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ABSTRACT

Community detection in graphs is a fundamental problem widely experienced

across industries. Given a graph structure, one popular method to identify com-

munities is classifying the vertices, which is formally named graph clustering.

Additionally, community structures are always dense and highly connected in

graphs. There are also a large number of research works focusing on mining co-

hesive subgraphs for community detection. Even though the community detec-

tion problem is extensively studied, challenges still exist. With the development

of social media, graphs are highly dynamic, and the size of graphs is sharply

increasing. The large time and space cost of traditional solutions may hardly be

endured in big and dynamic graphs.

In this thesis, we propose an index-based algorithm for the structural graph

clustering (SCAN). Based on the proposed index structure, the time expended

to compute structural clustering depends only on the result size, not on the size

of the original graph. The space complexity of the index is bounded by O(m),

where m is the number of edges in the graph. We also propose algorithms and

several optimization techniques for maintaining our index in dynamic graphs.

For the cohesive subgraph detection, we study both degree-constrained (k-

core) and connectivity-constrained (k-VCC) cohesive subgraph metrics. A k-core

is a maximal connected subgraph in which each vertex has degree at least k. We

study I/O efficient core decomposition following a semi-external model, which

only allows vertex information to be loaded in memory. We propose an optimized

v



I/O efficient algorithm for both core decomposition and core maintenance. In

addition, we extend our algorithm to compute the graph degeneracy order, which

is an important graph problem that is highly related to core decomposition.

A k-vertex connected component (k-VCC) is a connected subgraph in which

the removal of any k − 1 vertices will not disconnect the subgraph. A k-VCC

has many outstanding structural properties, such as high cohesiveness, high ro-

bustness, and subgraph overlapping. The state-of-the-art solution enumerates

all k-VCCs following a partition-based framework. It requires high computa-

tional cost in connectivity tests. We prove the upper bound of the number of

partitions, which implies the polynomial running time of this framework. We

propose two effective optimization strategies, namely neighbor sweep and group

sweep, to largely reduce the number of local connectivity tests.

We conducted extensive performance studies using several large real-world

datasets to show the efficiency and effectiveness of all our approaches.

vi



PUBLICATIONS

• Dong Wen, Lu Qin, Xuemin Lin, Ying Zhang, and Lijun Chang, Enu-

merating k-Vertex Connected Components in Large Graphs, in submission.

• Dong Wen, Lu Qin, Ying Zhang, Xuemin Lin, and Jeffrey Xu Yu, I/O

Efficient Core Graph Decomposition: Application to Degeneracy Ordering,

TKDE, revision submitted.

• Dong Wen, Lu Qin, Ying Zhang, Lijun Chang, and Xuemin Lin, Effi-

cient Structural Graph Clustering: an Index-Based Approach, to appear in

PVLDB 2018.

• Lingxi Yue, Dong Wen, Lizhen Cui, Lu Qin, and Yongqing Zheng, K-

Connected Cores Computation in Large Dual Networks, to appear in DAS-

FAA 2018.

• Dong Wen, Lu Qin, Ying Zhang, Xuemin Lin, and Jeffrey Xu Yu, I/O

Efficient Core Graph Decomposition at Web Scale, ICDE2016, Best Paper

Award.

vii



TABLE OF CONTENT

CERTIFICATE OF AUTHORSHIP/ORGINALITY ii

ACKNOWLEDGEMENTS iii

ABSTRACT v

PUBLICATIONS vii

TABLE OF CONTENT viii

LIST OF FIGURES xi

LIST OF TABLES xiii

Chapter 1 INTRODUCTION 1
1.1 Structural Graph Clustering . . . . . . . . . . . . . . . . . . . . . 2
1.2 Degree-Based Cohesive Subgraph Detection . . . . . . . . . . . . 7
1.3 Connectivity-Based Cohesive Subgraph Detection . . . . . . . . . 11
1.4 Graph Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Chapter 2 LITERATURE REVIEW 18
2.1 Graph Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.2 Cohesive Subgraph Detection . . . . . . . . . . . . . . . . . . . . 19

2.2.1 Global Cohesiveness . . . . . . . . . . . . . . . . . . . . . 19
2.2.2 Local Degree and Triangulation . . . . . . . . . . . . . . . 20
2.2.3 Connectivity Cohesiveness . . . . . . . . . . . . . . . . . . 21

Chapter 3 STRUCTURAL GRAPH CLUSTERING BASED COM-
MUNITY DETECTION 23

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2 Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Existing Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3.1 SCAN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

viii



TABLE OF CONTENT

3.3.2 pSCAN . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.4 Index-Based Algorithms . . . . . . . . . . . . . . . . . . . . . . . 30

3.4.1 Index Overview . . . . . . . . . . . . . . . . . . . . . . . . 31
3.4.2 Index Construction . . . . . . . . . . . . . . . . . . . . . . 37
3.4.3 Query Processing . . . . . . . . . . . . . . . . . . . . . . . 39

3.5 Index Maintenance . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.5.1 Basic Solutions . . . . . . . . . . . . . . . . . . . . . . . . 44
3.5.2 Improved Algorithms . . . . . . . . . . . . . . . . . . . . . 48

3.6 Performance Studies . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.6.1 Performance of Query Processing . . . . . . . . . . . . . . 53
3.6.2 Performance of Index Construction . . . . . . . . . . . . . 56
3.6.3 Performance of Index Maintenance . . . . . . . . . . . . . 59

3.7 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 61

Chapter 4 DEGREE-CONSTRAINED COMMUNITY DETEC-
TION 63

4.1 Chapter Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.2 Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.3 Existing Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.4 I/O Efficient Core Decomposition . . . . . . . . . . . . . . . . . . 69

4.4.1 Basic Semi-external Algorithm . . . . . . . . . . . . . . . . 69
4.4.2 Optimal Vertex Computation . . . . . . . . . . . . . . . . 73

4.5 I/O Efficient Core Maintenance . . . . . . . . . . . . . . . . . . . 77
4.5.1 Edge Deletion . . . . . . . . . . . . . . . . . . . . . . . . . 77
4.5.2 Edge Insertion . . . . . . . . . . . . . . . . . . . . . . . . . 79
4.5.3 Optimization for Edge Insertion . . . . . . . . . . . . . . . 82

4.6 I/O Efficient Degeneracy Ordering . . . . . . . . . . . . . . . . . 87
4.6.1 Degeneracy Order Computation . . . . . . . . . . . . . . . 89
4.6.2 Degeneracy Order Maintenance . . . . . . . . . . . . . . . 91

4.7 Performance Studies . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.7.1 Core Decomposition . . . . . . . . . . . . . . . . . . . . . 98
4.7.2 Core Maintenance . . . . . . . . . . . . . . . . . . . . . . . 100
4.7.3 Degeneracy Order Computation . . . . . . . . . . . . . . . 101
4.7.4 Degeneracy Order Maintenance . . . . . . . . . . . . . . . 102
4.7.5 Scalability Testing . . . . . . . . . . . . . . . . . . . . . . 103

4.8 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 107

Chapter 5 CONNECTIVITY-CONSTRAINED COMMUNITY
DETECTION 108

5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.2 Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

ix



TABLE OF CONTENT

5.3 Algorithm Framework . . . . . . . . . . . . . . . . . . . . . . . . 109
5.4 Basic Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.4.1 Find Vertex Cut . . . . . . . . . . . . . . . . . . . . . . . 112
5.4.2 Algorithm Analysis . . . . . . . . . . . . . . . . . . . . . . 116

5.5 Search Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.5.1 Neighbor Sweep . . . . . . . . . . . . . . . . . . . . . . . . 120
5.5.2 Group Sweep . . . . . . . . . . . . . . . . . . . . . . . . . 127
5.5.3 The Overall Algorithm . . . . . . . . . . . . . . . . . . . . 131

5.6 Performance Studies . . . . . . . . . . . . . . . . . . . . . . . . . 134
5.6.1 Performance Studies on Real-World Graphs . . . . . . . . 136
5.6.2 Evaluating Optimization Techniques . . . . . . . . . . . . 138
5.6.3 Scalability Testing . . . . . . . . . . . . . . . . . . . . . . 141

5.7 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 142

Chapter 6 EPILOGUE 143

BIBLIOGRAPHY 145

x



LIST OF FIGURES

1.1 Clusters, hubs and outliers under ε = 0.7, μ = 4 . . . . . . . . . . 3
1.2 Cohesive subgraphs in graph G. . . . . . . . . . . . . . . . . . . . 12

3.1 Clusters, hubs and outliers under ε = 0.7, μ = 4 . . . . . . . . . . 26
3.2 Clusters under different μ and ε . . . . . . . . . . . . . . . . . . . 29
3.3 Neighbor-order for each vertex in graph G . . . . . . . . . . . . . 36
3.4 Core-order for each μ in graph G . . . . . . . . . . . . . . . . . . 37
3.5 A running example for ε = 0.7, μ = 4 . . . . . . . . . . . . . . . . 42
3.6 Query time for different ε (μ = 5) . . . . . . . . . . . . . . . . . . 54
3.7 Query time for different μ (ε = 0.6) . . . . . . . . . . . . . . . . . 55
3.8 Query time on different datasets . . . . . . . . . . . . . . . . . . . 56
3.9 Index size for different datasets . . . . . . . . . . . . . . . . . . . 56
3.10 Time cost for index construction . . . . . . . . . . . . . . . . . . . 57
3.11 Index construction (vary |V |) . . . . . . . . . . . . . . . . . . . . 58
3.12 Index construction (vary |E|) . . . . . . . . . . . . . . . . . . . . 58
3.13 Time cost for edge insertion . . . . . . . . . . . . . . . . . . . . . 59
3.14 Time cost for edge removal . . . . . . . . . . . . . . . . . . . . . . 60
3.15 Index maintenance (vary |V |) . . . . . . . . . . . . . . . . . . . . 61
3.16 Index maintenance (vary |E|) . . . . . . . . . . . . . . . . . . . . 62

4.1 A sample graph G and its core decomposition . . . . . . . . . . . 65
4.2 Number of vertices whose core numbers are changed . . . . . . . . 73
4.3 A degeneracy order of vertices in Fig. 4.3 . . . . . . . . . . . . . . 88
4.4 A Level-Index for graph G in Fig. 4.1 . . . . . . . . . . . . . . . . 92
4.5 Core decomposition on different datasets . . . . . . . . . . . . . . 99
4.6 Core maintenance on different datasets . . . . . . . . . . . . . . . 101
4.7 Time cost and I/Os of computing degeneracy order . . . . . . . . 102
4.8 Time cost and I/Os of degeneracy order maintenance . . . . . . . 103
4.9 Scalability of core decomposition . . . . . . . . . . . . . . . . . . 104
4.10 Scalability of core maintenance . . . . . . . . . . . . . . . . . . . 105
4.11 Scalability of degeneracy ordering . . . . . . . . . . . . . . . . . . 106
4.12 Scalability of degeneracy order maintenance . . . . . . . . . . . . 107

xi



LIST OF FIGURES

5.1 An example of overlapped graph partition. . . . . . . . . . . . . . 112
5.2 The sparse certificate of given graph G with k = 3 . . . . . . . . . 116
5.3 Strong side-vertex and vertex deposit when k = 3 . . . . . . . . . 122
5.4 Increasing deposit with neighbor and group sweep . . . . . . . . . 127
5.5 Performance on different datasets . . . . . . . . . . . . . . . . . . 136
5.6 Against basic algorithm (vary k) . . . . . . . . . . . . . . . . . . . 137
5.7 Scalability testing . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

xii



LIST OF TABLES

1.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.1 Network statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.1 Illustration of SemiCore . . . . . . . . . . . . . . . . . . . . . . . . 72
4.2 Illustration of SemiCore∗ . . . . . . . . . . . . . . . . . . . . . . . 77
4.3 Illustration of SemiDelete∗ (delete (v0, v1)) . . . . . . . . . . . . . 78
4.4 Illustration of SemiInsert (insert (v4, v6)) . . . . . . . . . . . 81
4.5 Illustration of SemiInsert∗ (insert (v4, v6)) . . . . . . . . . . 86
4.6 Illustration of DInsert∗ (insert (v0, v6)) . . . . . . . . . . . . . . . . 96
4.7 Network statistics (1K = 103) . . . . . . . . . . . . . . . . . . . . 98

5.1 Network statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
5.2 Evaluating pruning rules . . . . . . . . . . . . . . . . . . . . . . . 139

xiii



LIST OF TABLES

xiv


	Title Page
	Certificate of Authorship/Originality
	Acknowledgements
	Abstract
	Publications
	Table of Content
	List of Figures
	List of Tables

