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Abstract—Design of a frequency-shaped second-order sliding
mode (FS2SM) controller is demonstrated by means of exploiting
second-order low-pass filter (LPF) to model the dynamic sliding
surface to shape the frequency characteristics of the equivalent
dynamics. The proposed technique is numerically verified in
the simulation of a half-car model (HCM) with inbuilt active
hydraulically interconnected suspension (HIS) system. The closed-
loop performances confirm that inclusion of an appropriate filter
in the control scheme allows not only to reduce the roll angle but
also its spectrum can be shaped.

I. INTRODUCTION

Autonomous driverless cars and unmanned ground vehicles
(UGVs) are becoming a reality, thanks to the robotics com-
munity. These vehicles can be used in complex envrionments
and off-road navigation, and are subject to nonlinear dynamic
forces and moments because of complex terrain behavior
and uneven traversing surface [1]-[3]. Due to unstructured
terrain irregularities and size of the wheeled off-road vehicles,
they can be considered among the primary sources of energy
dissipation and pollutant emission; they should overcome
as well as their performing tasks. The active hydraulically-
interconnected suspension (HIS) is a promising candidate for
rollover prevention, which is one of the prominent priorities in
vehicle safety and handling control. Due to a turning maneuver,
when the car body inclines, a differential pressure results in the
HIS system which produces a counter roll moment to oppose
that of the centrifugal force.

Sliding mode (SM) control (SMC) is known as a discon-
tinuous robust control [4]-[6], which forcibly confines the
system’s states to a specified and user-chosen surface (is called
sliding or switching surface) by oscillating the control structure
with infinite frequency on both sides of a stable hyperplane
in the state space. Hence, the ultimate trajectory does not
exist entirely within one control structure, instead it slides
along the boundaries of the control structures. The motion
of the system as it slides along these boundaries is called a
SM and the geometrical locus consisting of the boundaries
is called the sliding (hyper) surface. SMC alters a possibly
higher-order problem into a first-order stabilization problem
that of controlling the distance from the system state to the
manifold so that the distance is zero or as close as to that
the actuators can obtain. The striking feature of SMC is its
insensitivity to parametric uncertainty and disturbances during
the SM [4],[7],[8].

At first, a sliding surface is designed such that the reduced
order model has convergence properties and independent of

the model uncertainty. The nth order sliding manifold can be
defined as the static intersection in the state space by σ(x) =
Sx = xn +

∑n−1
k=1 ρkxk = 0, x ∈ Rn, S = [ρ1, · · · , ρn−1, 1],

in which the parameters ρ1 to ρn−1 are chosen such that
the characteristic equation sn−1 +

∑n−1
k=1 ρks

k−1 = 0 is
Hurwitz, where s is the Laplace operator [7], [9]. Secondly,
the control gain is constructed (can be obtained based on the
generalized Lyapunov stability theory), which can use only
the information on the bounds of uncertain variables, to drive
all trajectories on to the manifold in finite time and remain
on it thereafter. The average of the high-frequency switching
induces the control which ensures the conditon σ̇ = 0 [7]-
[10]. Since the polynomial is Hurwitz, once on the sliding
manifold, the trajectories will go to zero with a transient
behavior characterized by the selected ρ1, . . . , ρn−1.

The r-th order sliding mode (r-SM) can be determined by
the equalities

σ(x) = σ̇(x) = · · · = σ(r−1)(x) = 0, r = r1, . . . , rn, (1)

in which (i) successive total time derivatives σ, . . . , σ(r−1)

are continuous functions of x, (ii) σ = · · · = σ(r−1) = 0
is a nonempty integral set which consists locally of Filip-
pov’s trajectories [11], and (iii) the Filippov set of admissible
velocities at the r-sliding points contains more than one
vector [12]-[17]. The r-th derivative σ(r1)

1 , σ
(r2)
2 , . . . , σ

(rn)
n are

discontinuous or non existent as a single-valued function of x
due to some reason like trajectory nonuniqueness. The vector
r = [r1, . . . , rn] is called the sliding order. A SM is called
stable if the corresponding integral sliding set is stable. The
motion on r-sliding set (1) is said to be the 2-SM when the
sliding order is r = [2, . . . , 2] with σ̈ are discontinuous and
σ, σ̇ are continuous functions of x.

Theoretically, the trajectory is supposed to slide on the
sliding manifold, but there are delays and imperfections in the
switching devices, and unmodeled high-frequency dynamics,
which lead to chattering. Chattering is a small amplitude high-
frequency oscillation which appears in the neighborhood of the
sliding manifold that results in low control accuracy, high heat
losses in electrical power systems, and high wear and tear of
moving mechanical parts [4],[18]. It may excite unmodeled
high-frequency dynamics which can also degrade the system
performance and lead to unforeseen instabilities. Hence, it is
one of the main concerns in SMC.

Frequency domain approach to structural control allows one
to rolloff the control action at high frequencies and to specify



the disturbance attenuation over desired bands of frequencies
during control design. To extend the SMC design to the
frequency domain, frequency-shaped (FS) SMC (FSSMC) and
discrete-time FSSMC have been developed and applied to
various mechanical systems including active vibration control
[9], flexible robot manipulators [19],[20], active suspension
system [21], and smart structure [22], [23]. In FSSMC, the
sliding surface is modeled by a desired linear operator to
suppress frequency components of the SM response in a
designated frequency band [18], [19]. According to [19], linear
operators can be interpreted as a low-pass filter (LPF) (either
as a prefilter, similar to introducing artificial actuator dynamics
or as a postfilter, functioning like sensor dynamics) for shaping
the system equivalence dynamics in the frequency domain.
A synthesis method for flexible manipulator was introduced
in [20]: (i) the terminal SMC was applied to achieve small
steady state error and to accelerate the convergence of the
sliding mode towards equilibrium and (ii) the FS approach was
adopted to reduce the intrinsic resonance modes. A discrete
time approach to the frequency shaping LQ control using the
Parseval’s theorem was studied for active suspension system in
[21]. In [22], a FSSMC using output feedback was proposed
for damping out the amplitude of vibration of smart flexible
cantilever beam in which the system states are estimated based
on measuring the output at a faster rate than the control input.

Notation and Definitions: The closed ball of radius p with
center at the origin is defined by Bp =∆ {x ∈ Rn : ‖x‖ ≤ p};
p is a nonnegative real number. Let r ∈ N represents the
sliding order. R and N denote the real and nonnegative natural
number sets. λ(A) is the spectrum of the non-defective matrix
A. AT(x)T is the transpose of a matrix A (a vector x).
A−1(f)−1 is the inverse of a nonsingular square matrix A (a
function f ). I and 0 denote the identity and zero matrices of
appropriate dimension. ‖ · ‖1 denotes 1-norm. sgn(·), sat(·/ε)
and tanh(·/ε) denote respectively the sign function, high-slope
saturation function and hyperbolic tangent function whose
steepness is determined by ε (is a small positive constant).

II. CONTROL DESIGN

We consider the two-dimensional, single-input nonlinear
system to illustrate the design methodology:

ẋ1 = x2, ẋ2 = h(x) + g(x)u, (2)

where h(x) and g(x) ≥ g0 > 0, ∀x ∈ R2, are some smooth
nonlinear functions, and u ∈ R is the control input. Our main
goal is to design a robustly stabilizing control law. In other
words, the control u = U(x1, x2) is supposed to constrains
the trajectories to the manifold (or surface) σ ≡ 0 in finite
time, i.e. limt→∞ x1, x2 = 0.

The standard (σ̇ is discontinuous and σ is continuous
functions of x) sliding variable can be expressed by a first-
order form σ = Sx = ρx1 + x2, S = [ρ 1], t ≥ 0. Here, ρ
satisfies the Hurwitz condition, i.e. ρ > 0. Suppose that sliding
motion is generated in the system at ts > 0. Hence, on this
manifold σ ≡ 0, we have the governing motion ẋ1 + ρx1 =
0, ∀t ≥ ts > 0 and a solution x1(t) = x1(ts)e

−ρ(t−ts) and
its derivative x2(t) = ẋ1(t) = −ρx1(ts)e

−ρ(t−ts), in which
the rate of convergence can be controlled by choice of a

finite positive constant ρ. For example, if the k-th stiffness
and damping of an n degree-of-freedom (dof) structure are
known, and denoted respectively by kk and ck, then we can
select ρk = kk/ck where k = 1, 2, · · · , n.

In order to dynamically shape the frequency response of
the equivalent dynamics, the sliding function is cast by using
a dynamic linear operator L(s), a function of s [9], [23], [25],
instead of ρ. We herein design the dynamic sliding surface (is
a type of dynamic manifold) with a second-order LPF by

σ = L(s)x =
b0

s2 + a1s+ a0
x1 + x2,L(s) = [L(s) 1], (3)

for example, to get a steeper rolloff of |L(jω)|, ω ∈ [0,∞)
for large values of frequency ω. Herein, L(s) = b0

s2+a1s+a0
gives a |L(jω)| with 2-pole rolloff (an asymptotic slope of
−40 dB/decade above cut-off frequency) at high frequencies.

The algebraic manipulation of (3) gives

σ̈ + σ(a1s+ a0) = ẍ2 + x2(a1s+ a0) + b0x1

⇒σ̈ = ẍ2 − (a1s+ a0)
( b0
s2 + a1s+ a0

)
x1 + b0x1

⇒σ̈ =
∂h

∂x
(h+ gu) +

∂g

∂x
(h+ gu)u+

g(x)u̇+ b0x1

(
1− a1s+ a0

s2 + a1s+ a0

)
⇒σ̈ = H(x, u) + g(x)v + b0x1

( s2

s2 + a1s+ a0

)
⇒σ̈ = H(x, u) + s2L(s)x1 + g(x)v,

(4)

where H(x, u) = ∂h
∂x (h + gu) + ∂g

∂x (h + gu)u and v = u̇ is
prescribed as the new control [26].

Let ĝ and Ĥ be nominal model of the g and H , respectively.
We can obtain the best approximation v̂ of the continuous
control law that achieves σ̈ = 0:

v̂ = −ĝ(x)−1
[
Ĥ + s2L(s)x1

]
. (5)

A discontinuous term now can be added to pull the system
to the surface as equivalent control vE = v̂ is valid only
on the sliding surface. Adding a reaching control input vR
to (5) guarantees that the plant dynamics reach the sliding
surface in finite time regardless the presence of uncertainty or
nonlinearity.

Substituting v = vE + vR into (4) results in

σ̈ = H + s2L(s)x1 + g(x)
[
− Ĥ + s2L(s)x1

ĝ(x)
+ vR

]
= H − g(x)

ĝ(x)
Ĥ + s2L(s)x1

[
1− g(x)

ĝ(x)

]
+ g(x)vR

= δ(x) + g(x)vR,

(6)

where δ(x) denotes the perturbation term by

δ(x) := H − g(x)

ĝ(x)
Ĥ + s2L(s)x1

[
1− g(x)

ĝ(x)

]
.

Suppose δ(x) satisfies the inequality∣∣g(x)−1δ(x)
∣∣ ≤ %(x) (7)

for some known function %(x).



We consider a Lyapunov function candidate V = 1
2 σ̇

2 for
σ̈ = H(x, u) + s2L(s)x1 + g(x)v. Taking into account the
inequality (7), the time derivative of V can be computed as

V̇ = σ̇σ̈ = σ̇
[
δ(x) + g(x)vR

]
≤ g(x)|σ̇|%(x) + g(x)σ̇vR.

(8)

To achieve our goal, the robust signal vR is taken as

vR = −β(x) sgn(σ̇)− κσ̇, κ > 0, (9)

with
β(x) ≥ %(x) + η, η > 0, (10)

so that the term g(x)σ̇vR is negative and dominates over the
residual (positive) term g(x)|σ̇|%(x) when σ̇ 6= 0, and the net
results (negative) to force |σ̇| to reach zero. Finally, the control
structure is obtained as

v = −ĝ(x)−1
[
Ĥ + s2L(s)x1

]
− β(x) sgn(σ̇)− κσ̇. (11)

Substituting (9) into (8) results in

V̇ ≤ g(x)|σ̇|%(x)− g(x)β(x)σ̇ sgn(σ̇)− g(x)κσ̇2

≤ g(x)|σ̇|%(x)− g(x)(%(x) + η)|σ̇| − g(x)κσ̇2

≤ −g(x)η|σ̇| − g(x)κσ̇2 ≤ −g0η|σ̇| − g0κσ̇
2

≤ −g0κσ̇
2 = −2g0κV,

(12)

where g0 is defined in (2). By separating the variables and
integrating the differential inequality over the time interval
t0 ≤ τ ≤ t, we obtain

V (t) ≤ V (t0)e−2κg0(t−t0). (13)

According to the above inequality, we see that V (t) will tend
to zero exponentially in which the exponential decay rate is
determined by the parameter κ. In (12), we established

σ̇σ̈ ≤ −g0η|σ̇| − g0κσ̇
2. (14)

Since g0κσ̇
2 ≥ 0, an η-reachability condition has been estab-

lished and a sliding motion will take place. By neglecting the
nonlinear term in (14) yields

d

dt
|σ̇(t)| ≤ −g0κ|σ̇(t)|, (15)

which implies that

|σ̇(t)| ≤ |σ̇(t0)|e−κg0(t−t0). (16)

Here, |σ̇(t0)| represents the initial distance away from the
sliding surface, and κ is the decay rate at which the sliding
surface is attained.

During the sliding phase, the motion is completely inde-
pendent of g and H , and we only need the information of the
upper bound %(x) which is likely to be smaller than an upper
bound on the whole function. As a result, the amplitude of the
switching component, %(x)+η to −%(x)−η, will be reduced.
The parameters η and κ are positive tuning parameters to be
chosen to obtain a desired closed-loop performance.

(a) Front view photograph

(b) Schematic of the HCM integrated with HIS system

Fig. 1: Input and output variables are, respectively, u = va
and y = [z1, z2, zs, θ]

T. va is the hydraulic fluid volumetric
displacement produced by the actuator. z1, z2, z3, z4 denote left
and right deflections of the tire and sprung mass, respectively.
zs = z3+z4

2 is the body bounce. θ = z4−z3
2l is the roll angle.

III. SIMULATION STUDY

The proposed technique is numerically verified on a four-
dof half-car model (HCM) (which simulates vehicle lateral
dynamics and roll angle response to lateral acceleration) with
an inbuilt active hydraulically-interconnected suspension (HIS)
system. The HCM parameters are identified as follows: the
vehicle body (sprung) mass, wheel (unsprung) mass and rota-
tional inertia are ms = 475 kg, mu = 35 kg and Is = 120
kgm2, respectively; the suspesion spring and tire stiffness are
ks = 20 and kt = 172 kN/m, respectively, and the suspesion
damping is cs = 240 Ns/m. The distance between the roll
center and the center of gravity (CoG) is hg = 0.5 m,
and the wheel track width is 2l = 0.7 m. The active HIS
system parameters are adopted from [24]. A photograph and
schematic representation of the integrated system, available at
the University of Technology Sydney (UTS) Laboratory, are
shown in Figs. 1(a) and (b), respectively.

Using the Lagrange principle or Newton’s law, we can
describe the equations of motion in matrix form as

Mz̈ + Cż +Kz = Buu+Wdfd, (17)

where z = [z1, z2, z3, z4]T, u = [f1, f2]T, fd = [fd1, fd2, ac]
T.

f1, f2 represent the forces produced by the active HIS. Two



road disturbance inputs and the centrifugal acceleration are
denoted by fd1, fd2 and ac, respectively. The inertia, damping,
stiffness, active HIS input and the disturbances input are,
respectively, given by

M =

 35 0 0 0
0 35 0 0
0 0 179.97 57.53
0 0 57.53 179.97

 kg,

C =

 240 0 −240 0
0 240 0 −240
−240 0 240 0

0 −240 0 240

Ns/m,

K =

 192000 0 −20000 0
0 192000 0 −20000

−20000 0 20000 0
0 −20000 0 20000

N/m,

Bu =

 −1 0
0 −1
1 0
0 1

 ,Wd =

 172000 0 0
0 172000 0
0 0 −340
0 0 340

 .
The HIS output

u = Mhz̈ + Chż +Khz +Mhav̈a + Chav̇a +Khava, (18)

where Mh, Ch, and Kh are the fluid inertia, damping and
stiffness matrices, respectively, associated with the passive be-
havior of the HIS system. Mha, Cha, and Kha are, respectively,
the fluid inertia, damping and stiffness matrices associated with
the hydraulic actuator input. Neglecting the higher-order terms
of the actuator input in (18), we have

u = Mhz̈ + Chż +Khz +Khava. (19)

Consequently, we obtain

(M−Mh)z̈+(C−Ch)ż+(K−Kh)z = Khava+Wdfd, (20)

where the inertia, damping and stiffness matrices of the com-
bined system are, respectively, M = M −Mh, C = C − Ch
and K = K −Kh.

The state variables (x1, x2) := (z, ż) transform the com-
bined system (20) into the form

ẋ = Ax+Bu+Wfd, y = Cx, (21)

where the input and output variables are, respectively, u = va
and y = [z1, z2, zs, θ]

T (see Fig. 1). The matrices are

A =

[
0 I

−M−1K −M−1C

]
,

B = M−1Kha, W = M−1Wd,

C =

 −1 0 1 0 0 0 0 0
0 −1 0 1 0 0 0 0
0 0 1/2 1/2 0 0 0 0
0 0 −1/(2l) 1/(2l) 0 0 0 0

 .
To determine the resonant frequencies and mode shapes of

the combined structure, we diagonalized the matrix M−1K as
M−1K = ΦΛΦ−1 where the modal matrix Φ is the column-
wise concatenation of the mode-shape vectors and the diagonal

frequency matrix Λ is listing the eigenvalues λ(M−1K) [25].
The principal diagonals entry of the damping matrix are
Φ−1M−1CΦ = 2ζωn. The obtained modal frequencies and
damping ratios are, respectively, 1.392, 2.476, 11.808, 12.33
Hz and 0.041, 0.1841, 1.789, 9.0352.

Fig. 2 (a) shows the responses of the integrated system
under harmonic excitation (consider as a disturbance) at zero
initial conditions: (i) the HCM with active suspension control
using the proposed FS2SM controller, (ii) the HCM with
passive HIS, (iii) the conventional HCM (without any sus-
pension modifications). To compute the passive HIS, we set
the hydraulic actuator input va = 0. We take η = 0.25 and a
Butterworth filter L(s) = 1

s2+1.4142s+1 to design the FS2SM
controller. We observe that the roll angle is greatly atten-
uated compare to conventional suspension and passive HIS
system. Figs. 2(b) shows the actuator volumetric displacement
va =

∫
v(t)dt. We implement a back-information antiwindup

concept in which the difference between the saturated and
the unsaturated output (control signal) is used to generate a
feedback signal to act on the integrator input.

The roll angle spectrum of the system, excited at low
frequency 0.5 Hz and resonant frequencies 1.392 Hz and 2.476
Hz, are shown in Fig. 3. From these figures, we observe that
the resonant frequencies are shifted further to prevent natural
modes of the system to be excited.

Although frequency-shaped sliding control has the advan-
tage of attenuating the effect of high-frequency unmodeled
dynamics [19], making the following substitution in the corre-
sponding discontinuous ones: sgn(σ̇)⇔ sat( σ̇ε ) or sgn(σ̇)⇔
tanh( σ̇ε ) or sgn(σ̇) ⇔ σ̇

|σ̇|+ε , a continuous control law can
be obtained in order to alleviate the chattering phenomena by
smoothing out the control discontinuity in a thin boundary
layer, Bε = {‖σ̇‖ ≤ ε}, neighboring the switching surface [6]-
[10],[9]. We substitute the signum nonlinearity by sat(σ̇/ε):

vR = −(%+ η) sat(σ̇/ε)− κσ̇, (22)

in which good approximation of sgn(·) nonlinearity needs the
use of small ε.

Outside the boundary layer, the system dynamics are the
same as the switching control

v = vE + vR, ‖σ̇‖ ≥ ε. (23)

Inside the boundary layer

σ̇(t) = sL(s)θ + θ̈ = φ(t) ≤ ε

⇒ θ(t) =
1

sL(s) + s2
φ(t),

(24)

which represents the system dynamics of θ(t) under φ(t). Due
to the boundary layer interpolation, after transients the roll
angle error is bounded by

|eθ(t)|φ = |
∫ t

0

f(τ)φ(t− τ)dτ | ≤ ε
∫ ∞

0

f(τ)dτ = ε‖f(t)‖1,
(25)

where f(t) is the impulse response of 1
sL(s)+s2 (see Fig. 6(a)).

Fig. 4 illustrates that vR = −(% + η) sat(σ̇/ε) − κσ̇ is
over-calculated during computer simulation because of thin



(a) Roll angle (b) Actuator displacement (c) Phase portrait

Fig. 2: Under lateral acceleration 3 sin(1.392× 2πt) m/s2.

(a) 3 sin(0.5× 2πt) m/s2 (b) 3 sin(1.392× 2πt) m/s2 (c) 3 sin(2.476× 2πt) m/s2

Fig. 3: Roll angle spectrum.

(a) Roll angle (b) Actuator velocity (c) Actuator force

Fig. 4: Responses to 3 sin(0.5× 2πt) m/s2 together with the thin boundary (ε = 0.05◦

‖f(t)‖1 , κ = 5); η = 0.25.

(a) Phase portrait (b) Actuator velocity (c) Actuator force

Fig. 5: Responses due to a thick boundary (ε = 0.5◦

‖f(t)‖1 , κ = 0.5) under lateral acceleration 3 sin(0.5× 2πt) m/s2; η = 0.25.



(a)

(b)

Fig. 6: Block diagrams: (a) Feedback system defined by
FS2SM, and (b) its LFT representation. L(s) = 1

s2+1.4142s+1
but extensions to more orders with an equal number of poles
and zeros (or less zeros) can also be made.

boundary layer ε = 0.05◦

‖f(t)‖1 , κ = 5 and η = 0.25. Increasing
the boundary layer thickness ε = 0.5◦

‖f(t)‖1 , κ = 0.5, η = 0.25,
we can achieve much smooth responses in term of chattering
amplitude attenuation as shown in Fig. 5.

According to [4],[8], asymptotic exponential stability is not
assured but ultimate boundedness of trajectories to within an
ε, κ-dependent neighborhood of the origin is guaranteed as
shown in Figs. 2(c) and 5(a). Figs. 2(a) and (c) show that the
peak error due to a thin boundary layer, ε = 0.05◦

‖f(t)‖1 , κ = 5):

|eθ(t)|φ = | − θ(t)|φ = ε‖f(t)‖1 < 0.2◦,

results in an elliptical trajectories with major and minor axes
0.4◦ and 0.04◦, respectively. In Fig. 5(a), ultimately the phase
portrait is an enclosed ellipse with major and minor axes 2.2◦

and 0.7◦, respectively, together with the thick boundary (ε =
0.5◦

‖f(t)‖1 , κ = 0.5) for σ̇ around zero.
We see that (24) is equivalent to a feedback control problem

as shown in Fig. 6(a) and it can also be rearranged in linear
fractional transformation (LFT) form (see Fig. 6(b)) by

[
θ
eθ

]
=

G(s)︷ ︸︸ ︷[
1
s2 0 1

s2

− 1
s2 1 − 1

s2

] φ
θR
w

 , (26)

where G(s) is the generalized plant and w = sL(s)eθ. Hence,
state space LQG, H∞ techniques can also be employed to
design the sliding surface.

IV. CONCLUSION

We have proposed a frequency-shaped 2-sliding mode con-
troller by incorporating a second-order Butterworth function
into the sliding surface (identical to a feedback control prob-
lem) to shape the frequency characteristics of the equivalent
dynamics. We have taken the sliding surface as a manifold
modeled by a dynamic linear operator to suppress frequency

components of the sliding mode response in a designated fre-
quency band. The system’s closed loop performances demon-
strate that due to the inclusion of a filter in the control schedule
not only reduce the roll angle but also its spectrum can be
shaped which makes the active HIS system is potentially useful
for a ride and handle control improvement of heavy vehicles,
driverless cars, and UGVs. The proposed methodology is
beneficial for specific applications where the system’s natural
frequencies and some frequency bandwidth must be avoided
to prevent a structural collapse by resonance. The control
schedule (exploiting a notch filter) can also be applied to power
electronics where a fixed switching frequency is preferred to
control or reduce the switching losses.
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