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A non-linear model of rubber shear springs validated by experiments
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Abstract. Vibrating flip-flow screens provide an effective solution for screening highly viscous or fine materials. However,
yet, only linear theory has been applied to their design. Yet, to understand deficiencies and to improve performance an
accurate model especially of the rubber shear springs equipped in screen frames is critical for its dynamics to predict e.g.
frequency- and amplitude-dependent behaviour. In this paper, the amplitude dependency of the rubber shear spring is
represented by employing a friction model in which parameters are fitted to an affine function rather constant values used for
the classic Berg’s model; the fractional derivative model is used to describe its frequency dependency and compared to
conventional dashpot and Maxwell models with its elasticity being represented by a nonlinear spring. The experimentally
validated results indicate that the proposed model with a nonlinear spring, friction and fractional derivative model is able to
more accurately describe the dynamic characteristics of a rubber shear spring compared with other models.

Introduction

Vibrating flip-flow screens (VFFS) play an important role in the dry screening of wet and fine materials such as
gold deposited rocks, iron or coal ore. As one of the key components, the rubber shear spring exhibits frequency-
and amplitude-dependent behaviour that largely affects the vibration characteristics of VFFS and which is
responsible for a screen’s performance [1, 2]. To date, researchers have mostly investigated the influence of
factors such as frequency and amplitude on rubber material properties. As frequency dependence the increase in
frequency as a response of an increasing stiffness prior to viscous effects within the rubber material is predicted.
The most widely used model when considering frequency-dependent behaviour is the Kelvin-Voight model in
which a linear spring is installed in parallel with a viscous dashpot [3]. Yet, even though widely used, this model
overestimates both stifthess and damping in the higher frequency regimes [4]. Placing a spring serially to a
viscous dashpot, a three-parameter Maxwell model can be obtained [5], which underestimates the damping but
better approximates the dynamic stiffness at high frequencies. To improve the prediction of the frequency-
dependent dynamics a fractional derivative model has been used [6,7]. For better describing the amplitude-
dependent behaviour of rubber properties, Berg [5] presented a smooth friction model with two constants which
were extracted using large amplitude harmonic excitation at low frequencies; this simple analytical model better
approximates the smoothness of measured curves than e.g. the stick-slip component model [6]. The parameters
are obtained under a harmonic, large amplitude excitation at low frequency. However, this friction model
underestimates stiffness and damping relative to the measurements when the excitation amplitude is small. Zhu
[8] enhanced Berg’s friction model through parameters estimation using statistical methods and remedied the
effect the friction force had on the amplitude-dependent behaviour.

This paper presents a novel rubber shear spring model composed of an elastic, an amplitude- and a frequency-
dependent model. For improved accuracy a non-linear spring replaces the linear spring [5, 6]. The friction model
uses fitted parameters to an affine function by maintaining Berg’s smooth friction model philosophy, and the
viscoelastic property is described as a fractional derivative model using only two parameters. As validated by
experiments, the new model enhances the prediction of the amplitude-dependent behaviour of rubber shear
springs. Further, the frequency-dependent behaviour is also more accurately described using the fractional
derivative model compared to a dashpot or a Maxwell model.

Model development
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Figure 1: Model with viscous submodels. responsible for the frequency-dependent dynamics (Figurel).
Elastic model. The elastic model consists of a nonlinear relationship between the displacement x =
xosin (wt) and the resulting elastic force F, = K,(a + bxy)x, with x, being the excitation amplitude.
Stiffness K, and the non-dimensional parameters of a and b are obtained through experiments.
Friction model. The friction model uses experimental parameters fitted to an affine formula (constant and linear
part) maintaining Berg’s prerequisite of smoothness. The relationship between the displacement
x = xoSin (wt) and the corresponding friction force Frrice 18 described as Frpiee = Fpg for x = x5

Ffrict = Ffs + (x - xs)(Ffmax - Ffs)/(xz(l —&)+ (x— xs)) for x>xg ; and Ffrict = Ffs + (x -
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xs)(Ffmax + Ffs)/(xz(l +e)—(x— xs)) for x < xs. Here x; and Ff, are the reference displacement and
force, and Ffpqx and x, are the maximum friction shear force and the displacement at half of Fryq,, Which
vary under different excitation amplitude X¢; Fpmqx = (¢ + dxo) and x, = (e + fx,), where ¢, d, e and f
are non-dimensional parameters which are obtained through measurements and & = Ffg/Fppmqx ranging
between -1 and 1.

Viscous model. Commonly the viscous properties are modelled using a linear viscous dashpot with damping
parameter c; and viscous force Fj,; = cyx. Another viscous model is the so-called Maxwell module which
inherently exhibits compatible dynamic behaviour . The viscoelastic force amplitude is expressed as F,o =
wCyxo/ \/ 1+ (wCy/Ku)?, where Ky, Cy are the stiffness of the linear spring and the damping of the linear
damper, respectively, with w being the circular excitation frequency. The fractional derivative module,
generalises the operation of differentiation to non-integer orders, and its viscoelastic force is defined as

b — Here a(0<a<1)and b (b > 0) are model constants which represent the order of the time-
derlvatwe and the amplitude of the viscoelastic force.

Results and discussion
Amplitude-dependent results of experiment and simulation of the newly developed model, as well as the
classic Berg model [5], are illustrated in Figure 2(a, b). The amplitude-dependence as observed in the
experiments matches well with the new model behaviour. With an initial increase of the amplitude, the
measured stiffness decreases while the damping increases, before it starts decreasing. Plotting the frequency
response of the experiments and for the models produces Figure 2(c) and (d) which shows model 1
(nonlinear spring+ friction + dashpot); model 2 (nonlinear spring + friction + Maxwell model); and the
newly proposed model (nonlinear spring+ friction + fractional derivative model). Model 1 performs poorly in
approximating the measured stiffness and the damping. Model 2 results in a better fit of the stiffness than
model 1, but the damping is far off from the experimental results. The newly proposed model shows the best

fit of both the measured stlffness and the damplng compared w1th model 1 and model 2.
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Figure 2: Stiffness, and damping versus (a), (b) excitation amplitude and versus (c), (d) excitation frequency

Conclusion
In this study we developed a nonlinear model of a rubber shear spring to illustrate the dependency of the rubber
friction to the amplitude and the frequency-dependency as consequence of the viscoelastic properties of the
rubber. This model is validated experimentally using quasi-static and harmonic tests. The elastic element in the
proposed model is represented by a nonlinear spring, with its parameters being fitted to an affine function by
maintaining smooth friction. The fractional derivative model is then used to describe the viscoelastic property of
the rubber shear spring. Several models for the investigated rubber spring are compared with experimental
results under quasi-static and harmonic excitation. The newly proposed model is capable to describe the
amplitude and frequency-dependency more accurately than traditional models. The research work presented here
will form the foundation to study the dynamics of VFFS equipped with rubber shear springs to improve
performance and processing capacity.
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