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Abstract

In the paper a method is proposed for evaluation of the students’ knowledge obtained in the
university e-learning courses and an evaluation of the whole student class. For the assessment
of the student’s solution of the respective assessment units the theory of intuitionistic fuzzy
sets is used, while for the class evaluation, interval valued intuitionistic fuzzy sets is used.
The obtained intuitionistic fuzzy estimations reflect the degree of each student’s good or poor
performances, for each assessment unit. The interval valued intuitionistic fuzzy evaluations
are based on the separate student’s evaluations. We also consider a degree of uncertainty that
represents such cases wherein the student is currently unable to solve the problem. The method
presented here provides the possibility for the algorithmization of the process of forming the
student’s evaluations.
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1. Introduction

Within the context of e-learning, the information exchange between the education and training
system and the student is performed electronically. The student obtains information on a given
topic at his/her local electronic device. After this the student’s acquisition of knowledge can
be rated by asking appropriate questions and problems for solving, in order to pass on to the
next topic of training.

During the process of e-learning the students have access to different training materials that
can be classified as [1]:

- information units to acquire knowledge and skills;

- assessment units – task, problems, test;

- information resources – library, internet, and so on.

The purpose of the present paper is to offer assessments of the process of e-learning within
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university courses. The research is a continuation of previ-
ous investigations of the authors into the modelling of basic
processes and functions of a typical university. In a series of
research papers, the authors have studied some of the most
important processes of functioning of universities [2–10]. In
particular, Generalized Nets [11], are used to describe the pro-
cess of student assessment [2, 6, 7], where the assessments
can be represented in an intuitionistic fuzzy and in an interval
valued intuitionistic fuzzy form. The concept of intuitionistic
fuzzy set is described in details in [12, 13] and of interval valued
intuitionistic fuzzy set in [12].

The process of evaluation of the problems solved by students
is described in [2]. Shannon et al. [5] describe the process of
evaluation by lecturers of the tasks presented by students. In [6],
the authors constructed a model, which describes the process of
evaluation by lecturers. Next, a model that describes the stan-
dardization of the process of evaluation by lecturers was con-
structed [7]. In the next steps of the educational processes there
are models of the evaluation of the lecturers themselves [8], and
the assessment of the course [9]. In [10], the intuitionistic fuzzy
assessments are used for modelling the process of e-learning of
mathematics topics within university courses.

The aim of the present paper is to use the techniques of
intuitionistic fuzzy sets for modelling the process of e-learning
within the university educational environment.

2. Proposed Assessment Model

The students’ knowledge assessment is implemented on two
stages. First, we determine the evaluations of the assessment
units for each student. Then we evaluate the final mark for each
student using weight coefficients of the different assessment
units and the obtained evaluations for them.

Let us consider a group of m students, the students are la-
belled as follows: i = 1, 2, ..., m, and then the students have
to be evaluated via n assessment units, j = 1, 2, ..., n. The as-
sessments, which estimate a summative account of the students’
knowledge for the different problems, are formed on the basis
of a set of intuitionistic fuzzy estimations 〈µ, ν〉 of real numbers
from the set [0, 1]× [0, 1], related to the respective assessment
units. These intuitionistic fuzzy estimations reflect the degree
of each student’s good performances µ, or poor performances
ν, for each assessment unit and for them is valid that

µ+ ν ≤ 1.

The degree of uncertainty π = 1−µ−ν represents such cases
wherein the student is currently unable to solve the problem
and needs additional information. Within the paper the ordered
pairs were defined in the sense of intuitionistic fuzzy sets.

2.1 Determination of the Students’ Assessments of the Dif-
ferent Units

The way of evaluation of the different units can vary, but for
some groups of themes (e.g., mathematics, informatics, physics,
chemistry, etc.), the evaluations of the students’ solutions of the
different problems can be obtained, in general, by two cases:

Case 1: The assessment unit j contains uj in number sub-
tasks (questions).

In this case, the assessment unit can be in the form of a test
with questions with attached possible answers “yes” and “no”,
or with questions with an attached list of optional answers.

Thus, the evaluation of the i-th student for the j-th assessment
unit is obtained in two ways according to the following formula
(1), for i = 1, 2, ..., m, j = 1, 2, ..., n.:

〈µj (i) , νj (i)〉 =
〈
rj (i)

uj
,
sj (i)

uj

〉
, (1)

where

- rj (i) is the number of right answers of the subtasks/questions
in the assessment unit j,

- sj (i) is the number of wrong answers of the subtasks/questions
in the assessment unit j,

- uj is the total number of subtasks/questions in the assess-
ment unit j.

Therefore, the degree of uncertainty in this case is deter-
mined by the number of the questions which the student had
not worked on.

Case 2: The assessment unit j, for example one task, is
evaluated independently for wj levels.

Initially, when there has not been information obtained for
the assessment unit, then the estimation is given by the initial
values 〈0, 0〉. For k ≥ 0, the current (k)-st estimation of the
i-th student for the j-th assessment unit is obtained on the basis
of the previous estimations according to the recurrence relation
involved in the following formula (2), i = 1, 2, ..., m, j = 1, 2,
..., n.〈
µj
k (i) , ν

j
k (i)

〉
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=

〈
(k − 1)µj

k−1 (i) + ajpl
(i)

k
,
(k − 1) νjk−1 (i) + bjpl

(i)

k

〉
,

(2)

where

-
〈
µj
k−1 (i) , ν

j
k−1 (i)

〉
is the previous estimation of the

j-th assessment unit of the i-th student on the basis of the
solutions of the already solved subtasks in the completed
levels,

-
〈
ajpl

(i) , bjpl
(i)
〉

is the estimation of the level pl of the j-
th assessment unit of the i-th student, for ajpl

(i), bjpl
(i) ∈

[0, 1], ajpl
(i) + bjpl

(i) ≤ 1, and l = 1, 2, ..., w.

- ajpl
(i) and bjpl

(i) are calculated according to (3) and (4)
in the following way:

ajpl
(i) =



cjl (i) + djl (i)

pjl
,

if the i-th student had worked on

level pjl ,

0,

if the i-th student had not worked

on level pjl ,

(3)

bjpl
(i) =



pjl −
(
cjl (i) + djl (i)

)
pjl

,

if the i-th student had worked on

level pjl ,

0, if the i-th student had not worked

on level pjl ,

(4)

where

- cjl (i) are the points for the solution of the level pjl of the
j-th assessment unit of the i-th student,

- djl (i) are the points for the description of the decision of
the level pjl of the j-th assessment unit of the i-th student.

Therefore, the degree of uncertainty, in this case, is equal to
1, when the i-th student did not work on the level pjl of the j-th
assessment unit.

2.2 Determine of the Final Mark for the i-th Student

Here we introduce intuitionistic fuzzy coefficients 〈δ, ε〉, setting
weights of each assessment unit that contribute to the final mark

for the i-th student, i = 1, 2, ..., m. Coefficient δ is based
on the number of successive assessment units, and coefficient
ε is based on the number of preceding assessment units. An
example can clarify this. Suppose, for instance, that a trainee
sits for nine assessment units, divided into three levels of dif-
ficulty (easy, average, difficult). Let there be four assessment
units from the first level, three assessment units from the second
level, and two assessment units from the third level. Then the
weight coefficients will be distributed as follows:

• from the first level:
〈
5
9 , 0
〉
,

• from the second level:
〈
2
9 ,

4
9

〉
, and

• from the third level:
〈
0, 79
〉
.

In this way, the (j + 1)st intuitionistic fuzzy estimation〈
µj+1(i), νj+1(i)

〉
, is calculated on the basis of the preceding

estimations
〈
µj(i), νj(i)

〉
is obtained according to the follow-

ing formula (5), for i = 1, 2, ..., m, j = 1, 2, ..., n.〈
µj+1(i), νj+1(i)

〉
=

〈
µj(i).j + δj .m+ εj .n

j + 1
,
νj(i).j + δj .n+ εj .m

j + 1

〉
, (5)

where 〈m,n〉 is the estimation of the current assessment unit,m,
n ∈ [0, 1] and m+ n ≤ 1, and 〈δj , εj〉 is the weight coefficient
of the jth assessment unit, for δj , εj ∈ [0, 1], δj + εj ≤ 1.

The calculated final mark based on all assessment units for
the i-th student has to satisfy the necessary “minimal threshold
of knowledge”. To check this, we introduce threshold values:
Mmax, Mmin, Nmax, Nmin.

If

µ(i) > Mmax & ν(i) < Nmin,

then the i-th student satisfies the “minimal threshold of knowl-
edge” for the current e-learning course.

If

µ(i) < Mmin & ν(i) > Nmax,

then the i-th student does not satisfy the “minimal threshold of
knowledge” for the current e-learning course and he/she has to
be evaluated for all assessment units again.

In the rest of the cases the “minimal threshold of knowledge”
is undefined and the i-th student has to be evaluated again for
the assessment units for which:

µj(i) ≤Mmax & νj(i) ≥ Nmin
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is valid.

2.3 Defining the Interval Valued Intuitionistic Fuzzy Eval-
uation of the Whole Student Class

Each interval valued intuitionistic fuzzy evaluation has the
form 〈M,N〉, where M , N ⊂ [0, 1] are intervals, i.e., M =

[infM, supM ], N = [inf N, supN ] and

supM + supN ≤ 1.

When we have some (e.g., c) student classes, we can obtain
aggregated evaluation for them on the basis of the intuitionistic
fuzzy evaluations of the separate students in each class, but we
can obtain interval valued intuitionistic fuzzy evaluation of the
class, too.

In the first case, for the k-th class (k = 1, 2, ..., c) we obtain
that the evaluation is based on formulas (1), (2) or (5) and it has
the form

〈µk, νk〉 =
〈

1

mk

∑mk

i=1 µk,i
,

1

mk

∑mk

i=1 vk,i

〉
,

where mk is the number of the students in the k-th class, and
〈µk,i, νk,i〉 is the final evaluation of the i-th student in the k-th
class.

When we want to obtain interval valued intuitionistic fuzzy
evaluation of the k-th class, we construct the numbers

Mk,inf = inf{µk,i | i = 1, 2, ...,mk},

Mk,sup = sup{µk,i | i = 1, 2, ...,mk},

Nk,inf = inf{νk,i | i = 1, 2, ...,mk},

Nk,sup = sup{νk,i | i = 1, 2, ...,mk}.

Now, we can construct the interval valued intuitionistic fuzzy
evaluation

〈Mk, Nk〉 = 〈[Mk,inf ,Mk,sup], [Nk,inf , Nk,sup]〉.

When we like to compare two classes (k-th and l-th) on
the bases of their results, we can use the following formulas
(see [12]):

〈Mk, Nk〉 ≤ 〈Ml, Nl〉

if and only if

Mk,inf ≤Ml,inf ,Mk,sup ≤Ml,sup, Nk,inf ≥ Nl,inf , Nk,sup ≥ Nl,sup.

In [12], other formulas for evaluation are discussed, too.

3. Conclusion

In the current paper we have presented the procedure that gives
the possibility for the algorithmization of the method of forming
the student’s evaluations by applying intuitionistic fuzzy estima-
tions. The suggested evaluation methodology and procedures
are intended to make the student’s evaluations as objective as
possible.

In practice, subjective estimation cannot be entirely avoided
but it should be made as objective as possible. This can be
achieved, to some extent, by approaches which employ quanti-
tative methods to utilize the instruments of subjective statistics.

In addition, the discussed procedure can be extended for
arbitrary facts having intuitionistic fuzzy or interval valued in-
tuitionistic fuzzy evaluations, using the same approach. The
procedure can be described by a generalized net and this possi-
bility will be in accord with the idea from [4] that the apparatus
of the intuitionistic fuzziness can be used successfully for eval-
uation of data mining processes.
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