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Abstract

In this paper, we consider a high-dimensional quantile regression model where the
sparsity structure may differ between two sub-populations. We develop ¢;-penalized
estimators of both regression coefficients and the threshold parameter. Our penalized
estimators not only select covariates but also discriminate between a model with ho-
mogeneous sparsity and a model with a change point. As a result, it is not necessary to
know or pretest whether the change point is present, or where it occurs. Our estimator
of the change point achieves an oracle property in the sense that its asymptotic distri-
bution is the same as if the unknown active sets of regression coefficients were known.
Importantly, we establish this oracle property without a perfect covariate selection,
thereby avoiding the need for the minimum level condition on the signals of active co-
variates. Dealing with high-dimensional quantile regression with an unknown change
point calls for a new proof technique since the quantile loss function is non-smooth
and furthermore the corresponding objective function is non-convex with respect to
the change point. The technique developed in this paper is applicable to a general M-
estimation framework with a change point, which may be of independent interest. The
proposed methods are then illustrated via Monte Carlo experiments and an application
to tipping in the dynamics of racial segregation.
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1 Introduction

In this paper, we consider a high-dimensional quantile regression model where the sparsity
structure (e.g., identities and effects of contributing regressors) may differ between two sub-
populations, thereby allowing for a possible change point in the model. Let Y € R be a
response variable, () € R be a scalar random variable that determines a possible change
point, and X € RP be a p-dimensional vector of covariates. Here, () can be a component of
X, and p is potentially much larger than the sample size n. Specifically, high-dimensional

quantile regression with a change point is modelled as follows:

Y = XT8, + XT6,1{Q > 7o} + U, (1.1)

where (81,00, 7) is a vector of unknown parameters and the regression error U satisfies
P(U < 0|X,Q) = ~ for some known v € (0,1). Unlike mean regression, quantile regression
analyzes the effects of active regressors on different parts of the conditional distribution of
a response variable. Therefore, it allows the sparsity patterns to differ at different quantiles
and also handles heterogeneity due to either heteroskedastic variance or other forms of non-
location-scale covariate effects. By taking into account a possible change point in the model,
we provide a more realistic picture of the sparsity patterns. For instance, when analyzing
high-dimensional gene expression data, the identities of contributing genes may depend on
the environmental or demographical variables (e.g., exposed temperature, age or weights).
Our paper is closely related to the literature on models with unknown change points
(e.g., Tong (1990), Chan (1993), Hansen (1996, 2000), Pons (2003), Kosorok and Song
(2007), Seijo and Sen (2011a,b) and Li and Ling (2012) among many others). Recent papers
on change points under high-dimensional setups include Enikeeva and Harchaoui (2013);
Chan et al. (2014), Frick et al. (2014), Cho and Fryzlewicz (2015), Chan et al. (2016), Callot
et al. (2016), and Lee et al. (2016) among others; however, none of these papers consider

a change point in high-dimensional quantile regression. The literature on high-dimensional



quantile regression includes Belloni and Chernozhukov (2011), Bradic et al. (2011), Wang
et al. (2012), Wang (2013), and Fan et al. (2014) among others. All the aforementioned
papers on quantile regression are under the homogeneous sparsity framework (equivalently,
assuming that do = 0 in (1.1)). Ciuperca (2013) considers penalized estimation of a quantile
regression model with breaks, but the corresponding analysis is restricted to the case when
p is small.

T as well as

In this paper, we consider estimating regression coefficients ag = (37, 0%)
the threshold parameter 75 and selecting the contributing regressors based on ¢;-penalized
estimators. One of the strengths of our proposed procedure is that it does not require to
know or pretest whether dy; = 0 or not, that is, whether the population’s sparsity structure
and covariate effects are invariant or not. In other words, we do not need to know whether
the threshold 7y is present in the model.

For a sparse vector v € RP, we denote the active set of v as J(v) = {j : v; # 0}. One of
the main contributions of this paper is that our proposed estimator of 7y achieves an oracle
property in the sense that its asymptotic distribution is the same as if the unknown active
sets J(Bp) and J(dg) were known. Importantly, we establish this oracle property without
assuming a perfect covariate selection, thereby avoiding the need for the minimum level
condition on the signals of active covariates.

The proposed estimation method in this paper consists of three main steps: in the first
step, we obtain the initial estimators of oy and 7y, whose rates of convergence may be
suboptimal; in the second step, we re-estimate 7y to obtain an improved estimator of 7
that converges at the rate of Op(n~!) and achieves the oracle property mentioned above;
in the third step, using the second step estimator of 75, we update the estimator of «y.
In particular, we propose two alternative estimators of «g, depending on the purpose of
estimation (prediction vs. variable selection).

The most closely related work is Lee et al. (2016). However, there are several important

differences: first, Lee et al. (2016) consider a high-dimensional mean regression model with a



homoskedastic normal error and with deterministic covariates; second, their method consists
of one-step least squares estimation with an ¢; penalty; third, they derive non-asymptotic
oracle inequalities similar to those in Bickel et al. (2009) but do not provide any distribu-
tional result on the estimator of the change point. Compared to Lee et al. (2016), dealing
with high-dimensional quantile regression with an unknown change point calls for a new
proof technique since the quantile loss function is different from the least squares objec-
tive function and is non-smooth. In addition, we allow for heteroskesdastic and non-normal
regression errors and stochastic covariates. These changes coupled with the fact that the
quantile regression objective function is non-convex with respect to the threshold parame-
ter 7y raise new challenges. It requires careful derivation and multiple estimation steps to
establish the oracle property for the estimator of 7y and also to obtain desirable properties
of the estimator of ag. The technique developed in this paper is applicable to a general
M-estimation framework with a change point, which may be of independent interest.

One particular application of (1.1) comes from tipping in the racial segregation in social
sciences (see, e.g. Card et al., 2008). The empirical question addressed in Card et al. (2008) is
whether and the extent to which the neighborhood’s white population decreases substantially
when the minority share in the area exceeds a tipping point (or change point). In Section 7,
we use the US Census tract dataset constructed by Card et al. (2008) and confirm that the
tipping exists in the neighborhoods of Chicago.

The remainder of the paper is organized as follows. Section 2 provides an informal de-
scription of our estimation methodology. In Section 3, we derive the consistency of the
estimators in terms of the excess risk. Further asymptotic properties of the proposed es-
timators are given in Sections 4 and 5. In Section 6, we present the results of extensive
Monte Carlo experiments. Section 7 illustrates the usefulness of our method by applying
it to tipping in the racial segregation. Section 8 concludes and Appendix A describes in
detail regarding how to construct the confidence interval for 7. In Appendix B, we provide

a set of regularity assumptions to derive asymptotic properties of the proposed estimators



in Sections 4 and 5. Online supplements are comprised of 6 appendices for all the proofs as
well as additional theoretical and numerical results that are left out for the brevity of the
paper.

Notation. Throughout the paper, we use |v|, for the ¢, norm for a vector v with
q=0,1,2. We use |v| to denote the sup norm. For two sequences of positive real numbers
a, and b,, we write a, < b, and equivalently b, > a, if a, = o(b,). If there exists a
positive finite constant ¢ such that a,, = c-b,, then we write a,, & b,. Let Apin(A) denote the
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minimum eigenvalue of a matrix A. We use w.p.a.1 to mean “with probability approaching
one.” We write 0y = Sy + d9. For a 2p dimensional vector «, let a; and «ye denote its
subvectors formed by indices in J(«ap) and {1,...,2p} \ J(ap), respectively. Likewise, let
X ;(7) denote the subvector of X (7) = (X7, XT1{Q > 7})T whose indices are in J(ag). The
true parameter vectors [y, dp and 6y (except 7p) are implicitly indexed by the sample size n,
and we allow that the dimensions of J(f), J(do) and J(6y) can go to infinity as n — oco. For

simplicity, we omit their dependence on n in our notation. We also use the terms ‘change

point’ and ‘threshold’ interchangeably throughout the paper.

2 Estimators

2.1 Definitions

In this section, we describe our estimation method. We take the check function approach
of Koenker and Bassett (1978). Let p(t1,t2) = (t1 — t2)(y — 1{t1 — t2 < 0}) denote the loss
function for quantile regression. Let A and T denote the parameter spaces for ag = (52, 62 )T
and 7y, respectively. For each a = (3,d) € A and 7 € T, we write X738 + X7§1{Q > 7} =
X (7)Ta with the shorthand notation that X (7) = (X7, XT1{Q > 7})T. We suppose that

the vector of true parameters is defined as the minimizer of the expected loss:

(g, 79) = argmin E [p(Y, X (7)" )] . (2.1)
acA,teT



By construction, 7y is not unique when &y = 0. However, if o = 0, then the model reduces to
the linear quantile regression model in which [, is identifiable under the standard assump-
tions. In Appendix C.1, we provide sufficient conditions under which «ay and 7y are identified
when g # 0.

Suppose we observe independent and identically distributed samples {Y;, X;, Q;}i<n. Let
X;(7) and X;; (1) denote the i-th realization of X (7) and j-th element of X; (), respectively,
i=1,...,nand j=1,...,2p, so that X;;(7) = X;; if j <p and X;;(7) = X, ;_,1{Q; > 7}

otherwise. Define

n n

Ru(oym) = =3 p(¥i, Xi(r)Ta) = % S oV, X7+ XT51{Q: > 7).

n < -
=1 =1

In addition, let D;(7) = {n ™t 31, Xi;(1)}Y2, 5 =1,...,2p.
We describe the main steps of our ¢;-penalized estimation method. For some tuning

parameter k,,, define:
2p
Step 1: (&,7) = argming, erRa(a,7)+ £y > Dj(7)]ayl. (2.2)

j=1

This step produces an initial estimator (¢, 7). The tuning parameter k,, is required to satisfy

Ky X (log p)(logn)y/ loi;p‘ (2.3)

1/2

Note that we take k,, that converges to zero at a rate slower than the standard (logp/n)
rate in the literature. This modified rate of s, is useful in our context to deal with an

unknown 7. A data-dependent method of choosing &, is discussed in Section 2.3.

Remark 2.1. Define d; = (23" X2)"? and d;(7) = (1 >0, X21{Q; > 7})"/2. Note
that Z?il Dj(r)|ey| = 25, dslBi| + D 2F_, dj(7)|65], so that the weight D;(7) adequately
balances the regressors; the weight d; regarding |;| does not depend on 7, while the weight

d;(7) with respect to |d;| does, which takes into account the effect of the threshold 7 on the
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parameter change 9.

Remark 2.2. The computational cost in Step 1 is the multiple of grid points to the compu-
tational time of estimating the linear quantile model with an ¢; penalty, which is solvable in
polynomial time (see e.g. Belloni and Chernozhukov (2011) and Koenker and Mizera (2014)

among others).

The main purpose of the first step is to obtain an initial estimator of . The achieved
convergence rates of this step might be suboptimal due to the uniform control of the score
functions over the space 7 of the unknown 7.

In the second step, we introduce our improved estimator of the change point 7. It does

not use a penalty term, while using the first step estimator of ag. Define:

Step 2: 7 = argmin R, (&, 7), (2.4)
TET

where & is the first step estimator of ag in (2.2). In Section 4, we show that when 7 is

identifiable, 7 is consistent for 7, at a rate of n=!.

Furthermore, we obtain the limiting
distribution of n(7 — 79), and establish conditions under which its asymptotic distribution is
the same as if the true o were known, without a perfect model selection on «y, nor assuming
the minimum signal condition on the nonzero elements of «.

In the third step, we update the Lasso estimator of g using a different value of the penal-
ization tuning parameter and the second step estimator of 7. In particular, we recommend

two different estimators of g : one for the prediction and the other for the variable selection,

serving for different purposes of practitioners. For two different tuning parameters w, and



i, whose rates will be specified later by (2.7) and (4.1), define:

Step 3a (for prediction):

2p
a = argmin,e 4R (0, 7) +wn > D;j(7)]ay], (2.5)

Jj=1

Step 3b (for variable selection):
2p
a = argmin, e 4R (0, 7) + pin > w; D;(7)[ay], (2.6)
j=1
where 7 is the second step estimator of 7y in (2.4), and the “signal-adaptive” weight w; in

(2.6), motivated by the local linear approximation of the SCAD penalties (Fan and Li, 2001;

Zou and Li, 2008), is calculated based on the Step 3a estimator a from (2.5):

(
1, |a;] < pn
wj =140, |aj‘ > Qfby
L (Z:L(a_lj)ij)‘ o, S |a]| S Ay -

Here a > 1 is some prescribed constant, and a = 3.7 is often used in the literature. We take

this as our choice of a.

Remark 2.3. For @ in (2.5), we set w, to converge to zero at a rate of (log(p V n)/n)/?:

W, log(p v n) ’ (2.7)

n

which is a more standard rate compared to , in (2.3)). Therefore, the estimator a converges
in probability to «q faster than &. In addition, p, in (2.6) is chosen to be slightly larger
than w, for the purpose of the variable selection. A data-dependent method of choosing w,
as well as p, is discussed in Section 2.3. In Sections 4 and 5, we establish conditions under

which @ achieves the (minimax) optimal rate of convergence in probability for o regardless



of the identifiability of 7.

Remark 2.4. It is well known in linear models without the presence of an unknown 7y
(see, e.g. Biithlmann and van de Geer (2011)) that the Lasso estimator may not perform
well for the purpose of the variable selection. The estimator a defined in Step 3b uses an
entry-adaptive weight w; that corrects the shrinkage bias, and possesses similar merits of
the asymptotic unbiasedness of the SCAD penalty. Therefore, we recommend a for the

prediction; while suggesting « for the variable selection.

Remark 2.5. Note that the objective function is non-convex with respect to 7 in the first and
second steps. However, the proposed estimators can be calculated efficiently using existing

algorithms, and we describe the computation algorithms in Section 2.3.

Remark 2.6. Step 2 can be repeated using the updated estimator of ag in Step 3. Anal-
ogously, Step 3 can be iterated after that. This would give asymptotically equivalent es-
timators but might improve the finite-sample performance especially when p is very large.
Repeating Step 2 might be useful especially when 6 = 0 in the first step. In this case, there
is no unique 7 in Step 2. So, we skip the second step by setting 7 = 7 and move to the third
step directly. If a preferred estimator of dy in the third step (either S or N), depending on
the estimation purpose, is different from zero, we could go back to Step 2 and re-estimate
To. If the third step estimator of dy is also zero, then we conclude that there is no change

point and disregard the first-step estimator 7 since 7y is not identifiable in this case.

2.2 Comparison of Estimators in Step 3

Step 3 defines two estimators for . In this subsection we briefly explain their major dif-
ferences and purposes. Step 3b is particularly useful when the variable selection consistency
is the main objective, yet it often requires the minimum signal condition (ming,,-o |ov;
is well separated from zero). In contrast, Step 3a does not require the minimum signal

condition, and is recommended for prediction purposes. More specifically:



1. If the minimum signal condition (5.1) indeed holds, a perfect variable selection (variable
selection consistency) is possible. Indeed, thanks to the signal-adaptive weights, the
estimator of Step 3b introduces little shrinkage biases. As a result, we show in Theorem
4.5 that under very mild conditions, this estimator achieves the variable selection
consistency. In contrast, Step 3a does not use signal-adaptive weights. In order to
achieve the variable selection consistency, it has to rely on much stronger conditions
on the design matrix (i.e., the irrepresentable condition of Zhao and Yu (2006)) so as to

“balance out” the effects of shrinkage biases, and is less adaptive to correlated designs.

2. In the presence of the minimum signal condition, not only does Step 3b achieve the
variable selection consistency, it also has a better rate of convergence than Step 3a
(Theorem 4.5). The faster rate of convergence is built on the variable selection con-
sistency, and is still a consequence of the signal-adaptive weights. Intuitively, nonzero
elements of «q are easier to identify and estimate when the signal is strong. Such a
phenomenon has been observed in the literature; see, e.g., Fan and Lv (2011) and many

papers on variable selections using “folded-concave” penalizations.

3. In the absence of the minimum signal condition, neither method can achieve variable
selection consistency. However, it is not a requirement for the prediction purpose. In
this case, we recommend the estimator of Step 3a, because it achieves a fast (minimax)

rate of convergence (Theorem 4.4), which is useful for predictions.

4. Finally, we show in Theorem 4.7 that without the minimum signal condition, Step
3b, with the signal-adaptive weights, does not perform badly, in the sense that it still
results in estimation and prediction consistency. However, the rate of convergence is

slower than that of Step 3a.
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2.3 Tuning parameter selection

In this subsection, we provide details on how to choose tuning parameters in applications.
Recall that our procedure involves three tuning parameters in the penalization: (1) k, in
Step 1 ought to dominate the score function uniformly over the range of 7, and hence should
be slightly larger than the others; (2) w, is used in Step 3a for the prediction, and (3) p, in
Step 3b for the variable selection should be larger than w,,. Note that the tuning parameters
in both Steps 3a and 3b are similar to those of the existing literature since the change point
7 has been estimated.

We build on the data-dependent selection method in Belloni and Chernozhukov (2011).

Define

R D e T Bt 28
i=1

where U; is simulated from the 4.i.d. uniform distribution on the interval [0, 1]; ~ is the
quantile of interest (e.g. 7 = 0.5 for median regression). Note that A(7) is a stochastic
process indexed by 7. Let A;_.- be the (1 — €*)-quantile of sup. . A(7), where €* is a small
positive constant that will be selected by a user. Then, we select the tuning parameter in
Step 1 by K, = ¢ - Aj_e-. Similarly, let Aj_.(7) be the (1 — €*)-quantile of A(7), where 7 is
chosen in Step 2. We select w,, and p, in Step 3 by w, = ¢1 - Aj_(7) and p,, = 5 - wy,. It
is also necessary to choose 7T in applications. In our Monte Carlo experiments in Section 6,
we take T to be the interval from the 15th percentile to the 85th percentile of the empirical
distribution of the threshold variable @);. For example, Hansen (1996) employed the same
range in his application to U.S. GNP dynamics.

Based on the suggestions of Belloni and Chernozhukov (2011) and some preliminary
simulations, we choose to set ¢; = 1.1, ¢o = loglogn, and €* = 0.1. In addition, recall that
we set a = 3.7 when calculating the SCAD weights w; in Step 3b following the convention

in the literature (e.g. Fan and Li (2001) and Loh and Wainwright (2013)). In Step 1, we
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first solve the lasso problem for « given each grid point of 7 € 7. Then, we choose 7 and
the corresponding &(7) that minimize the objective function. Step 2 can be solved simply
by the grid search. Step 3 is a standard lasso quantile regression estimation given 7, whose
numerical implementation is well established. We use the rq() function of the R ‘quantreg’
package with the method = "lasso" in each implementation of the standard lasso quantile

regression estimation (Koenker, 2016).

3 Risk Consistency

Given the loss function p(ty,t2) = (t1 —t2)(y — 1{t1 — t2 < 0}) for the quantile regression

model, define the excess risk to be
R(a,7) = Ep(Y, X (1) ) — Ep(Y, X (10) " ap). (3.1)

By the definition of (ag, ) in (2.1), we have that R(ca,7) > 0 for any o € A and 7 € T.
What we mean by the “risk consistency” here is that the excess risk converges in probabil-
ity to zero for the proposed estimators. The other asymptotic properties of the proposed
estimators will be presented in Sections 4 and 5.

In this section, we begin by stating regularity conditions that are needed to develop our

first theoretical result. Recall that X;; denotes the jth element of X;.

Assumption 1 (Setting). (i) The data {(Yi, Xi, Q:)}', are independent and identically
distributed. Furthermore, for all j and every integer m > 1, there is a constant K1 < oo

such that E|X;;|™ < ZK"2.
(i) P(11 < Q < 79) < Ko(1a — 1) for any 7 < 1o and some constant Ky < 0.

(1it) ap € A={a:|a| < M} for some constant My < oo, and 19 € T = [, T|. Further-
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more, the probability of {Q < T} and that of {Q > T} are strictly positive, and

sup sup IE[XZ2]|Q =7] < .
i<p T€T

(iv) There exist universal constants D > 0 and D > 0 such that w.p.a.1,

0 < D < min inf D;(7) < maxsup D;(1) < D < o0.
j<opreT i< Lot
(v) E [(XT50)2 Q = 7':| < Ms|do|3 for all T € T and for some constant My satisfying

0< M, < 0.

In addition to the random sampling assumption, condition (i) imposes mild moment
restrictions on X. Condition (ii) imposes a weak restriction that the probability that @ €
(71, 2] is bounded by a constant times (72 — 7). Condition (iii) assumes that the parameter
space is compact and that the support of ) is strictly larger than 7. These conditions
are standard in the literature on change-point and threshold models (e.g., Seijo and Sen
(2011a,b)). Condition (iii) also assumes that the conditional expectation of E[X}|Q = -]
is bounded on 7 uniformly in j. Condition (iv) requires that each regressor be of the
same magnitude uniformly over the threshold 7. As the data-dependent weights D;(7) are
the sample second moments of the regressors, it is not stringent to assume them to be
bounded away from both zero and infinity. Condition (v) puts some weak upper bound on
E[(X T50)2 |@Q = 7] for all 7 € T when ¢y # 0. A simple sufficient condition for condition (v)
is that the eigenvalues of E[X J((go)Xf( 60)|Q = 7] are bounded uniformly in 7, where X )
denotes the subvector of X corresponding to the nonzero components of dy.

Throughout the paper, we let s = |J(ap)|o, namely the cardinality of J(cp). We allow
that s — 0o as n — oo and will give precise regularity conditions regarding its growth rates.
The following theorem is concerned about the convergence of R(&,7) with the first step

estimator.
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Theorem 3.1 (Risk Consistency). Let Assumption 1 hold. Suppose that the tuning param-

eter K, satisfies (2.3). Then, R(&,7) = Op (kns) .

Note that Theorem 3.1 holds regardless of the identifiability of 7y (that is, whether 6y = 0
or not). In addition, the rate Op(k,s) is achieved regardless of whether k,,s converges, and
we have the risk consistency if k,s — 0 as n — co. The restriction on s is slightly stronger
than that of the standard result s = o(+/n/log p) in the literature for the M-estimation (see,
e.g. van de Geer (2008) and Chapter 6.6 of Bithlmann and van de Geer (2011)) since the

objective function p(Y, X (7)Ta) is non-convex in 7, due to the unknown change-point.

Remark 3.1. The extra logarithmic factor (logp)(logn) in the definition of k, (see (2.3))
is due to the existence of the unknown and possibly non-identifiable threshold parameter
To. In fact, an inspection of the proof of Theorem 3.1 reveals that it suffices to assume that
Ky satisfies k, > log,(p/s)[log(np)/n]'/?. The term log,(p/s) and the additional (logn)'/?
term inside the brackets are needed to establish the stochastic equicontinuity of the empirical

process
n

vp (, ) = 1 Z [p (Yi,Xi (r)" a) —Ep <Y,X ()" aﬂ

=1

uniformly over (o, 7) € A X T.

In Appendix C.2; we show that an improved rate of convergence, Op (w,s), is possible

for the excess risk by taking the second and third steps of estimation.

4 Asymptotic Properties: Case 1. oy # 0

Sections 4 and 5 provide asymptotic properties of the proposed estimators. In Appendix
B, we list a set of assumptions that are needed to derive these properties, in addition to

Assumption 1. We first establish the consistency of 7 for 7.

Theorem 4.1 (Consistency of 7). Let Assumptions 1, 2, 5, and 6 hold. Furthermore, assume

that k,s = o(1). Then, T 5.
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The following theorem presents the rates of convergence for the first step estimators of

ap and 7y. Recall that k, is the first-step penalization tuning parameter that satisfies (2.3).

Theorem 4.2 (Rates of Convergence When &y # 0). Suppose that k,s*logp = o(1). Then

under Assumptions 1-6, we have:

| — aply = Op(kps), R(a,7) = Op(/ﬁis), and |7 — 19| = Op(lﬁ?i ).

In Theorem 3.1, we have that R(¢,7) = Op (k,s) . The improved rate of convergence for
R(&,7) in Theorem 4.2 is due to additional assumptions (in particular, compatibility condi-
tions in Assumption 3 among others). It is worth noting that 7 converges to 7, faster than the
standard parametric rate of n~'/2 as long as s(log p)®(logn)* = o(n). The main reason for
such super-consistency is that the objective function behaves locally linearly around 7y with
a kink at 7, unlike in the regular estimation problem where the objective function behaves
locally quadratically around the true parameter value. Moreover, the achieved convergence
rate for ¢ is nearly minimax optimal, with an additional factor (logp)(logn) compared to
the rate of regular Lasso estimation (e.g., Bickel et al. (2009); Raskutti et al. (2011)). This
factor arises due to the unknown change-point 75. We will improve the rates of convergence
for both 79 and «q further by taking the second and third steps of estimation.

Recall that the second-step estimator of 7 is defined as

7 = argmin R, (&, 7),
TeT

where @ is the first step estimator of g in (2.2). Consider an oracle case for which « in

R, (a,7) is fixed at ag. Let R (1) = R, (g, 7) and

7 = argmin R, (7).
TET

We now give one of the main results of this paper.
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Theorem 4.3 (Oracle Estimation of 7y). Let Assumptions 1-6 hold. Furthermore, suppose

that k,s?logp = o(1). Then, we have that
T—T=op(n").

Furthermore, n (T — 19) converges in distribution to the smallest minimizer of a compound

Poisson process, which is given by

Ni(=h) Na(h)

M(hy= > pul{h <0} + > pol{h >0},

where Ny and Ny are Poisson processes with the same jump rate fq(10), and {pn;} and
{pa2i} are two sequences of independent and identically distributed random variables. The
distributions of py; and po;, respectively, are identical to the conditional distributions of
p (Ui = X)) —p (U) and p (U + X[ 00) —p (Us) given Q; = 7o, where p(t) =t (y — 1{t < 0})
and U; = Y; — XT By — XT601{Q; > 70} for eachi=1,...,n. Here, Ny, No, {p1;} and {ps;}

are mutually independent.

The first conclusion of Theorem 4.3 establishes that the second step estimator of 7y is
an oracle estimator in the sense that it is asymptotically equivalent to the infeasible, oracle
estimator 7. As emphasized in the introduction, the oracle property is obtained without
relying on the perfect model selection in the first step nor on the existence of the minimum
signal condition on active covariates. The second conclusion of Theorem 4.3 follows from
combining well-known weak convergence results in the literature (see e.g. Pons (2003);
Kosorok and Song (2007); Lee and Seo (2008)) with the argmax continuous mapping theorem
by Seijo and Sen (2011b).

Remark 4.1. Li and Ling (2012) propose a numerical approach for constructing a confidence
interval by simulating a compound Poisson process in the context of least squares estimation.

We adopt their approach to simulate the compound Poisson process for quantile regression.
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See Appendix A for a detailed description of how to construct a confidence interval for 7.

We now consider the Step 3a estimator of ag defined in (2.5). Recall that w, is the Step

3a penalization tuning parameter that satisfies (2.7).

Theorem 4.4 (Improved Rates of Convergence When &y # 0). Suppose that k,s*logp =

o(1). Then under Assumptions 1-0,
|a — ap)y = Op(w,s) and R(Q,T) = Op(w?3s).

Theorem 4.4 shows that the estimator a defined in Step 3a achieves the optimal rate of
convergence in terms of prediction and estimation. In other words, when w,, is proportional
to {log(p vV n)/n}'/? in equation (2.7) and p is larger than n, it obtains the minimax rates
as in e.g., Raskutti et al. (2011).

As we mentioned in Section 2, the Step 3b estimator of oy has the purpose of the variable
selection. The nonzero components of & are expected to identify contributing regressors.
Partition o = (avy, aye) such that a; = (o : j € J()) and aye = (o : 7 ¢ J(a)). Note
that oy consists of the estimators of By; and &gy, whereas aje consists of the estimators of
all the zero components of 5y and dy. Let aéj} denote the j-th element of ag;.

We now establish conditions under which the estimator a defined in Step 3b has the
change-point-oracle properties, meaning that it achieves the variable selection consistency
and has the limiting distributions as though the identities of the important regressors and

the location of the change point were known.

Theorem 4.5 (Variable Selection When dq # 0). Suppose that k,s*logp = o(1), s*logs =

log s ;
cun+8wi < by € min \aéjﬂ. (4.1)
n j€J (o)

o(n), and
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Then under Assumptions 1-6, we have: (i)

- /slog s - log s
|CVJ—040J|2=OP( ng >, |aJ_a0J|1:OP (5 S >,

(i)
P(ay=0)—1,

and (i)
log s

R(a,7) = 0Op (,uns —>

n

We see that (4.1) provides a condition on the strength of the signal via min;e ) ]a(()j} :
and the tuning parameter in Step 3b should satisfy w, < p, and s*logs/n < u?. Hence
the variable selection consistency demands a larger tuning parameter than in Step 3a.

To conduct statistical inference, we now discuss the asymptotic distribution of a;. Define
o = argmin, , Ry (ay,79). Note that the asymptotic distribution for @ corresponds to an
oracle case that we know 7y as well as the true active set J(ag) a priori. The limiting
distribution of &y is the same as that of &%. Hence, we call this result the change-point-

oracle property of the Step 3b estimator and the following theorem establishes this property.

Theorem 4.6 (Change-Point-Oracle Properties). Suppose that all the conditions imposed
in Theorem 4.5 are satisfied. Furthermore, assume that %E [p (Y, XTa) |Q = t} exists for
all t in a neighborhood of 19 and all its elements are continuous and bounded, and that

s3(log s)(logn) = o(n). Then, we have that dy = @ + op(n="/?).

Since the sparsity index (s) grows at a rate slower than the sample size (n), it is straight-
forward to establish the asymptotic normality of a linear transformation of ay, i.e., Lay,
where L : R® — R with |L|, = 1, by combing the existing results on quantile regression with

parameters of increasing dimension (see, e.g. He and Shao (2000)) with Theorem 4.6.

Remark 4.2. Without the condition on the strength of minimal signals, it may not be possi-

ble to achieve the variable selection consistency or establish change-point-oracle properties.
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However, the following theorem shows that the SCAD-weighted penalized estimation can
still achieve a satisfactory rate of convergence in estimation of ay without the condition that

oy << MiNje 7 () |aéjj) |. Yet, the rates of convergence are slower than those of Theorem 4.5.

Theorem 4.7 (Satisfactory Rates Without Minimum Signal Condition). Assume that As-
sumptions 1-6 hold. Suppose that k,s*logp = o(1) and w, < p,. Then, without the lower

bound requirement on min,e () |aéj}], we have that | — aply = Op (pns). In addition,

R(3,7) = Op(ji2s).

5 Asymptotic Properties: Case II. 6, =0

In this section, we show that our estimators have desirable results even if there is no
change point in the true model. The case of §; = 0 corresponds to the high-dimensional linear
quantile regression model. Since X7 8y + X76,1{Q > 10} = XT3y, 7y is non-identifiable, and
there is no structural change on the coefficient. But a new analysis different from that of
the standard high-dimensional model is still required because in practice we do not know
whether 9y = 0 or not. Thus, the proposed estimation method still estimates 7y to account
for possible structural changes. The following results show that in this case, the first step

estimator of ag will asymptotically behave as if 6o = 0 were a priori known.
Theorem 5.1 (Rates of Convergence When 0y = 0). Suppose that k,s = o(1). Then under
Assumptions 1-4, we have that

|& — aply = Op(kps) and R(a,7) = Op(k2s).

The results obtained in Theorem 5.1 combined with those obtained in Theorem 4.2 imply
that the first step estimatior performs equally well in terms of rates of convergence for both
the ¢; loss for & and the excess risk regardless of the existence of the threshold effect. It is

straightforward to obtain an improved rate result for the Step 3a estimator, equivalent to
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Theorem 4.4 under Assumptions 1-4. We omit the details for brevity.

We now give a result that is similar to Theorem 4.5 and Theorem 4.7.

Theorem 5.2 (Variable Selection When &y = 0). Suppose that r,s = o(1), s*logs = o(n),
Wp + S 10% < iy, and Assumptions 1-/ hold. We have:
(i) If the minimum signal condition holds:

fn = 0 ( min) |aéj}|) : (5.1)

jGJ(ao

then
slog s

‘EJ—ﬁOJL:OP( - ) \Ej—ﬁw(l:op(s 1°§3>,

2] 1
P(Br=0)—=1, P0=0)—1 and R@7)=0p| pus E)

r

(ii) Without the minimum signal condition (5.1), we have:
R(@,7) = Op(tiys), |0 — vl = Op(spn).

Theorem 5.2 demonstrates that when there is in fact no change point, our estimator for
dp is exactly zero with a high probability. Therefore, the estimator can also be used as a
diagnostic tool to check whether there exists any change point. Results similar to Theorems

4.6 can be established straightforwardly as well; however, their details are omitted for brevity.

6 Monte Carlo Experiments

In this section we provide the results of Monte Carlo experiments. The baseline model

is based on the following data generating process: for i =1,...,n,

Y = Xi(Bo + &10Us) + H{Qi > 10} X[ (00 + E20U), (6.1)
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where U; follows N(0,0.5%), and @; follows the uniform distribution on the interval [0, 1].
The p-dimensional covariate X; is composed of a constant and Z;, i.e. X := (1, ZI)T, where
Z; follows the multivariate normal distribution N(0,%) with a covariance matrix ¥;; =
(1/2)l"=7l. Here, the variables U;, Q; and Z; are independent of each other. Note that the

conditional y-quantile of Y; given (X, @Q);) has the form:

Quant, (Y| X;, Qi) = X6, + 1{Q; < 10} X[9,, (6.2)

where (3, = By + &1 - Quant,(U) and 6, = dg + &0 - Quant.,(U).

We consider three quantile regression models with v = 0.25,0.5, and 0.75. The p-
dimensional parameters [y, do, {10, and &g are set to By = (0, Quanty75(U) =~ 0.34,0,...,0),
do = (0,1,0,...,0), &0 = (0,1,0,...,0), and &g = (0,0,0,...,0), respectively. Because
of the heteroskedasticity, the true parameter value 3, at each quantile is 8y25 = (0,...,0),
Bos = (0,0.34,...,0), and Sy75 = (0,0.68, ...,0). Note that nonzero coefficients are different
between when v = 0.25 and when v = 0.5 or v = 0.75.

We set the change point parameter 7 = 0.5 unless it is specified differently. The sample
sizes are set to n = 200 and 400. The dimension of X; is set to p = 250. Note that we
have 500 regressors in total. The change point 7 is estimated over grid points of the sample
observations {Q;}, where the range is limited to those between the 0.15-quantile and the
0.85-quantile. We conduct 1,000 replications of each design.

We compare estimation results of each step. To assess the performance of our estimators,
we also compare the results with two “oracle estimators”. Specifically, Oracle 1 knows the
true active set J(a.,) and the change point parameter 7y, and Oracle 2 knows only J(a,).
The threshold parameter 7 is re-estimated in Steps 3a and 3b using updated estimates of
Q.

Tables 1-3 summarize the simulation results. We abuse notation slightly and denote all

estimators by (&, 7). They would be understood as (¢, 7) in Step 1, 7 in Step 2, and so on.
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Table 1: Baseline Model: v = 0.25

Excess Risk E[J(a)] MSE of a (a,/as:) Pred. Er. RMSE of 7 C. Prob. of 7 Oracle Prop.

n = 200

Oracle 1 0.004 NA 0.005 ( NA / NA) 0.203 NA NA NA
Oracle 2 0.013 NA 0.005 ( NA / NA) 0.434 0.012 0.925 NA
Step 1 0.032 4.266  0.433 ( 0.389 / 0.044) 0.727 0.013 0.943 0.032
Step 2 0.032 NA  NA (NA/NA) 0.705 0.012 0.952 NA
Step 3a 0.031 4.249 0.413 ( 0.370 / 0.043) 0.691 0.012 0.951 0.032
Step 3b 0.022 1.173 0.281 ( 0.221 / 0.060) 0.556 0.012 0.928 0.686
n = 400

Oracle 1 0.002 NA  0.003 (NA / NA) 0.145 NA NA NA
Oracle 2 0.006 NA 0.003 (NA / NA) 0.313 0.005 0.958 NA
Step 1 0.017 4.352 0.214 ( 0.193 / 0.021) 0.502 0.006 0.959 0.035
Step 2 0.018 NA  NA (NA/NA) 0.495 0.006 0.969 NA
Step 3a 0.015 4.361  0.207 ( 0.186 / 0.021) 0.486 0.006 0.961 0.031
Step 3b 0.009 1.176  0.062 ( 0.048 / 0.014) 0.315 0.005 0.955 0.816

Note: Oracle 1 knows both J(a.) and 7y and Oracle 2 knows only J(a.). Expectation (E) is calculated by
the average of 1,000 iterations in each design. Note that J(a,) = 1. ‘NA’ denotes ‘Not Available’ as the
parameter is not estimated in the step. The estimation results for 7 at the rows of Step 3a and Step 3b are
based on the re-estimation of 7 given estimates from Step 3a (@) and Step 3b ().

Table 2: Baseline Model: v = 0.5

Excess Risk E[J(a)] MSE of a (ay,/as) Pred. Er. RMSE of 7 C. Prob. of 7 Oracle Prop.

n = 200

Oracle 1 0.008 NA  0.012 (NA / NA) 0.288 NA NA NA
Oracle 2 0.018 NA 0.012 (NA /NA) 0.465 0.011 0.948 NA
Step 1 0.040 5.731 0.279 ( 0.245 / 0.034) 0.723 0.011 0.950 0.015
Step 2 0.036 NA  NA (NA/NA) 0.729 0.011 0.946 NA
Step 3a 0.039 5.776  0.272 ( 0.239 / 0.033) 0.717 0.011 0.947 0.017
Step 3b 0.040 2.364  0.182 ( 0.155 / 0.027) 0.702 0.011 0.929 0.428
n = 400

Oracle 1 0.004 NA 0.006 ( NA / NA) 0.201 NA NA NA
Oracle 2 0.008 NA 0.006 ( NA / NA ) 0.337 0.005 0.956 NA
Step 1 0.022 6.055  0.144 ( 0.128 / 0.017) 0.512 0.005 0.953 0.020
Step 2 0.020 NA NA (NA /NA) 0.509 0.005 0.950 NA
Step 3a 0.019 6.056  0.142 ( 0.126 / 0.017) 0.517 0.005 0.947 0.020
Step 3b 0.018 2.250 0.061 ( 0.054 / 0.007) 0.460 0.005 0.949 0.649

Note: J(a) = 2. See the note below Table 1 for other notation.
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Table 3: Baseline Model: v = 0.75

Excess Risk E[J(a)] MSE of a (a,/ae) Pred. Er. RMSE of 7 C. Prob. of 7 Oracle Prop.

n = 200

Oracle 1 0.008 NA  0.015 ( NA / NA) 0.324 NA NA
Oracle 2 0.016 NA  0.015 (NA / NA) 0.508 0.011 0.941
Step 1 0.043 6.056  0.352 (0.310 / 0.042)  0.769 0.012 0.930
Step 2 0.036 NA  NA(NA/NA) 0.787 0.013 0.911
Step 3a 0.036 6.045  0.349 (0.308 / 0.042)  0.782 0.013 0.911
Step 3b 0.029 2.160  0.232 (0.188 /0.044)  0.629 0.012 0.925
n = 400

Oracle 1 0.004 NA  0.007 (NA / NA) 0.218 NA NA
Oracle 2 0.008 NA  0.007 (NA /NA) 0.354 0.005 0.952
Step 1 0.018 6.007  0.169 ( 0.150 / 0.020) 0.538 0.005 0.962
Step 2 0.019 NA  NA(NA/NA) 0.571 0.005 0.944
Step 3a 0.019 6.032  0.169 ( 0.149 / 0.020) 0.548 0.005 0.942
Step 3b 0.010 2.128  0.052 (0.041 / 0.011) 0.367 0.005 0.953

NA
NA
0.024
NA
0.024
0.688

NA
NA
0.013
NA
0.016
0.860

Note: J(a) = 2. See the note below Table 1 for other notation.

We report the excess risk, the average number of parameters selected, E[J(@)], and the sum
of the mean squared error of @ (@, / ay¢). For each sample, the excess risk is calculated
by the simulation, S~' 37 [p(Ys, XT(F)Q) — p(Ys, X (70)0)], where S = 10,000 is the
number of simulations; then we report the average value of 1,000 replications. Similarly, we
also calculate prediction errors by the simulation, (S‘l 2 (xXTFa - XT (70)a7)2>1/2,
and report the average value.

We also report the root-mean-squared error (RMSE) and the coverage probability of the
95% confidence interval of 7 (C. Prob. of 7). The confidence intervals for 7 are calculated
by simulating the two-sided compound Poisson process in Theorem 4.3 by adopting the
approach proposed by Li and Ling (2012). The details are provided in Section A. Li and
Ling (2012) showed that it is valid to simulate the compound poisson process by simulating
the poisson process and the compounding factors from empirical distributions separately
in the context of least squares estimation. We build on their suggestion and modify their
procedure to quantile regression. We did not prove a formal justification for our procedure
in this paper; however, it seems working well in simulations. It is an interesting topic for

future research.

Note that the root-mean-squared error of 7 and the coverage probability of the confidence
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interval at the rows of Step 3a and Step 3b in the tables are estimation results of updated
7: we re-estimate 7 as in Step 2 using ((71, a) and ((7@, a) from Step 3a and Step 3b instead
of (UZ, &). Finally, we also report the oracle proportion (Oracle Prop.), namely the ratio of
the correct model selection out of 1,000 replications.

Overall, the simulation results confirm the asymptotic theory developed in the previous
sections. First, these results show the advantage of quantile regression models over the
existing mean regression models with a change point, e.g. Lee et al. (2016). The proposed
estimator (Step 3b) selects different nonzero coefficients at different quantile levels. The
estimator in Lee et al. (2016) cannot detect these heterogeneous models. In general the
proposed estimators show better performance for heteroskedastic designs and for the fat-tail
error distributions as will be discussed in detail below. Second, when we look at the finite
sample performance of the proposed estimators in Step 3, their prediction errors are within
a reasonable bound from those of Oracles 1 and 2. Recall that we estimate models with
250 times or 500 times more regressors in each design. Third, the root-mean-squared error
of 7 decreases quickly and confirms the super-consistency result of 7. Fourth, the coverage
probabilities of the confidence interval are close to 95%, especially when n = 400. Thus,
we recommend practitioners to use 7 in Step 2 or the re-estimated version of it based on
the estimates from Step 3a or Step 3b. Finally, the oracle proportion of Step 3b is quite

satisfactory and confirms our results in model selection consistency.

6.1 Comparison with Mean Regression with a Change Point

Table 4 compares the performance of the proposed estimator with that of the mean
regression method in Lee et al. (2016). For the purpose of direct comparison between mean
and median regression models, the tuning parameter \ is fixed to be the same as that in
Step 1 from median regression. We consider three different simulation designs at v = 0.5
with n = 200. The first model is a homoskedastic model by setting {y; = (1,0,...,0) in the

baseline design. The second model is the same as the heteroskedastic median regression in
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Table 2. The third model is a fat-tail model, where U; follows a Cauchy distribution with
a scale parameter 0.25 while keeping the heteroskedastic design as the second model. The
mean regression method shows slight over-selection but its performance looks reasonable
in the homoskedastic model. However, the method in Lee et al. (2016) is not robust to
the heteroskedastic errors, which we can observe in Panel B of Table 4. Furthermore, it
cannot detect different nonzero coefficients at different quantile levels while the quantile
method shows such a result in Table 1. Finally, the quantile method works well when the
error distribution follows a Cauchy distribution in Panel C of Table 4. However, the mean
regression method performs poorly with a Cauchy error distribution as the conditional mean

function is not well-defined in this case.

Table 4: Comparison between mean and median regression models with a change point

Panel A—Homoskedastic Model: v = 0.5 and n = 200

E[J(a)] MSE of a (ay,/aye) Pred. Er. RMSE of 7 Oracle Prop.
Oracle 1 NA 0.000 (NA / NA) 0.056 NA NA
Oracle 2 NA 0.000 (NA / NA) 0.199 0.003 NA
Step 1 5919  0.011 ( 0.010 / 0.001) 0.259 0.003 0.026
Step 2 NA  NA (NA /NA) 0.248 0.003 NA
Step 3a 5.900 0.011 ( 0.010 / 0.001) 0.257 0.003 0.024
Step 3b 2.001 0.001 ( 0.001 / 0.000) 0.213 0.003 0.999
Mean Reg ~ 8.162  0.010 (0.008 / 0.001) 0.256 0.003 0.000
Panel B—Heteroskedastic Model: v = 0.5 and n = 200

E[J(@)] MSE of a (ag,/dae) Pred. Er. RMSE of 7 Oracle Prop.
Oracle 1 NA 0.012 (NA /NA) 0.288 NA NA
Oracle 2 NA  0.012 (NA/NA) 0.465 0.011 NA
Step 1 5.731 0.279 ( 0.245 / 0.034) 0.723 0.011 0.015
Step 2 NA  NA (NA/NA) 0.729 0.011 NA
Step 3a 5.776  0.272 ( 0.239 / 0.033) 0.717 0.011 0.017
Step 3b 2.364  0.182 ( 0.155 / 0.027) 0.702 0.011 0.428
Mean Reg  93.550  2.537 ( 0.326 / 2.211 ) 1.572 0.011 0.000
Panel C—Fat-tail Model: v = 0.5, U; ~ Cauchy(0.25) and n = 200

E[J(a)] MSE of a (aj,/daye) Pred. Er. RMSE of 7 Oracle Prop.
Oracle 1 NA 0.005( NA / NA) 0.185 NA NA
Oracle 2 NA  0.005( NA / NA) 0.392 0.011 NA
Step 1 5.843  0.148 ( 0.131 / 0.017) 0.566 0.011 0.022
Step 2 NA NA(NA/NA) 0.576 0.011 NA
Step 3a 5.806 0.143 ( 0.126 / 0.017) 0.575 0.011 0.019
Step 3b 2.582  0.074 ( 0.066 / 0.008) 0.575 0.011 0.483
Mean Reg 218.991 5.55 x 10° ( 5.45 x 10® / 5.50 x 105 )  137.985 0.221 0.000
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6.2 When There Is No Change Point

Table 5 shows the performance of the estimator when there does not exist any change
point. We use the baseline design with v = 0.75 and set 6 = (0,...,0). As we are interested
in the performance of g, we report the average number of parameters selected in 25\, the MSE
of g, and the proportion of detecting no-change point (No-change Prop.). As predicted by
the theory, all measures on § indicate that the estimator (Step 3b) detects no-change point
models quite well. Both E[J(0)] and MSE of § are quite low and no-change proportion
is high. We can also observe much improvement in these measure when the sample size

increases from n = 200 to n = 400.

Table 5: No Change Point: v = 0.75, 4, =0

Excess Risk  E[J(a@)] E[J(§)] MSEofa MSEofd Pred. Er. No-change Prop. Oracle Prop.

n = 200

Oracle 1 0.004 NA NA 0.002 NA 0.196 NA NA
Oracle 2 0.004 NA NA 0.002 NA 0.196 NA NA
Step 1 0.030 4.796 1.149 0.228 0.006 0.618 0.221 0.008
Step 2 0.024 NA NA NA NA 0.617 NA NA
Step 3a 0.026 4.915 1.309 0.226 0.008 0.602 0.142 0.008
Step 3b 0.017 1.520 0.334 0.178 0.007 0.436 0.722 0.541
n = 400

Oracle 1 0.002 NA NA 0.001 NA 0.143 NA NA
Oracle 2 0.002 NA NA 0.001 NA 0.143 NA NA
Step 1 0.015 4.933 1.137 0.126 0.003 0.451 0.223 0.013
Step 2 0.014 NA NA NA NA 0.449 NA NA
Step 3a 0.015 5.042 1.301 0.124 0.004 0.440 0.123 0.010
Step 3b 0.005 1.208 0.141 0.037 0.002 0.197 0.867 0.805

Note: J(cay) =1 and J(d) =0.

6.3 When the Minimal Signal in § is Low

In this subsection, we consider the case when the model contains low minimal signals
in §. Specifically, we consider the median regression model and set fy5 = (0,0.34,0,...,0)
and dp5 = (0,1,1/2,1/4,1/8,1/16,0...,0). Table 6 reports simulation results in this design.
Note that the simulation design in Table 6 is the same as that reported in Table 2 except
that dg5 = (0,1,0...,0) in Table 2. Therefore, we may view that the simulation design in

Table 2 satisfies the minimum signal condition, whereas that of this subsection does not.

26



The simulation results in Table 6 are consistent with asymptotic theory in Section 4 and
remarks in Section 2.2 comparing estimators in step 3. The step 3b estimator performs better
than the step 3a estimator in Table 2, but it performs worse in Table 6. Also note that the
oracle proportion is zero for the step 3b estimator, which is expected given low signals in
coefficients. Finally, it is important to note that the performance of the estimators of 7y is
good in terms of the MSE in the presence of low signals in §. The coverage probability of
the confidence interval is much higher than the nominal level, which was not observed in
previous simulations. Since the MSE and coverage probability between the infeasible oracle
2 estimator and other estimators are very similar, we interpret that the over-coverage result
is not driven by high-dimensionality of regressors and variable selection. Perhaps this is due

to a larger number of coefficients to estimate for the oracle 2 estimator, compared to Table

2.
Table 6: When the minimal signal in ¢ is low
Excess Risk E[Jo(a@)] MSE of & (ay, / aje) Pred. Er. MSE of 7 C. Prob. of 7 Oracle Prop

n = 200

Oracle 1 0.024 NA 0.729 (NA / NA) 0.522 NA NA NA
Oracle 2 0.037 NA 0.729 (NA / NA) 0.816 0.004 0.995 NA
Step 1 0.054 9.949 0.517 (0.414 / 0.104) 0.946 0.004 0.995 0.000
Step 2 0.054 NA NA (NA / NA ) 0.949 0.004 0.992 NA
Step 3a 0.056 9.923 0.517 ( 0.414 / 0.104) 0.903 0.004 0.991 0.000
Step 3b 0.062 3.327 1.293 ( 1.174 / 0.119) 1.002 0.004 0.990 0.000
n = 400

Oracle 1 0.012 NA 0.339 (NA / NA) 0.365 NA NA NA
Oracle 2 0.017 NA 0.339 (NA / NA) 0.522 0.002 0.999 NA
Step 1 0.029 11.058 0.333 (0.275 / 0.058) 0.647 0.002 1.000 0.000
Step 2 0.029 NA NA (NA /NA) 0.694 0.002 0.997 NA
Step 3a 0.027 11.067 0.332 (0.274 / 0.058) 0.678 0.002 0.998 0.000
Step 3b 0.032 3.574 0.648 ( 0.585 / 0.063) 0.691 0.002 0.999 0.000

6.4 Additional Simulation Results

We have carried out additional Monte Carlo experiments. For the sake of brevity, we
only report main findings here and show full results in the appendices. In Appendix F,
we report simulation results when the change point 7y and the distribution of @); vary. In

particular, we consider three different distributions of @;: Uniform|0,1], N(0,1), and x*(1).
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The change point parameter 7 varies over 0.3,0.4,...,0.7 quantiles of each @); distribution.
We find that the performance of 7 measured by the root-mean-squared error depends on
the density of (); distribution, as is expected from asymptotic theory. For instance, it is
quite uniform over different 75 when @; follows Uniform[0, 1]. However, when @Q; follows
N(0,1) or x*(1), it performs better when 7y is located at a point with a higher density of
Q; distribution. Sensitivity analyses provided in Appendix G show that the main simulation
results are robust when we make changes over the range between —15% and +15% of the
suggested tuning parameter values.

In summary, the proposed estimation procedure works well in finite samples and confirms
the theoretical results developed earlier. The simulation studies show some advantages of
the proposed estimator over the existing mean regression method, e.g. Lee et al. (2016). It
also detects no-change-point models well without any pre-test. The main qualitative results
are not sensitive to different simulation designs on 75 and @); as well as to some variation on

tuning parameter values.

7 Estimating a Change Point in Racial Segregation

As an empirical illustration, we investigate the existence of tipping in the dynamics of
racial segregation using the dataset constructed by Card et al. (2008). They show that the
neighborhood’s white population decreases substantially when the minority share in the area
exceeds a tipping point (or threshold point), using U.S. Census tract-level data. Lee et al.
(2011) develop a test for the existence of threshold effects and apply their test to this dataset.
Different from these existing studies, we consider a high-dimensional setup by allowing both
possibly highly nonlinear effects of the main covariate (minority share in the neighborhood)
and possibly higher-order interactions between additional covariates.

We build on the specifications used in Card et al. (2008) and Lee et al. (2011) to choose
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the following median regression with a constant shift due to the tipping effect:

Y; = g0(Q;) + 00 1{Q; > 10} + X 5o + Us, (7.1)

where for census tract 7, the dependent variable Y; is the ten-year change in the neighbor-
hood’s white population, @); is the base-year minority share in the neighborhood, and Xj is
a vector of six tract-level control variables and their various interactions depending on the
model specification. Both Y; and @); are in percentage terms. The basic six variables in X
include the unemployment rate, the log of mean family income, the fractions of single-unit,
vacant, and renter-occupied housing units, and the fraction of workers who use public trans-
port to travel to work. The function ¢(-) is approximated by the cubic b-splines with 15
knots over equi-quantile locations, so the degrees of freedom are 19 including an intercept
term. In our empirical illustration, we use the census-tract-level sample of Chicago whose
base year is 1980.

In the first set of models, we consider possible interactions among the six tract-level con-
trol variables up to six-way interactions. Specifically, the vector X in the six-way interactions
will be composed of the following 63 regressors,

{X(l), L X0 xWOx@ o x G x©) ,X(l)X(Q)X(g)X(A‘)X(E’)X(G)}

Y Y

where X ) is the j-th element among those tract-level control variables. Note that the lower
order interaction vector (e.g. two-way or three-way) is nested by the higher order interaction
vector (e.g. three-way or four-way). The total number of regressors varies from 26 (19 from
b-splines, 6 from X; and 1{Q; > 7}) when there is no interaction to 83 when there are full
six-way interactions. In the next set of models, we add the square of each tract-level control
variable and generate similar interactions up to six. In this case the total number of regressors
varies from 32 to 2,529. For example, the number of regressors in the largest model consists of

#(b-spline basis) + #(indicator function) + #(interactions up to six-way out of 12) = 19 +
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14 22:1 (f) = 2,529. This number is much larger than the sample size (n = 1, 813).

Table 7 summarizes the estimation results at the 0.25, 0.5, and 0.75 quantiles, respec-
tively. We report the total number of regressors in each model and the number of selected
regressors in Step 3b. The change point 7 is estimated by the grid search over 591 equi-
spaced points in [1,60]. The lower bound value 1% corresponds to the 1.6 sample percentile
of Q; and the upper bound value 60%, which is about the upper sample quartile of Q;, is the
same as one used in Card et al. (2008). In this empirical example, we report the estimates
of 79 and the confidence intervals updated after Step 3b (that is, 7 is re-estimated using the
estimates of ag in Step 3b). If this estimate is different from the previous one in Step 2, then
we repeat Step 3b and Step 2 until it converges.

The estimation results suggest several interesting points. First, at each quantile, the
proposed method selects sparse representations in all model specifications even when the
number of regressors is relatively large. Furthermore, the number of selected regressors does
not grow rapidly when we increase the number of possible covariates. It seems that the set
of selected covariates overlaps across different dictionaries at each quantile. See Appendix H
for details on selected regressors. Second, the estimation results are different across different
quantiles, indicating that there may exist heterogeneity in this application. The confidence
intervals for 7y at the 0.25 quantile are quite tight in all cases and they provide convincing
evidence of the tipping effect. If we look at the case of six-way interactions with 12 control
variables, the estimated tipping point is 5.65% and the estimated jump size is —5.50%.
However, this strong tipping effect becomes weaker at the 0.50 and 0.75 quantiles as shown
either by wider confidence intervals or by the zero jump size, i.e. 5=0.

We now compare the estimation results from quantile regression with those from mean
regression, which are reported in Table 8 (full estimation results are in Appendix H). We
show two kinds of mean regression estimates: one with the untrimmed original data and the
other with the trimmed data for which we drop top and bottom 5% observations based on

{Y;}. The estimated tipping points are the same between the two datasets but the estimated
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Table 7: Estimation Results from Quantile Regression

No. of Selected ~

No. of Reg. Reg. in Step 3b CI for 79 )
v =0.25
6 control variables
No Interaction 26 17 5.65  [4.75, 6.17] -4.07
Two-way Interaction 41 20 2.35  [1.00, 4.44] -1.82
Three-way Interaction 61 24 2.35  [1.00, 4.15] -2.19
Four-way Interaction 76 21 5.65  [4.69, 6.08] -5.50
Five-way Interaction 82 22 2.45  [1.00, 4.93] -1.55
Six-way Interaction 83 22 2.45  [1.00, 4.75] -1.55
12 control variables
No Interaction 32 17 5.65  [4.75, 6.17] -4.07
Two-way Interaction 98 18 525  [3.55, 6.09] -3.40
Three-way Interaction 318 22 5.25  [3.63, 5.94] -3.61
Four-way Interaction 813 26 5.25  [3.79, 5.97] -3.53
Five-way Interaction 1605 27 5.25  [4.57, 5.65] -5.37
Six-way Interaction 2529 28 5.65  [4.96, 6.06] -5.50
~ =050
6 control variables
No Interaction 26 15 5.65 [1.67, 11.85] -2.24
Two-way Interaction 41 17 5.05 [2.25, 7.46] -2.63
Three-way Interaction 61 20 525  [4.22, 6.38] -4.15
Four-way Interaction 76 19 5.05  [3.60, 7.00] -3.14
Five-way Interaction 82 20 5.05  [1.23, 9.16] -1.90
Six-way Interaction 83 20 5.05  [1.33, 9.39] -1.90
12 control variables
No Interaction 32 16 1.95  [0.77, 4.61] -3.69
Two-way Interaction 98 21 6.75  [1.00, 45.57] 0.48
Three-way Interaction 318 25 4.05  [1.00, 13.15] -0.97
Four-way Interaction 813 27 3.65 [1.00, 15.91] -0.56
Five-way Interaction 1605 29 3.25  [1.00, 13.16] -0.68
Six-way Interaction 2529 28 3.25  [1.00, 11.67] -0.74
v =0.75
6 control variables
No Interaction 26 15 10.05 [9.37, 11.29] -10.62
Two-way Interaction 41 14 NA NA 0.00
Three-way Interaction 61 21 NA NA 0.00
Four-way Interaction 76 18 NA NA 0.00
Five-way Interaction 82 18 NA NA 0.00
Six-way Interaction 83 18 NA NA 0.00
12 control variables
No Interaction 32 14 10.05 [8.44, 11.94] -7.14
Two-way Interaction 98 20 NA NA 0.00
Three-way Interaction 318 21 NA NA 0.00
Four-way Interaction 813 25 NA NA 0.00
Five-way Interaction 1605 28 NA NA 0.00
Six-way Interaction 2529 24 NA NA 0.00

Note: The sample size is n = 1,813. The parameter 7y is estimated by the grid search on the 591 equi-spaced
points over [1,60]. Both 7 and the 95% confidence interval are based on re-estimation after Step 3b: that
is, 7 is estimated again using (U;, @) from Step 3b.
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Table 8: Estimation Results from Mean Regression

No. of ~ ~

No. of Reg. Selected Reg. 0
6 Control Variables, Six-way Interaction
Untrimmed 83 50 3.25 -16.14
Trimmed 83 41 3.25 -6.53
12 Control Variables, Six-way Interaction
Untrimmed 2529 142 3.25 -15.55
Trimmed 2529 107 3.25 -5.19

Note: The sample size of the untrimmed original data is n = 1,813. The trimmed data drop top and

bottom 5% observations based on {Y;} and the sample sizes decreases to n = 1,626. The parameter 79 is

estimated by the grid search on the 591 equi-spaced points over [1,60]. As in the simulation studies, the

tuning parameters are set from Step 1 in median regression.
jump size is much larger with the original data. Figure 1 shows the fitted values over @); at
the sample mean of the six basic covariates. They are from the model of six-way interactions
with 12 control variables and the vertical line indicates the location of a tipping point.
The left panel of Figure 1 compares the results between the mean and median regression
results (without trimming the data) and the right panel shows the the interquartile range
of the conditional distribution of Y; as a function of (); given other regressors. It can be
seen that the mean regression estimates are much more volatile around the tipping point
than the median regression estimates, although the estimated tipping point is the same. In
Figure 2, we compare the mean regression estimates with and without trimming. Removing
observations with top and bottom 5% Y;’s stablize the estimates, thus demonstrating that
the median regression estimates have the built-in feature that they are more stable with
outliers of Y; than the mean estimates. Finally, looking at the right panel of Figure 1, we
can see that the 25 percentile of the conditional distribution drops at the tipping point of
5.65% but no such change at the 75% quantile. This shows that the quantile regression
estimates can provide insights into distributional threshold effects in racial segregation.

In summary, this empirical example shows that the proposed method works well in the

real empirical setup and is robust to outliers compared to the mean regression approach.

The estimation results also confirm that there exists a tipping point in the racial segregation
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Figure 1: Estimation Results: 12 Control Variables and Six-way Interaction
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at the 0.25 quantile and that the tipping effect is heterogeneous over different quantiles.

8 Conclusions

In this paper, we have developed ¢;-penalized estimators of a high-dimensional quantile
regression model with an unknown change point due to a covariate threshold. We have
shown among other things that our estimator of the change point achieves an oracle property
without relying on a perfect covariate selection, thereby avoiding the need for the minimum
level condition on the signals of active covariates. We have illustrated the usefulness of our
estimation methods via Monte Carlo experiments and an application to tipping in the racial
segregation.

In a recent working paper, Leonardi and Bithlmann (2016) consider a high-dimensional
mean regression model with multiple change points whose number may grow as the sample
size increases. They have proposed a binary search algorithm to choose the number of
change points. It is an important future research topic to develop a computationally efficient

algorithm to detect multiple changes for high-dimensional quantile regression models.
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Appendices

In Appendix A, we provide the algorithm of constructing the confidence interval for 7.
In Appendix B, we provide a set of regularity assumptions to derive asymptotic properties of
the proposed estimators in Sections 4 and 5. In Appendix C, we provide sufficient conditions
for the identification of (ag, ) in (2.1) and show that an improved rate of convergence is
possible for the excess risk by taking the second and third steps of estimation. To prove
the theoretical results in the main text, we consider a general M-estimation framework that
includes quantile regression as a special case. We provide high-level regularity conditions on
the loss function in Appendix D. Under these conditions, we derive asymptotic properties and
then we verify all the high level assumptions for the quantile regression model in Appendix E.
Hence, our general results are of independent interest and can be applicable to other models,
for example logistic regression models. Appendices F' and G provide additional simulation

results, and Appendix H gives additional results for the empirical example.

A The Algorithm of Constructing the Confidence In-
terval for 7

The detailed algorithm for constructing the confidence interval based on the Step 2

estimator is as follows:

1. Simulate two independent Poisson processes Ni(—h) for h < 0 and Ny(h) for f > 0
with the same jump rate fQ(?) over h € [—Hn, Hn], where fo(-) is the pdf of Q, n
is the sample size, and H > 0 is a large constant. For estimating fo(+), we use the
kernel density estimator with a normal density kernel and the rule-of-thumb bandwidth,
1.06 - min{s, (Qo.75s — Qo.25)/1.34} - n~1/5, where s is the standard deviation of Q and
Qo.75 — Qo.2s is the interquartile range of (). A Poisson process N(h) is generated by

the following algorithm:
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(a) Set h =0 and k = 0.
(

b) Generate € from the uniform distribution on [0, 1].

d) If h > nH, then stop and goto Step (f). Otherwise, set k = k + 1 and hy, = h.

)
)
() h=h+[=(1/fo(7))log(e)].
()
(e) Repeat Steps (b)—(d).

(f) The algorithm generates {h;} for & = 1,..., K. Transform it into the Poisson
process N(h) = 25:1 1{hy < R} for h € [0,nH].

2. Using the residuals {U;} and the estimate 6 from Step 1, simulate pjforj=1,... Ni(—h)
from the empirical distribution of {H(U; — XT0) — p(U;)}icn; simulate py; for j =
1,...,Ny(h) from the empirical distribution of {p(U; + XZ0) — p(U;) Yi<n. Here p (t) =

t (y — 1{t <0}) is the check function as defined in Section 4.

3. Recall that
Ni1(—=h) Na(h)

M (h) = Z p1il{h <0} + Z p2il{h > 0}

from Section 4. Construct the function M(-) for h € [~Hn, Hn| using values from

Steps 1-3 above. Find the smallest minimizer h of M(-).
4. Repeat Steps 1-4 above and generate {hq,...,hp}.

5. Construct the 95% confidence interval of 7 from the empirical distribution of {h;} by
[T + ho.oas/n, T + ho.grs/n], where hgges and hgg75 are 2.5 and 97.5 percentiles of {h;},

respectively.

It is straightforward to modify the algorithm above for the confidence intervals with Step

3a and Step 3b estimators. We set H = 0.5, and B = 1,000 in this simulation studies.

B Assumptions for Oracle Properties

In this section, we list a set of assumptions that will be useful to derive asymptotic

properties of the proposed estimators in Sections 4 and 5. In the following, we divide our
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discussions into two important cases: (i) dy # 0 and 7y is identified, and (ii) dp = 0 and thus
To is not identified. The asymptotic properties are derived under both cases. Note that such
a distinction is only needed for presenting our theoretical results. In practice, we do not

need to know whether §p = 0 or not.

Assumption 2 (Underlying Distribution). (i) The conditional distribution Y|X,Q has
a continuously differentiable density function fyxq(y|z,q) with respect to y, whose

derivative is denoted by fyix.o(y|T,q).

(ii) There are constants Cy,Cy > 0 such that for all (y,x,q) in the support of (Y, X, Q),

‘fY|X,Q(y’37aQ)’ <1, frixe(@(n) aolz,q) > Co.

(i1i) When 6o # 0, I'(7, ap) is positive definite uniformly in a neighborhood of 19, where

O*Elp(Y, X (1) )]
8@;80[5

['(7, ap) = E[X, (1) X (1) frixo(X(T) 0] X, Q)].

When 6y = 0, the matrix E[XJ(ﬁO)X§(6O)fY‘X’Q(Xf(ﬁo)ﬂoj(ﬁo)‘X, Q)] is positive definite.

Conditions (i) and (ii) are standard assumptions for quantile regression models. To follow
the notation in condition (iii), recall that «; denotes the subvector of av whose indices are in
J(ow). Expressions X;(7), Xy, cos and Boss,) can be understood similarly. Condition
(iil) is a weak condition that imposes non-singularity of the Hessian matrix of the population
objective function uniformly in a neighborhood of 7y in case of §y # 0. This condition reduces

to the usual non-singularity condition when dy = 0.

B.1 Compatibility Conditions

We now make an assumption that is an extension of the well-known compatibility con-

dition (see Biihlmann and van de Geer (2011), Chapter 6). In particular, the following
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condition is a uniform-in-7 version of the compatibility condition. Recall that for a 2p di-
mensional vector «, we use a; and aye to denote its subvectors formed by indices in J(ayp)

and {1, ...,2p} \ J(«ap), respectively.

Assumption 3 (Compatibility Condition). (i) When &y # 0, there is a neighborhood
To C T of 10, and a constant ¢ > 0 such that for all 7 € Ty and all o € R?P sat-
isfying |agely < 5layl1,

dlas|i < sa’E[X (1) X (1)) (B.1)

(11) When &y = 0, there is a constant ¢ > 0 such that for all 7 € T and all o € R?

satisfying |oe|y < 4|ayls,

Plas|i < sa’E[X (1) X (1) ]a. (B.2)

Assumption 3 requires that the compatibility condition hold uniformly in 7 over a neigh-
bourhood of 7y when §y # 0 and over the entire parameter space 7 when §y = 0. Note
that this assumption is imposed on the population covariance matrix E[X (7) X (7)T]; thus, a
simple sufficient condition of Assumption 3 is that the smallest eigenvalue of E[X (7)X (7)7]
is bounded away from zero uniformly in 7. Even if p > n, the population covariance can still

be strictly positive definite while the sample covariance is not.

B.2 Restricted Nonlinearity Conditions

In this subsection, we make an assumption called a restricted nonlinear condition to deal
with the quantile loss function. We extend condition D.4 in Belloni and Chernozhukov (2011)
to accommodate the possible existence of the unknown threshold in our model (specifically, a
uniform-in-7 version of the restricted nonlinear condition as in the compatibility condition).

Note that when Q < 79, X(79)Tag = XT3y, while when Q > 79, X (70)Tcvg = X6,

where 0y = [y + dp. Hence we define the “prediction balls” with radius » and corresponding
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centers as follows:

B(Bo,r) ={B € BCR": E[(X" (B — £0))"1{Q < mo}] <},

G(0o,r) ={0 € G CRP:E[(XT(0 - 0))*1{Q > 1}] < r?},

(B.3)

where B and G are parameter spaces for 5y and 6y, respectively. To deal with the case that

0o = 0, we also define

B(Bo,r,m) = {8 € BCR:E[(XT (8~ £))*1{Q < 7}] <%},

G(Bo,r,7) ={0€GCRPE[(XT(0—5))*1{Q > 7}] < r?}.

(B.4)

Assumption 4 (Restricted Nonlinearity). The following holds for the constants Cy and Cy

defined in Assumption 2 (ii).

(i) When 0y # 0, there exists a constant i > 0 such that

E[| X" (8 = 5o)P1{Q < o}]*/? 2C,

>rhp— >0 B.5

568(50,17%R),/3¢ﬁo E[|XT(5 — 6o)|P{Q < 10}] — TQR3CQ (B-5)
and that

E[|XT(0 — 6)|?1{Q > 70}]*/? 20,

i or— > 0. B.6
969(90,17%R),97590 E[|XT(0 — 60)21{Q > 70}] — TQRSC’Q ~ (B6)
(i) When 6y = 0, there exists a constant 1 > 0 such that
E[|XT(8 — Bo)P1{Q < 7}]?/? 2
€T BeBpoapymr)i260 BIXT (B — Bo)PH{Q < 7} 3C,
and that

E[|XT(6 — 6y)[*1 3/2 2

inf inf X0 = 60) HQ > 7} - 200 0 (BS)

> R
€T 6eG(Bortypm) 700 B XT (0 — 60)PLH{Q > 7}] 30,
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Remark B.1. As pointed out by Belloni and Chernozhukov (2011), if X%¢ follows a log-
concave distribution conditional on () for any nonzero ¢ (e.g. if the distribution of X is
multivariate normal), then Theorem 5.22 of Lovasz and Vempala (2007) and the Holder

inequality imply that for all o € A,

E[|X (0)" (e — a0)]*|Q] < 6 {E[{X (r0)" (a — a0) }*|Q]}*"*,

which provides a sufficient condition for Assumption 4. On the other hand, this assumption
can hold more generally since equations (B.5)-(B.8) in Assumption 4 need to hold only locally

around true parameters ay.

B.3 Additional Assumptions When ¢, # 0

We first describe the additional conditions on the distribution of (X, Q).

Assumption 5 (Additional Conditions on the Distribution of (X, Q)). Assume 69 # 0. In

addition, there exists a neighborhood Ty C T of 1o that satisfies the following.
(1) Q has a density function fq(-) that is continuous and bounded away from zero on Ty.

(ii) Let X denote all the components of X excluding Q in case that Q is an element of
X. The conditional distribution of Q given X has a density function fQ|)~((q|f) that is

bounded uniformly in both q € Ty and .
(i4i) There exists M3 > 0 such that My ' < E[(XT60)%Q = 7] < M3 for all T € Ty.

Condition (i) implies that P {|Q — 79| < €} > 0 for any € > 0, and condition (ii) requires
that the conditional density of Q given X be uniformly bounded. When 7, is identified,
we require g to be considerably different from zero. This requirement is given in condition
(iii). Note that this condition is concerned with E[(X T50)2 |@ = 7], which is an important

quantity to develop asymptotic results when §; # 0. Note that condition (iii) is a local
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condition with respect to 7 in the sense that it has to hold only locally in a neighborhood
of 70-

The following additional moment conditions are useful to derive our theoretical results.
Assumption 6 (Moment Bounds). (i) There exist finite positive constants C and r such

that for all 8 € B(Bo,r) and for any 6 € G(0y,r),

E[|XT (8 — Bo)|1{Q > 1}] < C E[|XT(8 — Bo)|1{Q < 70},
E[|XT (0 — 60)]1{Q < 70}] < CE[|[XT(0 - 6)[1{Q > 70}].

(ii) There exist finite positive constants M,r and the neighborhood To of 7o such that

E[(XT[(0 ~8) — (6 — Bo)))*|Q = 7] < M,
E[|X"(8 - Bo)l|@ =7] < M,

E[|X"(0 - 6)||Q =] < M,

s B |- a0 ST < armx s - e < il
B e e S e P AR

uniformly in € B(Bo,7), 0 € G(o,7) and T € Ty.

Remark B.2. Condition (i) requires that () have non-negligible support on both sides
of 19. This condition can be viewed as a rank condition for identification of agy. In the
standard threshold model with a fixed dimension, our condition is trivially satisfied by the
rank condition such that both E[XX71{Q < 7}] and E[XXT1{Q > 7}] are positive
definite (see e.g. Chan (1993) or Hansen (2000)). If the rank condition fails, the regression
coefficient may not be identified and thus affecting the identification of the change point. In
the high-dimensional setup, it is undesirable to impose the same rank condition due to the

high-dimensionality. Instead, we replace it with condition (i). Condition (ii) requires the
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boundedness and certain smoothness of the conditional expectation functions E[(XT[(6 —

B) — (6o — 50)])2@ =71], E[|XT(8 — BO)HQ = 7], and E[| X7 (0 — GO)HQ = 7], and prohibits

degeneracy in one regime. The last two inequalities in condition (ii) are satisfied if

E[|X"5]1Q =7]
EgxTa]

for all 7 € Ty and for all g satisfying 0 < E ’XT6| < ¢ for some small ¢ > 0.

C Additional Theoretical Results

In this part of the appendix, we consider the identification of (g, 79) in (2.1) and show
that an improved rate of convergence is possible for the excess risk by taking the second and

third steps of estimation.

C.1 Identification

The following theorem establishes the identification of (ag, 79) in (2.1).

Theorem C.1 (Identification). (i) Assume that 9 # 0 and that the ~y-th conditional

quantile of Y given X and () is uniquely given as
Quantiley |y o(T|X =2,Q = q) = 27 By 4+ 27 601{q > 7o} (C.1)

(i1) The distribution of Q) is absolutely continuous with respect to Lebesque measure.
(i1i) 19 € T = [1,T], which is contained in a strict interior of the support of Q.

(iv) For any 7 € T satisfying 1 < 79, we have that P(1y < Q < 19) > 0; for any o € T

satisfying T > 19, P(10 < Q < 135) > 0.

(v) For everyt € T, we have that inf iy 7 Amin{E(X (T) X (7)7]Q = ¢)} > 0, where X (1) =
(X7, XTHQ > ).
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(vi) infoeir 7 E((X70)%Q = q) > 0.
Then (v, o) is identified.

Theorem C.1 establishes sufficient conditions under which oy and 7y are identified. Con-
ditions (i)-(v) in Theorem C.1 are standard. The non-singularity condition (v) is uniform
in 7 € T and can be viewed as a natural extension of the usual rank condition in the linear
model. Condition (vi) is a condition that imposes that the model is well separated from the

case that there is no change point in the model.

Proof of Theorem C.1. Since the conditional quantile function is uniquely given as (C.1), it

suffices to show that

X (T>T a=X (TO)/ Qp a.s. < a=qQ and T = To.

To begin with, write, assuming 7 < 79,

D(a,7) =X (T)T a—X (TO)T o ©2)

=X"(B=Bo)+ X" (6—060)1{Q>7}+ X"61{r <Q < 71o}.

Now suppose D («, 7) in (C.2) is zero a.s. Then, it is also zero on the following event E:

E={l{r<Q <7} =0}={Q ¢ (1,70]}. (C.3)

on the other hand, P(FE) > 0 because P(E) = P(Q ¢ (7,7]) > P(Q > 79) > 0. However, on
event F,

D(a,7)=X"(B—Po)+XT(6—00)1{Q >7} =0as.

Thus, we have that

X() ' (a—ap)lg =0 as.
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This is equivalent to

E{[X(7)" (o — o)1} = E{E([X(7)" (o — a0)]*|Q) 1} = 0.

However, we have that

0 =E{E([X(7)" (o — a0)*|Q)1£}
> inf }E{[X(T)T(a —a)’|Q = ¢} P(E)

q€(r,7

> it Anin{ E(X (1) X(1)"1Q = @)} P(E) | — o 3.

s

This result combined with (C.2) implies that
X1 {r<Q <7} =0as.
This also implies that

0=E[(XT5)*1{r < Q < 7}
=E{1{r < Q < }E((X"5)*Q)}

> inf E((X76)%Q = q)P(r < Q < 7).

QE[IJ']

Since it is assumed that infc;; 7 E((X76)%|Q = ¢) > 0, thus P(r < Q < 19) = 0. However,
we also assume that P(1 < Q < 719) > 0 if 7 < 75. Hence we must have 7 = 7.

Now consider the other case, that is 7 < 7y. In this case, we have that

D(a,7) =X (B—Bo) + XT(0—00)1{Q > 7} + XT01{ro < Q < 7}. (C.4)
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Hence, in this case, modifying the definition of £ in (C.3) to be

E={l{n<Q@<7}=0}={Q ¢ (n,7]}.

and proceeding the arguments identical to those above gives the desired result. n

C.2 Improved Risk Consistency

The following theorem shows that an improved rate of convergence is possible for the

excess risk by taking the second and third steps of estimation. Recall that

log(p V n)

n

Theorem C.2 (Improved Risk Consistency). Let Assumption 1 hold. In addition, assume

that |7 — 10| = Op(n™') when 5y # 0. Then, whether & = 0 or not,

R(a,7) = Op (wn$) .

The proof of this theorem is given in Appendix E.3. For the sake of not introducing
additional assumptions in this section, we have assumed in Theorem C.2 that |7 — 79| =

Op(n~!') when 7y is identifiable. Its formal statement is given by Theorem 4.3 in Section 4.

Remark C.1. As in Theorem 3.1, the risk consistency part of Theorem C.2 holds whether
or not 9y = 0. We obtain the improved rate of convergence in probability for the excess risk
by combining the fact that our objective function is convex with respect to « given each 7
with the second-step estimation results that (i) if § # 0, then 7 is within a shrinking local

neighborhood of 79, and (ii) when dy = 0, 7 does not affect the excess risk in the sense that

R(ag,7)=0forallT7 e T .
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D Regularity conditions on the general loss function

Let Y be a scalar variable of outcome and X be a vector of p-dimensional observed
characteristics. Suppose there is an observable scalar variable () such that the conditional

distribution of Y or some feature of that (given X) depends on:
XTBH{Q < 1o} + XT0,1{Q > 10} = X7 o + X" 6,1{Q > 70},

where 6 = 6y — By. Let p : R x R — R be a loss function under consideration, whose
analytical form is clear in specific models. Suppose the true parameters are defined as the

minimizer of the expected loss:

(Bo, 00, 70) = argmin E [p(Y, XT3+ XT61{Q > T})} , (D.1)
(B,0)e A, TeT

where A and T denote the parameter spaces for (5y,dg) and 79. Here [ represents the
components of “baseline parameters”, while § represents the structural changes; 7 is the
change point value where the structural changes occur, if any. By construction, 7y is not

unique when dy = 0. For each (3,0) € A and 7 € T, define 2p x 1 vectors:
a=(p" 00" X(n) =\ XTH>H".

Then X738+ XT61{Q > 7} = X(7)Ta, and by letting oy = (8¢, 6¢)7, we can write (D.1)
more compactly as:

(g, 70) = argmin E [p(Y, X (1) )] . (D.2)
acA,TeT

In quantile regression models, for a given quantile v € (0, 1), recall that

p(ty,t2) = (t1 — t2)(y — H{t1 — 2 < 0}).
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D.1 When §;, # 0 and 7y is identified

For a constant n > 0, define

ri(n) =sup {r E ([p (v, X78) = p (v, X" )] 1{Q < 70})

T

> yE((X7 (5 — 80))*1{Q < m}] for all § € B(5y.7) }

and

ro(n) =sup {r K ([,0 (Y, XTG) —p (Y, XTQO)} 1{Q > TO})

T

> nE[(XT (0 — 0))21{Q > 7}] for all 6 € g((%,r)},

where B(Sy,r) and G(6y,r) are defined in (B.3). Note that r1(n) and ry(n) are the maximal
radii over which the excess risk can be bounded below by the quadratic loss on {Q < 79}

and {Q > 7o}, respectively.

Assumption 7. (i) Let Y denote the support of Y. There is a Liptschitz constant L > 0

such that for ally € Y, p(y,-) is convex, and

|p<y7t1> - p(yatQ)l S L|t1 - t2|7Vt17t2 € R.

(ii) For all « € A, almost surely,

E [p(Y, X (r0)"a) — plY. X (1) 00)|@] > 0.

(i1i) There exist constants n* > 0 and r* > 0 such that r1(n*) > r* and ro(n*) > r*.
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(iv) There is a constant ¢y > 0 such that for all T € T,

E [(,0 (YvXTQO> P (Y’ XTBO)) {r<@< 7'0}} > & [(XT (Bo — 90))2 I{r<@< To}} ;

E [(p (KXTB()) —p (K XT90)> 1 {7'0 < Q < T}} > & [(XT (ﬁg — 00))2 1{7’0 < Q < T}} .

We focus on a convex Lipchitz loss function, which is assumed in condition (i). It might
be possible to weaken the convexity to a “restricted strong convexity condition” as in Loh and
Wainwright (2013). For simplicity, we focus on the case of a convex loss, which is satisfied
for quantile regression. However, unlike the framework of M-estimation in Negahban et al.
(2012) and Loh and Wainwright (2013), we do allow p(t1,t2) to be non-differentiable, which
admits the quantile regression model as a special case.

Condition (iii) requires that the excess risk can be bounded below by a quadratic function
locally when 7 is fixed at 79, while condition (iv) is an analogous condition when « is fixed at
ap. conditions (iii) and (iv), combined with the convexity of p(Y-), helps us derive the rates
of convergence (in the ¢; norm) of the Lasso estimators of (ag, 7). Furthermore, these two

conditions separate the conditions for o and 7, making them easier to interpret and verify.

Remark D.1. Condition (iii) of Assumption 7 is similar to the restricted nonlinear impact
(RNI) condition of Belloni and Chernozhukov (2011). One may consider an alternative
formulation as in van de Geer (2008) and Biithlmann and van de Geer (2011) (Chapter 6),
which is known as the margin condition. But the margin condition needs to be adjusted
to account for structural changes as in condition (iv). It would be an interesting future
research topic to develop a general theory of high-dimensional M-estimation with an unknown

sparsity-structural-change with general margin conditions.

Remark D.2. Assumptions 7 (iv) and 5 (iii) together imply that for all 7 € 7y, there exists
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a constant ¢y > 0 such that

A(T)=E [(p (y’ XTQO) —p (Y7 XTBO)) {r<@< 7'0}} > P [r < Q < 7, (D3

Ao(T) =R [(p (Y,XTBO) —p (Y,XTQO)) {ro< @< T}} > P < Q< 1].

Note that Assumption 7 (ii) implies that A;(7) is monotonely non-increasing when 7 < 7,
and Ay (7) is monotonely non-decreasing when 7 > 7, respectively. Therefore, Assumptions
7 (ii), 7 (iv) and 5 (iii) all together imply that (D.3) holds for all 7 in the 7, not just in the
7o since T is compact. Equation (D.3) plays an important role in achieving a super-efficient
convergence rate for 7, since it states the presence of a kink in the expected loss and that

of a jump in the loss function at 7.

We now move to the set of assumptions that are useful to deal with the Step 3b estimator.

Define
IE[p(Y, X (1) )]

m;(T, o) = 9o, ;o m(T,a) = (my(1,Q), ..., may (7, )"

Also, let my(1, o) = (m(1, ) : j € J(w)).

Assumption 8. E[p(Y, X (7)T«a)] is three times continuously differentiable with respect to
a, and there are constants c1,co, L > 0 and a neighborhood Ty of 79 such that the following

conditions hold: for all large n and all T € Ty,

(i) there is M, > 0, which may depend on the sample size n, such that

max |m;(7, ag) — m;(7o, ao)| < Ma|T — Tol;
J<2p

(ii) there is r > 0 such that for all 8 € B(By,7), 0 € G(0y, 1), a = (BT, 07 — BT satisfies:

max sup |m;(7, o) — m;(7, )| < Lo — ol ;
J<2p 17,
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(iii) g is in the interior of the parameter space A, and

2 T

i (PERY X0 0]

= da g0k

83E[P(Y7 XJ(T)T@J)]
Oa;0a;0cy,

sup  sup max
lag—ag|y <cz, T€To b kES

‘<L.

The score-condition in the population level is expressed by m(7, ap) = 0 since «p is in
the interior of A by condition (iii). Conditions (i) and (ii) regulate the continuity of the score
m(T,«), and condition (iii) assumes the higher-order differentiability of the expectation of
the loss function. Condition (i) requires the Lipschitz continuity of the score function with
respect to the threshold. The Lipschitz constant may grow with n, since it is assumed
uniformly over j < 2p. In many examples, M, in fact grows slowly; as a result, it does
not affect the asymptotic behavior of a. For quantile regression models, we will show that
M,, = Cs'/? for some constant C' > 0. Condition (ii) requires the local equicontinuity at oy
in the ¢; norm of the class

{m;(r,a): 7€ Ty,j < 2p}.
We now establish that Assumptions 7 and 8 are satisfied for quantile regression models.

Lemma D.1. Suppose that Assumptions 1 and 2 hold. Then Assumptions 7 and 8 are
satisfied by the loss function for the quantile regression model, with M, = Cs'? for some

constant C' > 0.

D.1.1 Proof of Lemma D.1

Verification of Assumption 7 (i). 1t is straightforward to show that the loss function for

quantile regression is convex and satisfies the Liptschitz condition. g

Verification of Assumption 7 (ii). Note that p(Y,t) = h,(Y —t), where h,(t) = t(y — 1{t <
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0}). By (B.3) of Belloni and Chernozhukov (2011),

hey(w —v) — hy(w) = —v(y — I{w < 0}) + /Ov(l{w <z} —H{w < 0})dz (D.4)

where w =Y — X (19)Tap and v = X(75)T (o« — ). Note that
Efo(y — 1{w < 01)|Q] = ~E[X () (0 — a0)(y — 1{U < 0})|Q] =0,

since P(U < 0|X, Q) = 7. Let Fy|x,o denote the CDF of the conditional distribution Y| X, Q.
Then

E [p(Y, X (r0)" ) = p(Y, X (10)" )| Q]

X (10)T (a—ap)
) / ({U<z) - 1{U< 0})dZ‘Q]
0

X (10)T (a—ap)
=E / [FY\X,Q(X(TO)TQO +2|X,Q) — FY|X,Q(X(7_O)TO~/O|X> Q)d= Q]
0

where the last inequality follows immediately from the fact that Fy|x o(-|X, Q) is the CDF.

Hence, we have verified Assumption 7 (ii). u

Verification of Assumption 7 (iii). Following the arguments analogous those used in (B.4)

of Belloni and Chernozhukov (2011), the mean value expansion implies:

E [IO(Yv X(TO)TCY) - ,O(Y, X(TO)TCYO) |Q}

&=

X (10)T (a—ap) 22 B
{/0 {Zlex,Q(X(TO)TOéo\X Q)+ nglx,Q(X(TO)TOéo +t]X, Q)} dz

J

(@ — o) E [ X (10) X (10)" fyix,0(X (10) 0| X, Q)|Q] (o — o)

‘)

DN | —

X(10)T (a—ap) 22 -
+E / EfY‘X’Q(X(TO) (67} +t’X,Q)dZ
0
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for some intermediate value ¢ between 0 and z. By condition (ii) of Assumption 2,

|fY\X,Q(X(To)Ta0 + t|X, Q)| <(C; and fY|X,Q(X(7'0)TOéo|Xa Q) > Cy.

Hence, taking the expectation on {Q < 7} gives

E [p(Y, X7B) — p(V, XT0)1{Q < 7}]

> %E[(XT(B — Bo))*1{Q < n}] — —IE[IXT(B Bo)PH{Q < mo}]

> CR(IXT(8 - B)P1{Q < o},

where the last inequality follows from

CRIXT(5 ~ A)P1Q < )] > TEIXT(— )P 1HQ < )] (D.5)

To see why (D.5) holds, note that by (B.5), for any nonzero 8 € B(5,75R),

EIXT(5 - 6o)PHQ < m}? . 2C, _ 2

BIXT(— mPHQ < nl] 29730, = 30, m Y (- AIFHQ = nl,

which proves (D.5) immediately. Thus, we have shown that Assumption 7 (iii) holds for
ri(n) with n* = Cy/4 and r* = r{, defined in (B.5) in Assumption 2. The case for r5(n) is

similar and hence is omitted. &

Verification of Assumption 7 (iv). We again start from (D.4) but with different choices of
(w,v) such that w =Y — X (19)Tap and v = X7 [1{Q < 70} —1{Q > 79}]. Then arguments
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similar to those used in verifying Assumptions 7 (ii)-(iii) yield that for 7 < 7,

E[p(Y,X"0) —p (Y, X"5) |Q = 7] (D.6)

X7
=E {/ ZfY\X,Q(XTﬁo + 11X, Q)dz
0

Q= T} (D.7)

g(XTs0)
>E { [ e 11X, Q|0 - T} (D.5)
0
> SO (Tl =1 (D.9)

where ¢ is an intermediate value ¢ between 0 and z. Thus, we have that

52203]13 (X" (Bo — 00))* 1{r < Q < 70}] -

E[(p(Y,X"0) —p (Y, X"5)) 1{r <Q < 7}] >

The case that 7 > 7y is similar. 1

Verification of Assumption 8. Note that

m; (1, a) = E[X;(r)(1{Y — X(7)"a < 0} —9)].
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Hence, m;(1, ap) = 0, for all j < 2p. For condition (i) of Assumption 8, for all j < 2p,

|m; (7, a0) — m;(70, )|

= [EX;(n)[1{Y < X(1)"ao} = L{Y < X(m0) a0}l

= |EX;(1)[P(Y < X(7)T | X, Q) — P(Y < X(79) | X, Q)]
< CE|X;(7)]|(X (1) — X(10))"

= CE|X;(7)||X"6(1{Q > 7} = H{Q > 70})]

< CE|X;(N|[XT6%|(H{r<Q <} +1{rn < Q < 7})

<CP(ro<Q<7)+P(r < Q<)) sup E(|X;(1)X"60]|Q =17)

7,7 €70

< CP(n < Q<7)+P(r < Q<)) sup [E(X;(r)P|Q = 7)]*[E(IXT6[*|Q = 7)]"/?

7,7 €70

S CM2K2|(50|2’7'0 — 7'|

for some constant C, where the last inequality follows from conditions (ii), (iii) and (v)
of Assumption 1. Therefore, we have verified condition (i) of Assumption 8 with M, =
CM2K2|50|2.

We now verify condition (ii) of Assumption 8. For all j and 7 in a neighborhood of 7y,

[m;(7, @) = my(1,00)| = [EX;(1)({Y < X ()" a} = {Y < X(7)"a0})]
= [EX;(T)(P(Y < X(r)"a|X, Q) = P(Y < X(7)" 0| X, Q))]
< CE[X;(n)[|1X ()" (a — ao)| < Cla — agly _max EIX;(7)X;(7)],

J<2p,i<2p

which implies the result immediately in view of Assumption 1. Finally, it is straightforward

to verify condition (iii) using Assumption 2 (iii). n
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D.2 When 6, =0

We now consider the case when dy = 0. In this case, 7y is not identifiable, and there is

actually no structural change in the sparsity. If o is in the interior of A, then m(7, o) =0
forall 7€ T.

For a constant n > 0, define

71(n) =sup {r ' E ([p (Y,XTE) —p (Y,XTﬁo)] 1{Q < T})

T

> nE[(XT(8 — £))*1{Q < 7}] for all B € B(fy,r,7) and for all 7 € T}

and

Fan) =sup {r : E ([p (v, X70) = p (v, X"5,)] 1{Q > 7})

T

> nE[(XT(6 — 5))*1{Q > 7}] for all 6 € G(By,r,7) and for all T € T},

where B(fo,7,7) and G(fBo, r,7) are defined in (B.4).

Assumption 9. (i) Let Y denote the support of Y. There is a Liptschitz constant L > 0

such that for all y € Y, p(y,-) is convex, and
‘p<y7t1) - p(y7t2)| < L|t1 - t2‘7Vt17t2 € R.
(ii) For all € A and for all T € T, almost surely,

Elp(Y, X ()" a) — p(Y, X" 5,)|Q] > 0,

(11i) There exist constants n* > 0 and r* > 0 such that 71(n*) > r* and To(n*) > r*.

(iv) Elp(Y, X (1) )] is three times differentiable with respect to o, and there are universal

constants v > 0 and L > 0 such that for all B € B(Bo,r,7), 0 € G(Bo,r,7T), o =
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(BT, 07 — BT satisfies:

max |m;(7, a) —m;(7,ap)| < Lo — agly
J<2p

for all large n and for all T € T.

(v) ag is in the interior of the parameter space A, and there are constants ¢; an co > 0

OPEIp(Y, X o)
)\min T > Cy1,
aBJaBJ

PEp(Y, Xf(gO)BJ)]
953;0;08k

such that

sup - max
las—ags|, <cz, bd:kE€I (o)

|<L.

As in Lemma D.1, we now establish that Assumption 9 is satisfied for quantile regression

models when dy = 0.

Lemma D.2. Suppose that Assumptions 1 and 2 hold. Then Assumption 9 is satisfied.

D.2.1 Proof of Lemma D.2
Verification of Assumption 9 (i). This is the same as the verification of Assumption 7 (i). 1

Verification of Assumption 9 (ii). This can be verified exactly as in verification of Assump-

tion 7 (ii) with ap = By now. i

Verification of Assumption 9 (iii). By the arguments identical to those used to verify As-

sumption 7 (iii), we have that

E [p(Y, X" B) — p(Y. X" o) {Q < 7}]
> %E[(XT(@ 50)P1Q < 7))~ EIXT(8 - o) 1Q < 7}

SRIXT(5 - m)PIQ < 7Y,
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where the last inequality follows from (B.7). This proves the case for 71(n). The case for

T9(n) is similar and hence is omitted. 1

Verification of Assumptions 9 (i) and (v). They can be verified similarly as in verification

of Assumption 8 in the proof of Lemma Lemma D.1. For all j and 7 € T,

m; (7, ) — my(7, a0)| = [EX;(1)(1{Y < X(1)"a} — {Y < X(7)"ap})]
= [EX;(r)(P(Y < X(1)"a|X,Q) —P(Y < X (1) | X, Q))|
< CE|X;(7)[| X (1) (a — ap)| < Cla — aply max_ E|X;(m)X;(7)],

J<2p,i<2p

which implies condition 9 (iv) in view of Assumption 1. It is also straightforward to verify

condition 9 (v) using Assumption 2 (iii). ¥

E Proofs of Theorems

Throughout the proofs, we define

n

vo (0, 7) = % Z o (Vi Xa (1) 0) = Ep (V. X (1) ) |.

Without loss of generality let v, (s, 7) =n~' Y"1, [p <Yi, Xy ()" aJ> —Ep (Y, X;(n)" a{;)} :
In this section, we suppose that Assumptions 7 and 8 hold when §; # 0 and that As-

sumption 9 holds when dy = 0, respectively.

E.1 Useful Lemmas

For the positive constant K7 in Assumption 1 (i), define

2log (4np) N K log (4np)
n n '

Cnp
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Let [z] denote the smallest integer greater than or equal to a real number . The following

lemma bounds v, (a, 7).

Lemma E.1. For any positive sequences my, and ms,, and any 5 € (0,1), there are con-
stants Ly, Ly and Ly > 0 such that for a, = Llcnpg_l, by = Lacyy[log, (an/mln)]g_l, and

Cp = Lgnfl/ngl,

P<sup  sup |y (o, 7) — vy (o, T)| > anmyy, p < 5, (E.1)
TeT |a—ao|; <min

P { sup sup |V (o, ) — v (v, 7)) Sl <5 E£2)
TET min<|la—ag|; <man |CY — Ozoll

and for anyn >0 and Ty ={1t €T : |7 — 10| <n},

P {sup |n (a0, T) — vy (g, T0)| > cn|50|2\/ﬁ} < 5. (E.3)

TET,

Proof of (E.1): Let €y, ..., €, denote a Rademacher sequence, independent of {Y;, X;, Q; }i<n-
By the symmetrization theorem (see, for example, Theorem 14.3 of Bithlmann and van de
Geer (2011)) and then by the contraction theorem (see, for example, Theorem 14.4 of
Biihlmann and van de Geer (2011)),

E <sup sup  |vn (o, 7) — vy (ap, 7')|>

TET la—ap|;<min

3

<2E (sup sup

TET |a—ag|; <min

<A4LE (sup sup

T€T |a—agl,<min
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Note that

% Z €X; (T)T (v — o)
> (o — agy) % D X ()

j=1 i=1

sup  sup
T€T |a—ag|;<min

=sup  sup
T€T |a—ag|; <min

2p
< sup g la; — a0]|supm%x

‘a*ao‘lgmln j=1 P

n

% > aXi (1)

i=1

n

ﬁ Z EzXz]

=1

< My, SUP Max
TeT JS2p

For all L > K,

E (sup max Z €Xij (T)
i=1

reT J<2p

) < f/logE exp ( Sup max

reT J<2p

> eXi(7)
=1

o)

<(p LlogE |ex max  max €.Xij (T
>(2) & p( Te{Q1,-..,Qn} J<2p ; 1 (7)

)

where inequality (1) follows from Jensen’s inequality, inequality (2) comes from the fact that

< Llog |4npex
=® g[”p p(z(L LKI)H

Xj (1) is a step function with jump points on T N{Q1,...,Q,}, and inequality (3) is by
Bernstein’s inequality for the exponential moment of an average (see, for example, Lemma
14.8 of Bithlmann and van de Geer (2011)), combined with the simple inequalities that
exp(|z]) < exp(z) + exp(—x) and that exp(max;<j<jz;) < Z}le exp(z;). Then it follows

that

n

1
=3 ex
n 4= € X (T)

E (sup max = Cpp, (E.5)

TET ISP

+ —=
n 2(L — Ky)

where the last equality follows by taking L = K; 4+ v/n/[2log(4np)]. Thus, by Markov’s
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inequality,

P {sup sup |n (a0, T) — vy (v, 7)| > anmln} < (anmlnf1 4Lmypcnp =9,

T€T |a—ag|,<min

where the last equality follows by setting L, = 4L.

Proof of (E.2): Recall that €y, ..., €, is a Rademacher sequence, independent of {Y;, X, Q; }i<n.

Note that
E | sup sup [vn (@, 7) = vn (0. 7)]
TET mlng‘a_ao‘lngn ’(X - 060‘1
1 P (YQ,X} (T)T 04> —p <Yi, X; (T)T Oéo)
<q) 2E | sup sup - Z €
1)
T€T min<|a—ag|, <man | T i—1 |Oé — Oéo’l
: Pon (Ve ximTa) —p (Vi X (1) o)
<@ 2 ZE sup sup _ — € oY
j:l TeT?J*lmlnS\&—OéthQJmm n i=1 mln
k n
1 X; (1) (o — ap)
<@ 4L » E|sup sup — € , ’
(3) ; (-,—e’]’gjlmlnga_aohgzjmln n ; 23—1m1n

where inequality (1) is by the symmetrization theorem, inequality (2) holds for some k =
[log, (man/m1y)], and inequality (3) follows from the contraction theorem.

Next, the identical arguments showing (E.4) yield

n

1
=3 ex,
n 4= € Xi; (T)

l & X,'TTCY—OéQ
o Kl (0 = aw)

— < 2max
27 mip

J<2p

sup
20" Imyip<|a—op|; <29mip

uniformly in 7 € 7. Then, as in the proof of (E.1), Bernstein’s and Markov’s inequalities

imply that

P {Sup sup [n (@, 7) = vn (a9, 7)) > bn} < b, '8Lkec,, = 5,

TET min<la—aol; <man |a - O‘Oh

where the last equality follows by setting L, = 8L.
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Proof of (E.3): As above, by the symmetrization and contraction theorems, we have that

TET,

E (sup |Un (00, T) — Vn (040770)|>

< 2E (fg% % ;Ei [P (YQ, X; (T)T ao) —p <Yi, X; (TO)T ao) ‘] )
< 4LE <ng7€ %éeiXiT(So (1{Q; > 7} = 1{Q; > 7'0})‘)

4LOI(M2|50|%K277)1/2
— \/ﬁ

for some constant C; < oo, where the last inequality is due to Theorem 2.14.1 of van der Vaart
and Wellner (1996) with M, in Assumption 1 (v) and K5 in Assumption 1 (ii). Specifically, we
apply the second inequality of this theorem to the class F = {f(e, X, Q,7) = eXT5,(1{Q >
7} —1{Q > 70}), 7 € T,}. Note that F is a Vapnik-Cervonenkis class, which has a uniformly
bounded entropy integral and thus J(1,F) in their theorem is bounded, and that the L,
norm of the envelope |; X/ d0|1{|Q; — 70| < n} is proportional to the square root of the
length of 7,

(Blei X602 1{|Qi — 7o < n})** < (2Ma|do|3Kam) /2.

This implies the last inequality with C} being v/2 times the entropy integral of the class F.
Then, by Markov’s inequality, we obtain (F.3) with Lz = 4LC;(MyK,)Y2.

E.2 Proof of Theorem 3.1

Define D(7) = diag(D;(7) : j < 2p); and also let Dy = D () and D = D (7). Tt follows

from the definition of (&, 7) in (2.2) that

1< T o 1
- > o(Yi, Xi(#)"d) + | D]y < - > p(Yi, Xi(70)" o) + #in| Docxol 1. (E.6)
=1

i=1
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From (E.6) we obtain the following inequality

R(&,%) < [Un(@o,70) — V(& 7)] + kn| Doao|r — kn| Dty
= [vn(a, T) = vnla, 7)] + [n(ao, 70) — Vn(w, 7)) (E.7)

+Kn <|D[)CYO|1 — |Dd|1> .

Note that the second component [v, (o, 7o) — Va(w, 7)] = op [(s/n)"/?logn] due to (E.3)
of Lemma E.1 with taking 7, = 7 by choosing some sufficiently large > 0. Thus, we
focus on the other two terms in the following discussion. We consider two cases respectively:

& — a0|1 < |a0|1 and |& — a0|1 > |O‘0|1'

<
1

Suppose that |& — ag|; < |agl, . Then, ’Dd D(a— ao)‘ + ‘an‘ < 2D |y, , and
1 1

< 3knD ), -

Kn, <|D0()é()|1 — |Dd|1>

Applying (E.1) in Lemma E.1 with my,, = |ao|,, we obtain

|n (0o, T) — vn (&, T)| < @y |awly < ki ool w.p.a.l,

where the last inequality follows from the fact that a, < k, with &, satisfying (2.3). Thus,
the theorem follows in this case.
Now assume that |& — ag|; > |ag|;. In this case, apply (E.2) of Lemma E.1 with my, =

||, and mg, = 2M;p, where M is defined in Assumption 1(iii), to obtain

with probability arbitrarily close to one for small enough 5. Since b, < Dk, we have

v

|n (0o, T) — vn (&, T)| < kD& — aly < Ky |D (a0 — ozo)‘l w.p.a.l.
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Therefore,

R(&, %) + op ("2 logn) gfﬁloz%aoh-—Lbdh>-+ﬁn

< Knp (|D0a0|1 — |b5éj|1> + Kn

Dm—aw
1
D(&—Oé())J

I

1

where the last inequality follows from the fact that & — ag = e + (& — o) ;. Thus, the

theorem follows in this case as well.

E.3 Proof of Theorem C.2

Define

M* = 4max (R (co, 7) + 2w, D |a0\1) /(

TETn

where T,, C T will be specified below. For each 7, define

2p
a(r) = argmin, Ry (a, 7) + wy Z D;(
7=1
It follows from the definition of @(7) in (E.9) that
1 n
Ezp(}/lﬁXi(T ( >)+wn|D Zp }/Z7X
i=1

Next, let
M*
M+ +|a (1) — aol,

t(r)=

wnD), (E.8)

ol (E.9)

Yag) + wn|D(T)agl,.  (E.10)

and a (1) =t (r)a (1) + (1 —t (7)) ap. By construction, it follows that |& (1) — ap|, < M™.

And also note that

| (1) — aply < M*/2 implies |a (1) — ap|; < M* (E.11)
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since @ (1) —ag =t (1) (@ (1) — ap).

For each 7, (E.10) and the convexity of the following map
1 n
- = i, X(r)" n|D
a n;p( ,Xi(T) @) + wa| D(7)al,

implies that

n

3 Xi()a () + el D (7)

<t(r)

3 X)) + wn|D<T>a<T>|1]

+[1=1(7)]

% 22:1: p(Yi, Xi(1)" a0) + wn|D(7)040’1]
< [% ZZ:L; p(Yi, Xi(1) ) + u1n|D(7)040|1] )
which in turn yields the following inequality
R(a(r), ) +wu|D(T)a(1)|1 < [Vnlao, T) — vp(a(T), 7)] + R, 7) + wn|D(T)agl1. (E.12)
Furthermore, by the triangle inequality, (E.12) can be written as
R(a(1),7) + w.Da(r) — apl; < [nlow, 7) — vaul@(r), 7)] + R(aw, 7) + 2w, D]y (E.13)

Now let Zyr = sup,.cr, SUPjo_qaq|<m |Vn (@, T) — vy (a, 7)| for each M > 0. Then, by Lemma
E.1, Zy+ = op (w, M*) by the simple fact that log(np) < 2log(n V p). Thus, in view of the

definition of M* in (E.8), the following inequality holds w.p.a.1,
R(a(t),7) + w,D|a(r) — agl; < w,DM* /2 (E.14)

uniformly in 7 € T,,.
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We can repeat the same arguments for a(7) instead of &(7) due to (E.11) and (E.14), to

obtain

R(a(r),7) + w,D (1) — )y < wpDM* = O(wys), w.p.a.l, (E.15)

uniformly in 7 € T},. It remains to show that there exists a set T, such that 7 € T,, w.p.a.1l

and the corresponding M* = O(s). We split the remaining part of the proof into two cases:

507&0and5020.

(Case 1: g #0)
Let

T ={7: |7 — 70| < Cn'loglogn}

for some constant C' > 0. Note that we assume that if g # 0, then
|? - 7'0| = Op(n_l),

which implies that 7 € T,, w.p.a.1. Furthermore, note that

R(ag,7) =E ([p (Y, XTHO) —p (Y,XTBO)] H{r<Q@< 7'0})

+E([p(Y. X 8) —p (Y. XT0p)] 1{ro <Q < 7}).

(E.16)

Combining the fact that the objective function is Liptschitz continuous by Assumptions 7

(i) with Assumption 1, we have that

Sup |R (o, 7)[ < L sup []E (X"l 1 {r < Q@ < 70}) +E (|X 0|1 {m < Q < T})]
TELn TELIn

= O (|0o], n " loglogn)

=0 (|50|1wi) )

Thus, M* = O (Jag|1) = O (s).
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(Case 2: ¢y = 0) Redefine M* with T,, = T as the maximum over the whole parameter
space for 7. Note that when ¢y = 0, we have that R («,7) = 0 and M* = O (Jagl1) = O (s).

Therefore, the desired result follows immediately.

E.4 Proof of Theorem 4.1

Remark E.1. We first briefly provide the logic behind the proof of Theorem 4.1 here.
Note that for all a = (87,67)T € R* and § = 8+ §, the excess risk has the following

decomposition: when 7 < 79,

R(a,n) =E([p (Y, X"B) = p (Y, X"5)] 1{Q < m})
+E ([p(Y,X70) — p (Y, X70,)] 1{Q > 70}) (E17)

+E([p(Y.X"0) —p (Y, X Bo)] 1{m1 < Q < 70}),

and when 7 > 79,

Ra,7)=E([p(Y,X"8) —p(Y,X"5)] 1{Q < 70})
+E([p(Y,X"0) —p (Y, X"6p)] 1{Q > 7}) (E.18)

+E([p(V,X"8) —p (Y, X"0)] 1{r0 < Q < 72}).

The key observations are that all the six terms in the above decompositions are non-negative,
and are stochastically negligible when taking « = &, and 1y = 7if 7 <719 or 7o = 7 if 7 > 7.
This follows from the risk consistency of R(&, 7). Then, the identification conditions for g
and 7y (Assumptions 7 (ii)-(iv)), along with Assumption 6 (i), are useful to show that the

risk consistency implies the consistency of 7.

Proof of Theorem /.1. Recall from (E.18) that for all « = (87,67)T € R? and 0 = 3 + 6,

the excess risk has the following decomposition: when 7 > 7,
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R(a,7)=E([p (Y, X"8) —p (Y, X"5)] 1{Q < m})
LB ([p (YXT8) - p (Y X70)] 1{Q > 7}) (©.19)
+E ([p (Y,XTB) —p (Y,XTHO)} 1{ro <@ < T}) )
We split the proof into five steps.

Step 1: All the three terms on the right hand side (RHS) of (E.19) are nonnegative. As a

consequence, all the three terms on the RHS of (E.19) are bounded by R(a, 7).

Proof of Step 1. Step 1 is implied by the condition that E[p(Y, X (7o) ) —p(Y, X (19)T ) |Q] >
0 a.s. for all a € A. To see this, the first two terms are nonnegative by simply multiplying
Elp(Y, X (10)Ta) — p(Y, X (70)Ta)|Q] > 0 with 1{Q < 79} and 1{Q > 7} respectively. To
show that the third term is nonnegative for all 8 € R? and 7 > 79, set o = (8/2, 3/2) in the

inequality 1{ro < Q < 7}E[p(Y, X (10)Ta) — p(Y, X (10)T9)|Q] > 0. Then we have that

Hr < Q < T}E[p(Y, X7 (8/2+ 8/2)) — p(Y. X"60)|Q] = 0,

which yields the nonnegativeness of the third term. g

Step 2: Let a V b= max(a,b) and a A b = min(a,b). Prove:

1/2
E[IX7(8 — 60)[1{Q < 70}] < —R(a,7) Vv [i*R(a,T)] |

Ui U

Proof of Step 2. Recall that

ri(n) =sup {r:E ([p (v, X"8) = p (v, X" )] 1{Q < 70})

r

> yE[(XT(8 — f0))*1{Q < m}] for all § € B(f,r) }.
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For notational simplicity, write

E[(XT(8— 50)*1{Q < 0} = 18— BollZ,

and

F(@)=E ([P (Ya XT(ﬂo + 5)) P (YaXTﬁo)] HQ < 7’0}) :

Note that F(5 — f3y) = E ([p (Y, XTB) —p (Y, XTBO)} 1{Q < 7'0}), and # € B(fy,r) if and

only if |3 — follq < 7.

For any 3, if |5 — Bollq < r1(n*), then by the definition of r1(n*), we have:

F(B — Bo) = W E[(X" (8 — £))*1{Q < 7o}].

If |3 = Bollg > mi(n), let t = ri(n*)||8 — Boll,* € (0,1). Since F(:) is convex, and F(0) = 0,
we have F(3 — ) >t 'F(t(8 — fy)). Moreover, define

B —Bo

o= bt g5,

then |5 — Boll, = r1(n*) and t(8 — By) = B — Bo. Hence still by the definition of r,(n*),

F(8 — f0) 2 7F(3 o) 2 TRIXT(3 — ))?H{Q < mo}) = 7'ra )18 = ol

Therefore, by Assumption 7 (iii), and Step 1,

Rla,7) = E ([p(V,X"8) = p (Y, X"5)] 1{Q < 70})
> 0 E[(XT(8 = o) H{Q < mo}] A {E[(XT (8 — 50))*H{Q < m}]}"/?
> (E UXT(ﬁ — Bo)|H{Q < TO}D2 A r'E UXT(B — Bo)|H{@Q < TOH )

where the last inequality follows from Jensen’s inequality. B
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Step 3: For any r > 0, w.p.a.l, f € B(Bo,r) and 0 e G(bo, ).

Proof of Step 3. Suppose that 7 > 75. The proof of Step 2 implies that when 7 > 7,

R(a,7)*  R(a,T)

E[(XT(8 - f0)*1{Q < < o

[( (B BO)) {Q = 7—0}} = (n*r*)g \4 n*

For any r > 0, note that R(&,7) = op(1) implies that the event R(&,7) < r? holds w.p.a.1.
Therefore, we have shown that 5 € B(S,,7).

We now show that 6 € G(6y,r). When 7 > 75, we have that

Ria,7) 20 E ([p (Y. X"0) = p (V. X"00)] 1{Q > 7})
= E([p (V. X70) = p (V. X"0)] 1{Q > 70})
—E([p(Y,X"0) —p(YV,X"0))] 1{ro < Q < 7})

1/2

=@ n'E [|XT(9 —600)P1{Q > 7'0}} Anrt (E [|XT(9 —600)P1{Q > TO}D

—E([p(V,X"0) —p (Y, X"0)] 1{ro < Q < 7}),

where (1) is from (E.18) and (2) can be proved using arguments similar to those used in the

proof of Step 2. This implies that

2
< R(a,7)2 y R(a, 1)
(m*r*) n*

Y

E [(X"(0 - 60))*1{Q > 70}

where R(a,7) = R(a, 7) + E ([p (Y, XT0) — p (Y, XT6,)] 1 {ro < @ < 7}). Thus, it suffices

to show that R(&,%) = op(1) in order to establish that § € G(6y,r). Note that for some
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constant C' > 0,

E [(p(Y,X70) — p(Y, X 6))1{ro < Q < 7}]
<q) LE [|XT(0 — 6p)|1{ry < Q < 7}]
< L9~ b [max |1 < @ < 7} + 210 - Gl B[ < Q < 7)

<(3) L|0 — bo|,E {r?ggpzﬂsgpp(% <Q<TIX = f)} + L|0 — 0L E [|Q|1{m < Q < 7}]

§(4) C(T - 7'0)|0 — 90|1E { [r??;{ |X]|:| + 1} s

where (1) is by the Lipschitz continuity of p(Y,-), (2) is from the fact that | X7 (0 — 6,)| <
10 — o)1 (max;<, | X;| + |Q|), (3) is by taking the conditional probability, and (4) is from
Assumption 5 (ii).

By the expectation-form of the Bernstein inequality (Lemma 14.12 of Biithlmann and
van de Geer (2011)), E[max;<, | X;|] < K;log(p + 1) ++/2log(p + 1). By (E.27), which will
be shown below, |6 — 6y|; = Op(s). Hence by (E.23) which will also be shown below, when
T > To,

|7 — 70]16 — o1 B[max| X;] = Op(rns* logp) = op(1).

Note that when 7 > 7, the proofs of (E.23) and (E.27) do not require 6 € G(6y,7), so there
is no problem of applying them here. This implies that R(¢, 7) = op(1).
The same argument yields that w.p.a.1, 0 e G(6o,7) and (3 € B(Bo, ) when 7 < 79; hence

it is omitted to avoid repetition. &

Step 4: For any ¢ > 0 and any r > 0, there is an ¢ > 0 such that for all 7, € B(fy,r) and

0 € G(0y,r), R(a,7) < e implies |1 — 79| < €.

Proof of Step 4. We first prove that, for any ¢ > 0, there is € > 0 such that for all 7 > 7,

B € B(Poy,r) and 0 € G(0y,r), R(a, T) < e implies that 7 < 79 + €.
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Suppose that R(«, 7) < e. Applying the triangle inequality, for all 5 and 7 > 7o,

E[(p(Y,X"Bo) —p (Y, X"6p)) 1{ro < Q < 7}]
< [E[(p (Y, X78) = p (Y. X700)) 1{r < Q < 7}]| (E.20)

+[E[(p (V. XTB) = p (Y, XT5o)) L{ro < Q < 7}]].

First, note that the first term on the RHS of (E.20) is the third term on the RHS of (E.19),

hence is bounded by R(a,7) < e.

We now consider the second term on the RHS of (E.20). Assumption 6 (i) implies that

for all 5 € B(fo,r) and 0 € G(6y, 1),
GE[[XT1{Q > n}] SE[[XTB1{Q < n}] < GEE[[XTBI1{Q > n}] . (E:21)
It follows from the Lipschitz condition, Step 2, and Assumption 6 (i) that for all 5 € B(f, ),

B[ (v:X78) = p (V. X73)) 1{m < @ < 7}]| < LE[|X" (5= ] 1{m < Q < )]
< LE[|X" (8 = 50)| 1{m < Q}]
< LCE[|X" (8- £0)| 1{Q < no}]
{e/r)v v/ }
Cle).

IA
™

L

Thus, we have shown that (E.20) is bounded by C(e) + e.

For any ¢ > 0, it follows from Assumptions 7 (ii), 7 (iv) and 5 (iii) (see also Remark
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D.2) that there is a ¢ > 0 such that if 7 > 79 + €/,

Pro<Q<1+e)<P(ro<Q<7)
<E[(p (¥, X7B0) —p (V. XT80)) 1 {m < @ < 7]

< C(e) +e.

Since ¢ — C(e) + € converges to zero as £ converges to zero, for a given € > 0 choose a

sufficient small € > 0 such that C(e) +¢ < P(19 < Q < 19+ ¢€), so that the above inequality

cannot hold. Hence we infer that for this €, when R(«, 7) < €, we must have 7 < 7y + €.
By the same argument, if 7 < 79, then we must have 7 > 75 — €. Hence, R(a,7) < &

implies |7 — 15| < €. 1
Step 5: ¥ - 7.
Proof of Step 5. For the e chosen in Step 4, consider the event {R(¢,7) < £}, which occurs

w.p.a.l, due to Theorem 3.1. On this event, |7 — 79| < ¢’ by Step 4. Because € is taken

arbitrarily, we have proved the consistency of 7. 1

E.5 Proof of Theorem 4.2

The proof consists of multiple steps. First, we obtain an intermediate convergence rate
for 7 based on the consistency of the risk and that of 7. Second, we use the compatibility

condition to obtain a tighter bound.

Step 1: Let (&) = coinf ey E[(X70)%|Q = 7], which is bounded away from zero and
bounded above due to Assumption 5 (iii). Then ¢y(do) |7 — 70| < 4R (&, 7) w.p.a.l. As a

result, |7 — 19| = Op [Kns/Co(d0)].
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Proof of Step 1. For any 19 < 7 and 7 € Ty, and any € B(f,r), a = (8,0) with arbitrary

0, for some L, M > 0 which do not depend on (8 and T,

[E (p (V. XT8) = p (Y, X"5)) 1{m < Q < 7}

<@ LE[[XT (8~ o) 1{n < Q < 7}]

<) ML(T = 70)R [[X7 (8 = )| 1{Q < 7}]

<@ ML(r —m) {E [(XT -’ 1Q<m]}"

< (ML(r=m))" / (4) + "B [ (X7 (8= )" 1{Q < o}

<) (ML(r = 7))* / (40") + E [(p (V: XT8) = p (V. X75)) 1{Q < 70}]

<(e) (ML(T = 70))* / (47") + R(a, 7),

where (1) follows from the Lipschitz condition on the objective function, (2) is by Assumption
6 (ii), (3) is by Jensen’s inequality, (4) follows from the fact that uv < v?/ (4c) + cu® for any
¢ >0, (5) is from Assumption 7 (iii), and (6) is from Step 1 in the proof of Theorem 4.1.

In addition,

[E [(p (¥, X78) = p (Y, X" 60)) 1{mo < @ < ]|

> E[(p (Y. X Bo) —p (Y, XT6p)) 1{r0 < Q < 7}]

—|E[(p (Y, X"B) —p (Y, X"6p)) 1{ro < Q < 7}]]

> E[(p (Y. X Bo) —p (Y. X"6p)) 1{r0 < Q < 7}] — R(a,7)

2(3) { inf E[(XTéo) ’Q = 7—]} (T - TO) - R(O{,T),

7€To

where (1) is by the triangular inequality, (2) is from (E.18), and (3) is by Assumption 7 (iv).

Therefore, we have established that there exists a constant C' > 0, independent of (a, 7),

73



such that

Zo(80) (T — 1) < C(1 — 10)? + 2R(av, 7). (E.22)

Note that when 0 < (7 — 7p) < Go(6)(2C) 7", (E.22) implies that

0(do)
2

Ql

50(50)(7'—7'0) S (T—Tg)—|—2R(C¥,T),

which in turn implies that 7—7y < 50(450) R(w, 7). By the same argument, when —,(d,)(2C) ™! <

(T—79) <0, we have 7o —7 < 50(450)R<O‘v 7) for a = (B, 6), with any 6 € G(6y, ) and arbitrary
B.

Hence when # > 79, on the event § € B(fo, r), and 7 — 75 < (80)(2C) !, we have

— ). (E.23)

When # < 79, on the event § € G(6y,7), and 79 — ¥ < (50)(2C)~", we have 15 — 7 <

——~R(&, 7). Hence due to Step 3 in the proof of Theorem 4.1 and the consistency of 7, we

4
co(do)

|7%—Tol S

R(a,7) w.p.a.l. (E.24)
This also implies |7 — 79| = Op [knS/0(d0)] in view of the proof of Theorem 3.1. §

Step 2: Define vy, (1) = vy, (o, T) — v (9, T9) and ¢4 = Ky, <]D0a0|1 — }Daol ) + |v1n (7).
1
Then,
1

R(&,7) + S#a

lu)(d—ao)‘l < ¢y + 26,

D(a— ozo)J‘ w.p.a.l. (E.25)
1
Proof of Step 2. Recall the following basic inequality in (E.7):

R(@,7) < [va(ao, ) = vale, )] = v1a (F) + ki (|1Doaols = [1Dal) . (E.26)



Now applying Lemma E.1 to [v,(«g, T) — vn (&, 7)] with a,, and b, replaced by a,,/2 and b, /2,

we can rewrite the basic inequality in (E.26) by

1

2

%

R |D00[0’1 > R(éz,%) + Kn D&

1 D(a—ao)‘l — vn (F)] w.p.a.l.

%

D(a— ozo)‘ on both sides of the inequality above and using the fact that
1

Now adding &,

lovwjl, — 6|, + (& — ;)| = 0 for j ¢ J, we have that

v

D(Oué—Oéo)J

i (1Doctoly = | Dao| ) + van (7)) + 2%,

1

1
ZR(@,’?‘)-{-ﬁKJn

D (& — ao)‘l w.p.a.l.

Therefore, we have proved Step 2. i

We prove the remaining part of the steps by considering two cases: (i) ky,

D(d—&o)J’1 §

Ca; (i1) Kn

D(a— ao)J‘l > ¢,. We first consider Case (ii).

%

Step 3: Suppose that k, |D (& — ao)J’ > ¢,. Then
1

|7 — 10| = Op [His/éo(fgo)} and & — ag| = Op (Kns).

%

Proof of Step 3. By k,, |D (& — aO)J‘ > ¢, and the basic inequality (F.25) in Step 2,
1

D (& — ag) y (E.27)

which enables us to apply the compatibility condition in Assumption 3.
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Recall that || Z]|, = (EZ%)'/? for a random variable Z. Note that for s = |.J(ag)|o,

1 o
R(CUY,%) + éﬁln D (5& — O(())
1
<@ 3kn D(a- o),
i ! (E.28)

<(2) 3k D || X (7)" (& = ag) |, Vs/o

9x2D%s ¢ T 2
<@) 207 + 5 ||X(T) (@ — ao)||2>

where (1) is from the basic inequality (E.25) in Step 2, (2) is by the compatibility condition
(Assumption 3), and (3) is from the inequality that uv < v?/(2¢) + ¢u?/2 for any ¢ > 0.

We will show below in Step 4 that there is a constant Cy > 0 such that
X (1) (& — o) |5 < CoR(&, 7) + Coco(6)|7 — 70|, wp.a.l. (E.29)

Recall that by (E.24), ¢(d) |7 — 70| < 4R (&, F). Hence, (E.28) with ¢ = (5Cy)~! implies
that

9x2 D%s

R(&,7) + i S T

(E.30)

E@—aw
By (E.30) and (E.24), |7 — 10| = Op [k25/cy(00)]. Also, by (E.30), |& — | = Op (ky,s) since
D(7) > D w.p.a.l1 by Assumption 1 (iv). 1

Step 4: There is a constant Cy > 0 such that || X (7)7(a — O‘O)Hz < CoR(a, 7))+ Coco(do)| T —

To|, w.p.a.l.

Proof Step 4. Note that

X (1) (= ao)||; < 2| X (1) e — X (1),
) . (B31)
+4||X (1) a — X (o) ao ||, + 4| X (10) "o — X (7)o |, -

We bound the three terms on the right hand side of (E.31). When 7 > 79, there is a constant
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C; > 0 such that

HX(T)Ta — X(TO)TOJ”z

=E[(X"6)*1{r < Q < 7}]

- [ Elrarie = arty

< Q/TE [(X760)%|Q =t] dFg(t) + 2 /TE [(XT(6 —60))*|Q = t] dFg(2)

S 0160(50)<7' — T()),

where the last inequality is by Assumptions 1, 5 (ii), 5 (iii), and 6 (ii).

Similarly, || X (70)" a0 — X(T)TO‘OHE = E[(X760)*1{r < Q < 7}] < Cico()(T — ).
Hence, the first and third terms of the right hand side of of (E.31) are bounded by 6C' ¢y (dg)(7—
7'0).

To bound the second term, note that there exists a constant C'y > 0 such that

1 (70) e — X ()T

=) E [(XT(0 = 60))*1{Q > 70}] + E [(XT(8 = 5))*1{Q < 70}]

<@ () E[(p (Y. XT0) = p (Y, X"6)) 1{Q > 70}]

+ () TE[(p (v, XTB) —p (Y, XT5)) 1{Q < 70}]

<@ 07") " Rla,7) + (") 'E [(p (Y, X70) = p (Y. X70p)) 1{r0 < Q < 7}]
<@ () R(a, ) + (") T LE [|[XT(0 — 6)|1 {r0 < Q < 7}]

T

— o (1) R(a,7) + ()L / E[|IX7(6 - 60)]|Q = 1] dFo(t)

70

<@ (") ' R(a,7) + Cs(1 — m),
where (1) is simply an identity, (2) from Assumption 7 (iii), (3) is due to (E.19): namely,

E [(p (Y, X70) = p (Y, X7600)) 1{Q > 7} + E [(p (Y, XT8) = p (¥, X"50)) 1{Q < 7}] < R(e,7),
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(4) is by the Lipschitz continuity of p(Y,-), (5) is by rewriting the expectation term, and
(6) is by Assumptions 1 (ii) and 6 (ii). Therefore, we have shown that || X (7)"(a — ao)Hi <
CoR(cr, 7) + Cyco(do)(T — ) for some constant Cy > 0. The case of 7 < 7y can be proved
using the same argument. Hence, setting 7 = 7, and a = &, we obtain the desired result. n

9

Step 5: We now consider Case (i). Suppose that x,, |D (& — ozo)J’ < ¢o. Then
1

|7 — 70| = Op [k28/¢(8)] and |& — ao| = Op (kins) .

Proof of Step 5. Recall that X;; is the jth element of X;, where i < n,j < p. By Assumption

1 and Step 1,

n

sup =3 [P 11(Qs < %) — 1(Qi < 70)| = Op [ius/2aldo)].

1<j<p M =

By the mean value theorem,

‘DoOéo‘l — ’DO&O

. |
p 4 n —1/2 1 n
< fn )y (5 > IX1{Qi > F}F) ‘553) =D X 1{Qi > 7}~ 1{Qi > )
j=1 i=1 i=1
== Op [IQ?LS|J<50)|0/E()(50)} . (E32)

Here, recall that 7 is the right-end point of 7 and |J(dy)|o is the dimension of nonzero

elements of dg.

Due to Step 1 and (E.3) in Lemma E.1,

o |do]2 1/2
vip (T)| = Op | ——— (kns/n . E.33
ia (7) [ L (k) ] (B33
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Thus, under Case (i), we have that, by (E.24), (E.25), (E.32), and (E.33),

s .
(”0(40) =l < 2| D - o)| + R (& 7)
1
< 3s, (I1Doaol, - ’f)ao‘l) + 3|y (7)) (.34)

=Op (k2s*) + Op [51/2 (mns/n)l/2] :

where the last equality uses the fact that |.J(6)]o/(d0) = O(s) and |§o|2/+/Co(0) = O(s'/?)

at most (both could be bounded in some cases).
Therefore, we now have an improved rate of convergence in probability for 7 from 7, , =
KnS t0 Thir = [k28% + 5'/%(k,s/n)'/?]. Repeating the arguments identical to those to prove

(E.32) and (E.33) yields that

Kn || Docvol; — ‘Daou = Op [rni-kns] and |vy, (7)] = Op s1/2 (7“”1,7/71)1/2 )

Plugging these improved rates into (E.34) gives

co(00) |F — 10| = Op (k}5°) + Op [81/2(/1ns)3/2/n1/2] +Op (/ﬁns?’m/nl/?) +Op [83/4(/%8)1/4/723/4]
= Op (K25%2) + Op [8%/4(n5) /4 n?/4]

= OP (rn2,7'>7

where the second equality comes from the fact that the first three terms are Op (Kis3/ 2) since

kns®? = 0(1), kpn/s — 00, and k,\/n — 00 in view of the assumption that x,s2logp = o(1).

Repeating the same arguments again with the further improved rate 7,2 ;, we have that

[# = ol = Op (257%) + Op [57/*(105)!/* /n7%] = Oplris. ).
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Thus, repeating the same arguments k times yields
C0(00) 17 = 7o = Op (k25"27) + Op |50/ (1) /2 /0@ 02| = Op (1),

Then letting & — oo gives the desired result that ¢y(dy) | — 79| = Op (k2s). Finally, the

same iteration based on (E.34) gives |D (& — ozo)‘ = op (kps), which proves the desired result

since D(7) > D w.p.a.l by Assumption 1 (iv). 1

E.6 Proof of Theorem 4.3

Proof of Theorem 4.3. The asymptotic property of 7 is well-known in the literature (see
Lemma E.3 below for its asymptotic distribution). Specifically, we can apply Theorem 3.4.1
of van der Vaart and Wellner (1996) (by defining the criterion M, (-) = R} (+), M, (-) =
ER* (-) = R(ap,7), the distance function d (7,79) = |7 — 7|"?, and ¢, (§) = §) to char-
acterize the convergence rate of 7, which results in the super-consistency in the sense that
T —17o=Op(n~1). See e.g. Section 14.5 of Kosorok (2008).

Furthermore, it is worth noting that the same theorem also implies that if
(R}, (F) = By, (10)] — [R (&, 7) = Ry (&, 70)] = Op(17,?) (E.35)
for some sequence r,, satisfying r2¢, (r!) < y/n, then

n

rnd (T, 79) = Op (1).
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This is because

R, (T) = R, (T) = [Bn (4,7

|

jmy)
3

B
S
_|_
juy)
S %
S
=
S

o
al
|

oy
3

o
S
+
oy
3 %
S

< B, (7) = [Rn (& 7) = By (&, 70) + Ry (70)] + [Rn (@, 70) = B (& 70) + R, (70)]
=@ {[R, (T) = B, (0)] = [Rn (&, 7) = Ry (&, 70)]} + R, (T0)

=@ Op (1,°) + Ry, (10)

where inequality (1) uses the fact that 7 is a minimizer of R,, (&, 7), equality (2) follows since
R, (&,79) — R, (&, 79) + R (10) = R} (70), and equality (3) comes from (E.35).

Then, note that we can set r;Q = apSylog(np) with s, = 1 and a,, = k,slogn due to
Lemma E.2 and the rate of convergence & — g = Op (k,,5) given by Theorem 4.2. Next, we
will apply a chaining argument to obtain the convergence rate of T by repeatedly verifying
the condition R*(7) < R (7o) + Op(r,;?), with an iteratively improved rate r,. Applying

Theorem 3.4.1 of van der Vaart and Wellner (1996) with r, = (a, log(np))~"/*, we have
7 — 19 = Op (aylog(np)) = Op (rknslognlog(np)).

Next, we reset s, = ks (logn)*log(np) and a, = k,slogn to apply Lemma E.2 again and
then Theorem 3.4.1 of van der Vaart and Wellner (1996) with r, = (sna, log(np)) /2. It

follows that

7 — 70 = Op ([rns]” (log n)° (log(np))°) -

In the next step, we set 7, = /n since it should satisfy the constraint that r2¢, (r!) < /n
as well. Then, we conclude that 7 = 79 + Op (n™!). Furthermore, in view of Lemma
E.2, 7 = 75 + Op (n™') implies that the asymptotic distribution of n (7 — 7y) is identical
to n (T — 79) since each of them is characterized by the minimizer of the weak limit of

n (R, (a,70+tn™1) — R, (o, 7T9)) with o = & and o = g, respectively. That is, the weak

limits of the processes are identical due to Lemma E.2. Therefore, we have proved the first
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conclusion of the theorem. Lemma E.3 establishes the second conclusion. g

Lemma E.2. Suppose that o € A, = {a = (BT,(ST)T Da—ap), € Kap} and 7 € Ty, =

{I7 = 10| < Ks,} for some K < oo and for some sequences a,, and s, as n — oco. Then,

sup {R, (a,7) — R, (v, 70)} — { R (0, 7) — Ry, (a0, 70)} ‘ = Op [ansn log(np)] .

a€An,,7€Tn

Proof of Lemma E.2. Noting that
p (Vi X[ B+ X 01{Qi > 1}) = p (Yi, X[ B) 1{Qi < 7} + p (Yi, X[ B+ X[0) 1{Qi > 7},
we have, for 7 > 79,

D, (a,7) :={R, (a,7) — R, (a,70)} — { Ry (o, 7) — Ry (0, 70)}

N % [p (Vi X' B) = p (Yi, Xi' Bo) | 1{m0 < Qi < 7}

__Z (Y5, X3°0) — p (Y5, Xi'00) ] 1{m0 < Qi < 7}

However, the Lipschitz property of p yields that

D (0,7)] = |- 57 [ (Vi XEB) — p (Yi XTB0)] 1m0 < Qi < 7)

=1

1 n
< Lmax|X;; — — 1 <@ <
= H}JX’ il 18 50’1ni21 {ro< @i <7}
= Op [log(np) - a, - $,] uniformly in (o, 7) € A, X Ty,
where log(np) term comes from the Bernstein inequality and the s, term follows from the

fact that E ’% Sor {m <@ < ’7'}‘ =El{r < Q; <7} <C-Ks, due to the boundedness

of the density of @); around 75. The other term D5 («, 7) can be bounded similarly. The
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case of 7 < 71y can be treated analogously and hence details are omitted. B

Lemma E.3. We have that n (T — 1) converges in distribution to the smallest minimizer of

a compound Poisson process defined in Theorem j.35.

Proof of Lemma E.3. The convergence rate of 7 is standard as commented in the beginning
of the proof of Theorem 4.3 and thus details are omitted here. We present the characteriza-
tion of the asymptotic distribution for the given convergence rate n.

Recall that p(t,s) = p(t —s), where p(t) =t (y — 1{t <0}). Note that

nR (1)

= > p(Yi— X[ B — X[001{Qi > 7}) — p (Yi = X[ By — X[ 601{Q; > 70})
=1

= Z[p(Ui_XiT5o(1{Qi>T}—1{Qz>To}))—P(Ui)} (M{r<Qi <1} +1{r< Qi <7}

= > [p(U = X[6) — p(U)] 1{r < Qi <70}

i=1

+Z (Ui + X[ do) = p(Ui)] 1{m0 < Qs < 7}.

Thus, the asymptotic distribution of n (7 — 79) is characterized by the smallest minimizer of

the weak limit of

Zpu {To+ < Q; STO} +ZP2¢1 {To <Q; < To+—}
i1 n

for |h| < K for some large K, where p; = p (UZ- — XZ-T50) —p(U;) and po; = p (Ui + XZ»T(SO) —
p (U;). The weak limit of the empirical process M, (-) is well developed in the literature, (see
e.g. Pons (2003); Kosorok and Song (2007); Lee and Seo (2008)) and the argmax continuous
mapping theorem by Seijo and Sen (2011b) yields the asymptotic distribution, namely the

smallest minimizer of a compound Poisson process, which is defined in Theorem 4.3. 1
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E.7 Proof of Theorem 4.4

Let D = D (7). It follows from the definition of @ in (2.5) that
1 & o ~ 1 & T ~
= p(Yi, Xi(7)7A) + walDaly < = p(Yi, Xi(7) o) + wa| Dol
n i=1 n i=1
From this, we obtain the following inequality
R(,7) < [va(ao,7) — vn(@,7)] + R(ag, 7) + wn| Dl — wn| DAl (E.36)

Now applying Lemma E.1 to [v,(ao,T) — vn(@, T)], we rewrite the basic inequality in (E.36)

by

Dao‘ > R(a,T) + wp
1

~ 1
DA‘ L
Oél 2(&)

wn f)(a—aO)‘ ~|R(ao,7)| wp.al.
1

D (@ — ap)| on both sides of the inequality above and using the fact

1
that ||, — |@;], + |(@; — aw;)|, = 0 for j ¢ J, we have that

As before, adding w,

~

1
D@-— aO)JL w.p.al. (E.37)

R (64, ?) + iwn

D (@@= ao)| < |R(ao, 7| + 2w

As in the proof of Theorem 4.2, we consider two cases: (i) wy, D (@ — ao)JL < |R(aw, 7);

~

(i) wy, | D (@ — ao)J‘ > |R(ap,7)|. We first consider case (ii). Recall that || Z]|, = (EZ?%)'/?
1

for a random variable Z. It follows from the compatibility condition (Assumption 3) and the

same arguments as in (E.28) that

wn |D @ - aO)J\l < w,D || XF)T(@ - o), v5/6
< Wl e X (@) @ — )| )
= 22 2 07112

for any ¢ > 0. Recall that ¢y(dg) = coinf,cr, E[(X70)%|Q = 7]. As in Step 5 of the proof of
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Theorem 4.2, there is a constant Cy > 0 such that
HX(?)T(@\ - ao)H; < COR(a, /T\) + 0050(50)|/T\ - 7'0|7 (E-39)
w.p.a.l. Combining (E.37)-(E.39) with a sufficiently small ¢ yields

R(a,T) + wy

.5@—@@L§C@ﬁ&H?—mD (E.40)

for some finite constant C' > 0. Since |7 — 75| = Op(n~!) by Theorem 4.3, the desired results
follow (E.40) immediately.

Now we consider case (i). In this case,

N 1
R(a,7)+§wn

ﬁ@—a@LngWmay (E.41)
As shown in the proof of Theorem C.2, we have that

IR (a0, 7) | = Op (6], n" " logn) = Op (wis) . (E.42)
Therefore, we obtain the desired results in case (i) as well by combining (E.42) with (E.41).

E.8 Proof of Theorems 4.5

We write a; be a subvector of @ whose components’ indices are in .J(ag). Define Q,,(a.y) =

Sn((ag,0)), so that

n

1 R ~
Qn(ay) = n > oV Xis(P) ) + e Y wiDylayl.

i=1 j€J (o)
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For notational simplicity, here we write lA)j = D;(7). When 7 is identifiable, our argument
is conditional on

Te€T,={r—7| <n'logn}, (E.43)

whose probability goes to 1 due to Theorem 4.3.

We first prove the following two lemmas. Define

ay = argmin Q, (avy). (E.44)

g

Lemma E.4. Suppose that M?2(logn)?/(slogs) = o(n), s*logs = o(n), s*logn/log s = o(n)

and T € T, if 6o # 0; suppose that s*logs = o(n) and 7 is any value in T if 6o = 0. Then

_ slog s
|04J—040J|2=OP< n )

Proof of Lemma FE./J. Let k, = %. We first prove that for any ¢ > 0, there is C, > 0,

with probability at least 1 — ¢,

inf Qn(aJ) > Qn(or) (E.45)

aJ_a()JIQ:CEkn

Once this is proved, then by the continuity of Q),,, there is a local minimizer of Q,(c;) inside
Blagy, Cekyp) = {ay € R® ¢ gy — agly < Cek,}. Due to the convexity of Q,,, such a local
minimizer is also global. We now prove (E.45).

Write
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Then for all |y — agslos = Ceky,

Qn(@J) - Qn(aw)
= ls(as) = li(aos) Z ngn i (| = o)
jeJ(ap)
> Ly(es,7) = Li(eos,7)—  sup  |va(an,?) — valoorn, P+ Y pnDjw;(|oy] — o))
h T 7 |ag—aos|2<Cskn e T (o)
(1) ~ ~- S _

2) @)

To analyze (1), note that |y — agsle = Cek, and my(79,9) = 0 and when §y = 0,

my (7, gy) is free of 7. Then there is ¢3 > 0,

v

IV

v

v

Lj(ay,7) — Ly(ags,T)

m (1o, 05)" (s — o) + (g — OéOJ)T(9 Elp(Y, X4(7)" aos)]

(904;804:5

(OéJ - OéOJ)

—|mJ(7'0, 040J) - mJ(?, 040J)|2|04J - CY0J|2 - C3|CY0J - CYJE)
N (azE[P(Ya X, (7))

805J8(]{? |CYJ B aOJ’%

—(|mJ(To, CVOJ) - mJ(/T\, 040J)|2)|Ou - OéOJ\z - C333/2|040J - OZJB

chfka — (|my(70, 0s) — My (T, any)|2)Cekn, — 0383/205%3

Ceky(cyCekn — Myn~tlogn — c3532C%k2) > ¢, C2k2 /3,

where the last inequality follows from M, n~*logn < 1/3¢,C.k, and c38%/ 2031{:,21 < 1/3¢1Ccky.

These follow from the conditions M?2(logn)?/(slogs) = o(n) and s*log s = o(n).

To analyze (2), by the symmetrization theorem and the contraction theorem (see, for ex-

ample, Theorems 14.3 and 14.4 of Biithlmann and van de Geer (2011)), there is a Rademacher

sequence €y, ...,

€, independent of {Y;, X;, Q;}i<,, such that (note that when g = 0, oy = Sy,

n

1
va (g, 7) = > 1o (Y X3a0iBs) = Ep (Y, XJis0)80)]

i=1
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which is free of )

V, = E (sup sup v (ay, m) — Vn(CYOJ77—)|)

7€Tn ‘aJ7a0J|2§Cekn

n

< 9FE (sup sup 1 > eilp(Vi, Xis (1) ) = p(Yi, Xis (7))

7€ Tn |CYJ*04()J‘2SC€]€77‘ n

)

i=1
1 n

< 4LE | sup sup — Z Ei(XiJ(7->T (g —aog))| |
TETn |OCJ_OC()J‘2SC€]€7L n i=1

which is bounded by the sum of the following two terms, Vi, + Va,, due to the triangle
inequality and the fact that |y —ags|1 < |ay — agsl2y/s: first, when 6y = 0, V3, = 0; second,

when g # 0 and 79 is identifiable, we have that

1 n
Vin = 4LE | sup sup — Z €i(Xis (1) = Xis(70))" (g — )
T€Tn lay—ags[1<Cekny/s |V T2
1 n
< 4LE | sup sup — Z eiXZ](JO)(l{Qi >71}— Qi > 10}) (05 — dos)
T€Tn [65—00711<Cekn/s | TV 525
1 n
< 4LC.k,v/sE | sup max |— X (140 > 17— 1{Q); > 7
< a1 (smp e 13,000 1) - 100 )
1
< ALCKn/5Ch | T(50)]g 1)~
n

by bounding the maximum over j with summation and using the maximal inequality in
Theorem 2.14.1 in van der Vaart and Wellner (1996) since the class of transformations
6Xi;(1{Q; > 7} — 1{Q; > 70}) constitutes a VC class of functions. Here the bound is

uniform and determined by the Lo-norm of the envelope, which is proportional to

VE (1{|Q; — 7o < nlogn}).
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Note that

3

)

) <A4LC.CHk2,

1
ﬁ Ein‘J(To)T(OéJ - Ofo,f)

Vo = 4LE< sup
1

IaJ*aOJhSCekn\/g

= ;

1
< 4LC.k,/sE < max |— » €X;;(m)
n

jEJ(Oé())

i=1

due to the Bernstein’s moment inequality (Lemma 14.12 of Bithlmann and van de Geer

(2011) for some Cy > 0. Therefore,

logn

V, < 4LC’Ekn\/§C’1 ‘J(50)|0 + 4[/0602]{73 < 5LC€CQI€72L,

2
where the last inequality is due to s*logn/logs = o(n). Therefore, conditioning on the
event 7 € 7T, when §y # 0, or for 7 € T when §; = 0, with probability at least 1 — e,
(2) < I5LCHCK2.

In addition, note that P(max; e (o) |wj| = 0) =1, so (3) = 0 with probability approach-
ing one. Hence
_ ~ C?k2 1
inf  Qulas) = Qulans) = “= = =5LC,CKS > 0.

€

ag—agrl|2=Cckn

15LC>

o> By the continuity of Q,,, there is a local minimizer

The last inequality holds for C, >
of Qn(ay) inside {a; € R® : |ags — aylo < Ccky,}, which is also a global minimizer due to

the convexity. 1

On R?, recall that

n

Ra(ria) = 53 pli Xi(r) ).

For ay = (BJ(/;O), 5J(50)) = (B,0,) in the previous lemma, define

a = (37,07, 87, 07)".
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Without introducing confusions, we also write @ = (a@,,0) for notational simplicity. This
notation indicates that @ has zero entries on the indices outside the oracle index set J (o).

We prove the following lemma.

Lemma E.5. With probability approaching one, there is a random neighborhood of & in R?P,

denoted by H, so that Yoo = (avy, cpe) € H, if cge # 0, we have S, (ay,0) < Qn(c).

Proof of Lemma E.5. Define an ly-ball, for r,, = u,/logn,
H={acR?:|a—al,<r./(2p)}.

Then sup,ey |@ — @l1 = SUPuey D 1<y, [t — | < 1y Consider any 7 € 7T,. For any a =

(g, cpc) € H, write

Rn<7_7 ayg, O) - R'fl<7-7 O()

= Rn(Ty ay, O) - ]E’Rn<7-7 ay, O) + ERN(Ta ayj, 0) - Rn(Tv Oé) + ]ER’/L(T7 Oé) - ER”(T’ Oé)
<ER,(7,05,0) = ER,(7,a) + | Ry, (7, 07,0) — ER, (7, 0s,0) + ER, (T, ) — Ry (T, )]
< ER,(1,04,0) —ER, (7, ) + |vn(as,0,7) — vp(cr, 7).

Note that [(ay,0) — a@|2 = |ay — as|3 < |ay — ayl3 + |aje — 03 = | — @|3. Hence o € H
implies (cs,0) € H. In addition, by definition of & = (@, 0) and |a; — apsls = Op(y/ Z%2)
(Lemma E.4), we have | — agly = Op(sy/ l(’%), which also implies

log s
sup |a — gl = Op Svi + Tn,
aEH n

where the randomness in sup,cy, | — ap|; comes from that of H.

By the mean value theorem, there is h in the segment between o and (a, 0),
ER,(7,a;,0) —ER,(1,a) = Ep(Y,X;(7) ay) —Ep(Y, X (1) ay+ Xje (1) aye)
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= — Z 8Ep(Y’X'(T) h)ajz Z m; (7, h)a;

i¢J (o)

where m; (7, h :—w.Hence, ER,(1,0;,0) —ER,(1,a) <> .., |m;(T,h)||a;].
j jgg 1T j

Oaj

Because h is on the segment between v and (avy,0), so h € H. So for all j ¢ J(ayp),
[m (7, )] < sup |m; (7, )| < sup |m; (7, ) = m; (7, qo)| + [m; (7, o) = m;(70, ).
ac ac

We now argue that we can apply Assumption 8 (ii). Let

cn = s/ (logs) /n+1y,.

For any e > 0, there is C, > 0, with probability at last 1 —¢, sup,cy |@—ao|1 < Cec,. Yo € H,
write o = (f3,0) and § = + . On the event | — ag|1 < Cecy, we have |5 — Byl < Cecy,
and |0 — g|; < Cec,,. Hence E[(XT(8 — £0))*1{Q < 7o}] < |8 — Bol? max; j<, F|X; X;| <
r?, yielding 3 € B(fy,r). Similarly, § € G(6y,r). Therefore, by Assumption 8 (ii), with

probability at least 1 — €, (note that neither C,, L nor ¢, depend on «)

max _sup sup |m; (7, a) — m;(7,a0)| < Lsup |a — |y < L(Cecy),
J¢J(a0) T€T;, acH aEM

max sup |m; (7, ag) — m;(7o, ap)| < M,n " logn.

i< reT,

In particular, when 6y = 0, m;(7, ap) = 0 for all 7. Therefore, when J§y # 0,

sup sup |m;(7,h)| = Op(c, + M,n"'logn) = op(in);
j§ZJ(a0) TETH

when dg = 0, SUD;¢ j(a0) SUPreT [M5(T, h)| = Op(cn) = op(pin).

Let €y,...,€6, be a Rademacher sequence independent of {Y;, X;, @Q;}i<n. Then by the
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symmetrization and contraction theorems,

E (sup [Vn (s, 0,7) — Vn(aa7)|)

TET

< 2E | sup |—
TET

1
<A4LE (sup — Gi[XiJ(T)TaJ - Xi(T)Ta]

reT | T2
) S <2 3
max

j¢J(a0) j¢J (o)

TET

<4LE <sup

where the last equality follows from (E.5).
Thus uniformly over a € H, R, (7, a7,0) — Ro(7, @) = 0p(ftn) 3¢ (ae) |- On the other

hand,
Z w]MnD |aj] — ZwJMnD o] = Z :unij |l

j€J (o) jé¢J (o)
Also, w.p.a.l, w; = 1 and ﬁj > D for all j ¢ J(ap). Hence with probability approaching

one, Qn(ay,0) — Qn(a) equals

R.(T,ay,0 ﬁ;wD Wi |oy| — Ry (T, ) —%}ﬁjijﬁaﬂ < —Q% jg%o) la;] < 0.1
Proof of Theorem 4.5. Conditions in Lemmas E.4 and E.5 are expressed in terms of M,,.
By Lemma D.1, we verify that in quantile regression models, M, = Cs/? for some C' > 0.
Then all the required conditions in Lemmas E.4 and E.5 are satisfied by the conditions
imposed in Theorem 4.5.

By Lemmas E.4 and E.5, w.p.a.1, for any o = (avy, avye) € H,

Sn(O_CJ,O) = Qn(O_éJ) S Qn(OéJ) = Sn(OéJ,O) S Sn(Oé)

Hence (@, 0) is a local minimizer of S, which is also a global minimizer due to the convexity.
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This implies that w.p.a.1, @ = (a, a ) satisfies: aje =0, and ay = @y, so

- /slog s - /log s
|OéJ—CY0J|2=OP< ng )7 |aJ_a0J|1:OP<3 %)

Finally, by (E.48), and that R(ag,7) < Cs|T — 79| = Op(sn™!),

~ A PR — _ 1 1
R(3,7) < 2R(00,7) + 3Dl — ol = Oplsn™" + pns\[<2) = Op(junsy |27,

E.9 Proof of Theorem 4.6

Recall that by Theorems 4.3 and 4.5, we have

1
G — aogl, = Op (, /2 ng ) and |7 — 7| = Op(nY), (E.46)

and the set of regressors with nonzero coefficients is recovered w.p.a.1. Hence we can restrict

ourselves on the oracle space J(ap). In view of (E.46), define r,, = y/n~!slogs and s,. Let
1 n
R; =— Kh XZ r )
n (@, 7) ”iz1p( J(r) )

where ay € A, = {ay oy —apsly < Krp,} CR and 7 € 7, = {7: |7 — 19| < Ks,} for
some K < oo, where K is a generic finite constant.

The following lemma is useful to establish that aq can be estimated as if 7y were known.

Lemma E.6 (Asymptotic Equivalence). Assume that E%E [p (Y, X Ta) |Q = ﬂ exists for all
t in a neighborhood of 19 and all its elements are continuous and bounded. Suppose that

s3(log s)(logn) = o (n). Then

sup  |{R; (ay,7) — R}, (ay,70)} —{R;}, (aws, 7) — R}, (aws,70)} = 0p (n71) .

ajEAL,TET,
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This lemma implies that the asymptotic distribution of argmin,, , R} («s,7) can be charac-
terized by @ = argmin,, , R} (as, 7). It then follows immediately from the variable selection
consistency that the asymptotic distribution of a; is equivalent to that of a%. Therefore, we

have proved the theorem.

Proof of Lemma E.6. Noting that
p (Y, X[ B+ X 01{Qi > 1}) = p (Yi, X[ B) 1{Qi < 7} + p (Yi, X[ B+ X[0) 1{Qi > 7},
we have, for 7 > 79,

D, (a, 1)

={R,(o,7) — R, (a,70)} — {Rn (a0, 7) — Ry, (v, T0) }

=% [0 (Yi, XTB) = p (Yi, X[ o)) H{m < Qs < 7}

i=1

1 n
—EZ[p(Y;,XiTﬁ%—XiT(S) —p (Y, X[ Bo+ X[60)| 1{ro < Q; < 7}
i—1

=: Dp1 (a,7) — Dpo (0, 7) .
To prove this lemma, we consider empirical processes
an (aJ)T) = \/E(Dnj (aJ’T) - ]EDnj (O‘Jﬂ_))7 (] = 172)a

and apply the maximal inequality in Theorem 2.14.2 of van der Vaart and Wellner (1996).

First, for G, (s, 7), we consider the following class of functions indexed by (5;,7):

Fo={(p(Ye, X585) — p (Y, X550s)) 1 (10 < Qi < 7) : |By—Bosla < Kry and |7 — 79| < Ks,,}.
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Note that the Lipschitz property of p yields that

lp (Y, X3581) = p (Yis X5 Bos) | 1{70 < Qs < 7} < | XT|, 1Bs = Bosl21{|Qi — 70| < Ks,}

Thus, we let the envelope function be F,(X;;,Q;) = |Xisly Krpy1{|Q; — 10| < Ks,} and
note that its Ly norm is O (\/Ern@) )

To compute the bracketing integral

Ty (1, Fo, Ly) = / 1+ 108 Ny (2| Full 1, o, Lo)de,

note that its 2e bracketing number is bounded by the product of the ¢ bracketing num-
bers of two classes F,,1 = {p (Y,,XJ/BJ) —p(Y;,XJBO) By — Bosla < Krn} and Fo =
{1(ro < Q; <7): |1 — 70| < Ks,} by Lemma 9.25 of Kosorok (2008) since both classes are

bounded w.p.a.1 (note that w.p.a.1, | X;;|, K1, < C' < oo for some constant C'). That is,
Ny (2¢]|Fullzs, Fn, L2) < Ny (el Fullza, Far, L2) Ny (€| Fnllza, Faz, Le) -

Let Fo1(Xiy) = | Xis|y, K7y and 1,(Xiy) = | Xiy|,. Note that by Theorem 2.7.11 of van der

Vaart and Wellner (1996), the Lipschitz property of p implies that

Ny 2e||lallngs Frs Lo) < N(e, {Bs 1 |81 — Bosle < Krn}, |- 2),

which in turn implies that, for some constant C

ellFnllLy
Ny Py For, L) < N( VEullee w0018, = Bosls < Krn},|-|2)

2||Lullz,
<C (i) —C <@) :
€+/5n €

where the last inequality holds since a e-ball contains a hypercube with side length €/4/s in
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the s-dimensional Euclidean space. On the other hand, for the second class of functions F;,»
with the envelope function F,5(Q;) = 1{|Q; — 70| < Ks,}, we have that

Sn C Cy/n
Nu<s||Fn||L2,fn2,L2>go€f _ _ CVm

|Fulle, eVsrn esylogs’

for some constant C'. Combining these results together yields that

02 /—\ $
NH (‘g”Fn”Lzafm LZ) < \/ﬁ ns < 026—8—1n(s+1)/2
esy/log s €

for all sufficiently large n. Then we have that

Jy (1, F, La) < C*(y/slogn + /)

for all sufficiently large n. Thus, by the maximal inequality in Theorem 2.14.2 of van der

Vaart and Wellner (1996),

nPE sup (G (0,7)| < O [0 Vsray/a(y/slogn + V)|
nX n
s
=0 [W\/log s(y/slogn + \/5)]
=0 (n_l) ,
where the last equality follows from the restriction that s*(logs)(logn) = o(n). Identical
arguments also apply to Ga (o, 7).

Turning to ED,, (o, 7), note that by the condition that %E [p (Y, XTa) |Q = t] exists

for all ¢ in a neighborhood of 7y and all its elements are continuous and bounded, we have
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that for some mean value 3; between 8; and By,

E (p (Y, X785) —p (Y, X7 Bos)) L{r0 < Q < 7}

~ e[ o (X ] 1m < @ < 7 - )

= O (sT5n)

3/2

s
=0 [W\/logsl

=0 (n_l) ,

where the last equality follows from the restriction that s*(logs) = o(n). Since the same

holds for the other term in ED,,, sup |ED, (o, 7)| = o (n™!) as desired. &

E.10 Proof of Theorem 4.7

By definition,
1l & e ~ 1 & 7 ~
- > p(Yi, Xi(F)'a) + pa|WDa|y < - > o(Yi, Xi(7)  ag) + pin| W Dol
i=1 i=1
where W = diag{wy, ..., wq,}. From this, we obtain the following inequality
R(@,7) + pin|WDaly < [vn(ag, 7) — va(@,7)| + R(ag, 7) + pin|W Daxg)s.

Now applying Lemma E.1 yields, when \/log(np)/n = o(u,) (which is true under the as-
sumption that w, < p,), we have that w.p.a.l, |v,(ao, 7)) — vu(a,7)| < %,un]l/j(ao —a)l;.

Hence on this event,

N ~ 1 - _ R ~
R(a,T) + pn,|WDal|; < §Mn|D(040 —a)ly + R(ag, T) + pn| W Doy .
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Note that max; w; <1, so for A := a — ay,

R(&,7) + fin|(WDA) e

3 ~ 1 ~ =R
1 < §Mn|DAJ|1 + §,un|DAJC|1 + R(ao, 7).

By Theorem 4.2, max;¢ ;s |;| = Op(wy,s). Hence for any € > 0, there is C' > 0, max;¢; |a;| <
Cwys < p, with probability at least 1 —e. On the event max;g¢;|a;| < Cwys < py, by

definition, w; = 1 Vj ¢ J. Hence on this event,

RN TN 3 ~
R(CY,T) + §,Un’(DA)Jc’1 S §,U/n’DA]’1 + R(Cko, 7'). (E47)

We now consider two cases: (i) %un\ﬁAJh < R(ap,7); (ii) %un\ﬁAJ\l > R(ap, 7).
case 1: 3p,|DA,|y < R(ag,7)
We have: for C = 14D /3, u,|Al; < CR(ap,7). If T > 79, for 7 = 7 in the inequalities

below,

R(ao,7) = E(p(Y, XTBy) — p(XT0) {10 < Q < 7} < LE|XT60|1{r0 < Q < 7}
< Lldo|y T?ng|Xj|1{To <Q <7} < Lldoly maX SUp E(|X;]|Q =q)P(ro < Q < 7)
RS SPog

< Cs(t — 7).

The case for 7 < 79 follows from the same argument. Hence pu,|A}l; < C|T — 79ls.
case 2: %meA?AJh > R(aw,T)

Then by the compatibility property,

SN 1 ~
R(8,7) + > 1a|(DA)

The same argument as that of Step 5 in the proof of Theorem 4.2 yields

IX(m)"All; < CR(@,7) + CJF — 7
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for some generic constant C' > 0. This implies, for some generic constant C' > 0,
R(@,7)* < pinsC(R(@,7) + |7 — 7).
It follows that R(a,7) < C(u2s + |7 — 10|), and || X (10) A3 < C(u2s + |7 — 79]). Hence
A} < Cs[| X (10)All3 < Clups® + |7 = o).
Combining both cases, we reach:

~ /\ 1 .
G = aol} < Clpns® + 7 = mols + |7 = mol*s?),
n

which gives the desired result since the first term p2s? dominates the other two terms.
Rate of convergence for R(&,7)

In the proofs above, we have in fact shown that

and when §y # 0, R(ap,7) < Cs|T — 79|. Note that 7 — 79 = Op(n™'). Hence R(&,7T) =

Op(sn™! + pzs) = Op(uzs).

E.11 Proof of Theorem 5.1

If 69 = 0, 79 is non-identifiable. In this case, we decompose the excess risk in the following

way:

R(a,7)=E([p(Y,X"8) —p(Y,X"6)] 1{Q < 7})

+E ([p(V,X70) = p (Y, X"5)] 1{Q > 7}).

(E.49)

We split the proof into three steps.
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Step 1: For any r > 0, we have that w.p.a.1, 3 € B(Bo,r,7) and 0 e G(Bo, 7, 7).

Proof of Step 1. As in the proof of Step 1 in the proof of Theorem 4.2, Assumption 9 (iii)

implies that

< R(a,7)? y R(Q,T).

E [(XT(B - BO))21{Q < T}] (n*r*>2 n*

For any r > 0, note that R(&,7) = op(1) implies that the event R(¢,¥) < 72 holds w.p.a.1.

Therefore, we have shown that ﬂv eB (Bo, 7, 7). The other case can be proved similarly. 1

Step 2 : Suppose that 6o = 0. Then

1 g
R(a,7)+ 5fin D (& — )

< 2k,
1

D(a— ao)JL w.p.a.l. (E.50)

Proof. The proof of this step is similar to that of Step 3 in the proof of Theorem 4.2. Since

(v, 7) minimizes the ¢;-penalized objective function in (2.2), we have that
1 ¢ T N T -
- > p(Vi, Xi(1)"&) + k| Dét]y < - > p(Vi, Xi()" ag) + k| Daglr. (E.51)
i=1 1=1

When 6y = 0, p(Y, X () ) = p(Y, X (70)"ag). Using this fact and (E.51), we obtain the

following inequality
R(&,%) < [Un(0, 7) = vp(%, 7)] + kin| Dargly — k| Dét5. (E.52)

As in Step 3 in the proof of Theorem 4.2, we apply Lemma E.1 to [v,(ag, 7) — v, (&, 7)]
with a, and b,, replaced by a,,/2 and b,, /2. Then we can rewrite the basic inequality in (E.52)
by

9

Dao‘ > R(&,T) + kn
1

%

Da

1 v
~ 5kn D(d—ao)‘l w.p.a.l.

Kn
1

%

Now adding k,, |D (& — ag)| on both sides of the inequality above and using the fact that

‘ 1
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lovwjl, — |dy|, + (& — ag;)|, = 0 for j ¢ J, we have that w.p.a.1,

o 1
Q%INd—%h‘zR@hﬂ+—%

1 2

E@—aM{

Therefore, we have obtained the desired result. g

Step 3 : Suppose that §g = 0. Then
R(&,7) = Op(k2s) and |& — ag| = Op (kns).
Proof. By Step 2,

4 Dw—a@‘:

1

D(CUY—OZ())JL Z

ﬁ@—aﬂpf (E.53)

which enables us to apply the compatibility condition in Assumption 3.

Recall that || Z]|, = (EZ%)'/? for a random variable Z. Note that for s = |J(ag)|o,

1 o
R(&,f‘) + éﬁln D (5& — O(())
1
S(l) 2,‘1” D (Oud — OéU)J
: ! (E.54)

§(2) 2/inl) ||X(’}J_)T(d - a0)||2 \/§/¢

4/{/1211_)23 c oNT /v 2
S0 ez T2 | X(F)" (@ = )],

where (1) is from the basic inequality (E.50) in Step 2, (2) is by the compatibility condition

(Assumption 3), and (3) is from the inequality that uv < v?/(2¢) + ¢u?/2 for any ¢ > 0.
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Note that

|1X(r)7a — X(7)Tao|;

=) E[(XT(0 = 50)°H{Q > 7}] + E[(XT(5 = 50))"{Q < 7}]
<@ () E[(p (Y, XT0) = p (Y, X 5)) 1{Q > 7}]

+ () TE [(p (Y, XT8) —p (Y, XT50)) 1{Q < 7}]

<@ ()" R(a,7), (E.55)

where (1) is simply an identity, (2) from Assumption 9 (iii) , and (3) is due to (E.49). Hence,

(E.54) with ¢ = n* implies that

4K2D%s
< .
1T e

R(a,7) + kn

D — ao)‘ (E.56)

Therefore, R(&,7) = Op(r2s). Also, |& —ay| = Op (k,5) since D(7) > D w.p.a.l by

Assumption 1 (iv). B

E.12 Proof of Theorem 5.2

We first prove part (i) when the minimum signal condition holds.

When 7j is not identifiable (6o = 0), T obtained in the second-step estimation can be
any value in 7. Note that Lemmas E.4 and E.5 are stated and proved for this case as
well. Similar to the proof of Theorem 4.5, by Lemma D.1, in quantile regression models,
M, = Cs'/? for some C' > 0. Hence all the required conditions in Lemmas E.4 and E.5 are
satisfied by the conditions imposed in Theorem 5.2. Then by Lemmas E.4 and E.5, w.p.a.1,

for any a = (ay, yc) € H,
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Hence (@, 0) is a local minimizer of S, which is also a global minimizer due to the convexity.

This implies that w.p.a.l, @ = (ay, @ <) satisfies: ayo =0, and a; = ay, so

- 1 - 1
lay — agsl, = Op <\/ i ng ) . lay —agsl; =O0p (8\/ OSS ) -

Also, note that R(ap,7) = 0 when dp = 0. Hence by (E.48),

log s

R(a@,7) < 2R(aw, T) + 3unD|a — aply = Op(vpsy/ T)

We now prove part (ii) without the minimum signal condition. The proof is very similar
to that of Theorem 4.7. Hence we provide the proof briefly. In fact (E.48) still holds by the

same argument. But now R(ag,7) = 0. Hence for A = & — ay,

- 1 3
R(a,7) + 2Mn|(DA)Jc\1 < Mn\DAJh < 2u, DVS||X(7) " All2/ /6,
where the last inequality follows from Assumption 3. By (E.55), | X (7 TAH , < CR(a,7),

for some C' > 0. This implies, for some generic constant C' > 0, R(&,7)? < u2sCR(a, 7). Tt
follows that

R(a,7) < u2s0,

and

AP < Cs|X(F)AJ} < CsR@,7) < Osu
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F Additional Simulation Results: Different 7y and dis-

tributions of ()

Tables 9-11 summarize simulation results when the change point 7y and the distribution
of Q; vary. We set v = 0.5, i.e. median regression, and n = 200 for all designs. We consider
three different distributions of Q;: Uniform[0, 1], N(0,1), and x*(1). The change point
parameter 7 varies over 0.3,0.4,...,0.7 quantiles of each @); distribution. We can confirm
the following two results from these simulation studies. First, the performance of 7 measured
by the root-mean-squared error depends on the density of (); distribution. For instance, it
is quite uniform over different 75 when @; follows Uniform[0, 1]. However, when @; follows
N(0,1) or x*(1), it performs better when 7 is located at a point with higher density of Q;
distribution. Second, the mean squared error of @ and the oracle proportion get better when
7o smaller. It might be caused by the simulation design, X; - 1(Q; > 1), as it will generate

less zeros when 7 is smaller and help increase the signal from X;’s.
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Table 9: Different 75 and @; dist.: Q; ~ Unif|0, 1]

Excess Risk  E[J(@)] MSE of & (&y,/@jg) Pred. Er.  RMSE of 7 C. Prob. of 7 Oracle Prop.

Oracle 1 0.008 NA  0.016 (NA / NA) 0.282 NA NA NA

Oracle 2 0.017 NA  0.016 (NA / NA) 0.451 0.010 0.951 NA

o—o03 Stepl 0.039 5.557  0.206 ( 0.182 / 0.024) 0.697 0.011 0.950 0.026
" Step 2 0.040 NA  NA (NA /NA) 0.700 0.011 0.949 NA

Step 3a 0.038 5.536  0.201 ( 0.177 / 0.024) 0.687 0.011 0.947 0.026

Step 3b 0.041 2.042  0.145 ( 0.134 / 0.011) 0.717 0.012 0.924 0.475

Oracle 1 0.008 NA  0.014 (NA / NA) 0.287 NA NA NA

Oracle 2 0.017 NA  0.014 (NA / NA) 0.458 0.011 0.956 NA

004 Stepl 0.039 5.590  0.228 ( 0.201 / 0.027) 0.706 0.011 0.955 0.019
* Step 2 0.037 NA  NA (NA /NA) 0.707 0.011 0.955 NA

Step 3a 0.034 5.578  0.226 ( 0.199 / 0.027) 0.695 0.011 0.949 0.018

Step 3b 0.040 2.203  0.147 ( 0.131 / 0.017) 0.704 0.011 0.933 0.492

Oracle 1 0.008 NA  0.012 (NA / NA) 0.287 NA NA NA

Oracle 2 0.018 NA  0.012 (NA / NA) 0.470 0.010 0.951 NA

o—o05 Stepl 0.042 5.698  0.262 ( 0.230 / 0.032) 0.706 0.011 0.944 0.020
2 Step 2 0.042 NA  NA (NA /NA) 0.711 0.011 0.939 NA

Step 3a 0.041 5.680  0.256 ( 0.224 / 0.032) 0.696 0.011 0.941 0.020

Step 3b 0.041 2.343  0.167 ( 0.142 / 0.025) 0.714 0.011 0.931 0.443

Oracle 1 0.008 NA  0.013 (NA / NA) 0.295 NA NA NA

Oracle 2 0.017 NA  0.013 (NA / NA) 0.475 0.011 0.947 NA

=06 Stepl 0.042 5.869  0.344 ( 0.303 / 0.041) 0.731 0.013 0.937 0.012
' Step 2 0.042 NA  NA (NA /NA) 0.742 0.013 0.930 NA

Step 3a 0.039 5.855  0.336 ( 0.296 / 0.040) 0.730 0.013 0.928 0.012

Step 3b 0.041 2.467  0.249 ( 0.204 / 0.046) 0.734 0.012 0.923 0.382

Oracle 1 0.007 NA  0.012 (NA / NA) 0.280 NA NA NA

Oracle 2 0.018 NA  0.012 (NA / NA) 0.470 0.010 0.949 NA

o7 Stepl 0.041 5.978  0.464 ( 0.407 / 0.057) 0.729 0.012 0.954 0.016
" Step 2 0.042 NA  NA (NA /NA) 0.737 0.012 0.951 NA

Step 3a 0.041 5.981  0.456 ( 0.400 / 0.056) 0.718 0.012 0.953 0.020

Step 3b 0.040 2.549  0.386 ( 0.303 / 0.083) 0.706 0.012 0.944 0.319

Note: For all designs, J(c,) = 2, v = 0.5, and n = 200. See the note below Table 1 for other notation.
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Table 10: Different 75 and @); dist.: @Q; ~ N(0,1)

Excess Risk  E[J(@)] MSE of & (ay, /@) Pred. Er. RMSE of 7 C. Prob. of 7 Oracle Prop.

Oracle 1 0.008 NA  0.017 (NA / NA) 0.294 NA NA NA

Oracle 2 0.018 NA  0.017 (NA / NA) 0.500 0.034 0.949 NA

o= —052 Stepl 0.037 5389  0.191 ( 0.168 / 0.023 ) 0.689 0.036 0.953 0.024
: Step 2 0.039 NA  NA (NA / NA) 0.690 0.036 0.943 NA

Step 3a 0.039 5.382  0.187 ( 0.164 / 0.023) 0.677 0.036 0.938 0.023

Step 3b 0.042 2.248  0.132 ( 0.125 / 0.008) 0.695 0.042 0.918 0.523

Oracle 1 0.008 NA  0.014 (NA / NA) 0.292 NA NA NA

Oracle 2 0.018 NA  0.014 (NA / NA) 0.482 0.028 0.954 NA

o= —025 Stepl 0.041 5.722  0.231 ( 0.204 / 0.027) 0.708 0.027 0.950 0.022
: Step 2 0.034 NA  NA (NA /NA) 0.719 0.028 0.945 NA

Step 3a 0.039 5.724  0.226 ( 0.199 / 0.027) 0.717 0.028 0.943 0.022

Step 3b 0.042 2.231  0.145 ( 0.129 / 0.016) 0.702 0.029 0.938 0.474

Oracle 1 0.008 NA  0.013(NA / NA) 0.291 NA NA NA

Oracle 2 0.016 NA  0.013 (NA / NA) 0.464 0.025 0.968 NA

—o Step 1 0.038 5.709  0.275 ( 0.242 / 0.033) 0.709 0.028 0.953 0.024
0 Step 2 0.040 NA  NA (NA /NA) 0.706 0.028 0.957 NA
Step 3a 0.038 5.682  0.271 (0.238 / 0.033) 0.691 0.028 0.956 0.023

Step 3b 0.042 2.309  0.184 ( 0.156 / 0.029) 0.711 0.027 0.948 0.458

Oracle 1 0.008 NA  0.012 (NA / NA) 0.292 NA NA NA

Oracle 2 0.017 NA  0.012 (NA / NA) 0.474 0.028 0.958 NA

o025 Stepl 0.041 5.820  0.359 ( 0.316 / 0.043) 0.718 0.029 0.959 0.016
: Step 2 0.043 NA  NA (NA /NA) 0.732 0.030 0.949 NA

Step 3a 0.039 5.841  0.351 ( 0.308 / 0.042) 0.730 0.030 0.950 0.016

Step 3b 0.038 2.456  0.269 ( 0.219 / 0.050) 0.711 0.030 0.941 0.378

Oracle 1 0.008 NA  0.012 (NA / NA) 0.286 NA NA NA

Oracle 2 0.017 NA  0.012(NA / NA) 0.466 0.031 0.964 NA

o052  Stepl 0.043 5.929  0.455 ( 0.400 / 0.055) 0.759 0.034 0.953 0.012
: Step 2 0.041 NA  NA (NA / NA) 0.748 0.034 0.947 NA

Step 3a 0.037 5.932  0.445 ( 0.390 / 0.055) 0.736 0.033 0.945 0.010

Step 3b 0.042 2,520 0.395 ( 0.310 / 0.084) 0.750 0.033 0.940 0.300

Note: For all designs, J(ay) =2, v = 0.5, and n = 200. Note that Quant, 3(Q;) = —0.52, Quant 4(Q;) =
—0.25, Quanto 5(Q;) = 0. See the note below Table 1 for other notation.

106



Table 11: Different 7y and Q; dist.: Q; ~ x*(1)

Excess Risk  E[J(@)] MSE of & (ay,/@c) Pred. Er. RMSEof 7 C.Prob. of 7 Oracle Prop.

Oracle 1 0.008 NA  0.017 (NA / NA) 0.293 NA NA NA

Oracle 2 0.017 NA 0.017(NA / NA) 0.461 0.012 0.978 NA

70 = 0.15 Step 1 0.038 5.523 0.211 ( 0.187 / 0.025) 0.701 0.012 0.979 0.032
' Step 2 0.034 NA NA (NA / NA) 0.721 0.011 0.980 NA

Step 3a 0.036 5.524 0.207 ( 0.182 / 0.025) 0.697 0.011 0.980 0.029

Step 3b 0.037 2.023 0.137 ( 0.126 / 0.010) 0.692 0.012 0.966 0.523

Oracle 1 0.008 NA  0.014 (NA / NA) 0.286 NA NA NA

Oracle 2 0.017 NA 0.014 (NA / NA) 0.448 0.015 0.957 NA

0 = 0.27 Step 1 0.036 5.562 0.229 ( 0.202 / 0.027) 0.720 0.016 0.951 0.026
' Step 2 0.036 NA NA (NA / NA) 0.712 0.016 0.950 NA

Step 3a 0.038 5.558 0.225 ( 0.199 / 0.027) 0.694 0.016 0.947 0.028

Step 3b 0.040 2.206 0.138 ( 0.124 / 0.014) 0.693 0.015 0.945 0.507

Oracle 1 0.008 NA  0.011 (NA / NA) 0.291 NA NA NA

Oracle 2 0.016 NA 0.011 (NA / NA) 0.461 0.022 0.942 NA

70 = 0.45 Step 1 0.036 5.810 0.291 ( 0.256 / 0.035) 0.718 0.022 0.934 0.017
' Step 2 0.038 NA NA (NA / NA) 0.722 0.021 0.930 NA

Step 3a 0.041 5.834 0.288 ( 0.253 / 0.035) 0.706 0.021 0.930 0.019

Step 3b 0.041 2.353 0.207 ( 0.171 / 0.036) 0.712 0.021 0.919 0.439

Oracle 1 0.009 NA 0.012 (NA / NA) 0.288 NA NA NA

Oracle 2 0.018 NA 0.012 (NA / NA) 0.485 0.030 0.933 NA

0 = 0.71 Step 1 0.035 5.883 0.348 ( 0.307 / 0.042) 0.717 0.031 0.934 0.015
' Step 2 0.042 NA NA (NA / NA) 0.741 0.032 0.923 NA

Step 3a 0.038 5.866 0.337 ( 0.296 / 0.041) 0.726 0.032 0.922 0.014

Step 3b 0.038 2.386 0.240 ( 0.197 / 0.044) 0.724 0.032 0.909 0.397

Oracle 1 0.008 NA 0.013(NA / NA) 0.291 NA NA NA

Oracle 2 0.017 NA  0.013 (NA / NA) 0.473 0.044 0.936 NA

0 = 1.07 Step 1 0.043 5.967 0.459 ( 0.404 / 0.055) 0.740 0.049 0.923 0.008
’ Step 2 0.041 NA NA (NA / NA) 0.752 0.050 0.922 NA

Step 3a 0.036 5.932 0.445 ( 0.390 / 0.054) 0.738 0.050 0.920 0.010

Step 3b 0.044 2.486 0.381 ( 0.303 / 0.078) 0.740 0.048 0.918 0.317

Note: For all designs, J(o.,) = 2, v = 0.5, and n = 200. Note that 7 values are 0.3,0.4,...,0.7 quantiles
of x%(1). See the note below Table 1 for other notation.
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G Additional Simulation Results: Sensitivity Analyses

Tables 1221 summarize the simulation results of sensitivity analysis on tuning parame-
ters. We set v = 0.5, i.e. median regression, and n = 200 for all designs. We make variation
on four constants of tuning parameters: v* of K1—y*, c1 of K, and w,, ¢ of u,, and a of the
signal adaptive weight w;. Recall that they are set to v* = 0.1, ¢; = 1.1, ¢, = loglogn,
and a = 3.7 following the existing literature and some preliminary simulations. We make
changes over the range between —15% and +15% of the suggested values. Since v* and ¢
are relevant for all estimation steps, we report the sensitivity analysis results for all steps:
Tables 12-15 and Tables 16—-19. However, we only report the results of Step 3b for ¢, and a
as they affect only the last step: Table 20 and Table 21. These simulation studies confirm
that the proposed estimators are robust to some variation in tuning parameters. Both ~*
and ¢; show some tendency that a smaller penalty size (larger v* and smaller ¢;) improves
the prediction error slightly. Table 20 shows quite stable oracle proportions unless c; is too
small. The constant a for the signal adaptive weight shows quite uniform performance over
different values. Figures 3-12 present graphical representation of the sensitivity analyses

reported in Tables 12-21.

Table 12: Sensitivity Analysis of v*: Step 1

Changes  Excess Risk E[Jo(@)] MSEofa MSEofay, MSEofa;c Pred. Er. RMSEof7 C.Prob. of 7

Oracle Prop

-15% 0.039 5.776 0.279 0.246 0.033 0.730 0.011 0.945
-12% 0.039 5.717 0.280 0.247 0.033 0.727 0.011 0.937
-9% 0.040 5.720 0.278 0.245 0.033 0.739 0.012 0.931
-6% 0.039 5.635 0.277 0.244 0.033 0.732 0.012 0.945
-3% 0.040 5.767 0.282 0.248 0.034 0.733 0.012 0.940
0% 0.040 5.790 0.279 0.245 0.034 0.723 0.011 0.950
+3% 0.043 5.782 0.275 0.242 0.033 0.741 0.011 0.944
+6% 0.038 5.711 0.272 0.239 0.033 0.715 0.011 0.944
+9% 0.041 5.745 0.278 0.245 0.034 0.697 0.010 0.961
+12% 0.040 5.730 0.272 0.240 0.032 0.735 0.010 0.957
+15% 0.042 5.809 0.271 0.240 0.032 0.713 0.011 0.949

0.015
0.019
0.013
0.016
0.017
0.015
0.017
0.018
0.018
0.012
0.010
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Table 13: Sensitivity Analysis of v*: Step 2

Changes  Excess Risk Pred. Er. RMSE of 7 C. Prob. of 7
-15% 0.035 0.726 0.011 0.937
-12% 0.035 0.721 0.011 0.937

-9% 0.036 0.731 0.012 0.933
-6% 0.036 0.727 0.012 0.934
-3% 0.042 0.719 0.012 0.931
0% 0.036 0.729 0.011 0.946
+3% 0.044 0.728 0.012 0.936
+6% 0.038 0.719 0.011 0.936
+9% 0.040 0.703 0.010 0.956
+12% 0.039 0.701 0.010 0.948
+15% 0.040 0.720 0.011 0.946

Table 14: Sensitivity Analysis of v*: Step 3a

Changes  Excess Risk  E[Jo(@)] MSEofa MSEofay;, MSEofa e Pred. Er. RMSEof 7 C. Prob. of 7 Oracle Prop
-15% 0.040 5.793 0.277 0.244 0.033 0.722 0.011 0.941 0.014
-12% 0.040 5.750 0.275 0.243 0.032 0.716 0.011 0.938 0.022

-9% 0.041 5.732 0.273 0.240 0.033 0.726 0.012 0.934 0.015
-6% 0.040 5.699 0.272 0.239 0.033 0.724 0.012 0.935 0.017
-3% 0.040 5.795 0.278 0.245 0.034 0.729 0.012 0.933 0.018
0% 0.039 5.910 0.272 0.239 0.033 0.717 0.011 0.947 0.017
+3% 0.036 5.782 0.269 0.237 0.033 0.714 0.012 0.938 0.018
+6% 0.039 5.726 0.267 0.235 0.033 0.699 0.011 0.938 0.018
+9% 0.040 5.747 0.272 0.239 0.033 0.688 0.010 0.959 0.017
+12% 0.038 5.740 0.267 0.236 0.032 0.707 0.010 0.949 0.012
+15% 0.034 5.836 0.267 0.235 0.032 0.703 0.011 0.944 0.009

Table 15: Sensitivity Analysis of v*: Step 3b

Changes  Excess Risk  E[Jo(@)] MSEofa MSEofay;, MSEofaye Pred. Er. RMSEof 7 C. Prob. of 7 Oracle Prop
5% 0.041 2.331 0.1%5 0.157 0.028 0.726 0.011 0.932 0.429
12% 0.040 2.309 0.179 0.153 0.025 0.720 0.011 0.928 0.447

9% 0.042 2.338 0.195 0.165 0.030 0.734 0.012 0.922 0.417
6% 0.042 2.206 0.189 0.161 0.028 0.732 0.012 0.924 0.449
-3% 0.043 2.311 0.186 0.158 0.028 0.721 0.012 0.924 0.435
0% 0.040 2.330 0.182 0.155 0.027 0.702 0.011 0.929 0.428
+3% 0.041 2.333 0.176 0.150 0.027 0.725 0.012 0.922 0.434
+6% 0.037 2.299 0.173 0.146 0.026 0.689 0.011 0.932 0.467
+9% 0.040 2.325 0.177 0.150 0.027 0.696 0.010 0.944 0.450
+12% 0.036 2.300 0.170 0.144 0.025 0.682 0.011 0.931 0.465
+15% 0.038 2.326 0.180 0.150 0.029 0.686 0.011 0.931 0.455
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Table 16: Sensitivity Analysis of ¢;: Step 1

Changes  Excess Risk E[Jo(@)] MSEofa MSEofay;, MSEofaye Pred. Er. RMSEof 7 C.Prob. of 7  Oracle Prop
-15% 0.039 5.811 0.266 0.233 0.033 0.695 0.011 0.948 0.027
-12% 0.034 5.656 0.273 0.239 0.034 0.707 0.012 0.946 0.010

-9% 0.039 5.870 0.273 0.241 0.032 0.699 0.010 0.964 0.014
-6% 0.036 5.787 0.274 0.241 0.033 0.707 0.009 0.965 0.016
-3% 0.043 5.807 0.274 0.242 0.032 0.716 0.011 0.944 0.008
0% 0.040 5.790 0.279 0.245 0.034 0.723 0.011 0.950 0.015
+3% 0.039 5.736 0.281 0.248 0.033 0.730 0.011 0.951 0.016
+6% 0.040 5.727 0.287 0.252 0.035 0.734 0.011 0.945 0.011
+9% 0.042 5.846 0.284 0.251 0.033 0.745 0.011 0.939 0.015
+12% 0.047 5.952 0.309 0.274 0.035 0.753 0.012 0.947 0.012
+15% 0.041 5.828 0.291 0.257 0.033 0.734 0.010 0.961 0.013

Table 17: Sensitivity Analysis of ¢;: Step 2

Changes Excess Risk Pred. Er. RMSE of 7 C. Prob. of 7

-15% 0.038 0.697 0.011 0.943

-12% 0.037 0.713 0.012 0.943

-9% 0.036 0.698 0.010 0.953

-6% 0.034 0.711 0.009 0.954

-3% 0.040 0.723 0.011 0.941

0% 0.036 0.729 0.011 0.946

+3% 0.035 0.724 0.011 0.943

+6% 0.040 0.742 0.011 0.944

+9% 0.038 0.753 0.011 0.931

+12% 0.044 0.753 0.011 0.940

+15% 0.046 0.745 0.009 0.960

Table 18: Sensitivity Analysis of ¢;: Step 3a

Changes  Excess Risk  E[Jo(@)] MSEofa MSEofay;, MSEofaye Pred. Er. RMSEof 7 C. Prob. of 7 Oracle Prop
5% 0.035 5.783 0.262 0.230 0.033 0.676 0.011 0.947 0.026
12% 0.037 5.691 0.270 0.237 0.034 0.696 0.012 0.946 0.011

9% 0.040 5.854 0.270 0.238 0.032 0.689 0.010 0.956 0.017
6% 0.039 5.810 0.271 0.238 0.033 0.705 0.009 0.960 0.015
-3% 0.034 5.832 0.268 0.237 0.031 0.706 0.011 0.943 0.010
0% 0.039 5.910 0.272 0.239 0.033 0.717 0.011 0.947 0.017
+3% 0.040 5.747 0.278 0.244 0.033 0.720 0.011 0.944 0.016
+6% 0.041 5.728 0.281 0.246 0.035 0.728 0.011 0.945 0.014
+9% 0.042 5.789 0.280 0.247 0.033 0.715 0.011 0.935 0.015
+12% 0.038 5.952 0.304 0.269 0.035 0.729 0.011 0.945 0.012
+15% 0.038 5.818 0.285 0.252 0.033 0.735 0.010 0.962 0.016
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Table 19: Sensitivity Analysis of ¢;: Step 3b

Changes  Excess Risk E[Jo(@)] MSEofa MSEofay;, MSEofa,e Pred. Er. RMSEof7 C.Prob. of 7  Oracle Prop
-15% 0.035 2.341 0.158 0.129 0.028 0.649 0.011 0.937 0.468
-12% 0.038 2.328 0.190 0.156 0.034 0.678 0.012 0.936 0.415

-9% 0.038 2.346 0.185 0.156 0.029 0.676 0.010 0.946 0.442
-6% 0.037 2.332 0.164 0.138 0.026 0.674 0.010 0.943 0.453
-3% 0.039 2.343 0.187 0.157 0.030 0.694 0.011 0.931 0.447
0% 0.040 2.330 0.182 0.155 0.027 0.702 0.011 0.929 0.428
+3% 0.041 2.331 0.184 0.157 0.027 0.723 0.011 0.935 0.436
+6% 0.047 2.309 0.193 0.164 0.028 0.745 0.012 0.932 0.436
+9% 0.045 2.341 0.170 0.148 0.022 0.732 0.011 0.931 0.434
+12% 0.049 2.385 0.225 0.189 0.035 0.757 0.012 0.925 0.427
+15% 0.045 2.354 0.204 0.175 0.029 0.755 0.010 0.944 0.424

Table 20: Sensitivity Analysis of ¢o: Step 3b

Changes  Excess Risk E[Jo(@)] MSEofa MSEofay, MSEofaye Pred. Er. RMSEof 7 C.Prob. of 7  Oracle Prop
-15% 0.040 2.455 0.173 0.146 0.027 0.699 0.012 0.928 0.409
-12% 0.040 2.416 0.175 0.148 0.028 0.698 0.011 0.929 0.414

-9% 0.041 2.390 0.175 0.148 0.027 0.702 0.011 0.922 0.431
-6% 0.039 2.373 0.167 0.141 0.025 0.695 0.011 0.931 0.432
-3% 0.041 2.349 0.166 0.142 0.025 0.708 0.011 0.932 0.443
0% 0.040 2.330 0.182 0.155 0.027 0.702 0.011 0.929 0.428
+3% 0.042 2.324 0.192 0.162 0.031 0.716 0.010 0.932 0.464
+6% 0.045 2.308 0.186 0.158 0.028 0.738 0.012 0.917 0.460
+9% 0.045 2.273 0.194 0.164 0.030 0.739 0.011 0.932 0.457
+12% 0.047 2.269 0.192 0.163 0.029 0.757 0.011 0.926 0.438
+15% 0.047 2.266 0.189 0.161 0.028 0.762 0.012 0.927 0.446

Table 21: Sensitivity Analysis of a: Step 3b

Changes  Excess Risk E[Jo(@)] MSEofa MSEofay;, MSEofaye Pred. Er. RMSEof 7 C. Prob. of 7 Oracle Prop
5% 0.040 2.599 0.183 0.152 0.031 0.696 0.011 0.932 0.435
12% 0.040 2.343 0.176 0.148 0.028 0.699 0.011 0.935 0.436

9% 0.041 2.356 0.176 0.149 0.028 0.706 0.011 0.929 0.433
6% 0.041 2.371 0.175 0.148 0.027 0.713 0.011 0.924 0.421
3% 0.041 2.342 0.166 0.142 0.025 0.710 0.011 0.928 0.450
0% 0.040 2.330 0.182 0.155 0.027 0.702 0.011 0.929 0.428
+3% 0.042 2.349 0.174 0.147 0.027 0.718 0.011 0.927 0.443
+6% 0.042 2.350 0.173 0.148 0.026 0.720 0.011 0.929 0.445
+9% 0.046 2.340 0.182 0.155 0.027 0.735 0.011 0.923 0.449
+12% 0.046 2.327 0.184 0.156 0.028 0.733 0.011 0.922 0.457
+15% 0.044 2.339 0.185 0.157 0.028 0.724 0.011 0.935 0.453
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Figure 5: Sensitivity Analysis of v*: Step 3a
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Figure 6: Sensitivity Analysis of v*: Step 3b
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Figure 8: Sensitivity Analysis of ¢;: Step 2
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Figure 10: Sensitivity Analysis of ¢;: Step 3b
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H Estimating a Change Point in Racial Segregation:

Additional Tables

Table 22: Selected Covariates v = 0.25

Selected Regressors

6 control variables

No Interaction
Two-way Interaction
Three-way Interaction
Four-way Interaction
Five-way Interaction
Six-way Interaction

12 control variables
No Interaction
Two-way Interaction
Three-way Interaction

Four-way Interaction

Five-way Interaction

Six-way Interaction

36

1:3 3:5 4:5 5:6

4:5 5:6 1:2:3 1:3:5 1:4:6 2:3:5 3:4:5 3:5:6
4:5 5:6 2:3:5 1:3:4:5 1:4:5:6 3:4:5:6

4:5 5:6 2:3:5 1:4:5:6 1:2:3:4:5 2:3:4:5:6
4:5 5:6 2:3:5 1:4:5:6 1:2:3:4:5 2:3:4:5:6

36

1:5 3:5-sq 5:6 6:5-sq 3-sq:5-sq

5:6 3:5:5-sq 4:1-sq:4-sq 5:1-sq:6-sq 5:3-sq:5-sq 5:4-sq:6-sq 1-sq:3-
sq:5-sq 1-sq:5-sq:6-sq

5:6 2:5:6 1:3:1-sq:4-sq 1:5:6:6-sq 2:1-sq:5-s8q:6-5q 3:5:2-5q:4-sq 3:5:2-
sq:5-sq 3:1-sq:4-sq:6-sq 5:1-sq:2-sq:6-sq 5:1-sq:3-sq:H-sq H:2-sq:3-
sq:5-sq 6:3-sq:4-sq:6-sq

5:6 2:5:6 1:3:4:1-sq:4-sq 1:3:1-sq:4-sq:6-sq 1:5:6:2-sq:6-sq 1:5:3-
sq:4-sq:5-sq 1:1-sq:2-sq:5-sq:6-sq 2:5:1-8q:2-5q:6-5q 2:5:2-5q:3-5q:5-
sq 3:5:1-sq:3-sq:5-sq 4:6:3-sq:4-sq:6-sq 4:1-sq:2-5q:5-5q:6-5q

2:5:6 1:3:4:1-sq:4-sq 2:5:1-sq:2-sq:6-sq 2:5:2-8q:3-5q:5-sq 1:2:5:6:2-
sq:6-sq  1:2:1-sq:2-sq:5-sq:6-sq 1:3:4:5:3-sq:5-sq 1:3:4:6:1-sq:4-sq
1:3:2-sq:4-sq:5-sq:6-sq 1:4:1-sq:3-sq:4-sq:6-sq 2:4:1-sq:2-sq:5-sq:6-
sq 3:4:6:3-sq:4-sq:6-sq 3:5:1-sq:2-5q:3-sq:5-sq 4:5:1-sq:2-5q:3-5q:5-
sq

Note: Numbers 1 to 6 refer to 6 tract-level control variables: the unemployment rate(1), the log of mean
family income(2), the fractions of vacant(3), renter-occupied housing units(4), and single-unit(5), and the
fraction of workers who use public transport to travel to work(6). Notation ‘-sq’ stands for the squared
variable. The colon (:) denotes interaction between covariates. For example, 1:2 stands for interaction
between the unemployment rate and the log of the mean family income.
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Table 23: Selected Covariates v = 0.50

Selected Regressors

6 control variables

No Interaction
Two-way Interaction
Three-way Interaction
Four-way Interaction
Five-way Interaction
Six-way Interaction

12 control variables
No Interaction
Two-way Interaction
Three-way Interaction

Four-way Interaction

Five-way Interaction

Six-way Interaction

136

1:3 3:5 4:5 5:6

4:5 1:3:5 2:3:5 2:4:6 2:5:6 3:4:5

4:5 5:6 2:3:5 1:3:4:5 1:4:5:6 2:3:4:6
4:5 5:6 2:3:5 1:4:5:6 2:3:4:6 1:2:3:4:5
4:5 5:6 2:3:5 1:4:5:6 2:3:4:6 1:2:3:4:5

136 5-sq

1 1:5 3:5-sq 4:5 5:6 6:4-sq 3-sq:5-sq

15 1:5 3:5:5-sq 5:6:2-sq 5:1-sq:6-sq 5:4-sq:6-sq 1-sq:3-sq:5-sq 1-
sq:5-sq:6-sq 2-sq:3-sq:5-sq 4-sq:5-sq:6-sq

1 5 5:6:2-sq 1:4:5-sq:6-sq 1:5:6:6-sq 1:3-sq:4-sq:5-sq 2:2-sq:3-sq:5-
sq 3:5:2-sq:5-sq 3:1-sq:4-sq:6-sq 4:5:6:6-sq 5:1-sq:2-sq:6-sq 5:1-8q:3-
sq:9-sq 1-sq:2-sq:5-sq:6-sq

1 5 2:2-sq:3-sq:5-sq 5:1-sq:3-sq:5-sq 1:4:2-sq:5-sq:6-sq 1:5:3-sq:4-
sq:H-sq 2:3:5:2-sq:5-sq 2:5:1-8q:2-5q:6-5q 2:5:2-5q:3-5q:5-5q 2:1-5q:2-
sq:5-sq:6-sq 3:4:1-sq:4-sq:6-sq 3:5:2-sq:5-sq:6-sq 3:6:1-sq:4-5q:6-sq
4:5:6:2-sq:6-sq 4:1-sq:2-sq:5-5q:6-sq

15 2:2-sq:3-sq:5-sq 5:1-8q:3-sq:5-sq 1:5:3-sq:4-sq:5-sq 2:3:5:2-sq:5-
sq 2:5:1-8q:2-sq:6-sq 2:5:2-sq:3-sq:5-sq 2:1-sq:2-sq:5-sq:6-sq 1:3:1-
sq:3-sq:5-sq:6-sq 1:3:2-sq:4-sq:5-8q:6-sq 2:3:5:2-sq:5-8q:6-sq 2:4:1-
$q:2-sq:5-sq:6-sq 3:4:6:1-sq:4-sq:6-sq

Note: Numbers 1 to 6 refer to 6 tract-level control variables: the unemployment rate(1), the log of mean
family income(2), the fractions of vacant(3), renter-occupied housing units(4), and single-unit(5), and the
fraction of workers who use public transport to travel to work(6).
variable. The colon (:) denotes interaction between covariates. For example, 1:2 stands for interaction

between the unemployment rate and the log of the mean family income.
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Table 24: Selected Covariates v = 0.75

Selected Covariates

6 control variables

No Interaction
Two-way Interaction
Three-way Interaction
Four-way Interaction
Five-way Interaction
Six-way Interaction

12 control variables
No Interaction
Two-way Interaction
Three-way Interaction

Four-way Interaction

Five-way Interaction

Six-way Interaction

35

1:3 3:5 4:5 4:6 5:6

1:2 4:5 1:3:5 1:5:6 2:3:5 2:4:5 2:5:6 3:4:5 3:4:6 3:5:6
1:2 4:5 2:3:5 2:5:6 3:5:6 1:3:4:5 1:4:5:6 2:3:4:6

1:2 4:5 2:3:5 2:5:6 3:5:6 1:4:5:6 2:3:4:6 1:2:3:4:5

1:2 4:5 2:3:5 2:5:6 3:5:6 1:4:5:6 2:3:4:6 1:2:3:4:5

1 3 5-sq

1:2 1:3 1:1-sq 3:5-sq 4:5 5:6 6:6-sq 3-sq:4-sq 3-sq:5-sq 4-sq:6-sq

1 3:5:5-sq 3:1-sq:5-sq 3:2-sq:H-sq 3:5-sq:6-sq 4:3-sq:4-sq 5:6:2-sq
5:1-sq:6-sq 5:4-sq:6-sq 1-sq:3-sq:5-sq 1-sq:5-sq:6-sq 2-5q:3-5q:5-5q
1 1-sq:3-sq:b-sq 1:3:4:5 1:3:4-sq:5-sq 1:4:5-sq:6-sq 2:3:2-sq:5-sq
2:5:6:2-sq 2:2-sq:3-sq:5-sq 3:4:2-sq:4-sq 3:5:2-sq:5-sq 3:5:5-sq:6-sq
3:1-8q:4-sq:6-sq 4:1-8q:5-8q:6-sq 5:1-sq:3-sq:5-sq 1-sq:2-8q:5-sq:6-s
1 1-sq:3-sq:b-sq 1:3:4:5 1:3:4-sq:5-sq 1:4:5-sq:6-sq 2:3:2-sq:5-sq
2:5:6:2-sq 2:2-sq:3-sq:5-sq 3:4:2-sq:4-sq 3:5:2-sq:5-sq 3:5:5-5q:6-5q
3:1-sq:4-sq:6-sq 4:1-sq:5-sq:6-sq 5:1-sq:3-5q:5-sq 1-sq:2-5q:5-5q:6-5q
1 5:6 1-sq:3-sq:5-sq 1:3:4:5 2:3:2-sq:5-sq 2:2-sq:3-sq:5-sq 5:1-sq:3-
sq:H-sq 2:3:4:2-sq:4-sq 2:3:5:2-8q:5-sq 2:1-5q:2-8q:5-5q:6-5q 2:3:5:2-
8q:H-8q:6-sq 2:4:5:1-5q:3-5q:5-s5q 2:4:1-5q:2-8q:5-5q:6-5q 3:4:5:1-sq:2-
sq:5-sq 4:6:1-sq:3-sq:4-sq:6-sq

Note: Numbers 1 to 6 refer to 6 tract-level control variables: the unemployment rate(1), the log of mean
family income(2), the fractions of vacant(3), renter-occupied housing units(4), and single-unit(5), and the
fraction of workers who use public transport to travel to work(6).
variable. The colon (:) denotes interaction between covariates. For example, 1:2 stands for interaction

3

Notation

between the unemployment rate and the log of the mean family income.
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Table 25: Full Estimation Results from Mean Regression (Untrimmed Data)

No. of ~

No. of Reg. Selected Reg. T CI for 19 5

6 control variables

No Interaction 26 25 3.25 NA -21.53
Two-way Interaction 41 34 3.25 NA -17.39
Three-way Interaction 61 40 3.25 NA -16.60
Four-way Interaction 76 50 3.25 NA -15.80
Five-way Interaction 82 49 3.25 NA -16.12
Six-way Interaction 83 50 3.25 NA -16.14
12 control variables

No Interaction 32 29 3.25 NA -19.94
Two-way Interaction 98 54 3.25 NA -15.27
Three-way Interaction 318 80 3.25 NA -15.33
Four-way Interaction 813 103 3.25 NA -15.16
Five-way Interaction 1605 129 3.25 NA -15.27
Six-way Interaction 2529 142 3.25 NA -15.55

Note: The sample size of untrimmed data is n = 1,813. The parameter 7, is estimated by the grid search
on the 591 equi-spaced points over [1,60]. As in the simulation studies, the tuning parameters are set from
Step 1 in median regression.

Table 26: Full Estimation Results from Mean Regression (Trimmed Data)

No. of Reg. No. OifnSSe‘iigtgi Reg. 7 Clfor 1o 5

6 control variables

No Interaction 26 24 3.35 NA -6.32
Two-way Interaction 41 32 3.25 NA -6.00
Three-way Interaction 61 37 3.25 NA -7.01
Four-way Interaction 76 35 3.25 NA -6.68
Five-way Interaction 82 41 3.25 NA -6.59
Six-way Interaction 83 41 3.25 NA -6.53
12 control variables

No Interaction 32 30 3.35 NA -4.27
Two-way Interaction 98 48 3.35 NA -4.28
Three-way Interaction 318 63 3.25 NA -5.02
Four-way Interaction 813 90 3.25 NA -5.18
Five-way Interaction 1605 88 3.25 NA -5.27
Six-way Interaction 2529 107 3.25 NA -5.19

Note: The trimmed data drop top and bottom 5% observations based on {Y;} and the sample sizes decreases
to n = 1,626. The parameter 79 is estimated by the grid search on the 591 equi-spaced points over [1,60].
As in the simulation studies, the tuning parameters are set from Step 1 in median regression.
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