); the time taken for the SA

algorithm to converge (SA), the time for the fix-and-optimise LNS algorithm to converge (LNS), and

the time taken for the IP to terminate (IP).

The sequential construction procedures took about 3.75 minutes on average for the test cases with
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Case Idx Rnd Pty SA LNS IP

01 0.3 0.3 0.3 1.5 23.4 1.2

02 0.7 0.8 0.8 4.6 33.3 19.3

03 0.6 0.6 0.6 1.4 23.2 10.8

04 3.2 3.9 3.7 26.6 120.0 120.5

05 1.6 1.7 1.6 3.8 120.2 120.0

06 7.6 8.1 8.2 8.6 120.1 120.1

07 0.3 0.3 0.3 4.1 120.2 120.2

08 3.0 1.2 1.3 15.8 120.1 120.0

09 3.5 2.7 2.6 2.8 26.4 6.9

10 7.6 8.6 7.6 3.9 120.1 120.0

11 5.5 5.5 5.5 2.5 120.3 120.0

12 14.1 14.6 14.5 83.7 120.3 120.1

13 1.0 0.8 0.8 1.6 23.0 0.1

14 2.5 2.5 2.7 7.4 24.1 2.4

15 1.7 2.2 1.6 4.1 23.9 0.9

16 4.6 4.8 4.9 2.8 23.0 4.5

17 3.2 3.1 3.1 1.8 39.7 30.1

18 6.7 6.6 6.5 5.7 120.2 120.0

Table 6.2: The time taken, in minutes, for each tested procedure (1 of 2).
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Case Idx Rnd Pty SA LNS IP

19 1.9 1.9 1.9 2.8 23.6 4.2

20 9.7 8.9 9.4 8.2 120.0 120.0

21 4.3 4.3 4.5 3.3 34.4 21.1

22 16.6 15.5 14.9 32.0 120.2 120.1

23 6.2 6.1 6.1 4.3 120.3 120.0

24 27.4 29.1 30.7 37.2 120.3 120.0

25 1.6 1.5 1.4 7.0 22.4 2.5

26 13.2 6.6 6.1 3.3 27.6 23.0

27 3.4 3.2 3.6 3.3 24.3 3.1

28 11.7 12.2 10.5 58.0 120.2 120.0

29 5.4 5.5 5.6 5.1 83.7 71.4

30 21.8 21.5 22.8 26.9 120.3 120.0

31 1.2 1.3 1.1 2.9 24.7 0.2

32 5.7 5.2 5.7 17.0 30.9 7.9

33 2.2 2.2 2.1 8.9 22.8 7.5

34 7.4 7.5 7.5 5.6 120.0 120.0

35 2.1 2.1 2.4 30.5 120.2 120.6

36 18.4 19.5 19.8 88.0 120.3 120.0

Table 6.3: The time taken, in minutes, for each tested procedure (2 of 2).
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100 apprentices, and about 8.71 minutes on average for the test cases with 200 apprentices. Simulated

Annealing took about 10.15 minutes on average to converge for the test cases with 100 apprentices,

19.12 minutes to converge for the test cases with 200 apprentices. The fix-and-optimise LNS algorithm

took about 79.1 minutes on average to converge for the test cases with 100 apprentices, and 76.5

minutes on average to converge for the test cases with 200 apprentices. The LNS algorithm required a

minimum of about 22.4 minutes to converge, even on test cases where SA and IP were around or under

one minute. This is due to the fix-and-optimise LNS framework not detecting that the problem can be

efficiently solved to optimality without fixing any variables, and spending a lot of time performing

unnecessary iterations.

The IP approach terminated at the two hour time limit for half of the test cases, although these

were spread evenly between those cases with 100 and those with 200 apprentices. The average time

overall for the IP approach, including for those that terminated at the time limit, was 66 minutes,

and there was no significant difference in average time between the test cases with 100 and with 200

apprentices. For the test cases where CPLEX reported an optimal solution before reaching the time

limit, the average solve time was 12 minutes, and again there was no significant difference in the cases

where there were 100 or 200 apprentices.

Table 6.4 shows the total number of lower- and upper-bound violations of placement size, given by∑M
j=1

∑T
t=1(Uj,t +Vj,t), for the solutions produced by each procedure. The columns are as follows: The

test case (Case); the number of bound violations produced by sequential construction for indexed order

(Idx), random order (Rnd), and average placement weighted penalty order (Pty); the number of bound

violations for the solution produced by the SA algorithm (SA), the number of bound violation for the

solution produced by the fix-and-optimise LNS algorithm (LNS), and the number of bound violations

for the solution produced by the IP approach (IP). CPLEX did not report any integer solutions for

test cases 08, 24, and 30 prior to terminating at the time limit.

Each of the sequential construction procedures produced violation-free solutions for 10 of the 36 test

cases. For 6 of those 10, all three list permutations were able to produce violation-free solutions, whereas

for the other 4, some list permutations produced violation-free solutions while other permutations did

not. The average number of bound violations were 32, 30, and 31, respectively, for the three tested

permutations.

Both SA and IP produced 23 violation-free solutions for the 36 test cases. For 16 of those 23 cases,

SA and IP both produced violation-free solutions. For test case 20, SA produced a solution with no

bound violations, while the IP approach produced 1076 violations after terminating at the two hour

time limit. For test case 22, SA again produced a solution with no bound violations, while the IP

approach produced a solution with 845 bound violations.
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Case Idx Rnd Pty SA LNS IP Case Idx Rnd Pty SA LNS IP

01 29 29 31 0 0 0 19 20 19 19 0 0 0

02 4 20 18 0 0 0 20 61 10 10 0 5 1076

03 0 0 0 0 0 0 21 0 0 1 0 0 0

04 12 23 28 0 0 465 22 30 13 18 0 14 845

05 0 1 0 0 0 2 23 0 0 0 0 0 0

06 0 0 0 0 0 83 24 4 4 4 1 0 -

07 122 118 114 18 0 5 25 118 120 120 18 15 0

08 78 40 72 5 0 - 26 2 4 2 0 2 0

09 9 7 4 0 0 0 27 12 27 43 0 0 0

10 1 0 0 0 0 46 28 219 214 232 1 0 474

11 1 2 0 0 0 0 29 0 0 0 0 0 0

12 8 3 2 2 0 47 30 1 1 0 0 0 -

13 11 3 9 8 0 0 31 111 100 92 0 0 0

14 13 20 10 3 0 0 32 214 194 210 101 0 0

15 4 14 1 3 0 0 33 58 55 46 1 0 0

16 0 0 4 0 0 0 34 0 0 2 0 0 0

17 0 0 0 0 0 0 35 14 18 9 5 0 0

18 0 0 0 0 0 0 36 1 29 8 2 6 365

Table 6.4:
∑M

j=1

∑T
t=1(Uj,t + Vj,t) for solutions produced by each tested procedure.
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Case Idx Rnd Pty SA LNS IP

01 - - - 23466.74 12218.00 12218.00

02 - - - 31456.12 19588.86 19539.15

03 11380.88 11380.88 11380.88 8950.06 11380.88 8950.06

04 - - - 58500.79 19681.93 -

05 30538.88 - 29993.70 26038.54 5738.52 -

06 20413.69 20413.69 20413.69 20413.69 10901.95 -

07 - - - - 28249.83 -

08 - - - - 50089.23 -

09 - - - 34522.71 14464.76 14452.74

10 - 29381.33 29379.06 29379.06 28132.44 -

11 - - 20402.50 20402.50 9906.64 9927.31

12 - - - - 21096.81 -

13 - - - - 32044.13 32044.13

14 - - - - 44299.37 44299.37

15 - - - - 19000.53 19000.53

16 48001.84 48003.71 - 48001.45 47292.00 47292.00

17 25266.19 25267.24 25267.24 23561.66 15840.75 15840.75

18 23908.51 23910.29 23911.83 23908.51 22838.19 22841.66

Table 6.5:
∑N

i=1

∑M
j=1

∑T
t=1 ci,j(Xi,j,t − Yi,j,t) for solutions with no bound violations produced by each

tested procedure (1 of 2).

The fix-and-optimise heuristic was able to produce violation-free solutions for all but five of the test

cases. Interestingly, the approach could not produce violation-free solutions for test case 26, whereas

both the SA and IP approach could. Overall, the fix-and-optimise LNS approach was much more

successful than the SA and IP approaches on average, with respect to producing solutions free of bound

violations.

The quality of solutions, with respect to the number of bound violations, produced by SA appear to

be of roughly similar quality to the solutions produced by the IP approach. The SA approach, however,

did not have a time limit, and took on average about 14.6 minutes to converge, whereas CPLEX was

given a two hour limit for the IP approach. It is reasonable to assume that if the SA procedure was

tuned to run for a longer duration, it would have produced better solutions.

Tables 6.5 and 6.6 show the solution quality, given by
∑N

i=1

∑M
j=1

∑T
t=1 ci,j(Xi,j,t − Yi,j,t), for the

solutions free of bound violations produced by each procedure. The columns are as follows: The
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Case Idx Rnd Pty SA LNS IP

19 - - - 33116.71 22657.04 22657.04

20 - - - 77746.94 - -

21 28490.52 28484.20 - 27858.08 15261.23 15261.23

22 - - - 81712.63 - -

23 12898.13 12899.39 12898.53 12898.13 11401.68 11411.07

24 - - - - 25942.54 -

25 - - - - - 37379.71

26 - - - 89275.82 - 83455.80

27 - - - 36460.34 27029.42 27029.42

28 - - - - 67014.59 -

29 41506.05 41644.64 40808.95 35225.88 16741.77 16731.11

30 - - 45126.83 45126.83 34255.88 -

31 - - - 70340.18 69970.71 69970.71

32 - - - - 119561.60 119561.60

33 - - - - 38290.64 38290.64

34 102606.22 102603.19 - 102603.19 100582.43 100615.49

35 - - - - 25535.05 25512.38

36 - - - - - -

Table 6.6:
∑N

i=1

∑M
j=1

∑T
t=1 ci,j(Xi,j,t − Yi,j,t) for solutions with no bound violations produced by each

tested procedure (2 of 2).
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test case (Case); the solution quality produced by sequential construction for indexed order (Idx),

random order (Rnd), and average placement weighted penalty order (Pty); the solution quality for

the solution produced by the SA algorithm (SA), the solution quality for the solution produced by

the fix-and-optimise LNS algorithm (LNS), and solution quality for the solution produced by the IP

approach (IP). We do not report the solution quality where the number of bound violations is nonzero.

For the 16 cases where both the SA and the IP approach were able to produce solutions free of

bound violations, the solutions produced by SA were, on average, 25.35% worse than the solutions

produced by the IP approach. CPLEX reported optimal solutions to 12 of these 16 cases. The total

solve time for these 16 cases, on average, was 3.35 minutes for SA, and 42.23 minutes for the IP

approach.

The fix-and-optimise LNS approach produced the best solution for 26 of the 36 test cases, and the

uniquely best solution, i.e. where the solution was strictly better than the other tested approaches, for

9 of the test cases.

Overall, each approach has its advantages and disadvantages. All three approaches require a general

purpose solver, however the two stage construction and improvement approach from Section 6.4 can

be modified to use an initial solution by a different means, allowing for a solver-free implementation.

The IP approach is the simplest to implement and performs similar on average to the two-stage (SA)

approach, however the use of a solver is unavoidable. The SA and IP approaches were very similar in

performance to one another, with the SA approach performing slightly better with respect to bound

violations, and IP performing slightly better when looking at the quality of violation-free solutions.

For the tested cases with the tested parameters, the fix-and-optimise LNS approach appears to be

the overall winner. It produced the most good-quality, violation-free solutions. The drawbacks of the

fix-and-optimise heuristics are that the implementation is the most complex by far, using a solver is

unavoidable, and the computational time is quite high for the easier test cases.

6.7 Conclusions

This chapter considers the problem of assigning apprentices to practice placements. It is shown that

even the problem requiring the answer to the question: “Does there exist a feasible solution?”, is

NP-complete. The chapter presents two solution approaches. The first is n optimisation procedure

comprised of a sequential application of Integer Linear Programming, and a Simulated Annealing

metaheuristic. The second is a fix-and-optimise Large Neighbourhood Search approach.

The proposed heuristics were tested by means of computational experiments on a number of

randomly generated test cases, with similar characteristics to relevant data at Australia’s largest

electricity distributor (by number of connections and number of employees). The straight forward
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approach of solving the IP model subject to a two-hour time limit produced good solutions in most

cases, however this approach is not suitable when the size of the problem grows large. The approach

of sequentially constructing a solution one apprentice at a time by solving an augmented version

of the IP produced solutions quickly, but with many violations on the lower and upper bounds on

the permissible number of apprentices in each placement. The approach of improving a sequentially

constructed schedule using Simulated Annealing was shown to produce solutions of similar quality

to the approach of solving the IP, but required substantially less time. The approach of iteratively

fixing certain variables and solving the remainder of the problem performed the best overall, both with

respect to bound violations and solution quality.

Future work can further investigate different apprentice ordering rules, as well as mapping the

performance versus quality trade-off of considering a greater or fewer number of apprentices at each

iteration of the sequential constructive stage. For the SA implementation, applying the operations in

the neighbourhood function in a non-uniform manner, in order to better direct the optimisation away

from poor solutions should be investigated. For the fix-and-optimise LNS implementation, the effect of

selecting features to fix using different selection rules should be investigated.
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Chapter 7

Conclusions

This thesis has examined several related problems arising in practice at an Australian electricity

distributor from both analytical and practical perspectives. For each of the problems discussed, current

knowledge in the respective areas has been advanced, and several new questions for further research

have been prompted.

7.1 Summary

This section briefly summaries the problems discussed in Chapters 3 to 6, including the main results

and conclusions.

7.1.1 Demand-Based Course Timetabling

Chapter 3 presented the NP-hard problem of producing a demand-based class timetable and trainer

roster. This problem shares many similarities with high school and university class timetabling, however

the presence of a number of distinguishing features, summarised in Section 2.3, make the existing

approaches from the literature not directly applicable.

The problem was modelled by means of Integer Programming (IP), where IP models ware constructed

for the class timetabling subproblem, and for the trainer rostering subproblem. This decomposition

is justified by the computational effort required. Even with the decomposition, the problem remains

unsolvable in practically acceptable time even for very small test cases.

A three-stage heuristic approach was presented. First, an initial timetable is constructed class-by-

class by means of solving a restricted version of the class timetabling IP model. Next, the timetable is

improved by means of an iterative fix-and-optimise Large Neighbourhood Search (LNS) procedure, in

which small subsets of variables are carefully selected to be included when solving the class timetabling

IP model, and the rest replaced by constants. Finally, the trainer rostering subproblem, subject to the
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solution from the class timetabling subproblem, is solved by direct application of IP.

The results showed that the proposed approach could produce good quality solutions to the consid-

ered problem in practically acceptable time, whereas direct application of mathematical programming

could not be shown to make the same claim. The approach that was presented can be generalised and

applied to many different problems.

7.1.2 Single-Machine Batch Scheduling with Incompatible Job Families and an

Ordered Bi-Criteria Objective

Chapter 4 discussed a problem with largely the same motivation as the problem studied in Chapter 3.

This problem, however, was presented from an entirely different perspective. Chapter 4 is concerned

with a class timetabling problem for a single bottleneck classroom. In this study, individual students

are to be assigned to classes, whereas individual student assignments were not considered in Chapter 3.

The problem was discussed in the context of batch scheduling, which is an area of research within

the field of machine scheduling. Within the batch scheduling framework, each student’s requirement

for a particular course is represented by a job, and the student’s expiry date for that qualification

corresponds to the job’s due date. The bottleneck classroom is represented by a batching machine, and

the size of the classroom corresponds to the number of jobs the machine can process simultaneously at

one time. A class is composed of students who are attending the same course as one another, therefore

each job has a family that corresponds to the course, and the problem is a batch scheduling problem

with incompatible job families. The problem has an ordered bicriteria objective; the goal is to find a

solution that minimises the secondary objective over the set of solution that minimises the primary

objective.

For the objective of minimising the number of tardy jobs, the NP-hardness in the strong sense

was proven by reduction from the single machine total weighted tardiness problem. The objective of

minimising an arbitrary, regular maximum cost function of job completion time, an O(n2) algorithm

was presented.

An extensive computational study was carried out on the bicriteria case, where the primary objective

is the maximum weighted tardiness and the secondary objective is the total weighted tardiness, which

is justified by the problem’s real world application. Both Simulated Annealing (SA) and Genetic

Algorithm (GA) metaheuristics are proposed. Both algorithms outperformed direct application of IP,

with GA making slower but more consistent progress than SA, especially for the larger test cases.
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7.1.3 Partitioning of Students into Classes

Chapter 5 discussed a partitioning problem, which has to do with deciding which students should attend

which class. Each student is of exactly one type, and must be assigned to exactly one class. Classes

have minimum and maximum capacity of students and of student types; classes may remain empty

at no cost. Students have due dates for their training, and classes are distributed along the timeline.

Each student must be assigned to exactly one class, and the goal is to minimise the total penalty

associated with assigning particular students to particular classes, and the total penalty associated

with combining different student types within the same class.

The problem was shown to share many similarities with previously studied problems, such as

the Graph Partitioning Problem and the related Edge Partitioning Problem, the Quadratic Multiple

Knapsack Problem, and the Quadratic Assignment Problem. The problem was shown to be NP-hard

in the strong sense by reduction from the clique problem.

Four solution approaches were presented. The first approach is based on the Lagrangian Relaxation,

whereby trends are identified in the intermediate solutions of the subgradient algorithm and the

trends inform us about reasonable restrictions to impose on the problem to significantly reduce the

solution space. The second approach is based on Column Generation, whereby partial solutions

corresponding to student assignments for each class are generated. Three strategies were proposed for

finding integer feasible solutions. The third approach incorporates the Column Generation approach

within a fix-and-optimise Large Neighbourhood Search (LNS) framework. The fourth approach was a

Genetic Algorithm, which incorporates an IP subroutine to avoid the problem of infeasibility.

Extensive computational experimentation showed that the fix-and-optimise Large Neighbourhood

Search approach performed the best overall, followed by the Column Generation-based approaches.

The Genetic Algorithm was the least successful of the four proposed approaches, however all four

approaches significantly outperformed direct application of mathematical programming.

7.1.4 Timetabling of Practice Placements

Chapter 6 discussed a problem concerned with the timetabling of practice placements. This problem is

often encountered by students who must complete a variety of supervised practical training placements—

also known as rotations—in addition to their theoretical studies. The problem is perhaps most notable

in the area of clinical education, where for example nursing students must complete a set of practice

placements (also known as clinical placements) following their theoretical studies in order to graduate.

The study of this problem was motivated by the problem of timetabling electrical apprentices at the

electricity distributor into practice placements.

In the studied problem, there are a set of placement groups, each comprised of a set of placements.

143



Each placement in a particular group exposes the apprentice to the same core set of skills, however

they are otherwise distinct. Each placement belongs to exactly one group, and has a minimum and

maximum capacity of apprentices, however the placement can also remain empty. Each apprentice,

depending on the type of apprenticeship they are enrolled in, has a set of placement groups they must

attend. They must attend exactly one placement from each of their required groups, in any order,

and for a minimum duration. There is a penalty for assigning particular apprentices to particular

placements, and this penalty is accumulated per unit of time they spend at the placement. The

objective is to produce a timetable in which all students are assigned to exactly one placement for

each of their required placement groups for at least a minimum duration, where at any given time

placements are either empty or have between a minimum and maximum number of apprentices, such

that the total weighted assignment penalty is minimised. The problem was shown to be NP-hard by

reduction from the partition problem.

The problem is formulated using IP, and two solution approaches were presented. The first approach

constructs an initial timetable by means of successively solving a restricted and augmented version of

the IP model in a similar manner to what was proposed in Section 3.2.1, followed by an improvement

stage based on Simulated Annealing. The second approach is a fix-and-optimise Large Neighbourhood

Search procedure to produce an improved timetable.

Extensive computational experimentation was carried out on a number of randomly generated test

cases with similar characteristics to real-world cases at the electricity distributor. The results showed

that direct application of IP was not practical as the problem size grew larger. The approach of using

SA to improve a sequentially constructed timetable was shown to produce results of similar quality

to IP, but required substantially less time. The fix-and-optimise LNS approach performed the best

overall.

7.2 Future Work

This section outlines a number of recommended directions for future research for each of the problems

discussed in this thesis.

7.2.1 Demand-Based Course Timetabling

The demand-based class timetabling and trainer rostering problem in Chapter 3 was modelled by

means of two IP models: one for the class timetabling subproblem and one for the trainer rostering

subproblem. This was done not only to significantly simplify the modelling process, but also to increase

the tractability of the considered problem. Alternatively, one could choose to formulate the problem as

a single, integrated IP model that covers both subproblems. A complete solution produced using the
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optimal solutions from the class timetabling and trainer rostering subproblems will not necessarily

have an objective value as low as the optimal solution from the integrated approach. Moreover, since

the polytope for the trainer rostering subproblem depends on the solution from the class timetabling

subproblem, one cannot even say that the best strategy is to produce the best possible class timetable.

In fact, it was shown in Section 3.6 that in some cases, the combined objective values of the optimal

timetable and the optimal roster given the optimal timetable was poorer than the combined objective

values of a suboptimal timetable and the optimal roster given the suboptimal timetable. Future

work should investigate a single, integrated model for the class timetabling and trainer rostering

problem. As a starting point, such a model could introduce an additional subscript t to the X variables,

corresponding to the assignment of a particular trainer t assigned to teach module m in room r during

period p. In the worst case, this change alone represents an O(2t) increase in the number of variables in

the integrated model, compared with the class timetabling model; there would be additional constraints

also. Given that the decomposed approach from Chapter 3 presented a significant computational

challenge, an integrated approach would very likely require far greater computational effort to solve.

This increase in difficulty together with the increase in the size of the search space means that the

fix-and-optimise LNS approach may not be as attractive. This is because more iterations would likely

be required to explore the search space thoroughly, and each iteration would likely take much longer.

For this reason, more efficient modelling approaches and alternative solution approaches should be

investigated.

The approach of Column Generation for the integrated class timetabling and trainer roster problem

should be investigated. The integrated problem and be expressed by means of a set covering formulation.

A pattern would describe the assignment of particular classes to rooms, and trainers to modules. Each

pattern would be feasible with respect to the timetabling and rostering constraints, so the responsibility

of the set covering model would be to decide which patterns should be used, and when and where the

patterns should be run. Additional constraints in the set covering model would prevent a particular

trainer from being assigned to two different places at the same time by two patterns. Naturally,

the number of possible patterns is far too large to enumerate, even for small problems. A Column

Generation approach would make use of the dual variables from the linear relaxation to the reduced

master problem (set covering formulation), and generate new patterns using another IP model. A

similar approach was explored in Section 5.6.

Another approach that may be promising would be to make use of a quadratically constrained

model, which would require significantly fewer variables than the linearly constrained models discussed

in Chapter 3. For example, currently Xm,r,p is 1 if module m runs in room r starting at period p or 0

otherwise, requiring up to |M | × |R| × |P | binary variables. If instead we replace Xm,r,p by Xm,rXm,p,
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where Xm,r is 1 if module m runs in room r or 0 otherwise, and Xm,p is 1 if module m starts at

time p or 0 otherwise, then only up to |M | × (|R|+ |P |) binary variables are needed. Moreover, in

an integrated model, Xm,r,t,p which would be 1 if module m running in room r taught by trainer t

starting at period p, or 0 otherwise, can be replaced by Xm,rXm,tXm,p, where Xm,t is 1 if trainer t

teaches module m or 0 otherwise. This would require up to |M | × (|R| × |T | × |P |) variables instead of

up to |M | × |R| × |T | × |P |.

7.2.2 Single-Machine Batch Scheduling with Incompatible Job Families and an

Ordered Bi-Criteria Objective

Further study of the approaches proposed for the problem in Chapter 4 should thoroughly explore, by

computational experimentation, the parameter space in order to determine the parameter values that

perform best in general, as well as for specific problem instances.

Further study should be also be focussed on producing approximation algorithms for the NP-hard

cases together with performance guarantees. Typically, such performance guarantees provide an upper

bound (for a minimisation objective) on either the ratio ( f(σ)
f(σ∗)) or the difference (f(σ)−f(σ∗)) between

the heuristic solution quality σ and optimal solution quality σ∗ given some objective function f .

Algorithms based on Dynamic Programming (DP) [115] can be developed to solve the problem

considered, however the NP-hard cases will require an exponential number of operations on the problem

size. Further research can be directed towards finding a Polynomial Time Approximation Scheme

(PTAS) for the problem. A PTAS is a polynomial time algorithm that can find a solution with an

objective value no greater than 1 + 1
ε times the optimal for any fixed ε > 1.

To address some of the uncertainties involved in problem, Stochastic Dynamic Programming [134]

can be an area for further research. Some sources of uncertainty include students not being able to

attend classes, or classes needing to be cancelled, for example if the trainer is unavailable and no

substitute can be found.

7.2.3 Partitioning of Students into to Classes

The problem studied in Chapter 5 was formulated by means of Quadratic Programming (more

specifically, a Linearly Constrained Quadratic Program), and a linearisation was given, resulting in an

Integer Programming formulation. The addition of new variables was necessitated by this linearisation,

increasing the size of the model. The computational experiments showed, however, that the linearised

model performed better than the quadratic model despite the additional variables. It is unclear whether

this is the case in general, or simply a result of the properties of the test cases that were studied.

Further study is needed to identify the conditions under which IP outperforms QP and vice-versa.
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For the Column Generation approach, it is not strictly necessary to find the incoming column

(pattern) with the most negative reduced cost as is described in Section 5.6. In fact, any column with a

negative reduced cost can be introduced. Further research should investigate how to effectively balance

the higher computational cost for the greater reward of introducing columns that are more likely to be

beneficial, versus the lower computational cost for the lesser reward of introducing columns with less

negative reduced costs. Related to this, approximation methods for the generation of columns should

be investigated, for example, Sol and Savelsbergh [144] discuss a fast heuristic approach for generating

new columns.

The reduced master heuristic, whereby the reduced master problem is solved, subject to the

available columns, with integer constraints became intractable as the number of available columns

grew very large. It is easy to see, however, that at most N columns will be active (selected), since

there are only N classes, and at most one column can be selected for each class. While it may not be

possible to efficiently determine which N columns will lead to an optimal solution, further research

should investigate how some columns can be eliminated from the pool to improve the performance of

the reduced master heuristic. Strategies related the selection of columns to eliminate are discussed in

Vanderbeck [156].

The study in Chapter 5 investigated Lagrangian Relaxation and Column Generation approaches,

among others, but did not mention Row Generation. Further research should investigate whether

Row Generation is also a suitable approach for this problem. Row Generation has been successfully

combined with Column Generation with good results in Nemhauser and Park [116] and in Clarke and

Gong [33], and this direction should be investigated for the problem studied in Chapter 5 also.

7.2.4 Timetabling of Practice Placements

The three ordering rules for the initial construction stage, discussed in Section 6.4.1, exhibited similar

performance with respect to solution quality. Further research should investigate other ordering rules,

and try to determine which rules are likely to work best for a given problem instance.

Further research should investigate more sophisticated operators for the Simulated Annealing

metaheuristic, in particular the neighbourhood operator. One possible direction to focus attention

is the application of Kempe Chains [92, 113], which was developed for graph colouring problems but

has been successfully applied to neighbourhood operators in Simulated Annealing for timetabling

problems [151, 152].

Approaches based on decomposition should also be investigated for the practice placement

timetabling problem. In particular, future research can be directed towards Column Generation.

Columns representing timetables for individual students should be compared with columns representing
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timetables for individual placements. Due to the restrictive nature of the constraints, it is likely

that finding integer feasible solutions to the master problem will be very challenging. In Chapter 5,

one of the proposed approaches for finding an integer feasible solution involved identifying certain

features of the partial solutions represented by the columns, and reducing the problem’s search space

by imposing corresponding restrictions to the underlying problem in accordance with those trends.

(See Section 5.6.3). A similar approach should be investigated here. Possible features for each given

student that are worth investigating include which placement in particular should be attended from

each of their groups, and the sequence in which the placement groups are attended. A possible feature

for each given placement that is worth investigating include whether the placement is or is not being

used by apprentices at particular times.
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[12] J. Beliën and E. Demeulemeester. On the trade-off between staff-decomposed and activity-

decomposed column generation for a staff scheduling problem. Annals of Operations Research,

155(1):143–166, 2007.

[13] C.-E. Bichot. Metaheuristics versus spectral and multilevel methods applied on an air traffic

control problem. In International Federation of Automatic Control. Citeseer, 2006.

[14] T. Birbas, S. Daskalaki, and E. Housos. Course and teacher scheduling in hellenic high schools.

In 4th Balkan Conference on Operational Research, Thessaloniki, Greece, 1997.

[15] A. Bölte and U. W. Thonemann. Optimizing simulated annealing schedules with genetic

programming. European Journal of Operational Research, 92(2):402–416, 1996.

[16] P. Bruker, A. Gladky, H. Hoogeveen, M. Y. Kovalyov, C. Potts, T. Tautenhahn, and S. Van

De Velde. Scheduling a batching machine. Journal of Scheduling, 1:31–54, 1998.
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