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Abstract: In this paper, a neuro-heuristic technique by incorporating artificial neural network
models (NNMs) optimized with sequential quadratic technique (SQP) is proposed to solve a
dynamics of nanofluidics system based on magneto-hydrodynamic (MHD) Jeffery—Hamel (JHF)
problem involving nano-meterials. Original partial differential equations (PDES) associated
with MHD-JHF are transformed into third order ordinary differential equations (ODES) based
model. Furthermore, the transformed system implemented by the differential equation NNMs
(DE-NNMs) which are constructed by a defined error function using log-sigmoid, radial basis
and tan-sigmoid windowing kernels. The parameters of DE-NNM of nanofluidics system is
optimized with SQP algorithm. To illustrate the performance of the proposed system, MHD-JHF
systems with base-fluid water mixed with alumina, silver and copper nanoparticles for different

Hartman numbers, Reynolds numbers, angles of the channel and volume fractions with three
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different proposed DE-NNMs are designed to evaluate. For comparison purpose, the proposed
results with reference numerical results of Adams solver illustrates their worth. Statistical
inferences through different performance indices are given to demostarte the accuracy, stability

and robustness of the stochastic solver.

Keywords: Magneto-hydrodynamic; Jeffery—Hamel flow; Artificial neural networks;

Nanofluids; Neurocomputing; Sequential quadratic programming

1. Introduction
The nanofluidic problems of flow and heat transfer characteristics have been extensively studied

in various applied science and engineering applications such as mechanics, thermal-power
generating systems, civil, chemical and biomedical engineering [1-20]. During recent years,
nanofluidic domain have gained practical importance in computational fluid dynamics systems
and researchers have shown paramount interest for solving magneto-hydrodynamic nonlinear
Jeffery-Hamel Flow (MHD-JHF) problems [21-23]. Numerous numerical, as well as, analytical
methods have been introduced in the literature to solve these stiff computational fluid dynamic
problems [24-34]. All these existing deterministic techniques have their own benefits,
applications and limitations while the stochastic numerical solvers look promising to solve fluid
mechanics problems based on nonlinear Jeffery-Hamel Flow in the presence of high magnetic
field involving nano-materials. Also these nonlinear MHD-JHF problems merely admit
analytical solution, so for these systems, stochastic techniques based on artificial intelligence

procedure is a good alternate, accurate and robust computing paradigm.

The stochastic computing paradigms exploit the biological inspired heuristics and are
exhaustively utilized by the research community for finding the solution of nonlinear stiff

systems [35-39]. Renewed applications of paramount significance include optimization in
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electrical machine models [40-41], electromagnetics [42-43], electrical conducting solids [44-
45], nonlinear electric circuits [46], parameter estimation of control autoregressive systems [47-
48], nonlinear system identification [49-50], optimization in power systems [51-52], atomic
physics model [53-54], prediction problems [55], estimation problems [56], fuel ignition models
[57-58], nonlinear functional order systems [59-60], nanofluidic systems [61-62], nonlinear JHF
problems [63-64], nonlinear Falknar-Skan systems [65], nonlinear model in astronomy [66-67],
nonlinear models in plasma physics [68-69], bioinformatics [70-71] and fractional order system
model through Riccati and Bagley-Torvik equations [72-75]. These facts inspire authors to
explore and exploit intelligent computing paradigms based on artificial neural networks to get an
accurate, reliable and stable solution of nonlinear JHF problems in the presence of strong

magnetic field and contaminated with different nanoparticles.

In the present research work, a stochastic solver is developed to analyze the dynamics of
nonlinear MHD-JHF involving the contamination of Alumina, silver and coper nano-materials in
base-fluid of water by the legacy of artificial neural network models (NNMs) optimized with
local search efficacy of sequential quadratic programming (SQP). Original partial differential
equations (PDESs), representing the dynamics of JHF problem are transformed into third order
ordinary differential equation (ODE) with the competency of suitable similarity transformations.
The differential equation neural networks models (DE-NNMs) are constructed by using log-
sigmoid, radial basis and tan-sigmoid transfer functions and these networks are arbitrary
combined to define an energy function for nonlinear MHD-JHF problems in mean squared error
sense. Optimization of energy function for all three DE-NNMs are performed through SQP based

local search procedure. Salient features of the designed schemes are listed as follows:



o A novel neuro-heuristic technique is exploited for the analysis of velocity profile of the
dynamics of nanofluidics system based on MHD-JHF employing rich heritage of neural

networks modeling optimized with viable local search procedure of SQP.

o Three different DE-NNMs are designed by exploitation of windowing kernels based on
log-sigmoid, radial basis and tan-sigmoid to represent the nonlinear MHD-JHF systems with
base-fluid water mixed with alumina, silver and copper nanoparticles and studied the dynamics
with variation in Hartman numbers, Reynolds numbers, angles of the channel and volume

fractions.

o Accuracy of the designed schemes are established by attaining a good concurrence with
numerical results of state of the art Adams method for each case of the nanofluidic MHD-JHF

system.

o Validation of invariable accuracy and convergence is established through exhaustive
simulations and their statistics in terms of mean absolute error (MAE), root mean squared error
(RMSE), Variance Account For (VAF), Nash Sutcliffe Efficiency(NSE), and Theil Inequality

Efficiency (TIC) performance indices.

Organization of rest of the paper is as follows: Sect 2 presents overview of the system model
based on nonlinear MHD-JHF, the description of the DE-NNMs along with energy function is
given in Sect 3 along with performance measuring indicators, in Sect 4, the results of simulation
studies are given for four scenarios of nonlinear MHD-JHF problems for convergent and
divergent flow cases. Comparative studies on the basis of statistics are narrated in Sect 5, while

conclusions along with future recommended studies are narrated in Sect 6.



2. System Model: MHD-JHF Problem

The flow of fluid through non-parallel walls is referred to be a Jeffery-Hamel flow [6]. The
geometry of such fluid flow is shown in Figure 1. The laminar Newtonian fluid flow with
constant density mixed with nanoparticles is consider with the channel angle between the plates
is 20.. If channel angle o is less than zero than flow will be convergent and if o is greater than

zero than flow will be divergent [21].
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Figure 1: (a) 2-D view of Geometry for MHD-JHF system in a convergent cannel and (b)
schematic setup of the problem.

The governing expression for partial differential equations (PDEs) of MHD-JHF problem by

considering a cylindrical coordinate system having three components (r,8,z) are given as [21]:
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here the magnetic field is represented with B, the component of velocity along radial direction is
u(r), P is the pressure exerted by the fluid, x_ is the kinematic viscosity coefficient, the fluid

density is p, and the electrical conductivity of the fluid is represented with ¢ [21].
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The solid volume of nanoparticles in the above equations is represented with ¢@. The velocity

profile of the fluid dynamics is f(8)=ru(r). If n=60/a then the velocity profile of fluid

dynamics is given by f(7)=f(0)/f,., .

By applying many similarity transforms the final ordinary differential equation (ODE) for the

MHD-JHF system is given by [21]

Ps

£ (n)+2a R{ﬁ—w)zs (H)w&ﬂ f(n) 1'(n)+@=(1-) " H)* () =0, (5)

with boundary conditions

f(0)=1, f'(0)=0, f(1)=0. (6)

In equation (6), Reynolds number Re and Hartmann number H are given respectively as:
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3. Methodology

The proposed design methodology to study the dynamics of nonlinear MHD-JHF involving
nanoparticles is a two phase procedure. Initial phase is the construction of NNMs, while in the
second phase description is provided for the optimization of weights NNMs by using efficiency

of SQP method. The overall workflow diagram of the scheme is shown schematically in Fig. 2.
3.1 Mathematical Modeling

Mathematical modeling for the differential equations NNM (DE-NNMs) for the solutions f (n)

and its n" order derivative (f(”>(77)) of the ODEs in terms of input, single hidden, and output

layers is given as:

) =2 8.9(wn + ), ®)
FO) = 209" (n+ A ©

where m stands for number of neurons, g is representing the type of activation function, 4, w and

B are real-valued bounded vectors that formulate the weight vector W as:

W =[6,W, B1=[6,.6,1..0s G Wy Waroc Wiy s By ] (10)

Three different activation functions are used to construct three DE-NNMs, i.e., for log-sigmoid

0.5, radial basis gz, and tan-sigmoid g,;. The expression for ¢, gg; and g, activation

functions are given as follows:

1
1+et’

Jis (t) = (11)



Oes () =€, (12)
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The NNMs based on g, (NNM-LS), g, (NNM-RB) and g, (NNM-TS) functions have been

Ors (t) = -1. (13)

developed to find the solutions of nonlinear MHD-JHF along with its higher order derivatives. In

case of differential equation NNM-LS (DE-NNM-LS), the solution f(r]) along with

derivatives, i.e., f’(n) and f'"(n)) , are approximated by the following networks:

. m 1
fLs(U):iZ_lld Lo e A" (14)
. m e—(Wi77+/fi)
fm =Y sw ,
- .Z=1: (1+ o ir+h) )2 (15)
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In case of differential equation NNM-RB (DE-NMM-RB), networks for the solution f (77)and

few of its derivatives can be given as:

fRB(U) = Z:é}e_(wmﬂ))i)2 ’ (17)

i=1

RB(77) Z 25W W77+ﬁ) ) , (18)

fm(n)= Z5vv3(12(W77+,[)’)e(W'”ﬂ' —8(w+ ) e (wwf). (19)
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Accordingly, for differential equation NNM-TS (DE-NNM-TS), the networks for the solution

and its derivatives are written as follows:

. m 2
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The networks DE-NNM-LS, DE-NNM-LS, DE-NNM-RB, and DE-NNM-TS presented in
equations (14-16), (17-19) and (20-22) are used to model nonlinear MHD-JHF system in (5-6),

respectively.



1. Problem 2. Mathematical Modeling

Nonlinear Jeffery-Hamel Flow

Nanofluid Problems with Development of differential equation
Dynamics water (H20) neural networks for the solutions and its
as base fluid along with any one respective derivtives
of
Copper (Cu), Aluminia(Al203)
Computational and Fitness function formulations by defining an
Fluid Mechanics Silver (Ag) Unsupervised Error Function

nano-particles

3. Optimization Procedure

Local Search Technique Sequential Quadratic Programming

Sequential Quadratic Programming

Random Initialization of start
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. Achieved?
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4. Proposed Results
Trained weights are used to get Comparative studies based on
approximate solution performance indices

Figure 2: Workflow diagram of proposed methodology to solve nonlinear MHD-JHF system
involving nanoparticles.

Design parameters of all three DE-NNM-LS, DE-NNM-RB, and DE-NNM-TS are determined

by development of the fitness function based on sum of two mean square error functions as:
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=g +¢&,, (23)

where ¢, and ¢, are the error functions for the main body of the equation () and its associated

conditions, respectively. The mathematical expressions for ¢, and ¢, are respectively given as:

fr;"+ 2c Re|:(lg0)2'5 (l—g0+q0 Ps j:| fm An:
0

& = f (24)
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The generic model of MHD-JHF using any of DE-NNM is given in Figure 3.

3.2 Learning procedure with SQP algorithm

In order to study the dynamics of the system, optimization problem based on the fitness function
£ given in equation (23) is conducted using SQP for all three DE-NNMs for finding the solution
of nonlinear MHD-JHF problems. SQP algorithm is one of the prominent local search procedure
for finding the solution of nonlinear constrained optimization problems [76-78]. Like other
optimization techniques, SQP is not just a single procedure, but a significant concrete routine
from which various explicit algorithms have been developed. Few potential applications of SQP
include multi-material topology optimization [79], profile error evaluation of free-form surface

[80], optimal energy management systems [81] and fractal image compression [82]. The built-in
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software package ‘fimincon’ with algorithms SQP available in Matlab optimization toolbox is

used for finding the weights of ANN models. Fixed setting of the SQP algorithm is taken for all

three DE-NNMs of nonlinear MHD-FHF problem and its pseudocode is given in Table 1.

Table 1: Pseudocode for SQP for optimization of DE-NNMs of nonlinear MHD-FHF problem

Start: SQP method through ‘fmincon’ function of Matlab optimization
toolbox

Inputs:
Unknown weight vector W of system is represented with individual S
as:

S = 161,610 O W Wy s Wor By, s ]

Set of S creates population P as:

(51'62""’5m’Wl'WZ""'Wm’ﬂllﬂZ"“'ﬂm)l
_ (51!52!---’5m’w1!WZ!---!Wm'ﬂp:Bz'---uBm)z

14

| =[S, S, S,

(01, 0,100y Oy Wy, Wy ooy W, B, By B )i

for k no of individuals in S and t is used for transpose.
Output: The best individual by SQP, i.e., Sp
Begin:
//Initialization step
Randomly generate individuals as a start point.
//Termination step
Set stopping criteria parameters as:
The value of maximum iterations (MaxIter), i.e., MaxIter
- 1000,
TolFun — 1029,
TolCon — 10720, and
Tolerance in the variables (TolX) values, i.e., TolX -
10-15,
// the settings of SQP parameters are given in ‘optimset’ routine.
While {fulfillment of any of stopping criteria} do %
//Fitness step
Calculate fitness ¢ values using equation (23) and its
parts given in equations (24) and (25).
// Stopping criteria step
If any of termination criteria attained, exit while loop
else continues.
//Refinement step
Refine the random values of the weight vector at each
step increment in SQP procedure.
Repeat the procedure from fitness step with updated weight
vector
End
//Storage step
Save the final weight vector and its fitness value, time,
cycles consumed and function evaluated for the current run of
the SQP method.

12



End

Statistics: Repeat the procedure for finding the appropriate parameter of
ODEs using hybrid optimization procedure SQP for multiple
independent runs to generate a sufficient large dataset for
effective analysis of performance.

ne [0,1]
/N
n, [ E s (m)=(1+e )"
Gl A=1l-p Ors (1) =€ "
B Weights <,> 7as a parameter g _ 1-p+plr Ors (7) = ﬁ_l
Input \ Hidden Layer / \ 0Output Layer—’

Figure 3: Neural network architecture for nonlinear MHD-JHF problem

3.3 Performance Measures

For the validation of the performance of the proposed scheme, five performance operator on the
basis of the MAE, RMSE, NSE, EVAF and TIC are computed. Mathematical formulations for

these performance indices for MHD-JHF are written as:
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Here, m stands for the number of input grid points, the reference Adam's numerical method
results f , and their mean values, f, and computed solutions f respectively. For an ideal
system, the required magnitudes of performance indicators based on MAE, RMSE, ENSE,
EVAF, and TIC are zero.

4. Numerical Simulations and Results

In this section, the proposed methodology is applied to three nonlinear MHD-JHF problems with
four scenarios by variation in the channel angles a, Reynolds number Re, concentration of
nanoparticles ¢ and Hartman number H. The details for the cases and scenarios are given in
Table 2. The dynamics of nonlinear MHD-JHF is analyzed for both convergent and divergent

channels for different base fluids and nanoparticles.

Table 2: A set of parameter o, Re, ¢ and H for each variation in nonlinear MHD-JHF systems

Cases Scenario 1 Scenario 2 Scenario 3 Scenario 4

a |Re|® | H|a | Re|® | H|a |Re| @ H a |[Re| © | H
c-1 2 /100 |01]250| 6 | 50 [ 01|250| 6 |50 |01] 250 | 6 | 50 | 0.1 | 250
c-2 5 | 100 | 01250 | 6 | 100 | 01| 250 | 5 |50 | 01| 500 | 5 | 50 | 0.3 | 250
c-3 8 | 100 | 01| 250 | 5 | 150 | 01| 250 | 5 | 50| 0.1] 1000 | 5 | 50 | 0.5 | 250
d-1 -2 100 | 01|250| -6 | 50 |01 |250 | -6 | 50 | 01| 250 | -6 | 50 | 0.1 | 250
d-2 -5 | 100 | 0.1 | 250 | -6 | 100 | 0.1 | 250 | -5 | 50 | 0.1 | 500 | -5 | 50 | 0.3 | 250
d-3 -8 | 100 | 01| 250 | -5 | 150 | 0.1 | 250 | -5 | 50 | 0.1 | 1000 | -5 | 50 | 0.5 | 250
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Problem 4.1: Study the dynamics of nonlinear MHD-JHF with base fluid water mixed with
alumina nanoparticles: In this problem, the dynamics of nonlinear MHD-JHF with base fluid
water and alumina nanoparticles is analyzed in case of four scenarios as listed in Table 2 for
convergent and divergent cases. The governing mathematical relation derived from equations (5-

6) using ps= 3970, pr= 997 for the problem is written as:

£"(n)+2aRe(1-p)** (1-p+3.918p) f (1) F'(n)+(4-(1-9) " H)a’ /(1) =0 (28)
with boundary conditions:

f(0)=1 f'(0)=0, f(1)=0. (29)
The exact solution for equations (28-29) is difficult to obtained, therefore, the reference

numerical solution is obtained with the help of Adams method (AM) and these results are used

for comparison throughout in the study.

The proposed stochastic numerical methodology is also applied to solve the equations (28-29) as
per procedure given in the last section, while the fitness function for this problem is given in case

of inputs 7 €[0,1] with step size h=10.1 as:

)
11

(30)

10 A A A
Z( "+ 2aRe(1-p)** (1-p+3.9819) fmfn;+(4—H(l—co)l'z*")offré)2
(i

() +(a) )

Optimization of fitness function & as given in (30) is carried out by SQP algorithms as per
settings and procedure described in the last section. The proposed three DE-NNM-LS, DE-
NNM-RB and DE-NNM-LS are executed with SQP for 100 independent runs to get the

appropriate weight vectors W and these weights are used in equations (14), (17) and (20) to find

15



the respective approximate solution of the problem. The proposed results are compared with

reference numerical solutions of AM on the basis of MAE, RMSE, EVAF, ENSE and TIC as

defined in equations (27-28). The best run of the model is defined on the basis of minimum

values of these five measures and results in term of best runs out of 100 independent executions

for each case of problem 1 for all three models are given in Table 3.

A set of weight trained through best runs of SQP for NNM-LS (NNM-LS-SQP), NNM-

RB(NNM-RB-SQP) and NNM-TS (NNM-TS-SQP) for both convergent and divergent cases of

scenario 1 are given graphically in Fig. 4 (a), (b) and (c), respectively. These weights are used in

equations (14), (17) and (20) to derive the approximate solutions fLS : fRB and fTS of the

problem (28). In first case of convergent flow, c-1, the derived solutions for NNM-LS-SQP,

NNM-RB-SQP and NNM-TS-SQP are given as:

A

fis (77)

—2.166 3.456 -2.231 3.676

14 @ (F18007-1235) T q | o~(-34987+7950) 1 | o~(-21677-0.429) " q | ~(-2.2087+0869)
-1.589 -1.949 -2.102 -0.091

14 o (L4617-1196) + 14 o (25067-0317) + 14 o (0597-1354) + 14 @ ("16197-0108)

—0.841 —2.575

14 g (-16607+0675) + 14 g (F20867-0262)

fRB (77) =-b. 1738_(0'028’7_0'180)2 —-2.796 e—(l.OGln—0.162)2 _ 0.5828—(—1.55577+1.944)2

— 4_829e_(—0-02777—0-111)2 +13.090 e—(0.82077—1.396)2 _ 2.189e—(—0.84177+3.252)2
-5 349e—(0.61977—0.931)2 19532 e—(—o.zazq—o.szl)2 1 287e—(0.906t7—l.483)2

1 269e7(—1.50577+2.617)2

) (31)

(32)
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—0.696 0.058 0.633

4 @ 2-L7287-0780) T q o -2(35677+1568) ' q | o-2(L5797+0267)

1.718 0.305 —2.770 —0.965

~2(-0471-L518) T 4 | o-2(15117-L046) T | o-2(-09117+3.162) ~2(1.2977-0.817) + (33)

2.547 2.263 -3.134

2(—0.5587-0.466) 1+ e—2(—1.42377+3.243) + 1+ e—2(-1.532;7—2.444)

fis (7)=-7.311+

1+e 1+e

1+e

While for first case of divergent flow d-1, the derived solutions are given as:

; -9.268 1.039 8.323 8.750
LS (77) = 1+ e—(—2.41377—3.708) 1+ e—(0.26877+0.739) + 1+ e7(3.9057777.277) 1+ e—(—1.06477—2.l74)
1.148 9.712 -14.430 10.958
14 o (-13517-0.229) + 1 4 o (097874457 + 14 o (-15057-1588) + 14 e (171971813 s (34)
7.868 —15.295
1+ e—(2.90277—7.543) + 1+ e—(2.92277—5.072)
f‘RB ( 77)=7.999e—(0.55577+0.043)2 —3.5138_(0'435’“0‘549)2 +10_529e—(0.761;;-2.744)2 "
18.4508_(0'747’7_2‘437)2 i 3.537e—(—0.08817—0.885)2 _ 3_992e—(1.00117—1.691)2
—9.7546_(_1'332’”2'944)2 +O.1906—(—1.51977+1.567)2 _5'902e—(0.772;7+2.096)2 ' (35)
_5 779e7(70.6747;+o.o43)2
. 2.376 -3.047 0.655
fTS (77) =—7.311+ 1+ e—2(0.88517+0.764) 1+ e—2(1.16677—1.607) 1+ e—2(—l.4l777—0.663)
-1.212 1.067 -1.142 2.809
1+ @2(0-913,7-0.082) 1+ e—2(0.27877+0.23l) 1+ e—2(—0.20917+0.869) 1+ e-z(o.4zoq—1.o17) + (36)
0.110 2.356 —2.050
1+ e—2(0.99577—1.053) +1 4 e—z(—o.59577-2.112) 14 e—2(1.81977—2.706)

Similarly the solutions are determined for each case of all four scenarios of the problems and
respective results are given graphically in Figs. 5(a), 5(c), 5(e) and 5(g) for NNM-LS-SQP by
taking the inputs 7 €[0, 1Jwith step size h = 0.05 along with the result of AM. It is seen that
proposed solutions are consistently overlapping the reference solution for each case of all four
scenarios. In order to analyze the accuracy of the proposed method. the values of Absolute Error

(AE) are also calculated for 7 €[0,1] with step size h = 0.05 and results are plotting in Figs. 5(b),

17



5(d), 5(f) and 5(i) for scenarios 1, 2, 3, and 4, respectively, of the problem. Accordingly, the AE
calculated by the algorithms NNM-RB-SQP and NNM-TS-SQP. Results of NNM-RB-SQP
algorithm are shown graphically in Figs. 6(a), (c), (e) and (g) for scenarios 1, 2, 3 and 4,
respectively, while the respective results of NNM-TS-SQP approach is presented in Figs. 6(b),
6(d), 6(f) and 6(i). It is seen that the values of velocity profile of the fluid for the convergent
channel decrease with increase in the values of angle of the channel a = 2 to 8 while in case of
divergence channel for o = -2 to -8 decreased in the rate velocity profile of the fluid is observed.
Accordingly, for scenario 2 with the increase in Reynolds number the velocity of fluid decreases
and with the decrease in Reynolds number the velocity of the fluid increases, In case of scenario
3 with the increase in magnetic effect the velocity profile increases and in case of scenario 4 the
decrease in concentration of nanoparticles the velocity of fluid decreases. Additionally with the
change in angle of channel, concentration of nanoparticles, Reynolds and Hartman numbers the
behavior of both results for proposed models is on a similar pattern as reference numerical
method. Comparison of the accuracy of all three models based on values of AEs shows that

results for convergent channel for each scenarios is relatively better from divergent channels.
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Table 3: List of best independent runs of the algorithms on different performance indices

Problem(Scenario|Case ANN-LS-SQP ANN-RB-SQP ANN-TS-SQP
MAE | RMSE [ EVAF [ ENSE [ TIC | MAE [ RMSE | EVAF | ENSE | TIC | MAE | RMSE | EVAF [ ENSE [ TIC
c1] 15 | 15 16 15 | 15] 471 | 47 29 | 471 |41 | 7 7 88 7 7
2| 2 43 43 | 43 |43 11 | 71 36 n | n|n|n 49 71|71
c3| 16 | 16 16 16 |16 ] 66 | 66 66 66 | 66 | 40 7 49 7 7
! d1| 37 | 37 15 | 37 [37] 15 [ 15 6 15 | 15] 66 | 66 90 66 | 66
d2| 53 | 53 65 53 | 53] 15 | 15 3 15 [15] 50 | 50 32 50 | 50
d3| 42 | 24 24 24 | 24] 13 ] 13 13 13 |13] 95 | 95 95 95 | 95
c2| 24 | 24 75 24 [ 24] 6 6 9 6 6 | 94 | 4 94 94 | 94
c3| 2| 22 22 22 | 22] 96 | 9 96 9% |96 | 27 | 27 27 27 | 27
2 d2 | 12 12 12 12 |12] 18 | 18 28 18 | 18] 86 | 86 86 86 | 86
41 d3] 10 | 10 45 10 [ 20 [ 100 | 100 | 100 | 100 [100] 74 | 74 83 74 | 74
c2| 83 | 83 72 83 [ 83| 2 2 18 2 2 | 94 | o4 92 94 | 94
3| 69 | 69 59 69 | 69| 3 3 3 3 3| 2] 72 72 |7
8 d2| 79 | 79 35 79 | 79] 85 | 85 85 85 [ 8| 70 | 70 76 70 | 70
d3| 84 | 84 84 | 84 [ 84| 60 | 60 60 60 | 60 | 53 | 70 40 70 | 70
c2] 55 ] 55 7 55 [ 55 ] 70 | 70 70 70 [70] 76 | 76 72 72 | 76
3| 271 | 27 27 27 |27 19 ] 32 40 32 [ 32 29 | 29 29 29 | 29
4 d2] 95 | 95 95 %5 |95 ] 3 3 3 3 3| 41| & 47 47 | 47
d3| 82 | 8 84 | 82 [8 | 13 | 13 13 13 | 13] 50 | 50 14 50 | 50
1] 3 3 3 3 3] 7 7 7 7 7 | 51 ] s 64 51 | 51
c2 | 17 17 17 17 [ 17| 25 | 25 25 25 | 25| 57 | 57 57 57 | 57
3] 36 | 36 15 | 36 [36 | 8 8 8 8 8 | 68 | 68 68 68 | 68
! d1] 52 | 52 15 | 52 [ 52| 44 | 44 4 | 44 |4 1| N1 71 71|71
d2| 26 | 26 26 26 | 26| 74 | 74 74 74 | 74| 88 | 88 88 88 | 88
d3| 67 | 67 67 67 | 67 ] 49 | 49 49 | 49 [ 49 ] 95 ] 95 68 95 | 95
c2| 25 | 25 25 25 | 25] 10 | 10 3 10 [10] 93 | 93 93 93 | 93
3] 70 ] 70 70 70 |70 ]| 84 | 84 84 84 | 84| 28 | 28 28 28 | 28
40 2 d2| 83 | 88 23 | 88 |8 | 4 4 4 4 4 | 50 | 50 40 50 | 50
' d3| 53 | 53 53 53 | 53] 95 | 95 95 95 |95 | 29 | 29 29 29 | 29
c2] 48 | 48 76 | 48 [ 48| 8 | 86 73 86 | 86| 73 | 73 73 73 |73
c3| 74 | 74 44 74 | 74 58 | 58 58 58 | 58| 80 | 80 80 80 | 80
8 d2]| 26 | 26 26 26 |26 91 ] a1 53 91 | 91| 64 | 64 64 64 | 64
d3| 65 | 65 65 65 | 65 | 94 | 94 94 94 | 94| 39 | 39 68 39 | 39
c2| 37 | 37 37 37 |37 ]| 2 2 44 2 2 | 60 | 60 15 60 | 60
3| 82 | 82 61 | 82 [ 8| 74 | 74 74 74 | 74 40 | 40 35 40 | 40
4 d2| 84 | 84 84 | 84 |84 | 74 | 74 74 74 | 74| 74 | 53 53 53 | 53
d3| 97 | o7 97 97 |97 | 66 | 66 66 66 | 66 | 91 | 91 91 91 | a1
c1]| 7 7 42 7 7|61 | 61 61 61 | 61| 58 | 58 58 58 | 58
c2] 39 | 39 48 | 39 |39 [ 24 [ 4 41 | 41 [ 41| 15 15 15 15 | 15
3| 97 | o7 58 97 |97 ] 99 | 99 99 99 |99 ] 19 19 19 19 | 19
! d1| 22 | 22 53 22 | 22] 58 | 58 69 58 | 58 | 53 | 53 53 53 | 53
d2| 40 | 40 40 | 40 [ 40| 53 [ 53 33 53 | 53| 27 | 27 27 21 | 27
d3| 74 | 74 74 74 |74 78] 78 78 78 |78 85 | 85 85 85 | 85
c2| 87 | 87 46 | 87 |87 | 42 | 4 42 | 42 | 42| 37 | 37 37 37 | 37
c3| 5 5 5 5 5 | 42 | 4 62 | 42 |42 ] 38 | 38 38 38 | 38
2 d2| 84 | 84 44 | 84 |84 | 48 | 48 48 | 48 |48 ] 10 | 10 10 10 | 10
43 d3] 34 | 34 24 | 34 [34] s 6 100 6 6 | 49 | 73 73 73 | 73
c2| 52 | 52 64 52 | 52] 62 | 62 14 62 | 62| 16 16 16 16 | 16
3] 81 ] 81 81 | 81 [81] 99 [ 96 30 9% |96 | 55 | 52 52 52 | 52
8 d2| 79 | 79 79 79 |79 ] 98 | 98 98 98 | 98| 95 | 95 25 95 | 95
d3] 70 | 70 70 70 | 70] 67 | 67 67 67 | 67| 93 | 93 85 93 | 93
4 c2]| 19 ] 25 25 5 | 25| 471 | 47 47 | 47 |47 ] 40 | 40 54 | 40 | 40
c3]| 26 | 26 45 26 | 26| 271 | 27 9 27 27| 20 | 20 20 20 | 20
d2| 56 | 56 56 56 | 56| 61 | 61 99 61 | 61| 26 | 26 26 26 | 26
d3| 72 | 72 72 72 2] 2] 21 21 21 |21 14 | 14 14 14 | 14
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Figure 4: One set of weight vector of DE-NNM-LS, DE-NMM-RB, DE-NMM-TS for scenario 1 for all
six cases of nonlinear MHD-JHF problems, Figs. (a-c), Figs. (d-f) and Figs. (g-i) for problem 1, 2 and 3,

respectively.
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Figure 5: Proposed results of NNM-LS-SQP for nonlinear MHD-JHF problem 4.1; Figs. (a, c, e, g) for
the approximate solution and Figs. (b, d, f, h) for AEs.

Results of statistical analysis based on 100 independent runs of each model in terms of mean and
standard deviation (STD) values are determined in order to analyze the accuracy and
convergence. These results are listed in Table 4 for inputs 7 €[0.1, 0.9] with step size h = 0.2 for
all three NNM-LS-SQP, NNM-LS-SQP and NNM-LS-SQP approaches for each case of all four
scenarios of problem 1. It seems that the values of mean are generally lies between 10" to 10
for all three algorithms, but the values of these statistical measures are relatively better for NNM-
LS-SQP and NNM-TS-SQP from NNM-RB-SQP, while comparing the performance of NNM-
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LS-SQP and NNM-TS-SQP algorithm, the results of NNM-TS-SQP are slightly superior.
Additionally, it is observed that in case of convergent channel results are obtained with better
precision than that of divergent channel. The small values STD further validate the consistency
of the all three algorithms for finding the solution of nonlinear MHD-JHF model as given in

equations (28-29).
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Figure 6: Plots of AEs of for nonlinear MHD-JHF in problem 4.1; Figs. (a, c, e, g) for NNM-
RB-SQP and Figs. (b, d, f, h) for NNM-TS-SQP.
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Table 4: Comparison of the statistical results through mean and STD for Problem 4.1

NNM

Scenario

Case

Mean of AEs for inputs »

STD of AEs for inputs »

7=01|yp=03|x#=05|9=07|n9=09|n=01|x#=03|yp=05|#=07|x#=09

c-1 1.94E-06 | 1.57E-06 | 1.38E-06 | 2.30E-06 | 3.70E-06 | 3.12E-06 | 2.54E-06 |2.00E-06 | 3.06E-06 | 5.39E-06

c-2 3.00E-05 | 2.18E-05 | 1.40E-05 | 1.41E-05 | 2.28E-05 | 5.70E-05 | 4.31E-05 | 3.02E-05 | 3.07E-05 | 4.87E-05

c-3 3.97E-05 | 2.24E-05 | 1.40E-05 | 2.22E-05 | 3.74E-05 | 7.95E-05 | 4.58E-05 | 3.18E-05 | 5.46E-05 | 9.27E-05

! d-1 1.56E-05 | 1.65E-05 | 1.49E-05 | 9.88E-06 | 4.37E-06 | 4.38E-05 | 4.57E-05 |4.04E-05| 2.61E-05 | 6.63E-06
d-2 1.01E-03 | 1.69E-03 | 1.86E-03 | 1.56E-03 | 4.46E-04 | 1.20E-03 | 2.27E-03 | 2.58E-03 | 2.18E-03 | 5.87E-04

d-3 6.48E-03 | 7.44E-03 | 7.42E-03 | 6.36E-03 | 2.86E-03 | 2.22E-02 | 2.20E-02 | 2.09E-02 | 1.63E-02 | 8.86E-03

c-2 1.33E-05 | 1.07E-05 | 7.14E-06 | 7.44E-06 | 1.36E-05 | 4.17E-05 | 3.22E-05 | 1.88E-05 | 1.55E-05 | 2.84E-05

c-3 1.46E-04 | 6.28E-05 | 1.40E-05 | 2.25E-05 | 7.07E-05 | 8.73E-04 | 3.75E-04 | 3.64E-05| 6.12E-05 | 3.35E-04

2 d-2 2.90E-04 | 3.92E-04 | 3.97E-04 | 2.94E-04 | 9.12E-05 | 1.20E-03 | 1.85E-03 | 1.97E-03 | 1.54E-03 | 3.50E-04
LS d-3 1.13E-02 | 1.21E-02 | 1.16E-02 | 8.94E-03 | 2.46E-03 | 6.35E-02 | 6.29E-02 | 5.85E-02 | 4.30E-02 | 8.16E-03
c-2 6.71E-06 | 5.31E-06 | 3.66E-06 | 4.77E-06 | 1.02E-05 | 1.37E-05 | 1.06E-05 | 6.65E-06 | 1.31E-05 | 2.68E-05

c-3 6.88E-05 | 6.23E-05 | 4.35E-05 | 1.75E-05 | 3.70E-05 | 1.06E-04 | 9.19E-05 | 6.18E-05 | 2.98E-05 | 6.15E-05

3 d-2 1.76E-04 | 1.90E-04 | 1.75E-04 | 1.18E-04 | 3.47E-05 | 7.68E-04 | 7.90E-04 |7.04E-04 | 4.53E-04 | 1.29E-04
d-3 6.66E-04 | 1.02E-03 | 1.07E-03 | 8.42E-04 | 2.02E-04 | 1.56E-03 | 2.63E-03 | 2.86E-03 | 2.30E-03 | 4.96E-04

c-2 8.45E-06 | 7.01E-06 | 4.76E-06 | 5.23E-06 | 1.00E-05 | 2.01E-05 | 1.72E-05 | 1.15E-05 | 9.94E-06 | 1.86E-05

4 c-3 2.43E-06 | 2.00E-06 | 1.57E-06 | 1.30E-06 | 2.15E-06 | 5.39E-06 | 4.64E-06 | 3.33E-06 | 2.59E-06 | 4.33E-06
d-2 2.50E-05 | 2.60E-05 | 2.33E-05 | 1.54E-05 | 7.68E-06 | 7.42E-05 | 7.73E-05 | 6.85E-05 | 4.42E-05 | 1.71E-05

d-3 5.28E-06 | 5.00E-06 | 4.08E-06 | 2.51E-06 | 3.38E-06 | 1.34E-05 | 1.24E-05 | 9.23E-06 | 4.93E-06 | 9.42E-06

c-1 2.23E-05 | 2.19E-05 | 2.48E-05 | 4.62E-05 | 7.72E-05 | 8.78E-05 | 9.96E-05 | 1.72E-04 | 2.99E-04 | 4.79E-04

c-2 1.84E-05 | 1.33E-05 | 8.42E-06 | 8.11E-06 | 1.28E-05 | 3.05E-05 | 2.24E-05 | 1.31E-05| 1.16E-05 | 1.83E-05

c-3 9.50E-04 | 5.56E-04 | 3.03E-04 | 4.62E-04 | 9.13E-04 | 4.40E-03 | 2.86E-03 | 1.73E-03 | 2.34E-03 | 5.27E-03

. d-1 1.23E-04 | 1.32E-04 | 1.24E-04 | 9.40E-05 | 3.06E-05 | 2.85E-04 | 3.05E-04 | 2.83E-04 | 2.08E-04 | 5.43E-05
d-2 3.55E-03 | 3.68E-03 | 3.31E-03 | 2.01E-03 | 1.79E-03 | 2.66E-02 | 2.57E-02 | 2.16E-02 | 1.07E-02 | 1.51E-02

d-3 2.46E-02 | 2.52E-02 | 2.41E-02 | 1.88E-02 | 5.14E-03 | 7.06E-02 | 7.11E-02 | 6.66E-02 | 4.97E-02 | 1.69E-02

c-2 7.72E-05 | 4.69E-05 | 5.43E-05 | 1.20E-04 | 2.15E-04 | 2.74E-04 | 1.15E-04 | 2.59E-04 | 6.85E-04 | 1.21E-03

c-3 1.09E-03 | 3.87E-04 | 3.58E-04 | 6.77E-04 | 9.31E-04 | 5.20E-03 | 1.66E-03 | 2.04E-03 | 3.98E-03 | 4.60E-03

2 d-2 3.81E-04 | 4.55E-04 | 4.46E-04 | 3.26E-04 | 5.18E-05 | 1.29E-03 | 1.41E-03 | 1.34E-03 | 9.80E-04 | 1.07E-04
RB d-3 3.39E-02 | 3.40E-02 | 3.24E-02 | 2.56E-02 | 5.87E-03 | 9.38E-02 | 9.35E-02 | 8.84E-02 | 6.89E-02 | 1.76E-02
c-2 3.81E-05 | 2.93E-05 | 1.77E-05 | 2.62E-05 | 6.00E-05 | 3.71E-05 | 3.12E-05 | 2.09E-05 | 2.99E-05 | 5.27E-05

c-3 6.42E-05 | 5.68E-05 | 3.33E-05 | 3.40E-05 | 8.02E-05 | 7.96E-05 | 6.46E-05 | 3.62E-05 | 6.02E-05 | 1.57E-04

3 d-2 3.99E-04 | 4.50E-04 | 4.27E-04 | 3.02E-04 | 4.54E-05 | 1.75E-03 | 1.93E-03 | 1.80E-03 | 1.24E-03 | 1.41E-04
d-3 6.79E-04 | 7.66E-04 | 7.35E-04 | 5.43E-04 | 1.02E-04 | 2.46E-03 | 2.04E-03 | 1.80E-03 | 1.31E-03 | 2.22E-04

c-2 1.21E-05 | 9.50E-06 | 7.10E-06 | 8.44E-06 | 1.64E-05 | 1.49E-05 | 1.27E-05 | 1.26E-05 | 2.19E-05 | 3.64E-05

c-3 2.58E-05 | 2.14E-05 | 1.22E-05 | 1.37E-05 | 3.32E-05 | 1.20E-04 | 9.77E-05 | 4.90E-05 | 4.88E-05 | 1.35E-04

4 d-2 1.15E-04 | 1.24E-04 | 1.14E-04 | 8.08E-05 | 2.13E-05 | 3.33E-04 | 3.47E-04 |3.11E-04| 2.11E-04 | 5.96E-05
d-3 3.16E-05 | 3.26E-05 | 2.90E-05 | 1.99E-05 | 9.43E-06 | 6.59E-05 | 6.75E-05 | 5.82E-05 | 3.70E-05 | 1.95E-05

c-1 1.93E-06 | 1.65E-06 | 1.33E-06 | 1.52E-06 | 2.61E-06 | 4.49E-06 | 3.86E-06 | 3.02E-06 | 3.32E-06 | 5.19E-06

c-2 1.55E-05 | 1.17E-05 | 8.17E-06 | 8.07E-06 | 1.27E-05 | 5.69E-05 | 4.22E-05 | 2.84E-05 | 2.74E-05 | 4.43E-05

c-3 1.90E-05 | 1.19E-05 | 9.19E-06 | 1.36E-05 | 2.54E-05 | 2.98E-05 | 1.88E-05 | 1.84E-05 | 3.00E-05 | 5.36E-05

! d-1 6.25E-06 | 6.44E-06 | 5.79E-06 | 3.69E-06 | 1.81E-06 | 1.28E-05 | 1.34E-05 | 1.21E-05 | 8.05E-06 | 3.09E-06
d-2 3.90E-04 | 7.51E-04 | 8.50E-04 | 7.18E-04 | 2.13E-04 | 8.63E-04 | 1.92E-03 | 2.23E-03 | 1.91E-03 | 5.14E-04

d-3 8.63E-04 | 1.76E-03 | 2.02E-03 | 1.89E-03 | 8.73E-04 | 5.92E-04 | 1.16E-03 | 1.34E-03 | 1.26E-03 | 6.14E-04

c-2 4.16E-06 | 3.52E-06 | 2.97E-06 | 4.17E-06 | 7.40E-06 | 8.62E-06 | 6.82E-06 |4.68E-06 | 7.38E-06 | 1.34E-05

2 c-3 8.53E-05 | 3.88E-05 | 1.00E-05 | 1.81E-05 | 4.63E-05 | 2.60E-04 | 1.18E-04 | 1.77E-05 | 4.44E-05 | 1.55E-04
d-2 2.89E-05 | 3.37E-05 | 3.30E-05 | 2.51E-05 | 1.16E-05 | 7.12E-05 | 8.93E-05 | 9.06E-05 | 7.06E-05 | 2.62E-05

TS d-3 9.75E-04 | 1.82E-03 | 2.06E-03 | 1.92E-03 | 8.61E-04 | 2.04E-03 | 2.45E-03 | 2.55E-03 | 2.29E-03 | 8.85E-04
c-2 5.55E-06 | 4.81E-06 | 3.69E-06 | 3.52E-06 | 6.91E-06 | 1.11E-05 | 9.52E-06 | 6.77E-06 | 7.35E-06 | 1.35E-05

c-3 9.44E-06 | 8.46E-06 | 6.17E-06 | 2.92E-06 | 5.44E-06 | 1.37E-05 | 1.19E-05 | 8.35E-06 | 3.82E-06 | 8.43E-06

3 d-2 2.29E-05 | 2.62E-05 | 2.52E-05 | 1.79E-05 | 6.54E-06 | 5.53E-05 | 6.12E-05 | 5.85E-05 | 4.33E-05 | 1.50E-05
d-3 4.14E-04 | 6.22E-04 | 6.55E-04 | 5.17E-04 | 1.11E-04 | 1.46E-03 | 2.25E-03 |2.39E-03 | 1.90E-03 | 4.18E-04

c-2 3.88E-06 | 3.22E-06 | 1.93E-06 | 1.67E-06 | 3.40E-06 | 1.22E-05 | 1.01E-05 | 6.31E-06 | 3.48E-06 | 7.69E-06

c-3 1.78E-06 | 1.62E-06 | 1.40E-06 | 1.10E-06 | 1.53E-06 | 2.35E-06 | 2.42E-06 |2.30E-06 | 2.15E-06 | 2.31E-06

4 d-2 1.21E-05 | 1.21E-05 | 1.04E-05 | 5.66E-06 | 6.66E-06 | 7.19E-05 | 6.72E-05 | 5.26E-05 | 2.35E-05 | 3.94E-05
d-3 6.58E-07 | 6.53E-07 | 5.93E-07 | 4.70E-07 | 5.18E-07 | 7.83E-07 | 8.05E-07 | 7.52E-07 | 7.31E-07 | 1.09E-06
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Problem 4.2: Study the dynamics of nonlinear MHD-JHF with base fluid water mixed with silver
nanoparticle: In this problem, the dynamics of nonlinear MHD-JHF with base fluid water and
silver nanoparticles is analyzed for the four scenarios with parameter as listed in Table 2. The
governing mathematical relations derived from equations (5-6) using ps = 10500 and pf = 997

for the problem is written as:

£7(n)+2aRe(1-p)" (1-p+10.531p) f (1) f'(n)+(4-(1-9) " H)a*f'(n)=0,
(37)
£(0)=0, f (1)=0, f (0)=1
The proposed stochastic numerical methodologies have also been applied to solve the equation

(47) with fitness function formulation as:

TS -y T
w2((f-1) +(£) +(f))

Optimization of the fitness function (38) is carried out with NNM-LS-SQP, NNM-RB-SQP and

1 L (f];u 2aRe(1—¢)*° (1— ¢ +10.531p) f,, f! +J2

(38)

NNM-TS-TS methodologies for 100 independent executions. The runs of the algorithms with
minimum values of five performance measures, i.e., MAE, RMSE, EVAF, ENSE and TIC, for
each case of all four scenarios of problem 2 are listed in Table 3. A set of weight trained for all
three models for both convergent and divergent cases of scenario 1 are given graphically in Figs
4(d), 4(e) and 4(f). The derived solution for the first case of convergent flow c-1 for ANN-LS-

SQP, ANN-RB-SQP and ANN-TS-SQP are given as:
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3.976 3.079 -3.829 —-0.825

fLS (77 ) = 1 4+ g (-24207+0570) + 14 g (21917+0104) + 1 4+ o (0:3427-0481) + 1 4+ g (08657-0496)
—2.456 1.685 —4.966 -2.126
1+ o (-10737-0050) + 14 o (19777-3254) + 14 o (-24337-0434) + 14+ o (-20437-0424) (39)
-0.141 2.743
14 o (32877-0458) © 1 | o-(-14821+23858)
fRB (77) _ 0.236e—(1.62077—0.078)2 +0.362 ef(fo.szznfo.e.sz)2 _:L20:l_ef(fo.090774r0.358)2 4
0.0546—(—1.91817—0.141)2 —0.084 67(70.02517+0.138)2 _1.564e—(0.93617—0.756)2 10
_ 0.590e—(—0.93877—0.655)2 +0.406 e—(0.72177+0.346)2 +1.3856—(0.58977—0.242)2 4 ( )
1_4186—(0.76877—0.468)2
. -3.726 -0.034 -0.375
fTS (77) =—7.311+ 1+ e—2(—0.41877+0.408) 1+ e—2(1.602n—1.535) 1+ e—2(0.038n+l.665)
1.793 0.134 -2.011 —2.403
14 g 2(02287+0384) 14 e-2(0.711;7—o.014) 14 e—z(o.sgln—o.ses) 14 e—2(—1.29477—0.261) (41)
3.479 —2.274 2.408
14 e—z(—1.129;7+o.203) + 14 e—2(0.49077—1.080) + 14 e—2(0.04917—1.588)
While for divergent flow case, d-1, the derived solutions are given as:
¢ B 0.991 3.882 0.814 —6.350
LS (77 ) - 1+ e7(0.004r]+0.526) + 1+ ef(o.173n73.132) + 1+ e7(72.047;7+3.022) + 1+ e7(73.4557;75.o40)
3.895 0.160 —6.055 4.421
1+ e—(6.139;7—11.030) + 14 e—(—1.73277+2.985) 1+ e—(3.597;7—5.263) 1+ e—(o.ezsn—6.415) (42)
—0.661 -0.594
1+ e—(—3.00777+1.631) 1+ e—(3.04177—1.634)
fRB (77) _ _5.1466—(0.70677—0.287)2 4 3.4416—(0.69717—1.036)2 N 6.3978—(0.44277+0.136)2
B 2.5466—(—1.486n+2.459)2 +10.800 e—(0.62677+0.328)2 _ 3_6946,7(0.411%1.015)2 n
(43)

5_505e—(—o.886n+2.975)2 i 5_4_25(_:‘—(0.340;7+2.975)2 B 2_788e—(—1.874n+3.481)2 4

2 337e—(1.03877—0.460)2
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—-1.446 2.640 —4.075

£, () =—7311+

4 o 2L2BL0245) T g | -2(-09357-0054) T4 -2(13467-0725)
—-3.863 2.211 0.692 2.933
1+ @ 2(CLA02p+0799) T g \-2(-20477+2810) T q | o-2(06977-3.325) ' 4 o-2(-09177+0870) + (44)
-0.141 -3.440 5.677
14 o 200017+0073) g -2(-0.659-0772) + 14 o 204737-0971)

Similarly the solutions are determined for each case of all four scenarios of the problems and
respective results are given graphically in Figs 7(a), 7(c), 7(e) and 7(g) for NNM-LS-SQP
method by taking the inputs 77 €[0,1] with step size h = 0.05 along with the numerical results of

AM. The values of AE are the plotted for NNM-LS-SQP in Figs. 7(b), 7(d), 7(f) and 7(h) for
scenarios 1, 2, 3 and 4, respectively, of the problem. Accordingly, the AE calculated by the
algorithms NNM-RB-SQP and NNM-TS-SQP are shown graphically in Fig. 8. It is seen that the
values of velocity profile of the fluid for the convergent channel decrease with increase in the
values of angle of the channel o while in case of divergence channel for a = -2 to -8 decreased in
the rate velocity profile of the fluid is observed. Accordingly, for scenario 2 with the increase in
Re the velocity of fluid decreases and vice versa, In case of scenario 3 with the increase in H the
velocity profile also increases and in case of scenario 4 the decrease in concentration of

nanoparticles the velocity of fluid decreases.

Statistics in terms of mean and STD values based on 100 independent runs of SQP for finding
the weight of DE-NNM-LS, DE-NMM-RB and DE-NNM-TS are determined and results are
listed in Table 5 for each case of all four scenarios of problem 2. It is seen that the mean values
of absolute error are generally lies between 102 to 10 for all three algorithms, but the values
of these statistical measures are relatively better for NNM-LS-SQP and NNM-TS-SQP

approaches from NNM-RB-SQP method while comparing the performance of NNM-LS-SQP
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and NNM-TS-SQP algorithm, the results of NNM-TS-SQP are better. In this case also results of

convergent channels have better precision than that of divergent channels.
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Figure 7: Proposed results of NNM-LS-SQP for nonlinear MHD-JHF problem 4.2; Figs. (a, c, e,
g) for the approximate solution and Figs. (b, d, f, h) for AEs.

27



AE

K - -6
1% 05 1 %% 05 1 %% 05 1
Inputs ‘p’ Inputs ‘»’ Inputs ‘x’
(a) Scenario 1:Variation in o (b) Scenario 1:Variation in o (c) Scenario 2:Variation in Re
10° - :
10"
10° e EEE T
10° 0 05 1
Inputs ‘p’ Inputs ‘’ Inputs ‘p’
(d) Scenario 2:Variation in Re (e) Scenario 3:Variation in H (f) Scenario 3:Variation in H
10° 10°
—_ Caset 1
10-4 10-4 1 FTTRPRTTTN Casec 2
1] I|_|—,r ————— Case, ,
< 10° 10° SRR Casey
IIIII == . hl._,r:::i-"'_"'“_=:'l_-‘—— Caseg ,
10° - 10° B s
0 05 1 0 05 1
Inputs ‘p’ Inputs ‘x’
(9) Scenario 4:Variation in ¢ (h) Scenario 4:Variation in ¢

Figure 8: Plots of AEs of for nonlinear MHD-JHF in problem 4.2; Figs. (a, c, e, g) for NNM-
RB-SQP and Figs. (b, d, f, h) for NNM-TS-SQP.
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Table 5: Comparison of the statistical results through mean and STD for Problem 4.2

Mean of AEs for Input 4

STD of AEs for Input »

NNMScenario) Case 7=0.1 y=03 | =05 =07 7 =0.9 7=0.1 7=03 =05 =07 7 =0.9
c-1 2.3E-05 | 2.3E-05 | 2.8E-05 | 3.9E-05 | 5.7E-05 | 5.2E-05 | 5.2E-05 | 6.2E-05 | 8.4E-05 | 1.2E-04

c-2 1.2E-04 | 6.3E-05 | 2.5E-05 | 3.6E-05 | 8.0E-05 | 2.9E-04 | 15E-04 | 5.7E-05 | 1.1E-04 | 2.0E-04

c-3 7.0E-04 | 19E-04 | 1.7E-04 | 1.3E-04 | 3.6E-04 | 3.6E-03 | 9.5E-04 | 8.2E-04 | 6.1E-04 | 1.9E-03

! d-1 1.2E-04 | 1.4E-04 | 1.4E-04 | 1.0E-04 | 3.4E-05 | 6.0E-04 | 7.2E-04 | 7.2E-04 | 5.6E-04 | 1.6E-04
d-2 1.6E-03 | 3.0E-03 | 3.4E-03 | 3.1E-03 | 1.1E-03 | 2.4E-03 | 2.7E-03 | 2.8E-03 | 2.3E-03 | 7.8E-04

d-3 1.6E-01 | 1.6E-01 | 1.5E-01 | 1.2E-01 | 2.3E-02 | 2.2E-01 | 2.2E-01 | 2.1E-01 | 1.6E-01 | 3.6E-02

c-2 3.2E-05 | 2.7E-05 | 2.5E-05 | 3.5E-05 | 5.4E-05 | 6.5E-05 | 5.0E-05 | 45E-05 | 6.3E-05 | 9.9E-05

c-3 1.6E-03 | 2.4E-04 | 5.5E-04 | 5.4E-04 | 1.2E-03 | 6.3E-03 | 1.1E-03 | 2.2E-03 | 2.1E-03 | 6.4E-03

2 d-2 14E-03 | 2.3E-03 | 2.5E-03 | 2.0E-03 | 4.4E-04 | 1.9E-03 | 3.4E-03 | 3.8E-03 | 3.1E-03 | 6.9E-04
LS d-3 15E-01 | 1.5E-01 | 1.5E-01 | 1.2E-01 | 2.3E-02 | 2.1E-01 | 2.1E-01 | 2.0E-01 | 1.6E-01 | 3.0E-02
c-2 8.9E-06 | 7.2E-06 | 5.7E-06 | 7.3E-06 | 1.2E-05 | 1.8E-05 | 1.4E-05 | 9.4E-06 | 1.3E-05 | 2.1E-05

c-3 1.6E-05 | 1.3E-05 | 7.7E-06 | 7.4E-06 | 1.5E-05 | 3.3E-05 | 2.7E-05 | 1.8E-05 | 1.4E-05 | 2.7E-05

3 d-2 1.2E-03 | 1.7E-03 | 1.8E-03 | 1.4E-03 | 3.6E-04 | 2.3E-03 | 3.2E-03 | 3.4E-03 | 2.7E-03 | 7.2E-04
d-3 1.6E-03 | 2.7E-03 | 3.0E-03 | 2.5E-03 | 6.9E-04 | 1.8E-03 | 3.3E-03 | 3.7E-03 | 3.1E-03 | 9.2E-04

c-2 7.4E-05 | 6.7E-05 | 6.7E-05 | 8.3E-05 | 1.2E-04 | 1.2E-04 | 1.1E-04 | 1.1E-04 | 1.4E-04 | 2.0E-04

c-3 3.7E-06 | 3.8E-06 | 4.6E-06 | 7.3E-06 | 1.1E-05 | 1.2E-05 | 1.2E-05 | 1.4E-05 | 1.9E-05 | 2.8E-05

4 d-2 5.7E-04 | 8.6E-04 | 9.1E-04 | 7.0E-04 | 9.9E-05 | 1.5E-03 | 2.4E-03 | 2.6E-03 | 2.0E-03 | 2.4E-04
d-3 9.2E-05 | 1.0E-04 | 9.3E-05 | 6.1E-05 | 2.8E-05 | 2.7E-04 | 2.9E-04 | 2.6E-04 | 1.6E-04 | 9.5E-05

c-1 57E-06 | 6.0E-06 | 7.2E-06 | 1.0E-05 | 1.5E-05 | 6.6E-06 | 6.4E-06 | 7.4E-06 | 1.0E-05 | 1.5E-05

c-2 6.6E-04 | 7.8E-05 | 6.8E-04 | 1.3E-03 | 1.9E-03 | 3.9E-03 | 2.2E-04 | 45E-03 | 8.4E-03 | 1.2E-02

c-3 5.8E-03 | 1.2E-03 | 2.2E-03 | 2.8E-03 | 2.8E-03 | 1.7E-02 | 3.8E-03 | 7.7E-03 | 1.1E-02 | 1.0E-02

! d-1 3.8E-04 | 44E-04 | 43E-04 | 3.2E-04 | 6.3E-05 | 1.2E-03 | 1.5E-03 | 1.5E-03 | 1.1E-03 | 2.1E-04
d-2 8.3E-03 | 8.6E-03 | 8.2E-03 | 6.2E-03 | 3.0E-03 | 3.7E-02 | 3.7E-02 | 3.4E-02 | 2.3E-02 | 1.3E-02

d-3 1.6E-01 | 1.6E-01 | 1.5E-01 | 1.2E-01 | 24E-02 | 1.8E-01 | 1.8E-01 | 1.7E-01 | 1.4E-01 | 3.9E-02

c-2 5.5E-05 | 5.3E-05 | 6.5E-05 | 9.5E-05 | 1.5E-04 | 9.9E-05 | 8.5E-05 | 7.9E-05 | 1.0E-04 | 1.6E-04

c-3 1.3E-02 | 1.5E-03 | 5.6E-03 | 5.6E-03 | 5.5E-03 | 2.6E-02 | 3.9E-03 | 1.2E-02 | 1.6E-02 | 1.3E-02

2 d-2 7.1E-04 | 9.0E-04 | 9.1E-04 | 7.3E-04 | 2.1E-04 | 1.0E-03 | 1.4E-03 | 1.5E-03 | 1.2E-03 | 7.1E-04
RB d-3 15E-01 | 1.5E-01 | 1.5E-01 | 1.2E-01 | 2.7E-02 | 1.8E-01 | 1.8E-01 | 1.7E-01 | 1.4E-01 | 3.2E-02
c-2 8.9E-05 | 6.8E-05 | 5.4E-05 | 9.2E-05 | 1.7E-04 | 1.2E-04 | 9.7E-05 | 6.6E-05 | 1.0E-04 | 1.7E-04

c-3 1.6E-04 | 1.3E-04 | 9.4E-05 | 1.1E-04 | 2.3E-04 | 24E-04 | 19E-04 | 1.4E-04 | 2.1E-04 | 3.4E-04

3 d-2 8.8E-04 | 1.1E-03 | 1.1E-03 | 8.4E-04 | 1.4E-04 | 1.8E-03 | 2.5E-03 | 2.6E-03 | 2.0E-03 | 3.2E-04
d-3 1.2E-03 | 1.4E-03 | 1.4E-03 | 1.1E-03 | 3.2E-04 | 1.6E-03 | 1.9E-03 | 1.9E-03 | 15E-03 | 4.8E-04

c-2 8.8E-06 | 8.3E-06 | 9.2E-06 | 1.3E-05 | 1.9E-05 | 1.4E-05 | 1.3E-05 | 1.5E-05 | 2.0E-05 | 3.1E-05

c-3 1.6E-05 | 1.4E-05 | 1.3E-05 | 1.6E-05 | 2.9E-05 | 7.3E-05 | 6.5E-05 | 4.3E-05 | 3.8E-05 | 6.8E-05

4 d-2 5.5E-04 | 6.8E-04 | 6.9E-04 | 54E-04 | 1.3E-04 | 1.2E-03 | 1.5E-03 | 1.5E-03 | 1.3E-03 | 4.7E-04
d-3 15E-04 | 1.6E-04 | 1.5E-04 | 1.1E-04 | 2.3E-05 | 4.8E-04 | 5.2E-04 | 49E-04 | 3.6E-04 | 8.3E-05

c-1 5.5E-06 | 5.5E-06 | 6.3E-06 | 8.7E-06 | 1.3E-05 | 9.5E-06 | 9.5E-06 | 1.1E-05 | 1.5E-05 | 2.1E-05

c-2 1.0E-04 | 54E-05 | 24E-05 | 29E-05 | 7.2E-05 | 4.4E-04 | 25E-04 | 1.1E-04 | 15E-04 | 3.7E-04

c-3 1.3E-04 | 3.6E-05 | 4.0E-05 | 3.7E-05 | 7.0E-05 | 3.4E-04 | 8.9E-05 | 9.4E-05 | 1.0E-04 | 1.4E-04

! d-1 19E-05 | 1.9e-05 | 1.8E-05 | 1.2E-05 | 7.5E-06 | 6.1E-05 | 5.7E-05 | 5.2E-05 | 4.0E-05 | 2.3E-05
d-2 7.6E-04 | 1.6E-03 | 1.9E-03 | 1.8E-03 | 7.0E-04 | 7.1E-04 | 1.6E-03 | 1.9E-03 | 1.7E-03 | 7.1E-04

d-3 2.1E-02 | 2.1E-02 | 2.0E-02 | 1.5E-02 | 2.4E-03 | 9.9E-02 | 9.8E-02 | 9.2E-02 | 7.0E-02 | 8.5E-03

c-2 3.6E-05 | 3.5E-05 | 4.0E-05 | 5.6E-05 | 8.6E-05 | 1.5E-04 | 1.4E-04 | 1.5E-04 | 2.1E-04 | 3.2E-04

c-3 3.2E-03 | 5.0E-04 | 1.1E-03 | 7.3E-04 | 2.2E-03 | 1.2E-02 | 1.9E-03 | 4.3E-03 | 3.3E-03 | 8.2E-03

2 d-2 3.0E-04 | 5.1E-04 | 5.6E-04 | 4.6E-04 | 1.3E-04 | 8.9E-04 | 1.7E-03 | 2.0E-03 | 1.7E-03 | 3.9E-04
TS d-3 2.5E-02 | 2.5E-02 | 25E-02 | 2.0E-02 | 3.7E-03 | 1.0E-01 | 1.0E-01 | 9.7E-02 | 7.6E-02 | 1.1E-02
c-2 2.1E-05 | 1.8E-05 | 1.3E-05 | 1.2E-05 | 1.7E-05 | 1.1E-04 | 9.4E-05 | 7.2E-05 | 6.0E-05 | 7.0E-05

c-3 9.1E-06 | 7.8E-06 | 5.1E-06 | 4.1E-06 | 9.1E-06 | 2.7E-05 | 2.2E-05 | 1.1E-05 | 6.7E-06 | 2.2E-05

3 d-2 3.6E-04 | 5.8E-04 | 6.2E-04 | 4.9E-04 | 8.7E-05 | 1.2E-03 | 2.0E-03 | 2.2E-03 | 1.8E-03 | 2.7E-04
d-3 7.1E-04 | 1.2E-03 | 1.3E-03 | 1.1E-03 | 3.4E-04 | 1.3E-03 | 2.3E-03 | 2.6E-03 | 2.2E-03 | 6.7E-04

c-2 2.9E-05 | 2.6E-05 | 2.6E-05 | 3.3E-05 | 4.9E-05 | 4.8E-05 | 4.3E-05 | 4.4E-05 | 5.5E-05 | 8.2E-05

c-3 2.2E-06 | 1.9E-06 | 2.3E-06 | 4.1E-06 | 6.7E-06 | 5.0E-06 | 4.3E-06 | 7.8E-06 | 1.7E-05 | 2.8E-05

4 d-2 1.7E-04 | 2.7E-04 | 2.9E-04 | 2.2E-04 | 6.5E-05 | 6.0E-04 | 1.4E-03 | 1.6E-03 | 1.3E-03 | 2.4E-04
d-3 1.7E-05 | 1.8E-05 | 1.7E-05 | 1.1E-05 | 5.9E-06 | 5.5E-05 | 6.0E-05 | 5.6E-05 | 3.7E-05 | 1.3E-05
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Problem 4.3: Study the dynamics of nonlinear MHD-JHF with base fluid water mixed with
copper nanoparticle: In this problem, the dynamics of nonlinear MHD-JHF with base fluid water
and silver nanoparticles is analyzed for four scenarios with parameter as listed in Table 2. The
governing mathematical relation derived from equations (5-6) using ps =8833, ps = 997 for the
problem is written as:
£7(n)+2aRe(1-0)"* (1-p+8.8599) f (1) (1) =—(4-(1-¢) " H )21 '(n),

(45)
£(0)=0 f (1)=0 f (0)=L1.

The proposed stochastic solvers have also been applied to solve the equation (45) by construction
of the fitness function as:

0, . A A
s 3 (fr+2aRe(1-g)* (1o +88599) f, £ + (4- 00} “H)a’ ;|
m=0

%(( fo—1)2+(f0')2+(f10)2)

Optimization of fitness function (46) is carried out by proposed three procedure based on NNM-

(46)

LS-SQP, NNM-RB-SQP and NNM-TS-SQP for 100 independent trails to get the appropriate
weights. The best run of the model is defined on the basis of minimum values of these five
measures based on MAE, RMSE, EVAF, ENSE and TIC and results in term of best runs out of
100 independent executions for each case of problem 3 are given in Table 3. A set of weight
trained by NNM-LS-SQP, NNM-RB-SQP and NNM-TS-SQP for both convergent and divergent

cases of scenario 1 are given graphically in Figs 4(g), 4(h) and 4(i), respectively. The derived
approximate solutions fLS : fRB and fTS of the convergent flow c-1 for NNM-LS-SQP, NNM-

RB-SQP and NNM-TS-SQP are given as:
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f 1.249 4,221 -4.979 -2.276
LS (77) = 14 @ (15637+1.297) + 14 @ (24417+65%) 1 | o~(0.0087+0940) + 14 o (L1957-0789)

-0.239 —-4.438 -1.873 0.438
14 o (05537+0130) 1 1 o~(-06407+0272) + 14 o (20307-0739) + 14 o (128437+0458) + (47)
2.883 1.715

14 g (26267+0675) + 14 g (-25537+0.758)

fARB (77) = 0.40587(71'542"’0'072)2 —0.638 e*(*l-17177*0-763)2 _ 0_3148—(0.94677+0_423)2

-3 45997(70'124’7JFO'MQ)2 +0.953 e*(1-267’l+1-166)2 +1 5:I_Oef(l.16917+0.489)2 " (48)
0.25487(71'514”71'826)2 +0.089 e*(*(:'-864’7*0-450)2 _|_1.22567(71.12777+0.315)2 n

2 153e—(—0.61217+0.958)2

o (77):_7.311+ 1.132 5.454 -4.678

14 @ 2(L0397-1599) T4 | 4-2(107107+0.118) + 1 4 @ 2(L1447-0.180)
0.086 -0.892 —-0.932 —-1.653

1+ e—2(1.72117+1.373) +1+e72(70.58617+0.020) + 1+e72(0.67117+0.109) +

1.351 1.753 2.146

+ +
14 @ 2(-00997-0830) T4 (-2(-0595y-1947) T 4 -2(-0751y+140)

1+672(0.1997770.851) + (49)

While for divergent flow case d-1, the derived solutions, f , f., and f, are given as:

A -1.682 —7.246 0.608 —7.142
fis (77)

= 14 o (26607-2.066) + 14 o (108457+3.058) + 14 o (85877-13.128) +

14 g (-0.1417+1.681)
8.121 8.004 -2.810 6.965
14 g (-20087+0554) + 14 g (1L6977-0733) + 14 o (24897+1234) + 14 g (L0217-2217) + (50)
-10.729 9.968
1 4 g (2:9967-4505) + 14 @ (11347+1399)

f (77): 1 98567(0.94077—0.717)2 -1 47%41.06177—0.392)2 1 3556—(—0.81677—1.011)2 "
RB . . .
3_7966.—(1-754r7—2-573)2 +3.606 e—(—1.594n+1.796)2 _ 3.5656—(—1.319174-1.647)2

_7 702e—(1.36077—2.12532690088603)2 11 8888_(_0'899'7_0‘544)2 +0.4 40e—(—l.35217+0.659)2 " (51)
41 47e—(0.74617—2.090)2
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1.570 0.546 -5.474

—2(1.41877+1.766) —2(1.6617-1.271) —2(1.8417-2.676)

£ (n)=-7.311+

1+e 1+e 1+e
4570 -2.207 4,671 1.104 N 5
1+ e—2(0.409n—0.863) 1+ e—2(l.12017—0.964) 1+ e—2(1.51377—2.366) 1+ e—2(1.573:7-0.250) (5 )
-1.135 -2.080 -3.514

14 @ 2L602-0287) T q | o-2(-12587+0480) © q | o-2(0.8787-0484)

Similarly, the solutions are determined for each case of all four scenarios of the problem and
respective results of all four scenarios are given graphically in Figs. 9(a), 9(c), 9(e) and 9(g) for
NNM-LS-SQP scheme, while results of AEs are presented in Figs. 9(b), 9(d), 9(f) and 9(h) for
scenarios 1, 2, 3 and 4, respectively. It is seen that proposed solutions are consistently
overlapping the reference AM solutions for each case of all four scenarios. Accordingly, the AEs
calculated by the algorithms, NNM-RB-SQP and NNM-TS-SQP, are shown graphically in Fig.
10 for each variation. It is seen that the values of velocity profile of the fluid with the change in
angle of channel, concentration of nanoparticles, Reynolds and Hartman numbers the behavior of
results obtained by the proposed models are similar with reference AM. Comparison of the
accuracy in case of all three models based on AEs show that results for convergent channels for

each scenarios are relatively superior than that of divergent channels.
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Figure 9: Proposed results of NNM-LS-SQP for nonlinear MHD-JHF problem 4.3; Figs. (a, ¢, e,
g) for the approximate solution and Figs. (b, d, f, h) for AEs.

Results of statistical analysis for 100 independent runs of NNM-LS-SQP, NNM-LS-SQP and

NNM-LS-SQP procedures in terms of mean and STD values are calculated and results are listed

in Table 6 for each case of all four scenarios of problem 3. It is observed that the magnitude of

mean are generally lies between 1092 to 10°% for all three algorithms, however level attained by

statistical measures are better for NNM-TS-SQP than that of both NNM-LS-SQP and NNM-RB-
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SQP schemes. Additionally, in case of convergent channel, results are better in precision than
that of divergent channels. The consistent small STDs further validate the operation of all three

algorithms for finding the solution of nonlinear MHD-JHF problem as given in equations (45).
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Figure 10: Plots of AEs of for nonlinear MHD-JHF in problem 4.3; Figs. (a, c, €, g) for NNM-
RB-SQP and Figs. (b, d, f, h) for NNM-TS-SQP.
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Table 6: Comparison of the statistical results through mean and STD for Problem 4.3

NNM | Scenario| Case Mean STD
71=01 | #2=03 | #3=05 | #4=0.7 | #5=09 | 1 =01 | =03 | #3=05 | #4=0.7 | #5=0.9
c-1 3.8E-06 | 4.2E-06 | 5.7E-06 | 8.6E-06 | 1.3E-05 | 6.0E-06 | 7.0E-06 | 9.9E-06 | 1.6E-05 | 2.4E-05
c-2 7.3E-05 | 4.7E-05 | 2.4E-05 | 2.8E-05 | 6.1E-05 | 1.7E-04 | 1.1E-04 | 7.3E-05 | 1.0E-04 | 2.0E-04
c-3 3.0E-04 | 9.6E-05 | 6.9E-05 | 8.0E-05 | 1.5E-04 | 8.5E-04 | 2.7E-04 | 1.8E-04 | 1.9E-04 | 3.7E-04
1 d-1 | 3.8E-05 | 4.0E-05 | 3.7E-05 | 2.4E-05 | 1.0E-05 | 9.7E-05 | 1.0E-04 | 9.4E-05 | 5.9E-05 | 2.4E-05
d-2 1.2E-03 | 2.6E-03 | 3.0E-03 | 2.6E-03 | 9.2E-04 | 9.5E-04 | 1.8E-03 | 2.1E-03 | 1.9E-03 | 7.3E-04
d-3 1.2E-01 | 1.2E-01 | 1.1E-01 | 8.9E-02 | 2.1E-02 | 1.9E-01 | 1.9E-01 | 1.8E-01 | 1.4E-01 | 3.9E-02
c-2 1.5E-05 | 1.6E-05 | 1.9E-05 | 2.9E-05 | 45E-05 | 4.9E-05 | 5.4E-05 | 7.3E-05 | 1.1E-04 | 1.7E-04
c-3 5.7E-04 | 1.3E-04 | 1.4E-04 | 1.1E-04 | 4.6E-04 | 1.8E-03 | 4.3E-04 | 4.0E-04 | 2.9E-04 | 1.6E-03
2 d-2 | 8.7E-04 | 1.4E-03 | 15E-03 | 1.2E-03 | 2.4E-04 | 1.6E-03 | 2.8E-03 | 3.1E-03 | 2.5E-03 | 4.6E-04
LS d-3 1.1E-01 | 1.1E-01 | 1.1E-01 | 8.4E-02 | 1.4E-02 | 1.9E-01 | 19E-01 | 1.8E-01 | 1.4E-01 | 2.0E-02
c-2 2.6E-05 | 2.0E-05 | 1.2E-05 | 1.8E-05 | 3.5E-05 | 7.7E-05 | 5.6E-05 | 2.2E-05 | 4.1E-05 | 9.1E-05
9 c-3 1.8E-05 | 1.5E-05 | 9.0E-06 | 6.2E-06 | 1.4E-05 | 6.2E-05 | 5.0E-05 | 3.1E-05 | 1.7E-05 | 3.6E-05
d-2 | 9.6E-04 | 1.3E-03 | 1.3E-03 | 1.0E-03 | 2.0E-04 | 2.2E-03 | 3.0E-03 | 3.1E-03 | 2.4E-03 | 4.5E-04
d-3 1.3E-03 | 2.1E-03 | 2.3E-03 | 1.8E-03 | 49E-04 | 1.6E-03 | 2.9E-03 | 3.2E-03 | 2.6E-03 | 7.7E-04
c-2 2.0E-05 | 2.0E-05 | 2.3E-05 | 3.1E-05 | 4.5E-05 | 8.6E-05 | 8.2E-05 | 8.9E-05 | 1.1E-04 | 1.7E-04
c-3 3.5E-06 | 2.5E-06 | 1.7E-06 | 3.4E-06 | 5.9E-06 | 9.1E-06 | 6.6E-06 | 3.6E-06 | 6.4E-06 | 1.3E-05
2 d-2 | 40E-04 | 5.4E-04 | 55E-04 | 4.2E-04 | 1.0E-04 | 15E-03 | 2.2E-03 | 2.3E-03 | 1.8E-03 | 3.9E-04
d-3 | 3.6E-05 | 3.7E-05 | 3.3E-05 | 2.2E-05 | 6.4E-06 | 1.2E-04 | 1.3E-04 | 1.1E-04 | 7.5E-05 | 1.3E-05
c-1 7.8E-06 | 8.1E-06 | 1.1E-05 | 1.7E-05 | 2.6E-05 | 1.2E-05 | 1.4E-05 | 1.8E-05 | 2.8E-05 | 4.2E-05
c-2 9.8E-05 | 4.6E-05 | 3.7E-05 | 7.6E-05 | 1.1E-04 | 19E-04 | 8.9E-05 | 4.2E-05 | 9.8E-05 | 1.3E-04
c-3 2.1E-03 | 5.9E-04 | 8.3E-04 | 1.3E-03 | 1.8E-03 | 4.4E-03 | 1.1E-03 | 2.1E-03 | 3.4E-03 | 4.4E-03
! d-1 | 2.7E-04 | 3.1E-04 | 29E-04 | 2.2E-04 | 4.6E-05 | 7.7E-04 | 8.5E-04 | 8.2E-04 | 6.1E-04 | 1.4E-04
d-2 | 47E-03 | 5.1E-03 | 49E-03 | 3.8E-03 | 1.2E-03 | 2.1E-02 | 2.1E-02 | 1.9E-02 | 1.3E-02 | 4.8E-03
d-3 | 95E-02 | 9.4E-02 | 9.1E-02 | 7.4E-02 | 2.3E-02 | 15E-01 | 1.5E-01 | 1.4E-01 | 1.2E-01 | 3.6E-02
c-2 | 45E-05 | 3.5E-05 | 3.5E-05 | 6.0E-05 | 9.6E-05 | 6.5E-05 | 5.2E-05 | 5.0E-05 | 7.3E-05 | 1.2E-04
9 c-3 5.9E-03 | 1.0E-03 | 2.2E-03 | 2.1E-03 | 1.7E-03 | 8.5E-03 | 1.5E-03 | 3.1E-03 | 3.0E-03 | 3.2E-03
d-2 | 6.6E-04 | 8.0E-04 | 8.0E-04 | 6.3E-04 | 1.5E-04 | 8.0E-04 | 1.1E-03 | 1.1E-03 | 9.1E-04 | 2.2E-04
RB d-3 1.0E-01 | 1.0E-01 | 9.8E-02 | 8.1E-02 | 1.8E-02 | 1.5E-01 | 1.5E-01 | 1.4E-01 | 1.1E-01 | 2.9E-02
c-2 9.6E-05 | 7.7E-05 | 6.0E-05 | 9.0E-05 | 1.7E-04 | 1.2E-04 | 1.1E-04 | 1.0E-04 | 1.4E-04 | 2.2E-04
c-3 15E-03 | 9.3E-04 | 2.2E-04 | 1.2E-03 | 2.6E-03 | 9.4E-03 | 59E-03 | 1.1E-03 | 7.3E-03 | 1.6E-02
8 d-2 1.0E-03 | 1.3E-03 | 1.3E-03 | 9.3E-04 | 1.1E-04 | 3.2E-03 | 4.0E-03 | 4.0E-03 | 2.9E-03 | 2.1E-04
d-3 | 8.7E-04 | 1.2E-03 | 1.3E-03 | 9.9E-04 | 3.1E-04 | 1.4E-03 | 2.3E-03 | 2.5E-03 | 2.1E-03 | 6.6E-04
c-2 2.2E-05 | 2.0E-05 | 2.3E-05 | 3.6E-05 | 5.4E-05 | 4.2E-05 | 4.0E-05 | 4.7E-05 | 6.7E-05 | 1.0E-04
c-3 19E-04 | 1.6E-04 | 9.9E-05 | 1.2E-04 | 2.2E-04 | 1.0E-03 | 8.5E-04 | 5.8E-04 | 5.9E-04 | 1.0E-03
4 d-2 | 47E-04 | 5.3E-04 | 5.2E-04 | 3.9E-04 | 8.1E-05 | 1.4E-03 | 1.4E-03 | 1.4E-03 | 1.1E-03 | 2.3E-04
d-3 1.6E-04 | 1.8E-04 | 1.7E-04 | 1.2E-04 | 1.8E-05 | 6.4E-04 | 7.6E-04 | 7.3E-04 | 5.1E-04 | 4.6E-05
c-1 3.1E-06 | 3.1E-06 | 3.6E-06 | 4.9E-06 | 7.1E-06 | 5.9E-06 | 5.9E-06 | 6.7E-06 | 8.8E-06 | 1.3E-05
c-2 3.4E-05 | 2.1E-05 | 1.0E-05 | 1.1E-05 | 2.4E-05 | 1.1E-04 | 6.3E-05 | 2.3E-05 | 2.2E-05 | 5.8E-05
c-3 2.6E-04 | 7.3E-05 | 8.5E-05 | 8.2E-05 | 1.7E-04 | 15E-03 | 4.7E-04 | 59E-04 | 6.4E-04 | 9.8E-04
! d-1 | 2.2E-05 | 2.3E-05 | 2.0E-05 | 1.2E-05 | 8.4E-06 | 1.0E-04 | 1.0E-04 | 8.8E-05 | 5.2E-05 | 2.7E-05
d-2 | 7.1E-04 | 1.5E-03 | 1.7E-03 | 1.6E-03 | 5.4E-04 | 7.9E-04 | 1.8E-03 | 2.1E-03 | 1.9E-03 | 6.8E-04
d-3 | 7.0eE-03 | 7.4E-03 | 7.1E-03 | 5.5E-03 | 1.7E-03 | 5.1E-02 | 5.0E-02 | 4.7E-02 | 3.5E-02 | 6.6E-03
c-2 1.4E-05 | 1.0E-05 | 1.3E-05 | 2.2E-05 | 3.6E-05 | 3.9E-05 | 2.6E-05 | 3.7E-05 | 7.7E-05 | 1.3E-04
c-3 2.3E-04 | 5.4E-05 | 7.5E-05 | 4.0E-05 | 1.8E-04 | 8.9E-04 | 1.9E-04 | 2.1E-04 | 7.5E-05 | 7.4E-04
2 d-2 | 25E-04 | 3.1E-04 | 3.1E-04 | 2.3E-04 | 5.3E-05 | 1.1E-03 | 1.3E-03 | 1.2E-03 | 9.3E-04 | 1.5E-04
s d-3 | 6.5E-03 | 6.7E-03 | 6.4E-03 | 5.0E-03 | 2.4E-03 | 5.0E-02 | 4.9E-02 | 4.6E-02 | 3.5E-02 | 8.5E-03
c-2 7.1E-06 | 6.0E-06 | 4.7E-06 | 6.7E-06 | 1.2E-05 | 1.5E-05 | 1.4E-05 | 1.4E-05 | 2.0E-05 | 3.1E-05
c-3 15E-04 | 1.1E-04 | 3.3E-05 | 8.3E-05 | 2.2E-04 | 1.4E-03 | 1.0E-03 | 2.5E-04 | 7.5E-04 | 2.0E-03
3 d-2 1.0E-04 | 1.3E-04 | 1.3E-04 | 9.6E-05 | 3.5E-05 | 3.8E-04 | 5.5E-04 | 5.8E-04 | 4.5E-04 | 1.2E-04
d-3 | 48E-04 | 8.3E-04 | 9.2E-04 | 7.7E-04 | 2.2E-04 | 1.2E-03 | 2.2E-03 | 2.4E-03 | 2.0E-03 | 5.5E-04
c-2 1.0E-05 | 1.1E-05 | 1.3E-05 | 1.9E-05 | 2.9E-05 | 2.3E-05 | 2.3E-05 | 3.1E-05 | 4.7E-05 | 7.2E-05
4 c-3 2.1E-06 | 1.8E-06 | 1.7E-06 | 2.2E-06 | 3.8E-06 | 4.3E-06 | 4.1E-06 | 4.0E-06 | 6.5E-06 | 1.1E-05
d-2 | 25E-05 | 2.8E-05 | 2.7E-05 | 1.9E-05 | 6.7E-06 | 4.9E-05 | 5.4E-05 | 5.2E-05 | 3.5E-05 | 1.3E-05
d-3 | 46E-06 | 5.0E-06 | 4.6E-06 | 2.8E-06 | 2.1E-06 | 8.2E-06 | 9.3E-06 | 8.5E-06 | 5.1E-06 | 4.7E-06
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5. Comparative Analysis through Statistics

Comparative analysis of proposed three DE-NNM-LS, DE-NNM-LS and DE-NNM-LS models
optimized with SQP is carried out on the basis of performance monitoring gauges based on
MAE, RMSE, EVAF, TIC and ENSEs, also with their global variants for all three problems of

nonlinear MHD-JHF systems.

Proposed three schemes, NNM-LS-SQP, NNM-RB-SQP and NNM-TS-SQP, runs 100 times to
solve all three nanofluidics problems and values of fitness achieved along with the calculated
values of MAE, RMSE, EVAF, TIC and ENSE as defined in (26-27) are plotted in Figs. 10, 11,
and 12 for problems 1, 2 and 3, respectively, for both convergent and divergent cases. It is seen
that mostly the small values of all six performance measures has been obtained by all three
proposed models but results of ANN-RB-SQP procedure are relatively degraded from NNM-LS-
SQP and NNM-TS-SQP, while the results obtained by NNM-TS-SQP is a bit better form NNM-

LS-SQP model.

In order to compare or evaluate the precision of the methods based on NNM-LS-SQP, NNM-
RB-SQP and NNM-TS-SQP further, the convergent rate analysis is performed for each case of
all three MHD-JHF problems. Results of percentage convergence based on pre-defined levels of
MAE, EVAF and TIC values are given in tables 7, 8 and 9 for NNM-LS-SQP, NNM-RB-SQP,
and NNM-TS-SQP, respectively. It is observed that percentage convergence is about 100% for
all three models on the basis of the criteria with reasonable accuracy while for tough criteria, i.e.,
higher accuracy, the rate of percentage convergence decreases for all three models but still the

better results are obtained by NNM-TS-SQP algorithm from the rest.
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Comparative studies of the models are continued further through global performance indices
defines as a mean gauges of fitness, MAE, RMSE, EVAF, ENSE and TIC measures. The values
of global performance indicators are given in tables 10, 11 and 12 for NNM-LS-SQP, NNM-RB-
SQP and NNM-TS-SQP, respectively. It is seen that smaller (better) the values of fitness attained
then corresponding values of all five global performance parameters are also found better and
vice versa. Such behavior in the results show the consistency of proposed models accessed
through different performance indices. Additionally, it is seen that generally the small values of
global performance operators are obtained for all three mathematical models that validate the
consistent accuracy of the proposed schemes, but still the supremacy in accuracy and convergent

is found with NNM-TS-SQP method over rest of the models.

Computational complexity of proposed three DE-NNM-LS, DE-NNM-LS and DE-NNM-LS
models has been measured on operators depends on mean execution time (MT), mean number of
generations (MGs) and mean number of function counts (MFCs) required for optimization of
design variables to solve nonlinear MHD-JHF type nanofluidics problems. Results of the
complexity operator for NNM-LS-SQP, NNM-RB-SQP and NNM-TS-SQP approaches are
given in Table 13 for each scenario of all three nonlinear MHD-JHF problems. It is seen that
values of complexity operator are relatively on lesser side for the convergent cases than that of
divergent runs. The values of complexity operator are found least for NNM-LS-SQP model as
compared with rest of the algorithms. AIll numerical simulations are conducted on Dell
workstation model d2000, with 2.7 processer, 8GB RAM running Matlab 2015a in windows 8.1

environment.
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Table 7: Convergence analysis on difference performance indices for NNM-LS-SQP algorithm

Problem | Scenario| Case MAE < EVAF < TIC <
10—03 10—04 10—05 10—06 10—06 10—08 10—10 10—11 10-03 10—04 10-05 10—06

c-1 100 100 100 90 100 100 90 66 100 100 100 92

c-2 100 100 89 53 100 92 59 35 100 100 89 56

c-3 100 100 87 30 100 87 36 14 100 100 87 31

! d-1 100 100 97 56 100 98 66 36 100 100 98 66
d-2 93 52 19 2 56 22 3 0 100 57 23 3

d-3 90 10 2 0 13 3 0 0 90 15 3 0

c-2 100 100 95 66 100 96 69 47 100 100 95 71

c-3 100 99 83 22 99 81 28 8 100 99 80 20

2 d-2 98 93 61 25 93 69 30 13 98 93 69 32
4.1 d-3 90 18 2 0 18 5 0 0 94 20 6 0
c-2 100 100 99 69 100 99 70 55 100 100 99 70

c-3 100 100 72 22 100 79 27 13 100 100 81 26

3 d-2 99 93 74 25 96 76 34 15 100 97 76 36
d-3 94 82 50 14 82 56 17 4 96 83 57 16

c-2 100 100 97 72 100 97 72 47 100 100 98 73

4 c-3 100 100 100 93 100 100 93 75 100 100 100 93
d-2 100 100 91 57 100 95 65 38 100 100 94 63

d-3 100 100 99 85 100 99 88 73 100 100 100 86

c-1 100 99 82 36 100 88 48 28 100 100 87 41

c-2 100 96 73 26 97 75 33 12 100 96 73 24

c-3 98 94 65 13 94 64 17 3 98 94 61 11

! d-1 99 97 76 24 98 81 32 15 100 98 80 32
d-2 97 20 2 0 21 7 0 0 98 23 6 0

d-3 42 5 1 0 9 1 0 0 47 14 1 0

c-2 100 100 78 40 100 87 49 26 100 100 80 45

c-3 98 78 32 4 80 38 6 0 98 73 28 2

2 d-2 82 58 25 7 64 32 9 3 98 64 31 10
42 d3 | 40 | 5 1 1 6 1 0 0 | 47 | 11 | 1 1
c-2 100 100 97 59 100 97 62 35 100 100 98 64

c-3 100 100 93 60 100 96 61 36 100 100 96 61

3 d-2 91 62 31 7 67 39 10 2 95 69 41 10
d-3 81 48 19 5 51 21 7 5 100 51 22 7

c-2 100 99 56 9 99 70 22 4 100 99 60 11

c-3 100 100 98 78 100 99 81 62 100 100 98 80

4 d-2 96 81 41 6 86 48 12 2 97 86 48 8
d-3 100 96 83 35 98 83 38 22 100 98 83 39

c-1 100 100 97 68 100 98 74 44 100 100 97 71

c-2 100 98 78 36 98 83 37 14 100 98 78 34

c-3 100 92 68 16 92 68 22 3 100 92 65 15

! d-1 100 99 83 41 100 89 46 24 100 100 89 48
d-2 99 26 9 2 28 9 3 0 100 28 9 5

d-3 54 6 1 0 9 1 0 0 59 12 1 0

c-2 100 99 90 50 99 92 61 34 100 99 91 54

c-3 99 88 54 5 90 56 7 1 98 86 49 5

2 d-2 91 68 41 13 73 46 16 5 96 73 46 16
4.3 d-3 58 9 0 0 16 0 0 0 63 22 0 0
c-2 100 100 90 51 100 89 52 25 100 100 90 54

c-3 100 100 95 70 100 95 70 50 100 100 96 72

8 d-2 93 77 42 12 78 44 16 7 96 78 43 18
d-3 88 49 25 8 52 28 10 4 99 52 29 10

c-2 100 98 91 53 100 93 61 43 100 99 91 54

c-3 100 100 100 86 100 100 83 58 100 100 100 86

4 d-2 97 91 64 24 93 75 29 10 99 93 74 27
d-3 100 99 91 42 100 94 56 27 100 99 94 53
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Table 8: Convergence analysis on difference performance indices for NNM-RB-SQP algorithm

. MAE < EVAF < TIC <
Problem | Scenario| Case 10—03 10—04 10—05 10—06 10—06 10—08 10—10 10-11 10—03 10—04 10—05 10-06

c-1 100 99 94 71 99 95 69 40 100 99 94 72

c-2 100 100 95 44 100 98 56 18 100 100 95 46

c-3 98 93 35 15 91 38 15 9 98 92 36 15

! d-1 100 92 76 27 97 80 42 14 100 97 80 41
d-2 99 49 16 5 62 23 6 2 99 62 23 6

d-3 67 27 5 0 32 6 0 0 72 34 6 0

c-2 99 98 64 22 98 62 22 8 99 98 69 22

c-3 98 78 34 10 78 35 9 1 98 7 33 8

2 d-2 99 84 35 4 94 43 6 3 99 95 42 6
4.1 d-3 66 20 4 0 25 4 0 0 73 28 4 0
c-2 100 100 77 18 100 77 20 10 100 100 86 19

c-3 100 99 58 22 99 61 21 8 100 100 64 25

3 d-2 99 95 32 6 97 44 6 3 99 97 42 6
d-3 97 78 22 5 87 31 6 0 99 87 31 7

c-2 100 100 98 32 100 99 31 6 100 100 99 42

4 c-3 100 98 93 79 98 94 78 48 100 99 94 79
d-2 100 95 73 26 98 82 30 15 100 98 81 29

d-3 100 100 84 63 100 89 63 48 100 100 89 63

c-1 100 100 100 43 100 100 53 20 100 100 100 46

c-2 98 95 54 12 98 58 19 7 98 95 53 12

c-3 88 41 18 1 41 20 2 0 84 40 16 1

! d-1 99 92 55 9 93 60 13 4 99 93 60 12
d-2 84 31 2 0 32 6 0 0 91 34 7 0

d-3 25 7 2 0 9 2 0 0 29 9 2 1

c-2 100 99 48 12 100 53 17 9 100 100 50 13

c-3 54 35 9 1 36 9 1 0 50 33 9 1

2 d-2 99 63 22 1 74 25 3 1 100 74 29 2
4.2 d-3 23 7 2 0 7 2 0 0 28 9 3 0
c-2 100 100 43 14 100 43 18 7 100 100 43 17

c-3 100 95 54 10 93 51 11 1 100 95 55 10

3 d-2 97 65 18 2 74 25 4 0 98 73 24 3
d-3 96 45 13 2 56 14 3 0 99 59 17 3

c-2 100 100 91 66 100 100 73 56 100 100 96 69

c-3 100 100 92 51 100 92 50 24 100 100 93 54

4 d-2 99 75 21 2 80 24 3 0 99 79 27 3
d-3 100 95 71 15 97 77 25 7 100 97 7 24

c-1 100 100 93 44 100 96 44 12 100 100 94 46

c-2 100 99 54 24 99 56 30 14 100 98 54 25

c-3 92 54 22 2 54 24 3 0 91 49 18 2

! d-1 100 90 66 17 92 73 26 8 100 92 73 24
d-2 88 42 14 3 41 18 4 1 91 47 17 4

d-3 27 9 1 0 10 1 0 0 30 10 1 0

c-2 100 100 60 22 100 62 25 15 100 100 60 23

c-3 74 43 20 3 46 20 5 3 70 41 17 3

2 d-2 99 62 22 3 70 26 5 2 100 69 26 5
3 d-3 31 7 1 0 9 1 0 0 41 11 1 0
c-2 100 98 29 19 98 32 18 8 100 98 33 19

c-3 98 94 48 11 92 49 18 4 98 95 49 14

3 d-2 97 63 20 4 73 21 3 0 97 73 22 4
d-3 95 59 21 4 70 23 5 0 98 71 25 6

c-2 100 100 84 24 100 90 32 11 100 100 88 27

c-3 99 96 92 56 96 93 51 8 100 96 93 60

4 d-2 98 83 28 2 91 36 5 0 99 90 35 4
d-3 99 95 77 23 95 84 38 13 100 95 84 36
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Table 9: Convergence analysis on difference performance indices for NNM-TS-SQP algorithm

. MAE < EVAF < TIC <
Problem | Scenario| Case 10—03 10—04 10—05 10—06 10—06 10—08 10—10 10-11 10—03 10—04 10—05 10-06
c-1 100 100 100 89 100 100 93 7 100 100 100 93
c-2 100 100 96 72 100 98 82 58 100 100 96 76
c-3 100 100 90 51 100 91 57 30 100 100 90 52
! d-1 100 100 99 83 100 100 84 60 100 100 100 84
d-2 93 85 55 20 86 64 23 12 100 86 64 25
d-3 100 28 14 2 30 17 5 2 100 30 20 6
c-2 100 100 100 71 100 100 77 54 100 100 100 77
c-3 100 98 89 48 96 90 51 28 100 96 89 47
2 d-2 100 100 83 53 100 93 61 34 100 100 93 62
4.1 d-3 99 28 7 0 31 11 0 0 99 31 11 0
c-2 100 100 100 76 100 100 76 58 100 100 100 78
c-3 100 100 100 64 100 100 69 44 100 100 100 70
3 d-2 100 100 89 57 100 95 59 40 100 100 95 61
d-3 96 90 79 40 90 82 40 30 98 90 82 42
c-2 100 100 99 88 100 99 92 66 100 100 99 93
4 c-3 100 100 100 95 100 100 100 79 100 100 100 98
d-2 100 99 98 77 100 98 85 59 100 100 98 84
d-3 100 100 100 100 100 100 99 98 100 100 100 100
c-1 100 100 98 63 100 100 74 54 100 100 98 68
c-2 100 98 86 50 98 88 56 25 100 97 85 49
c-3 100 97 73 22 97 76 24 3 100 97 68 18
! d-1 100 100 94 57 100 95 60 41 100 100 95 60
d-2 100 44 22 5 46 23 6 0 100 47 26 5
d-3 95 21 6 0 35 6 0 0 96 49 6 0
c-2 100 99 86 53 99 88 60 36 100 99 87 55
c-3 93 85 46 4 84 49 7 1 93 82 42 3
2 d-2 97 88 59 27 91 67 30 15 99 92 69 31
4.2 d-3 85 22 2 0 33 2 0 0 88 57 2 0
c-2 100 99 96 63 100 95 71 45 100 99 96 69
c-3 100 100 98 70 100 99 75 52 100 100 99 74
3 d-2 95 90 74 37 92 79 46 25 99 92 80 45
d-3 94 69 48 20 74 50 22 12 100 74 52 23
c-2 100 100 82 30 100 93 44 22 100 100 87 35
c-3 100 100 99 87 100 99 89 69 100 100 99 88
4 d-2 99 94 73 36 95 79 44 26 99 95 79 40
d-3 100 100 92 71 100 95 75 55 100 100 94 76
c-1 100 100 100 77 100 100 82 56 100 100 100 78
c-2 100 100 90 49 100 93 56 24 100 100 91 49
c-3 98 98 81 33 98 82 39 14 98 98 79 30
! d-1 100 99 94 68 100 95 75 49 100 100 95 76
d-2 100 53 30 8 61 30 13 4 100 61 31 12
d-3 97 22 1 0 26 2 0 0 97 28 4 0
c-2 100 100 91 61 99 93 63 37 100 100 93 61
c-3 100 96 74 13 96 71 17 5 99 94 68 12
2 d-2 98 93 68 30 95 73 34 13 100 95 73 38
4.3 d-3 91 26 4 1 33 7 1 0 96 49 6 3
c-2 100 100 98 70 100 97 69 46 100 100 98 69
c-3 99 99 94 69 99 93 71 43 99 99 94 73
3 d-2 100 96 80 44 96 84 47 22 100 97 86 49
d-3 96 83 62 25 84 65 29 15 98 84 65 29
c-2 100 100 91 58 100 94 65 39 100 100 91 61
c-3 100 100 100 89 100 99 93 74 100 100 100 91
4 d-2 100 100 86 48 100 91 52 30 100 100 90 57
d-3 100 100 100 82 100 100 86 66 100 100 100 86
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Figure 11: Result of statistical analysis, (a, c, e) for convergent cases, while (b, d, ) for
divergent cases for all three NNM-LS-SQP, NNM-RB-SQP, and NNM-TS-SQP, algorithms,
respectively, for problem 4.1
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Figure 12: Result of statistical analysis, (a, ¢, e) for convergent cases, while (b, d, f) for
divergent cases for all three NNM-LS-SQP, NNM-RB-SQP, and NNM-TS-SQP, algorithms,
respectively, for problem 4.2
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Figure 13: Result of statistical analysis, (a, c, e) for convergent cases, while (b, d, f) for
divergent cases for all three NNM-LS-SQP, NNM-RB-SQP, and NNM-TS-SQP, algorithms,
respectively, for problem 4.2
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Table 10: Comparison of difference global performance indices for NNM-LS-SQP algorithm

Problem

Scenario

Case

Fitness

MAE

RMSE

EVAF

ENSE

TIC

Mean

STD

Mean

STD

Mean

STD

Mean

STD

Mean

STD

Mean

STD
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c-1

1.6E-07

3.1E-07

2.3E-06

2.8E-06

2.7E-06

3.4E-06

5.7E-11

1.7E-10

7.8E-11

2.0E-10

2.0E-06

2.5E-06

c-2

7.3E-07

1.4E-06

2.1E-05

4.3E-05

2.3E-05

4.5E-05

2.0E-09

5.9E-09

1.0E-08

3.7E-08

1.8E-05

3.6E-05

c-3

1.8E-06

4.4E-06

2.9E-05

5.6E-05

3.5E-05

6.6E-05

1.3E-08

4.9E-08

2.2E-08

8.4E-08

3.0E-05

5.7E-05

d-1

8.7E-07

1.7E-06

1.2E-05

3.3E-05

1.3E-05

3.6E-05

2.3E-09

1.7E-08

6.9E-09

4.9E-08

8.8E-06

2.3E-05

d-2

1.6E-04

2.8E-04

1.3E-03

1.7E-03

1.4E-03

1.9E-03

1.1E-05

2.4E-05

3.0E-05

6.4E-05

8.7E-04

1.2E-03

d-3

8.9E-04

3.3E-03

6.3E-03

1.8E-02

6.9E-03

1.9E-02

6.8E-04

3.3E-03

2.6E-03

1.4E-02

4.2E-03

1.2E-02

c-2

1.1E-06

2.5E-06

1.1E-05

2.5E-05

1.3E-05

2.9E-05

2.7E-09

1.5E-08

4.2E-09

2.1E-08

9.3E-06

2.1E-05

c-3

6.8E-06

4.5E-05

6.8E-05

3.6E-04

8.8E-05

4.9E-04

7.6E-07

7.4E-06

1.0E-06

9.9E-06

8.1E-05

4.5E-04

d-2

4.3E-05

2.3E-04

2.9E-04

1.4E-03

3.2E-04

1.5E-03

3.9E-06

2.8E-05

1.2E-05

8.5E-05

2.0E-04

9.4E-04

d-3

2.7E-03

1.8E-02

9.7E-03

5.0E-02

1.0E-02

5.3E-02

4.2E-03

3.0E-02

1.8E-02

1.3E-01

7.2E-03

3.9E-02

c-2

8.2E-07

1.9E-06

6.4E-06

1.3E-05

7.7E-06

1.6E-05

1.1E-09

6.9E-09

1.4E-09

8.4E-09

5.5E-06

1.2E-05

c-3

6.3E-06

8.8E-06

4.7E-05

6.8E-05

5.3E-05

7.6E-05

1.8E-08

5.2E-08

3.8E-08

1.1E-07

3.6E-05

5.2E-05

d-2

1.8E-05

9.1E-05

1.4E-04

5.8E-04

1.5E-04

6.3E-04

6.5E-07

5.8E-06

2.1E-06

1.9E-05

9.7E-05

4.0E-04

1.1E-04

3.4E-04

7.6E-04

1.9E-03

8.3E-04

2.1E-03

9.9E-06

3.8E-05

2.7E-05

1.0E-04

5.1E-04

1.3E-03

6.9E-07

1.6E-06

7.4E-06

1.4E-05

8.7E-06

1.6E-05

8.5E-10

2.8E-09

1.4E-09

5.1E-09

6.3E-06

1.2E-05

1.7E-07

4.1E-07

1.9E-06

3.7E-06

2.2E-06

4.2E-06

4.6E-11

1.8E-10

9.6E-11

3.7E-10

1.5E-06

2.9E-06

2.1E-06

7.4E-06

2.0E-05

5.6E-05

2.1E-05

6.1E-05

6.5E-09

4.0E-08

2.0E-08

1.2E-07

1.4E-05

3.9E-05

3.3E-07

9.1E-07

4.2E-06

9.5E-06

4.7E-06

1.1E-05

2.7E-10

1.2E-09

6.2E-10

2.8E-09

3.1E-06

7.0E-06

4.2

c-1

5.6E-07

1.2E-06

3.5E-05

7.7E-05

3.8E-05

8.3E-05

1.0E-08

5.1E-08

3.4E-08

1.7E-07

2.9E-05

6.3E-05

c-2

4.8E-06

1.2E-05

6.9E-05

1.5E-04

8.3E-05

1.9E-04

1.0E-07

5.2E-07

1.7E-07

7.0E-07

7.3E-05

1.6E-04

c-3

4.2E-05

2.2E-04

3.4E-04

1.7E-03

4.3E-04

2.1E-03

1.3E-05

8.6E-05

2.1E-05

1.4E-04

4.2E-04

2.1E-03

d-1

9.2E-06

4.6E-05

1.1E-04

5.4E-04

1.2E-04

5.8E-04

5.1E-07

4.8E-06

1.7E-06

1.6E-05

7.4E-05

3.7E-04

d-2

2.5E-04

2.8E-04

2.4E-03

2.2E-03

2.6E-03

2.3E-03

2.2E-05

4.1E-05

7.2E-05

1.9E-04

1.6E-03

1.4E-03

d-3

4.6E-02

6.6E-02

1.3E-01

1.7E-01

1.4E-01

1.8E-01

7.5E-02

1.1E-01

3.7E-01

5.5E-01

1.0E-01

1.4E-01

c-2

1.3E-06

3.9E-06

3.6E-05

6.3E-05

3.9E-05

6.9E-05

9.0E-09

3.1E-08

2.5E-08

8.3E-08

3.0E-05

5.4E-05

c-3

1.5E-04

7.2E-04

9.1E-04

3.7E-03

1.2E-03

4.9E-03

6.5E-05

5.0E-04

1.3E-04

8.9E-04

1.2E-03

5.1E-03

d-2

2.5E-04

4.4E-04

1.7E-03

2.5E-03

1.9E-03

2.8E-03

2.2E-05

4.3E-05

6.0E-05

1.2E-04

1.2E-03

1.7E-03

d-3

4.5E-02

6.5E-02

1.3E-01

1.7E-01

1.4E-01

1.8E-01

7.1E-02

1.1E-01

3.5E-01

5.5E-01

9.7E-02

1.3E-01

c-2

6.7E-07

1.4E-06

8.6E-06

1.3E-05

1.0E-05

1.5E-05

8.6E-10

3.4E-09

1.4E-09

4.2E-09

7.4E-06

1.1E-05

c-3

1.4E-06

2.8E-06

1.2E-05

2.2E-05

1.4E-05

2.5E-05

2.0E-09

8.0E-09

3.5E-09

1.2E-08

1.0E-05

1.8E-05

d-2

1.7E-04

3.7E-04

1.3E-03

2.4E-03

1.4E-03

2.6E-03

1.5E-05

4.5E-05

4.7E-05

1.4E-04

8.8E-04

1.6E-03

d-3

2.7E-04

3.7E-04

2.0E-03

2.4E-03

2.2E-03

2.7E-03

2.5E-05

4.4E-05

6.8E-05

1.1E-04

1.4E-03

1.6E-03

c-2

3.6E-07

8.3E-07

8.6E-05

1.4E-04

8.9E-05

1.5E-04

2.1E-08

1.2E-07

1.2E-07

6.6E-07

6.9E-05

1.1E-04

c-3

4.2E-07

1.2E-06

6.3E-06

1.6E-05

7.4E-06

1.8E-05

7.7E-10

3.9E-09

1.6E-09

7.7E-09

5.4E-06

1.4E-05

d-2

1.0E-04

3.7E-04

6.5E-04

1.8E-03

7.0E-04

1.9E-03

7.8E-06

3.6E-05

2.2E-05

9.6E-05

4.4E-04

1.2E-03

d-3

8.6E-06

2.7E-05

7.6E-05

2.1E-04

8.1E-05

2.3E-04

9.2E-08

4.8E-07

2.9E-07

1.5E-06

5.2E-05

1.5E-04
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c-1

2.8E-07

6.6E-07

7.1E-06

1.2E-05

8.3E-06

1.5E-05

7.4E-10

2.9E-09

1.2E-09

4.0E-09

6.2E-06

1.1E-05

2.8E-06

5.9E-06

4.9E-05

1.3E-04

5.6E-05

1.5E-04

3.8E-08

2.3E-07

1.0E-07

6.5E-07

4.8E-05

1.3E-04

c-3

1.7E-05

5.5E-05

1.5E-04

3.7E-04

1.9E-04

4.8E-04

7.5E-07

3.9E-06

1.2E-06

6.0E-06

1.8E-04

4.6E-04

d-1

2.8E-06

8.1E-06

3.0E-05

7.6E-05

3.3E-05

8.2E-05

1.2E-08

8.2E-08

3.8E-08

2.7E-07

2.1E-05

5.2E-05

d-2

2.2E-04

1.9E-04

2.0E-03

1.4E-03

2.2E-03

1.6E-03

1.6E-05

1.6E-05

4.3E-05

4.6E-05

1.3E-03

9.5E-04

d-3

3.2E-02

5.7E-02

9.6E-02

1.5E-01

1.0E-01

1.6E-01

5.1E-02

9.6E-02

2.5E-01

4.7E-01

7.3E-02

1.2E-01

1.3E-06

4.3E-06

2.6E-05

9.4E-05

2.9E-05

1.1E-04

2.5E-08

1.9e-07

4.9E-08

3.8E-07

2.2E-05

8.1E-05

3.4E-05

1.1E-04

3.1E-04

9.6E-04

4.1E-04

1.3E-03

4.6E-06

2.9E-05

8.3E-06

5.3E-05

4.1E-04

1.3E-03

1.5E-04

3.6E-04

1.1E-03

2.1E-03

1.2E-03

2.3E-03

1.3E-05

3.9E-05

3.5E-05

1.0E-04

7.2E-04

1.4E-03

3.2E-02

6.0E-02

9.2E-02

1.5E-01

9.7E-02

1.6E-01

5.0E-02

9.8E-02

2.4E-01

4.8E-01

6.9E-02

1.2E-01

c-2

2.6E-06

8.1E-06

2.3E-05

5.6E-05

2.7E-05

6.5E-05

1.1E-08

5.1E-08

2.0E-08

9.9E-08

2.0E-05

4.8E-05

c-3

1.6E-06

4.7E-06

1.3E-05

3.8E-05

1.5E-05

4.3E-05

4.6E-09

2.4E-08

8.9E-09

4.5E-08

1.1E-05

3.0E-05

d-2

1.2E-04

3.4E-04

9.5E-04

2.2E-03

1.0E-03

2.4E-03

1.1E-05

4.2E-05

3.6E-05

1.3E-04

6.4E-04

1.5E-03

2.0E-04

3.2E-04

1.6E-03

2.1E-03

1.7E-03

2.3E-03

1.7E-05

3.7E-05

4.7E-05

9.3E-05

1.1E-03

1.4E-03

7.3E-07

2.1E-06

2.9E-05

1.1E-04

3.1E-05

1.2E-04

1.3E-08

8.7E-08

5.8E-08

4.2E-07

2.3E-05

8.8E-05

2.9E-07

7.7E-07

3.6E-06

6.8E-06

4.4E-06

8.4E-06

2.9E-10

1.1E-09

3.7E-10

1.4E-09

3.2E-06

6.1E-06

5.8E-05

2.8E-04

4.0E-04

1.7E-03

4.3E-04

1.8E-03

5.4E-06

3.7E-05

1.7E-05

1.2E-04

2.7E-04

1.1E-03

2.7E-06

1.0E-05

2.8E-05

9.3E-05

3.0E-05

1.0E-04

1.8E-08

1.1E-07

5.3E-08

3.4E-07

1.9E-05

6.5E-05
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Table 11: Comparison of difference global performance indices for NNM-RB-SQP algorithm

Problem

Scenario

Case

Fitness

MAE

RMSE

EVAF

ENSE

TIC

Mean | STD

Mean

STD

Mean

STD

Mean

STD

Mean | STD

Mean

STD
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c-1

3.0E-06 | 1.4E-05

4.0E-05

2.3E-04

4.8E-05

2.8E-04

2.6E-07

2.5E-06

3.4E-07 | 3.2E-06

3.5E-05

2.1E-04

c-2

6.5E-07 | 1.8E-06

1.3E-05

1.8E-05

1.4E-05

2.1E-05

9.9E-10

4.8E-09

2.4E-09 | 8.0E-09

1.1E-05

1.6E-05

c-3

4.7E-05| 2.2E-04

6.7E-04

3.5E-03

7.6E-04

3.9E-03

2.1E-05

1.5E-04

6.2E-05 | 4.4E-04

6.6E-04

3.4E-03

d-1

9.8E-06 | 2.3E-05

1.0E-04

2.2E-04

1.1E-04

2.4E-04

1.1E-07

3.8E-07

3.4E-07 | 1.2E-06

7.0E-05

1.6E-04

d-2

7.8E-04 | 7.0E-03

2.9E-03

2.0E-02

3.1E-03

2.2E-02

9.0E-04

8.9E-03

2.7E-03 | 2.7E-02

2.1E-03

1.5E-02

d-3

4.7E-03 | 1.9E-02

2.0E-02

5.7E-02

2.2E-02

6.0E-02

5.7E-03

2.8E-02

2.5E-02 | 1.2E-01

1.4E-02

4.2E-02

c-2

1.3E-05 | 7.6E-05

1.1E-04

5.2E-04

1.3E-04

6.9E-04

1.9E-06

1.9E-05

2.0E-06 | 2.0E-05

9.8E-05

5.0E-04

c-3

8.6E-05 | 5.0E-04

7.1E-04

3.5E-03

8.2E-04

3.8E-03

1.8E-05

1.6E-04

6.4E-05 | 5.9E-04

7.6E-04

3.6E-03

d-2

3.4E-05 | 1.1E-04

3.4E-04

1.1E-03

3.7E-04

1.1E-03

2.1E-06

1.8E-05

7.2E-06 | 6.3E-05

2.3E-04

7.1E-04

d-3

6.4E-03 | 2.2E-02

2.7E-02

7.5E-02

2.9E-02

7.9E-02

1.0E-02

4.4E-02

4.4E-02 | 1.9E-01

2.0E-02

5.9E-02

c-2

5.3E-06 | 4.4E-06

3.6E-05

2.7E-05

4.3E-05

3.4E-05

9.3E-09

2.0E-08

1.3E-08 | 2.1E-08

3.1E-05

2.4E-05

c-3

1.0E-05| 1.7E-05

5.6E-05

7.4E-05

6.8E-05

9.3E-05

4.7E-08

2.1E-07

5.9E-08 | 2.3E-07

4.6E-05

6.4E-05

d-2

4.0E-05 | 2.0E-04

3.3E-04

1.4E-03

3.6E-04

1.5E-03

3.6E-06

3.3E-05

1.3E-05| 1.1E-04

2.3E-04

9.7E-04

8.0E-05 | 3.1E-04

5.8E-04

1.6E-03

6.4E-04

1.8E-03

9.9E-06

7.6E-05

1.9E-05| 1.3E-04

4.0E-04

1.1E-03

1.3E-06 | 1.8E-06

1.1E-05

1.7E-05

1.3E-05

2.2E-05

2.4E-09

2.0E-08

2.8E-09 | 1.8E-08

9.5E-06

1.6E-05

3.1E-06 | 1.5E-05

2.2E-05

8.9E-05

2.6E-05

1.0E-04

2.7E-08

1.5E-07

4.7E-08 | 2.9E-07

1.8E-05

7.2E-05

1.1E-05| 3.4E-05

9.2E-05

2.5E-04

9.9E-05

2.7E-04

1.4E-07

8.8E-07

4.1E-07 | 2.5E-06

6.4E-05

1.8E-04

2.9E-06 | 6.2E-06

2.5E-05

4.8E-05

2.7E-05

5.3E-05

5.8E-09

2.2E-08

1.6E-08 | 5.8E-08

1.8E-05

3.5E-05

4.2

c-1

1.8E-07 | 1.9E-07

9.0E-06

9.0E-06

1.0E-05

9.7E-06

2.9E-10

6.3E-10

7.9E-10 | 1.5E-09

7.6E-06

7.4E-06

c-2

1.4E-04]9.6E-04

9.6E-04

6.2E-03

1.2E-03

7.4E-03

1.3E-04

9.5E-04

2.3E-04 | 1.7E-03

1.0E-03

6.6E-03

c-3

4.9E-04 | 2.4E-03

3.1E-03

1.0E-02

3.7E-03

1.1E-02

2.0E-04

1.3E-03

6.2E-04 | 4.9E-03

3.7E-03

1.2E-02

d-1

3.7E-05 | 1.4E-04

3.3E-04

1.1E-03

3.5E-04

1.2E-03

2.2E-06

1.4E-05

7.4E-06 | 4.7E-05

2.2E-04

7.5E-04

d-2

1.4E-03| 9.6E-03

7.0E-03

2.9E-02

7.4E-03

3.1E-02

1.6E-03

1.3E-02

6.2E-03 | 5.1E-02

4.8E-03

2.2E-02

d-3

3.8E-02 | 5.5E-02

1.3E-01

1.5E-01

1.4E-01

1.6E-01

5.8E-02

9.6E-02

2.9E-01 | 4.7E-01

9.4E-02

1.2E-01

c-2

3.6E-06 | 4.7E-06

8.5E-05

1.0E-04

9.8E-05

1.1E-04

4.0E-08

7.9E-08

8.8E-08 | 2.1E-07

7.6E-05

8.6E-05

c-3

1.1E-03| 4.0E-03

6.7E-03

1.4E-02

8.1E-03

1.6E-02

5.2E-04

3.1E-03

1.6E-03 | 1.1E-02

8.6E-03

1.8E-02

d-2

8.3E-05 | 2.1E-04

7.1E-04

1.1E-03

7.7E-04

1.2E-03

4.1E-06

1.7E-05

1.1E-05| 3.7E-05

4.7E-04

7.3E-04

d-3

3.7E-02 | 5.1E-02

1.3E-01

1.5E-01

1.3E-01

1.5E-01

5.7E-02

9.5E-02

2.9E-01 | 4.9E-01

9.2E-02

1.2E-01

c-2

1.1E-05| 1.3E-05

9.8E-05

9.6E-05

1.2E-04

1.1E-04

7.2E-08

1.0E-07

1.1E-07 | 1.6E-07

8.8E-05

8.3E-05

c-3

2.0E-05| 2.5E-05

1.5E-04

2.0E-04

1.8E-04

2.3E-04

2.3E-07

5.6E-07

3.7E-07 | 9.0E-07

1.3E-04

1.7E-04

d-2

1.0E-04 | 2.9E-04

8.3E-04

1.8E-03

8.9E-04

2.0E-03

7.5E-06

3.9E-05

2.5E-05 | 1.3E-04

5.5E-04

1.2E-03

d-3

1.1E-04| 1.5E-04

1.1E-03

1.4E-03

1.2E-03

1.5E-03

6.1E-06

1.6E-05

2.1E-05 | 5.9E-05

7.3E-04

9.5E-04

c-2

1.4E-07| 2.7E-07

1.2E-05

1.9E-05

1.3E-05

2.0E-05

7.1E-10

1.8E-09

2.3E-09 | 5.4E-09

9.8E-06

1.6E-05

c-3

2.0E-06 | 9.2E-06

1.8E-05

5.2E-05

2.2E-05

6.0E-05

9.7E-09

5.3E-08

1.7E-08 | 1.0E-07

1.6E-05

4.4E-05

d-2

4.6E-05 | 1.0E-04

5.2E-04

1.1E-03

5.6E-04

1.2E-03

2.5E-06

1.7E-05

9.4E-06 | 6.8E-05

3.5E-04

7.7E-04

d-3

1.3E-05| 4.4E-05

1.2E-04

3.9E-04

1.3E-04

4.2E-04

3.0E-07

1.8E-06

9.3E-07 | 5.4E-06

8.2E-05

2.7E-04
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c-1

4.6E-07 | 6.7E-07

1.4E-05

2.3E-05

1.7E-05

2.6E-05

1.9E-09

6.3E-09

3.9E-09 | 1.3E-08

1.2E-05

2.0E-05

7.2E-06 | 1.1E-05

7.5E-05

1.0E-04

8.9E-05

1.2E-04

4.9E-08

1.8E-07

9.0E-08 | 2.9E-07

7.7E-05

1.0E-04

c-3

1.5E-04 | 3.6E-04

1.4E-03

2.9E-03

1.7E-03

3.4E-03

2.9E-05

1.1E-04

6.3E-05 | 2.3E-04

1.6E-03

3.3E-03

d-1

2.1E-05| 6.0E-05

2.3E-04

6.4E-04

2.5E-04

6.9E-04

8.0E-07

3.3E-06

2.6E-06 | 1.1E-05

1.6E-04

4.4E-04

d-2

6.2E-04 | 3.9E-03

4.0E-03

1.7E-02

4.3E-03

1.8E-02

4.9E-04

4.4E-03

1.9E-03 | 1.7E-02

2.7E-03

1.2E-02

d-3

2.1E-02 | 4.0E-02

7.9E-02

1.2E-01

8.3E-02

1.3E-01

3.1E-02

7.2E-02

1.5E-01| 3.5E-01

5.7E-02

9.4E-02

3.6E-06 | 5.9E-06

5.6E-05

6.9E-05

6.4E-05

7.7E-05

1.9E-08

3.5E-08

4.0E-08 | 8.2E-08

4.9E-05

5.9E-05

3.5E-04 | 5.6E-04

2.8E-03

3.9E-03

3.5E-03

4.8E-03

7.8E-05

2.0E-04

1.7E-04 | 4.1E-04

3.5E-03

4.9E-03

5.9E-05| 1.0E-04

6.2E-04

8.0E-04

6.6E-04

8.7E-04

2.1E-06

7.7E-06

6.4E-06 | 1.9E-05

4.1E-04

5.4E-04

2.2E-02 | 4.1E-02

8.4E-02

1.2E-01

8.9E-02

1.3E-01

3.2E-02

7.1E-02

1.6E-01| 3.5E-01

6.0E-02

9.2E-02

c-2

1.1E-05| 1.1E-05

1.0E-04

1.3E-04

1.2E-04

1.4E-04

7.8E-08

2.3E-07

1.4E-07 | 5.3E-07

8.8E-05

1.0E-04

c-3

4.0E-04 | 2.7E-03

1.4E-03

8.5E-03

1.6E-03

1.0E-02

3.3E-04

2.3E-03

4.6E-04 | 3.2E-03

1.2E-03

7.2E-03

d-2

1.2E-04| 4.8E-04

9.5E-04

3.0E-03

1.0E-03

3.2E-03

1.6E-05

1.2E-04

5.9E-05 | 4.2E-04

6.4E-04

2.0E-03

1.1E-04| 2.7E-04

9.3E-04

1.7E-03

1.0E-03

1.9E-03

8.8E-06

3.3E-05

2.5E-05 | 9.3E-05

6.2E-04

1.2E-03

1.5E-06 | 2.2E-06

3.2E-05

5.9E-05

3.7E-05

6.5E-05

1.1E-08

4.7E-08

2.3E-08 | 1.1E-07

2.8E-05

5.0E-05

2.2E-05| 1.2E-04

1.6E-04

7.9E-04

1.8E-04

8.6E-04

1.1E-06

6.7E-06

3.2E-06 | 1.8E-05

1.3E-04

6.2E-04

4.1E-05 | 1.3E-04

4.0E-04

1.1E-03

4.3E-04

1.2E-03

2.3E-06

1.6E-05

8.0E-06 | 5.5E-05

2.7E-04

7.4E-04

1.6E-05 | 7.6E-05

1.3E-04

5.5E-04

1.4E-04

5.9E-04

5.7E-07

4.7E-06

1.8E-06 | 1.5E-05

9.1E-05

3.8E-04
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Table 12: Comparison of difference global performance indices for NNM-TS-SQP algorithm

Problem

Scenario

Case

Fitness

MAE

RMSE

EVAF

ENSE

TIC

Mean

STD

Mean

STD

Mean

STD

Mean

STD

Mean

STD

Mean

STD
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c-1

1.3E-07

4.3E-07

1.9E-06

3.7E-06

2.1E-06

4.1E-06

3.4E-11

1.2E-10

8.8E-11

3.3E-10

1.5E-06

3.0E-06

c-2

4.0E-07

1.4E-06

1.2E-05

4.1E-05

1.2E-05

4.3E-05

1.5E-09

9.4E-09

7.9E-09

4.8E-08

9.8E-06

3.4E-05

c-3

6.9E-07

1.1E-06

1.7E-05

2.8E-05

2.0E-05

3.4E-05

3.7E-09

1.1E-08

6.2E-09

1.8E-08

1.7E-05

2.9E-05

d-1

4.6E-07

9.3E-07

4.9E-06

9.8E-06

5.3E-06

1.1E-05

2.2E-10

8.2E-10

6.7E-10

2.4E-09

3.5E-06

6.9E-06

d-2

9.2E-05

2.6E-04

5.8E-04

1.5E-03

6.4E-04

1.6E-03

6.6E-06

2.3E-05

1.6E-05

5.5E-05

3.9E-04

9.9E-04

d-3

1.1E-04

8.1E-05

1.4E-03

9.3E-04

1.5E-03

1.0E-03

7.2E-06

5.7E-06

2.1E-05

1.7E-05

9.1E-04

6.0E-04

c-2

4.4E-07

9.4E-07

4.6E-06

7.5E-06

5.4E-06

8.9E-06

2.8E-10

9.4E-10

4.5E-10

1.5E-09

4.0E-06

6.5E-06

c-3

3.7E-06

1.1E-05

4.3E-05

1.2E-04

5.4E-05

1.6E-04

7.6E-08

3.3E-07

1.2E-07

5.2E-07

4.9E-05

1.5E-04

d-2

2.3E-06

5.7E-06

2.7E-05

6.7E-05

2.9E-05

7.2E-05

9.2E-09

4.7E-08

3.1E-08

1.6E-07

1.8E-05

4.5E-05

d-3

1.2E-04

2.3E-04

1.5E-03

2.0E-03

1.6E-03

2.1E-03

1.1E-05

5.3E-05

4.3E-05

2.5E-04

9.5E-04

1.2E-03

c-2

5.3E-07

9.8E-07

5.1E-06

8.5E-06

6.0E-06

1.0E-05

3.7E-10

1.1E-09

5.8E-10

1.6E-09

4.2E-06

7.2E-06

c-3

8.4E-07

1.4E-06

6.7E-06

8.8E-06

7.6E-06

9.9E-06

3.3E-10

8.7E-10

6.9E-10

1.7E-09

5.2E-06

6.7E-06

d-2

2.1E-06

4.8E-06

2.0E-05

4.6E-05

2.1E-05

4.9E-05

4.3E-09

2.5E-08

1.5E-08

8.7E-08

1.4E-05

3.1E-05

5.3E-05

2.3E-04

4.6E-04

1.7E-03

5.0E-04

1.8E-03

6.2E-06

3.1E-05

1.9E-05

9.0E-05

3.1E-04

1.1E-03

3.5E-07

1.0E-06

2.9E-06

7.4E-06

3.4E-06

8.6E-06

2.2E-10

1.5E-09

3.6E-10

2.5E-09

2.4E-06

6.2E-06

1.0E-07

1.3E-07

1.5E-06

2.1E-06

1.7E-06

2.2E-06

9.1E-12

1.9E-11

3.3E-11

1.2E-10

1.2E-06

1.6E-06

1.1E-06

6.5E-06

9.5E-06

5.2E-05

1.0E-05

5.6E-05

5.6E-09

5.4E-08

1.6E-08

1.5E-07

6.7E-06

3.6E-05

3.5E-08

4.7E-08

5.9E-07

7.4E-07

6.4E-07

8.3E-07

2.3E-12

1.3E-11

5.2E-12

1.4E-11

4.2E-07

5.5E-07

4.2

c-1

1.2E-07

2.1E-07

7.9E-06

1.3E-05

8.7E-06

1.4E-05

3.6E-10

1.0E-09

1.1E-09

3.5E-09

6.6E-06

1.1E-05

c-2

4.0E-06

1.5E-05

5.9E-05

2.8E-04

7.0E-05

3.2E-04

1.8E-07

1.5E-06

4.2E-07

3.7E-06

6.1E-05

2.8E-04

c-3

6.6E-06

2.1E-05

6.7E-05

1.5E-04

8.5E-05

1.9E-04

1.2E-07

6.0E-07

2.0E-07

1.0E-06

8.3E-05

1.9E-04

d-1

1.3E-06

2.5E-06

1.5E-05

4.5E-05

1.7E-05

4.9E-05

3.8E-09

2.8E-08

1.3E-08

1.0E-07

1.1E-05

3.1E-05

d-2

1.3E-04

1.3E-04

1.3E-03

1.3E-03

1.4E-03

1.4E-03

8.7E-06

1.1E-05

2.4E-05

2.9E-05

8.6E-04

8.3E-04

d-3

6.7E-03

3.3E-02

1.7E-02

7.9E-02

1.8E-02

8.4E-02

1.0E-02

5.0E-02

5.0E-02

2.5E-01

1.3E-02

6.1E-02

c-2

1.6E-06

6.0E-06

5.2E-05

2.0E-04

5.7E-05

2.1E-04

6.2E-08

4.7E-07

2.0E-07

1.6E-06

4.5E-05

1.7E-04

c-3

3.0E-04

1.3E-03

1.7E-03

6.3E-03

2.2E-03

8.0E-03

1.6E-04

7.9E-04

3.4E-04

1.7E-03

2.3E-03

8.4E-03

d-2

5.5E-05

2.3E-04

3.9E-04

1.3E-03

4.2E-04

1.4E-03

4.8E-06

2.5E-05

1.2E-05

6.1E-05

2.6E-04

8.9E-04

d-3

7.4E-03

3.2E-02

2.1E-02

8.3E-02

2.2E-02

8.8E-02

1.2E-02

5.3E-02

5.7E-02

2.6E-01

1.6E-02

6.4E-02

c-2

1.2E-06

3.7E-06

1.7E-05

8.1E-05

1.8E-05

8.4E-05

5.1E-09

3.0E-08

3.0E-08

2.6E-07

1.4E-05

6.2E-05

c-3

1.0E-06

2.7E-06

7.3E-06

1.7E-05

8.5E-06

2.0E-05

1.1E-09

6.3E-09

2.0E-09

1.3E-08

6.0E-06

1.4E-05

d-2

7.0E-05

2.8E-04

4.3E-04

1.5E-03

4.7E-04

1.6E-03

5.7E-06

2.8E-05

1.6E-05

7.2E-05

2.9E-04

1.0E-03

d-3

1.1E-04

2.5E-04

9.2E-04

1.7E-03

1.0E-03

1.9E-03

9.8E-06

2.7E-05

2.6E-05

6.7E-05

6.1E-04

1.2E-03

c-2

1.6E-07

3.1E-07

3.3E-05

5.6E-05

3.5E-05

5.9E-05

3.5E-09

1.2E-08

1.9E-08

6.3E-08

2.7E-05

4.5E-05

c-3

2.9E-07

1.0E-06

3.6E-06

1.2E-05

4.4E-06

1.6E-05

1.1E-09

1.0E-08

1.2E-09

9.6E-09

3.3E-06

1.2E-05

d-2

4.0E-05

2.9E-04

2.1E-04

1.0E-03

2.3E-04

1.1E-03

2.9E-06

2.7E-05

7.0E-06

6.2E-05

1.4E-04

7.1E-04

d-3

1.4E-06

4.8E-06

1.4E-05

4.5E-05

1.5E-05

4.8E-05

3.8E-09

2.6E-08

1.2E-08

8.5E-08

9.7E-06

3.1E-05
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c-1

1.3E-07

2.7E-07

4.5E-06

7.8E-06

5.0E-06

8.5E-06

1.5E-10

6.7E-10

4.0E-10

1.4E-09

3.7E-06

6.4E-06

1.4E-06

4.6E-06

2.1E-05

5.5E-05

2.5E-05

6.7E-05

1.2E-08

9.0E-08

2.0E-08

1.4E-07

2.1E-05

5.7E-05

c-3

1.0E-05

6.5E-05

1.4E-04

8.0E-04

1.8E-04

9.9E-04

2.4E-06

2.1E-05

4.3E-06

3.3E-05

1.7E-04

9.4E-04

d-1

2.0E-06

9.5E-06

1.7E-05

7.5E-05

1.9E-05

8.1E-05

1.1E-08

9.9E-08

3.4E-08

3.0E-07

1.2E-05

5.2E-05

d-2

1.3E-04

1.7E-04

1.2E-03

1.4E-03

1.3E-03

1.5E-03

9.0E-06

1.3E-05

2.4E-05

3.5E-05

7.8E-04

9.2E-04

d-3

2.0E-03

1.7E-02

6.0E-03

4.1E-02

6.4E-03

4.3E-02

2.7E-03

2.5E-02

1.3E-02

1.2E-01

4.4E-03

3.1E-02

1.5E-06

6.8E-06

2.0E-05

6.0E-05

2.3E-05

7.5E-05

2.0E-08

1.6E-07

2.5E-08

1.7E-07

1.8E-05

5.7E-05

1.1E-05

4.4E-05

1.3E-04

4.7E-04

1.6E-04

6.1E-04

1.0E-06

7.2E-06

1.9E-06

1.3E-05

1.7E-04

6.2E-04

2.7E-05

1.2E-04

2.3E-04

9.4E-04

2.5E-04

1.0E-03

1.6E-06

9.8E-06

5.8E-06

3.5E-05

1.6E-04

6.3E-04

1.9E-03

1.7E-02

5.7E-03

4.0E-02

6.2E-03

4.2E-02

2.7E-03

2.5E-02

1.2E-02

1.2E-01

4.2E-03

3.1E-02

c-2

7.7E-07

1.7E-06

7.6E-06

1.9E-05

8.8E-06

2.1E-05

9.8E-10

5.2E-09

2.1E-09

1.3E-08

6.4E-06

1.5E-05

c-3

2.8E-05

2.7E-04

1.3E-04

1.1E-03

1.5E-04

1.3E-03

4.9E-06

4.9E-05

7.8E-06

7.8E-05

1.0E-04

9.4E-04

d-2

1.3E-05

6.2E-05

1.0E-04

4.1E-04

1.1E-04

4.5E-04

3.7E-07

2.7E-06

1.1E-06

7.7E-06

6.8E-05

2.8E-04

7.7E-05

2.3E-04

6.3E-04

1.6E-03

6.9E-04

1.8E-03

7.4E-06

2.8E-05

2.0E-05

7.4E-05

4.2E-04

1.1E-03

5.9E-07

1.6E-06

1.7E-05

3.9E-05

1.9E-05

4.5E-05

5.2E-09

3.0E-08

9.7E-09

4.3E-08

1.5E-05

3.4E-05

1.7E-07

4.3E-07

2.4E-06

5.4E-06

2.8E-06

6.9E-06

1.9E-10

1.5E-09

2.3E-10

1.4E-09

2.1E-06

5.0E-06

2.0E-06

4.2E-06

2.2E-05

4.1E-05

2.3E-05

4.4E-05

3.5E-09

1.1E-08

1.3E-08

4.0E-08

1.5E-05

2.7E-05

3.1E-07

5.2E-07

3.9E-06

6.9E-06

4.2E-06

7.6E-06

1.4E-10

6.2E-10

3.6E-10

1.3E-09

2.7E-06

4.9E-06
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Table 13: Complexity analysis of the results

. NNM-LS-SQP NNM-RB-SQP NNM-TS-SQP
Problem Scenario | Case
MT | MGs | MFCs | MT | MGs | MFCs | MT | MGs | MFCs
c-1 22.9 633.3 39059.8 25.6 750.6 46299.9 28.9 7247 44682.5
c-2 27.1 752.0 46340.5 29.8 875.2 53891.4 28.5 7132 43990.2
c-3 24.3 674.0 41603.4 315 930.2 57273.3 28.2 709.4 438235
! d-1 26.4 726.9 44832.5 27.2 791.1 48819.8 30.9 770.9 47553.4
d-2 32.6 883.4 54441.0 29.3 841.8 51953.5 34.0 836.2 51583.1
d-3 31.7 868.8 53578.4 32.2 936.1 57702.2 30.3 7478 46249.6
c-2 24.6 659.0 40652.4 28.7 8127 50096.2 28.9 700.9 43231.0
c-3 24.6 660.2 40777.2 31.3 893.7 55061.6 29.8 726.6 44854.0
2 d-2 29.7 813.7 50231.9 26.6 774.1 47794.2 31.8 793.4 48944.2
4.1 d-3 32.0 858.3 52959.7 335 9515 58719.3 30.6 744.0 45985.9
c-2 26.4 7035 43364.6 26.3 740.8 45740.4 28.4 685.9 42304.3
c-3 20.5 568.7 35175.9 16.7 490.4 30416.1 22.0 554.3 34305.2
3 d-2 30.0 825.0 50854.6 26.6 778.7 48055.2 315 786.7 48549.6
d-3 31.9 883.5 54428.8 26.9 788.2 48673.4 315 791.0 48814.3
c-2 23.1 631.5 389715 20.8 603.8 37297.3 28.8 716.2 44165.6
c-3 28.2 765.0 47126.4 22.0 630.2 38924.6 28.6 703.2 43334.6
4 d-2 27.2 746.4 46029.9 27.8 805.9 49726.8 30.1 751.9 46383.1
d-3 26.4 7243 44672.7 27.6 801.2 49428.4 26.5 658.5 40638.2
c-1 30.0 800.5 49303.2 32.9 929.2 57174.1 34.0 823.7 50733.7
c-2 23.9 638.3 39418.4 29.9 846.5 52166.1 26.3 635.1 39269.2
c-3 29.9 715.9 44213.9 34.8 938.9 57836.2 34.1 803.2 49553.7
! d-1 40.6 742.2 45790.8 40.6 772.2 47678.6 44.5 769.8 474935
d-2 46.0 828.0 51091.9 47.2 916.8 56537.3 45.6 812.3 50153.3
d-3 477 948.9 58455.1 45.8 986.2 60772.7 41.3 792.6 49011.4
c-2 317 752.3 46357.4 35.3 940.9 57891.9 35.1 824.6 50797.1
c-3 34.0 862.8 53166.1 34.0 969.7 59716.0 36.2 900.8 55533.7
2 d-2 68.3 887.8 54688.7 61.2 810.3 50039.3 66.3 822.4 50740.0
4.2 d-3 139.0 972.3 59877.1 119.4 986.0 60781.3 | 119.4 806.8 49889.8
c-2 458 690.3 42568.7 56.3 882.2 54339.2 45.4 662.3 40892.2
c-3 44.1 664.7 41015.8 436 681.1 42082.7 45.0 659.3 40705.3
3 d-2 56.7 865.6 53344.1 53.5 838.6 51755.1 57.1 835.9 51538.9
d-3 58.5 892.9 55028.0 57.9 908.0 56195.5 58.2 854.0 52681.4
c-2 443 717.9 44246.9 47.6 807.0 49700.3 56.9 895.6 55113.3
c-3 34.0 652.8 40258.6 39.4 816.6 50333.7 38.8 729.7 44981.7
4 d-2 44.6 863.1 53215.6 38.6 797.9 49258.2 44.0 823.1 50772.1
d-3 38.1 744.4 45910.4 37.1 770.8 47599.6 39.3 741.5 45753.8
c-1 38.2 734.1 45243.7 448 930.2 57229.2 41.5 778.3 47983.8
c-2 28.9 554.6 34292.0 423 872.3 53743.0 34.8 650.5 40196.0
c-3 37.0 714.0 44085.4 43.4 902.3 55597.7 41.4 778.9 48086.5
! d-1 37.4 7295 45025.8 35.3 7333 45293.7 40.8 772.8 47663.5
d-2 37.0 848.4 52339.6 35.1 892.7 55047.1 345 769.1 47490.1
d-3 40.9 952.3 58672.3 38.1 981.8 60489.1 35.2 791.6 48930.7
c-2 35.3 750.6 46258.9 39.3 922.4 56765.8 38.4 792.7 48855.7
c-3 57.4 774.0 47759.0 66.9 971.0 59800.9 63.8 831.6 51312.5
2 d-2 776 884.2 54474.0 67.8 803.1 49597.4 75.8 846.0 52177.0
4.3 d-3 52.9 961.6 59240.1 51.2 984.5 60688.5 44.9 789.4 48801.9
c-2 28.3 678.0 41843.8 32.9 881.7 54334.4 27.9 653.3 40333.1
c-3 28.1 692.8 42710.7 20.1 547.3 33906.2 27.6 663.2 40956.4
3 d-2 35.4 872.0 53721.8 29.2 804.5 49670.0 33.9 816.7 50363.4
d-3 37.4 921.5 56754.2 30.7 843.1 52003.8 35.0 841.8 51945.0
c-2 29.2 7223 44536.9 33.8 933.2 57406.5 33.8 814.6 50180.3
c-3 24.9 613.8 37886.8 27.4 752.7 46403.2 275 660.9 40768.2
4 d-2 38.8 820.9 50600.9 35.1 808.6 49913.1 38.6 796.3 49116.8
d-3 49.4 767.4 47323.0 44.2 762.7 47087.8 45.7 702.9 43387.4
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6. Conclusions

Neurocomputing based computational intelligence algorithms are designed for solving
nanofluidics problems based nonlinear Jeffery-Hamel Flow problems involving nanoparticles in
the presence of high magnetic fields by exploiting the renewed strength of artificial neural
network modelling optimized with efficient local search methodology through SQP. The
proposed schemes NNM-LS-SQP, NNM-RB-SQP and NNM-TS-SQP are applied to number of
variants of the nonlinear MHD-JHF problems by taking the different values for Reynolds
number, angles of channel, Hartmann numbers and concentration levels of nanoparticles and
results show that the given velocity profile of the fluids are consistently overlapping the
reference results calculated from Adams numerical solver. Comparative studies of the results for
proposed three models NNM-LS-SQP, NNM-RB-SQP and NNM-TS-SQP show that the
matching up to 3 to 7 decimal of accuracy is achieved for each variant of the problems but
relatively better results are obtained with NNM-TS-SQP algorithm from the rest. Comparative
study through results of statistical analysis based on 100 independent runs of each model in
terms of mean and STD show that these parameters are generally close to zero but the values of
statistical measures are relatively better for NNM-LS-SQP and NNM-TS-SQP from NNM-RB-
SQP. While comparing the performance of NNM-LS-SQP and NNM-TS-SQP algorithms, the
results of NNM-TS-SQP are slightly superior. Additionally, the small STDs further validate the
consistency of the all three algorithms for finding the solution all three problems of nonlinear
MHD-JHF. Comparative analysis of proposed three schemes NNM-LS-SQP, NNM-RB-SQP and
NNM-TS-SQP has been further evaluated based on performance indices of MAE, RMSE,
EVAF, TIC and ENSE, as well as, their global updates for all three problems of nonlinear MHD-

JHF with base fluid water mixed with nanoparticles and results show that close to optimal values

“TO



of these indicators are obtained from all three models but the results of NNM-TS-SQP are
relatively better in accuracy and convergent from other two counterparts. Computational
complexity of the models has been monitored through mean execution time, generations and
function counts consumed during the process of optimization of design variables of the network
to solve nonlinear MDH-JHF type nanofluidics problems and it is found that the values of
complexity operators are relatively less for the convergent cases than that of divergent flow
scenarios for all three models, but least for NNM-LS-SQP model as compared with rest of the

algorithms.

The application of the design schemes can also be extended to deal with nonlinear MHD JHF
problems by considering heat and energy effects, as well as take different base fluids
contaminated with nano-materials [83-86]. Modeling error can be reduced considerably with the
introduction of support vector machine as an alternative involving transfer function based on
radial, tan-sigmoid, Mexican, and wavelet hat kernels. Role of modern optimization algorithms
introduced recently cannot be denied and with the help of these procedures improvements in the
accuracy and convergence of results may be achieved. Few good alternatives include genetic
programming, fractional variants of particle swarm optimization, chaos optimization algorithm,

firefly method, fireworks schemes and gravitational search algorithms etc.
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