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Abstract 

 As the utilization of the renewable energy sources has significantly increased over the 

past decades, offshore wind turbines have been noted for their advantages of more 

power output and less space limitation than the onshore wind turbines. New prototypes 

of offshore wind turbines have been developed; not only has the power output been 

increased but also their sizes have become larger. However, the distinct offshore 

environmental loads may significantly affect the performances of the offshore wind 

turbine. The aims of this Ph.D research are to investigate the vibration behaviours of 

the multi-system involved in a spar type offshore direct-drive wind turbine. First of all, 

the overview of the main components involved in the offshore direct-drive wind turbine 

and their dynamic performances related to the mechanical vibration behaviour are 

presented. Different types of topology of the direct-drive wind turbines are briefly 

discussed and a comparison of all generator topologies is made based on the criteria of 

their efficiency, weight and cost. The supporting structures for the wind turbine have 

been developed from land to transitional-water, then the deep-water. Complex designs 

have been used to meet the environment requirements. Moreover, the consideration of 

the nacelle-blade system has been developed from a non-rotating mass to a rotating 

system with interaction when studying the tower response. The excitation conditions 

have become more complex. Not only the environmental excitations, such as the 

aerodynamics and hydrodynamic excitations should be considered, but also the 

internal excitations, such as the unbalanced magnetic pull force in the generator or 

tower shadow can be involved.  

Three new models about the main components: direct-drive drive-train system, floating 

platform and the tower structure are presented in this thesis. To start with, the effect of 
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rotor position and weight adjustment on the vibration behaviour of the drive-train 

system within a 5 MW direct-drive wind turbine is studied by considering the 

unbalanced magnetic pull forces. The direct-drive wind turbine, different from the 

standard geared wind turbine, uses a direct-drive generator to avoid the gearbox 

failures, in which the direct-drive permanent-magnet generator has been widely used. 

The unbalanced magnetic pull (UMP) force which is caused by the eccentricity of both 

rotor and stator of the generator can have an impact on the vibration behaviour of its 

drive-train system, an up to 30% difference of the tolerance allowable for a safe 

operation in the generator can be found from the simulation results. The drive-train 

system which consists of the main shaft, rotor, hub and blades is modelled as a four 

degree-of-freedom (DOF) nonlinear system. In the present drive-train system, the 

location of its centre of gravity can be moved along its rotating axis by doing the rotor 

adjustment in terms of rotor position and mass ratio. Both rotor displacement and 

bearing forces are obtained for a wide range of rotor positions and weight under 

different rotating speeds. Such results would provide optimized rotor position and mass 

ratio to improve the performance of the drive-train system. Then a combined model of 

a spar-type floating platform wind turbine under deep-sea conditions is developed. The 

spar-type supporting platform with tower structure is modelled as a rigid body, while 

the nacelle is considered as a point mass attached on the top of the tower. Then the 

dynamic interaction between the drive-train system and the nacelle is considered by 

incorporating the modelling of the direct-drive drive-train system. The hydrodynamic 

and aerodynamic excitations on the structures are considered, including current, wave, 

and wind excitations as well as buoyant forces. With the help of the time history and 

FFT spectrum, the effects of both hydrodynamic and aerodynamic excitations along 

with the dynamic interaction between the drive-train system and tower structure on the 
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dynamic behaviour of the spar-type floating platform are investigated under different 

operating sea conditions. At last, the tower structure is developed using a flexible 

model. An analytic solution for the free-vibration of the tower structure based on Euler-

Bernoulli beam-column theory is presented. The tower structure is modelled as a free-

free beam with two end mass components. The platform and the nacelle are considered 

as two large mass rigid components connected by torsion springs at two tower ends. 

The stiffness at the connections can be different due to the different joint conditions 

between the tower and two mass components, such as joint type or crack. The effects of 

system parameters on the natural frequencies are investigated under a range of 

variables, including the tower structure parameters, platform and nacelle parameters, 

and the connecting types. Uniform tower model is presented firstly and then the non-

uniform structure is discussed. The non-linear relationships between those variables 

and the natural frequency of the whole system are numerically found and some design 

issues are discussed for the spar-type floating wind turbines. 
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1. Introduction  

As the utilization of the renewable energy sources has significantly increased over the 

past decades, new prototypes of the wind turbines have been developed to increase their 

power outputs. Over the last 40 years, the power yield of a single wind turbine has grown 

from 30kW to over 5 MW [1]. Constant speed wind turbines with power rated under 

1.5MW were mostly used until the late 1990s. Then the variable speed wind turbines were 

developed as they could increase the power level and maximise the efficiency at all wind 

velocities by using control systems [2]. Both constant speed and variable speed wind 

turbines used a multistage gearbox to increase rotational speed for the generator [3-5]. 

Since 1991, gearless generator systems, or the so-called direct-drive wind turbines, have 

been recognized by the wind turbine manufacturers. A 5kW direct-drive generator wind 

turbine called “Torus” was designed by Spooner and Chalmers [6]. It was a slotless, 

toroidal-stator, double sided disc type, axial flux permanent magnet generator and was 

probably the largest one in such a configuration until 1998 [7]. Polinder et al. [3] listed 

five different generator systems and compared their costs and annual energy yields. The 

doubly-fed induction generator with three-stage gearbox (DFIG3G) was most widely 

used in wind turbines due to its lowest weight and cost; however it has high energy losses 

in the gearbox. The direct-drive synchronous generator with electrical excitation 

(DDSGEE) was the heaviest and most expensive one but Enercon, one of the largest wind 

turbine manufacturers, claimed the benefits of such a generator. The most attractive 

direct-drive generator would be the direct-drive permanent magnet generator (DDPMG), 

as it has a better torque density, higher energy yield, higher reliability, less constraint on 

the air-gap, and higher potential on cost optimization than the electrically-excited 

counterpart. Generally speaking, the direct-drive wind turbine, which is different from a 

standard geared wind turbine, has no gearbox used in the drive-train system to increase 
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the rotational speed, and thus has no gearbox failure and less failure in the brake [8]. It 

has greater reliability than the indirect-drive wind turbine due to its fewer rotating parts 

and wear components [9]. The main disadvantages of using the direct-drive generators in 

wind turbines are the cost and weight when compared with the geared wind turbines. 

Since most horizontal axis wind turbines operate in a small tip-speed ratio range (the ratio 

of the blade-tip speed to the wind speed) [10], the rotor system in a direct-drive generator 

rotates at a lower speed than the geared one when both types of wind turbines are exposed 

to the same wind speed. Thus the direct-drive wind turbines operating at the lower rotating 

speed require larger-scale generators than that of the geared one (which results in much 

heavier generators). However, given the fact that the increase of the generator’s electricity 

power output is not linearly proportional to the increase of the size of the direct-drive 

generator, a further increase of the generator size seems not a viable and practical option 

[11]. On the other hand, a larger and heavier generator (or the whole wind turbine) means 

an increase of material, transportation, construction and maintenance costs. The 

construction, operation and maintenance costs for a wind turbine are about 10-15% of the 

total income in its life cycle, while for offshore wind turbines the cost could even reach 

20-25% of the total income [12-14]. Moreover, although the wind energy is a renewable 

energy source with socioeconomic benefits, there are other environmental issues which 

should be considered while using wind turbines. Dai et al. [15] listed various 

environmental issues when building wind farms, such as impact on bats or birds, noise 

and visual impact, and discussed the mitigation strategies to improve the wind energy 

technologies.  

The land-based wind turbines have been the world’s fastest growing energy source on a 

percentage basis for over a decade. The interest in offshore wind turbines has been 

growing due to the limitation of land-based wind turbines and an abundant offshore wind 
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source. The advantages of installing offshore wind turbines include more power output 

(produced by higher wind speed and larger size of the generator), less limitation of land 

space and less complaints on the visual and noise annoyances near residential areas. The 

disadvantages of the offshore wind turbines are the higher capital investment on the 

support structure, maintenance and material cost. However, offshore environmental 

loads, which not only come from the wind but also from sea wave and current, can induce 

the vibrations of wind turbine structures. Excessive vibrations may produce variable 

stress, shorten the fatigue life of the structure and reduce the power output of the wind 

turbines [16-20]. 

 

1.1. Research objectives 

The large offshore direct-drive wind turbines are subjected to not only the environmental 

excitations such as the aerodynamic and hydrodynamic excitations, but also the internal 

excitations such as the unbalanced magnetic pull force and the interactions between main 

subsystems, including tower-blade interaction (tower shadow effect) and tower-nacelle 

interactions. The consideration of the nacelle-blade system has been developed from a 

non-rotating mass to a rotating system with interaction when studying the tower response, 

so the excitation condition has become more complex. Not only the environmental 

excitations, such as the aerodynamics and hydrodynamic excitations should be 

considered, but also the internal excitations, such as the unbalanced magnetic pull force 

in the generator or tower shadow have to be taken into account. The aerodynamic and 

hydrodynamic excitations on offshore wind turbines are generated from wind, wave and 

sea current. The internal excitations include the tower-blade interaction, tower-nacelle 

(rotating system) interaction, and the UMP in the generator. 
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The overview of the multi-system within the wind turbines indicates the importance of 

the study on the vibration behaviour for such structures under the excessive excitations. 

Thus, the objectives of the current research are to:  

1) Investigate the vibration behaviour of the drive-train system in a large direct-drive 

wind turbine. The direct-drive drive-train has eliminated the gearbox to avoid 

failures, but this has also increased its structure size. The excitations, such as 

bearing forces and the magnetic pull force then should be included when studying 

the dynamic vibration of the system, with the consideration of changing its 

structural parameters, such as component position and weight. The obtained 

forces and moments within the system can not only provide useful information on 

the optimizations of its structure, but can also be considered as an interaction 

excitation to other systems involved in the wind turbine. 

2) Study the dynamic response of a spar-type direct-drive wind turbine in an offshore 

environment. Both external and internal excitations are considered, where the 

external excitations are subjected to the environment loads and the internal 

excitations are subjected to the interactions between different systems. The deep-

sea environment normally means higher wind speed and larger hydrodynamic 

excitations applied on the structure than onshore conditions. The performance of 

the wind turbine due to each excitation and the relationship between them can be 

an interesting and important topic during the designing or optimizing processes. 

3) Investigate the optimizations of a spar-type offshore wind turbine tower structure. 

The natural frequency of the whole wind turbine and the mode shapes are studied 

for the entire system. Due to the increased size of the nacelle and support platform 

components, a new model for the tower structure is raised. The considerations at 
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the joint sections between the tower and other components are simple using 

torsional springs. Using a more complex structure connection, such as yaw 

bearing connections, or considering special conditions, such as corrosion crack, 

can be of interest for further study. 

This research aims to develop a deep understanding of the excitations on the wind 

turbines. The proposed dynamic models can be used to study the multi-system involved 

in the wind turbine. The research results would provide information on how those 

excitations affect the wind turbines and useful information for the design of wind turbine 

structures. 

 

1.2. Thesis outline 

Chapter 1 introduces the background and challenges of the wind turbine, and presents the 

objectives of the current Ph.D research.  

 Chapter 2 discusses the multi-system involved in the wind turbines. In this chapter, the 

overview of the relevant researches on the main components involved in offshore direct-

drive wind turbines (DDWT) and their dynamic performances is conducted. In the first 

part, different types of topology of the direct-drive wind turbines are briefly discussed, 

including the cooling system and condition monitoring system corresponding to the drive-

train system, and the braking and bearing system involved in the nacelle. A brief 

introduction of the direct-drive generator used in wind turbines is given and a comparison 

of all generator topologies is made based on the criteria of their efficiency, weight and 

cost.  
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Chapter 3 presents the literature reviews regarding the development of all possible 

excitations on/in the wind turbine. The model for each excitation has been developed for 

a better simulation result. Constant-value models are normally used in the early stage, and 

then shaped model and stochastic component are applied in order to obtain a simulation 

result closer to the reality. However, the accuracy of the excitation model is normally 

conditionally considered as the high accuracy model requires a longer simulation time, 

but may lead to little difference.  

Chapter 4 presents the previous studies on the dynamic effects of the excitations on the 

different systems of the wind turbine. The structure models of different components were 

developed according to their wind turbine types. Both mathematical method and finite 

element analysis (FEA) method were used. The main excitations related to this thesis due 

to the environment and within the drive-train system are listed.  

Chapter 5 presents a new mathematical method of the drive-train system within a 5MW 

direct-drive wind turbine by considering the unbalanced magnetic pull force to study the 

effect of its rotor position and weight adjustment on the vibration behaviour. These 

adjustments can change the location of the centre of gravity of the drive-train system. The 

drive-train system, which consists of the main shaft, rotor, hub and blades is modelled as 

a four degree-of-freedom nonlinear system. Both rotor displacement and bearing forces 

are obtained. The simulation results would be variable for a wide range of rotor position 

and weight under different rotating speeds. The optimized rotor position and mass ratio 

would be helpful to improve the performance of the drive-train system.  

Chapter 6 develops a new free-free end model for the wind turbine with a spar type 

floating platform under deep-sea conditions. The contributions of this section lie in two 

aspects: First of all, the effects of aerodynamic and hydrodynamic excitations on the spar 
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type direct-drive wind turbine structure are investigated by carrying out a series of time 

domain numerical simulations. The response of the platform system with the current 

induced only, the current and wave induced, and the current, wave and wind induced are 

compared to show the dominant effects under different types of excitation. The 

misalignment of the wind, wave and current directions is also considered to show its 

effect. Secondly, a dynamic model of the direct-drive drive-train system is incorporated 

into the dynamic model of the platform system to show the interaction effect between the 

drive-train system and the platform system along with the tower structure. The nacelle is 

considered as a point mass attached on the top of the tower firstly. Then, the dynamic 

interaction between the drive-train system and the nacelle is considered to form a 

combined model for the spar-type supporting platform wind turbine. 

Chapter 7 constructs a new analytic solution of the free-vibration of a spar-type offshore 

wind turbine tower structure. The components at two ends of the tower, the platform and 

the nacelle, are no longer considered as mass points, their truly sizes and locations of the 

centre of gravity are used to describe the large mass components. A flexible tower 

structure is considered as a free-free beam tower connected to the end components by 

torsion springs at its ends. The torsional stiffness at the connecting locations of the 

platform and nacelle are different due to different physical requirements of supports. The 

natural frequencies of the tower structure are derived from the characteristic equation. 

The effects of system parameters on the natural frequencies are examined under a range 

of variables, including the tower structure parameters, platform and nacelle parameters, 

and connecting types. Some design issues related to the natural frequencies are discussed 

for the floating type wind turbines.  
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Chapter 8 gives the conclusion by summarising all findings and points the further research 

direction. 

Chapter 9 presents the appendices which include more details of the data analysis and 

plots. 
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2. Multi-system involved in a wind turbine  

A wind turbine usually consists of three main mechanical components; the nacelle, tower 

and the substructure (or say support structure or foundation), as shown in Figure 2-1. This 

section briefly discusses the main components involved in a wind turbine. 

 

Figure 2-1 Main mechanical components of a wind turbine 
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2.1. Nacelle 

A typical model of the nacelle is shown in Figure 2-2 , several important components 

have been involved. Blades and pitch control system are used to catch the wind and 

convert wind energy into the kinematic energy (torque). Drive-train system and the 

generator transform the kinematic energy into the electrical energy. The electrical power 

is then sent out to the grid through the converters and cables. The gearbox is used to meet 

the requirement of the generator but it can be eliminated while in a direct-drive wind 

turbine. Other subsystems, such as the condition monitoring and control system, cooling 

system, and brake system, are used to ensure the whole system to operate safely and 

sustainably.  

 

Figure 2-2 Typical model of the wind turbine nacelle [21] 

When studying the vibration behaviour of wind turbine, the nacelle was first considered 

as a rigid non-rotating lumped mass placed on the top of the tower. Static and seismic 

loadings on the tower structure were considered to examine the effects of gravity, 
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aerodynamic conditions and possible site-dependent seismic motions [22, 23]. The finite 

element analysis showed that the natural frequency of the tower could increase as the 

blade rotating frequency increases [24-28]. The motion of the rotating parts, such as 

blades, was then recognised as important in studying the motion of the tower and the 

drive-train system within the nacelle, by developing a rotating model instead of the non-

rotating mass attached on the top of the tower [29, 30]. A deep understanding of the 

dynamics of main subsystems involved in the nacelle is important for the dynamic 

behaviour of wind turbines. 

 

2.1.1. Direct-drive generator and drive-train system 

There are three basic topologies of direct-drive generators used in wind turbines namely; 

squirrel cage induction generator(SCIG), electrically excited synchronous 

generator(EESG) and permanent magnet synchronous generator(PMSG) [31], of which, 

PMSGs hold the largest market share [9]. 

In the early stage of the development of wind turbine at low power level, SCIG was 

widely used as a constant speed direct-drive generator. The main advantages of such a 

generator included low cost, robustness and high reliability [2, 32-35]. Even though 

nowadays DFIG or PMSG generators are used in MW-scale wind turbines, SCIG 

generator can still be a good solution in some cases, such as in an isolated power system 

[35]. However, the low generator speed range limits the applications of most of the SCIG, 

which can only be used in low power level direct-drive wind turbines or requires a small 

gearbox to meet the rotor speed [2, 32, 34]. Compared with a variable speed PMSG, it is 

more difficult to build a multipolar SCIG and the cost will increase [34]. 
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The electrically excited synchronous generators can be either switched reluctance 

generators or with electrical excitation controls [36]. The largest variable-speed EESG 

wind turbine manufacturer, Enercon, produced their large commercial wind turbine with 

the power rate of 1.8 MW and developed a new prototype for 4.5 MW in 2002. However 

about 75% of their products was available only in German market and the concept was 

not widely represented until 2003 [36]. 

Compared with the electrically excited synchronous generator, the PMSG would be more 

suitable for a direct-drive wind turbine due to the advantage of less constraint on the air 

gap and higher reliability than the electric-excited counterparts [8, 37]. The PMSG 

machines have a better torque density than the EESG in a radial flux generator, however 

they are more difficult to assembly [38]. 

2.1.1.1. Flux type of the PMSGs 

According to the flux type, the PMSG can be realised by three concepts; radial flux (RF), 

axial flux (AF) and transverse flux (TF) [39-42]. Given examples of different PMSGs are 

shown in Figure 2-3 to Figure 2-5. 

Radial flux: From both economical consideration and design concept, a radial flux 

generator was a good choice for large direct-drive wind turbines [38, 40]. Leban et al. 

stated that radial flux and transverse flux PMSGs have greater optimising potential [43]. 

The common structure of the radial-flux consists of a cylindrical stator with coils and an 

internal cylindrical rotor with magnets. Its flux density in the air gap is required above an 

acceptable value, at least around 1T [40, 44, 45]. According to the rotor position, there 

are two types of rotor configurations; the inner rotor and the outer rotor. Normally an 

inner rotor machine would have a higher air gap flux density and better thermal 

management than the outer rotor type [9]. However, the inner rotor is heavier than the 
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outer rotor machine in terms of the active material weight [42]. Compared with an axial 

or transverse flux, the radial flux type has the advantages of  a simpler structure, easier 

air-gap control and shorter load path [46].  

 

Figure 2-3 Examples of the RF PMSGs [42] 

Axial flux: The common axial flux generator has a toroidal stator, an air gap winding and 

two rotor-disc with magnets [36]. Either by using a multiple disc machine to increase the 

flux density [42], or by using a different magnet arrangement [7, 36, 47] such as surface-

mounted magnets with a large remanent flux density or embedded low cost ferrite 

magnets, can result in a larger total torque. The flux density in the air gap is normally 

easier to be controlled than that in a radial-flux design [10].  Compared with the RFPMs, 

the AFPMs have simpler winding and higher torque/volume ratio, but they are normally 

much heavier and more complicated in construction [42]. 



 

14 | P a g e  
 

 

Figure 2-4 Examples of the AF PMSGs [42] 

Transverse flux: The transverse flux can have the air gap type similar to either axial flux 

or radial flux [40, 44]. The main difference is that the transverse flux could increase the 

winding space while remaining the main flux space [36]. The flux path of the TFPM can 

be in three dimensions, which would lead to large air gaps and complicated constructions. 

For this reason, even TFPM has the advantages in high force density, low copper losses 

and simple winding, the disadvantages of complicated constructions and increased costs 

make it less attractive than the RFPM or AFPM [42]. 

 

Figure 2-5 Examples of the TF PMSGs [42] 

Not only is the permanent magnet used in the direct-drive generator, but also the ferrite 

magnet and rare earth PM are [42]. The use of magnets may be limited by the mounting 
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mode of the magnets. For either RF, AF or TF generator, magnets can be embedded or 

surface mounted. The embedded magnets, the so-called inset-PMs, or flux-concentrating 

magnetic circuits are placed inside the rotor construction and are able to concentrate the 

flux density in the air gap [36]. Thus the low cost ferrite magnet can be used. The inset-

PM type can be slightly lighter than the surface mounted ones. When excited by surface-

mounted magnets, the larger remanence flux density of the magnetic material is required 

than the flux density in the air gap, thus the low cost ferrite magnets cannot be used, more 

effective and expensive magnets should be chosen. The advantages of the surface 

mounted magnets are simpler and cheaper [40, 44]. The surface mounted permanent 

magnets (SMPMs) have the highest predicted efficiency, although they are heavier than 

the ferrite magnets in a transverse flux generator(TFFM) or rare earth PMs in a transverse 

flux generator(TFREPM) [10]. 

It seems to be an impossible task to compare the different topology generators since there 

are a number of criteria. Dubois et al. [31] made a comparison based on two criteria, the 

torque density and mass of the active material, which are possible for every topology. The 

power density of a given topology can be easily modified by only changing the rotational 

speed, thus the torque density is chosen as one of the criteria as it is independent of the 

rotational speed. For the same reason, instead of cost/power, the cost/torque can be the 

criteria for the comparison. From the practical experiences, The TFPM and AFIPM (axial 

flux interior permanent magnet) are the generators to meet the requirements of smaller 

machine diameters and lower material costs. A larger diameter of the generator would 

lead to a higher torque density and a lower cost/torque. 
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2.1.1.2. State-of-the-art of the generator 

Since the use of direct-drive generator may lead to a heavy weight and high cost of a wind 

turbine, Shrestha et al. [48] proposed a new concept by using magnetic bearings to reduce 

the structural weight in 2010 and found that the structural weight can be reduced by 45% 

for a 5MW generator. In 2012, Paulsen et al. [49] investigated a 5MW transverse flux 

direct-drive generator. Borgen [50] studied the ironless generator in order to enable a 

higher efficiency of the generator for the floating wind turbines. Kirschneck et al. [51] 

indicated the importance to reduce the weight within the offshore direct-drive wind 

turbine and the difficultly using density based method for optimisation in 2015. The 

optimisation of the structure shape was carried out by analysing the dynamic energy in 

certain frequencies within the rotor frame. However, the result of using the new structure 

showed a limited improvement. Stander et al. [52] optimized the shape and size of a 

direct-drive PMSG to reduce the overall weight. The displacement of the three-

dimensional generator model with isotropic and orthotropic materials was obtained under 

linear static extreme loads and magnetic stresses. Chew et al. [53] indicated that the 

analytical gradient-based method could produce a higher accuracy and efficiency when 

optimizing the offshore wind turbine support structures. The numerical artifacts due to 

the discontinuities of ultimate limit state (ULS) utilization factors can be avoided during 

numerical analysis. A type of direct-drive wind turbine called high–temperature 

superconducting generator (HTSG) was proposed for potential application in the offshore 

wind turbines [54-59]. It was claimed that the HTSG is lighter than the DDPMG in large 

size wind turbine and is more reliable than the alternative power-takeoff system in the 

renewable energy market. Wang et al. [60] developed a topology of the generator for the 

offshore direct-drive wind turbines, called superconducting synchronous wind generator. 

This generator has advantages over the normal PMWG on its weight reduction and the 
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reduced initial cost of installation, but the disadvantage of high maintenance costs. Arand 

and Ardebili [61] designed a low cogging torque axial-flux PM generator and considered 

different combination configurations of the poles and stator segments for small-scale 

direct-drive, with an attempt to increasing  the working efficiency and reducing the 

material cost. The simulation results and experimental results showed good performances 

of the new designed generator and large reduction of the cogging torque in comparison 

with the referenced yokeless and segmented armature generator. 

 

2.1.2. Condition monitoring and control system 

According to the review of Lu et al. [62] in 2009 on the wind turbine condition 

monitoring, the elimination of the gearbox in gearless wind turbines leads to the reduction 

of failure rate in gearbox but increases the failure rate of all electrical related subsystems. 

The direct-drive wind turbines still have a higher availability than the geared ones as the 

mean time on repairing the electronic subassemblies is lower. The condition monitoring 

system (CMS), control system and fault diagnosis are important in the development of 

the direct-drive wind turbines. The electrical signal analysis-based CMS was reported as 

a potentially applicable to all types of turbines due to the less requirement on the 

additional hardware [8]. The normal condition monitoring systems, such as vibration, 

generator current analysis or temperature, cannot show their effectiveness on wind turbine 

due to their peculiarities. Yang [1] introduced a cost-effective condition monitoring for 

wind turbines in 2010 by using a continuous-wavelet-transform based (CWT) energy 

tracking method to extract the fault features instead of using discrete wavelet transform. 

Due to the unstable wind and varying operation conditions, the CM signals are usually 

nonlinear, nonstationary and hard to be analysed. Yang [8] developed a condition 
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monitoring system for the direct-drive wind turbine by using instantaneous variance, 

empirical mode decomposition and Teager-Huang transform (THT). The instantaneous 

variance criterion was used to evaluate the generator electrical signals, and potentially 

alert the defects on both rotor and stator windings. Then the fault detection capability 

would be enhanced with the aid of empirical mode decomposition. Kazemtabrizi and 

Hogg [63] presented a PMSG wind turbine with back-to-back fully rated converter link 

and energy storage system integration. The back-to-back converter link is used to extract 

the maximum power of the wind, and consists of two fully rated AC/DC voltage source 

converters linked by a DC link. The control of the converters can affect the power control 

of the system and enhance the reliability of the subsystems such as direct voltage support 

and frequency support [64]. Due to the varying wind speed, the energy storage system is 

normally used in the wind turbines to allow for efficient smoothing of  output power 

without losses [65, 66]. A super-capacitor energy storage system was used to attenuate 

output power fluctuations and enhance fault ride through response at low power rate. 

Gong and Qiao [67] proposed a current-based fault detection technique to monitor the 

mechanical fault in the variable-speed direct-drive wind turbines, by using the 

synchronous sampling algorithm to convert the variable frequencies of the current signals 

in the generator to constant values. The fault signal was extracted by using an impulse 

detection method. Qiao and Lu [21, 68] conducted a survey on the condition monitoring 

systems and fault diagnosis for wind turbines. Chowdhury et al. [69] presented simple 

methods to monitor the parameters of the magnet flux and inductance for an interior 

permanent magnet synchronous generator.  
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2.1.3. Cooling system of the DDPMG 

Since direct-drive wind turbines operate at low rotational speed, usually in the range of 

10-30 rpm, the copper losses of the generator (wings) is much higher than the iron losses, 

which means the main function of the cooling system in the direct-drive wind turbines 

would be the removal of the heat from the stator windings [70]. The ability of heat 

removed from the stator windings has limited the size reduction of a wind turbine 

generator. Typically, there are two kinds of cooling systems used in wind turbines: the 

liquid cooling and air-cooling. Compared with an air-cooling generator in the same size, 

a direct liquid cooling system enables a higher output of the generator, or say, the liquid 

cooled generator can be smaller than the air cooled generator for the same rated power 

[71]. Alexandrova et al. [71] discussed the thermal behaviour of the direct liquid cooling 

direct-drive permanent magnet synchronous generators in 2014. Similar results from both 

analytical thermal model and the finite element analysis model showed the technical 

feasibility of the design of such a liquid cooling system. However, the liquid cooling 

system may be limited by its high cooling requirement of a large amount of water [72]. 

The performance of the modern neodymium-iron-boron (NdFeB) permanent magnets in 

the PMSGs would be better in a lower temperature under all operating conditions as the 

remanence flux density decreases when the magnet temperature is increased [73]. 

Moreover, the high temperature of the magnet can cause the irreversible demagnetization 

on the material. The forced air-cooling system is typically used in the direct-drive 

permanent magnet synchronous generators. Nerg and Ruuskanen [74] pointed out that the 

double-radial cooling system was mainly used in large wind turbine generator having a 

large air gap diameter, and studied the thermal model by using the lumped parameters, in 

the absence of the thermal convection coefficients and the equivalent air gaps in the 

generator. 
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2.1.4. Brake system 

Usually under a normal operating condition, the rotating speed of the generator can be 

controlled by using the aerodynamic control system (the blade pitch control system). The 

combination of the mechanical disk brake system is designed to stop the wind turbine in 

an emergency condition, such as extreme weather conditions and hurricane. For indirect 

(geared) wind turbines, the mechanical disk brake is normally located on the high speed 

shaft for high efficiency. On the contrary, for direct-drive wind turbine, the brake system 

is mostly located directly on the rotating part (shaft or rotor). 

 

2.1.5. Bearing system 

Different types of bearings have been used in several locations through the nacelle, blade 

pitch, yaw system, main shaft support, generator and inside the gearbox. The types and 

sizes of the bearings depend on their locations and loading conditions. For example, two 

main bearings for the drive-train system used in the NREL 5MW direct-drive offshore 

wind turbine are different. In particular, a double row tapered roller bearing with inner 

race close to the centre of gravity of the drive-train system is designed to carry both the 

axial and radial loads, while the other is a cylindrical roller bearing designed to take radial 

loads only. Other types of bearings, such as the slewing ring bearings are typically used 

in the yaw system. 

2.1.5.1. Mounting system with misalignment 

It is known that the wind directions can be variable with time. The misalignment between 

the wind direction and the rotating axis would result in heavy loading and large strain on 

the structure, which may cause the energy loss and shorten the working life of wind 

turbines. The mounting system includes the blade pitch system and the yaw system, which 
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are designed to change the facing direction of the nacelle in order to reduce the undesired 

or harmful loads and moments. 

 

2.2. Tower  

The tower structure should be able to provide easy access for the maintenance of the rotor 

components and its sub-components, easy transportation and erection. The structural 

design of the tower should ensure efficient, safe and economic operation for the whole 

wind turbine system. A good design would also incorporate aesthetic features of the 

overall machine shape. In fact, there are no simple criteria to identify the above-

mentioned objectives [75]. However, the success of tower structural design should be 

largely judged by the extent to which the wind turbine main function is achieved.  

 

2.3. Substructures 

Different structures of the tower support technology have been developed for offshore 

wind turbines [76], and naturally progressed from land-based to shallow-water and 

transitional-water, and then to the deep-water with floating platform, as shown in Figure 

2-6. The foundations for the offshore wind turbines are operationally challengeable in 

offshore harsh environment and typically cost 25%-35% more in an overall offshore wind 

farm project [77].  Carroll et al. [78] summarized the failure conditions of about 360 

offshore wind turbines throughout Europe in 2016 for better operation and maintenance 

of planners and managers. 
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Figure 2-6 Natural progression of support structure from land-based to floating-based[76] 

Perez-Collazo et al. [79] presented the technologies and substructures to integrate the 

offshore wind and wave energy. Different from the land-based wind turbine, the support 

substructure for offshore wind turbines can be classified according to the water depth, 

from shallow water (0-30m), transitional water (20-80m), to deep water (over 80m). 

Fixed-based and floating-based substructures can be chosen depending on the site 

conditions. Most substructures used in shallow water or transitional water are fixed-based 

supporting system, as shown in Figure 2-7. The most representative technologies used in 

shallow water are the monopiles and gravity based structures. More complex 

technologies, such as the jacket frames and multi-piles, have been used in the transition 

water due to the increase of the water depth. By the end of 2014, 99.9% of the 

substructures installed for offshore wind turbine in Europe were fixed-bottom, which 

included the monopiles (78.8%), jackets (4.7%), tripods (4.1%) and tri-piles (1.9%). The 

floating substructures only comprised 0.1% of all installed foundations [80].  However, 

the floating type offshore wind turbines have a great potential to be a reliable source of 

electricity generation. 
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Figure 2-7 Fixed-based offshore wind turbine;(a) gravity based,(b)monopile, (c)caisson foundation,(d)multi-

piles, (e)multi caisson, and (f) jacket[81] 

 

2.3.1. Types of floating substructures 

The floating substructures are considered under deeper-water conditions. Different 

prototypes of floating foundations are still under testing and prototyping as they are still 

in the early stage of development. Musial et al. [82] discussed the advantages and 

disadvantages of the platform topologies. The floating platform topologies can be 

classified in terms of single- or multiple-turbine floaters, or the mooring method. A 

floating system consisting of multi turbines could possibly reduce the total weight for the 

large system (>20MW per system structure) but normally has higher construction cost 

than single-turbine floaters. Thus, the single-turbine concept has been considered in most 

published papers. The mooring method can dictate much of the platform architecture. 

There are three commonly used mooring systems; catenary moorings, taut-leg moorings 

and vertical tension legs, in which the vertical tension legs can be considered to be a 

subset of taut-leg moorings, as shown in Figure 2-8. Pecher et al. [83] conducted a 
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comparison study of a single anchor leg mooring and a three-legged catenary anchor leg 

system under the same reference load case, by using the quasi-static analysis to find the 

system size and stiffness required. Guo et al. [84] developed a quasi-static analysis on the 

multi-component mooring line, and investigated the performances of both segments 

contained within water column and soil column during pretension and under service 

conditions.  

 

Figure 2-8 Floating-based wind turbines[76] 

Platform architectures with the mooring methods are commonly known as spar floater 

with catenary moorings, tensioned-leg platform with taut-leg moorings, and semi-

submersible platform (moveable platform, which requires further development). 

Henderson et al. [85] gave the initial evaluation for the floating platform, such as the yaw 

mechanism and the number of turbines per floater. They briefly discussed various floating 

concepts and studied the tri-floater with its preliminary designed mooring. Butterfield et 
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al. [86] provided a framework for different platform architectures on the basis of their 

static stability criteria. The NREL 5 MW wind turbine has been widely chosen when 

studying the vibration behaviour for the offshore direct-drive wind turbines [9, 19, 87, 

88]. It is a catenary moored spar-type direct-drive wind turbine. There are three sets of 

mooring lines attached on the circumference of the spar with two segments for each. The 

segments are used to provide yaw stiffness. Each adjacent line is 120 degree apart, with 

different stiffnesses in surge and sway motion directions [19]. The force-displacement 

relation of such a mooring system acting on the spar-support can be simulated by using 

the software, DEEPC.  

 

2.3.2. Trends and challenges for offshore wind turbines 

Snyder and Kaiser [89] discussed the feasibility of using offshore wind energy to replace 

the fossil-fuelled electricity or the onshore wind energy through the ecological and 

economic cost-benefit analysis. The offshore wind energy has the same potential 

ecological impacts as the onshore wind energy. In some cases, offshore wind power can 

be cheaper and have less environmental impacts. Laura and Vicente [90] used the life-

cycle cost system to evaluate the cost breakdown structure of three different floating 

platforms for offshore wind farms. The key cost variables in each of the six phases, 

namely definition, design, manufacturing, installation, exploitation and dismantling, were 

obtained for the optimization of wind turbines. Kaldellis et al. [91] stated the situation of 

the offshore wind turbine techniques until 2015 and discussed their effects on the 

environmental and social impacts. There were obvious differences between the onshore 

and offshore environment. Since the offshore environment is variable depending on the 
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site condition, knowledge on the local environment and social conditions is required in 

the future development of offshore wind turbines. 
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3. Internal and environmental excitations on the offshore direct-

drive wind turbines 

Offshore environmental loads, which not only come from the wind but also from sea wave 

and current, can induce the vibrations of wind turbine structures. To reduce the overall 

costs and design the next generation wind turbines and their substructures, the general 

dynamic model for each wind turbine and the specific site condition for installation and 

operation in the marine environment should both be taken into account. The 

understanding of the excitations applied on and within the whole turbine system can thus 

be helpful for studying the dynamic behaviours. 

 

3.1. The UMP force in the generator 

One main source of internal excitations in the generator is the magnetic force distribution 

within the air-gap between the rotor and stator [92]. Such a force distribution, which has 

been referred to as the unbalanced magnetic pull (UMP) force, is mainly caused by the 

eccentricity of both rotor and stator in the generator, and can also be caused by the bearing 

defect, manufacturing defect, unbalanced mass and the non-uniform magnetic field 

distribution in the air-gap [92-96]. The UMP force can potentially lead to the damage to 

the rotor system through the induced vibrations if the rotor system experiences severe 

vibrations.  
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Figure 3-1  Stator eccentricity and rotor eccentricity in the generator 

Figure 3-1 illustrates explicitly the air-gap eccentricity, where 𝑢𝑢𝑟𝑟 is the displacement of 

the rotor centre from its rotating axis and 𝑈𝑈𝑟𝑟 is the displacement of the stator centre from 

the rotating axis. If 𝑅𝑅𝑠𝑠 represents the inner radius of the stator, 𝑅𝑅𝑟𝑟 denotes the outer radius 

of the rotor, then the average air-gap between the rotor and stator 𝛥𝛥𝛥𝛥 can be calculated by 

using the inner radius of the stator and the outer radius of the rotor. The UMP force is 

nonlinearly proportional to the air-gap and the direction of the UMP force is the same as 

the smallest air-gap vector. Structural integrity of wind turbines and design criteria as 

specified in current standards require the eccentricity less than 10% of the average air-

gap for a safe operation of the direct-drive generator [97-99]. 

The calculation of the UMP was based on the empirical formulas and theoretical study in 

early papers [100-102], on the fundamental magnetomotive force wave using a Fourier 

series air-gap permeance [103-105], and on finite element analysis [106, 107]. Only few 

researchers have studied the vibratory characteristics of the rotor system due to the UMP 

in the early stage [96]. One simplified expression for UMP, which was given by 

Gustavsson and Aidanpää [94], is very convenient in analytically performing dynamic 

analysis of the drive-train system and can be expressed as  
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fm = µ
2
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Δr2

Δe
�(1−Δe2)3

 (3.1) 

where 𝜇𝜇 is the permeability of the magnet in the air-gap, 𝑆𝑆𝑠𝑠 is the linear current density 

in the stator, 𝑝𝑝 is the number of pole pairs, 𝑅𝑅𝑠𝑠 is the inner radius of the stator, h is the 

length of the air-gap, and ∆𝑒𝑒 is the relative eccentricity which is defined as ∆𝑒𝑒 = 𝑢𝑢𝑟𝑟+𝑈𝑈𝑟𝑟
𝛥𝛥𝛥𝛥

.   

 

3.2. Aerodynamic excitation 

The main aerodynamic excitation acting on wind turbines is in the form of wind 

excitations, which have two components, the deterministic and stochastic components. 

The deterministic component is normally described by a common wind shear model 

which can be expressed as, 𝑉𝑉(𝑧𝑧) = 𝑉𝑉𝐻𝐻(𝑧𝑧
𝐻𝐻

)𝛼𝛼, where 𝑉𝑉(𝑧𝑧) is the mean wind speed at the 

altitude 𝑧𝑧, 𝑉𝑉𝐻𝐻 is the reference wind velocity at the reference altitude 𝐻𝐻, α is the wind shear 

exponent. The drag force of fluids passing through structure can be calculated by using 

𝐹𝐹𝑤𝑤 = 1
2
𝜌𝜌𝑎𝑎𝑉𝑉𝑟𝑟(𝑧𝑧)

2𝐶𝐶𝑑𝑑𝐴𝐴(𝑧𝑧), where 𝜌𝜌𝑎𝑎 is the air density, 𝑉𝑉𝑟𝑟(𝑧𝑧) is the relative velocity of the 

wind and the structure, 𝐶𝐶𝑑𝑑  is the drag coefficient of the structure and 𝐴𝐴(𝑧𝑧) is the equivalent 

characteristic surface area. It is normally assumed that the tower motion is small when 

studying the tower vibration of the wind turbine, thus the relative velocity at elevation 

𝑧𝑧 is close to its wind velocity  𝑉𝑉𝑟𝑟(𝑧𝑧) ≈ 𝑉𝑉(𝑧𝑧). The wind loads on the tower and at different 

locations of the blades can be different from those expressions due to the variable wind 

speeds at different altitudes. The wind speed profile considering the wind shear instead 

of using the mean wind speed at the hub height of the wind turbine would provide more 

accurate evaluation of the power output. Wagner et al. [108] calculated the wind power 

flux using wind speed profiles with lidar measurements and pointed out that the use of 
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the wind shear model can actually improve the accuracy of the energy production 

estimation. 

The stochastic component also known as the turbulence wind can be significant compared 

to the deterministic component, however its mean value was considered to be zero [109]. 

Colwell and Basu [110] used a discrete Fourier series with zero mean to represent the 

arbitrary fluctuating component of the wind drag force on the offshore wind turbine. 

Karimirad and Moan [19] discussed the effect of the turbulence wind on its power 

performance and response. The turbulence effect was highlighted by comparing the 

constant and turbulent wind cases in the same offshore environment. It was found that the 

turbulence did not significantly affect the mean power output, but the power fluctuations 

would be notably increased under the below-rated wind speed condition. 

Wind excitations acting on the wind turbines can be discussed in two parts, the blades 

and the tower, which could also lead to the interactions between the different components 

within the wind turbine. 

For the wind excitation on the blades, not only a thrust force is generated but also a high 

torque in the generator would be produced. The thrust force can be transformed directly 

to the tower through the drive-train system in the direct-drive wind turbine, while radial 

forces can be produced due to the high torque rotating. The radial forces of the drive-train 

system are normally generated at the bearings (bearing forces) and rotor-stator position 

(UMP). In order to control the torque operation, blade-pitch control system is used to 

limit the above-rated rotating speed. For the above-rated wind speed, the rotating speed 

will be limited at the rated speed by using a blade-pitch control system. When the wind 

speed is over the cut-out speed, the drive-train system would be stopped in order to 

survive by using both blade-pith control system and the brake system. Sethuraman et al. 
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[9, 88] and Karimirad et al. [19] simplified the blade model and implemented the 

parameters of the blade into the software HAWC2. 

For the wind excitation on the tower part, most papers use a mean wind shear model to 

calculate the long-term wind force and take the tower shadow into account. The tower 

shadow effect is the torque variations caused by the wind speed changes when the blades 

pass through the tower region. For the upwind wind turbines, the torque would change as 

the wind is redirected when the blades are in the tower region. For the downwind wind 

turbines, the wind speed would decrease due to the tower obstruction. Murtagh [30] stated 

that the blade and tower interaction can be ignored in some cases, however in other cases, 

the tower shadow effects need to be considered. 

 

3.3. Hydrodynamic excitation 

3.3.1. Wave 

Waves in deep-water environment can be assumed as a nearly linear superposition of 

harmonic components according to the linear theory of waves. The linear wave theory 

describes the linear gravity waves on the surface of a homogeneous fluid layer, and 

assumes the fluid layer has a uniform mean depth. The surface elevation measured 

relative to the mean fluid level is a representative parameter. Orbital fluid motions under 

the surface around their average position are associated with the free motion of the wave 

when the surface elevation is propagated. According to the linear dispersion relationship, 

the wave property, such as the velocity potential, dispersion relation, wave length, 

dynamic pressure, group velocity, particle velocity in the horizontal and vertical 

directions, can be different under shallow-water, transitional-water (intermediate-water), 

and deep-water conditions.  
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Based on the linear wave theory, the waves with longer periods have a higher celerity 

than the waves with shorter periods. A complex three-dimensional short-crested surface 

elevation can be generated within or close to the area where the waves are generated. 

Most of the standard models of the sea waves are wind generated and can usually be 

characterized by the power spectral density function (PSDF). The sea surface elevation is 

a representative parameter of the sea state. The distribution of the sea waves is Gaussian 

random, which is regarded as an infinite number of independent waves with different 

wave height and wave periods.  

A fetch condition, which the wind blows over an uninterrupted distance without a 

significant direction change, was considered to approximate the sea surface elevation 

spectrum [111]. The Pierson-Moskowitz (PM) spectrum was first developed to define the 

relationship of the energy with wave frequency, by assuming that the wave is in 

equilibrium with the wind when it blows steadily over a large area for a long time, which 

has been referred as fully developed sea  [112]. The Pierson-Moskowitz spectrum can be 

expressed as 

𝑆𝑆(𝑓𝑓) = 𝛼𝛼𝑔𝑔2(2𝜋𝜋)−4𝑓𝑓−5 exp �− 5
4
�𝑓𝑓𝑚𝑚
𝑓𝑓
�
4
� (3.2) 

where 𝛼𝛼 is Phillips constant, g is the gravity constant, 𝑓𝑓 and 𝑓𝑓𝑚𝑚 define the wave natural 

frequency and peak frequency. 

However, the sea wave was never to be fully developed from the data which were 

collected and analysed in the Joint North Sea Wave Project (JONSWAP) [110]. The 

JONSWAP spectrum (under a fetch condition) was then used by introducing additional 

factors to improve the performance. The peak increase in the spectrum and the frequency 
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shift of the maximum spectrum were considered [113]. The JONSWAP spectrum can be 

written as 

𝑆𝑆𝑗𝑗(𝑓𝑓) = 𝑆𝑆(𝑓𝑓)𝛾𝛾𝑟𝑟 (3.3) 

where 𝑟𝑟 = exp �− (𝑓𝑓−𝑓𝑓𝑚𝑚)2

2𝜎𝜎2𝑓𝑓𝑚𝑚2
�, 𝛾𝛾 and 𝜎𝜎 are free parameters. 

The long-term variability of wave loads can be defined by using two wave spectral 

parameters, the significant wave height (𝐻𝐻𝑠𝑠), and the peak period (𝑇𝑇𝑝𝑝). Johannessen et al. 

[114] used a Weibull distribution to describe the significant wave height and a lognormal 

distribution to introduce its peak period, which was correlated with the given mean wind 

speed at 10 m height and the significant wave height. The expected values of the 

significant wave height and the peak period are 

 𝐸𝐸(𝐻𝐻𝑠𝑠) = 𝛽𝛽𝛽𝛽 �1
𝛼𝛼

+ 1�,  (3.4) 

𝐸𝐸�𝑇𝑇𝑝𝑝� = (4.883 + 2.68𝐻𝐻𝑠𝑠0.529) × �1 − 0.19 �𝑣𝑣−�1.764+3.426𝐻𝐻𝑠𝑠0.78�
1.764+3.426𝐻𝐻𝑠𝑠0.78 ��  (3.5) 

where 𝛼𝛼,𝛽𝛽, 𝑣𝑣 are free parameters. 

A JONSWAP spectrum using the significant wave height and the peak period to describe 

the wave can take the form of 

𝑆𝑆𝜂𝜂𝜂𝜂(𝜔𝜔) = 5
16
𝐻𝐻𝑠𝑠2𝜔𝜔𝑝𝑝4𝜔𝜔−5 exp �− 5

4
�𝜔𝜔𝑝𝑝

𝜔𝜔
�
4
� 𝛾𝛾

exp�−
�𝜔𝜔−𝜔𝜔𝑝𝑝�

2

2𝜎𝜎2𝜔𝜔𝑝𝑝
2 �

 (3.6) 

There are other wave spectra which can be used in marine construction. Nie et al. [115] 

introduced the Doppler spectrum based on the JONSWAP-type nonlinear waves to study 

the microwave backscattering in a mixed ocean environment. Molander and Garcia-
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Gabin [116] compared the Ochi-Hubble spectrum, a double-peaked wave with the 

Torsethaugen spectrum [117]. 

 

3.3.2. Sea current 

The sea current is an important source of hydrodynamic damping of the floating platform 

[76]. It is usually assumed as a primary horizontal water movement and can be 

represented by using the viscous-drag term in the Morison’s equation. The sea current 

direction and strength are only related to the site condition but can be different due to the 

change of water temperature over time. 

 

3.4. Earthquake 

For the wind turbine locates in or near the actively seismic regions, the earthquake should 

also be taken into account for the safety issues. The interaction between earthquake, soil 

and support structure could have direct effects on the vibration performance of a fixed-

based wind turbines. Moreover, indirect effects may also exist on the floating type wind 

turbines as there is an interaction among the earthquake, waves and currents. Currently, 

the simulation results using a simple superposition of those excitations are unable to 

obtain reasonable combined structural responses with the experimental results, since there 

is still an unclear interaction among the wind, wave, current and seismic excitations. 
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4. Vibration performance and structure optimization 

4.1. Tower vibration  

The wind turbine tower was considered as uniform tubular segments with the variables 

of cross-sectional area and gyration radius in earlier studies. Negm and Maalawi [75] 

studied five optimization strategies for the land-based tower to reduce the vibration level 

of the tower by using uniform segments. The cross-section area, radius of gyration and 

the heights of the uniform segments were considered as design variables in optimization 

analysis. Lavassas et al. [23] used two different finite element models to perform the 

analysis of a steel 1-MW wind turbine tower having a tubular shape under extreme wind 

and earthquake loads, and pointed out that the dynamic characteristics are critical for the 

overall design of the tower structure. In order to minimise the cost of the tower structure 

for a land-based wind turbine, Uys et al. [118] investigated a 45 m steel shell wind turbine 

tower formed as cylindrical shapes. Wind excitations obtained from the Eurocode and the 

buckling constraints from the ring-stiffeners were included in the optimization algorithm 

to find a cost-effective tower structure. Murtagh et al. [30] incorporated a three rotating 

blade model into a multi-degree-of-freedom model of a flexible annular tower. The 

resultant shear forces from the blades were applied at the top of the tower. The 

displacement response at the top of the tower was found to decrease as the blade rotation 

frequency increases. Adhikari and Bhattacharya [119] considered the subsea foundation 

structures for the shallow water offshore wind turbines and used the Euler-Bernoulli 

beam-column theory to develop an elastic end support model to study the dynamic 

behaviour of the foundation structure. The natural frequency of the tower was found to 

decrease with a decrease of foundation stiffness and an increase of axial load. 



 

36 | P a g e  
 

Unlike the tower structure of fixed (land)-based wind turbines, for the floating type wind 

turbines, the boundary condition of the turbine structure is under a free-free end condition, 

instead of a free-fixed end condition. Recently flexible towers were considered by using 

the NREL-developed FAST servo-elastic software coupled with other modules in 

studying the dynamic behaviour of the floating type offshore wind turbine under 

excitations [120-124], where they did not focus on the natural frequency analysis of the 

floating wind turbine tower.  

 

4.2. Substructure performance 

4.2.1. Fixed-base substructure 

Kallehave et al. [81] discussed the potential for the optimization of the monopile support 

of offshore wind turbines and developed basic understanding of monopole structures from 

mechanical engineer perspective. Byrne et al. [125] proposed a design method for the 

monopile support of offshore wind turbines by incorporated the advanced geotechnical 

effects such as cyclic behaviour and densification into the developed 1D (parameterised) 

monopile model. Prendergast et al. [126] found that the scour can have noticeable effect 

on the natural frequency response of the monopile-supported offshore wind turbine. A 

scale-model of the monopole support was examined at a dense sand test site to investigate 

the effect of scour at different offshore environment (different soil densities). However, 

some other interactions which may affect the frequency response of the model, such as 

the gyroscopic effects of the blade or the fluid-structure interaction effects, were not 

considered. The examination of the damping from different sources, such as structural 

and soil damping to the support, can be helpful for the vibration reduction of offshore 

wind turbines. Soil damping was found to have the largest discrepancy among all sources 
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[127]. Carswell et al.  [128] used a linear elastic two-dimensional finite element model to 

develop a foundation-damping model for the lumped parameter model by converting the 

hysteretic energy loss into a viscous, rotational mudline dashpot. Morato et al. [129] used 

the aero-hydro-servo-elastic simulator, FAST to analyse the response of the monopile-

supported NREL 5MW prototype wind turbine for the ultimate limit state load cases. The 

design load cases, extracted from the well-known database based on the IEC 61400-3, 

were used for checking the structural integrity of the offshore wind turbines. The 

overturning moment of the support structure and the flapwise and edgewise moment at 

the blade root, as the key parameters for designing the structure and blade, were obtained 

from the simulations. Wang et al. [130] investigated the performance of multi-pile 

offshore wind turbine under an earthquake condition coupled with wind, wave and current 

loads. The interaction of earthquake, hydrodynamic and aerodynamic excitations was 

considered necessary to obtain the reasonable results. Adhikari et al. [119] characterized 

the subsea foundation structures for the shallow water offshore wind turbines which 

consist of a single- or multi- monopile. Both wind and wave excitations can lead to large 

movement of the exposed structure and the upper part of the monopile. An elastic end-

support model using the Euler-Bernoulli beam-column theory was developed for the free 

vibration analysis of the dynamic behaviour of those foundation structures. The natural 

frequency of the tower was found to decrease with the decrease of the foundation stiffness 

and the increase of the axial load. 

 

4.2.2. Floating based substructure 

Larsen and Hanson [131] pointed out that the lowest structural frequencies of the floating 

wind turbine tower were lower than those of a normal bottom mounted tower. Colwell 
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and Basu [110] developed a MDoF tower model to study the response of an offshore wind 

turbine tower under both moderate and strong wind conditions. The Kaimal spectrum and 

the JONSWAP spectrum were used to describe the wind and wave excitations. A tuned 

liquid column damper was introduced as an additional damping system to reduce the peak 

response of the tower system. It was found that under the same wind and wave conditions, 

the peak response of the offshore wind turbine tower with a TLCD system could be 

reduced up to 55% compared to the tower without such a system. The additional damping 

system in the offshore wind turbine could also increase the fatigue life of the tower and 

provide optimization opportunity to make the system more efficiently. Karimirad and 

Moan [19] studied the dynamic response of a spar-type 5MW wind turbine under harsh 

and operation environmental conditions. The nonlinear aerodynamic forces, 

hydrodynamic forces, turbulent wind, and relative wind velocity were considered as the 

primary sources of excitation. By carrying out a comparative study of the wave- and wind-

induced response, it was found that the wind can induce the mean values of the dynamic 

response and the wave generate the standard deviations of the response. Furthermore, it 

was pointed out that the turbulence wind model was not necessary to be used in fatigue 

analysis since it did not significantly affect the structural response. Ramachandran et al. 

[18] studied the coupled three-dimensional dynamic response of a tension-leg platform  

floating offshore wind turbine under wave and wind excitation. The entire wind turbine 

was formulated using 17 DoFs, of which six for the platform motion and the rest for the 

wind turbine itself. Morison’s equation and the unsteady blade-element-momentum 

(BEM) theory were used to calculate the three dimensional wind and wave loading. 

Noticeable influences were found from the platform to the tower due to the wind shear 

and the turbulence effects. Compared to the simple model, a good agreement was obtained 

by using an advanced aero-elastic code, Flex5. Zhang et al. [132] developed a 13 DOFs 
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tower-blade-drivetrain offshore wind turbine model. The generator torque was calculated 

from a 3 DOFs turbulence and then transferred to the nacelle and the tower through the 

different drive-train systems. An active generator controller was used to reduce the lateral 

tower vibration due to the aerodynamic (wind) and hydrodynamic (wave) loads applied 

on the tower. Arany et al. [133] presented a simple methodology to calculate the natural 

frequency of the wind turbine sitting on a monopile. The monopile foundation was 

modelled by the lateral, rotational and cross coupled springs. The natural frequencies 

were numerically found from the transcendental equation. It was shown that the flexibility 

factor of the foundation was sensitive to its rotational stiffness and the effect of its lateral 

stiffness was limited to the natural frequency.  

There are other subsystems in the wind turbine helping to control the vibration behaviours 

of the structure. Shresyha et al. [48] employed a FE model to verify their new design by 

using the magnetic bearings in 2010. Both magnetic forces and gravitational forces were 

considered. Muliawan et al. [17] combined a wave energy converter (WECs) and a spar-

type floating wind turbine (FWT) to increase the density of the power output. The 

dynamic response of the wind turbine was studied in the time domain by using 

SIMO/TDHMILL3D, the mooring tension in the new concept was also compared with 

that of the spar-type FWT. The WECs in the spar FWT was found to increase the total 

energy output by 10-15%. Basu et al. [20] introduced a circular liquid column damper to 

suppress the edgewise vibrations in wind turbine blades. Dezvareh et al. [16] applied a 

tuned liquid column gas damper onto a jacket-type offshore wind turbine, and found that 

the vibration absorber could reduce the nacelle motion’s standard deviation and 

acceleration by over 45% from simulation. Sopanen et al. [134] combined an electro-

mechanical design of the control system and condition monitoring of variable-speed wind 

turbines to analyse the vibration of the whole direct-drive wind turbine. They claimed that 
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the method could help to evaluate the maximum value of the cogging torque and the 

tolerated torque ripple. The PMSG with main shaft was used in the mechanical model 

based on the details of existing PMSG, which was studied by Pyrhönen et al. [135]. It 

was found that the large part of the inertia of the blades does not play a major role in the 

high frequency vibration and can be neglected in the analysis. A more detailed model 

with flexible blades was also developed later [136]. Ruzzo et al. [137] carried out a modal 

analysis for the offshore floating platform by using the frequency domain decomposition 

method. A simple spar-type structure with lumped-mass nacelle was implemented in 

ANSYS AQWA for the numerical analysis of natural frequency, model shape and 

damping ratio. Bae and Kim [138] performed the fully-coupled dynamic analysis of a 

mono-column-TLP-type floating offshore wind turbine. The uncoupled analysis of the 

offshore platform was typically used for oil or gas, the whole body were treated as a rigid 

body and the relative motions among the wind, wave and platform were normally not 

considered. However, the fully-coupled simulation results showed that the consideration 

of relative velocity, blades running condition and the flexibility of the body could increase 

the wave and wind loadings on the structure and affect the pitch resonance and the 

frequency response.   

 

4.3. Dynamic performance due to excitations 

4.3.1. Rotor dynamics within the drive-train system 

Struggl et al. [139] reviewed the different models used in the study of the drive-train 

system in wind turbine (mostly for geared wind turbines), in terms of general 

considerations, modelling methods and useful tools. The dynamic analysis of direct-drive 

wind turbines has been performed by many researchers [19, 76, 140-142], but less 
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information has been found on the dynamics of drive-train system [9]. Sethuraman et al. 

[9]  developed a fully coupled mechanical model to study a 5MW direct-drive generator 

for floating spar-type wind turbine. A topology of the generator considered was based on 

a low-speed radial flux permanent magnet generator with the interior rotor, which was 

studied by Zavvos et al. [143]. The main properties such as the generator, aerodynamics, 

blade structural and mooring properties used in their study were adopted from other 

papers [19, 94, 144]. A further study on the drive-train dynamics was conducted recently 

in 2017 [88]. The response variables, such as shaft displacement and loadings, of land-

based and floating-based wind turbines were compared. Teng et al. [145] did a 

comparative analysis of a faulty and normal DDWTG to monitor and diagnose the fault 

of the rotor bearings. The multiscale enveloping spectrogram, which can manifest the 

fault modulation information, was introduced to detect the weak bearing faults. Pezzani 

et al. [146] used a resampling vibration signal technique to analyse the bearing faults in 

PMSG. Unlike the other traditional methods, the rotor position estimation was replaced 

by using a dual second order generalized integrator phase-locked loop to measure the load 

and voltage disturbances in the generator. Bearings under both constant and variable 

speeds were studied to show the performance of the phase-locked loop. 

 

4.3.2. The UMP effect in the generator 

The vibratory characteristics of the rotor system due to the UMP force was studied for a 

three-phase generator at a high rotating speed in 2002 [96]. There are two parts of the 

UMP force in a three-phase generator with multi-poles, a constant non-linear component 

and an oscillatory component. The vibration response was compared with low value of 

the pole pair in the generator. Sandarangani [147] in 2006 showed that the alternating 
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magnetic force would decrease when the number of pole pair increases.  Gustavsson et 

al. [94] stated that for a generator with high number pole pairs the alternating force can 

be ignored as it is insignificant when comparing to its constant component. Rodriguez et 

al. [92] in 2007 examined the excited vibration frequencies in the generator due to the 

eccentricity of its rotor, by considering the slotting, saturation and the possible stress 

distribution. A non-linear relationship between the dynamic eccentricity and the vibration 

of the rotor system was found by monitoring its low frequency and low order force 

distributions. Zarko et al. [148] in 2012 and Petrinic et al. [149] in 2014 studied the effect 

of both stator and rotor winding and the effect of the load condition on the unbalanced 

magnetic pull force by using the finite-element method.  

 

4.3.3. Environmental excitation effects 

Wang and Coton [150] developed a high resolution tower shadow model for the 

aerodynamic performance of downwind wind turbines, by using a prescribed wake model 

and a hybrid method combining the unsteady aerofoil scheme to perform an unsteady 

prescribed wake model. This method showed some improvement over a blade element-

momentum (BEM) method in which it can provide the effect of the shed wake on the 

blade loading near the tower shadow region. Munduate et al. [151] stated the importance 

of using an unsteady tower shadow model. A wind tunnel test was conducted to measure 

the pressure on the blade surface for a scaled two-blade wind turbine. It was shown that 

the unsteady model could predict the characteristics of the aerodynamic response. Dolan 

and Lehn [152] investigated the effect of the wind shear and tower shadow on a three-

blade wind turbine. A 3P pulsation due to the wind shear was found to produce a small 

DC reduction in the torque oscillation. It was shown that the tower shadow effect is more 
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dominant than the wind shear effect. The radius of the tower and the independent height 

were two key parameters in studying the effect of the tower shadow. Chattot [153] 

presented a helicoidal vortex model to describe the effect of the tower shadow on the 

blade root flap bending moment. However, there were some discrepancies when 

comparing the numerical results to the experimental data. Fadaeinedjad et al. [154] used 

a software package to model the aerodynamic aspects on a wind turbine. The effect of 

tower shadow, wind shears, the yaw error and the turbulence on the power produced were 

compared on power quality. Bayindir [155] applied a compressive (high-order) spectral 

method to simulate the nonlinear gravity wave by using a compressive sampling 

algorithm. The proposed method required fewer spectral components and less 

computation time than the classical method. By comparing the results using both classical 

method and compressive model, high accuracy of simulation results for the linear and the 

fully nonlinear ocean waves were found but with much less computation time required. 

Slunyaev and Kokorina [156] stated that the probability of high waves in the moderate 

rough sea conditions could be increased due to the large amplitude soliton-like groups. 

Raed et al. [157] studied the effect of wave force at different sea locations on a semi-

submersible wind turbine support structure. The JONSWAP spectrum was used to 

calculate the wave spectra and the Morison’s equation to estimate the wave load on the 

structure. The numerical results showed that the wave forces could be significantly 

variable with respect to the wave crests at different columns of the structure body. 

Dematteis et al. [158] used the modified nonlinear Schrödinger equation to investigate 

the rogue waves under deep-sea condition. Random initial data with available observed 

data of the rogue waves were implemented in the large deviation theory. The simulation 

results showed that the rogue waves were mainly caused by the modulational instabilities 

and have specific precursors which could be used for early detection. Kim et al. [159] 
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studied the effects of the coupled wind, wave and current loads on bottom-supported 

offshore wind turbines. The characteristics of wind, wave and current under a hurricane 

condition were investigated firstly, and then the response of both monopile-supported and 

jacket-supported offshore wind turbines during Hurricanes Ike (2008) and Sandy (2012) 

were studied. For Hurricane Ike case, the analysis was focused on the wave condition, the 

effects of the yaw misalignment, blade control and turbine parking strategies. For 

Hurricane Sandy case, the analysis was on the response of the jacket support and the 

effects of the coupled hydrodynamic and aerodynamic loads. 
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5. Rotor dynamics within the direct-drive drive-train system 

Direct-drive wind turbines, different from the standard geared wind turbines, usually use 

a direct-drive permanent-magnet generator to avoid the gearbox failures. In the absence 

of a gearbox in the drive-train system, the direct-drive generator operates at low rotating 

speeds. Thus, direct-drive wind turbines require a larger sized generator (higher weight) 

to transfer the kinetic energy into electrical energy. The inherent unbalanced magnetic 

pull (UMP) force of the generator can have impact on the vibration behaviour of the drive-

train system. The direct-drive drive-train system is normally considered to consist of a 

uniform hollow shaft which is supported by two roller bearings, a rotor, and the hub with 

blades. The main shaft and two main bearings are included in the model. Inclusion of the 

main bearings into the drive-train system is necessary to determine the bearing load 

fluctuations, as discussed in simulating wind turbine gearboxes [160]. 

 

5.1. Modelling of the direct-drive drive-train system 

The main components and system parameters of the direct-drive wind turbine studied in 

this chapter, such as the generator rotor, main shaft, and hub with blades, are adapted 

from the designed 5 MW wind turbine with DDPMG [9, 19, 144, 161].  Figure 5-1 shows 

the main structure of the rotor nacelle of a 5MW direct-drive wind turbine [9]. 
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Figure 5-1 Rotor nacelle [9] 

The stator is assumed to be fixed and constrained in all directions. The rotor system is 

held by two different bearings which are fixed with the stator. The bearing types and 

configurations are chosen based on the requirement of the stiffness-to-mass ratio and the 

recommendation from the bearing manufacturer TIMKEN [162]. Bearing 1 is referred to 

here as the one away from the hub, and is designed to take the radial loads only. Bearing 

2 (located close to the hub) is designed to carry both the axial and radial loads. Both 

bearings are assumed to be isotropic with their own stiffness (𝑘𝑘), damping coefficients 

(𝑐𝑐) and independent loads. The simplified schematic of the drive-train system is shown 

in Figure 5-2. Since the rotor, main shaft, and hub with blades are fixed together, the 

drive-train system would have a total mass 𝑚𝑚, moment of inertia 𝐼𝐼 and polar moment of 

inertia 𝐼𝐼𝑝𝑝. 
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Figure 5-2 Structure sketch of the rotor system with a fixed stator 

Given the fact that the direct-drive wind turbine operates at low rotating speed and that 

the generator has a larger size than the generator in the geared wind turbines, the whole 

rotor system is thus assumed to be rigid and its dynamic model will be a nonlinear system 

of 4 degree-of-freedom (DOF) by considering the translational and rotational motion [9, 

88]. The force analysis of the rotor system is shown in Figure 5-3 . Let 𝑥𝑥 be the positive 

displacement in 𝑥𝑥-direction, 𝜃𝜃𝑦𝑦 be the rotational angle about 𝑦𝑦 axis and 𝑙𝑙𝑖𝑖 be the distance 

from the centre of gravity (CG) of the drive-train system to a specific position along the 

shaft. The displacement with small angle inclination at a specific position in the 𝑥𝑥 -

direction is given by �𝑥𝑥 + 𝜃𝜃𝑦𝑦 × 𝑙𝑙𝑖𝑖�. With the same assumption, if 𝑦𝑦 is the positive 
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displacement in 𝑦𝑦-direction and 𝜃𝜃𝑥𝑥 is the rotation about the 𝑥𝑥 axis, the displacement with 

small angle inclination at a specific position in 𝑦𝑦-direction is (𝑦𝑦 − 𝜃𝜃𝑥𝑥 × 𝑙𝑙𝑖𝑖). The rotating 

speed of the whole system ω is defined as the rotating speed about 𝑧𝑧-axis.  The 

displacement of the rigid rotor outer surface due to the rotor inclination is omitted here 

for brevity [48]. 

 

Figure 5-3 Schematic of the rotor system, (a) the drive-train system, (b) the force system. 
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The displacement of the CG of the rotor system (xG, yG) and the inclination angle 

�θGy,θGx� of the rotor system about the CG can be determined by applying Newton’s 

second law of motion using the resultant force �Fx, Fy� and the resultant 

moment �Mx, My�, as shown in Figure 5-3: 

𝐹𝐹𝑥𝑥 = 𝑚𝑚𝑥̈𝑥𝐺𝐺
𝐹𝐹𝑦𝑦 = 𝑚𝑚𝑦̈𝑦𝐺𝐺

𝑀𝑀𝑋𝑋𝑋𝑋 = 𝐼𝐼𝜃̈𝜃𝐺𝐺𝐺𝐺 + 𝐼𝐼𝑝𝑝𝜔𝜔𝜃̇𝜃𝐺𝐺𝐺𝐺
𝑀𝑀𝑌𝑌𝑌𝑌 = 𝐼𝐼𝜃̈𝜃𝐺𝐺𝐺𝐺 − 𝐼𝐼𝑝𝑝𝜔𝜔𝜃̇𝜃𝐺𝐺𝐺𝐺

      (5.1) 

where 𝑀𝑀𝑥𝑥 and 𝑀𝑀𝑦𝑦 represent the torsional moments in yz plane (𝑀𝑀𝑥𝑥 = −𝑀𝑀𝑌𝑌𝑌𝑌) and xz plane 

(𝑀𝑀𝑦𝑦 = 𝑀𝑀𝑋𝑋𝑋𝑋), respectively. 

As shown in Figure 5-3, two bearings provide the spring forces and the damping forces 

to support the shaft. The UMP force and variable wind force are applied at the rotor centre 

and the hub centre, respectively. The resultant forces and moments can be obtained as 

𝐹𝐹𝑥𝑥 = 𝑓𝑓1𝑥𝑥 + 𝑓𝑓2𝑥𝑥 + 𝑓𝑓𝑚𝑚𝑚𝑚 + 𝑓𝑓𝑤𝑤𝑤𝑤 = (−𝑘𝑘1𝑥𝑥1 − 𝑐𝑐1𝑥̇𝑥1) + (−𝑘𝑘2𝑥𝑥2 − 𝑐𝑐2𝑥̇𝑥2) + 𝑓𝑓𝑚𝑚𝑚𝑚 + 𝐹𝐹𝑤𝑤𝑤𝑤
𝐹𝐹𝑦𝑦 = 𝑓𝑓1𝑦𝑦 + 𝑓𝑓2𝑦𝑦 + 𝑓𝑓𝑚𝑚𝑚𝑚 + 𝑓𝑓𝑤𝑤𝑤𝑤 = (−𝑘𝑘1𝑦𝑦1 − 𝑐𝑐1𝑦̇𝑦1) + (−𝑘𝑘2𝑦𝑦2 − 𝑐𝑐2𝑦̇𝑦2) + 𝑓𝑓𝑚𝑚𝑚𝑚 + 𝐹𝐹𝑤𝑤𝑤𝑤

𝑀𝑀𝑋𝑋𝑋𝑋 = 𝑙𝑙1𝑓𝑓1𝑥𝑥 + 𝑙𝑙2𝑓𝑓2𝑥𝑥 + 𝑙𝑙3𝑓𝑓𝑚𝑚𝑚𝑚 − 𝑙𝑙4𝑓𝑓𝑤𝑤𝑤𝑤 = 𝑙𝑙1�−(𝑘𝑘1𝑥𝑥1 + 𝑐𝑐1𝑥̇𝑥1)� + 𝑙𝑙2�−(𝑘𝑘2𝑥𝑥2 + 𝑐𝑐2𝑥̇𝑥2)�
+𝑙𝑙3𝑓𝑓𝑚𝑚𝑚𝑚 − 𝑙𝑙4𝐹𝐹𝑤𝑤𝑤𝑤

𝑀𝑀𝑌𝑌𝑌𝑌 = 𝑙𝑙1𝑓𝑓1𝑦𝑦 + 𝑙𝑙2𝑓𝑓2𝑦𝑦 + 𝑙𝑙3𝑓𝑓𝑚𝑚𝑚𝑚 − 𝑙𝑙4𝑓𝑓𝑤𝑤𝑤𝑤 = 𝑙𝑙1�−(𝑘𝑘1𝑦𝑦1 + 𝑐𝑐1𝑦̇𝑦1)� + 𝑙𝑙2�−(𝑘𝑘2𝑦𝑦2 + 𝑐𝑐2𝑦̇𝑦2)�
+𝑙𝑙3𝑓𝑓𝑚𝑚𝑚𝑚 − 𝑙𝑙4𝐹𝐹𝑤𝑤𝑤𝑤

   

 (5.2) 

where (𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖) represent the displacements of the rotor at the locations of Bearings 1 and 

2 with the relationship 𝑥𝑥𝑖𝑖 = 𝑥𝑥 + 𝑙𝑙𝑖𝑖𝜃𝜃𝑦𝑦,  𝑦𝑦𝑖𝑖 = 𝑦𝑦 − 𝑙𝑙𝑖𝑖𝜃𝜃𝑥𝑥, for  𝑖𝑖 = 1,2. (𝑓𝑓𝑚𝑚𝑚𝑚,𝑓𝑓𝑚𝑚𝑚𝑚) denote the 

components of the UMP force in x and y direction according to Eq.(3.1), respectively, 

and (𝐹𝐹𝑤𝑤𝑤𝑤,𝐹𝐹𝑤𝑤𝑤𝑤) represent the variable wind forces in x-axis and y-axis directions 

considered as the external excitation which plays an important role in the rotor 

dynamics[163]. 
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The wind excitations can be complicated as related to the blade aerodynamics and the 

control system. Only a simple harmonic force is used to simulate the resultant wind 

excitation and a similar harmonic form has been widely used in the dynamic analysis of 

wind turbine systems in the literature. The magnitude and frequency of the fluctuating 

wind force are adopted from the existing studies [119, 133, 152]. The fluctuating external 

wind force can be expressed as 𝐹𝐹𝑤𝑤𝑤𝑤 = 𝑓𝑓𝑤𝑤𝑤𝑤 cos(𝜔𝜔𝑤𝑤𝑡𝑡),   𝐹𝐹𝑤𝑤𝑤𝑤 = 𝑓𝑓𝑤𝑤𝑤𝑤 cos(𝜔𝜔𝑤𝑤𝑡𝑡), where 

𝑓𝑓𝑤𝑤𝑤𝑤,𝑓𝑓𝑤𝑤𝑤𝑤 are the magnitudes of the fluctuating force and 𝜔𝜔𝑤𝑤 is the frequency.  

It is known that the CG may not always coincide with the centre of geometry due to the 

unbalanced mass. Assume that the unbalanced CG has the eccentricity 𝑒𝑒 and the skew 

angle τ. Eq.(5.1) and (5.2) can be rewritten by using the relationship [164] 

𝑥𝑥𝐺𝐺 = 𝑥𝑥 + 𝑒𝑒 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔)         𝜃𝜃𝐺𝐺𝐺𝐺 = 𝜃𝜃𝑦𝑦 − 𝜏𝜏 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔 + 𝛽𝛽)
𝑦𝑦𝐺𝐺 = 𝑦𝑦 + 𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔)        𝜃𝜃𝐺𝐺𝐺𝐺 = 𝜃𝜃𝑥𝑥 − 𝜏𝜏 𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔 + 𝛽𝛽) 

  (5.3) 

where (𝑥𝑥,𝑦𝑦) represent the displacement of the centre of geometry and �𝜃𝜃𝑦𝑦,𝜃𝜃𝑥𝑥� denote the 

inclination angles of centre of geometry, 𝜔𝜔 denotes the rotational speed of the system, 

and β is the angle between the principal axis and the direction of the unbalanced mass.  

By substituting Eq.(5.2) and (5.3) into Eq.(5.1), the equations of motion of the drive-train 

system can be obtained as 

𝑚𝑚𝑥̈𝑥 + 𝑐𝑐11𝑥̇𝑥 + 𝑐𝑐12𝜃̇𝜃𝑦𝑦 + 𝑘𝑘13𝑥𝑥 + 𝑘𝑘14𝜃𝜃𝑦𝑦 = 𝑚𝑚𝑒𝑒𝑒𝑒2𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) + 𝑓𝑓𝑚𝑚𝑚𝑚 + 𝑓𝑓𝑤𝑤𝑤𝑤 cos(𝜔𝜔𝑤𝑤𝑡𝑡)
𝑚𝑚𝑦̈𝑦 + 𝑐𝑐11𝑦̇𝑦 − 𝑐𝑐12𝜃̇𝜃𝑥𝑥 + 𝑘𝑘13𝑦𝑦 − 𝑘𝑘14𝜃𝜃𝑥𝑥 = 𝑚𝑚𝑒𝑒𝑒𝑒2 𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔) + 𝑓𝑓𝑚𝑚𝑚𝑚 + 𝑓𝑓𝑤𝑤𝑤𝑤 cos(𝜔𝜔𝑤𝑤𝑡𝑡)

𝐼𝐼𝜃̈𝜃𝑦𝑦 + 𝐼𝐼𝑝𝑝𝜔𝜔𝜃̇𝜃𝑥𝑥 + 𝑐𝑐21𝑥̇𝑥 + 𝑐𝑐22𝜃̇𝜃𝑦𝑦 + 𝑘𝑘23𝑥𝑥 + 𝑘𝑘24𝜃𝜃𝑦𝑦 = (𝐼𝐼𝑝𝑝 − 𝐼𝐼)𝜏𝜏𝜏𝜏2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔 + 𝛽𝛽) + 𝑙𝑙3𝑓𝑓𝑚𝑚𝑚𝑚 − 𝑙𝑙4𝑓𝑓𝑤𝑤𝑤𝑤
𝐼𝐼𝜃̈𝜃𝑥𝑥 − 𝐼𝐼𝑝𝑝𝜔𝜔𝜃̇𝜃𝑦𝑦 + 𝑐𝑐21𝑦̇𝑦 − 𝑐𝑐22𝜃̇𝜃𝑥𝑥 + 𝑘𝑘23𝑦𝑦 − 𝑘𝑘24𝜃𝜃𝑥𝑥 = �𝐼𝐼𝑝𝑝 − 𝐼𝐼�𝜏𝜏𝜏𝜏2 𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔 + 𝛽𝛽) + 𝑙𝑙3𝑓𝑓𝑚𝑚𝑚𝑚 − 𝑙𝑙4𝑓𝑓𝑤𝑤𝑤𝑤

 

(5.4) 

where  
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𝑐𝑐11 = 𝑐𝑐1 + 𝑐𝑐2
𝑐𝑐12 = 𝑐𝑐1𝑙𝑙1 + 𝑐𝑐2𝑙𝑙2
𝑘𝑘13 = 𝑘𝑘1 + 𝑘𝑘2

𝑘𝑘14 = 𝑘𝑘1𝑙𝑙1 + 𝑘𝑘2𝑙𝑙2

       

𝑐𝑐21 = 𝑐𝑐1𝑙𝑙1 + 𝑐𝑐2𝑙𝑙2
𝑐𝑐22 = 𝑐𝑐1𝑙𝑙12 + 𝑐𝑐2𝑙𝑙22
𝑘𝑘23 = 𝑘𝑘1𝑙𝑙1 + 𝑘𝑘2𝑙𝑙2
𝑘𝑘24 = 𝑘𝑘1𝑙𝑙12 + 𝑘𝑘2𝑙𝑙22

            

The rotor response which depends on the UMP force, unbalanced force and wind force 

will be studied by performing the numerical simulation using Matlab  ODE45 solver, as 

no analytical solutions can be found for the four second-order nonlinear differential 

equations. 

 

5.2. Numerical simulation results 

Compared to the design of geared wind turbines, the weight adjustment is more important 

for the direct-drive wind turbines since the total weight of a direct-drive wind turbine has 

been increased significantly, especially the weight of its generator, which may affect its 

stability during operation [165, 166]. The adjustment of the rotor weight and position 

within the direct-drive generator, which will change the location of the CG of the drive-

train system. The rotor displacement and bearing forces are discussed under different 

operating conditions. In performing numerical simulations, the parameters of the drive-

train system are selected from the designed DDPMG of a 5 MW NREL wind turbine [9, 

88], and are given in Table 5-1. It is known that the DDPMG would operate at a low 

rotating speed, normally in the range of 5 to 30 rpm. Its average operating speed of the 

selected model is thus assumed to be 16 rpm. 

Table 5-1 System parameters used for the drive-train system [9, 88, 144, 161, 167-169] 

Symbol Description units value 

m Total mass of the rotor system ton 174.68 
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L Length of the shaft m 3 

Rs Inner radius of the stator m 3.185 

Δr Average air-gap mm 6.36 

h Length of the magnet m 1.72 

Ip Polar moment of inertia kg∙m2 3.54×107 

I Moment of inertia kg∙m2 1×105 

p Number of the pole pairs  60 

 Distance along shaft from hub center to Bearing 1 m 2.65 

 Distance along shaft from hub center to Bearing 2 m 0.65 

 Distance along shaft from hub center to rotor center m 1.65 

𝑙𝑙𝑜𝑜𝑜𝑜′ 
Horizontal distance between the CG of the drive-

train system and the CG of the platform 
m 2 

ℎ𝑜𝑜𝑜𝑜′ 
Vertical distance between the CG of the drive-train 

system and the CG of the platform 
m 168.61 

The numerical simulations are carried out with the rotor system starting from rest (0 rpm) 

and then accelerating at a constant angular acceleration until it reaches a rated operating 

speed. After that, it keeps rotating at the rated constant speed to remain a maximum power 

output. The displacements and the angle inclinations at the initial state (0 rpm) are 

calculated for the initial values assigned to the variables of the equation. The 

corresponding initial values in Matlab simulations are not artificially set but calculated 
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from the initial rest position of the drive-train system (the system is not rotating at the 

initial state). Specifically, the displacement and angle inclination in the vertical direction 

(y direction) are calculated by considering the weight and the location of the CG of the 

drive-train system. The displacement and angle inclination in the horizontal direction (x 

direction) are set to be 0 because no static loading is applied in these directions. The 

maximum displacement of the rotor must be not larger than the average air-gap, 

otherwise, the rotor will have direct contact with the stator and damage the generator. 

Thus, under a safe operating condition, the displacement of the rotor must be smaller than 

the average air-gap (𝑑𝑑𝑟𝑟 < ∆𝑟𝑟). However, the displacement of the rotor is unpredictable 

since it is calculated using the equation  𝑑𝑑𝑑𝑑 = �(𝑥𝑥 + 𝑙𝑙3𝜃𝜃𝑦𝑦)2 + (𝑦𝑦 − 𝑙𝑙3𝜃𝜃𝑥𝑥)2, where four 

variables  𝑥𝑥,  𝑦𝑦,   𝜃𝜃𝑦𝑦  and 𝜃𝜃𝑥𝑥 are involved. Pitch and other control systems are assumed to 

be used during the operation of wind turbines, but the interaction of the control systems 

and the rotor system will not be considered for brevity. 

 

5.2.1. Effect of the rotor position 

Since all variables 𝑙𝑙i are dependent on the location of the CG of the drive-train system, 

the location of the CG can be an important variable for determining some parameters 

involved in the equation of motion.  The location of the CG can be easily moved by 

changing the position of the rotor between the two bearings or changing the mass ratio of 

components within the system. Firstly, the effect of the adjustment on the location of the 

rotor is studied. As the power level of the studied model is chosen and the size of the wind 

turbine is determined, the mass of each component included in this model, that is, the 

rotor mass mr, main shaft mass ms, and the mass of hub with blades mh, is then 

correspondingly determined. The distance in the axial direction between the centre of the 
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rotor and the center of Bearing 2 is denoted by 𝑙𝑙 along the z axis. Then 𝑙𝑙 can be analysed 

from 0 to 2m and the location of the CG and the centre of the rotor have the relationship 

shown in Figure 5-4. The consideration of 0m and 2m are only for the sake of theoretical 

analysis, a realistic model would require a specific design for such a condition. For the 

designed DDPMG, the rotor position is set in the middle of the two bearings, which gives 

𝑙𝑙 = 1.0m and the location of the CG  𝑙𝑙2 = 0.039𝑚𝑚.  

 

Figure 5-4 Relationship of the rotor position and the location of the CG 

Figure 5-5 shows the displacement of the CG and the rotor when  𝑙𝑙 = 1.0m and the 

rotating speed is 16 rpm. The rotor displacement decreases after it starts running and 

converges to small values. The rotor displacement at the steady-state response can be 

found to be about 0.0204mm, which is within 10% of the average air-gap for a successful 

operating condition set by the manufacturers. The displacements of the CG and the rotor 

demonstrate that the steady-state vibration response appears to be a combined spectrum. 
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Figure 5-6 shows the difference in the rotor response when the UMP force is or not 

considered in the numerical simulations. An increased response can be clearly found 

when the UMP force is considered from the figures. The difference between the drive-

train system with and without the UMP force considered is found to be around 0.05mm 

at 16rpm and 0.2mm at 30rpm, which are 7% and 30% of the tolerance allowable (10% 

of the average air-gap) for a safe operation. Thus, the effect of the UMP is notable and 

significant in particular at higher speeds, which makes the consideration of the UMP force 

necessary in vibration analysis. In order to discuss the vibration response due to the 

adjustment of the rotor position, the variation of the maximum steady-state displacement 

of the CG and the rotor centre with different locations of the rotor is shown in Figure 5-7. 

Significant changes can be found in the displacement from Figure 5-7. The peak 

displacement of the CG when the rotor center moves from Bearing 2 to Bearing 1 is found 

to have an increase from 0.02mm to 0.21mm, which is approximately increased by 10 

times.  However, when the rotor center is moving along the shaft from Bearing 2 to 

Bearing 1, the maximum rotor displacement reduces from 0.12mm and reaches the 

minimum value of 0.07mm at 𝑙𝑙 = 0.3m, and then is increased to 0.55mm. Since the rotor 

response is unpredictable, only the FFT spectrum analysis for the displacement in the 𝑥𝑥 

direction of the drive-train system’s CG is shown in Figure 5-8. The FFT spectrum shows 

that the vibration of the drive-train system is affected by two main sources. The first peak 

frequency at 0.267Hz is the response frequency of the unbalanced mass of the rotor 

system at 16 rpm, the second peak frequency at 0.4807Hz indicates the wind excitation 

applied in the simulation. Both response frequencies are obviously independent of the 

rotor position. Thus, the effect of the rotor position adjustment is weak on the change of 

vibration response frequency and but strong on its displacement amplitude. More detail 

can be found in Appendix 9.1. 
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Figure 5-5 Time-history of the displacement of the CG and the rotor when 𝒍𝒍 = 𝟏𝟏.𝟎𝟎𝟎𝟎 at 16 rpm. The left and 

right subfigures show the transient and steady-state response, respectively. 
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Figure 5-6 Steady state displacement response of the rotor at 16rpm (up) and 30rpm (down) when the UMP 

force is or not considered. 
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Figure 5-7 Variation of the maximum displacement with different rotor position, (a) the displacement of the 

CG, (b) the displacement of the rotor centre. 
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Figure 5-8 Displacements and the corresponding FFT spectra of the CG in the x direction with different length 

𝒍𝒍 
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Figure 5-9 shows the magnitude of the bearing forces acting on Bearings 1 and 2 (BR1 

and BR2). It can be seen that the maximum forces on both bearings occur at the beginning 

stage of the operation and are decreased quickly and settled into the steady-state. The 

cyclic dynamic loads at the steady-state can be useful for calculating the fatigue life of 

bearings. A comparison of the peak force magnitudes in the transient state indicates that 

Bearing 2 takes more radial load than Bearing 1, but the difference between the forces 

applied on the bearings has been reduced at the steady-state. Both bearings are taking 

about 1.7 × 107𝑁𝑁 force at the steady-state. Figure 5-10 demonstrates the change in the 

maximum bearing force along the rotor position. The maximum force response at Bearing 

1 increases approximately in a quadratic manner when the rotor moves along the shaft 

from Bearing 2 to Bearing 1. For Bearing 2, the maximum bearing force decreases first 

and then increasing after reaching its minimum value at 𝑙𝑙=1.2m. 
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Figure 5-9 Bearing force response at 16 rpm, (a) force on Bearing 1, (b) force on Bearing 2. The left and right 

subfigures show the transient and steady-state response, respectively. 
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Figure 5-10 Maximum steady-state bearing forces with different 𝒍𝒍,  (a) force on Bearing 1, (b) force on Bearing 

2. 
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One major difference between the direct-drive and indirect-drive (geared) wind turbines 

is the rotating speed of the generator. The effect of the rotor adjustment will be discussed 

subsequently under different rotating speeds of the generator of the direct-drive wind 

turbines. By selecting  𝑙𝑙 = 1.0𝑚𝑚, the rated operating speed is chosen from 5rpm to 30rpm, 

both displacement response and bearing forces are analyzed. The maximum displacement 

and the bearing forces under overall operating conditions are the same from 5rpm to 

30rpm as the simulation starts from 0 rpm. The maximum displacement and bearing 

forces appear at the beginning stage of the operating process. The maximum steady-state 

displacement and bearing forces with different 𝑙𝑙 are shown in Figure 5-7 and 5-10. 

It is rational to compare the vibration response under different conditions by combining 

the results with the two variables, where the displacement and force responses at the 

steady-state are shown from Figure 5-11 to 5-14.  

Figure 5-11 to 5-13 demonstrate the maximum value of the rotor displacement and 

bearing forces at the steady-state response at certain speeds with variable 𝑙𝑙. By 

considering the limitation of the air-gap between the rotor and stator for a safe operation, 

the optimized rotor position can be chosen when the rotor centre is 0.3m measured from 

Bearing 2 along the shaft. However, by considering the bearing loading response, 

different rotor position can be chosen to minimize the cyclic dynamic load and increase 

their fatigue life. For Bearing 1, the minimum cyclic loads are found when the rotor is 

close to Bearing 2, while for Bearing 2, the minimum cyclic loads appear when 𝑙𝑙 = 1.2m. 

It can be seen from Figure 5-14  that the adjustment of rotor position at the higher speeds 

has larger effect on the displacement response than that at the lower speeds. However, it 

is also noticed that in some cases the maximum rotor displacements exceed the 10% of 

the average air-gap (designed value) but still in a workable condition (dr < ∆𝑟𝑟). 
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Figure 5-11 Variation of the maximum steady-state displacement response of the rotor at certain speeds with 

variable 𝒍𝒍 
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Figure 5-12 Variation of the maximum force response on Bearing 1 at the steady-state at certain speeds with 

variable 𝒍𝒍 
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Figure 5-13 Variation of the maximum force responses on Bearing 2 at the steady-state at certain speeds with 

variable 𝒍𝒍 
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.

 

Figure 5-14 Maximum steady-state displacement response of the CG and the rotor under different 𝒍𝒍 and 

rotating speeds 
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5.2.2. Effect of the mass ratio 

Another method to change the location of the CG within the drive-train system is by 

changing the mass ratio between the three mass components in the system. As mentioned 

above, there are three mass components, namely, the rotor mass mr, main shaft mass ms 

and the mass of hub with blades mh. For the chosen 5MW DDPMG model studied in this 

thesis, without significant changes of its structure, the blade length is fixed in order to 

remain the power output. Thus, the mass of hub with blades mh and main shaft mass ms 

are determined and cannot be changed. However, the mass of the rotor mr can be variable 

by choosing different structures (for example, rim structure) and materials, thus the 

location of the CG can be changeable with the rotor mass. The other parameters in the 

system such as total mass, moment of inertia and even the initial condition will also be 

changed accordingly. The rotor mass can be found between 30 ton to 90 ton available for 

the rotor support with a fixed outer radius. The relationship between the mass ratio, 

mr/(ms+mh+mr), and the location of the CG can be calculated and is shown in Figure 5-15. 
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Figure 5-15 Relationship of the mass ratio and the location of the CG of the drive-train system 

The maximum displacement and force response at the steady-state with different mass 

ratios and the related FFT spectra are shown in Figure 5-16 and 5-17. Although the 

maximum displacement of the CG reduces when the mass ratio increase, the maximum 

displacement of the rotor increases along with its weight. Figure 5-17 also shows the 

changes of the maximum bearing forces acting on both bearings with different mass ratios 

at the steady-state. It is found that an increase of mass ratio (heavier rotor mass) would 

lead to an increase maximum force response on Bearing 1 but a decrease force response 

on Bearing 2 at the steady-state. The FFT spectrum analysis for the displacement of the 

CG in the 𝑥𝑥 direction also shows two frequency peaks. It is also clear that the effect of 

the mass ratio on the dynamic response at high speeds (about 4% of the average maximum 

displacement) is higher than its effect at low speeds (about 1% of the average maximum 

displacement) from Figure 5-18.  Although the effect of the rotor mass adjustment is weak 

when compared to its position adjustment, the simulation results can still give optimized 
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options on the mass adjustment for a safe operation. A selection of a lighter weight rotor 

cannot only reduce the maximum displacement of the rotor, but also the force response 

applied on Bearing 1, however, it will result in an increasing force response on Bearing 

2. 
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Figure 5-16 Maximum rotor displacement response and the force response on the bearing with different mass 

ratios 
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Figure 5-17 Displacement in the x direction of the CG with different mass ratio and the related FFT spectrums 

at 16rpm rotating speed  
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Figure 5-18 Variation of the maximum rotor displacement response with the mass ratio under different 

rotational speed  

 

5.3. Conclusion 

The vibration behaviour of the drive-train system within a direct-drive wind turbine has 

been studied for different locations of the centre of gravity of the drive-train system, 

which are caused by the adjustment of rotor position and rotor mass. The dynamic model 

developed is a 4DOF nonlinear system and includes the wind excitation and the non-

linear unbalanced magnetic pull force (UMP force) in the generator. The rotor 

displacement and bearing loads have been obtained for different rotor positions along the 

shaft and different rotor mass ratios under different rotating speeds. The maximum rotor 



 

74 | P a g e  
 

displacement and the maximum cyclic loads on the bearings were discussed for a wide 

range of operating conditions. 

The comparison results of the model with and without the UMP force indicate an up to 

30% notable difference in the allowable tolerance of air-gap under a workable operation, 

which makes the consideration of the UMP force necessary in the dynamic analysis of 

the drive-train system for direct-drive wind turbines. The effect of the UMP force on the 

dynamic response of the drive-train system is more significant when the rotational speed 

of the drive-train system is higher. 

The vibration response of the drive-train system was found to be related to its rotor 

position and mass ratio.  According to the simulation results, the effect of the rotor 

position adjustment could give significant change on its displacement magnitude but less 

change on the response frequency, while the effect of the rotor mass adjustment is not as 

significant as the effect of the rotor position adjustment. An optimized design of the 

adjustment of rotor position and mass ratio would improve the performance of the drive-

train system, such as the reduction of bearing loads.  
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6. Platform vibration of the spar type wind turbines 

Different types of offshore wind turbines have been developed for their advantages of 

more power output and less space limitation than the land-based wind turbines. The 

distinct offshore environmental loads may significantly affect the dynamic response of 

the offshore wind turbines.This chapter will study the dynamic response of a spar-type 

direct-drive wind turbine under different excitations. 

 

6.1. Theoretical model 

The NREL 5 MW wind turbine, a catenary moored spar-type direct-drive wind turbine, 

is chosen as it has been widely used in studying the vibration behaviour of offshore wind 

turbines [9, 19, 87, 88]. The spar-support platform is a shaped cylinder with ballast inside 

and mooring system attached on it. A simple sketch of the model is shown in Figure 6-1. 

A total of 8 DOF system, which consists of 4 DOF free-free end model of the wind turbine 

structure and 4 DOF model of the drive-train system, will be developed for investigating 

the effects of hydrodynamic and aerodynamic excitations on the dynamic response of the 

spar-support floating direct-drive wind turbine. Two coordinate systems, a moving-local 

(𝑋𝑋,𝑌𝑌,𝑍𝑍) coordinate system and a fixed-global (𝑋𝑋′,𝑌𝑌′,𝑍𝑍′) coordinate system, are used to 

describe the motion of the drive-train system and the motion of the floating platform with 

tower structure. The nacelle is considered as a non-rotating mass point fixed at the top of 

the tower at first, only the thrust force from the blades will be considered. Then the 

rotating interaction between the drive-train system and the nacelle will be discussed. 
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Figure 6-1 A simple sketch of the spar-support wind turbine and the global and local coordinate systems  

This chapter aims to present a simplified approach to study the vibration behaviour due 

to the aerodynamic and hydrodynamic excitations on the wind turbine. As a result, a 

number of assumptions are made to focus on the primary points without redundancies: 

1. The spar-support platform with tower structure is considered as a rigid long floating 

body under deep-sea condition.  

2. External excitations considered acting on the model are generated from sea current, 

wave, wind, mooring and buoyancy.  

3. Only displacements and the inclination angles of the platform with tower structure in 

surge and sway directions are discussed, while the displacement in heave direction is 

ignored. 
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4. The wave direction is the same as the wind direction, except for the case of 

misalignment to be considered.  

5. The current direction is assumed to be in the surge direction. However it is also 

noticed that the wind and wave direction may not always be the same as the current 

direction, so the effect of the angle between the wind, wave and current directions 

θwc is introduced to reflect the difference in directions. 

6. The dynamic effects associated with the mass, damping, and fluid acceleration on the 

mooring lines are neglected. 

7. Only normal operational conditions are studied and the fault condition is not 

considered for the wind turbine system. 

 

6.1.1. The dynamic model of the drive-train system 

A nonlinear system of 4 DOF (𝑦𝑦, 𝑧𝑧, 𝜃𝜃𝑦𝑦 ,𝜃𝜃𝑧𝑧) in a moving-local (𝑋𝑋,𝑌𝑌,𝑍𝑍)-coordinate 

system with origin at the centre of gravity (CG) of the drive-train system is used to 

describe the motion of the drive-train system. The equations of motion of the drive-train 

system can be obtained from Section 5.1 as  

𝑚𝑚𝑦̈𝑦 + 𝑐𝑐11𝑦̇𝑦 + 𝑐𝑐12𝜃̇𝜃𝑧𝑧 + 𝑘𝑘13𝑦𝑦 + 𝑘𝑘14𝜃𝜃𝑧𝑧 = 𝑚𝑚𝑒𝑒𝑒𝑒2𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) + 𝑓𝑓𝑚𝑚𝑚𝑚 + 𝑓𝑓𝑤𝑤𝑤𝑤 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝑤𝑤𝑡𝑡)
𝑚𝑚𝑧̈𝑧 + 𝑐𝑐11𝑧̇𝑧 − 𝑐𝑐12𝜃̇𝜃𝑦𝑦 + 𝑘𝑘13𝑧𝑧 − 𝑘𝑘14𝜃𝜃𝑦𝑦 = 𝑚𝑚𝑒𝑒𝑒𝑒2 𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔) + 𝑓𝑓𝑚𝑚𝑚𝑚 + 𝑓𝑓𝑤𝑤𝑤𝑤 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝑤𝑤𝑡𝑡)

𝐼𝐼𝜃̈𝜃𝑧𝑧 + 𝐼𝐼𝑝𝑝𝜔𝜔𝜃̇𝜃𝑦𝑦 + 𝑐𝑐21𝑦̇𝑦 + 𝑐𝑐22𝜃̇𝜃𝑧𝑧 + 𝑘𝑘23𝑦𝑦 + 𝑘𝑘24𝜃𝜃𝑧𝑧 = (𝐼𝐼𝑝𝑝 − 𝐼𝐼)𝜏𝜏𝜏𝜏2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔 + 𝛽𝛽) + 𝑙𝑙3𝑓𝑓𝑚𝑚𝑚𝑚 − 𝑙𝑙4𝑓𝑓𝑤𝑤𝑤𝑤
𝐼𝐼𝜃̈𝜃𝑦𝑦 − 𝐼𝐼𝑝𝑝𝜔𝜔𝜃̇𝜃𝑧𝑧 + 𝑐𝑐21𝑧̇𝑧 − 𝑐𝑐22𝜃̇𝜃𝑦𝑦 + 𝑘𝑘23𝑧𝑧 − 𝑘𝑘24𝜃𝜃𝑦𝑦 = �𝐼𝐼𝑝𝑝 − 𝐼𝐼�𝜏𝜏𝜏𝜏2 𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔 + 𝛽𝛽) + 𝑙𝑙3𝑓𝑓𝑚𝑚𝑚𝑚 − 𝑙𝑙4𝑓𝑓𝑤𝑤𝑤𝑤

 

(6.1) 

where 

𝑐𝑐11 = 𝑐𝑐1 + 𝑐𝑐2
𝑐𝑐12 = 𝑐𝑐1𝑙𝑙1 + 𝑐𝑐2𝑙𝑙2
𝑘𝑘13 = 𝑘𝑘1 + 𝑘𝑘2

𝑘𝑘14 = 𝑘𝑘1𝑙𝑙1 + 𝑘𝑘2𝑙𝑙2

       

𝑐𝑐21 = 𝑐𝑐1𝑙𝑙1 + 𝑐𝑐2𝑙𝑙2
𝑐𝑐22 = 𝑐𝑐1𝑙𝑙12 + 𝑐𝑐2𝑙𝑙22
𝑘𝑘23 = 𝑘𝑘1𝑙𝑙1 + 𝑘𝑘2𝑙𝑙2
𝑘𝑘24 = 𝑘𝑘1𝑙𝑙12 + 𝑘𝑘2𝑙𝑙22

            



 

78 | P a g e  
 

The vibration of the drive-train system will be incorporated into the dynamic model of 

the spar-type platform to study the dynamic interaction induced response in the wind 

turbines. 

 

6.1.2. The dynamic model of the spar-type platform with tower structure 

The spar-type platform with tower structure is assumed to be a rigid body for the sake of 

simplicity. A 4-DOF system (𝑥𝑥′, 𝑦𝑦′, 𝜃𝜃𝑥𝑥 
′,𝜃𝜃𝑦𝑦′) is used to describe the motion of the 

platform in the fixed-global (𝑋𝑋′,𝑌𝑌′,𝑍𝑍′)-coordinate system. The coordinates (𝑥𝑥′,𝑦𝑦′) define 

the translational motion of the spar-supported tower in  𝑋𝑋′ and  𝑌𝑌′ directions, respectively. 

The coordinates (𝜃𝜃𝑥𝑥′,𝜃𝜃𝑦𝑦′) indicate the rotational motion of the platform about  𝑋𝑋′ and  𝑌𝑌′ 

directions.  Many studies have assumed that the damping ratio of the system to be 2%. 

The damped and un-damped natural frequencies of the system would be equal for such a 

low critical damping ratio. By using the Newton’s Second Law of Motion, the equation 

of motion for the platform with tower structure can be written as: 

𝑚𝑚′𝑥𝑥′̈ = 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐_𝑥𝑥′ + 𝐹𝐹𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤_𝑥𝑥′ + 𝐹𝐹𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤_𝑥𝑥′ + 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚_𝑥𝑥′ + 𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟_𝑥𝑥′

𝑚𝑚′𝑦𝑦′̈ = 𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐_𝑦𝑦′ + 𝐹𝐹𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤_𝑦𝑦′ + 𝐹𝐹𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤_𝑦𝑦′ + 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚_𝑦𝑦′ + 𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖_𝑦𝑦′

𝐼𝐼′𝜃𝜃𝑦𝑦′̈ = 𝑀𝑀𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐_𝑦𝑦′ + 𝑀𝑀𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤_𝑦𝑦′ + 𝑀𝑀𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤_𝑦𝑦′ + 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚_𝑦𝑦′ + 𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏_𝑦𝑦′ + 𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖_𝑦𝑦′

𝐼𝐼′𝜃𝜃𝑥𝑥′̈ = 𝑀𝑀𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐_𝑥𝑥′ + 𝑀𝑀𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤_𝑥𝑥′ + 𝑀𝑀𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤_𝑥𝑥′ + 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚_𝑥𝑥′ + 𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏_𝑥𝑥′ + 𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖_𝑥𝑥′

  

(6.2) 

where 𝑚𝑚′ and  𝐼𝐼′ are the total mass and moment of inertia of the wind turbine including 

the nacelle (as a point mass). The interaction forces and moments are the equivalent 

response generated from the force response in the drive-train system, which can be 

expressed as 
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𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑛𝑛𝑥𝑥′ = 𝑓𝑓𝑥𝑥𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑐𝑐𝑐𝑐 + �𝑓𝑓𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑐𝑐𝑐𝑐

𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑛𝑛𝑦𝑦′ = 𝑓𝑓𝑥𝑥𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑐𝑐𝑐𝑐 + �𝑓𝑓𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑐𝑐𝑐𝑐

𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑛𝑛𝑦𝑦′
= (𝑓𝑓𝑥𝑥𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑐𝑐𝑐𝑐 + �𝑓𝑓𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑐𝑐𝑐𝑐)ℎ𝑜𝑜𝑜𝑜′ −�𝑓𝑓𝑖𝑖𝑖𝑖 (𝑙𝑙𝑜𝑜𝑜𝑜′ + 𝑙𝑙𝑖𝑖)𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑐𝑐𝑐𝑐

𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑛𝑛𝑥𝑥′
= −(𝑓𝑓𝑥𝑥𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑐𝑐𝑐𝑐 + �𝑓𝑓𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑐𝑐𝑐𝑐)ℎ𝑜𝑜𝑜𝑜′ + �𝑓𝑓𝑖𝑖𝑖𝑖 (𝑙𝑙𝑜𝑜𝑜𝑜′ + 𝑙𝑙𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑐𝑐𝑐𝑐

 

 𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 1,2,3   (6.3) 

where 𝑓𝑓𝑥𝑥 represents the thrust force on the drive-train system, (𝑓𝑓𝑖𝑖𝑖𝑖,𝑓𝑓𝑖𝑖𝑖𝑖) denote the force 

response at the specific position (Bearing 1, Bearing 2 and the generator), 𝑙𝑙𝑜𝑜𝑜𝑜′ and ℎ𝑜𝑜𝑜𝑜′ 

are the horizontal and vertical distances between the CG of the drive-train system and the 

CG of the platform respectively.  

In substituting the equation of motion of the drive-train system in the local coordinate 

system into the global coordinate system, the displacement of the drive-train system has 

a relationship as 

𝑦𝑦 = 𝑦𝑦𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 − 𝑦𝑦𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔        𝜃𝜃𝑧𝑧 =  𝜃𝜃𝑧𝑧_𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 −  𝜃𝜃𝑧𝑧_𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔
𝑧𝑧 = 𝑧𝑧𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 − 𝑧𝑧𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔        𝜃𝜃𝑦𝑦 =  𝜃𝜃𝑦𝑦_𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 −  𝜃𝜃𝑦𝑦_𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 

    (6.4) 

where 

𝑦𝑦𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑦𝑦′ + 𝑙𝑙𝑜𝑜𝑜𝑜′  𝜃𝜃𝑧𝑧′        𝜃𝜃𝑧𝑧_𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =  𝜃𝜃𝑧𝑧′
𝑧𝑧𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑧𝑧′ + ℎ𝑜𝑜𝑜𝑜′(2− 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃𝑦𝑦′ − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥′)        𝜃𝜃𝑦𝑦_𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =  𝜃𝜃𝑦𝑦′

 

When the drive-train system is modelled as a point mass, only 4 DOFs in the global 

coordinate system will be considered and Eq.(6.2) will be used to show the motion of the 

platform with tower structure. Only thrust force on the drive-train system will be 

transformed to the top of the tower, the interaction forces and moments in Eq.(6.2) will 

be equal to 0. In this case, no dynamic interaction between the drive-train system and 

tower structure will be considered. When the interaction between the drive-train system 

and the nacelle is induced, the dynamic force between the drive-train system and the 

nacelle will be considered as external forces for the tower structure. By substituting 
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Eq.(6.4) into Eq.(6.1) and combining Eq.(6.1) and (6.2), the equations of motion with 8 

DOFs for the whole wind turbine can then be numerically solved in Matlab. Accordingly, 

the dynamic response of the wind turbine can be examined. 

The main components and system parameters of a 5MW direct-drive wind turbine studied 

in this thesis, such as the platform, the tower and the drive-train system, are adapted from 

the designed NREL 5MW wind turbine with DDPMG[9, 19, 144, 161]. The spar-support 

platform is considered as a cylinder structure with a length of 120m. The main parameters 

of the structure are shown in Table 5-1 and  6-1. It is a non-uniform mass structure since 

the ballast is located within the structure to lower the CG in order to reduce the vibration 

of the system. The whole structure is then considered as a rigid body and the self-

deflection is ignored. Mooring system is regarded as a spring system with variable 

stiffness related to its displacement. 

Table 6-1 The main parameters of the spar-support wind turbine 

Description units Value 

Total weight (wind turbine) kg 8,329,230 

Pitch inertia about the CG (wind turbine) kg·m2 2.2 × 1010 

Hub height m 90 

Spar-supported length above SWL m 10 

Spar-supported length below SWL m 120 

Top diameter of the spar-support above SWL m 6.4 

Top diameter of the spar-support below SWL m 9.0 
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Location of mooring below SWL m 70 

Location of CG below SWL m 78.61 

Location of buoyancy below SWL m 60 

Drag coefficient - 0.6 

SWL: Sea Water Level 

 

6.2. External excitations 

6.2.1. Aerodynamic excitation  

Aerodynamic excitations, mainly in the form of wind excitations, acting on the wind 

turbine are discussed in two parts, the tower and the blades. For the wind excitation on 

the tower part, the long-term variability of wind force can be simply calculated by using 

a mean wind speed. A common wind shear model is used to represent the mean speed,  

𝑉𝑉(𝑧𝑧) = 𝑉𝑉𝐻𝐻(𝑧𝑧
𝐻𝐻

)𝛼𝛼  (6.5) 

where 𝑉𝑉(𝑧𝑧) is the mean wind speed at the altitude 𝑧𝑧, 𝑉𝑉𝐻𝐻 is the reference wind velocity at 

the reference altitude 𝐻𝐻 (normally 𝐻𝐻 = 10 m), α is the wind shear exponent (α = 0.11). 

The drag force of fluids passing through structure is given by: 

𝐹𝐹𝑤𝑤 = 1
2
𝜌𝜌𝑎𝑎𝑉𝑉𝑟𝑟(𝑧𝑧)

2𝐶𝐶𝑑𝑑𝐴𝐴(𝑧𝑧) (6.6) 

where 𝜌𝜌𝑎𝑎 is the air density, 𝑉𝑉𝑟𝑟(𝑧𝑧) is the relative velocity of the wind and the structure, 

𝐶𝐶𝑑𝑑 is the drag coefficient of the structure and 𝐴𝐴(𝑧𝑧) = 𝑑𝑑𝑒𝑒  × 𝑑𝑑𝑑𝑑 is the equivalent 

characteristic surface area. The spar’s motion is normally assumed to be small and thus 

the relative velocity at elevation 𝑧𝑧 is close to its wind velocity  𝑉𝑉𝑟𝑟(𝑧𝑧) ≈ 𝑉𝑉(𝑧𝑧). 
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For the wind excitation on the blades, not only a thrust force but also a high torque in the 

generator would be generated. The thrust force can be transformed directly to the tower 

through the drive-train system, while radial forces can be produced due to rotational 

motion induced by the high torque. The radial force response of the drive-train system is 

normally generated at the bearings (bearing forces) and rotor-stator position (UMP). In 

order to control the rotating operation and the torque generated, a blade-pitch control 

system is widely used to limit the above-rated rotating speed. Since the electrical and 

control system will not be modelled and discussed in this thesis, the drive-train system is 

assumed to operate at the rated rotating speed corresponding to the wind speed. For the 

above-rated wind speed, the rotating speed will be limited at the rated speed by using the 

blade-pitch control system. The turbine cut-in and cut-out wind speeds are 4m/s and 

25m/s, and the rated rotating speed is set at 12rpm. When the wind speed is beyond the 

cut-out speed, the drive-train system would stops rotating in order to survive under 

extreme weather conditions. The tower shadow can be ignored in some cases [30], thus 

the blade and tower interaction will not be discussed here. The blade model has been 

simplified and the blade parameters of the blade were implemented into the software 

HAWC2 [9, 19]. The rotating speed of the blades and the thrust force from the blades to 

the drive-train system corresponding to the wind speed are shown in Figure 6-2. 
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Figure 6-2 Thrust force from the blades to the drive-train system and the resultant rotating speed: (a) rotating 

speed; (b) thrust force [9, 19] 

 

6.2.2. Hydrodynamic excitations 

The hydrodynamic excitations of the offshore wind turbine mainly come from wave, 

current and buoyancy, which will be discussed in the following subsections. 
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6.2.2.1. Wave excitation  

As assumed in this thesis, the waves are generated by wind and can be derived using the 

linear wave theory. The JONSWAP spectrum is used as introduced in Section 3.3.1. The 

long-term variability of wave loads can be defined by two wave spectral parameters: the 

significant wave height (𝐻𝐻𝑠𝑠), and the peak period (𝑇𝑇𝑝𝑝). Johannessen et al. [114] used a 

Weibull distribution to describe the significant wave height and a lognormal distribution 

to introduce its peak period, which was correlated with the given mean wind speed at 10 

m height and the significant wave height. The expected value of the significant wave 

height and the expected value of the peak period can be calculated by using Eq.(3.4) and 

(3.5). 

The wave model will be considered with different wind speeds to investigate the dynamic 

response of the wind turbine under three main wind conditions; weak, moderate and 

strong winds. The wind and wave conditions for all cases are given in Table 6-2.  

Table 6-2 Parameters for wind and sea conditions 

Vmean (m/s) Hs(m) Tp(s) Condition 

8 2.52 9.848 weak 

11 3.01 10.037  

14 3.55 10.267  

16 3.94 10.437 moderate 

17 4.14 10.908  

21 4.98 11.023  
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25 5.88 11.321  

30 7.1 11.9 strong* 

* Drive-train system has stoped rotating 

 

A JONSWAP spectrum is used to describe the wave and takes the form of 

𝑆𝑆𝜂𝜂𝜂𝜂(𝜔𝜔) = 5
16
𝐻𝐻𝑠𝑠2𝜔𝜔𝑝𝑝4𝜔𝜔−5 exp �− 5

4
�𝜔𝜔𝑝𝑝

𝜔𝜔
�
4
� 𝛾𝛾

exp�−
�𝜔𝜔−𝜔𝜔𝑝𝑝�

2

2𝜎𝜎2𝜔𝜔𝑝𝑝
2 �

  (6.7) 

where 𝜂𝜂 is the function of water surface elevation, 𝛾𝛾 is the peak enhancement factor (𝛾𝛾 =

3.3 for deep-sea),  𝜔𝜔𝑝𝑝 = 2𝜋𝜋
𝑇𝑇𝑝𝑝

 is the peak wave frequency, 𝜔𝜔 = 2𝜋𝜋
𝑇𝑇𝑚𝑚

 is the circular wave 

frequency and 𝑇𝑇𝑚𝑚 is the mean wave period. The spectrum defines a stationary Gaussian 

process with its standard deviation being equal to 1. The mean wave period 𝑇𝑇𝑚𝑚 and the 

zero-up-crossing wave period 𝑇𝑇𝑧𝑧 are related to its peak period 𝑇𝑇𝑝𝑝 and its peak 

enhancement factor 𝛾𝛾, as follows 

𝑇𝑇𝑝𝑝 = 1.2859𝑇𝑇𝑧𝑧
𝑇𝑇𝑚𝑚 = 1.0734𝑇𝑇𝑧𝑧

  for 𝛾𝛾 = 3.3  (6.8) 

and 

𝜎𝜎 = �
0.07    𝜔𝜔 ≤ 𝜔𝜔𝑝𝑝

  0.09    𝜔𝜔 > 𝜔𝜔𝑝𝑝   (6.9) 

The total wave force acting on the spar-support can be calculated by the equation  

𝑓𝑓𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤(𝑡𝑡) = ∫ 𝑝𝑝(𝑧𝑧, 𝑡𝑡)𝑑𝑑𝑤𝑤
0 𝑑𝑑𝑑𝑑 (6.10) 
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where  𝑑𝑑𝑤𝑤 is the water depth (from the SWL to sea bed), 𝑧𝑧 is the vertical coordinate axis, 

𝑝𝑝(𝑧𝑧, 𝑡𝑡) is the wave force acting on the structure which can be calculated by using the 

linearized Morison equation  

𝑝𝑝(𝑧𝑧, 𝑡𝑡) = 𝐾𝐾𝑑𝑑�
8
𝜋𝜋
𝜎𝜎𝜐𝜐𝜐𝜐(𝑧𝑧, 𝑡𝑡) + 𝐾𝐾𝑚𝑚𝑎𝑎(𝑧𝑧, 𝑡𝑡) (6.11) 

with 

𝐾𝐾𝑑𝑑 = 1
2
𝐶𝐶𝑑𝑑𝜌𝜌𝑤𝑤𝑑𝑑𝑒𝑒  (6.12) 

𝐾𝐾𝑚𝑚 = 1
4
𝐶𝐶𝑚𝑚𝜌𝜌𝑤𝑤𝜋𝜋𝑑𝑑𝑒𝑒2   (6.13) 

where 𝐶𝐶𝑑𝑑 is the drag coefficient, 𝐶𝐶𝑚𝑚 is the inertia coefficient, 𝑑𝑑𝑒𝑒 is the equivalent 

characteristic diameter of spar-support and 𝜌𝜌𝑤𝑤 is the sea water density. According to the 

linear dispersion relationship [170], the wave property under deep-water condition 

follows  

𝑑𝑑𝑤𝑤
𝜆𝜆

> 1
2
   (6.14) 

and the relation of the circular wave frequency and the wave number can be found as 

𝜔𝜔2 ≈ gk  (6.15) 

𝜆𝜆 = 2𝜋𝜋
𝑘𝑘

   (6.16) 

where 𝑘𝑘 is the wave number and 𝜆𝜆 is the wave length. The relationship of the horizontal 

velocity 𝑣𝑣(𝑧𝑧, 𝑡𝑡) and acceleration 𝑣̇𝑣(𝑧𝑧, 𝑡𝑡) of the water particle in the deep-water 

environment and the wave elevation can be determined by using the linear wave theory, 

𝑣𝑣(𝑧𝑧, 𝑡𝑡) = 𝑇𝑇𝜐𝜐(𝑧𝑧)𝜂𝜂(𝑡𝑡) (6.17) 
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𝑣̇𝑣(𝑧𝑧, 𝑡𝑡) = 𝑇𝑇𝑎𝑎(𝑧𝑧)𝜂̇𝜂(𝑡𝑡) (6.18) 

where 

𝑇𝑇𝜐𝜐(𝑧𝑧) = 𝜔𝜔𝑒𝑒𝑘𝑘𝑘𝑘  (6.19)  

𝑇𝑇𝑎𝑎(𝑧𝑧) = 𝜔𝜔2𝑒𝑒𝑘𝑘𝑘𝑘 (6.20) 

The standard deviation of the velocity at altitude z (from the SWL) can be obtained as 

𝜎𝜎𝜐𝜐(𝑧𝑧) = �∫ |𝑇𝑇𝜐𝜐(𝑧𝑧)|2𝑆𝑆𝜂𝜂𝜂𝜂(𝜔𝜔)𝑑𝑑𝑑𝑑𝜔𝜔
0 �

1 2⁄
(6.21) 

Substituting the relevant terms into Eq. (6.10) yields the total wave force acting on the 

structure, 

𝑓𝑓𝑤𝑤(𝑡𝑡) = �∫ �𝐾𝐾𝑑𝑑�
8
𝜋𝜋
𝜎𝜎𝜐𝜐(𝑧𝑧)𝑇𝑇𝜐𝜐(𝑧𝑧) + 𝐾𝐾𝑚𝑚𝑇𝑇𝑎𝑎(𝑧𝑧)�𝑑𝑑𝑤𝑤

0 𝑑𝑑𝑑𝑑� 𝜂𝜂(𝑡𝑡) (6.22) 

A sample function of the random water surface elevation can be descripted by the 

trigonometric polynomial [171] as  

𝜂𝜂(𝑡𝑡) = ∑ �𝑆𝑆𝜂𝜂𝜂𝜂(𝜔𝜔)𝑑𝑑𝑑𝑑𝑛𝑛
𝑘𝑘=1 (𝐴𝐴1𝑘𝑘 cos(𝜔𝜔𝑘𝑘𝑡𝑡) + 𝐴𝐴2𝑘𝑘 sin(𝜔𝜔𝑘𝑘𝑡𝑡)) (6.23) 

where A1k, A2k for k = 1,2, … , n are mutually independent standard normal variables and 

ωk+1 = ωk + ∆ω, with ∆ω being an infinitesimal frequency step. A truncation at the 

upper frequency ωu can be made to neglect the small variance at higher frequency on the 

residual contribution, where ∫ Sηη(ω)dω ≪ 1∞
ωu

. In this thesis, the upper frequency is 

set ωu = 2π, which gives ∫ Sηη(ω)dω ≈ 0.00013∞
ωu

 and the resulting regularity factor 

∫ Sηη(ω)dωωu
1  ≈ 0.3461 for moderate condition. Other general parameters are the air 

density  𝜌𝜌𝑎𝑎 = 1.2 𝑘𝑘𝑘𝑘/𝑚𝑚3 and sea water density  𝜌𝜌𝑤𝑤 = 1029 𝑘𝑘𝑘𝑘/𝑚𝑚3. The PSDF for the 

three wind conditions is shown in Figure 6-3. The resulting time history of the surface 
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elevation of the sea and the loads on the platform under moderate condition is displayed 

in Figure 6-4. More detail can be found in Appendix 9.2.1. It is noted that the wave at 

low sea surface level would lead to a backward direction force acting on the structure 

(due to linear wave theory). The same irregular wave under certain sea conditions will be 

used to investigate both the relative effect of different excitations on wind turbine and the 

effect of the interaction between the drive-train system and the platform with tower 

structure. 

 

Figure 6-3 PSDF of the wave under different sea conditions 
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Figure 6-4 Time history of the random surface elevation of the sea and the loads on the platform under 

moderate condition 
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6.2.2.2. Current excitation 

For a long structure sitting in an offshore environment, the current load can be an 

important source of hydrodynamic damping in some cases [76]. The sea current is a 

complex component varying with the sea depth, global location, time and other factors. 

To simplify the effect of the current loads on the model, an average current velocity of 

𝑉𝑉𝑐𝑐 = 0.9𝑚𝑚/𝑠𝑠 with a fixed direction is used in the present work. The force per unit length 

acting on the spar can be predicted by using the Morison equation as, 

𝐹𝐹𝑐𝑐(𝑧𝑧) = 1
2
𝜌𝜌𝑤𝑤𝐶𝐶𝑑𝑑𝑉𝑉𝑟𝑟𝑟𝑟2𝑑𝑑𝑒𝑒(𝑧𝑧) + 𝜋𝜋

4
𝜌𝜌𝑤𝑤𝐶𝐶𝑚𝑚𝑉𝑉𝑟𝑟𝑟𝑟̇ 𝑑𝑑𝑒𝑒(𝑧𝑧)2  (6.24) 

where 𝜌𝜌𝑤𝑤 is the sea water density, 𝑉𝑉𝑟𝑟𝑟𝑟 is the relative velocity of the current and the 

structure, 𝐶𝐶𝑑𝑑 and 𝐶𝐶𝑚𝑚 are the drag coefficient and inertia coefficient of the structure and 

𝑑𝑑𝑒𝑒  is the equivalent characteristic diameter of the cylinder structure. It is normally 

assumed that the spar’s motion is small and thus the relative velocity at elevation 𝑧𝑧 is 

close to its sea current velocity  𝑉𝑉𝑟𝑟𝑟𝑟 ≈ 𝑉𝑉𝑐𝑐. 

 

6.2.2.3. Buoyant forces 

The buoyant force is the only force to support the whole wind turbine floating on the sea 

level, and is variable due to the change in longitudinal force and the sea surface. As made 

in the assumption, the displacement in the heave direction is ignored, the buoyant force 

would be balanced by the weight of the structure and the force in the heave direction. As 

mentioned, the center of buoyancy lower than the CG of the wind turbine due to the 

ballast, can help to achieve its stability. Thus the effect of the buoyant force on the 

moment of the spar-support for small angle inclination cannot be ignored and will be 

investigated. The buoyant force and resultant bending moment can be calculated as, 
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𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏_𝑧𝑧′ = 𝑚𝑚′𝑔𝑔 + 𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖_𝑧𝑧′

𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏_𝑥𝑥′ = 𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏_𝑧𝑧′ × 𝑙𝑙𝑏𝑏−𝐶𝐶𝐶𝐶 ×  𝜃𝜃𝑥𝑥′
𝑀𝑀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏_𝑦𝑦′ = 𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏_𝑧𝑧′ × 𝑙𝑙𝑏𝑏−𝐶𝐶𝐶𝐶 ×  𝜃𝜃𝑦𝑦′

  (6.25) 

where 𝑙𝑙𝑏𝑏−𝐶𝐶𝐶𝐶 is the distance between the center of buoyancy and the CG of the wind 

turbine. 

 

6.2.3. Mooring system  

The parameters of mooring system is adapted from Karimirad and Moan’s design [19] 

and require no modification in this present study. Table 6-3 summarises the mooring 

parameters and Figure 6-5 gives a brief introduction of the mooring system. Three sets of 

mooring lines are attached on the circumference of the spar with two segments for each. 

The segments are used to provide yaw stiffness. Each adjacent line is 120 degree apart, 

the resultant stiffnesses of the surge motion and sway motion are different. The force-

displacement relation of such a mooring system acting on the spar-support is simulated 

by using DEEPC [9], as shown in Figure 6-6.  

Table 6-3 Mooring system properties [9] 

Description units value 

Sea depth m 320 

Depth to mooring line attached on the spar below SWL m 70.0 

Radius to mooring lines from platform centreline m 853 

Un-stretched mooring line length m 902.2 

Mooring line diameter m 0.09 
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Clump mass kg 17,253 

Equivalent mooring line mass density kg/m 42.5 

Equivalent mooring line weight in water N/m 381.8 

 

 

Figure 6-5 Mooring layout of the wind turbine [9] 
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Figure 6-6 Force-displacement relationship of a mooring system [9] 

 

6.3. Numerical simulations and discussions 

6.3.1. Current-, wave- and wind- induced response  

A comparison of the effects of different loads on the offshore wind turbine is made firstly. 

The nacelle and its components are considered as a point mass, the current, wave and 

wind are all assumed in the surge direction in this subsection. The nacelle’s performance 

shows clearly the motion of the wind turbine, which includes both displacement and 

rotational response of the spar-support platform, and its standard deviation. The time 

history of the nacelle motion subjected to sea current only, current and wave coupled 

action, and a combination of the current, wave and wind actions, under three different sea 

conditions, defined in Table 3, are presented in Figure 6-7. Since the current excitation is 

independent of the sea condition, the nacelles’ performance in all three sea conditions is 

found to be the same. The maximum displacement is 5.35m, the mean displacement is 

2.67m and the standard deviation is 1.49m. A summary of the performance of the nacelle 
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in the surge direction under the three sea conditions with different considerations is shown 

in Table 5. It is found that the nacelle’s mean displacement is increased no more than 1m 

when only the wave is involved but it can be increased up to 18.7m when both wave and 

wind are involved, meanwhile the change of its standard deviation is significant under 

wave-involved excitations, up to 16.32m, while the change is small when both wave and 

wind involved, only up to 2.5m. The maximum displacement is related to both the mean 

value and the standard deviation. The results show the nacelle’s mean displacement 

response is primarily wind induced and its standard deviation is primarily wave induced.  

The offshore floating wind turbine design standard mentioned by Jonkman [76] requires 

the consideration of the wind and wave misalignments up to 30 degree. The effect of the 

wind and wave excitation has been simulated and analysed individually in this study, the 

simulation results with misalignment consideration of ±8° and ±30° indicate the same 

conclusion as above. More detail can be found in Appendix 9.2.2.Thus the misalignment 

will not be further discussed in the following section.   
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8  

 

Figure 6-7 Time history of the nacelle’s motion in the surge direction under (a) weak sea condition, (b) 

moderate sea condition, and (c) strong sea condition 
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Table 6-4 Nacelle performances in the surge direction 

Excitations 
Sea 

condition 

Maximum 

displacement(m) 

Mean 

displacement(m) 

Standard 

deviation(m)  

Current- only  5.35 2.67 1.49  

Current-Wave- 

Weak 16.83 2.66 6.22  

Moderate 27.4 2.89 10.94  

Strong 40.84 3.45 16.32  

Current-Wave-

wind- 

Weak 33.69 13.25 8.93  

Moderate 45.19 16.7 13.2  

Strong 61.66 18.72 17.55  

 

 

6.3.2. Effect of the dynamic interaction on the performance of the platform and 

the drive-train system 

In order to investigate the effect of the dynamic interaction between the drive-train system 

and the platform with tower, the wind turbine model is simulated by considering the drive-

train system as a point mass firstly and the drive-train itself has also been simulated in a 

fixed-stator condition to show their own performances without the interaction, and then 

the interaction from the rotating drive-train system is considered. In this subsection, the 

wind, wave and current are assumed in the same direction. For the drive-train system 

under a fixed-stator condition, the stator and the bearings are fixed and constrained in all 
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directions. The performance of the CG’s motion and the rotor’s motion can be found 

directly from Eq.(6.1), while under the interaction condition, such performances should 

also take the motion of the nacelle into account. The displacement responses of the CG 

of the drive-train system and the rotor in the local coordinate system are compared to 

examine their dynamic performances, as shown in Figure 6-8. Under the fixed-stator 

condition, the maximum displacement of the CG is 9.72 × 10−6m at 8.3rpm and 2.03 ×

10−5m at 12rpm, maximum displacement of rotor is 1.84 × 10−5m at 8.3rpm and 3.83 ×

10−5m at 12rpm. Under the interaction condition, the maximum displacement of the CG 

under the local coordinate system is 9.92 × 10−6m at 8.3rpm and 2.06 × 10−5m at 

12rpm, the maximum eccentricity of rotor and stator is 1.82 × 10−5m at 8.3rpm and 

3.76 × 10−5m at 12rpm. A percentage difference of the performance can be expressed to 

study the effect of the interaction on the dynamic response by using the formula: 

difference% = Rint−Rpm
Rpm

× 100%  (6.26) 

where 𝑅𝑅𝑖𝑖 is the response of the model corresponding to its consideration, the subscript int 

represents the model with interaction and pm denotes the model without the interaction. 

The differences under two conditions are only about 2% in their performance. This means 

the effect of the interaction on the dynamics of the drive-train system itself is small and 

can be ignored in some cases. 
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Figure 6-8 Displacement response of the CG of the drive-train system and the rotor under fixed-stator and 

interaction conditions 
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Figure 6-9 shows the motion of the nacelle in surge and sway directions under two 

considerations under different sea conditions. The effect of the dynamic interaction on 

the spar-support platform is noticeable, however it is not significant. In Figure 6-10, the 

differences in the frequency response for the nacelle’s motion in the surge and sway 

directions are shown in the FFT spectrum figures. Additional peak frequency response 

can be found in both surge and way directions due to the dynamic interaction and such 

frequency responses are correlated to the rotating speed of the drive-train system. Figure 

6-11 shows the performances of the nacelle’s motion between the cut-in and cut-out wind 

speeds. The mean value of the nacelle’s motion in the surge direction shows less than 1% 

difference. The maximum and standard deviation of the nacelle’s motion in the surge 

direction is only up to 2.5% difference when considering the interaction. However, the 

maximum value and the standard deviation in the sway direction has increased 

significantly when the interaction is considered and the mean value of the motion in the 

sway direction remains within a small range. The reason for the large differences in the 

sway direction is that all excitations are assumed in the surge direction. The vibration in 

the sway direction is damped nearly to steady-state when the interaction is not induced. 

While the dynamic interaction would generate additional excitation in the sway direction 

(perpendicular to the wind direction) which means that the effect of the interaction on the 

platform’s motion is induced in the sway direction. As a result, the effect of the dynamic 

interaction is evident but not significant when the wave, wind and current are all in the 

same direction. However, these results will be changed when the wave and wind 

directions are changed, which will be discussed in the following section. 

A notable increase can be found at the nacelle’s motion in the sway direction when the 

wind speed is increased from 8 to 16 m/s. This change is attributable to the rotating speed 

of the drive-train system that corresponds to the wind speed. It is also noted that the 
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increase of the nacelle’s performance under strong sea condition due to the dynamic 

interaction, when the drive-train system stops rotating, still exists but the effect is reduced. 

This is because the eccentricity in the drive-train system is not only caused by self-

rotating motion but also caused by its global translational motion.  
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Figure 6-9 Time history of the platform motion in surge and sway directions 
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Figure 6-10 FFT of the nacelle's motion in the surge and sway directions 
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Figure 6-11 Performances of the platform motion in surge and sway directions 
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6.3.3. Effects of wind and current angle on the motion of the spar-support 

platform  

In order to form a complete 3D description of the deep-sea environment, the directions of 

the wind and wave spreading referenced to the sea current direction should also be 

considered. Significant changes are expected to happen when the wind direction moves 

from the sea current direction to its opposite direction, while 180 degree could cover all 

possible cases and the performance in the other directions would show a mirrored trend 

about the surge axis. The performance of the nacelle's motion in surge and sway directions 

when the wind and current direction turns from 0 degree to 180 degree under different 

sea conditions are compared and shown in Figure 6-12. Firstly, it can be found from the 

results that the maximum displacement of the nacelle in the surge direction is reduced 

from 62 to 0m when the wind direction turns from the surge direction to its opposite 

direction meanwhile the mean displacement is reduced from 19 to -13m. The maximum 

displacement of the nacelle in the sway direction is in the range of 0 to 58.5m. The 

maximum orbital motion of the nacelle can be found in the range of 62 to -49m in the 

surge direction and -58.5 to 58.5m in the sway direction for all wind conditions from a 

fully simulation results. This is caused by the current excitation with a fixed direction and 

the different resultant stiffnesses of the mooring system corresponding to the wind 

turbine’s displacement. The differences of the performance of the model are also notable 

when the interaction is considered or not. The percentage differences of the mean and 

standard deviation values of the nacelle’s motion in two considerations are shown in 

Figure 6-13. For the nacelle’s motion in the surge direction, a -20% peak percentage 

change can be found at 105 degree for the mean value, which means a significant decrease 

of the mean value happening at 𝛉𝛉𝐰𝐰𝐰𝐰 = 𝟏𝟏𝟏𝟏𝟏𝟏 𝐝𝐝𝐝𝐝𝐝𝐝 when considering the interaction. A 

±20% peak percentage change at 75 degree and 105 degree for the standard deviation 
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shows that the effect of the dynamic interaction would increase the vibration of the wind 

turbine in the surge direction when the wind direction is closer to sway direction. For the 

nacelle’s motion in the sway direction, the percentage differences of the mean value and 

the standard deviation are within 10% for all three sea conditions. The percentage 

differences of the maximum values in both surge and sway directions are non-linear 

because the maximum value of the nacelle’s motion is mainly depending on the irregular 

wave excitation. By comparing the effects of the dynamic interaction under different sea 

conditions in both wind directions, it can be found that the absolute percentage difference 

of the mean value under the higher wind speed sea condition is always higher than under 

low wind speed sea condition. On the contrary, the percentage difference of its standard 

deviation is lower, which means the effect of the interaction would be enhanced at the 

mean value but reduced at the standard deviation when sea condition is stronger (i.e., 

wind speed is higher). 
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 Figure 6-12 Performance of the nacelle's motion in surge and sway directions when changing the wind and 

current directions  
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Figure 6-13 Percentage difference of the mean and standard deviation when changing the wind and current 

direction  
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6.4. Conclusion 

This chapter studied the dynamic response of a spar-type floating direct-drive wind 

turbine caused by both hydrodynamic and aerodynamic excitations. The hydrodynamic 

and aerodynamics excitations are generated from wind, wave, current and buoyancy. The 

comparison of the effects of the current, wave and wind excitations shows that the 

nacelle’s mean displacement response is primarily wind induced and its standard 

deviation is primarily wave induced.  

The dynamic interaction between the drive-train system and the platform with tower 

structure has been discussed. It was found that the interaction in the drive-train system is 

not only caused by self-rotating motion of the drive-train system but also caused by the 

global translational motion. However, the comparison of performance indicated that the 

effect of interaction between the drive-train system and the nacelle on the dynamic 

response of the drive-train system itself can be ignored with a percentage difference being 

less than 3%, whereas the effect on the spar support with tower structure is notable but 

not significant and can induce the nacelle motion’s response in both surge and sway 

directions when the wave and wind are in the surge direction. 

 The directions of the wind and wave spreading correlated to the sea current direction 

were also considered to form a complete 3D description of the deep-sea environment. The 

maximum orbital motion of the nacelle for different wind directions was found to be from 

-49 to 60m in the surge direction and -58.5 to 58.5m in the sway direction. By considering 

the interaction, the mean value and the standard deviation of the nacelle motion could 

lead to a 20% change in the surge direction and a 10% change in the sway direction. The 

effect of the interaction was found to be enhanced at the mean value but would be reduced 

at the standard deviation when the sea condition is stronger (wind speed is higher). 
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7. Tower vibration of the spar type wind turbines 

In this Chapter, the free-vibration analysis for the tower structure of a spar-type floating 

offshore wind turbine is carried out by modelling it as a flexible beam structure between 

the floating platform and nacelle. The effects of the tower parameters, joint connections 

between the tower and other components, as well as the other related parameters on the 

natural frequencies are discussed. The theoretical analysis of the free vibration of both 

uniform tower structure and non-uniform tower structure is included. 

 

7.1. Determination of the natural frequencies and mode shape for a uniform 

tower structure 

An Euler-Bernoulli beam will be used to model the tower structure for the spar-type 

offshore wind turbine. Unlike the models considered in several published papers [119, 

172, 173], the new tower model considered in this chapter uses a free-free beam with two 

large mass components attached at its ends which are employed to represent the nacelle 

and floating platform, as shown in Figure 7-1. Torsion spring constraints imposed at both 

ends of the beam (tower) are used to describe the joint connections between the tower and 

floating platform or nacelle. The stiffnesses of two springs are different due to different 

connecting methods between different structures. A uniform tower structure will be 

considered in this section. 
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Figure 7-1 Schematic of a free-free model of the offshore wind turbine 

The equation of motion of the tower structure can be derived according to Geradin and 

Rixen [174] and Adhikari [119] as 

𝐸𝐸𝐼𝐼(𝑧𝑧)
𝜕𝜕4𝑤𝑤(𝑧𝑧,𝑡𝑡)

𝜕𝜕𝑧𝑧4
+ 𝑁𝑁(𝑧𝑧)

𝜕𝜕2𝑤𝑤(𝑧𝑧,𝑡𝑡)

𝜕𝜕𝑧𝑧2
− 𝑚𝑚(𝑧𝑧)𝑟𝑟(𝑧𝑧)

2 𝜕𝜕2

𝜕𝜕𝑧𝑧2
(𝜕𝜕

2𝑤𝑤(𝑧𝑧,𝑡𝑡)

𝜕𝜕𝑡𝑡2
) + 𝑚𝑚(𝑧𝑧)

𝜕𝜕2𝑤𝑤(𝑧𝑧,𝑡𝑡)

𝜕𝜕𝑡𝑡2
= 𝑓𝑓(𝑧𝑧,𝑡𝑡) (7.1) 

where 𝑧𝑧 is the altitude along the tower, 𝐸𝐸𝐼𝐼(𝑧𝑧) is the bending stiffness of the tower, 𝑁𝑁(𝑧𝑧) is 

the normal force in the vertical direction, 𝑚𝑚(𝑧𝑧) is the mass density per unit length of the 

tower, 𝑟𝑟(𝑧𝑧) is the radius of gyration and 𝑓𝑓(𝑧𝑧,𝑡𝑡) represents the resultant force of various 

loadings applied on the tower, which can be simply expressed as a harmonic excitation 

with a constant amplitude 𝑓𝑓0 and an angular frequency 𝜔𝜔𝑒𝑒, 𝑓𝑓(𝑧𝑧,𝑡𝑡) = 𝑓𝑓0𝑒𝑒𝑖𝑖𝜔𝜔𝑒𝑒𝑡𝑡.  

By using the separation of variables method, the general solution to the free-vibration of 

equation (7.1) for the nth vibrational mode can be written as 
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𝑤𝑤(𝑧𝑧) = 𝐴𝐴1 sin(𝜆𝜆𝜆𝜆) + 𝐴𝐴2 cos(𝜆𝜆𝜆𝜆) + 𝐵𝐵1 sinh(𝜆𝜆𝜆𝜆) + 𝐵𝐵2 cosh(𝜆𝜆𝜆𝜆)  (7.2) 

where 𝜆𝜆2 = 𝜔𝜔𝑛𝑛�
𝑚𝑚
𝐸𝐸𝐸𝐸

 , and 𝜔𝜔𝑛𝑛 is the nth natural frequency. The boundary conditions at the 

two ends of the tower structure are used to determine the unknown constants. More detail 

can be found in Appendix 9.3.1. 

 

Figure 7-2 Geometry of boundary condition at z=0 

Figure 7-2 shows the geometry of boundary condition at z=0, where 𝑤𝑤(0) is the 

displacement in the horizontal direction and 𝑤̇𝑤(0) is the slope of the tower bottom end. 𝜃𝜃1 

is the fixed angle between the longitudinal axes of the platform and undeformed tower. 

The moment equilibrium at this location with the torsion spring, 𝑘𝑘1, can lead to a rotating 

angle 𝛼𝛼1, as 𝛼𝛼1 = 𝐸𝐸𝐸𝐸𝑤𝑤′′
(0)

𝑘𝑘1
. The acceleration of the platform in the horizontal direction can 

be written as 𝑢̈𝑢 = −𝜔𝜔2𝑤𝑤(0), which is obtained by differentiating the general equation 

twice and also as given in [175]. The equation of equilibrium for the bending moment at 

z=0 can be expressed as  
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𝐸𝐸𝐸𝐸𝑤𝑤′′(0) = −𝐼𝐼01𝜔𝜔2�𝑤𝑤′
(0) − 𝛼𝛼1� − 𝑔𝑔1 𝑀𝑀1𝜔𝜔2𝑤𝑤(0) cos(𝜃𝜃1)  (7.3) 

where 𝐼𝐼01 is the moment of inertia of the platform about the connection point (i.e., the 

bottom end of the tower) and 𝑀𝑀1 is the mass of the platform. 𝐼𝐼01𝜔𝜔2�𝑤𝑤′
(0) − 𝛼𝛼1� denotes 

the moment due to the rotational inertia of the mass, and 𝑔𝑔1 𝑀𝑀1𝜔𝜔2𝑤𝑤(0) cos(𝜃𝜃1) represents 

the moment due to the acceleration. The shear force equilibrium at z=0 can be expressed 

as  

𝐸𝐸𝐸𝐸𝑤𝑤′′′(0) = 𝑀𝑀1𝜔𝜔2𝑤𝑤(0) + 𝑔𝑔1 𝑀𝑀1𝜔𝜔2(𝑤̇𝑤(0) − 𝛼𝛼1) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)  (7.4) 

Similarly at the top end of the tower with z=L, the tower is connected to the nacelle with 

another torsion spring,𝑘𝑘2, the equations of equilibrium for bending moment and shear 

force can be written as  

𝐸𝐸𝐸𝐸𝑤𝑤′′(𝐿𝐿) = 𝐼𝐼02𝜔𝜔2�𝑤𝑤′
(𝐿𝐿) + 𝛼𝛼2� + 𝑔𝑔2 𝑀𝑀2𝜔𝜔2𝑤𝑤(𝐿𝐿) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)  (7.5) 

𝐸𝐸𝐸𝐸𝑤𝑤′′′(𝐿𝐿) = −𝑀𝑀2𝜔𝜔2𝑤𝑤(𝐿𝐿) − 𝑔𝑔2 𝑀𝑀2𝜔𝜔2(𝑤̇𝑤(𝐿𝐿) + 𝛼𝛼2) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)  (7.6) 

where 𝐼𝐼02 is the moment of inertia of the nacelle about the connection point (i.e., the top 

end of the tower) and 𝑀𝑀2 is the mass of the nacelle. 𝜃𝜃2 is the fixed angle between the 

longitudinal axes of the nacelle and undeformed tower. 𝛼𝛼2 is the rotating angle of the 

nacelle due to the moment equilibrium at this location with the torsion spring, 𝑘𝑘2, and it 

is given by 𝛼𝛼2 = 𝐸𝐸𝐸𝐸𝑤𝑤′′(𝐿𝐿)

𝑘𝑘2
. 

Substituting the general solution given by Eq.(7.2) into the four equations of boundary 

condition, Eqs.(7.3)-(7.6), yields  

�

𝑅𝑅11 𝑅𝑅12 𝑅𝑅13 𝑅𝑅14
𝑅𝑅21 𝑅𝑅22 𝑅𝑅23 𝑅𝑅24
𝑅𝑅31 𝑅𝑅32 𝑅𝑅33 𝑅𝑅34
𝑅𝑅41 𝑅𝑅42 𝑅𝑅43 𝑅𝑅44

� �

𝐴𝐴1
𝐴𝐴2
𝐵𝐵1
𝐵𝐵2

� = 0    (7.7) 
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where the elements of the matrix R are listed in Appendix 9.3.2 for brevity. 

Since the constant vector [𝐴𝐴1 𝐴𝐴2 𝐵𝐵1 𝐵𝐵2]𝑇𝑇 is generally non-zero, the matrix R should have 

a zero solution as  

det�𝑅𝑅𝑖𝑖𝑖𝑖� = 0       (7.8) 

The transcendental equation can be solved using symbolic calculation method in 

MATLAB to obtain numerical results. Numerical simulations will be conducted to obtain 

the natural frequencies and the corresponding mode shapes. 

The main components and their system parameters studied in this section, such as the 

platform, tower and nacelle, are adopted from the NREL designed 5MW direct-drive 

wind turbine [9, 19, 144, 161]. The nacelle and platform are considered as large mass 

components connecting at two ends of the tower structure. The related parameters are 

shown in Table 7-1 and 7-2. The main parameters of the turbine structure are given in 

Table 5-1, respectively. Other relevant constants are calculated using the formulas given 

in Appendix 9.3.3. 

Table 7-1 Parameters of the tower structure [9, 19, 144, 161] 

Description Symbol Units Value 

Elastic modulus 𝐸𝐸 Pa 2.1 × 1011 

Area moment of inertia 𝐼𝐼 m4 To be calculated 

Material density ρ kg/ m3 7800 

Tower length L m 77.6 

https://en.wikipedia.org/wiki/Elastic_modulus
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Tower average diameter D m 5 

Tower top diameter 𝐷𝐷𝑡𝑡𝑡𝑡𝑡𝑡 m 3.2 

Tower bottom diameter 𝐷𝐷𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 m 6.5 

Average shell thickness t m 0.03 

Top shell thickness 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 m 0.027 

Bottom shell thickness 𝑡𝑡𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 m 0.043 

 

Table 7-2 Parameters of the platform and nacelle [9, 88, 144, 161, 167-169] 

Description Symbol Units Value 

Total mass of the platform 𝑀𝑀1 kg 7,593,000 

Moment of inertia of the platform about its 

centre gravity (CG) 
𝐼𝐼1 𝑘𝑘𝑘𝑘 ∙ 𝑚𝑚2 4.489 × 109 

Distance between the CG of the platform to the 

bottom end of the tower structure 
𝑔𝑔1 m 102.6 

the fixed angle between the longitudinal axes of 

the platform and the undeformed tower 
𝜃𝜃1 degree 180 

Total mass of the nacelle 𝑀𝑀2 kg 240,000 

Moment of inertia of the nacelle about its CG 𝐼𝐼2 𝑘𝑘𝑘𝑘 ∙ 𝑚𝑚2 2.1 × 106 
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Distance between the CG of the nacelle to the 

top end of the tower structure 
𝑔𝑔2 m 

To be 

calculated 

Horizontal distance between the CG of the 

nacelle and the top end of the tower structure 
𝑙𝑙𝑜𝑜𝑜𝑜′ m 0.65 

Vertical distance between the CG of the nacelle 

and the top end of the tower structure 
ℎ𝑜𝑜𝑜𝑜′ m 1.5 

the fixed angle between the rotating axis in the 

nacelle and the undeformed tower 
𝜃𝜃2′  degree 90 

 

The stiffnesses of the torsion springs 𝑘𝑘1 and 𝑘𝑘2 are different due to the different joint 

methods between the tower and two mass components. Normally the bottom end of the 

tower is fixed with the platform, and the equivalent stiffness 𝑘𝑘1 could be infinity as of a 

fixed support. The top end of the tower is connected with the nacelle through the yaw 

system with bearings, the stiffness 𝑘𝑘2 could be significantly large but smaller than 𝑘𝑘1. 

Therefore, the parameters of the joint types, or say the stiffnesses of the torsion springs, 

will be considered variable to understand how they will affect the overall vibration of the 

tower structure, which will be discussed later in this section. For the initial analysis, both 

the torsion springs are assumed to have the same stiffness of 1015𝑁𝑁𝑁𝑁/𝑟𝑟𝑟𝑟𝑟𝑟. The natural 

frequency 𝜔𝜔𝑛𝑛 can be numerically solved from Eq.(7.8), then the elements of matrix R can 

be found. By letting 𝐴𝐴1 =1 in the constant matrix [𝐴𝐴1 𝐴𝐴2 𝐵𝐵1 𝐵𝐵2]𝑇𝑇and using Eq.(7.7), the 

unknown constants, 𝐴𝐴2,𝐵𝐵1 and 𝐵𝐵2 can be numerically determined. Then by substituting 

all the known parameters, 𝜔𝜔𝑛𝑛, 𝐴𝐴1,𝐴𝐴2,𝐵𝐵1,𝐵𝐵2, into Eq.(7.2), the nth mode shape 𝑤𝑤𝑛𝑛(𝑧𝑧) can 

be obtained. 
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The first three natural frequencies under the given parameters are found to be 2.308, 

23.087 and 69.101 rad/s, respectively. The third natural frequency is far beyond the 

frequency range of interest for offshore wind turbines [176]. Thus only the first two 

natural frequencies will be considered in the discussion of mode shapes. The mode shapes 

corresponding to 𝜔𝜔1 and 𝜔𝜔2 are shown in Figure 7-3. The first natural frequency of the 

tower structure and both mode shapes show a good agreement with the FEA simulation 

results as discussed by Si et al. [122] and Yilmaz [177]. For the first mode shape, it also 

shows a close agreement with Karimirad and Moan’s [87] tower elastic mode as shown 

in their figure 9, which has a frequency at 2.37 rad/s. Table 8 presents the comparison of 

the first natural frequency obtained using different models. For the second mode shape, a 

dash-dot line connecting the top and bottom ends of the tower indicates a rigid-body 

rotation of the tower. The two large mass components demonstrate opposite direction 

rotation to achieve the force and moment equilibrium. Nodal point N, the intersection of 

the dashed line and the second mode shape line, is close to the bottom end of the tower 

because the mass of the platform is far larger than that of the nacelle. When the mass 

difference of the two components changes, the location of the nodal point will move along 

the tower axis. 
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Figure 7-3 First and second mode shapes of the tower structure 

Table 7-3 Comparison of the first natural frequency from different models 

 NREL 5 MW offshore wind turbine 

Model 

Type 

Tower-

monopile[177] 

Platform-

tower[122] 
Spar-tower-blade[87] 

Spar-tower-

nacelle 

Modelling 

Method 
FAST-SC FAST-SC HAWC2 ABAQUS MATLAB 

Natural 

Frequency 

(rad/s) 

1.25 -2.14 2.953 2.89 

2.78(shell) 

2.89(beam) 

2.37(tower part) 

2.308rad/s 
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7.1.1. Effects of the tower parameters 

The uniform thickness shells are widely used in the theoretical analysis of offshore wind 

turbine tower to simplify a non-uniform tower for brevity. It should be noted that the non-

structure mass (such as cables for power transmission and stairs for access to the nacelle) 

can contribute to the mass of the tower structure. The parameters of diameter D, thickness 

t, and mass density 𝜌𝜌 will be used as the variables to understand their effects on the natural 

frequencies of the system. 

Given the fact that the non-structure mass does not affect the mode shape of the tower 

directly but can increase the mass density per unit length [75], the mass density 𝜌𝜌 will be 

assumed higher than the structure materials to account for the non-structure mass. Figure 

7-4 shows the variation of the first natural frequency of the tower structure with respect 

to different mass density 𝜌𝜌. The natural frequency of the whole system decreases linearly 

with the increase of mass density 𝜌𝜌. The decreasing rate is only about 1% when 𝜌𝜌 is 

increased from 7800𝑘𝑘𝑘𝑘/𝑚𝑚3 to 8700𝑘𝑘𝑘𝑘/𝑚𝑚3 by an 11.5% (or say by adding 422 𝑘𝑘𝑘𝑘/𝑚𝑚 

of the mass per unit height). 

 

Figure 7-4 Variation of the first natural frequency of the tower structure with respect to the mass density 
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Different from the mass density, the variation of the tower diameter and shell thickness 

can not only change its mass density per unit length, but also its moment of inertia of the 

circular cross section. The first natural frequency of the tower structure under different 

diameter D and thickness t is shown in Figure 7-5 and 7-6, respectively.  

 

Figure 7-5 Variation of the first natural frequency of the tower structure with the tower diameter D under 

different shell thickness 
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Figure 7-6 Variation of the first natural frequency of the tower structure with the tower shell thickness under 

different diameters 

 

Firstly, it is easy to notice that an increase of either D or t would lead to a non-linear 

increase of the first natural frequency of the whole system. From Figure 7-5, the natural 

frequency is increased with an increase of the tower diameter under different thickness. 

A larger shell thickness gives a higher natural frequency under the same tower diameter. 

The increase rate of natural frequency is reduced quickly when the thickness t is 

increased, as shown in Figure 7-6. The percentage increase of the natural frequency due 

to the increase of the thickness from 0.01m to 0.1m are 140% (from 0.90Hz to 2.16Hz) 

when D=3.6m, and 92.4% (from 2.88Hz to 5.54Hz) when D=8m. The percentage 

increase of the natural frequency due to the increase of the tower diameter D from 3.60m 

to 8.55m are 244% (from 1.087Hz to 3.74Hz) when t=0.015m, and 192% (from 1.99Hz 

to 5.81Hz) when t=0.075m. This means that within the reasonable and possible variation 

range of the shell thickness and tower diameter, the effect of the variation of the thickness 
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and diameter on the natural frequency of the whole system at a small diameter or thickness 

is larger than at large diameter or thickness. As mentioned in [119, 178-181], the possible 

frequency range of the excitations from a fully-developed sea condition is from 0.04Hz 

to 0.1 Hz (i.e., from 0.25 to 0.62rad/s), and from a non-fully-developed sea condition is 

from 0.5Hz to 0.7Hz (from 3.1 to 4.3rad/s) based on the JONSWAP wave model. For a 

3MW Opti-OWECS turbine, the rotor frequency is 0.37Hz (or 2.3rad/s) and the blade 

passing frequency is 0.75Hz (or 4.6rad/s), while for the 5MW NREL direct-drive wind 

turbine, the rotor frequency of the drive-train system is 0.267Hz (or 1.68rad/s).  The 

design of the turbine structure should ensure the resultant natural frequency to be outside 

the range of the environmental excitation frequencies and the frequencies of the other 

structural components to avoid resonant vibrations, large bending moment and shear force 

for a long-term safe operation. A 3D plot of the variation of the first natural frequency of 

the whole system with respect to both the tower diameter and shell thickness is shown in 

Figure 7-7. From this figure, the tower parameters (the shell thickness and the tower 

diameter) can be chosen to avoid the resonance for a safe operation. 
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consideration of low values of spring stiffness assumes that there may exist cracks at the 

connecting location. The overall variation of the first natural frequency of the tower 

structure with respect to both 𝑘𝑘1 and 𝑘𝑘2 is shown in Figure 7-8. The zero natural frequency 

results shown in Figures 7-8 to 7-12 suggest that the whole system be buckled [119]. The 

stiffness at these ranges will not be considered as this situation is not under a safe 

operational condition. It is interesting to observe from Figures 7-8 to 7-12 that the 

performances of the torsional springs at different locations are different. From the 

meaningful (non-zero) values of the natural frequencies shown in Figure 7-9, it can be 

found that the natural frequency of the whole system has no significant changes when the 

stiffness of the torsional spring is higher than a certain value (about1011 𝑁𝑁𝑁𝑁/𝑟𝑟𝑟𝑟𝑟𝑟). This 

indicates that the joint has already been essentially considered as a fixed joint. Meanwhile, 

the natural frequency of the system is highly sensitive when either 𝑘𝑘1 or 𝑘𝑘2 is in the range 

from 105 to 1010 𝑁𝑁𝑁𝑁/𝑟𝑟𝑟𝑟𝑟𝑟. This means a slightly lower value of the torsional stiffness 

than the stiffness of the fixed state, normally corresponding to a weak connecting type or 

cracks at the joints, would destabilize the whole system. 
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Figure 7-10 Variation of the first natural frequency of the tower structure with respect to torsional stiffness 𝒌𝒌𝟐𝟐 

 

7.1.3. Effects of the end components 

The moments of inertia of the end components about their own centre of gravity (CG) 

were assumed to be constants in the previous subsections. However, the moments of 

inertia about the ends of the tower can be different, depending on the distances from their 

CG to the respective tower ends.  Figure 7-11 shows the effect of the location change of 

the CG of the platform along its vertical axis 𝑔𝑔1 and the CG of the nacelle along its drive-

train rotor axis in the horizontal direction 𝑙𝑙𝑜𝑜𝑜𝑜′ on the first natural frequency. It can be seen 

that the change of 𝑙𝑙𝑜𝑜𝑜𝑜′ does not significantly affect the variation of the natural frequency 

(less than 0.01% from Figure 7-12), which means the location of the CG of the nacelle 

along its rotational axis is not very important in the analysis of the natural frequency of 

the turbine structure. On the contrary, a closer location of the CG of the platform to the 

tower end would vibrate the whole system more due to its large mass. Although the 

natural frequency could be increased along with the distance 𝑔𝑔1, the sensitivity is reduced 
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Figure 7-12 Variation of the first natural frequency of the tower structure with respect to the horizontal 

distance between the CG of the nacelle and the top end of the tower structure 𝒍𝒍𝒐𝒐𝒐𝒐′. 

 

7.2. Determination of the natural frequencies of a non-uniform tower structure 

In this section, the non-uniform tower model will be used instead of the uniform tower 

structure. The tower structure with variable paremeters is illustrated in Figure 7-13. The 

total length of the tower are represented by L. The outter diameter and thickness at height 

l are shown as 𝐷𝐷(𝑙𝑙) and 𝑡𝑡(𝑙𝑙). For the uniform tower sturcture, constant vaules of the 

diameter and thickness are used. For the non-uniform case,  the diameter and thickness at 

different height of the tower will be variable. Assume that the tower structure is divided 

into n element, the length of each element can be calculated as ∆ℎ = 𝐿𝐿 𝑛𝑛⁄ . The difference 

of the element’s parameter at its two ends should be small when n is large. Evidently, the 

cross section area and the moment of inertia of the elements are functions of their heights 

along the tower axis. 
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Figure 7-13 Non-uniform tower structures 

Three types of elements are considered for the tower structure, namely top element (1𝑠𝑠𝑠𝑠 

element), body element (𝑖𝑖th element for 𝑖𝑖 = 2,⋯ , 𝑛𝑛 − 1) and bottom element (𝑛𝑛th 

element). The top element and bottom element are contected with end masses, while the 

body elements are quite general beam elements, as shown in Figure 7-14.  

 

Figure 7-14 Element types for the tower structure 
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According to the equation of motion of the tower elements, Eq.(7.1), and the similar 

boundary conditions at the tower top and bottom, the bending moment and shear force 

equilibrium at the top of the 1𝑠𝑠𝑠𝑠 element and the bottom of the 𝑛𝑛𝑛𝑛ℎ element can be the 

same as Eq.(7.3) to (7.6), as shown following 

𝐸𝐸𝐸𝐸𝑤𝑤(∆ℎ)
(1) ′′

= 𝐼𝐼02𝜔𝜔2 �𝑤𝑤(∆ℎ)
(1) ′

+ 𝛼𝛼2� + 𝑔𝑔2 𝑀𝑀2𝜔𝜔2𝑤𝑤(∆ℎ)
(1) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2) (7.9) 

𝐸𝐸𝐸𝐸𝑤𝑤(∆ℎ)
(1) ′′′

+ 𝑁𝑁𝑤𝑤(∆ℎ)
(1) ′

= −𝑀𝑀2𝜔𝜔2𝑤𝑤(∆ℎ)
(1) − 𝑔𝑔2 𝑀𝑀2𝜔𝜔2(𝑤𝑤(∆ℎ)

(1) + 𝛼𝛼2) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2) (7.10) 

𝐸𝐸𝐸𝐸𝑤𝑤(0)
(𝑛𝑛)′′ = −𝐼𝐼01𝜔𝜔2 �𝑤𝑤(0)

(𝑛𝑛)′ − 𝛼𝛼1� − 𝑔𝑔1 𝑀𝑀1𝜔𝜔2𝑤𝑤(0)
(𝑛𝑛) cos(𝜃𝜃1) (7.11) 

𝐸𝐸𝐸𝐸𝑤𝑤(0)
(𝑛𝑛)′′′ + 𝑁𝑁𝑤𝑤(0)

(𝑛𝑛)′ = 𝑀𝑀1𝜔𝜔2𝑤𝑤(0)
(𝑛𝑛) + 𝑔𝑔1 𝑀𝑀1𝜔𝜔2𝑤𝑤(0)

(𝑛𝑛) − 𝛼𝛼1) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1) (7.12) 

The body elements, the bottom end of the top element and the top end of the bottom 

element are under quite general beam element conditions. For the i th element, the shear 

forces, bending moments and normal forces from other elements are represented as 𝑭𝑭(𝒊𝒊) =

�𝐹𝐹(∆ℎ)
(𝑖𝑖)  𝑀𝑀(∆ℎ)

(𝑖𝑖)  𝐹𝐹(0)
(𝑖𝑖) 𝑀𝑀(0)

(𝑖𝑖)�
𝑇𝑇
and 𝑁𝑁(𝑖𝑖), respectively as shown in Figure 7-14. The wind drag 

force on the tower element will lead to two forces applied on the top and bottom of the 

element, represented as 𝑷𝑷(𝒊𝒊) = �𝑃𝑃
(𝑖𝑖)

2
 𝑃𝑃

(𝑖𝑖)∆ℎ
4

 𝑃𝑃
(𝑖𝑖)

2
  −𝑃𝑃

(𝑖𝑖)∆ℎ
4

�
𝑇𝑇
. The boundary conditions can be 

expressed as  

𝐸𝐸𝐸𝐸𝑤𝑤(∆ℎ)
(𝑖𝑖) ′′

= 𝑀𝑀(∆ℎ)
(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)∆ℎ

4

𝐸𝐸𝐼𝐼𝑤𝑤(∆ℎ)
(𝑖𝑖) ′′′

+ 𝑁𝑁𝑤𝑤(∆ℎ)
(𝑖𝑖) ′

= 𝐹𝐹(∆ℎ)
(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)

2

 for 𝑖𝑖 = 2,⋯ ,𝑛𝑛  (7.13) 

𝐸𝐸𝐸𝐸𝑤𝑤(0)
(𝑖𝑖)′′ = 𝑀𝑀(0)

(𝑖𝑖) − 𝑃𝑃(𝑖𝑖)∆ℎ
4

𝐸𝐸𝐸𝐸𝑤𝑤(0)
(𝑖𝑖)′′′ + 𝑁𝑁𝑤𝑤(0)

(𝑖𝑖)′ = 𝐹𝐹(0)
(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)

2

 for 𝑖𝑖 = 1,⋯ ,𝑛𝑛 − 1  (7.14) 
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Substituting the free parameters (arbitrary constants) in the general solution in Eq.(7.2) 

for each element, 𝐴𝐴1
(𝑖𝑖) , 𝐴𝐴2

(𝑖𝑖), 𝐵𝐵1
(𝑖𝑖) and 𝐵𝐵2

(𝑖𝑖), into a matrix form 𝐂𝐂(𝒊𝒊), and substituting the 

general solution Eq.(7.2) into the four boundary condition equation of each elements, 

Eq.(7.9)-(7.14) gives a rise to  

⎣
⎢
⎢
⎢
⎢
⎡𝑅𝑅11

(𝑖𝑖) 𝑅𝑅12
(𝑖𝑖) 𝑅𝑅13

(𝑖𝑖) 𝑅𝑅14
(𝑖𝑖)

𝑅𝑅21
(𝑖𝑖) 𝑅𝑅22

(𝑖𝑖) 𝑅𝑅23
(𝑖𝑖) 𝑅𝑅24

(𝑖𝑖)

𝑅𝑅31
(𝑖𝑖) 𝑅𝑅32

(𝑖𝑖) 𝑅𝑅33
𝑖𝑖) 𝑅𝑅34

(𝑖𝑖)

𝑅𝑅41
(𝑖𝑖) 𝑅𝑅42

(𝑖𝑖) 𝑅𝑅43
(𝑖𝑖) 𝑅𝑅44

(𝑖𝑖)⎦
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡𝐴𝐴1

(𝑖𝑖)

𝐴𝐴2
(𝑖𝑖)

𝐵𝐵1
(𝑖𝑖)

𝐵𝐵2
(𝑖𝑖)⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝐹𝐹(∆ℎ)

(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)

2

𝑀𝑀(∆ℎ)
(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)∆ℎ

4

𝐹𝐹(0)
(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)

2

𝑀𝑀(0)
(𝑖𝑖) − 𝑃𝑃(𝑖𝑖)∆ℎ

4 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 𝑜𝑜𝑜𝑜 𝐑𝐑(𝒊𝒊)𝐂𝐂(𝒊𝒊) = 𝐅𝐅(𝒊𝒊) + 𝐏𝐏(𝒊𝒊)  (7.15) 

where the elements of the matrix 𝑹𝑹(𝒊𝒊) are listed in Appendix 9.3.4 for brevity. 

The expressions for the rotation angular (𝜃𝜃(𝑖𝑖)), of the ith element can be written as 

𝜃𝜃(𝑙𝑙)
(𝑖𝑖) =

𝜕𝜕𝑤𝑤(𝑖𝑖)

𝜕𝜕𝜕𝜕
  (7.16) 

The vibration of the element, 𝑾𝑾(𝒊𝒊) = �𝑤𝑤(∆ℎ)
(𝑖𝑖) 𝜃𝜃(∆ℎ)

(𝑖𝑖) 𝑤𝑤(0)
(𝑖𝑖) 𝜃𝜃(0)

(𝑖𝑖)�
𝑇𝑇
 can be form the 

following matrix equations 

⎣
⎢
⎢
⎢
⎢
⎡𝑤𝑤(∆ℎ)

(𝑖𝑖)

𝜃𝜃(∆ℎ)
(𝑖𝑖)

𝑤𝑤(0)
(𝑖𝑖)

𝜃𝜃(0)
(𝑖𝑖)

⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡𝜆𝜆1

(𝑖𝑖)𝑆𝑆 𝜆𝜆1
(𝑖𝑖)𝐶𝐶𝐶𝐶 𝜆𝜆2

(𝑖𝑖)𝐶𝐶 𝜆𝜆2
(𝑖𝑖)𝑆𝑆𝑆𝑆

𝜆𝜆1
(𝑖𝑖)𝐶𝐶 −𝜆𝜆1

(𝑖𝑖)𝑆𝑆 𝜆𝜆2
(𝑖𝑖)𝐶𝐶𝐶𝐶 𝜆𝜆2

(𝑖𝑖)𝑆𝑆𝑆𝑆
0 1 0 1
𝜆𝜆1

(𝑖𝑖) 0 𝜆𝜆2
(𝑖𝑖) 0 ⎦

⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡𝐴𝐴1

(𝑖𝑖)

𝐴𝐴2
(𝑖𝑖)

𝐵𝐵1
(𝑖𝑖)

𝐵𝐵2
(𝑖𝑖)⎦
⎥
⎥
⎥
⎥
⎤

 𝑜𝑜𝑜𝑜 𝑾𝑾(𝒊𝒊) = 𝑻𝑻(𝒊𝒊)𝑪𝑪(𝒊𝒊) (7.17) 

The free parameters matrix, 𝐂𝐂(𝒊𝒊) can be eliminated from Eq.(7.15) and (7.17) as follows 
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⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝐹𝐹(∆ℎ)

(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)

2

𝑀𝑀(∆ℎ)
(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)∆ℎ

4

𝐹𝐹(0)
(𝑖𝑖) + 𝑃𝑃(𝑖𝑖)

2

𝑀𝑀(0)
(𝑖𝑖) − 𝑃𝑃(𝑖𝑖)∆ℎ

4 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡𝐸𝐸11

(𝑖𝑖) 𝐸𝐸12
(𝑖𝑖) 𝐸𝐸13

(𝑖𝑖) 𝐸𝐸14
(𝑖𝑖)

𝐸𝐸21
(𝑖𝑖) 𝐸𝐸22

(𝑖𝑖) 𝐸𝐸23
(𝑖𝑖) 𝐸𝐸24

(𝑖𝑖)

𝐸𝐸31
(𝑖𝑖) 𝐸𝐸32

(𝑖𝑖) 𝐸𝐸33
(𝑖𝑖) 𝐸𝐸34

(𝑖𝑖)

𝐸𝐸41
(𝑖𝑖) 𝐸𝐸42

(𝑖𝑖) 𝐸𝐸43
(𝑖𝑖) 𝐸𝐸44

(𝑖𝑖)⎦
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎡𝑤𝑤

(𝑖𝑖)
(∆ℎ)

𝜃𝜃(𝑖𝑖)
(∆ℎ)

𝑤𝑤(𝑖𝑖)
(0)

𝜃𝜃(𝑖𝑖)
(0) ⎦

⎥
⎥
⎥
⎤

 𝑜𝑜𝑜𝑜 𝐅𝐅(𝒊𝒊) + 𝐏𝐏(𝒊𝒊) = 𝑬𝑬(𝒊𝒊)𝑾𝑾(𝒊𝒊) (7.18) 

where 

⎣
⎢
⎢
⎢
⎢
⎡𝐸𝐸11

(𝑖𝑖) 𝐸𝐸12
(𝑖𝑖) 𝐸𝐸13

(𝑖𝑖) 𝐸𝐸14
(𝑖𝑖)

𝐸𝐸21
(𝑖𝑖) 𝐸𝐸22

(𝑖𝑖) 𝐸𝐸23
(𝑖𝑖) 𝐸𝐸24

(𝑖𝑖)

𝐸𝐸31
(𝑖𝑖) 𝐸𝐸32

(𝑖𝑖) 𝐸𝐸33
(𝑖𝑖) 𝐸𝐸34

(𝑖𝑖)

𝐸𝐸41
(𝑖𝑖) 𝐸𝐸42

(𝑖𝑖) 𝐸𝐸43
(𝑖𝑖) 𝐸𝐸44

(𝑖𝑖)⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡𝑅𝑅11

(𝑖𝑖) 𝑅𝑅12
(𝑖𝑖) 𝑅𝑅13

(𝑖𝑖) 𝑅𝑅14
(𝑖𝑖)

𝑅𝑅21
(𝑖𝑖) 𝑅𝑅22

(𝑖𝑖) 𝑅𝑅23
(𝑖𝑖) 𝑅𝑅24

(𝑖𝑖)

𝑅𝑅31
(𝑖𝑖) 𝑅𝑅32

(𝑖𝑖) 𝑅𝑅33
𝑖𝑖) 𝑅𝑅34

(𝑖𝑖)

𝑅𝑅41
(𝑖𝑖) 𝑅𝑅42

(𝑖𝑖) 𝑅𝑅43
(𝑖𝑖) 𝑅𝑅44

(𝑖𝑖)⎦
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎡𝜆𝜆1

(𝑖𝑖)𝑆𝑆 𝜆𝜆1
(𝑖𝑖)𝐶𝐶𝐶𝐶 𝜆𝜆2

(𝑖𝑖)𝐶𝐶 𝜆𝜆2
(𝑖𝑖)𝑆𝑆𝑆𝑆

𝜆𝜆1
(𝑖𝑖)𝐶𝐶 −𝜆𝜆1

(𝑖𝑖)𝑆𝑆 𝜆𝜆2
(𝑖𝑖)𝐶𝐶𝐶𝐶 𝜆𝜆2

(𝑖𝑖)𝑆𝑆𝑆𝑆
0 1 0 1
𝜆𝜆1

(𝑖𝑖) 0 𝜆𝜆2
(𝑖𝑖) 0 ⎦

⎥
⎥
⎥
⎤
−1

 

𝑜𝑜𝑜𝑜 𝑬𝑬(𝒊𝒊) = 𝑹𝑹(𝒊𝒊)𝑻𝑻(𝒊𝒊)−𝟏𝟏 (7.19) 

From Figure 7-15, it is known that the displacements of the bottom of the 𝒊𝒊𝑡𝑡ℎ element 

(𝑣𝑣(0)
(i) & 𝜃𝜃(0)

(𝑖𝑖)) should be the same as the displacements of the top of the 𝒊𝒊 + 𝟏𝟏𝑡𝑡ℎ element 

(𝑣𝑣(∆ℎ)
(𝑖𝑖+1)& 𝜃𝜃(∆ℎ)

(𝑖𝑖+1)), while the shear forces, bending moments and normal forces at the 

bottom of the 𝑖𝑖 + 1𝑡𝑡ℎ element and the top of the 𝑖𝑖𝑖𝑖ℎ element are the action and reaction 

forces, which also means 𝐹𝐹(0)
(𝑖𝑖)+𝐹𝐹(∆ℎ)

(𝑖𝑖+1) = 0, 𝑀𝑀(0)
(𝑖𝑖) +𝑀𝑀(∆ℎ)

(𝑖𝑖+1) = 0 and 𝑁𝑁(𝑖𝑖+1) = 𝑁𝑁(𝑖𝑖) + 𝑚𝑚(𝑖𝑖), 

where 𝑚𝑚(𝑖𝑖) is the self-weight of the 𝑖𝑖𝑖𝑖ℎ element. 
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Figure 7-15 Interaction of elements 

Thus the equation of the motion of the tower structure in the matrix form can be 

represented as, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐹𝐹(∆ℎ)

(1) +
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2
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4
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(1) +
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2
+𝐹𝐹(∆ℎ)

(2) +
𝑃𝑃(2)

2

𝑀𝑀(0)
(1) −

𝑃𝑃(1)∆ℎ
4

+𝑀𝑀(∆ℎ)
(2) −

𝑃𝑃(2)∆ℎ
4

⋮

𝐹𝐹(0)
(𝑛𝑛) +

𝑃𝑃(𝑛𝑛)

2

𝑀𝑀(0)
(𝑛𝑛) −

𝑃𝑃(𝑛𝑛)∆ℎ
4 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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(2)

𝐸𝐸41
(1) 𝐸𝐸42

(1) 𝐸𝐸43
(1) + 𝐸𝐸21

(2) 𝐸𝐸44
(1) + 𝐸𝐸22

(2)

⋯ 0

⋮ ⋱ ⋮

0 ⋯

𝐸𝐸33
(𝑛𝑛−1) + 𝐸𝐸11

(𝑛𝑛) 𝐸𝐸34
(𝑛𝑛−1) + 𝐸𝐸12

(𝑛𝑛) 𝐸𝐸13
(𝑛𝑛) 𝐸𝐸14

(𝑛𝑛)

𝐸𝐸43
(𝑛𝑛−1) + 𝐸𝐸21

(𝑛𝑛) 𝐸𝐸44
(𝑛𝑛−1) + 𝐸𝐸22

(𝑛𝑛) 𝐸𝐸23
(𝑛𝑛) 𝐸𝐸24

(𝑛𝑛)

𝐸𝐸31
(𝑛𝑛) 𝐸𝐸32

(𝑛𝑛) 𝐸𝐸33
(𝑛𝑛) 𝐸𝐸34

(𝑛𝑛)

𝐸𝐸41
(𝑛𝑛) 𝐸𝐸42

(𝑛𝑛) 𝐸𝐸43
(𝑛𝑛) 𝐸𝐸44

(𝑛𝑛)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⋅ 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑤𝑤(∆ℎ)

(1)

𝜃𝜃(∆ℎ)
(1)

𝑤𝑤(0)
(1) (𝑤𝑤(∆ℎ)

(2) )

𝜃𝜃(0)
(1)(𝜃𝜃(∆ℎ)

(2) )
⋮

𝑤𝑤(0)
(𝑛𝑛)

𝜃𝜃(0)
(𝑛𝑛)

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 𝑜𝑜𝑜𝑜 𝐅𝐅𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 + 𝐏𝐏𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 = 𝑬𝑬𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 (7.20) 

By considering a free-vibration condition, where 𝐏𝐏𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕=0, 𝐍𝐍𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕=0, the vibration of 

the whole tower 𝑾𝑾𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 is generally non-zero, the 𝑬𝑬𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 matrix should have a zero 

solution as  

det�𝐸𝐸𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 0  (7.21) 

The transcendental equation is solved using symbolic calculation method in MATLAB to 

obtain numerical results.  

 

7.2.1. Numerical simulation results  

By considering a mulit-element tower model but using an average tower diameter and 

shell thickness, the first three natural frequencies are different according to their element 

number, n, as shown in Table 7-4 and Figure 7-16. By comparing to the natural 
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frequencies obtained from the uniform tower structure in Section 7.1, it can be observed 

that the natural frequency shows a better agreement when the number of element is 

increased.  

However, if take the n value into the mode shape under wind excitation (only) condition, 

as shown in Figure 7-17, the first mode shape of n=20 element shows a large difference 

with n=40 and higher (the higher value of n makes the mode shape convergence). Then 

at least a value of over 40 elements are further required for the higher accuracy. Thus the 

following section will use n=40 in order to achieve a reasonable high accuracy and less 

simulation time. 

Table 7-4 Natural frequency under different n 

 
Element number n 

2 3 5 10 20 40 80 

nth order 

natural 

frequency 

1 0.4800 0.855 1.36 1.949 2.239 2.332 2.357 

2 15.8090 16.230 17.318 19.917 22.316 23.391 23.716 

3 63.7550 63.933 64.437 65.972 68.023 69.262 69.692 
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Figure 7-16 Natural frequency under different element number, n 

 

Figure 7-17 First mode shape under wind condition only with different n 

By using the average tower diameter and shell thickness in the mulit-element tower 

model, with n=40 element, the first natural frequency is variable with its diameter and 
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Figure 7-19 Natural frequency VS diameter (a) normal force=0, (b) with normal forces 

Similar, in regard to the change of its shell thickness, a constant diameter of 6.5m is 

applied. The shell thickness at the bottom of the tower is fix at 0.03m and is linearly 

reducing along the tower axis. The natural frequency of the wind turbine is shown in 

Figure 7-20 (a). The first mode natural frequency is found as 2.6 rad/s when t_top=0.01m, 

and 2.9 rad/s when t_top=0.05m. A difference of over 11.5% can be found when the top 

shell thickness is increased from 0.01 to 0.05m. 
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Figure 7-20 Natural frequency VS thickness (a) normal force=0 (b) with normal forces 

Additional force in the normal direction can be applied on the wind turbine due to the 

wind or water (current or bouncy). Figure 7-19(b) and 7-20(b) show the natural frequency 

difference of the non-uniform tower parameter under an additional normal force. The 

reduction of its natural frequency due to the increase of the normal force is nonlinear. 

When normal forces increase from 0 to 107𝑁𝑁, the average reduction of its natural 

frequency is only about 3%, but when the normal force is increased from 107𝑁𝑁 to 

5 × 107𝑁𝑁, the reduction ratio has increased to 30%. This means that small value of the 

normal force will not affect its natural frequency but oversized force will dampen the 

vibration of the whole system. 

A combined consideration of wind turbine with a non-uniform tower structure, the natural 

frequency of the system is shown in Figure 7-21. By comparing with the natural frequency 

for a uniform tower structure with D=6.5m and t=0.03m, which is 3.32 rad/s, the non-

uniform tower structure can save much amount of mass but affect its natural frequency 

less. According to Figure 7-22, by narrowing either diameter or shell thickness at the top 
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7.3. Conclusion 

The free-vibration of the tower structure of a spar-type floating offshore wind turbine has 

been investigated using a free-free end beam model with end components. The natural 

frequencies of the whole system were derived from the characteristic equation based on 

the Euler-Bernoulli beam theory. 

A uniform tower structure was considered firstly. The numerical simulation results of the 

natural frequencies and the mode shapes of the tower structure have shown good 

agreement with the FEA simulation results from the previously published papers. Several 

parameters, including the tower diameter, shell thickness, mass density (due to the 

presence of non-structure mass), the torsional stiffness at the connecting locations and the 

positions of the CG of the end components relative to the ends of the tower, have been 

considered in studying their effects on the natural frequency of the tower structure. An 

increase of the mass density due to the non-structure components was found to make a 

linear reduction of the natural frequency, while an increase of both tower diameter and 

shell thickness could increase the natural frequency. The effect of the variation of the 

diameter or thickness at a small thickness or diameter (small size of the tower) is larger 

than at a large thickness or diameter (large size of the tower). High sensitivity of the 

natural frequency was found in the reduction of either 𝑘𝑘1 or 𝑘𝑘2 from 1010 to 

105 𝑁𝑁𝑁𝑁/𝑟𝑟𝑎𝑎𝑎𝑎, indicating that the tower structure could be unstable when the joint is weak 

or a crack exists. The horizontal distance of the CG of the nacelle to the tower axis (yaw 

axis) was found to have negligible effect on the natural frequency of the whole system. A 

lower location of the CG of the platform corresponding to the bottom end of the tower 

would stabilize the whole system. 
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Then the tower part has been developed by using a non-uniform structure. A mulit-

elements model was used to improve its numerical results. The total mass of the tower 

section were found can be greatly reduced by using the non-uniform parameters but have 

less effect on the natural frequency of the whole system. Additional forces in the normal 

direction were also found to have a slight effect when it is small, while large forces can 

reduce the natural frequency quickly. 

It is expected that the simple analytical method presented in this chapter would be easily 

applicable to the calculation of the natural frequencies of the different floating type wind 

turbines to ensure the turbine tower within the desired safe frequency range. 
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8. Conclusions and future research 

An overview of the offshore direct-drive wind turbines has been presented firstly. 

Different concepts of the direct-drive generators were discussed and compared in terms 

of their advantages and disadvantages. The subsystems involved in the nacelle were also 

given. The tower and supporting structure were reviewed based on their classifications. 

A reference list used for further study on the vibration behaviour of the offshore wind 

turbine systems was provided, with particular considerations on studying the dynamic 

performance of the wind turbines. Both environmental and internal excitations have been 

included. The effects of aerodynamic and hydrodynamic excitations being applied on the 

wind turbines and the interaction of the tower/nacelle (rotating) system and the 

tower/blade system have been discussed. However, as the simulation of a complete 

system can be very difficult, a certain subsystem level is recommended to perform the 

validation. Therefore, although many existing studies have been done on the generator 

optimization and subsystem design, there still are some unaddressed issues when 

combining the interaction between each system, due to the lack of knowledge of how they 

interact. It is believed that more field data can change this situation in the future. 

In this thesis, three new models have been presented. For the analysis of the direct-drive 

drive-train system, a double bearing generator model was developed as a 4DOF nonlinear 

system. The vibration response of the drive-train system was found to be related to its 

rotor position and mass ratio. The bearing forces, wind excitation were applied. The 

comparison results of the consideration of the UMP force indicate an up to 30% notable 

difference in the allowable tolerance of air-gap under a workable operation. Thus, the 

UMP force needed to be considered. According to the simulation results, the effect of the 
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rotor position adjustment could give significant change on its displacement magnitude 

but less change on the response frequency, while the effect of the rotor mass adjustment 

is not as significant as the effect of the rotor position adjustment. 

After that, the dynamic response of a spar-type floating direct-drive wind turbine caused 

by both hydrodynamic and aerodynamic excitations was studied. The comparison of the 

effects of the current, wave and wind excitations shows that the nacelle’s mean 

displacement response is primarily wind induced and its standard deviation is primarily 

wave induced. It was found that the interaction in the drive-train system is not only caused 

by self-rotating motion of the drive-train system but also caused by the global 

translational motion. However, the comparison of performance indicated that the effect 

of interaction between the drive-train system and the nacelle on the dynamic response of 

the drive-train system itself can be ignored with little percentage difference, whereas the 

effect on the spar support with tower structure is notable but not significant. The 

directions of the wind and wave spreading correlated to the sea current direction were 

also considered to form a complete 3D description of the deep-sea environment. By 

considering the interaction, the mean value and the standard deviation of the nacelle 

motion could lead to a 20% change in the surge direction and a 10% change in the sway 

direction. The effect of the interaction was found to be enhanced at the mean value but 

would be reduced at the standard deviation when the sea condition is stronger (wind speed 

is higher). 

Lastly, the free-vibration of the tower structure of a spar-type floating offshore wind 

turbine has been investigated using a free-free end beam model with end components. 

The natural frequencies of the whole system were derived from the characteristic equation 

based on the Euler-Bernoulli beam theory. A uniform tower structure was considered 
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firstly. The numerical results of the natural frequencies and the mode shapes of the tower 

structure have shown good agreement with the FEA simulation results from the 

previously published papers. Several parameters, including the tower diameter, shell 

thickness, mass density (due to the presence of non-structure mass), the torsional stiffness 

at the connecting locations and the positions of the CG of the end components relative to 

the ends of the tower, were considered. An increase of the mass density due to the non-

structure components was found to make a linear reduction of the natural frequency, while 

an increase of both tower diameter and shell thickness could increase the natural 

frequency. The effect of the variation of the diameter or thickness at a small thickness or 

diameter (small size of the tower) is larger than at a large thickness or diameter (large size 

of the tower). High sensitivity of the natural frequency was found when the joint was 

weak or a crack existed. Then the tower part was developed by using a non-uniform 

structure. A mulit-elements model was used to improve its numerical results. It was found 

that the total mass of the tower section can be greatly reduced by using the non-uniform 

parameters but have less effect on the natural frequency of the whole system. Additional 

forces in the normal direction were also found to have a slight effect when they were 

small, while large forces can reduce the natural frequency quickly. 

Based on the review of new models developed, several observations can be summarized 

as follows;  

• The offshore direct-drive wind turbines demonstrate a significant improvement 

on the power production and system reliability when comparing to the indirect-

drive turbines, as there exists an abundant wind source with less environmental 

issues for offshore wind turbines. There is great potential on further optimizations 

on the weight, cost and design of offshore wind turbines.  
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• The combination of different excitations is necessary when studying the dynamic 

response of the complete wind turbine system. The consideration of the interaction 

between main subsystems can increase the accuracy of the simulation results, but 

only a certain subsystem level is recommended due to the cost and technology 

issues. 

• The research on dynamic analysis of offshore wind turbines is still in its infancy. 

Offshore wind turbines have many different types of supporting structures and are 

subjected to complicated loading conditions. The supporting structures of the 

wind turbines with a fixed-base have been developed from land to transitional-

water, more complex design has been used to meet the environment requirements. 

Floating platforms for deep-water wind turbines have been developed for their 

advantages of more power output and less limitation than the land-based turbines. 

A deep understanding of the dynamics of offshore wind turbines will help the 

designers and operators to optimize wind turbines in a more efficient and 

reliability way, thereby increasing the power output and reducing the maintenance 

cost. 

In addition, further studies upon this thesis can be conducted. The blade and pitch system 

can be detail modelled in either the drive-train system or platform system when studying 

the effect of the wind on the wind turbine. This consideration can have a direct effect on 

the performance of the force and moment on the drive-train system and can also help with 

the study of the tower shadow. Furthermore, the flexible tower system can be used instead 

of the rigid tower structure in the platform model. More complex structures and special 

considerations can be applied at the joint sections between the tower and other 

components. Yaw bearing system and additional systems, such as wave damper, can be 
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considered to help with the performance of the entire wind turbine in the deep-sea 

environment. 
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9. Appendices 

9.1. Additional figures for Chapter 5 

9.1.1. The vibration performance of the CG and the rotor at different 𝑙𝑙 and rpm 

 

Time-history of the displacement of the CG and the rotor when 𝑙𝑙 = 0.0𝑚𝑚 at 16 rpm. The 

left and right subfigures show the transient and steady-state response, respectively. 
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Time-history of the displacement of the CG and the rotor when 𝑙𝑙 = 1.7𝑚𝑚 at 16 rpm. The 

left and right subfigures show the transient and steady-state response, respectively. 
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Time-history of the displacement of the CG and the rotor when 𝑙𝑙 = 2.0𝑚𝑚 at 16 rpm. The 

left and right subfigures show the transient and steady-state response, respectively. 

0 50 100 150

Time(s)

-6

-4

-2

0

2

4

D
is

pl
ac

em
en

t o
f t

he
 C

G
(X

 d
ire

ct
io

n)
(x

)(m
)

10 -4

220 240 260 280 300

Time(s)

-3

-2

-1

0

1

2

3

D
is

pl
ac

em
en

t o
f t

he
 C

G
(X

 d
ire

ct
io

n)
at

 S
S(

x
S

S
)(m

)

10 -4

0 50 100 150

Time(s)

0

0.5

1

1.5

2

2.5

3

3.5

D
is

pl
ac

em
en

t o
f t

he
 ro

to
r(d

r)(
m

)

10 -4

220 240 260 280 300

Time(s)

8.5

9

9.5

10

10.5

11

D
is

pl
ac

em
en

t o
f t

he
 ro

to
r a

t S
S(

dr
S

S
)(m

) 10 -5



 

150 | P a g e  
 

9.1.2. The vibration performance of the CG and the rotor at different mass ratio  

 

Time-history of the displacement of the CG and the rotor when mass ratio=0.25 at 16 

rpm. The left and right subfigures show the transient and steady-state response, 

respectively. 

0 50 100 150

Time(s)

-4

-2

0

2

4

D
is

pl
ac

em
en

t o
f t

he
 C

G
(X

 d
ire

ct
io

n)
(x

)(m
)

10 -4

220 240 260 280 300

Time(s)

-2

-1

0

1

2

D
is

pl
ac

em
en

t o
f t

he
 C

G
(X

 d
ire

ct
io

n)
at

 S
S(

x
S

S
)(m

)

10 -4

0 50 100 150

Time(s)

0

1

2

3

4

5

D
is

pl
ac

em
en

t o
f t

he
 ro

to
r(d

r)(
m

)

10 -4

220 240 260 280 300

Time(s)

2.025

2.03

2.035

2.04

2.045

2.05

2.055
D

is
pl

ac
em

en
t o

f t
he

 ro
to

r a
t S

S(
dr

S
S

)(m
) 10 -4



 

151 | P a g e  
 

 

Time-history of the displacement of the CG and the rotor when mass ratio=0.40 at 16 

rpm. The left and right subfigures show the transient and steady-state response, 

respectively. 
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Time-history of the displacement of the CG and the rotor when mass ratio=0.60 at 16 

rpm. The left and right subfigures show the transient and steady-state response, 

respectively. 
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Time-history of the displacement of the CG and the rotor when mass ratio=0.73 at 16 

rpm. The left and right subfigures show the transient and steady-state response, 

respectively. 
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9.1.3. The vibration performance of the bearings at different mass ratio  

 

Bearing force response when 𝑙𝑙 = 0.0m at 16 rpm , (a) force on Bearing 1, (b) force on 

Bearing 2. The left and right subfigures show the transient and steady-state response, 

respectively. 
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Bearing force response when 𝑙𝑙 = 1.7m at 16 rpm , (a) force on Bearing 1, (b) force on 

Bearing 2. The left and right subfigures show the transient and steady-state response, 

respectively. 
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Bearing force response when 𝑙𝑙 = 2.0m at 16 rpm , (a) force on Bearing 1, (b) force on 

Bearing 2. The left and right subfigures show the transient and steady-state response, 

respectively. 
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9.2. Additional figures for Chapter 6 

9.2.1. The time history of the random surface elevation of the sea and the loads 

on the platform 

 

The time history of the random surface elevation of the sea and the loads on the platform 

under weak condition 
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The time history of the random surface elevation of the sea and the loads on the platform 

under strong condition 
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9.2.2. The time-history of the nacelle’s motion in the surge direction considered 

the wind-wave misalignment 

 

The nacelle’s performances in the surge direction under with a wind and wave 

misalignment at 8deg 

 

The nacelle’s performances in the surge direction under with a wind and wave 

misalignment at 30deg 
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9.3. Additional eqations for Chapter 7 

9.3.1. General solution of the 4th order differential equation 

The equation of motion of the tower structure for wind turbine shown in Section 7.1 is  

 

𝐸𝐸𝐼𝐼(𝑧𝑧)
𝜕𝜕4𝑤𝑤(𝑧𝑧,𝑡𝑡)

𝜕𝜕𝑧𝑧4
+ 𝑁𝑁(𝑧𝑧)

𝜕𝜕2𝑤𝑤(𝑧𝑧,𝑡𝑡)

𝜕𝜕𝑧𝑧2
− 𝑚𝑚(𝑧𝑧)𝑟𝑟(𝑧𝑧)

2 𝜕𝜕2

𝜕𝜕𝑧𝑧2
(𝜕𝜕

2𝑤𝑤(𝑧𝑧,𝑡𝑡)

𝜕𝜕𝑡𝑡2
) + 𝑚𝑚(𝑧𝑧)

𝜕𝜕2𝑤𝑤(𝑧𝑧,𝑡𝑡)

𝜕𝜕𝑡𝑡2
= 𝑓𝑓(𝑧𝑧,𝑡𝑡)  (9.1) 

 

Assume harmonic oscillation with angular frequency 𝜔𝜔 so that 

 

𝑣𝑣(𝑧𝑧,𝑡𝑡) = 𝑣𝑣(𝜉𝜉,𝑡𝑡) = 𝑉𝑉(𝜉𝜉)𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖    (9.2) 

 

where 𝑉𝑉(𝜉𝜉) is the amplitude of the vibration and 𝜉𝜉 = 𝑧𝑧
𝐿𝐿�  

Substituting Eq.(9.2) into Eq.(9.1) gives,  

 

𝜕𝜕4𝑉𝑉
𝜕𝜕𝜉𝜉4

+ 𝛼𝛼
𝜕𝜕2𝑉𝑉
𝜕𝜕𝜉𝜉2

− 𝛽𝛽𝑉𝑉(𝜉𝜉) = 𝛾𝛾   (9.3) 

where 

𝑁𝑁𝐿𝐿2

𝐸𝐸𝐸𝐸
= 𝛼𝛼

 𝜔𝜔2𝜌𝜌𝜌𝜌𝐿𝐿4

𝐸𝐸𝐸𝐸
= 𝛽𝛽

𝑃𝑃𝐿𝐿4

𝐸𝐸𝐸𝐸𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖
= 𝛾𝛾

 



 

161 | P a g e  
 

 

The general solution of the above equation would have two parts, complementary 

function (CF) and the particular integral (PI). So 𝑉𝑉(𝜉𝜉) = 𝑉𝑉𝐶𝐶𝐶𝐶 + 𝑉𝑉𝑃𝑃𝑃𝑃. 

 

 First, solve the corresponding homogeneous equation 

𝑟𝑟4 + 𝛼𝛼𝑟𝑟2 − 𝛽𝛽𝑟𝑟 = 0   (9.4) 

Thus the complementary solutions are 

𝑉𝑉𝐶𝐶𝐶𝐶 = 𝐶𝐶1𝑒𝑒𝑟𝑟1𝜉𝜉 + 𝐶𝐶2𝑒𝑒𝑟𝑟2𝜉𝜉 + 𝐶𝐶3𝑒𝑒𝑟𝑟3𝜉𝜉 + 𝐶𝐶4𝑒𝑒𝑟𝑟4𝜉𝜉   (9.5) 

where C1, C2, C3 &C4 are free parameters (arbitrary constants) 

 r1, r2, r3 & 𝑟𝑟4 are the four roots of the Eq. (9.4), ±�−𝛼𝛼±�𝛼𝛼2+4𝛽𝛽
2

 

Assume that r1 = −r3 = �−𝛼𝛼+�𝛼𝛼2+4𝛽𝛽
2

, r2 = − 𝑟𝑟4 = �−𝛼𝛼−�𝛼𝛼2+4𝛽𝛽
2

and r1 ≠ r2 

For the PI, try 𝑉𝑉𝑃𝑃𝑃𝑃 = 𝐶𝐶, 

𝑉𝑉𝑃𝑃𝑃𝑃 = 𝐶𝐶 = −
𝛾𝛾
𝛽𝛽

   (9.6) 

 

Thus the general solution of the vibration equation is  

𝑉𝑉(𝜉𝜉) = 𝐶𝐶1𝑒𝑒𝑟𝑟1𝜉𝜉 + 𝐶𝐶2𝑒𝑒𝑟𝑟2𝜉𝜉 + 𝐶𝐶3𝑒𝑒𝑟𝑟3𝜉𝜉 + 𝐶𝐶4𝑒𝑒𝑟𝑟4𝜉𝜉 −
𝛾𝛾
𝛽𝛽

  (9.7) 
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9.3.2. The elements of the tower vibration matrix R 

The elements of the matrix R are given by: 

𝑅𝑅11 = 𝑅𝑅13 = 𝐼𝐼01𝜔𝜔2𝜆𝜆

𝑅𝑅12 = −𝐸𝐸𝐸𝐸𝜆𝜆2 �1 −
𝐼𝐼01𝜔𝜔2

𝑘𝑘1
� + 𝑔𝑔1𝑀𝑀1𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝑅𝑅14 = 𝐸𝐸𝐸𝐸𝜆𝜆2 �1 −
𝐼𝐼01𝜔𝜔2

𝑘𝑘1
� + 𝑔𝑔1𝑀𝑀1𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝑅𝑅21 = −𝐸𝐸𝐸𝐸𝜆𝜆3 + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆 − 𝑔𝑔1𝑀𝑀1𝜔𝜔2𝜆𝜆 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝑅𝑅22 = −𝑀𝑀1𝜔𝜔2 − 𝑔𝑔1𝑀𝑀1𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)
𝐸𝐸𝐸𝐸𝜆𝜆2

𝑘𝑘1
𝑅𝑅23 = 𝐸𝐸𝐸𝐸𝜆𝜆3 + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆 − 𝑔𝑔1𝑀𝑀1𝜔𝜔2𝜆𝜆 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝑅𝑅24 = −𝑀𝑀1𝜔𝜔2 + 𝑔𝑔1𝑀𝑀1𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)
𝐸𝐸𝐸𝐸𝜆𝜆2

𝑘𝑘1

𝑅𝑅31 = −𝐸𝐸𝐸𝐸𝜆𝜆2𝑆𝑆 − 𝐼𝐼02𝜔𝜔2𝜆𝜆𝜆𝜆 + 𝐼𝐼02𝜔𝜔2 𝐸𝐸𝐸𝐸𝜆𝜆
2

𝑘𝑘2
𝑆𝑆 − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)𝑆𝑆

𝑅𝑅32 = −𝐸𝐸𝐸𝐸𝜆𝜆2𝐶𝐶 + 𝐼𝐼02𝜔𝜔2𝜆𝜆𝜆𝜆 + 𝐼𝐼02𝜔𝜔2 𝐸𝐸𝐸𝐸𝜆𝜆
2

𝑘𝑘2
𝐶𝐶 − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)𝐶𝐶

𝑅𝑅33 = 𝐸𝐸𝐸𝐸𝜆𝜆2𝑆𝑆𝑆𝑆 − 𝐼𝐼02𝜔𝜔2𝜆𝜆𝜆𝜆𝜆𝜆 − 𝐼𝐼02𝜔𝜔2 𝐸𝐸𝐸𝐸𝜆𝜆
2

𝑘𝑘2
𝑆𝑆𝑆𝑆 − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)𝑆𝑆𝑆𝑆

𝑅𝑅34 = 𝐸𝐸𝐸𝐸𝜆𝜆2𝐶𝐶𝐶𝐶 − 𝐼𝐼02𝜔𝜔2𝜆𝜆𝜆𝜆𝜆𝜆 − 𝐼𝐼02𝜔𝜔2 𝐸𝐸𝐸𝐸𝜆𝜆
2

𝑘𝑘2
𝐶𝐶𝐶𝐶 − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)𝐶𝐶𝐶𝐶

𝑅𝑅41 = −𝐸𝐸𝐸𝐸𝜆𝜆3𝐶𝐶 + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆𝜆𝜆 + 𝑀𝑀2𝜔𝜔2𝑆𝑆 + 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)(𝜆𝜆𝜆𝜆 −
𝐸𝐸𝐸𝐸𝜆𝜆2

𝑘𝑘2
𝑆𝑆)

𝑅𝑅42 = 𝐸𝐸𝐸𝐸𝜆𝜆3𝑆𝑆 − 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆𝜆𝜆 + 𝑀𝑀2𝜔𝜔2𝐶𝐶 − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)(𝜆𝜆𝜆𝜆 +
𝐸𝐸𝐸𝐸𝜆𝜆2

𝑘𝑘2
𝐶𝐶)

𝑅𝑅43 = 𝐸𝐸𝐸𝐸𝜆𝜆3𝐶𝐶𝐻𝐻 + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆𝜆𝜆𝜆𝜆 + 𝑀𝑀2𝜔𝜔2𝑆𝑆𝑆𝑆 + 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)(𝜆𝜆𝜆𝜆𝜆𝜆 +
𝐸𝐸𝐸𝐸𝜆𝜆2

𝑘𝑘2
𝑆𝑆𝑆𝑆)

𝑅𝑅44 = 𝐸𝐸𝐸𝐸𝜆𝜆3𝑆𝑆𝑆𝑆 + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆𝜆𝜆𝜆𝜆 + 𝑀𝑀2𝜔𝜔2𝐶𝐶𝐶𝐶 + 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)(𝜆𝜆𝜆𝜆𝜆𝜆 +
𝐸𝐸𝐸𝐸𝜆𝜆2

𝑘𝑘2
𝐶𝐶𝐶𝐶)

 

where S = sin(𝜆𝜆𝜆𝜆) ,𝐶𝐶 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝜆𝜆𝜆𝜆), 𝑆𝑆𝑆𝑆 = 𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝜆𝜆𝜆𝜆), and 𝐶𝐶𝐶𝐶 = 𝑐𝑐𝑐𝑐𝑐𝑐ℎ(𝜆𝜆𝜆𝜆), 
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9.3.3. The calculation of the tower parameters 

For the sake of brevity, the tower structure is considered as a uniform shell structure with 

constant thickness. The moment of inertia of the circular cross-section can be calculated 

by  

 

𝐼𝐼 =
𝜋𝜋

64
𝐷𝐷4 −

𝜋𝜋
64

(𝐷𝐷 − 2𝑡𝑡)4 

 

The mass density per unit length of the tower is given by 𝑚𝑚 = ρA, where 𝐴𝐴 = 𝜋𝜋
4
𝐷𝐷2 −

𝜋𝜋
4

(𝐷𝐷 − 2𝑡𝑡)2. 

 

The moment of inertia for the two mass components about the ends of the tower can be 

calculated by  

𝐼𝐼0𝑖𝑖2 = 𝐼𝐼𝑖𝑖2 + 𝑀𝑀𝑖𝑖
2𝑔𝑔𝑖𝑖2 ,   𝑖𝑖 = 1,2 

 

where 𝐼𝐼𝑖𝑖 is the moment of inertia of the component about its centre of gravity (CG), as 

listed in Table 7. The fixed angle and the distance between the CG of the nacelle and the 

top end of the tower structure can be calculated as  

𝜃𝜃2 = tan−1 �
𝑙𝑙𝑜𝑜𝑜𝑜′
ℎ𝑜𝑜𝑜𝑜′

� 

𝑔𝑔2 = �𝑙𝑙𝑜𝑜𝑜𝑜′
2 + ℎ𝑜𝑜𝑜𝑜′

2 
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9.3.4. The elements of the non-uniform tower vibration matrix 𝑅𝑅(𝑖𝑖) 

The elements of the matrix 𝑹𝑹(𝒊𝒊) are given by: 

𝑅𝑅11
(1) = 𝐼𝐼01𝜔𝜔2𝜆𝜆1

(1)

𝑅𝑅12
(1) = −𝐸𝐸𝐸𝐸𝜆𝜆1

(1)2 �1 −
𝐼𝐼01𝜔𝜔2

𝑘𝑘1
�+ 𝑔𝑔1𝑀𝑀1𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝑅𝑅13
(1) = 𝐼𝐼01𝜔𝜔2𝜆𝜆2

(1)

𝑅𝑅14
(1) = 𝐸𝐸𝐸𝐸𝜆𝜆2

(1)2 �1 −
𝐼𝐼01𝜔𝜔2

𝑘𝑘1
�+ 𝑔𝑔1𝑀𝑀1𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝑅𝑅21
(1) = −𝐸𝐸𝐸𝐸𝜆𝜆1

(1)3 + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆1
(1) − 𝑔𝑔1𝑀𝑀1𝜔𝜔2𝜆𝜆1

(1) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝑅𝑅22
(1) = −𝑀𝑀1𝜔𝜔2 − 𝑔𝑔1𝑀𝑀1𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝐸𝐸𝐸𝐸𝜆𝜆1
(1)2

𝑘𝑘1
𝑅𝑅23

(1) = 𝐸𝐸𝐸𝐸𝜆𝜆2
(1)3 + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆2

(1) − 𝑔𝑔1𝑀𝑀1𝜔𝜔2𝜆𝜆2
(1) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝑅𝑅24
(1) = −𝑀𝑀1𝜔𝜔2 + 𝑔𝑔1𝑀𝑀1𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)

𝐸𝐸𝐸𝐸𝜆𝜆2
(1)2

𝑘𝑘1

 

and 

𝑅𝑅31
(𝑛𝑛) = −𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑛𝑛)2S(𝑛𝑛) − 𝐼𝐼02𝜔𝜔2𝜆𝜆1
(𝑛𝑛)𝐶𝐶(𝑛𝑛) + 𝐼𝐼02𝜔𝜔2 𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑛𝑛)2

𝑘𝑘2
S(𝑛𝑛) − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)S(𝑛𝑛)

𝑅𝑅32
(𝑛𝑛) = −𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑛𝑛)2𝐶𝐶(𝑛𝑛) + 𝐼𝐼02𝜔𝜔2𝜆𝜆1
(𝑛𝑛)S(𝑛𝑛) + 𝐼𝐼02𝜔𝜔2 𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑛𝑛)2

𝑘𝑘2
𝐶𝐶(𝑛𝑛) − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)𝐶𝐶(𝑛𝑛)

𝑅𝑅33
(𝑛𝑛) = 𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑛𝑛)2𝑆𝑆𝑆𝑆(𝑛𝑛) − 𝐼𝐼02𝜔𝜔2𝜆𝜆2
(𝑛𝑛)𝐶𝐶𝐶𝐶(𝑛𝑛) − 𝐼𝐼02𝜔𝜔2 𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑛𝑛)2

𝑘𝑘2
𝑆𝑆𝑆𝑆(𝑛𝑛) − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)𝑆𝑆𝑆𝑆(𝑛𝑛)

𝑅𝑅34
(𝑛𝑛) = 𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑛𝑛)2𝐶𝐶𝐶𝐶(𝑛𝑛) − 𝐼𝐼02𝜔𝜔2𝜆𝜆2
(𝑛𝑛)𝑆𝑆𝑆𝑆(𝑛𝑛) − 𝐼𝐼02𝜔𝜔2 𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑛𝑛)2

𝑘𝑘2
𝐶𝐶𝐶𝐶(𝑛𝑛) − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)𝐶𝐶𝐶𝐶(𝑛𝑛)

𝑅𝑅41
(𝑛𝑛) = −𝐸𝐸𝐼𝐼𝜆𝜆1

(𝑛𝑛)3𝐶𝐶(𝑛𝑛) + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆1
(𝑛𝑛)𝐶𝐶(𝑛𝑛) + 𝑀𝑀2𝜔𝜔2S(𝑛𝑛) + 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)(𝜆𝜆1

(𝑛𝑛)𝐶𝐶(𝑛𝑛) −
𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑛𝑛)2

𝑘𝑘2
S(𝑛𝑛))

𝑅𝑅42
(𝑛𝑛) = 𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑛𝑛)3S(𝑛𝑛) −𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆1
(𝑛𝑛)S(𝑛𝑛) + 𝑀𝑀2𝜔𝜔2𝐶𝐶(𝑛𝑛) − 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)(𝜆𝜆1

(𝑛𝑛)S(𝑛𝑛) +
𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑛𝑛)2

𝑘𝑘2
𝐶𝐶(𝑛𝑛))

𝑅𝑅43
(𝑛𝑛) = 𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑛𝑛)3𝐶𝐶𝐶𝐶(𝑛𝑛) + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆2
(𝑛𝑛)𝐶𝐶𝐶𝐶(𝑛𝑛) + 𝑀𝑀2𝜔𝜔2𝑆𝑆𝑆𝑆(𝑛𝑛) + 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)(𝜆𝜆2

(𝑛𝑛)𝐶𝐶𝐶𝐶(𝑛𝑛) +
𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑛𝑛)2

𝑘𝑘2
𝑆𝑆𝑆𝑆(𝑛𝑛))

𝑅𝑅44
(𝑛𝑛) = 𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑛𝑛)3𝑆𝑆𝑆𝑆(𝑛𝑛) + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆2
(𝑛𝑛)𝑆𝑆𝑆𝑆(𝑛𝑛) + 𝑀𝑀2𝜔𝜔2𝐶𝐶𝐶𝐶(𝑛𝑛) + 𝑔𝑔2𝑀𝑀2𝜔𝜔2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃2)�𝜆𝜆2

(𝑛𝑛)𝑆𝑆𝑆𝑆(𝑛𝑛) +
𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑛𝑛)2

𝑘𝑘2
𝐶𝐶𝐶𝐶(𝑛𝑛)�

 

and 
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𝑅𝑅11
(𝑖𝑖) = 𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑖𝑖)3𝐶𝐶(𝑖𝑖) −𝑁𝑁𝜆𝜆1
(𝑖𝑖)𝐶𝐶(𝑖𝑖) −𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆1

(𝑖𝑖)𝐶𝐶(𝑖𝑖)

𝑅𝑅12
(𝑖𝑖) = −𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑖𝑖)3S(𝑖𝑖) + 𝑁𝑁𝜆𝜆1
(𝑖𝑖)S(𝑖𝑖) + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆1

(𝑖𝑖)S(𝑖𝑖)

𝑅𝑅13
(𝑖𝑖) = −𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑖𝑖)3𝐶𝐶𝐶𝐶(𝑖𝑖) −𝑁𝑁𝜆𝜆2
(𝑖𝑖)𝐶𝐶𝐶𝐶(𝑖𝑖) −𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆2

(𝑖𝑖)𝐶𝐶𝐶𝐶(𝑖𝑖)

𝑅𝑅14
(𝑖𝑖) = −𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑖𝑖)3𝑆𝑆𝑆𝑆(𝑖𝑖) −𝑁𝑁𝜆𝜆2
(𝑖𝑖)𝑆𝑆𝑆𝑆(𝑖𝑖) −𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆2

(𝑖𝑖)𝑆𝑆𝑆𝑆(𝑖𝑖)

𝑅𝑅21
(𝑖𝑖) = 𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑖𝑖)2S(𝑖𝑖)

𝑅𝑅22
(𝑖𝑖) = 𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑖𝑖)2𝐶𝐶(𝑖𝑖)

𝑅𝑅23
(𝑖𝑖) = −𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑖𝑖)2𝑆𝑆𝑆𝑆(𝑖𝑖)

𝑅𝑅24
(𝑖𝑖) = −𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑖𝑖)2𝐶𝐶𝐶𝐶(𝑖𝑖) ⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 2,⋯ ,𝑛𝑛 

and 

𝑅𝑅31
(𝑖𝑖) = −𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑖𝑖)3 + 𝑁𝑁𝜆𝜆1
(𝑖𝑖) +𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆1

(𝑖𝑖)

𝑅𝑅32
(𝑖𝑖) = 𝑅𝑅34

(𝑖𝑖) = 𝑅𝑅41
(𝑖𝑖) = 𝑅𝑅43

(𝑖𝑖) = 0

𝑅𝑅33
(𝑖𝑖) = 𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑖𝑖)3 + 𝑁𝑁𝜆𝜆2
(𝑖𝑖) + 𝑚𝑚𝑟𝑟2𝜔𝜔2𝜆𝜆2

(𝑖𝑖)

𝑅𝑅42
(𝑖𝑖) = −𝐸𝐸𝐸𝐸𝜆𝜆1

(𝑖𝑖)2

𝑅𝑅44
(𝑖𝑖) = 𝐸𝐸𝐸𝐸𝜆𝜆2

(𝑖𝑖)2 ⎭
⎪
⎪
⎬

⎪
⎪
⎫

𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 1,⋯ ,𝑛𝑛 − 1 

where S(𝑖𝑖) = sin(𝜆𝜆1
(𝑖𝑖)∆ℎ) , 𝐶𝐶(𝑖𝑖) = 𝑐𝑐𝑐𝑐𝑐𝑐 �𝜆𝜆1

(𝑖𝑖)∆ℎ�, 𝑆𝑆𝑆𝑆(𝑖𝑖) = 𝑠𝑠𝑠𝑠𝑠𝑠ℎ �𝜆𝜆2
(𝑖𝑖)∆ℎ� 

and 𝐶𝐶𝐶𝐶(𝑖𝑖) = 𝑐𝑐𝑐𝑐𝑐𝑐ℎ(𝜆𝜆2
(𝑖𝑖)∆ℎ). 
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