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Abstract—Uncertainty in dependent variables or independent 
variables is typically caused by randomness or fuzziness. But 
randomness and fuzziness are more and more often appearing 
simultaneously in independent variables or dependent variables, 
giving rise to the concept of a fuzzy random variable. Regression 
analysis is a statistical measure to model the relationship between 
a dependent variable and one or more independent variables. 
However, the standard regression algorithms cannot handle the 
fuzzy random variables, so we propose a dual neural network 
algorithm based on confidence intervals for fuzzy random 
regression problems in this paper. The algorithm relies on the 
expectations of, and variances in, fuzzy random variables to 
construct the confidence intervals for fuzzy random input-output 
data. A dual neural network then identifies the sides of the 
interval output data; one network identifies the upper side, 
another network identifies the lower side, while a dual v-support 
vector regression algorithm concurrently constructs the initial 
structure of the dual neural network. Lastly, a dynamic genetic 
backpropagation algorithm tunes the parameters of the dual 
neural network to improve performance. Experiment results 
demonstrate the validity and applicability of the proposed dual 
neural network algorithm based on confidence intervals. 

Keywords— fuzzy random variable, regression analysis, neural 
networks, support vector regression, genetic backpropagation 

I. INTRODUCTION  

Regression analysis is a statistical measure used in finance, 
investing and other disciplines that attempts to model the 
relationship between a dependent variable and one or more 
independent variables [1]. Algorithms that can facilitate 
regression analysis are known as regression algorithms. Many 
standard regression algorithms request the available 
information of variables is precise [2], but in many real-world 
applications, the available information of variables is often 
uncertain. Hence to model the uncertain variables in regression 
algorithm, random variables and fuzzy variables were proposed 
from different theories [3]. In statistics, a random variable is a 
variable whose possible values are numerical outcomes of a 
random phenomenon [4]. A fuzzy variable is a generalization 
of a real number in the sense that it does not refer to one single 

value but rather to a connected set of possible values, where 
each possible value has its own weight between 0 and 1 [5].  

However, randomness and fuzziness can appear 
simultaneously in a dependent or independent variables. For 
example, consider a set of expert evaluations for an product. 
Assume there are 100 samples of the agricultural product and 
five experts evaluate the samples on the basis of ten attributes. 
Each expert grades each sample according to his experience 
and expertise. When different experts give different grades, the 
differences among the grades can be treated as a random 
variable, and each individual grade also can be treated as a 
fuzzy variable, such as a grade is given as about 5. Thus, the 
grades have both randomness and fuzziness information at the 
same time. The concept of fuzzy random variables (FRV) [6] 
was proposed to deal with such variations in grade types, and 
the example considered here is a fuzzy random regression 
problem [7]. Many researchers have since studied the 
mathematical properties of a fuzzy random variable [8-9], but 
few works have laid out a blueprint for designing an algorithm 
that solves fuzzy random regression problems [10].  

To fill this gap in the literature, this paper presents a dual 
neutral network algorithm based on confidence intervals (CI-
DNN) is proposed for fuzzy random regression problems. First, 
the confidence intervals in fuzzy random input-output data are 
constructed based on the expectations of and variances in fuzzy 
random variables. Then, the upper and lower sides of the 
interval output data are identified using a dual neural network. 
One identifies the upper side; the other identifies the lower 
side. A dual v-support vector regression algorithm concurrently 
maps out the initial structure of the dual neural network, which 
a dynamic genetic backpropagation algorithm uses to tune the 
parameters of the dual neural network to improve performance. 

The contributions of this paper are twofold: (1) a strategy to 
better deal with the fuzzy random variables in regression 
model; (2) a new regression algorithm which include a dual 
neural network, and use a novel support vector regression 
algorithm to construct the initial structure of the dual neural 
network, and a novel backpropagation algorithm to tune the 
initial values. 



 The rest of this paper is organized as follows. Section II 
sets out the preliminaries of fuzzy random variables. Section 
III discusses the use of CI-DNN algorithm to solve fuzzy 
random regression problems. The experimental settings and 
results are presented in Section IV, along with a discussion of 
the findings. Section V provides the concluding remarks. 

II. PRELIMINARIES 

A. FRV: Expected Value and Variance 

Given a universe Γ , let Pos be a possibility measure that is 
defined on the power set ( )P Γ  of Γ . Let ℜ  be the set of real 

numbers. A function Y : Γ → ℜ  is said to be a fuzzy variable 
defined by ( ) { }Y t Pos Y tμ = = . t ∈ℜ is the possibility of 

event {Y = t}. The possibility Pos, necessity Nec, and 
credibility Cr of event { }Y r≤  for the fuzzy variable Y, with 

possibility distribution Yμ are: 

  { } ( )sup Y
t r

Pos Y r tμ
≤

≤ =   

 { } ( )1 sup Y
t r

Nec Y r tμ
>

≤ = −   

 { } ( ) ( )1
1 sup sup

2
Y Y

t r t r
Cr Y r t tμ μ

≤ >

 ≤ = + − 
 

 (1) 

The expected value of a fuzzy variable based on the above 
credibility measure follows in Definition 1. 

Definition 1 (see [11]): Let Y be a fuzzy variable. The 
expected value of Y is defined as 

 [ ] { } { }0

0
E Y Cr Y r dr Cr Y r dr

∞

−∞
= ≥ − ≤   (2) 

provided that the two integrals are finite. 

 Definition 2 (see[12]): Suppose that ( ), , PrΩ Σ is a probabil-

ity space and vF  is a collection of fuzzy variables defined on 

possibility space  ( ), ( ),P PosΓ Γ . A fuzzy random variable is a 

mapping : vX FΩ →  such that for any Borel subset B of ℜ , 

( ){ }Pos X Bω ∈  is a measurable function of ω . 

Definition 3 (see [12]): Let X be a fuzzy random variable 
defined on a probability space ( ), , PrΩ Σ . Then, the expected 

value of X is defined as 

 [ ] ( ){ }
0

E Cr r drξ ξ ω
∞

Ω
= ≥    

 ( ){ } ( )0
PrCr r dr dξ ω ω

−∞
− ≤   (3) 

Definition 4 (see [12): Let X be a fuzzy random variable 
defined on a probability space ( ), , PrΩ Σ  with the expected 

value e. Then, the variance of X is defined as 

 [ ] ( )2
Var X E X e = −   (4) 

where e = E[X] is given by Definition 3.  

B. FRV With Confidence Intervals 

The format of the data is shown in Table I, where the input 
data ikX  and the output data iY  for all i = 1, . . . , N, and k = 1, 
. . . , N, are fuzzy random variables, which are defined as [13]:  

 ( ){ }, ,

1

, , ,
YiM

t l t rt t
i i i i iT

t

Y Y Y Y p
=

=  (5) 

 ( ){ }, ,

1

, , ,
XikM

t l t rt t
ik ik ik ik ikT

t

X X X X q
=

=   (6) 

respectively. This means that all values are given as fuzzy 

numbers with probabilities, where fuzzy variables ( ,, ,t lt
i iY Y     

, )t r
i TY  and ( ), ,, ,t l t rt

ik ik ik T
X X X  are associated with probability   

t
ip  and t

ikq , for i = 1,2, . . . , N, k = 1,2, . . . , N, and t = 1,2, . . . 

,
iYM  or t = 1,2, . . . , 

ikXM , respectively. 

A confidence interval is defined based on the expectation of 
and variance in a fuzzy random variable, and it for each fuzzy 
random variable is expressed as : 

 [ ] ( ) ( ) ( ) ( ), ,X XI e E X Var X E X Var Xσ  − +   (7) 

given a one-sigma confidence interval (1 × σ), and hence called 
a one-sigma confidence interval [13]. Two-sigma and three-
sigma confidence intervals can be similarly defined. All of 
these confidence intervals are called σ-confidence intervals. 
Table II shows the data for one-sigma confidence intervals. 

III. AN CONFIDENCE-INTERVAL-BASED DUAL V-SUPPORT 

VECTOR REGRESSION NETWORKS 

Based on the above σ-confidence intervals, both the input 
and output data translate into interval data. Thus, a fuzzy 
random regression problem is translated into an interval 
regression problem [14-15], i.e., where the interval input and 
output data are used to train a regression model. For solving an 
interval regression problem, the CI-DNN algorithm proposed 
in this paper.  

In the CI-DNN algorithm, a dual neural network are 
employed to identify the sides of the interval output data; one 
neural network identifies the upper side, other neural network 
identifies the lower side. The initial structures of the dual 
neural network are obtained by a dual v-support vector 
regression algorithm. Then a dynamic genetic backpropagation 
algorithm is employed to tune the parameters of the dual 
neutral network under the initial structure. The detailed 
description of the dual neural network algorithm based on 
confidence intervals is presented in the following subsections. 



TABLE I.  FUZZY RANDOM INPUT-OUTPUT DATA 

 Output Inputs 

i Y X1,             X2,        …          Xt,    …,       XN 

1 ( ){ }, ,
1 1 1 1, , ,t l t rt t

T
Y Y Y p  ( ){ }, ,

11 11 11 11, , ,t l t rt tX X X q ,…, ( ){ }, ,
1 1 1 1, , ,t l t rt t

N N N NX X X q  

2 ( ){ }, ,
2 2 2 2, , ,t l t rt t

T
Y Y Y p  ( ){ }, ,

21 21 21 21, , ,t l t rt tX X X q ,…, ( ){ }, ,
2 2 2 2, , ,t l t rt t

N N N NX X X q  

    … 

N ( ){ }, ,, , ,t l t rt t
N N N NT

Y Y Y p  ( ){ }, ,
1 1 1 1, , ,t l t rt t

N N N NX X X q ,…, ( ){ }, ,, , ,t l t rt t
NN NN NN NNX X X q

 

A. Initial structure of CI-TVSVRNs 

How to build the initial structure is an important issue of 
the neutral networks algorithm [16]. In our algorithm, we use 
the support vector regression (SVR) algorithm to build the 
initial structure of the dual neural network, because using the 
SVR algorithm to build the initial structures of the networks is 
equivalent to solve a quadratic programming problem [17]. 
Besides, the number of hidden nodes and adjustable parameters 
are easily obtained given the fixed structure of SVR [18]. 
However, the standard SVR algorithms cannot handle the 
interval data [19]. Thus, we developed a novel SVR algorithm 
that can handle the interval data, called a dual v-support vector 
regression (DVSVR) algorithm.  

Once the intervals in the input-output data ( )[ , ],[ , ]X X Y Y  

have been determined, the DVSVR algorithm concurrently 
calculates the lower and upper sides of the interval output data 

( )f x+  determines the upper side of the interval output data; 

( )f x−  determines  the  lower side as follows: 

 ( ) if x w x b+ + += ⋅ +  (8) 

 ( ) if x w x b− − −= ⋅ +  (9) 

The functions ( )f x+ and ( )f x− are derived by solving the 

following pair of quadratic programming problems: 

 2

1 1 1
1

1 1
min

2

N

i
i

w C v b
N

ζ+ +

=

 + + 
 

   

       1 1s.t.  and 0 for 1, , .i i i iw x b y i Nξ ξ+ +⋅ + ≥ − ≥ =    (10) 

and 

 2

2 2 2
1
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min

2

N

i
i

w C v b
N

ζ− −

=

 + + 
 

   

      2 2s.t.  and 0 for 1, , .i i i iw x b y i Nξ ξ− −⋅ + ≥ + ≥ =    (11) 

where 
2

w +
− is the regularization term, C1, C2  are the 

regularization parameters and 1iξ , 2iξ  are the slack variables. 
Parameter v1,2 ∈ (0, 1) controls the trade-off between the 

minimization of b+
−  and the minimization of errors. 

TABLE II.  INPUT-OUTPUT DATA WITH CONFIDENCE INTERVAL 

Sample Output Inputs 

i [ ],Y YI e σ   
1 1
,X XI e σ   ,           …           , ,

N NX XI e σ    

1 [ ]1 1,Y YI e σ  
11 11

,X XI e σ   ,          …          ,
1 1

,
N NX XI e σ    

2 [ ]2 2,Y YI e σ  
21 21

,X XI e σ   ,          …          ,
2 2

,
N NX XI e σ    

     

N [ ],YN YNI e σ  
1 1
,

N NX XI e σ   ,        …          , ,
NN NNX XI e σ    

The dual problem of (10) and (11) can be obtained as: 

 1 1 1
1 1 1

1
max

2
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i j i j i i
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= = =
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 1
1 1 1 1

1
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N
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i
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=
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and 

 2 2 2
1 1 1

1
max

2

N N N

i j i j i i
i j i

a a x x a y
= = =

− ⋅ −    

 2
2 2 2 2

1

s.t.  and 0,  , 1, , .
N

i i
i

Ca C v a i NN
=

 = ∈ =     (13) 

After solving the problem (12) and (13), the weight vector 
can be obtained: 

 1
1

N

i i
i

w a x+

=

=  (14) 

 2
1

N

i i
i

w a x−

=

= −  (15) 

 The parameter b+
 and b-

 can be determined from the KKT 
(Karush–Kuhn–Tucker) conditions 

 1 1 0i i i ia w x b y ξ+ + ⋅ + − + =   (16) 

 1
1 1 0i i

C
a

N
ξ − = 

 
  (17) 

and 

 2 2 0i i i ia y w x b ξ− − − ⋅ − + =   (18) 

 2
2 2 0i i

C
a

N
ξ − = 

 
  (19) 

from equations (17) and (19), some ( )1 1 10, / , 0i ia C N ξ∈ =  

and ( )2 20, /ia C N∈ , 2iξ  = 0 can be obtained. Moreover, the 

second factors in (16) and (18) are zero. Hence, b+ and b- can 
be calculated by: 



 { } ( )1 1max  for some 0, /i i ib y w x a C N+ += − ⋅ ∈  (21) 

and 

 { } ( )2 2min  for some 0, /i i ib y w x a C N− −= − ⋅ ∈  (22) 

Finally, the upper bound function ( )f x+ and the lower 

bound function ( )f x−  of the interval output data are built as: 

 ( ) 1
1

N

i i
i

f x x x bα+ +

=

= ⋅ +  (24) 

and 

 ( ) 2
1

N

i i
i

f x a x x b− −

=

= − ⋅ +  (25) 

The training samples with α1i, α2i > 0 are termed support 
vectors, because only these points determined the final 
regression function, and according to the KKT conditions 
given by (16), (17), (18), and (19), only training samples that 
are outside the insensitive zone, and lying on the upper or 
lower side function are captured as support vectors, so the 
number of support vectors is very few. Hence, the prediction 
speed of the proposed dual v-support vector regression 
algorithm is fast. 

B. Extension to Nonlinear Regression Model 

The regression model estimated by equations (10) and (11) 
is a linear function in Rn. In order to extend it to nonlinear 
regression model, the concept of kernel function is employed, 
which utilizes a nonlinear transform Φ : Rn → F to map the 
data points into a higher dimensional feature space F and 
estimates a linear regression model in the feature space F.  
After mapping all data points into the feature space F, the 
formulation of the DVSVR algorithm would only depend on 
the data through inner products in F, i.e., on the functions of 

the form ( ) ( )i jx xΦ ⋅Φ . Hence, it suffices to know and use 

the kernel function ( ),i jK x x = ( ) ( )i jx xΦ ⋅Φ  instead of 

( )Φ •  explicitly. Replacing i jx x⋅  with ( ),i jK x x  in the 

problems (12) and (13), the following dual quadratic 
programming problems can be obtained: 

( )1 1 1
1 1 1

1
max

2

N N N

i j i j i i
i j i

a a K x x a y
= = =

− ⋅ +   

 1
1 1 1 1

1

s.t.  and 0,  , 1, , .
N

i i
i

Ca C v a i NN
=
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and 

 ( )2 2 2
1 1 1

1
max

2

N N N

i j i j i i
i j i

a a K x x a y
= = =

− ⋅ −    

 2
2 2 2 2

1

s.t.  and 0,  , 1, , .
N

i i
i

Ca C v a i NN
=

 = ∈ =     (27) 

The upper and lower bound functions respectively are: 

 ( ) ( )1
1

,
N

i i
i

f x K x x bα+ +

=

= +  (28) 

and 

 ( ) ( )2
1

,
N

i i
i

f x a K x x b− −

=

= − +  (29) 

 

C. Learning algorithms of CI-DNN 

In outlined above, CI-DNN derives the initial structures for 
the dual neural network through a DVSVR algorithm based on 
the initial values {w+, b+} and for {w-, b-}. However, it is well-
known that performance in a SVR algorithm can be improved 
by properly tuning the network parameters with a learning 
schemes [20]. Hence, it is desirable to apply a learning 
algorithm to tune the parameters of two neural networks under 
the initial structure obtained by the DVSVR algorithm to 
improve the performance.  

The genetic algorithm can search the objective function in 
the parallel space, and check a number of possible solutions at 
one time. It can search the global optimal or suboptimal 
solution in the solution space, and it has an excellent ability of 
global searching. Hence, through the use of genetic algorithms 
to optimize original weights and biases of neural network, a 
better searching space in solution space could be obtained, but 
the learning speed of genetic algorithm is a problem [21]. 
Therefore, we propose a dynamic genetic backpropagation 
algorithm (DGBP) to tune the parameters of two neutral 
networks under the initial structure. 

The DGBP algorithm is similar to genetic back propagation 
algorithm [20]: 

• Data normalization: all data are normalized to the 
values between [-1-1]. 

• Importing data: importing 2/3 input and output data as  
training datasets, and the rest of the input and output 
data as testing datasets.  

• Configuration parameters of the network: Then 
selecting the basic structure parameters of network 
according to the target problem. Due to only two output 
values, two output neurons are there in output layer, and 
the number of input nodes will be equal to the number 
of features. The number of hidden-layer is one. Neurons 
within the hidden layer relies on the fixed structure of 
the dual v-support vector regression model, and in our 
algorithm, we use two dual v-support vector regression 
models to identify the two output data. 

• Establishing and running the genetic algorithms: setting 
up initial population size. It will be  kept between 20 



and 30. Then setting up other operating parameters, the 
number of generations Ngen should range between 200 
and 800, and the chromosome will also be encoded as 
real values. The values of crossover is taken as 1, and 
the crossover rate ranges between 0.5-0.8. Besides, in 
the proposed algorithm, flip the gene value with a 
random value within range of [-1,1], which is same as 
the range considered for assigning initial weights and 
mutation rate is kept 0.01. 

• Information transfer: information passed from the input 
layer to the hidden-layer(s) and then to the output layer 
through the weights, biases and the DVSVR algorithm 
to obtain the output prediction results. 

• Training the network, or call the error back propagation 
stage: calculating the errors between the neural network 
outputs and the desired ones. If the errors were less than 
the predefined threshold 0.01, stopped training and got 
the final network architecture. Otherwise, a dynamic 
backpropagation algorithm adjusted weights and biases 
along with the reverse path of the information transfer. 
The learning rate of backpropagation algorithm be 
taken in the range of [0.5-0.8], and the number of 
epochs is kept in range of [300-500]. Repeating this 
process until the network was able to predict the given 
outputs within desired tolerance 0.01. 

Therefore, the difference between DGBP algorithm and 
traditional genetic backpropagation algorithm is that when we 
are calculating the errors between the neural network outputs 
and the desired ones, we use a dynamic weight to represent the 
degree of error in the cost function rather than a constant value. 
Thus, for upper side network, the cost function is defined as: 

 ( ) ( ) 2

1 1

1 1

2 2

N N

i i i
i i

E t E e tμ++

= =

= =      (30) 

 ( ) ( )i i ie t y f x+= −  (31) 

where t is the epoch number, iy  is the high value of the 

interval output, ( )ie t  is the error between iy  and ( )kf x+ ( 

the output of upper side network at epoch t ), and the  dynamic 
weighting parameter iμ  is defined as:  

 ( )
( ) ( )

1                if  
          if  

i i
i

i i

y f x
t y f x

μ
μ

+

+

 >=  ≤
 (32) 

where ( )tμ is a small positive value. To accelerate the learning 

speed, a decreasing function is used for ( )tμ  rather than a 

constant. The decreasing function, as defined in [22], is: 

 ( )
( ) 3

1

1 / 2000
t

t
μ =

+  
 (33) 

 A gradient-descent kind of learning algorithm is then 
directly used to update initial values {w+, b+}. These updated 
rules are: 
 

 ( ),i
i i i

i

E
w e K x X

w
η ημ

+
+

+

∂Δ = − =
∂

 (34) 

 i
i i i

i

E
b e

b
η ημ

+
+

+

∂Δ = − =
∂

 (35) 

where η  is a learning constant. Similarly, to train the lower 
side network, the dynamic weighting parameter in the cost 
function as (32) is replaced by: 

 ( ) ( )
( )

    if  
1          if  

i i
i

i i

t y f x
y f x

μμ
−

−

≥=  <
 (36) 

where iy  is the low value of the interval output. the initial 

values {w-, b-} in the lower side network are also updated by 
(34) and (35).  

The Fig.1 demonstrate the paradigm of CI-DNN. 
Moreover, since the CI-DNN have good initial structures 
through the DVSVR algorithm due to its optimization nature, 
the CI-DNN with the DGBP algorithm have a very fast 
convergent speed. 

 

Fig. 1. The structure of CI-DNN 

IV. EXPERIMENTS 

In this section, we use several artificial examples to 
validate the effectiveness and performance of the proposed CI-
DNN algorithm. All examples are implemented with a radial 
basis function (RBF) kernel (37) in MATLAB version 2016a  
running on a Windows 7 PC with an Intel Core i5 processor 
(2.40 GHz) and 8-GB RAM. For simplicity, the model 
parameters were set as C1 = C2 = C and v1 = v2 = v. The values 
for the parameter C were selected from {10i | i = 0, 1, ... , 6}; 



from {0.01, 0.02, ..., 0.4} for parameter q; and from {0.01, 
0.02, ..., 0.6} for parameter v. 

 ( ) { }2
, exp qK u v u v= − −  (37) 

A. Examples  

In this section, we use two artificial examples to illustrate 
our proposed CI-DNN algorithm, we firstly estimate a linear 
function. The training data sets firstly were generated by: 

 { 0.02 1
,  1,2, 50

k k

k

y x
x k k

= +
= =   (38) 

We then design a method to transform these crisp numbers 
into fuzzy random variables. To replicate randomness, we used 
a noise variable ek to perturb xk, (i.e., k kx k e= + ) with a 50 
percent probability that the crisp number would become 1, and 
a 50 percent probability that it would become -1. To replicate 
fuzziness, we used the triangular fuzzy numbers ( ), ,m α β to 

represent the fuzziness, where 0.5α β= = . The same method 
was used to handle the dependent variables yk. This process 
resulted in the fuzzy random input-output training set shown 
in Table III. 

TABLE III.  FUZZY RANDOM INPUT-OUTPUT DATA 

Sample Output Inputs 

1 
{(3.5, 4, 4.5),0.5}, 
{(5.5, 6, 6.5),0.5} 

{(-0.5, 0, 0.5),0.5},  
{(1.5, 2, 2.5),0.5} 

2 
{(9.5, 10, 10.5),0.5}, 
{(11.5, 12,12.5),0.5} 

{(0.5, 1, 1.5),0.5},  
{(2.5, 3, 3.5),0.5} 

     

50 
{(99.5, 100, 100.5),0.5}, 
{(101.5, 102, 102.5),0.5} 

{(48.5, 49, 49.5),0.5}, 
{(50.5, 51, 51.5),0.5} 

We then use the data in the Table III as training data sets to 
train our proposed CI-DNN algorithm. From above section, we 
know in the CI-DNN algorithm, we use the DVSVR algorithm 
to produce two functions in the first step, these two functions 
identify the upper side and lower side of the confidence 
intervals, and we use the DGBP algorithm in the next step to 
tune the parameters in the DVSVR algorithm. Fig.2 shows the 
results of the two steps. 

In the Fig.2, the crisp numbers (blue solid dots) were 
produced by the function (38), the fuzzy random variables 
(yellow asterisks) based on the crisp numbers were produced 
by the method described previously, and the confidence 
intervals (vertical blue lines) of the fuzzy random variables 
were produced by function (7) and the confidence intervals 
always include the true values. In the Fig.2.(a), the CI-DNN 
algorithm produces two functions f+(x) and f-(x) by the 
DVSVR algorithm to identify the upper side and lower side of 
the confidence intervals, but the two functions cannot to fit the 
confidence intervals suitably. The reason is the parameters in 
the DVSVR algorithm not be set suitably. 

 
(a). Using an DVSVR algorithm to produce two functions 

 
(b). Using an DGBP algorithm to turn the parameters in the DVSVR algorithm 

Fig. 2. The results of linear regression 

But in the Fig.(2).(b), we can see the CI-DNN tightly fits 
the confidence intervals, so it shows that the DGBP algorithm 
improves the CI-DNN algorithm’s performance. In other word, 
the parameters in the DVSVR algorithm were turned suitably 
by the DGBP algorithm. 

Next, we estimated a nonlinear function. The training data 
sets were generated by: 

 ( )
( )

2 20.2sin(2 ) 0.2 0.3 0.1 0.05
0.02 1 ,  1,2, 50

k k k k

k

y x x x
x k k

π= + + + +
 = − =   (39) 

The method described previously was again used to 
transform crisp numbers into fuzzy random variables. 
However, in this case, ek = 0.2 or -0.2. We also use two figures 
to illustrate the CI-DNN algorithm. The results of using an 
DVSVR algorithm to produce two functions are shown in 
Fig.3.(a), and the results of using the DGBP algorithm to 
adjust two functions shown in the Fig.3.(b). From the Fig.3, 
we can get the same results in the Fig.2.  



Therefore, we can get three conclusions: (1) whether the 
relationship between the fuzzy random variables is linear or 
nonlinear, the confidence intervals are good variables to 
replace the fuzzy random variables, (2) the fuzzy random 
regression problems can be translated into the interval 
regression problems. (3) the CI-DNN algorithm can solve the 
interval regression problems. In the next sections, we illustrate 
CI-DNN algorithm not only can solve interval regression 
problems, but also can efficiently solve the interval regression 
problems.  

 
(a). Using an DVSVR algorithm produces two functions 

 

(b).  Using an DGBP algorithm to turn the parameters in the DVSVR algorithm  

Fig. 3. The results of nonlinear regression 

B. DVSVR Algorithm 

Due to the initial structure of the CI-DNN algorithm is 
constructed by the DVSVR algorithm, so if the DVSVR 
algorithm is an effective algorithm to solve the interval 
regression problem, the CI-DNN algorithm will be an efficient 
algorithm. Based on the reason, we compare the DVSVR 
algorithm with TSVR algorithm [22] and ITSVR algorithm 
[23] in the second experiment. These two algorithms are also 
designed for interval regression problem. Table IV shows the 

comparison result based on the training data sets were 
generated by the sinc function ( ) [ ]sin ,  3 ,3y c x x π π= ∈ − . 

TABLE IV.  COMPARISON RESULT OF SINC FUNCTION 

Algorithm RMSE Time (s) 

TSVR 0.1633 0.0530 

ITSVR 0.1095 0.0520 

DVSVR 0.0722 0.0510 

We used 10-fold cross-validation to test the perfomence, 
Table IV lists the average prediction results of the three 
algorithms, including the RMSE [23], Time, From Table IV, 
we can find that our algorithm obtains the better prediction 
performance than other two algorithms. 

TABLE V.  COMPARISON RESULT OF POLYNOMIAL FUNCTION 

Algorithm RMSE Time (s) 

TSVR 4.2200 0.0345 

ITSVR 3.9856 0.0290 

DVSVR 3.1976 0.0282 

We then also use another training data sets to test the 
DVSVR algorithm. The second data sets is the ‘‘order wise’’ 
polynomial problem with fuzzy data points [24]. Table V also 
shows the comparison result in terms of RMSE and Time 
(seconds) and the results in Table V also show our algorithm 
obtains the better performance than other two algorithms, so 
the DVSVR algorithm is an efficient and applicability 
algorithm. 

C. DGBP Algorithm 

Due to in CI-DNN algorithm, we use the DGBP algorithm 
to turn the parameters in the DVSVR algorithm, so if the 
DGBP algorithm is an effective algorithm to turn the 
parameters in the DVSVR algorithm, the CI-DNN algorithm 
will be a efficient algorithm to solve the interval regression 
problem. Based on the reason, in the last experiment, we test 
the performance of the DGBP algorithm. We compare the 
performance of the DVSVR algorithm based on using the 
traditional backpropagation algorithm [25], the genetic 
backpropagation algorithm [25], and the DGBP algorithm. 
The training data sets is used from [23]. It includes 41 training 
points. Table VI shows the comparison result in terms of 
RMSE and Time. 

TABLE VI.  COMPARISON RESULT (ISVIRN AND CI-DNN) 

Algorithm RMSE Time (s) 

DVSVR+BP 0.1015 0.1630 

DVSVR+GB 0.1000 0.1561 

DVSVR+DGBP 
(CI-DNN) 

0.1001 0.1272 

 The results in Table VI show that the DGBP algorithm 
improves the DVSVR algorithm’s performance and reduce the 



training speed than other algorithms, so the DGBP algorithm 
is an efficient and applicability algorithm. 

V. CONCLUSION AND FUTURE WORKS 

This paper presents an algorithm, called CI-DNN, to fill the 
gap in effective algorithms that can deal with fuzzy random 
regression problems. The CI-DNN algorithm is robust to 
uncertainty where randomness and fuzziness exist at the same 
time. Besides, the experimental results indicate that the CI-
DNN algorithm brings four advantages: (1) the learning speed 
of CI-DNN is fast; (2) the CI-DNN also has good 
generalization performance; (3) the number of hidden nodes 
and adjustable parameters of the CI-DNN are easily obtained; 
and (4) the CI-DNN has a very fast convergent speed. 
Nowadays, technology advanced make it possible to access 
fast and infinite data, such as data streams. Solving the 
regression problem of data streams, an incremental regression 
algorithm need to be proposed, but the CI-DNN algorithm is a 
batch learning algorithm, so in the future research works, we 
are plan to extend the CI-DNN algorithm to an incremental 
algorithm. 
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