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“Mathematics is the music of reason. To do mathematics is to engage in an act of discovery
and conjecture, intuition and inspiration; to be in a state of confusion—not because it makes
no sense to you, but because you gave it sense and you still don’t understand what your
creation is up to; to have a break-through idea; to be frustrated as an artist; to be awed and
overwhelmed by an almost painful beauty; to be alive, damn it.”

Paul Lockhart

“Questa cosi vana prosunzione d’intendere il tutto non puo aver principio da altro che
dal non avere inteso mai nulla, perché, quando altri avesse esperimentato una volta sola
a intender perfettamente una sola cosa ed avesse gustato veramente come ¢ fatto il sapere,
conoscerebbe come dellinfinita dell’altre conclusioni niuna ne intende.”

Galileo Galilei
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In this thesis we use Lie symmetry methods and integral transforms to obtain fun-
damental matrices for systems of PDEs of the form

v = 0 Ve + f1(z)ve — fo(x)w
and t T fl( ) T f2( ) T .’L‘,t>0

UV = Vg + g2(2)u wy = 02 Wy + f2(T)ve + f1(7)ws,

U = Ugy + g1(x)v

for functions g;(x), and f;(x) satisfying some necessary conditions. We also provide
the methodology to obtain these matrices for a wider range of systems.

We then turn to the Lie symmetry study of the Kolmogorov Backwards equation
associated to the process of the eigenvalues of a Wishart process. We focus on 2-
dimensional Wishart processes with eigenvalues X; > Y; > 0 for most of our work.
We obtain the cosine transform of the transition density function of the difference
X —Y;, as well as some integral expressions for E[X], E[Y;]. We also obtain some
bounds for the variances of X; and Y; and the expected values for a wide range of
functions of these eigenvalues including, among many others, the expected value
for any symmetric polynomial in the variables X, ¥;. These results are all new, to
the best of our knowledge.
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Chapter 1

Introduction

Linear Parabolic Partial Differential Equations, such as the so called heat equation,
ut(z,t) = qugy(z,t), are fundamental in the modelling of many kinds of phenom-
ena arising in areas such as Physics or Finance. In particular, they play an essen-
tial role in the study of diffusion processes (see Section 2.2) . It turns out that the
transition probability density for a diffusion process is given by a fundamental so-
lution of a particular parabolic PDE associated with the diffusion, the so called
Kolmogorov backwards equation.

The transition probability density is essentially what allows us to determine the
probability of the process transitioning between two states in a given time interval.
An important example is the transition density for Brownian motion, which as it
turns out, is given by a fundamental solution to the heat equation, widely known
as the "heat kernel".

Alot of research has been done in developing methods for finding fundamental
solutions for a given PDE. Some of the most widely spread techniques over the last
50 years include the obtention of such fundamental solutions as group invariant so-
lutions of the relevant PDE. Authors like Bluman etal. [10,7, 4, 5, 9] or Ibragimov et
al. [41,42,43,44, 45, 3] developed successful methods based on this group theoretic
approach. They studied a wide range of boundary value problems including the
heat equation, the wave equation and the Laplace equation, as well as some other
examples like the one-dimensional Fokker-Planck equation, studied by Bluman in
[5, 9]. Many examples of PDEs arising from financial Mathematics have also been
studied using this range of techniques [32, 56].

Another approach to such problem is the reduction of the given PDE to some
canonical form for which these fundamental solutions are known. Very interesting
results have been published in this line of research by different authors such as
Bluman [6], Goard [34] or Ibragimov [42].

The main limitations of the previously mentioned approaches often have to do
with boundary conditions. Moreover, the fundamental solutions that can be ob-

tained using these methods usually do not possess the required characteristics to
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be regarded as transition densities for an appropriate diffusion process.

Pioneering work by Craddock and his coauthors [17, 18, 19, 24, 25, 22, 20, 21,
26], particularly for one dimensional problems, offers an approach to the problem
of finding fundamental solutions that indeed satisfy the necessary conditions to be
regarded as transition densities for a given process. This new perspective relies on
the fact that for a large class of PDEs, we can identify fundamental solutions with
inverse integral transforms of a particular solution to the PDE, obtained through
the application of an element of the Lie algebra of the PDE to a stationary solution
that can be often obtained by inspection.

As an extension of the methods used for one-dimensional problems, some re-
cent research has been conducted by Craddock and Lennox [21, 47] on the construc-
tion of explicit fundamental solutions for multi-dimensional parabolic equations of
second order. In addition, in his recent research [18], Craddock also shows that
fundamental solutions for certain parabolic systems of PDEs can be found by us-
ing only a scaling symmetry. However, the amount of existing work done in higher
dimensional cases and systems of PDEs is very limited and it is definitely an area
in which there is still room for further investigation.

Another limitation that we come across when trying to use Lie Symmetry meth-
ods for the computation of transition densities using integral transforms is that we
rely on the fact that the relevant PDE has enough symmetries and that they are
complex enough to allow us to obtain time-dependent solutions from stationary
ones. However, this is not always the case, and there does not seem to be much
research available that focuses on dealing with such cases.

The idea of this project is to follow up on the existing study of Lie symmetry

methods and to extend its scope in two different directions:

e First, we wish to extend the use of these methods as a tool for computing fun-
damental solutions for single PDEs to one that allows us to deal with systems
of PDEs.

e Second, we aim to provide a set of tools that allow us to obtain enough infor-
mation about a particular diffusion process, even when the existing methods
fail to produce a transition density due to lack of enough symmetry in the
associated Kolmogorov Backward equation.

1.1 Overview and structure

In order to cover the aspects specified above, we have organised this thesis into
different chapters, according to the following structure:
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e Chapter 2 provides the reader with the necessary background knowledge and
an overview of the research conducted up to date on the topics that will be
later on covered in following chapters. This chapter also presents some ex-
amples to illustrate the main methodologies that have been used in this area

of research throughout the past few years.

e Chapter 3 and Chapter 4 both deal with finding fundamental matrices for
particular types of systems of PDEs.
In particular, in Chapter 3 we study a family of systems for which we compute
the Lie Algebra in different cases. We then proceed to develop a methodology
to obtain fundamental matrices for the systems in each case.
In Chapter 4, instead, we use the existing theory available for single PDEs to
develop a method that deals with the computation of fundamental matrices
for real systems arising from single PDEs concerning complex-valued func-
tions.
The results presented in these two chapters are all new unless otherwise spec-
ified. As far as we know, the techniques we develop in this thesis for the com-
putation of fundamental matrices for systems of linear parabolic PDEs have
not been used before.

e Lastly, in Chapter 5 we present a wide range of tools that we have developed
to deal with diffusion processes for which the associated Kolmogorov Back-
ward equation does not have enough symmetries to allow us to compute a
fundamental solution. We illustrate all these tools through an example of a
matrix diffusion process: the Wishart Process. These processes turn out to be
of great interest in many areas such as financial Mathematics, where they are
widely used as a tool to model stochastic volatility.

In particular, we focus on the eigenvalues of such processes to present the
research we have conducted. We compute the expected value for these eigen-
values, as well as some bounds for their variance. We also obtain an infi-
nite series expression for the Fourier cosine transform of the density function
of the difference of the eigenvalues for 2-dimensional Wishart processes. In
addition, we compute the expected value of all sorts of functions of these
eigenvalues, such as any symmetric polynomial in these eigenvalues. The
techniques we use to compute all these expectations rely mostly on Lie sym-
metries and classical integral transforms.

Again, to the best of our knowledge, all the results obtained in this chapter
for the eigenvalues of a Wishart Process are new unless otherwise specified.






Chapter 2

Theoretical Background and
Literature Review

For the purpose of giving a self-contained overview of our study, this chapter pro-
vides a brief explanation of the main topics on which our research is based, as well
as an outline of the methodology we use to approach the problem of finding fun-
damental solutions for a parabolic PDE.

We also review some of the methods that have historically been used to obtain
fundamental solutions through the computation of Lie symmetries. These meth-
ods include, for example, the use of group-invariant solutions or the reduction by
symmetry to a canonical form.

We then focus on a completely different approach that allows us to obtain fun-
damental solutions for some classes of PDEs by simply inverting a classical integral
transform such as the Laplace transform, the Fourier transform or the Mellin trans-
form. It is precisely this method that we will mostly be concerned with and it relies
on the fact that transforming a stationary solution of these PDEs via an appropri-
ate Lie symmetry yields a new solution that can be expressed as a classical integral
transform of the fundamental solution.

In order to make sense of all these methods, we will first give a brief intro-
duction to Lie symmetries and how to compute them. We will then proceed to
present some examples of the different methods we can use to obtain fundamental
solutions and, after a very brief explanation on a few basic concepts in the field of
Stochastic Processes, we will explain how we relate the computation of fundamen-
tal solutions of PDEs to the obtention of transition densities for a given Stochastic
Process.

The main definitions in section 2.1 regarding the computations of Lie symme-
tries for a given system of differential equations have been taken from Olver’s book
[52] unless otherwise stated. Similarly, in section 2.2, the main theorems on Stochas-
tic Differential Equations are from Jksendal’s book [51] unless otherwise specified.
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2.1 Lie Symmetries for Partial Differential Equations: com-

putation and obtention of fundamental solutions

Given a PDE or a system of PDEs, one might be interested in computing their sym-
metries. It turns out Lie’s method for the systematic computation of symmetries is
a rather powerful and relatively simple method to do so. A detailed explanation
on this subject can be found in Olver’s book [52], as well as [4, 8, 40].

In what follows, we provide a general picture of how this method works. How-
ever, we do not include some proofs or go too much into detail, since these results
can be easily found in the literature. Note that this method can be used for single
PDEs but also for systems, as well as for ordinary differential equations.

Suppose we have a system .7 of n-th order differential equations in p indepen-
dent and ¢ dependent variables defined by

Ay(x,u(")) =0, v=1,...,1,

involving = = (x!,...,27) (the independent variables), u = (u!,...,u9) (the de-
pendent variables) and the derivatives of u with respect to x up to order n, where
Az, u™) = (Ay(z,u™), ..., Ay(x,u™)) can be regarded as a smooth map from
the jet space X x U™ to some I-dimensional Euclidean space

A: X xUM 5 R

Observe that the differential equations determine a subvariety where the map
A vanishes:
In = {(z,u™) : A(z,u™) =0} € X x U™

Our goal is to determine explicitly the symmetry group for the system .7 (or,
in particular, the infinitesimal generators of such symmetry group). That is, we
are looking for a local group of transformations G acting on the independent and
dependent variables of the system that maps solutions of .’ to other solutions of
the system. More precisely, let A denote the space of all solutions of the system
S

Ay(z,u™)y=0, v=1,...,1,

we are looking for a mapping S of H into itself, so that if u € H A then Su € Ha.
Such a mapping S : Ha — Ha is called a symmetry.

It turns out that the symmetries we will be looking for can be proved to possess
group properties. In particular, they typically form a Lie group. We again refer
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the reader to Olver’s book [52] for a more thorough explanation on this particular
subject.

We will only deal with symmetries in which the transformations act solely on
the independent and dependent variables x and u. These type of symmetries are
known as point symmetries. However, there exist more complex generalized sym-
metries, which involve transformations acting on the derivatives of the dependent
variables. We do not discuss these in this work.

For the computation of point symmetries, we will be dealing with right-invariant
vector fields of the form:

= 9 < )
v = ;g (2,u)5 +;¢a($,u)w, (2.1)
defined on an open subset M C X x U.

It is convenient to refresh the formal definition of the Lie bracket of two vector
fields as well as the notion of a Lie algebra:

Definition 2.1.1. Let v and w be smooth vector fields on a manifold M. The Lie
bracket [v, w] of v and w is the vector field defined as

v, w](f) :== v(w(f)) =w(v(f))

forall f € C*°(M).

Definition 2.1.2. A Lie algebra g is a vector space over a field ' with an operation
[,-] : g x g — g called the Lie bracket (definition 2.1.1), which has the following
properties:

(1) Itis bilinear
(ii) Itis skew symmetric: [v,v] = 0, which implies [v,w] = —[w,v]|forallv,w € g

(iii) It satisfies the Jacobi Identity: [u,[v,w]] + [v,[w,u]] + [w, [u,Vv]] = 0 for all

u,v,w g

The Lie algebra g of a Lie group G can be identified with the tangent space
to G at the identity element, i.e. g ~ T'G|.. It can be shown that there is a one-
to-one correspondence between one-dimensional subspaces of g and (connected)
one-parameter subgroups of G.

It is important to mention that, as remarked in Olver’s book [52], although
the usual approach to Lie algebras requires the vector fields defining g to be left-
invariant under the action of G, the fact that we are using right-invariant vector

fields will not have any consequences for our purposes.
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It is well known that the flow of a sufficiently well behaved vector field v =

S € () aii (usually denoted as exp(ev)) is a one-parameter local Lie group. We can

recover the action generated by v by summing the so-called Lie series:

€2 s
exp(ev) = o+ e€(2) + SVE) @)+ =3

k=0

ek

vi()

o

!

However, this is not a practical way to do so. A much more convenient and efficient
way to recover the action generated by a vector field of the form (2.1) on (z, u) is to
think of the flow as a transformation of (z,u) into (Z, %) = exp(ev)(z,u) and solve

the following system of differential equations:

9T _ iz a), #(0)=a, i=1,. . .p 2.2)
de

du” ~ o~ ~ v «a

IZQZ)&(CL‘?U)? u (O)ZU ) Oé:].,...q (23)

In this case, the parameter of the group action generated by v is e.

Let us now denote by G the group generated by a vector field v. We need to
introduce the notion of the n-th prolongation of G, pr@ as the natural extension
of the action of G to not only the dependent and independent variables x and w,
but also the derivatives of u up to order n. The n-th prolongation of G is defined in
such a way that applying pr™g to (z,u(™) is the same as first transforming (z, u)
through the action of G and then computing the derivatives of the transformed
dependent variables up to order n.

In a similar way to how a vector field generates a one-parameter group action,
the n-th prolongation of G, pr™G, also has an infinitesimal generator, usually de-
noted by pr(™v. Its technical definition is the following:

Definition 2.1.3 ([52]). Let M C X x U be open and suppose v is a vector field on
M, with corresponding local one-parameter group exp(ev). The n-th prolongation
of v, denoted by pr™v, will be a vector field on the n-jet space M™ c X x U™,
and is defined to be the infinitesimal generator of the corresponding prolonged
one-parameter group pr(™ [exp(ev)], i.e.

() d

V] oy = 2| rfexp(ev)] (e, u™), 24)
e=0

for any (z,u(™) € M)

There exists a specific formula for the computation of pr(®v, which is often
referred to as the General Prolongation Formula. The following result determines
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this specific expression for pr(™v, which makes its calculation only an exercise of

computing a few derivatives:

Theorem 2.1.1 ([52]). Let

= 0 < 9
v = ;{ (a;,u)axi +;¢a(x,u)m

be a vector field defined on an open subset M C X x U. The n-th prolongation of v is the
vector field
q
0
n)y, J n
pr )V—V+Zz¢a(x,u( ))a—u3 (2.5)
a=1 J

defined on the corresponding jet space M™) C X x U™, the second summation being
over all (unordered) multi-indices J = (j1,...,jk), with 1 < ji < p, 1 < k < n. The
coefficient functions ¢, of pr"™v are given by the following formula:

p p
¢ (w,u™) = D, (asa -> giu?) +Y &gy, (2.6)

=1 =1

where uf = du®/dx’, uG; = OuG/dx’ and D is the total differentiation operator.

With the above definitions, let us go back to our initial problem of computing
explicit symmetries for a system of differential equations. We are now ready to
present the main theorem that will allow us to systematically do so. This theorem,
as well as its proof, can again be found in Olver’s book [52] and it provides nec-
essary and sufficient conditions for a Lie group with infinitesimal generator of the
form (2.1) to be a symmetry group:

Theorem 2.1.2. (Lie’s Theorem)
Suppose
A,,(as,u(”)) =0, v=1,...,1,

is a non-degenerate system of differential equations defined over M C X x U. If G isa
connected local group of transformations acting on M, then G is a symmetry group of the
system if and only if

pr(")v[Ay(x,u(”))] =0, v=1,...,1 whenever Al,(x,u(")) =0, (2.7)

for every infinitesimal generator v of G.

Note. We often refer to the vector fields satisfying (2.7) as infinitesimal symmetries.
It turns out that the set of all infinitesimal symmetries of the system forms a Lie
algebra of vector fields on M ([52])
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In light of this result, the computation of the symmetries of a system of differen-
tial equations is reduced to applying Theorem 2.1.2 to our particular system, thus
yielding a set of determining equations for £¢, ¢,, that can usually be solved by in-
spection. Each of the Lie group symmetries will produce a continuous family of
solutions parametrized by the group variable.

The next step of our work is to compute fundamental solutions. Let us begin by
defining the concept of a fundamental solution:

Definition 2.1.4. Let L be a linear differential operator on a domain Q2. A funda-
mental solution for L is a distribution p defined on 2 with the property that

Lp =§(x).

Here 6 refers to the so called Dirac Delta function. However, the Dirac Delta is
technically speaking not a function but a distribution or a generalised function. More
information on this topic can be found in [39, 33, 49]

There exist equivalent definitions of fundamental solutions for particular types of
PDEs. For example, for parabolic PDEs the definition of a fundamental solution
can be formulated as follows

Definition 2.1.5. Let 2 — L be a parabolic differential operator. A fundamental
solution p; of % — L can be defined to be a solution of the PDE

0
i —
( BN > u =0,
subject to the initial condition pg = §(z).

A very useful property of fundamental solutions can be derived from definition
2.1.4. Observe that knowing a fundamental solution p for a differential operator L
one may solve the equation Lu = f for any appropriate function f. It is clear that
u = f*pwill satisty Lu = f:

Lu=L(f+p) =L ( | 1wt - y)dy)
- /Q @) Lp(z — y)dy 2.8)
- /Q fW)b(a — y)dy = f(z)

Here f * p refers to the convolution'of f and p, defined as
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Definition 2.1.6. Let f, g € L!(R"). The convolution of f and g is defined by

frg(x) = Rnf@hﬂx—yﬁw-

The methodology we will use in most of our work to compute fundamental
solutions consists essentially in using trivial or rather simple solutions of a system
to ultimately construct complex solutions. Roughly speaking, the way we approach
this problem is by transforming these trivial solutions through the action of an
appropriate Lie group symmetry in order to produce other solutions which are
non-trivial.

It has been seen that there are many effective approaches to the use of symmetry
methods to compute fundamental solutions for a given PDE. One such approach is
to use the fact that fundamental solutions to many PDEs can be obtained as group
invariant solutions. In [25] for example, the authors first use the method of char-
acteristics to find group invariant solutions for the particular PDE that is being
considered and then use it to construct the fundamental solution for such PDE.

One possible method of obtaining fundamental solutions as group invariant
solutions for a given boundary value problem (BVP) is described by Bluman and
Cole in their joint work [10] or by Bluman and Anco in [7]. They deal with BVPs of
the following form

Definition 2.1.7. Solve the n-th order PDE
P(z,u™)=0, ze€QcCR" (2.9)
subject to the boundary conditions
Bj(x,u,u(”_l)) =0, (2.10)

whenwj(z) =0,j=1,...,k.
For a BVP defined as above they present the following definition and result

Definition 2.1.8. A vector field v is admitted by an n—th order boundary value
problem if

(i) pr™v[P(z, D*u)] = 0 when P(z, D%u) = 0.
(ii) v(wj(z)) = 0 whenw;(xz) =0

(iii) pr" Vv[B;(x,u,u""V)] = 0 when Bj(z,u,u™ 1) = 0 on the surface w; () =
0.
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Proposition 2.1.3. Suppose that a boundary value problem admits a vector field v. Then
the solution of the boundary value problem is a group invariant solution with respect to the
symmetries generated by v.

In [43], one may also find a group theoretic approach to finding fundamental
solutions.

Let us now present a very basic but illustrative example of this first approach
to finding fundamental solutions:

Example 2.1.1. Consider the one-dimensional heat equation u; = wu,, on the real
line with ¢ > 0, which has a well-known fundamental solution known as the heat

kernel: ) ,
k(x,t) = e~ 2.11
@)= @1
One may obtain this fundamental solution as a group invariant solution of the

problem

Ut = Uge, TER, t>0 (2.12)
u(z,0) = d(x) (2.13)
xll)rinoou(x, t)=0 (2.14)

Using Lie’s method for the systematic computation of symmetries one obtains that
for this particular PDE (2.12) the finite dimensional part of the Lie algebra of point
symmetries is six dimensional and is spanned by the vector fields

V1 = 6%’ V4:2t%—$u(§%,
Vo = %, Vs = ;Ua% + 2t%, (2.15)
vy = u%, Ve = 4:{:75% + 4t2% — (22 + 2t)u%.

Note that there is also an infinite dimensional ideal’within the Lie algebra consist-
ing of vector fields of the form vy = f(z, t)a%, where f; = f;,. This ideal simply
generates superposition of solutions.

However, not all the elements of the Lie algebra for this PDE will be admitted
by our BVP. In their work [10],[7] Bluman et al. describe some methods that allow
us to find the largest subalgebra admitted by our BVP, that is, the most general
form of a Lie point symmetry of the heat equation that will preserve the boundary

conditions of our BVP. But we won't do that in this example, since we are not here

2 An ideal in a Lie algebra g is a vector subspace Z C g so that for all ¥ € gand ) € Z we have
(X, V] e
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concerned about the general case. For our purposes it will suffice to pick a suitable
element in (2.15) that is indeed admitted by our BVP.

Let us turn our focus to the point symmetry generated by the vector field v.
It is not excessively hard to show that this vector field is admitted by our BVP.
Note for example that vg(t) = 4t?, which is equal to zero when ¢t = 0. Note also
that ve(u — §) = —4atd’(z) — (z* + 2t)u, which on the surface t = 0 simplifies to
ve(u — 0)|1=0 = —z%u(z,0), which is zero when u(z,0) = 6(z)°.

Again, there are many different methods to find the invariants under the action

of the group generated by this particular vector field, one of which is to solve

dx dt du

izt 42 (22 + 2t)u
Some simple calculations yield the functionally independent invariants y = 7 and

v = e% Vtu. Note that the first equality gives [ % = [ 4 from which we obtain
that logz = logt + C1 or C1 = logx — logt = log 7. Then, if C is a constant, so is
y =e“ =
equality, which gives [ (¥4 v 3)dt = — [ % yielding y2t +logts = —logu + 02 or

7. Similarly, to find the second invariant, v, we must solve the second

Cy="42 oy log v/t + logu = 4t + log \/ tu. Again, exponentiation gives v = e \f tu.

L
e 4t

Applying the chain rule to u = v gives

.
* ( =Dt -

[ % 2 t
Upp = —5 <4 -5 vl - zv'(y) + 0" (y)
2

So the heat equation becomes simply v”(y) = 0. Therefore we must have v(y) =
Ay + B and so

22

=)= 57 (45+4)

Observe that in order to satisfy the boundary condition (2.13) we need

22

x e A T
A—+Bldx=1

/—oo ﬁ < t )

thus yielding the choice B = \/%47' The choice of A = 0 comes from the behaviour

and the properties of the delta function as a distribution. Note for example that

3See [49] for properties and further explanation on the Dirac delta function
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the delta function is an even function (in the distribution sense), whereas u(z, t)

is odd unless we take A = 0. So with this choices of A and B our fundamental
. 1 2 . . .

solution becomes u(z,t) = i OXP (—ﬁ—t) , which is exactly the expression for the

heat kernel (2.11).

It is important to point out that in the above example the boundary and initial
conditions were not given in the form that definitions 2.1.7 and 2.1.8 contemplate.
Nevertheless, in this particular case the methodology described in [10],[7] does not
fail to produce a fundamental solution. However, one must be very careful when
generalizing these methods to more complicated forms of boundary conditions.
Cherniha et al. consider extensions of the method presented by Bluman and his
co-authors to more general and complicated boundary value problems in [14, 16,
15]. They look into problems with free boundaries and, in particular, they focus
on BVPs of the Stefan type. Arrigo et al. [1] also discuss and extend the study of
some invariance methods used by Bluman and Cole for a wider notion of invariant
solutions, known as nonclassical solutions.

The method of using group-invariant solutions in the construction of funda-
mental solutions has been widely explored in the last 50 years (see for example
[52, 41, 42, 43, 45]). In [3], Berest and Ibragimov explore these methods for the
heat equation and in [44], Ibragimov studies the heat equation, the wave equation
and the Laplace equation through this method. In [28], Finkel classifies the sym-
metries of the Fokker—Planck equation in two spatial dimensions with a constant
positive-definite diffusion matrix. For the 1-dimensional case, in [9, 5], Bluman ob-
tained fundamental solutions for the Fokker-Planck equation u; = uyy + (f(2)u)s
in the case where f satisfies a certain Riccati equation. He also studied the n-
dimensional wave equation and the Laplace equation amongst other examples in
[4]. The method of group-invariant solutions has also been applied for finding fun-
damental solutions to some PDEs arising in financial mathematics, such as the so
called Black-Scholes equation (see [32]). Laurence and Wang explored this method
for a multi-dimensional case in [46], only obtaining fundamental solutions for some
special cases.

Other methods obtain fundamental solutions through the reduction by symme-
try of the given equation to a canonical form (see for example [6], where Bluman
shows how to reduce a type of PDE to the heat equation by symmetry). Goard also
used this approach to finding fundamental solutions in [34], where she reduces
equations to either the heat equation or the equation u; = uz, — %u. A very thor-
ough explanation on the method of reduction to canonical form can also be found
in [42]. Using these methods it is possible to determine general types of differential
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equations that can be reduced to a particular canonical form. Nevertheless, this re-
quires some additional background knowledge that is not relevant to our purposes
so we will omit it here. We will however provide an example of how this method
allows us to study rather complex PDEs by reducing them to one of the canonical
forms. There are several known results that study particular types of PDEs and
determine under what circumstances those PDEs can be reduced to one canonical
form or another. One of such results is the following (see [42] or Goard’s paper
[34]):

Proposition 2.1.4. Let the functions P(z,t) and R(x,t) be non-zero functions and con-
sider the following evolution equation for an appropriate function u(z,t):

P(z,t)us + Q(z, t)ug + R(x, t)ugy + S(x,t)u =0 (2.16)

Then there exists a suitable transformation of the dependent and independent variables (i.e.
x, t and u) that reduces equation (2.16) to

Vf = Vg + Z(t, Z)v. (2.17)

Furthermore, knowing the symmetry operators admitted by the PDE (2.16) (aside from the
trivial ones % and ¢(z, t)%, where ¢ is any solution of (2.16)) we can further reduce this
PDE to one of the following forms:

(i) If the PDE (2.16) admits the additional symmetry operator % then it is reducible to
vF = Vg + Z(T)v.
(ii) If the PDE has at least three additional symmetries is reducible to
a

Vf = Ugz + U
X

where « is constant.

(iii) If it has at least five extra symmetries, the PDE (2.16) can be reduced to

VF = Vg

Let us now move on to show one illustrative example that can be derived from

some of the results in Goard’s paper:

Example 2.1.2. Suppose we are looking for a function p(z, t; y, ') satisfying the PDE

1
Pt + ixpm +pr =0, (2.18)
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subject to
p(x,t;y,t") = 0(x —y), (2.19)

and such that for x, y > 0, the condition
/ p(z,t;y,t')dy = 1 (2.20)
0

is satisfied. It turns out that this particular problem arises from the problem of
finding the transition density function (TDF) of the the following Ito diffusion :

dX, = dt + /X dW, (2.21)

We will explain with more detail what an Ito diffusion is and how to derive such
PDE later on in this chapter, but the main idea is that the expectations of any
function of an Ito diffusion always satisfy a particular PDE that is known as the
backward Kolmogorov equation. It turns out that for a diffusion of the type (2.21)
the PDE we end up having to deal with is (2.18). With this, the density function
p(x,t;y,t') we are looking for will have the following meaning;:

b
Prla< Xy <b | Xp=x)= / p(x, t;y,t)dy. (2.22)
In [6] Bluman shows that equation (2.18) can be reduced to the form

Iy = qee + (& m)q (2.23)

through a transformation of the type

5 = 5(337 t)
q=®(x,t)p.

In particular, it can be seen that in our case, the transformation

§=2x
= =t (2.25)

3/2 2
g=aip = ql&my.t) = S5p (%ﬂf’ = 2u; y,t’)

reduces our initial problem to :

31
In = Qe¢ — qu’ (2.26)
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subject to

2v2

It turns out that the solution to the Cauchy problem (2.26)-(2.27) is known to be

q(&??;y;t')Z\z/Eei/oooeizf <€5>5<4 y)ds
\2/56 e V2,3l ( f)

A5 (f)

i.e. the solution to our problem will be

3/2 2
g€, 0, ) = S <§—y> (2.27)

53/2 fn
b

One need only transform the independent variables back to the original ones to get

4
(tlz_t)\/gexp <-2fﬁi‘z> I (t@> (2.28)

as the fundamental solution for (2.18) satisfying (2.19) and (2.20). It can be checked
that this is precisely the transition density function for an Ito diffusion defined ac-
cording to (2.21).

pz, t;y,t') =

So by knowing the form solutions take for some canonical PDEs, we can derive
fundamental solutions for a wide range of PDEs that can be reduced to such canon-
ical forms via some transformation of the dependent and independent variables.
However, these methods sometimes produce issues with the boundary conditions

for the reduced equation. We illustrate this with some examples in what follows:
Example 2.1.3. Consider the problem
wp = 2 gy + 223U,

u(x,0) = f(z) (2.29)
u,(0,t) = 0.
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Let y = 2 and v(y,t) = u(z,t). Observe that

(7 = V¢

_ 1 _ 2
Uy = —o3Uy = —YTuy

_ 1 1 4 3
Uzy = 70y + 2;1@ = Y vyy + 2y vy

Hence the PDE in (2.29) in the new variables becomes v; = vy,, but the conditions

become:

f(@) = u(x,0) = v(y.0) = f ()
up(0,t) =0 <= —limy_o0 Y?vy(y,t) =0
Therefore, we must now consider the problem
Vg = Vyy, Y E (07 OO)

o(y.0) = £ (1)

limy, o0 yQUy (Y, t) =0,
which is not very convenient.

Example 2.1.4. Consider the problem

Ut :xum—}—%uI, x>0

u(z,0) = f(z)
uz(0,t) = 0.

Lety = 2y/x and v(y, t) = u(z,t). We now have

Ut = Ut

— 1, _9U%
Uy = ﬁvy =2 Y

1 _ 1 _ 4 2
Uze = 3Vyy = 353720y = 2Vyy — 30y

Therefore, the initial PDE in the new variables becomes v; = v,,, but the conditions

become:

f) = u(w,0) = v(y,0) = £ (%)

uz(0,t) =0 <= lim, o+ 22
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The new problem to consider is

Ve = Uyy

= /(%)
vy(ut) _

Yy 7

hmyalﬁ

which, again, is not very convenient.

Example 2.1.5. The equation u; = u,; — zu can be reduced to v, = vy, by a number

of different variable changes. Some of these have quite ugly effects. For example,

one possible choice for the new time variable is 7 = —t-. This maps ¢t = 0 to
T=—ocandt=ootoT =0.
After some experimentation with the various choices of the constants of inte-

gration, the simplest choice we have found is

4T (x —t2)  16tT?
=F 2.30
“ (x’t)“< 1+ 16Tt 1+ 16Tt 230)
where F(z, t)eA(t)mQJrB(t)”C(t), and A, B and C are rather complex, but not rele-
AT (z — t2) 16t72
here. Lety = —* ") -
vant here. Let y L+ 167t and 7 T+ 167t
T 72 4 64Ty (T — 7)
Thent= —— dzx =
T 6T — ) T T T 2n6T2(T — 1)
The problem
Up = Ugg — U, T >0
u(z,0) = f(z) (231)
u(0,t) = ¢(1)

becomes
Ur = Uyy, y>WT;_T), T€[0,7)
v(y,0) = f(4) (2.32)

2 .
v(sirr—y T) = (e

This is a moving boundary problem which is much harder than the original prob-

lem.

A recent different approach to the same problem of finding fundamental solu-
tions is linked to the fact that for some families of PDEs, we can apply an appro-

priate Lie symmetry to a stationary solution to obtain an integral transform of a
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fundamental solution. Then we can recover the fundamental solution by inverting
the integral transform. Of course, to be able to do so, we must be dealing with an
integral transform possessing a known inversion integral. This method has been
explored by Craddock and his co-authors in [18, 25, 20, 22, 19, 24].

In order to demonstrate how this method works, we first need to introduce a theo-
retical result for linear PDEs of the type

P(x, D%)u = Z ao(z)D%, x€ QCR™, (2.33)
la|<n
witha = (a1,...,am), @ €N, |o| = a1 + -+ + a;y, and
Do olel

- Ozt ... Oz
For such PDEs, the following theorem holds:

Theorem 2.1.5. (see theorem and its proof in [19]) Let uc(x) be the continuous one-
parameter family of solutions of (2.33) obtained through the action of a one parameter group
of symmetries G on a solution u of the system. Then for ¢ defined on an appropriate region
and with sufficiently rapid decay, we have by continuity and linearity that

U(x) :/Qgp(e)ﬂe(@de (2.34)

is a solution of (2.33) for a suitable region of integration . Further, if the PDE is time-
dependent and tu.(x,t) is the family of symmetry solutions, then

(@, ) = / (€l (. 1) de (2.35)
Q
and
u(z,0) = / w(€)te(z,0)de. (2.36)
Q
Further dng;fx) is also a solution foralln = 1,2,3, ...

The idea is to identify (2.34) with an integral transform of a fundamental solu-
tion of the PDE. In [20, 25], for instance, the following methodology is suggested:

e Consider a linear PDE of the form

ug = P(z,u™), 2€QCR (2.37)
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e First, we note that the action of G (generated by v) on any solution u, can
typically be expressed as

Ue(x,t) = pexp(ev))u(x,t) = o(z, t; e)u(ai(x, t;€), az(x, t;€)), (2.38)

for some functions o, a1, az. The functions a; and ay are called the change of
variables of the symmetry, and o is called the multiplier.

e Next, recall that by property (2.8) of fundamental solutions, if p(t,z,y) is a
fundamental solution of (2.37), then

u(a, ) = /Q F()p(t, 2, y)dy (2.39)

solves the initial value problem for (2.37) with appropriate initial data u(z,0) =

f(x)

e Then we take a stationary (time independent) solution u = uy(x). So in this

case
plexp(ev))ug(x) = o(x, t; €)up(ar(x, t;€)) (2.40)

¢ Finally, setting t = 0 and considering (2.39) yields
/ U(yv 0; 6)'U’U(al (y7 0; 6))p(t7 T, y)dy = O'(CU, t; 6)'U’U(al (.’E, l; 6)) (241)
Q

It turns out that for large classes of PDEs (see [20]), this integral transform is a clas-
sic one such as the Fourier or Laplace transforms as well as the Whittaker, Hankel
and other transforms that possess a known inversion formula. Therefore, we can
recover the fundamental solution by inverting the transform.

In [26], Craddock and Dooley build up on the work from [19] regarding a PDE
of the general type

up = A(x, t)ugy + Bz, t)ug + Clx, t)u, uef)

thus proving a result that yields two theorems which ensure that if the lie algebra of
a PDE of this particular type is at least four-dimensional, then we can use integral
transform methods to compute a fundamental solution. In particular, for this type
of PDEs and depending on the dimension of the lie algebra, the Fourier and Laplace
transforms arise. Let us present here these two theorems that can be found in [26]
and that will be relevant to our upcoming work:
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Theorem 2.1.6. Let
up = A(x, t)uge + Bz, t)u, + Clx, t)u, x €9 (2.42)

have a six-dimensional Lie algebra of symmetries and suppose that

u(z,t) = [ouo(2)p(x, z,t)dz is a non-zero solution of (2.42). Then there is a Lie symmetry
which maps solutions u(x,t) to a generalised Fourier transform of a product of ug and a
fundamental solution p(x, z,t).

Similarly, we have

Theorem 2.1.7. Let
up = A(x, t)ugy + Bz, t)u, + Clx, t)u, x € (2.43)

have a four-dimensional Lie algebra of symmetries and suppose that

u(x,t) = [ouo(2)p(x, z,t)dz is a non-zero solution of (2.43). Then there is a Lie symmetry
which maps solutions u(x,t) to a generalised Laplace transform of a product of ug and a
fundamental solution p(z, z,t).

Let us now illustrate these integral transform methods with some examples
where the Fourier, Laplace and Mellin transforms arise respectively.

Example 2.1.6. Consider the PDE

1

U, x>0 (2.44)

Ut = Ugy —

Although we do not include all the calculations in this example, it can be seen that
applying Lie’s theorem 2.1.2 to this example produces the following basis for the
lie algebra of (2.44):

_ 0 _ .0
Vl_ﬁv V3_u%a
2

va=td 422 V4:t2%+t$%—u<%+%>a@u, (2.45)

where a(z, t) is an arbitrary solution of (2.44).

Note that by Theorem 2.1.7, we can expect that this example can be dealt with using
a generalised Laplace transform.

Consider the symmetry generated by the vector field v4. To find the specific form
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of such symmetry we need to solve the system

4 -8, 10)=t,
@& —tz, 2(0) ==, (2.46)
0 — [z £ —

= — € + C
; 1
St= 1
 —C) —¢
But the initial condition gives ¢(0) = %Cl =t, so we must have —C = % ort = ﬁ

Next we have

/di:/t_dez/ ¢ de
T 1—et

< logz = —log(1l —et) + Cy

In this case, the initial condition translates to z(0) = C3 = x, so we get = %.

Finally, the last equation can be solved as

di 1 z :
u—‘/<4+z>d€“/(4(1—et>2+2<1—6t>>d6

2

x 1
Y Clog(l—et) +C
Hi—a) T2lsme+

z2
& u = Cse 0= /1 — et,

& logu = —

22

22
and applying the initial condition @(0) = Cse™ % = u gives C5 = et u and there-

6.’1)2
fore u = u(x,t)e =< /1 — et.
Observe that in terms of the new independent variables, Z and ¢, this can be written
as:

2(z.7) = T t L ez’ (2.47)
W=\ T 1+et) Virea P\ 41 +e) '

Let us make the change ¢ — 4¢ and drop the bars in the new variables for the sake

of convenience in notation. We can make this change for e because it is an arbitrary
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constant. We then have the symmetry:

u(z,t) =u T t ! e @’ (2.48)
= xp [ ———— .
’ 1+ det’ 1+4et ) VIt det P\ 7 1+4e

—1/2 . ) and changes

This symmetry has multiplier o(z,t;€) = (1 + 4et) T
of variables a1 (7, t;¢) = z(1 + 4et) ™' and ag(w, t;¢) = t(1 + det) L.

Now, to be able to use the relationship in (2.41), we need to find a stationary so-

exp <—

lution to our PDE (2.44), i.e. we need to solve 0 = uy,(z) — —yu(x). This is an

Euler-type equation, so we look for solutions of the form u(z) = 2®. We must have

0 = 22Uz, (7) — u(z) = (a® — a — 1))z%, so a needs to be a root of the polynomial

a? — a — 1, thus giving a1 = % + é or g = % — § So we have two linearly
N

independent stationary solutions, u;(z) = 23+% and ug(x) = 21T
Let us use u;(z) and the symmetry (2.48) in the integral equation (2.41):

00 1 ex? X
o b )y — oo [ — 2.49
/0 e~V ui(y)p(t, z, y)dy i eXp( 1—|—4et> “ (1+4et> (2.49)

or
N
o V5 2 3%
/ e~V ys Y p(t, w,y)dy = exp | ——— & : (2.50)
0 1 + 4€t (1 _|_ 4€t)1+§

We realise that making the change of variables z = y* we get

NG
00 1 2 14¥5
/ e_ezfz_%r%q(t, x,z)dz =exp | — «r ez , (2.51)
0 2 1 + 46t (1 + 4€t)1+§

so we can recover the fundamental solution ¢(¢, z, z) as an inverse Laplace trans-

form as follows:

1 V5
52_%+Tq(t,x, 2) =L | exp (

exp —7(&%_%):02
1,5 4t(f+ﬁ)
§+f£71
NG

(4t)1+§(e+ e

1, V5
ex? ) x2ts

Ldet ) (q 4 4Et)1+§
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where £! denotes the classical inverse Laplace transform. Hence

T 2+ 2 1 XA/ 2
q(ta$a2):\2/;exp <_ 4t Z4IT5 ;;7 )

2 2
e +y \/TY Ty
p(t,z,y) = exp <— ) o Iy (>

or

2

4t 2t

is a fundamental solution of our PDE.

However, as we will remark later, fundamental solutions are not unique. To
illustrate the non-uniqueness of fundamental solutions, let us see what would have
happened if instead of the stationary solution u; (z) we had chosen uz(x):

]

o0 2 1_B ex? xéfﬁ
/ eV yz e p(t 2, y)dy = exp |~ 7 (2.52)
0 T ) (1 4 det) =T

The same change of variables we used before would produce

e 1 1. v ex? x%_é
/ e F—z 1 1 q(t,r,z)dz=exp | — , (2.53)
0 2 1 + 4det (1 + 4€t)17§
Therefore

2
1_ /5
17T Gt — o1 —
z q(t,z, 2) eXp( 1+4€t> a

N




26 Chapter 2. Theoretical Background and Literature Review

The inverse Laplace transform we are left with in (2.54) does not exist as an ordi-
nary function but it does exist as a distribution (or generalised function). Therefore
we need to consider a broader notion for the Laplace transform than that we usu-
ally deal with. We need to extend the notion of the classical Laplace transform
to one that deals with not ordinary functions but distributions. Some background
for this particular construction is given in Appendix A. For a much more detailed
study of the distributional Laplace transform, see [58]. We will need to use the fol-
lowing result from [23] by Craddock and Platen in order to compute this particular
distributional inverse Laplace transform:

Proposition 2.1.8. The following Laplace transform inversion formula holds when n is a
non-negative integer:

nog ntl
£ ey = 30 By (’“) I ANCN ) (2.55)
: Yy
=0
Ifn —1< pu<nthen
g\ 5
LTI (W) =y <y> Iy 1(2vky), (2.56)

and the inverse Laplace transforms are to be regarded as distributions in the sense of
Hadamard [37].

The proof of this result can be found in [23].
Using the above proposition we have that by (2.56) with y = @ - 1,k= (%)2

<W> . (2.57)

V5

! <eég—1ee<4w2> [ e4) I

z - 2t

o

Then, substituting this generalised inverse Laplace transform we are left with the
following result:

1 z z
1 1 8 x2” 2 e 4dte 4t e c(4t)2
57 ATt z) = — L —
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.'132 z z T/ 2 T/ 2
qt, @, 2) = exp <_ 4Jtr ) ( 2tf> I—“f( 2()

And going back to the y variable we get

or

B(t,z,y) = y° ;y exp <_ xQL?JQ) Iy @i’) (2.58)
as a second fundamental solution.
Example 2.1.7. Consider the PDE
Up = Ugy — T2U (2.59)

Lie’s method for the computation of the symmetries for this PDE produces the
following spanning set for its Lie algebra:

p

0 _ .0
V1= 5 Vg4 = Uz,

2t 9 2t 9 4t 0 4t 0 4t 2\ 0
vy = e? 5 —ure?t £ vs = e 5 4 2wet S — uet (1 + 227) 5, (2.60)
vg=e 20 fuge L vg=e I —2me™ L tuemH(1 - 222) 2,

Vo = a(m,t)%,

where a(x,t) is an arbitrary solution of (2.59).

Note that the form of these infinitesimal generators suggests that it might be con-
venient to combine v, with v and vs with vg for the sake of simplicity in the
calculations. Consider now the vector field

__V2—V3
2
e2t o e—2t o e2t € e—2t o
N 2 e du
0 0
— g = = 2.61
sinh(2t) 5 U2 cosh(2t) 5 (2.61)
which is clearly in the lie algebra of (2.59).
We need to solve the system
4 —0, #0)=t,
9 — sinh(2f), z(0) =z, (2.62)

di — gz cosh(2f), u(0) = u,
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From the first equation in (2.62) it is clear we must have ¢ = ¢. Substitution in the
next equation gives:

d
d—x = sinh(2¢) = sinh(2t) & /d:c = /sinh(Qt)de < T = esinh(2t) + C4
€

and the initial condition z(0) = x gives T = = + esinh(2t).
The last equation in (2.62) is then
du __ _ .
o =T cosh(2t) = —u(x + esinh(2t)) cosh(2t)
€
= —u(z cosh(2t) + esinh(2t) cosh(2t))
esinh(4t)
2
U inh(4
dfu = —/ <a: cosh(2t) + esm(t)> de
U 2
€2 sinh(4t)
4

= —u (ac cosh(2t) +

< logu = —zecosh(2t) — + Cs

2
& u = Czexp <—xe cosh(2t) — €4sinh(4t)>

Again, the condition %(0) = u gives the result © = uexp (—:re cosh(2t) — % sinh(4t)) ,
which can be expressed in terms of the new independent variables z and ¢ as

€2
u(z,t) = exp | —Te cosh(2t) + N sinh(4t) | u(Z — esinh(2t),1).

To avoid complicating the notation we will drop the bars from this point on.
According to (2.38) we can express the action of w on any solution u as

plexp(ew))u(z,t) = o(x,t;€)u(ai(z, t;€), as(z, t;€)),
so in our case it is clear that the changes of variables are a;(x,t;€) =  — esinh(2t),
as(x,t;€) =t and the multiplier is o(x,t;€) = exp (—x(—: cosh(2t) + % sinh(4t)).
Observe that u(z,t) = exp <— (% + t>> is a solution of our initial PDE (2.59), with

s s 2
initial condition u(z,0) = exp (—%)
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So on the one hand we have
oo

/oo a(y, 0; €)u(ai(y, 05 €), az(y, 0; €))p(t, z, y)dy =/ e Y“u(y, 0)p(t, z,y)dy

— 00 —0o0

00 o2
= / e Ve 2 p(t,z,y)dy,

while on the other hand we have

2 ginh (4t
o(z,t;e)ular(z,t;€), az(w, t;€)) = exp <esm(>

’ - h 2t)
- oxXp <_‘T€ cosh(2¢) + 6Zsinh(llt > exp < z — esinh(2t))? n t)

— € cosh(?t)) u(x — esinh(2t),t)

2 2

= exp | —xecosh(2t) + % sinh(4t) — < > + ex sinh(2t) sy sinh?(2t)

22 el el 2 (2 22
- . - h(2) — sinh(2t)) + & <

exp (2 +t xe(cosh(2t) — sinh(2t)) + 1 5 5 1
2 2% | -2t _ 2t | ,—2t 2

(2] () 2

z? €2
=exp | — |+ +t | —zee ™ + Z(—eﬂlt +1) (2.63)

We now aim to identify the above transformed solution with an integral transform
of the fundamental solution p(t, z, y). We have that:

) y2 :1:2 9 62 4
/ e Ve Tp(t,z,y)dy =exp | — 5 +t]| —zee 2+ Z(—ef 1)
—00

So by making the change of parameter ¢ — i\ we will easily recognise a Fourier

transform:

— 00

00 ) 2 22 A2
/ e Me T p(t,z,y)dy =exp | — | =+t | —idve 2 + =
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and we need only invert this Fourier transform to get:

42 1 oo xQ )\2
e 2p(t,z,y) = / eMexp | — | =+t | —idve ™ + Z-(e7¥ 1) | dA
2 J_ 2 4
1 22 — 2t + M (2t 4 22 4 292) — 4ePay
T o P T it
(1 —e=4) 2(—1+ et)

[

Finally, dividing by e~z and after some algebraic manipulation we obtain the fun-

damental solution

2 2
p(t,z,y) = L exp< Y Tty > (2.64)

27 sinh(2¢) sinh(2t)  2tanh(2t)

Example 2.1.8. Consider the Cauchy problem given by the forward-propagating Black-
Scholes PDE, with constant risk-free rate » and constant volatility o

Up = —ru + reug + %a2x2um, (2.65)
subject to the initial condition u(z,0) = f(x). This problem is also considered in
[25]. As remarked by Craddock et al. in their paper, this is not the usual form in
which option-pricing problems are set up in financial mathematics since instead of
a terminal value corresponding to the payoff at expiry, we are providing an initial
condition and solving the PDE forward in time.
Using Lie’s method for the systematic computation of symmetries one can obtain
the following spanning set for the Lie algebra of (2.65)

vy = (E%, V4 = Qt% + (Inz — (r — %UQ)t)x% — 2rtu%,
Vo=, V5= —Uztﬂva% + (Inz+ (r— %Uz)t)ua%,
V3 =Ugy., V6= # InzZ + 20222 — ((Inz + (r — $02)t)? + ot (1 + 2rt)Jui-,

Vo = Oé(.%‘, t)%7

(2.66)

where a(x, t) is an arbitrary solution of (2.65).
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In order to find a fundamental solution to this PDE, we will use a symmetry gener-
ated by the vector field vs in (2.66). We need to solve the system:

i — 52z, #(0) =u,
g{ =0, #0)=t, (2.67)

di — (Inz + (r — LoM)B)a, ua(0) =u,

Using the initial condition Z(0) = z gives T = ze 7 fe.
Lastly, we must have

/?:/<In£+<r—;02> t) dez/(lna}—02t6+(r—;c;'2> t) de,

1 1
Int =€elnz — 502t62 + (r - 202> te+C

1 1
7= e%exp (111 x — 5027562 + <r — 202> te)
1 1
=%z exp <<—20'26 +r— 202> te) .

Again, setting 4(0) = u gives 4 = z€exp <(—50‘26 +7r— %02) t6> u(x,t). So the

new solution % in terms of the new variables z and ¢ is

. 1 1 _ _
(3, 1) = (26”7 exp ((‘ e 02) te> u(ze” %, 1)

2 2

_ 1 1 -~ _
= 771 exp ((—20'26 +r— 202)t6>> u(fe”Z“, t)

1 1 _ T
= z%exp (<2O'2€ +r— 202> te) u(a‘:eUQtE, t).
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For the sake of simplicity in notation, let us just write:

te

u(z,t;€) =z exp ((02(6 —1)+ 2r> ;

) u(ze”QtE, t). (2.68)
It is then clear that using the notation in (2.38), the changes of variables are
a(z,t;e) = a:e"Qte, az(z,t;e) =t

and the multiplier is o(z,t;€) = zexp ((0'2(6 -1)+ 27“))%)

Observe now that a very simple stationary solution to the Black-Scholes PDE (2.65)
is up(x) = z. Applying the symmetry (2.68) to this stationary solution we obtain
the new solution

t

which has initial state

u(z,0;€) = 2T

and substituting into (2.41) we get

| o0 u0lan(00:0) it )y = ol ts un(an(e,0)
0 S—~\—""——

=y* =Y =glte exp<(02(6+1)+2r)%€>

so we are left with the integral equation
> t
/ y e (t, z, y)dy = 2 T exp (<02(6 +1)+ 2r> ;) . (2.69)
0

We wish to identify the left-hand side of the above equation with a classical integral
transform. To do so, we make the change ¢ — s — 2 to obtain

/000 v ip(t,z,y)dy = 25 Lexp ((0'2(8 -1+ 27“) t(S; 2)> . (2.70)

With this notation we easily recognise the left-hand side as the Mellin Transform

(see Appendix A) of the fundamental solution p(¢, x, y) with respect to y, i.e.

M{p(t, z,y)}(s) = 2° " exp ((02(3 1)+ 2?”) t(82_ 2)>

Hence we only need to perform a Mellin inversion from s to y to recover the fun-
damental solution. To do so, we use the relationship (A.6) obtained in Appendix

A between the Mellin and Fourier transforms that allows us to convert the Inverse
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Mellin transform into an appropriate Inverse Fourier Transform:

p(t,x,y) = M} {x51 exp ((02(3 -1)+ 27") t(S; 2)> } (y)

) ‘/%fl {xiwl o <(02(_iw -1)+2) W) } (~lny)
_ et exp (_ (In(%) — (r — %02)15)2>

202t

This final expression is precisely the transition probability density function for a
Geometrical Brownian Motion. This result is well-known in classical Financial Math-
ematics.

We will mainly use this technique throughout this thesis, though other methods
are also used in some sections. In particular, we use this approach in the next
chapter to compute fundamental solutions for systems of PDEs.

2.2 Stochastic Processes and Stochastic Calculus: how to find

transition density functions

Another fundamental topic on which our research is based is the theory of Stochas-
tic Processes [38] and Stochastic Calculus [51]. We exploit a very interesting link
between the study of fundamental solutions and the computation of transition den-
sities for a given diffusion process. We will not present general results on Stochastic
Calculus, since the reader can consult the extensive literature written on this sub-
ject. We only wish to remark some key concepts that relate our work in constructing
fundamental solutions using symmetry methods with the study of diffusion pro-
cesses. In particular, symmetry methods for the computation of fundamental so-
lutions have proven to be very useful in the calculation of expectations for a wide
range of diffusion processes (see [22, 19])

We will briefly give an idea of how these two concepts relate to each other in
what follows. Suppose we have an Ito diffusion X = {X; : t > 0}, which satisfies
the Stochastic Differential Equation (SDE)

dXt == b(Xt, t)dt + O'(Xt, t)th X[) =, (271)

where W = {W; : t > 0} is a standard Wiener process.
The following result, which can be found with its proof in [51], tells us what
conditions b and o must satisfy so that the SDE (2.71) has a unique strong solution:
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Theorem 2.2.1 (Existence and uniqueness theorem for SDEs [51]). Let T' > 0 and
b(x,t), o(x,t) be measurable functions with b(-,-) : R™ x [0,T] — R", o(-,-) : R" x
[0,T] = R™™and 0 < t < T satisfying

lb(z,t)| + |o(z,t)| < C(L+|z]); z€R", te[0,T] (2.72)
for some constant C, where |o|? = Y |04|%, and such that

ba,t) — by, )| + o(a,t) —o(y,t)| < Dl —yl; wyeR, te[0,T] (273)

for some constant D. Let Z be a random variable which is independent of the o-algebra
F generated by By(-), s > 0 and such that

E[|Z)?] < .

Then the SDE dX; = b(X¢,t)dt + o(Xy,t)dB, with 0 < t < T, Xo = Z has a unique
t-continuous solution X;(w) with the property that X;(w) is adapted to the filtration F#

generated by Z and By(-); s < t and
T
/ ’Xt’2dt < 00
0

Now imagine that we have functions b and ¢ satisfying the conditions in Theo-

E

rem 2.2.1, so that (2.71) has a unique strong solution, then the expectations

u(z,t) = E*[p(Xy)] = Elo(X)| Xo = 2] (2.74)
are solutions to a specific Cauchy problem given by the so called Kolmogorov’s Back-
ward Equation
Theorem 2.2.2 (Kolmogorov’s Backward Equation). Let f € C2(R"™)

(a) Define u(x,t) = E*[f(X¢)], then u(-,t) € D4 for each t and

ou n
i Au, t>0,z €R (2.75)
u(z,0) = f(x); ze€R" (2.76)

where D 4 denotes the set of functions for which the generator A of X, is defined for
all z € R™, and Au is interpreted as A applied to the function x — u(z,t)

(b) Moreover, if w(z,t) € C*L(R™ x R) is a bounded function satisfying (2.75), (2.76)
then w(z,t) = u(x,t) = E*[f(X})]
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We refer the reader to [51] for a proof of this result.

In the above theorem the infinitesimal generator A of the process X; is men-
tioned. Recall (see for example Theorem 7.3.3 in [51]) the expression for the gener-
ator A of an Ito diffusion of the form

dXt = b(Xt)dt + O'(Xt)dBt.

We know that if f € D4 then
of
E bi( + g UO’ )iji( 895,8:6] (2.77)

It can be easily seen from the previous expression that for a diffusion given
as the solution to the SDE (2.71) the generator A can be expressed as A.f(z) =
b(a) () + 10* (@) £ (@).

The combination of the two previous results yields the Cauchy problem that u,
defined as in (2.74), solves

up = b(x)ug + =02 (2)tge (2.78)

u(z,0) = ¢(x) (2.79)

It is in this context where the study of fundamental solutions can be applied.
Note that if p(z,y,t) is an appropriate fundamental solution of the above Cauchy
problem, then we can compute the expectations as an integral transform of such
fundamental solution, i.e.

H(X1)] / o(y)p(x,y,t) (2.80)

With this expression, the fundamental solution p(z,y, t) is the probability tran-
sition density for the process. Note, however, that our Cauchy problem may in
general have many different fundamental solutions, from which only one can be
regarded as the probability transition density for the process. For instance, ob-
serve that in order for p(x,y,t) to be a probability transition density, we need that
Jop(z,y,t)dy =1

This tells us that finding fundamental solutions to the given Cauchy problem
is in general not enough to obtain probability transition densities. This is precisely
one of the main problems of using group-invariant solution methods or reduction
to canonical form which, in a wide number of cases, produce fundamental solutions
but fail to produce probability transition densities.
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In [19], Craddock developed a method for finding fundamental solutions that
are indeed probability transition densities. He observed that integral transform
methods for finding transition densities could potentially produce two non equiva-
lent fundamental solutions when applied to the Kolmogorov forward equation for
a squared Bessel process of dimension 2n (see theorem 2.2.4). Interestingly, both
fundamental solutions satisfied the conditions one would look for in a TDF a priori
(i.e. they both integrated to 1, were positive functions, etc), but only one could in-
deed be the TDF, since the TDF for a squared Bessel process is known to be unique.
He introduced the following result for a particular type of stochastic process that
ensures uniqueness of solutions and thus guarantees that integral transform meth-
ods will produce a TDF:

Proposition 2.2.3. Let X = {X; : t > 0} be an Ito diffusion which is the unique strong

solution of
t t
X =Xp +/ f(XS)dS —I—/ v 20 X dWy;
0 0

where W = {W; : t > 0} is a standard Wiener process. Suppose further that f is measur-
able and there exist constants K > 0; a > 0 such that | f(z)| < Ke® for all . Then there
exists a T > 0 such that u(z,t,\) = E*[e~***] is the unique solution of the first order
PDE

ou ou

et 2 _Yu T —AXt —
N2 AR f(Xp)e M =0

subject to u(x,0,\) = e‘”,for 0<t<T; X>a.

A proof of this result can be found in [19]. Similar results can be derived for
other kinds of stochastic processes.

Let us proceed with an example to illustrate the above theory. A similar study
for this example can also be found in [19]

Example 2.2.1. We wish to obtain the transition density for the Cox- Ingersoll-Ross
(CIR) process of interest rate modelling. Let X = {X; : ¢t > 0} satisfying the SDE

dXt = (CL - bXt)dt + \V 20'Xtth, XO =X (281)
Note that the Kolmogorov Backwards equation gives us
Ut = OXTUgz + (@ — bx)uy (2.82)

as the PDE we need to work with to find the TDF for a CIR process of the above
type. We start working with the trivial solution u(z,t) = 1. Computation of the
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symmetries of the PDE (2.82) gives the following solution (see [19] to consult ele-
ments of the Lie algebra of this equation):

4 ab
( t) B bo exp <?t) . B ebr (2 83)
e\l 1) = (e (ebt — 1) + bebt)s *P eo(ebt — 1) + bebt '

Observe that uc(z,0) = e~**. Now take U(xz,t) = [;° ¢(€)uc(x,t)de, which is a
solution according to Theorem 2.1.5. We can see how the mltlal condition for this
new solution is precisely the Laplace transform of the function ¢:

U(z,0) = /000 o(€e)ue(z,0)de = /000 o(e)e”“de = ®(x)

Here ® denotes the Laplace transform of ¢. Therefore if we can express the trans-
formed solution u.(z, t) as the Laplace transform of some suitable function p(z, y, t),
it is easy to see that

U, 1) / o(e) uwt)de—/mwe) (/mpcc e Eydy) de
/ / p(e)p(z, y,t) Eydedy—/ p(z,y,t) /Uoo p(e)e” Vdedy

- / B(y)p(e, . )dy
0

So we have that U(z,t) = [;° ®(y)p(z,y,t)dy with U(z,0) = ®(z). Hence, if p
satisfies all the appropriate COHdlthIlS (namely it is a positive function, it integrates
to 1, etc.), it is potentially the transition density for the CIR process X; satisfying
(2.81).

The inverse Laplace transform of u. can be calculated to be the following

a_1
bexp (b(2+1)t) (y\Z b(x + e’y) b\/Ty
t) = z = - | Ja_ | ———
vt =g \a) P\ To@ -1 )5 s
(2.84)
Observe that fooo p(z,y,t)dy = 1. Proposition 2.2.3 guarantees that this is indeed

the TDF for our process.

It is important to point out that, even though throughout this thesis we will
always be obtaining transition densities for a process using the Kolmogorov back-
ward equation, we could have decided to use the Kolmogorov forward equation
instead. We have chosen the former because it suits our purposes better, but the
latter could work equally well. The Kolmogorov forward equation theorem states
the following:
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Theorem 2.2.4 (Kolmogorov’s Forward Equation). Let X; be an Ito diffusion in R"
with generator

2
Af(y) = Zam(y)ajgyj F byt fecd (2.85)
i,j (A l 1

where a;; € C*(R™) and b; € CY(R™) for all i, j and assume that the transition measure
of X has a density pi(x,y), i.e. that

E*[f(Xy)] = . fW)pe(z,y)dy;  f € Ch. (2.86)

Assume that y — pi(x,y) is smooth for each t,z. Then p:(x,y) satisfies the Kolmogorov
forward equation

d
dtpt(x y) = Aypi(x,y) forall z, y, (2.87)

where Ay operates on the variable y and is given by

Ao(y) = (aijd) - Za (bi¢); ¢ € C? (2.88)

T (‘3y‘8

i.e. Ay is the adjoint of A,.
Another very useful result and one we will extensively use is a generalization

of the Kolmogorov backward equation theorem: The Feynman-Kac formula.

Theorem 2.2.5 (Feynman-Kac Formula [51]). Let f € C3(R") and q € C(R"™). As-
sume that q is lower bounded.

(a) Put
t
o(w,t) = B |exp (— /0 q<X5>ds> f(Xt>] (2.89)
Then
o _y - 0,2 € R" 2.90
% v—qu; t>0,x¢€ (2.90)
v(z,0) = f(z); xe€R" (2.91)

(b) Moreover, if w(x,t) € CHL(R™ x R) is bounded on R™ x K for each compact K C R
and solves (2.90), (2.91), then w(z,t) = v(x,t), given by (2.89).

This theorem will allow us to compute the expectations of some functionals of
a diffusion process. In particular, we will be using this theorem in Chapter 5 to
compute functionals of the eigenvalues of a 2 x 2 Wishart process.
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Chapter 3

Integral transform methods for the
computation of fundamental
solutions for a system of PDEs

In this chapter we explore the computation of fundamental solutions via integral
transform methods as described in chapter one. However, instead of focusing in
single PDEs we extend the scope of our study to linear parabolic systems of PDEs.
In particular, we study one family of 2-dimensional systems. We include the com-
putation of symmetries of some specific subfamilies as well as the computation of
their fundamental solutions in each case.

Many authors have considered the problem of finding lie symmetries for par-
ticular systems of PDEs. For example, Olver computes the lie symmetries of the
Euler equations in [52]; the Navier-Stokes equations are treated in [13] or [50], and
these and some other examples are also considered by Ibragimov in [42]. There
doesn’t seem to be much literature available on the use of these symmetries for the
computation of fundamental solutions. However, Ortner and Wagner use Fourier
analysis to compute fundamental solutions for linear systems of PDEs with con-
stant coefficients in [55]. Craddock provides an example of a computation of a
fundamental matrix for a particular system in [18], which turns out to be incorrect.
We will correct this here.

Let u(z,t) : R x Rt — R, v(z,t) : R x Rt — R. Consider a system of PDEs of

the form

g = Ugy + f(2)V G.1)

v = Ugr + g(T)u

The aim is to find functions f(x) and g(x) for which the system has non-trivial
symmetries. This is not a simple question to address, and most of the times we will
not be able to find all the possible classes of functions f and g for which we can
find symmetries. In section 2.1 we have shown how to compute symmetries for
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a given system of differential equations. However, a more complicated step is to
find a general class of functions for which we can find non-trivial symmetries of a
system of PDEs with some undetermined coefficient functions. Some work along
these lines has been done for a single PDE by Craddock and his co-authors in [25,
24], for example.

We will address this problem for this particular system (3.1) by first using Lie’s
method to find the symmetries of the system (3.1) for general functions f and g.
This will produce a set of determining equations in terms of f(z) and g(x) for the
symmetry group of this system. Looking at these equations we will then analyse
what conditions our coefficient functions must satisfy and hence determine (if pos-
sible) the class of functions for which the system has non-trivial symmetries. Once
these symmetries have been obtained, we will focus on each case separately to pro-
duce an expression for a fundamental matrix. Note that the problem of finding a
fundamental solution described as in Definition 2.1.4 or Definition 2.1.5 for a single
PDE extends in this case to the following;:

Let L = (L; ;), be the 2 x 2 matrix linear differential operator defined by

o _ 2 _
L= o o= ) (3.2)
—g(z) ot 0z?
on an appropriate domain Q2. We are looking for a 2 x 2 matrix P(t,z,y) = (p; ;)
with the property that
LP =0

and

71iﬁr\% P(t,z,y) = 0y(z)1s.

In the above expressions, 0 refers to the 2 x 2 zero matrix and /5 is the 2-dimensional
identity matrix. That is, we are looking for a matrix

b1,1 (tv T, y) p1,2(t7 €, y)

P(t,z,y) =
p21(t,z,y) p2o(t,z,y)

; 3.3)

whose columns are solutions to the system
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and with the property that

/ p1a(tz,y) pra(t,z,y) f1(y) dy _ | A=) (3.4)
p21(tz,y) p2a2(t, z,y) f2(y) Ja(x) '
=0

Remark. Note that both the matrix P and the integral (3.4) must be defined over an
appropriate domain.

3.1 Computation of symmetries

Let us look for a vector field of the form

0 0 0 0
W:€%+Ta+¢%+n% (35

that will map any solution of our system (3.1) to another solution of such system.

We need to know how the derivatives of © and v behave under the action of w,
so we need to compute the second prolongation of w (see section 2.1 or [52]), which
will act not only on the independent variables z, t and the dependent variables
u(z,t), v(x,t) but also on the derivatives of v and v up to second order. Therefore,
pr®w will be of the form

0 0 0 0
t Y TT xt tt
+ ¢ ﬁut + ¢ 8um + ¢ 3uzt + Outt

o  , 0 d d d
+0 5 0™ + "t — ',
K t K OVzq K Ovgt g Ovy

prPw = w4 ¢” a@
Uy

+
(3.6)

where the expressions for the coefficient functions will later be calculated using the
formula (2.6). We want w to map solutions of the system to other solutions so,
according to Lie’s theorem (Theorem 2.1.2), we must have that

U — Ugp — g(2)u

o { Ut~ tgs — f(2)0 ] » .

whenever
U — Ugy — f(x)v =0

UVt — Uz — g(x)u =10

Therefore, the following equations must be satisfied
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¢t =™ + Ef (x)v + fz)n
Nt =n"" + &g (x)u + g(x)d

(3.9

Recall now the formula for the coefficient functions (2.6), which can be found in

[52], and which in our case translates to the following;:

¢t = Di(¢p — Euy — Tug) + Euge + Tuy
¢m = Da:x(¢ - gux - Tut) + fuxxx + TUgzat
77t = Di(n — &uy — TU1) + Ut + TUY

rx

n = Dx:):(n - gvz - Tvt) + gvxrx + TUzaxt

Computation of the appropriate derivatives gives the following expression for

these coefficient functions:

O = — Eug + (Pu — To)ur + ot — Eulatly — EyUzVy — TyUF — ToUgy
O = Guz + (2000 — Esz)Us — Tuott + 20200z + (Suu — 2600) U3 — 2TuuUrtly
+ (20un — 2600 UaVs — 2TooWiVs + Gupa — Euntls — 280 UaVs — Tuu o
— 2T Uy Vs — TopUiV2 — EppUzV2 + (Gu — 260 Uge — 2TxUst + GyUss
— 3EuUgUzy — TyUtlzy — 2TyUgUst — 2§pVaUgr — 2TyVapUst — SyUzVax
— TyUtUsg
nt = — &g + (M — T+ et — EVpvr — EuUplly — TUF — Tyl
0" = Naw + (2Nev — Eoa)Va — TawVt + 2Neutia + (Now — 2800V — 2ToUat
+ (2000 — 2620) Vs — 2T4u Ul + Nuuts — Vs — 2640205 — Ty U2U;
— 2Ty Vg Vil — TuVpt2 — gtz + (Ny — 264 ez — 2Ta Vst + Nullay
— 3E Ve Vsz — 2Ty UsVpt — 28 UgVez — ToVtVgz — 2TyUgVzt — EuVslUszy

— TuVtlUgy (3.10)

The next step is to substitute the above expressions (3.10) into the system (3.9)
and equate the coefficients of u, v and their respective derivatives.
The coefficients of u,; and v, give:

0= —-27; — 21Uy — 2TV,

(3.11)

0= —-27, — 27V, — 2Ty Uy,

which means that 7, = 7, = 7, = 0, so the coefficient function 7 only depends on ¢:
T =1(t)
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Next, the coefficients of u,, and v, produce:

¢u — Tt — fuux - ¢u - 2€I - 3€uux - 251}”93
T — Tt — fvvz =T — 2590 - ngvx - quum

(3.12)

and hence &, = &, = 0s0 & = &(z,t) and 7 = 2¢,, giving
1
§(w,t) = 5Tt +o(t)

To continue, consider the coefficients of u2 and v2, from which we get Gyu =

Nuu = Pvw = NMvw = 0. Note that this translates into both ¢ and 7 being of the form:

o t,u,v) = A(,t) + Bla, tyu + Cla, t)v + D(x, tyuv
(@, t,u,v) = alw, 1) + B, thu+ 5 (@, o + o, thuv

We will now proceed to look at the coefficients of u, and v,, producing the

following equations:

ét = _2¢xu - 2¢uvvm
0 =2
Teu (3.13)
£t = —2Ngy — 2NupUy
0 = 2¢zv7

and so we must have D(z,t) = §(z,t) = 0 and C; = B, = 0 (meaning that C' =
C(t), p = B(t)). Note also that

1 1/1

Pou = B$(x7t> = _5& = 9 (27—tt1' + U/(t)> = ’Yﬂc(xat) = Nav;

which yields the following expression for B(z,t) and ~y(z, t):

2

1
B(z,t) = _%m — 520'(t) + Ka ()
2 1,
v(x,t) = ——7 — —x0 (t) + Ka(t)

8 2
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So, at the moment we have the following information regarding the coefficient

functions 7, £, ¢ and n:

T =17(t)
E=¢&(x,t) = Zax+o(t
(@.1) = Fo+o() . 61
6= lw,tu,0) = Alw, t) + (—3a? = 20+ Ky (1)) ut C(t)w
n=n(x,t,u,v) = a(z,t) + (—%:cQ g (t):c + Ko(t )) v+ B(t)u
Finally, equating the remaining terms produces the following system:
bt (Gu =)@+ bug@)u = bua + EF @ T

N+ (o — 1) g(2)u + nuf(2)v = Nee + €9 (2)u + g() 9.

The reader may check that substitution of the coefficient functions 7, £, ¢ and  and
their respective derivatives, according to the forms in (3.14), yields the following

system of equations:

7
Ag(z,t) +u <—Ttttx2 _ o)

S 5 & + K{(t)) + C'(t)v + flz)v (Ki(t) — ) + C(t)g(x)u

= Aya(, 1) — %u + f(z)v <T2ta: + a(t)) + f(z) (WEKs(t) + uB(t) + al, 1)

(3.16)
(1) +v (_8:1: ~ T LKD) + 0+ gl (alt) ) + B (@)
= Qgp(w,t) — %v + 4 (z)u ( T —|—a(t)) g(z) (uK(t) +vC(t) + Az, 1))

(3.17)

If we consider the terms in (3.16), (3.17) not involving neither « nor v, we realise
that

must be a solution of the initial system (3.1), since (3.16) and (3.17) give

Ap(x,t) — Age(x,t) — f(x)a(z,t) =0
ar(z,t) — agz(z,t) — g(z)A(z,t) = 0.
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Also, by separately looking at the terms involving u and the terms involving v,
we obtain the following system of equations

-2 “2(% + I K0+ Cg(a) — f@)B@W) =0 (318)
C'(t) + f(x) (K1(t) — 7 — Ka(t)) — f'(x) <;tx + a(t)) =0 (3.19)
STge OO T ) 4 b)) - o@C =0 (320)
B'(t) + g(x) (Ka(t) — 7 — Ky (1)) — ¢ (x) (72%; + o(t)) =0 (3.21)

As it can be seen from the above system of equations, it is not easy to determine
a general class of functions for f(z) and g(z) for which the initial system of PDEs
(3.1) has non-trivial symmetries. For any system of PDEs with undetermined func-
tions, this will be the case in general: we are left with a rather complicated system
of equations for which it is not an easy task to find the most general solution.

However, the above system can be simplified by adding (3.18) and (3.20):

Tttt Ttt
— 71(}2 — o + —

1 5t Ki(t) + Kj(t) = 0, (3.22)

which gives

-
Tiwe =0, oy =0, §+Ki(t)+K§(t):0'

Hence
T = Clt2+02t+03, o = Cyt + Cs, Kl(t) —|—K2(t) =-Cit+Cs (323)

where C;, ¢ = 1, .. .6 are arbitrary constants. Substitution into the remaining equa-
tions (3.19), (3.21) gives:

C'(t) + f(z) (2K:1(t) — Cit — Cy — Cg) — f'(2) <(201t2+02)x + Cyt + C5> =0
(3.24)
B'(t) + g(z) (—2K1(t) — 3C1t + Cs — Cs) — ¢'(z) <(201t2+02):c + Cat + C5> =0
(3.25)

Differentiation with respect to ¢ twice yields
C"(t) 4+ 2f(x)K!(t) =0 (3.26)
B"(t) — 29(x)KY(t) = 0 (3.27)
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and further differentiation of the above equations with respect to  produces:

2 () K (t) = 0 (3.28)
—2¢'(x)K!(t) = 0 (3.29)

The choice of K7 = 0 or K{ # 0 will then result in different cases of functions
f(z) and g(z) for which it is possible to compute the symmetries of the system.
However, since the main purpose here is to ultimately compute fundamental solu-
tions, we will only include a few cases for which the Lie algebra contains enough

symmetries to compute these fundamental matrices.

3.1.1 Case A: 7 quadraticand 0 =0
In this case, we have 7(t) = C1t? + Cyt + C3 and equations(3.18)~(3.21) become

1

< +Ki(0) + C()g(w) - f(2)B(t) =0 (3.30)
C'(t) + f(z) (K1(t) — 2C1t — Cy — Ka(t)) — o f'(2) (01t + C;) =0 (331
S K0+ B0 @) — )0 =0 (332)
B'(t) + g(z) (Ka(t) — 2C1t — Cy — Ky (1)) — g/ (z) (C’lt - C;) =0 (3.33)

Note from (3.31) that we must have kf(z) = = f'(z), so the function f must be
f(z) = p12®. This particular form of f transforms equation (3.31) into:

C
C'(t) + pra® (K (t) = 201t — Co — Ka(t)) — prka® <Clt + 22> —0

Hence C'(t) = 0 and thus we can write C(t) = 7;. Moreover, we must have
K1 (t) — Ka(t) = C1t(2 + k) + Cs <1 + g) (3.34)
Similarly, (3.33) gives g(z) = p229 and so it becomes
B(t) + pox? (Ka(t) — 2C1t — Cy — Kq(t)) — paga? <Clt + C;) =0,
giving 5(t) = 2 and

Kg(t) - K (t) = Clt(Q + q) + Cy <1 + g) (3.35)
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The combination of equations (3.34) and (3.35) yields ¢ = —(4 + k).
Next, substitution of the previously obtained forms for f and g into equations
(3.30) and (3.32) produces the following equations:

5 K{(t) +y1poz™ R —ypp12h =0 (3.36)
Cl K/ k —(4+k)
7 + Q(t) + yop1x” — Y1p2% =0 (337)

One must distinguish now between 3 cases that will produce different sets of

symmetries:

Case A.l: Thecasek=—(4+k) iek=qg=-2
This case corresponds to the system

— 1
Ut = Uge + B5v

(3.38)

_ P2
V = Vgpp + 22U

For this particular case, the reader may check that the combination of equations
(3.36), (3.37) and (3.35) yields

Ko(t) = =St + Oy (3.39)

mp2 — v2p1 =0,

and thus, the coefficient functions must be of the form:

"

7(t) = C1t? + Cot + C3
E(a,t) = Crte + L

d(z,t,u,v) = (—(11 (% + %t) + C4> u—+ v + Az, t) (3.40)

n(z,t,u,v) = (—01 (% + %t) + C’4> v+ 71%11 + a(z,t),

with the pair (A(z,t), o(z,t)) any solution of the system (3.38).

Note. In this case, since f and g differ only by a constant, we have found similar
coefficient functions ¢ and 7 and, therefore, these will produce similar transforma-

tions for v and v.
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Substituting these coefficient functions obtained in (3.40) into the expression for

our general infinitesimal symmetry

0 8 3

gives a general form for an element of the lie algebra of (3.38). Therefore, we can

conclude that the lie algebra of our system (3.38) is spanned by the following in-

finitesimal generators

"

20 t) 0 2 t) 8
—t +tl‘%—u(4 +§>%—U<%+§)%

=t5+ 55
d
W3:E
d d
Wy = Ug, + Vg

p2 0
p1 v

Waq = A(z, t) + a(z, t)av,

W5—vau+u

where the pair (A, ) is a solution of (3.38).

It therefore follows that our system has the following symmetry groups:

Gy
Go :
Gy :
Gy

GAa :

(x, t,u+ eA(a:, t), v+ ea(x, t)),

where p = ” 2 and where the pair (A, ) is a solution of (3.38).

2

—ex
4(1—et)

)

(3.41)

(3.42)

The above symmetry groups have been obtained by simply solving the system
of equations (2.2)-(2.3) for each of the vector fields in (3.41).
One may now recover the action of these symmetry groups to conclude the follow-

ing:
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Proposition 3.1.1. Let U = (u(x,t),v(z,t)) be a solution of (3.38), then

T t —ex?
Up = (u | —— —— ) (1 4 et)~2/2 e
L (u<1+et’1+et>( Fet) e <4(1+et))’

Us = (u(x,t) cosh( P2 ) —v(x t) sinh ( P26> ,
pl P1

( /02> uxtsmh( /026))
1 P1

Uaa = (u(x,t) + €A(z,t),v(x, t) + ea(x,t))

are also solutions of the given system. Here (A(x,t), a(z,t)) is any arbitrary solution of
(3.38).

Case A.2: Thecase k = 0and ¢ = —4 (or, equivalently, ¢ = 0 and k£ = —4)
In this case the relevant system of PDEs is

Ut = Ugpy + P11V
! P (3.43)

— p2
UV = Ugg + 37U

Note that for this case, equation (3.36) gives

C

> + K{(t) + y1p2xt —y2p1 =0

C
Thus we must have y; = 0 and K (¢) = —?1 + vy2p1. That is,

(@]
Ki(t) = (’72/71 - 2) t+ Cy.

Then, equation (3.35) yields the expression for K»(t)

5
Kg(t) = Kl(t) —2C1t—Cy = <7291 - 201) t+Cy—Co
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And substitution of K(t) into (3.37) gives

O

o5 + Y2p1 — *Cl +72p1 = 272p1 —2C1 =0

or, equivalently, v = %. Hence the forms of our coefficient functions are

7

T(t) = Cth + Cot + Cs
&(z,t) = Citz + %:c

oz, t,u,v) = (01 ( it ) + C4> u+ Az, t) (3.44)
n(x, t,u,v) = ( C1 (% 3t> +C4— Cz) v+ Clu+a(w t).
Therefore, a spanning set for the lie algebra of the system (3.43) is given by
u 1'2
w1 =105 +t$8:v+u( T+%>%+ (m—v(4+§’t)) 5
wa=if+ 18—
(3.45)

o)
W3:E

o) o)
W4:U%+U%

Waa = Az, t) + oz, t)

where the pair (A4, «) is an arbitrary solution of the given system. In a similar way
as in the previous case, one need only solve a relatively simple system of differential
equations to obtain the following symmetry groups for the system (3.43):

;

G (%, = et,uexp (4(_1?”:t)) \/ﬁ,exp <4(_1€jcjt)> (v(l —et)3/? 4 pilu\/l—iaS))
Gy : (e?x, et u, e v)

Gs: (x,t+€,u,v)

Gy : (2,1, €U, ev)

Gaq : (z,t,u+ €A(z,t),v+ ea(x, t)).

(3.46)
Recovering the action of these groups to any particular solution (u(z,t),v(z,t)) one
may obtain the following result:
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Proposition 3.1.2. Let U = (u(x,t),v(z,t)) be a solution of (3.43), then

T t —ex?
! (u<1—|—et’1—|—et>( Fet) " exp 41 +et) |’

x t 1 e T t 1 —ex?
v ) + exp| —— |)
L+et’1+et) (1+et)d/? l+et’1+et) V1+et 4(1 + et)

= (u(e™ %z, e ), e_ev(e_e/zx, e t))
= (u(z,t —€),v(x,t —€))
(e‘u(z,t), e“v(x,t))
= (u(z,t) + €A(z, t),v(x, t) + ea(x,t))

are also solutions of the given system. Here (A, «v) is any solution of (3.43).

Case A.3: Thecasek # —(4+k)and k,q # 0i.e. k,q # —2,0,—4
In this case, we are dealing with a system of PDEs of the form:

Ut = Ugpy + plxkv

3.47
—(4+k),, (347)

UVt = Ugg + P20

Observe that according to (3.36) and (3.37) and because we want the functions f(z)
and g(x) to be non-zero, we must have 7; = 7, = 0. Furthermore, equations (3.35)-
(3.37) give C1 = 0 and

Kl(t) =0y

(3.48
Kg(t):C4—C2 (14—%) )

Putting all these conditions together we get that the coefficient functions for this
case are of the form

7(t) = Cot + Cs

x,t) = 0233

oz, t,u,v) = A(z,t) + Cau
(

(b, u,0) = oz, )+(C402(1+’;))v,

(
(
(3.49)

so the lie algebra of the system (3.47) is spanned by the following vector fields:
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(
) ) )
wi=t5+ 55 —o(l+5)%
9
Wy = 5
? o (3.50)
W3 = u% =+ ’U%
WAa = A(%,t)% + a(:U)t)%

Here, the pair (A, «) is again a solution of (3.47).
The reader may check that exponentiation of the above vector fields generates
the following symmetry groups for our system (3.47), where the entries give the

transformed point (%, %, %, ) = exp(ew;)(z, t,u,v):

Gy : (e?x, et u, 6_6(1"'%)2})
Gy (z,t+ €,u,v)

Gs : (x,t, eu, ev)

(3.51)

Gao @ (z,t,u+ €Az, t), v+ ea(z,t))

Once more, this result can be translated into the following;:
Proposition 3.1.3. Let U = (u(x,t),v(z,t)) be a solution of (3.47), then
Uy = (u(e™?z, e~<t), e_e(Hg)v(e_e/Qw, e t))
Us = (u(z,t —€),v(x,t —¢€))
U3 - (eeu(x, t)v 66’0(1', t))
Usa = (u(x,t) + eA(z,t),v(x, t) + ez, t))

are also solutions of the given system. The pair (A, «) denotes any solution of (3.47).

3.1.2 Case B: 7 quadratic and o linear

By assuming that 7 is a quadratic function of ¢ and o a linear function of ¢, i.e.
7(t) = C1t? + Cot + C3,  o(t) = Cyt + Cs,

equations (3.18) - (3.21) simplify to the following;:

G
2

C'0)-+ £(2) (1(0) = 23t = Ca = Kalt) ~ £(2)

+ Ki(t) + C(t)g(z) — f(2)B(t) =0 (3.52)

2C1t 4+ Cy

5 w+C4t+C5>—0

(3.53)
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Ch
0
(1) + 9(x) (Ka(t) — 201t — Co — K1 (1)) — ¢ () (

+ Ky(t) + B(t) f(z) — g(x)C(t) = 0 (3.54)

201t
2t + G ; C2x+C'4t+C'5> =0

(3.55)

Just as in the previous case, a thorough analysis of the above system of DEs
allows us to determine the type of functions that f and g can be. For the above
equations, one obtains that in order to satisfy conditions (3.52)-(3.55) we can only
have constant functions f and g, say f = p1, g = p2. The system of PDES arising

from this choice of f and g is
Ut = Ugpy + P1V
t Pl (3.56)

Vg = VUgg + P2U.

Substitution of these particular forms of f and g, into equations (3.53) and (3.55)

yields
C'(t)
Ky (t) — Ka(t) = — 5 + 2C1t + Cy (3.57)
1
B
Ky(t) — Ki(t) = _T +2C1t + Cs. (3.58)
2
Therefore

B(t) = —%C”(t) 1 AC pat + 205

or, integrating the above equation,

B(t) = —%C(t) + 201 pat? + 2Cspat + C.
1

Next, equations (3.52) and (3.54) respectively give

C

?1 —+ Ki(t) + 2,020(t) — 201p1p2t2 — 202p1p2t — 9106 =0

C

71 + K5(t) — 2p2C(t) + 2C1 p1pat® + 2Cap1pat + p1Cs = 0, (3.59)

and hence K/ (t) + K}(t) = —C}. Therefore, we must have that K;(t) = —Ks(t) —
Cit 4+ Cr. Substituting this form for K (¢) into (3.57) gives
c'(t) 3 Cy | Cf
K — _ = _ = Lt
2(t) 1 2C1t 5 + 5
and differentiation of K5(¢) and substitution into (3.59) yields the following ODE
for the function C(t):
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C"(t
2;)(1) —2p20(t) + 2C1p1p2t? + 2C2p1pat + p1C — C1 = 0.

This ODE has solution

Ct) = p1Cs

5 +p1 C’lt + p1Cat + 0862\/010 2t + Coe™ 2\/p1p2t
P2

and therefore
ﬁ(t) = 22 C( ) + 201p2t2 + 2C5pot + Cg
1
_ G 2 P2 2. /pipat P2 2 /pipat
=5 T p2C1t” + p2Cat — 08;6 — Co—e
1

P1

_C'(t) 3 Cy | Cf
Bolt) =5, 7 —30t-5 +5

_ g [P2evmmt gy [P22ymem Oy O
P1 p1 2 2

Kl(t) = —Kz(t) — Cit+ C

— _Cy P2 2Wt+0 P2 e 2V/Pipat _ CIH_Q
P1 p1 2 2

So our coefficient functions 7, £, ¢ and 7 will be of the form

7(t) = C1t* + Cat + Cs

6( ) Clt.%'-i- .%'+C4t+05

(w,t,u,v) = Az, t) + (pl G 4 p1C1t? + p1Oat + CgeVPiret 4 Cge™ 2Vp1p2t> v
—|—<—C41:1;2—C4 — Cy P2 2Wt+c pz e—2vP1pzt _ t+C27>u

n(x,t,u,v) =a(z,t) + <CG + p2Cit? + paCat —Cs2e 2vpipzt Col2e QMt) U

—I—(—%ﬂ Gig + Cy o e2vPirzt _ Oy p—fe2p1p -9+ < )

(3.60)

This gives the following infinitesimal generators as a spanning set of the lie algebra
of (3.56):

2 2
wi=ttf gt (e (34 5)) it (ot (3+5)) 4
tat + 555+ prtvg + patul;
W3 = at
W4:ta zu O zv O
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ws = &

We = Plva% + PQU%

w7 = ua% + v%

wg = VP12t (—\ /pipou + prv) 2 + e2VPIP2E (| /pipav — pou) 2
wo = e~ 2VP1P2t (( /prpau + prv) L + e VPR (— /b pov — pou) 2

WA = A(xa t)% + Of(.%',t)%,

(3.61)

where the pair (A, «) is a solution of the given system.
Exponentiation of the above vector fields produces the following symmetry

groups (in the usual notation) for (3.56):

. x t
Gl : (1 et’ 1—et’
\/16 td 4ot 4p1t2v—uz? . €/ 16 t4 4ot
V1—et <ucosh< pip2 >+ (40 ) inh [ Y2222 TE ) )

- S
4(1—et) /16p1p2t4+:c4 4(1—et)
e\/16p1 pottat 4patiutva?) e\/16p1 pott+at
V1 — et | vcosh pllp2t + (40 ) sinh %
€ /16p1p2t4+x4 (1—et)

Gy:  (e/?z,et,ucosh(ut(ef — 1)) + \/%Sinh(,ut(eﬁ —1)),
vcosh(pt(ef — 1) + uy /2 sinh(ut (e - 1)))

Gy :

Gy :

Gs :

G :

(z,t+ € u,v)
(ot et tuesp (=5 (e +5)) vew (=5 (e +5))
(x + € t,u,v)
(x,t,ucosh(ue) + \/71) sinh(pe), \/ﬁjfu sinh(ue) + v cosh(pe))
Gr:  (x,t,eu,ev)
Gg: (
Go: (
Gan: (

z,t, (1 — epe® M u + epre®u, (1 + eue®)v — epae?tu)

x,t, (14 e,ue_2“t)u + epre 2y, (1-— e,ue_2“t)’u — epge_Q“tu)

z,t,u+ €Az, t), v+ ea(z, t)),

(3.62)

where = /p1p2-

From the above result, the next proposition naturally follows by simply recovering
the action of these symmetry groups on any given solution of the system (3.56):
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Proposition 3.1.4. Let U = (u(x,t),v(z,t)) be a solution of (3.56), then

t
Uy = (W cosh (6 16p1p2t* + :E4)

V1+et 4(1 + et)
2 t 2 t
(4p1t U(lfet’ 1+6t) -z u( 1j:6t’ 1+6t)> ik (6\/ 16p1p2t4 + :E4>
sin ,

V/ (16p1patt + 24)(1 + €t) 4(1 + et)

vria ma) <6 16p1pat* + 374)

+

4(1 + et)

+

2 t 2 t
<4p2t u(l—fet’ 1+€t) t+x v(l—fet’ 1+et)> inh (6\/ 16p1p2t4 + l‘4>
sin

V (16p1patt + 24) (1 + €t) 4(1 + et)

Us = (u(ze /2, te ) cosh(ut(1 — ) + v(ze /2, te ), /%sinh(ut(l —e ),
2

v(ze™? te™) cosh(ut(1 — 7)) + u(we /2, te™), /22 sinh(ut(1 —e79)))
P1

Us = (u(z,t —€),v(x,t —¢€))

Us = (u(z — et 1) exp (-S (x - ’;)) o(z — et 1) exp (-2 (x _ t;)))

Us = (u(z —e,t),v(x — 1))

Us = (u(x,t) cosh(pe) + \/Tv(az,t) sinh(pe), %u(x,t) sinh(ue) 4+ v(z, t) cosh(pe))
Ur = (e“u(z, t), ev(z,t))

Us = (1 — epe®*Nu(xz,t) + epre®u(z, t), (1 + epe® v (z,t) — epae’ u(x, t))

Uy = ((

Uaa = (u(x,t) + €Az, t),v(x, t) + ea(x,t))

L+ epe™Yu(z,t) + epre™ (@, t), (1 — epe™ " )v(x, t) — eppe™ " u(x, 1))

are also solutions of the given system. Here v = \/p1p2 and (A, ) is an arbitrary solution
of (3.56).

Note. The symmetry groups in (3.62) are given in the usual notation for the trans-
formed points (%, %, %, ¥) = exp(ew;)(x,t,u,v). These are obtained as usual by solv-
ing the system of equations (2.2)-(2.3) for each of the vector fields in (3.61). How-
ever, we do not include all the steps of these computations here, since they do get
quite long and messy for some particular vector fields.



3.1. Computation of symmetries 57

3.1.3 Case C: 7 and o constant functions

A similar analysis of the system of determining equations to the previous cases can

be done for this case. The reader may check that these case will lead to a choice of

functions f(z) = a + bz and g(z) = k(a + bzx) for some constants a and b. With

this, the system of determining equations can be solved to produce the following

coefficient functions:

T(t) = C4
1) =203t + C
) =2t Gy (3.63)
d(z,t,u,v) = Az, t) + (—Caz 4+ Cy) u + (aCot?* + Cst + Cg) v
n(z,t,u,v) = az,t) + (=Chx + Cy) v + k (aCat? + Cst + C) u,
Hence, a spanning set for the Lie algebra of our system will be
wi=2
wy = 2t 2 + (—zu + at?v) - + (—2v + kat®u) 2
W3 = %
wi=ul +od (3.64)

ws = tv2 + ktud

Wg = Ué% —i—k:ua%

WAq = A(x,t)a% + oz, t)%,

where the pair (4, «) is a solution of the given system. The usual exponentiation of

the above vector fields produces the following symmetry groups for the system:

G12
G2:

Gy :
Gy
Gs :
Gy :

GAa :

T, t+ €, u,v)

z + 2et, t, e~ () (y cosh (av/kte) + ﬁv sinh(av/kt?e)),

e~(tet2) (/ku sinh (av/kt%€) 4 v cosh(av/kt?e)))

(
(

(x+ e t,u,v)
(z,t,eu, ev)
(z,t,ucosh(vkte) + ﬁv sinh(v/kte), vVkusinh(v/kte) + v cosh(vkte))
(,t,ucosh(vke) + ﬁfu sinh(v/'ke), VEkusinh(vke) + v cosh(vke))
(x,t,u+ €Az, t), v+ ea(z,t)),

(3.65)
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Hence it follows that
Proposition 3.1.5. For the system

U = Ugy + (ax + b))V
! ( ) (3.66)
V¢ = Vg + k(ax + b)u,

if the pair U = (u(x,t),v(x,t)) is a solution of (3.66), then

U = (u(z,t —€),v(x,t —¢))

Us = (e*““g (u(z — 2et,t) cosh(aVkt?e) + \}Ev(x — 2et, t) sinh(aVkt%e)),

e Tette (\/Eu(a: — 2¢t, t) sinh(aVkt®e) + v(x — 2et, t) cosh(a\/%t%)))

Us = (u(x —€,t),v(x — €,1))

Uy = (e‘u(x, t), ev(x,t))

Us = (u(x,t) cosh(Vkte) + \}Ev(m, t) sinh(Vkte),
Vku(z,t) sinh(Vkte) + v(z, t) cosh(Vkte))

Us = (u(x, t) cosh(Vke) + (z,t) sinh(Vke),

1
ﬁv
Vku(z,t) sinh(Vke) + v(x, t) cosh(Vke))
Uaa = (u(z,t) + €A(z,t),v(x, t) + ea(x,t))

are also solutions of the given system. Here (A, «) is an arbitrary solution of (3.66).

3.2 Fundamental solutions

In this section we show how the symmetries found in Section 3.1 can be used to
find fundamental solutions of the given systems of PDEs via the use of Integral
Transform methods. We separate our study into the same cases we distinguished
in the previous section. To the best of our knowledge, the results we present here

are new.

3.2.1 Case A.1: The Laplace Transform

The first step is to look for stationary solutions of the system (3.38), which can be
done solving the system:

— 1
0 = Uz + 2o

—_ 2
0 = vz + 2.
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This gives v = —%um and so vy, = —p—11(2um + 42Uz + 22Uy ). Substitution of

vz, in the second equation yields the following differential equation for u:
T MUy + 453Uy + 20%Ugy — p1pou = 0. (3.67)

This is an Euler-type equation and, therefore, we look for a solution of the type

a—1

u = z*. We have Uy = QT y Ugy = Ot(Oé - 1):6&_2; Ugprxr = Oé(a — 1)(0[ - 2)xa_3 and

Upzrr = (o — 1)(a — 2)(a — 3)z**. Substitution into equation (3.67) gives that a
must satisfy

ala—1)(a—2)(a—3) +4a(a—1)(a —2) + 2a(a — 1) — p1p2 = 0. (3.68)

Note that

1 1 +4y/p1p2 1 1—4,/p1p2

= - —_—mmm d g
o1 2+ 5 an (o) 2+ 5

are both solutions of (3.68) and let x = 1+42V P2y =X 1_45 pLp2 respectively.
For the sake of simplicity, suppose that i1, v € R, that is, suppose that either

.plzof
° p1<0and161?<p2§0,0r
) p1>0and0§p2<ﬁ.

Separate analysis is needed for different values of p; and ps.
Then u; = 227" and uy = 227 are solutions of (3.67), which produce the following
two pairs of stationary solutions for our system (3.38):

1
L (3.69)
2 1 1 _3 uzfl 1 1 .
v =—2-(p+g)(p— )2 = ——pl4x“+2 = —\/%xﬁ“rz
and Uy = VT3
3.70)
— _a® 1 1y, v—3 _ ity A S p2 v+ E (
112——,)1(”"‘2)(’/_2)5‘7 PE T Y 2Tt

We know by Proposition 3.1.1 that if (u(x,t),v(z,t))" is a solution of (3.38), so is

- t -1/2 —ex?
. Ue(x,t ul g g ) (L4 €t) exp
O.(z.t) = f( )| _ Tret? Thel I(1te))

t -1/2 —ex?
Tra The ) (L+et) 2 exp (55

W~
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Applying this transformation to our stationary solutions (u1,v1)" and (ug,ve)"

7

respectively, produces the time dependent solutions:

1
m#“r bl —61’2
~ (+eyrtT CXP <4(1+et)>

Ux (.%', t, 6) - o LHtE ex? )
T\ o1 (etyrtT P\ It
x”+% ( —ex? )
. eI EXP | 10
Ot €) = (T teD) AT teD)

1
p2__z¥tz —ex?
\/ p1 (tetyr T EXP (4(1+et)>

Now, for convenience, let us make the change ¢ — 4e in the expressions of U,

for our system (3.38).

and Us, which is a valid change since ¢ is an arbitrary constant. Thus we obtain the

new expressions:

1
CCMJ'_ 2

2t evp (=2
~ (Trderyett OXP |\ T14e
Ul (‘T) tu 6) = +1 2
_ [p2  xHT2 ex —ex
p1 (+det)tT P | Trde

and NS Cen?
~ (T+det) +1 OXP | THraa

UQ(LU,t, 6) = v+ 1 2
p2 x "2 ex —€x
p1 (+detyv+T OXP \ T14a

These satisfy the initial conditions

~ +1 a2
~ u1(z, 0, € xhTze
Ul(xvoa 6) - ~ ( L ) = P2 utt  —ex?
v1(z,0,¢€) —\ T 2e
and 1 2
z,0,€) = =
2\4, Y, 172 <$7 0, 6) /%$V+%€_€x2

The next step is to express w1, 01, U2 and v as Laplace transforms of certain
functions. To do so, we rewrite 47 as

3 hts 1 (e+ & — £)a?
(e, tre) = (4t)rFL (e + 4 )mtt o <_

zhts z2 1 (%)2
=T e (-l , 3.71
(a1 P ( 4t) (c+ et ( 3 &7

and, similarly, we express v; as

1
- py P2 x2 1 (£)?
b= — g S . Gn
Bul@be) p1 (4t)r+1 o ( 4t) (€+ )0t e 7 o7
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Taking inverse Laplace transform of #; and ¥; with respect to € yields

pt3 22 1 (£)2
L7 N (z,t,€) = L1 * exp | —— ex At
(o) mww1p< “>&+LW“ p&+i

1
x? 2242\ u Tz
= Eexp <— m Z2IH o y (373)
and, similarly, for v; we get
pt3 22 1 (£)2
L0 (z,te)) =L | = p2 T ° A I at
(01(z,t,¢€)) Vo1 (e L P T | ek Lyt N I
1 T \2
Y S BTN (i N SN ¢ )
“ V" MWH”@( “>&+LWH“pe+i
J2 x% 22+ 2 T2
2 I
= — _—— — I . .
\/p14teXp< 4t >22“<2t> (3.74)

The reader may check that a similar computation for @, and o5 yields:

LN ag(z, t,€)) = 2 exp (—xZ + z) 221, <$ﬁ> , (3.75)

4t 4t 2t

1 02 z2 2 4+z\ v z\/Z
L (vg(x,t,e)):,laztexp % z21, 5 |- (3.76)

These expressions allow us to write Ui(x,t,€) and Uy(x,t,€) as Laplace transforms:

- t
Ui(x,t,€) = (e )
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1 L
o0 %exp <—x24Jtrz) z%]ﬂ x%t/g) o€z
- / 2 o2 22+ © AN dz. (3.77)
0 _\/%FeXp<_ 1 )zz[#(%) €z
and, similarly
> u t
Onfat,c) = | 22170
vz (7, €)
1
( @) z21, (mf) e~
dz. (3.78)

2
NS
= 1
p2 32 N a A vz —ex
’ \ o1 & exp( )22 L (5 )e

Observe now that linearity and Theorem 2.1.5 give that, for appropriate functions
¢(€) and 1 (e) with sufficiently rapid decay, we can produce a new solution to the

system (3.38) by taking

( ggi:g ) - /Ooo ((‘0<6)01(x’t7 €) + () Us(x, 1, e)) de

This new solution will satisfy the initial condition
U(z,0) | /°° w(€)u(x,0,€) + Y(€)tg(z,0,¢) e
V(x,0) o\ #()u(z,0,€) +1(e)v2(z,0,€)

0o §0<€)$“+%676x2—i—lﬁ(e)x”"’%e*ﬁﬂ
:/ 2 | de
0

- %W(€)$”+%6_“2+ %¢(€)x”+%6_6$

1 sl
—\//’jifx“+2<1>(x2)+ %x T3 0(22)

ot s ®(z?)
) ( e et ) ( W (a?) ) | 3.79)

( xzﬂr%@(x?) +x”+%\11(x2)

Note that putting

U0 _ P HED(a?) + 230 (a?) (@) 580
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we can write

which gives

@) \ _ g [ I@)
() e (1), -

Note. We can choose any pair of sufficiently well behaved functions f(x), g(x) for
the initial state (3.80) due to the known smoothing properties of parabolic differen-
tial operators. This will be the case here and for the rest of examples presented in
this work. However, we will not discuss this topic here, since the details can get

quite technical.

The reader may check that the matrix C~!(x) can easily be calculated to be

1

v 1
1 fol/'f'i _xV+§
C(z

) = 1 1
P2 poptv+1 /P2 pht3 Kty
2 o h o T €T

We may now write the components U and V' using the expressions obtained in
(8.77) and (3.78) for w1 (z, t,€), Uz(x,t,€), 01(x,t,€) and va(z, t,€):




Chapter 3. Integral transform methods for the computation of fundamental

64
solutions for a system of PDEs
_ o \/> 562 +z = I‘\/E > €z
—/0 4 &P pm z21, on /0 p(e)e”“dedz
————
P(z)
oy @42\ o (o) 2
+/O 1 &P pm z21, 57 /0 P(e)e” “dedz
v(z)

Make the change of variables z — y? to obtain

e’} T 1,2 2
Uz, t) = \2/;exp (— Ly > (‘I)(y Jyrt, <2t) + U (yH)y T, (

0

= /00°< ain(z,y,t) az(z,y,t) ) ( iézz; ) dy,

2 4,2
where 14/2Y v 4y Ty
t = ,LL+27 R I
ai1(z,y,t) =y eXp( m > “<2t>
14/TY ¥ty Y
t = l/+é _— I _—
alZ(xvyu ) 2% eXp At v o

Similarly, the expression for V' becomes:

V(z,t) = /OO ((e)t1(z,t, €) + th(e)o(x, t,€)) de

)

(3.82)

pQ\F 2%+ 2 s (L'\/E —ez
/ / p( At )ZQI“(2t>e dzde

e [o [ B () (5
// \/72 4t P <_x24jz>zglﬂ<xf
L e e () (5

) e “dzde
) e “dedz
> e “dedz

/ sz ( T —i—z) ! #<xf> /Ooow(e)e_ezdedz
L
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/ P2 \f (_xi;z) AL (mf) /Ooow(e)e“dedz

= /OOO —\/Eq)(z)f exp (—xi;; Z) Z%IM (thZ) dz
+ [P e (—“’”2 - ) 41, (x;f ) &, (589
and making the change z — y? yields
V(w,t) = /OOO —\/fﬂy?)\;f exp (—W) Yy, (2’?) dy
= /OOO \/E‘If(zf)\z/f exp (—W) y I, (2‘?) dy

> D(y?)
= ,Y,t)  age(x,y,t dy, 3.84
/0 ( a21(z,y,t) an(z,y,t) ) ( W(y?) Y (3.84)
where 2 2
R [ e VT G el AR U £
a21(x7y7 t) T ply 2 2% €xp ( At ) 1% i ’

2 2
P2 1Y Ly, (ay
ax(z,y,t) = ply 2 57 exp( pm ) vl3 )
Observe that we have written
U(I’,t) :/oo (111(33711,0 (112(3373/,15) q)(yQ) dy
V(l’,t) 0 a21($7y7t) a22(£7y7t) \Il(y2) ’

-
and replace ( d(y?) V(y?) ) by the expression obtained in (3.81). This yields
the following expression for (U V)T

Uz, t) . o ain(z,y,t) az(x,y,t) . f(y)
( Vi(a,t) ) _/0 ( a1 (z,y,t) ag(z,y,t) ) ¢ ) ( a(y) )dy. (3.85)

Az,y,t)

Recall that according to (3.80) the initial condition was
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so we can conclude that the matrix P(¢, z,y) = (pi;(t, z,y)) defined by the product

t t
Pltay) = P00 PRSI gy e )
p21(t7xay) p22(t7x7y)
-n—3  _ [p1,—n—%
L[ an(z,y,t) az(z,y,t) Y p2Y
=3 P A (3.86)
a?l(xvyat) a22($7yat) Yy 2 () 2

is a fundamental solution of (3.38).
The components p;;(t, x,y) can be calculated to be:

N

pu(t,x,y) =

x

4

ﬁ

1 1
(yﬂ“?an(x,y,t) + yiuiia12(x7 yat))
2 2

Yy Tt +y ry Yy

— I I,
t eXp( At )( (215)+ <2t>>
1 1 ;1 _
pl?(t)xvy) = 5 ( ﬂ ! 2&11(Jf,y,t) + ﬂy v 2&12 x .%

_ [, )
P2 P2
2 2
_ PV o (ST (L (2
pa 4t 4t 2t

—V—

Ly 1
p21(t7x7y) = 5 (y H 26121(957% ‘1‘3/ 20,22 €T ya )

pQ'xyexp< a —I—y)( I,
p1 4t
1
paa(t, x,y) = 3 (- ply a 2a21(x y,t) + P1 —y 2a22 z,y,t)
V p2 V p2
Ty 3:2+y2 Ty Ty
— v - L) 41, (29,
4 P 4t m\ar ) T\

thus obtaining the following expression for P(t, z,y):

\/@ e Iﬂ (ﬂ;/) + IV
T

(
P(t,z,y) = Y =e o \/gif (Iu (%) = L (—i’))
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does also possess enough symmetries to be able to compute fundamental solutions
in principle. However, we cannot find the necessary stationary solutions to com-
pute these fundamental matrices.

3.2.2 Case A.2: A more complex case with the Laplace Transform
Similarly to the previous case, we need to start by looking for stationary solutions

of (3.43), i.e. we must solve:

0 = Uz, + p1v

J— 2
0 = vz + Zu.

It is clear we must have v = —% and hence, substituting v,, = —“Ip% into the

second equation above, we observe that u must solve:
tMppze — prp2u =0, (3.88)

which again is an Euler-type equation. Therefore, solutions will be of the form

u = 2. This will turn equation (3.88) into
ala—1)(a—2)(a—=3)z% — p1pz® =0, (3.89)

so we need only find roots of the polynomial a(a — 1)(a — 2)(cx — 3) — p1p2.
The reader may check that

_§+\/5+4\/1+P1P2 and _§+\/5—4\/1+p1p2
N 2 2 2

a a
1=5 2
T . . \/5+4y/TFpipz
are two of such roots. For simplicity in the notation, let us define ;1 = M
and v = w. Again, for convenience, we assume that both p,v € R, i.e.
either
® p1 = 0/

® ] <0and%<p2§—p%,or
° >0and — L < py < -
P1 pl_P2 16p1

Other choices of p; and ps can be considered separately in a similar study.
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It is clear that the pairs

up = zate
R (20 ) [Cae ) J (3:90)
v1 = 1 p1
up =zt (3.91)
u v+3) (v v—z '

are two stationary solutions of (3.43). Therefore, using the symmetry U; in Propo-
sition 3.1.2 and making the change ¢ — 4e (just as in the previous case), we know
that

2
u1 (1+4et> (1+ 46t)1/2 exp <1+4et)

<U1 <1+$46t> (1+4et)=%2 + Zplful (14516&) (1+ 4€t)_1/2> exp (fff:t)

u+§ 22
(1+4et)#+1 exp  154g

a (n+3)(ut3) om3 53 —er?
<_ o (1+4et)u+1 + 5 ot (I+detyntz | OXP (1&@)
and similarly
~ us(x,t, €
Us(z,t,€) 2 ’
Oo(x,t, €

2
U2 (1+4et> (1+ 46t)1/2 exp <1+4et)

<U2 <1+$46t> (1+4et) ™22 + 7 o1 2 (14516&) (1+ 4€t)_1/2> exXp (fff:t)

3
z't2 —ex?
(T+det) T &P ( 1+4Et>

== 3 1 1 3
_(V+§)(V+§) "2 4 4e _ a"t2 ex —ex?
o1 (I+det)" T T py (It+det)r T2 P\ 174a

are also solutions, satisfying the initial conditions:

3 2
xﬂ«‘i’g e—&IE

Ui(z,0,¢€) = <_(u+§,)05u+§)xu—; I ﬁfxwg) —ca? (3.92)
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and

U ,0, - v 3 v 1 393
5(x,0,¢€) <_( +3)(vts) pod n é:sz-g) o—ca? (3.93)

respectively. Recall that by linearity and Theorem 2.1.5, for suitable functions ¢(¢)

an 1 (e), we can produce yet another solution given by

O t) = /0 h (6021, €) + (T ,6)) de

o0 o(e) 1+:;2u+1 €xp (%ﬁf:t) J
- /0 9(e) <_ (M%B)SW%) (1&;)%‘“ o (1f:;;+2> P tﬁ;) 6
. /oo Y(e) 1+Z;)2u+1 exp (1+4:t) d
0 ¥(e) <_ (UJF%ZE as). (1f;)%"+1 o (1+Z;)3”+2> P <1_ﬁjt) )

The reader may check that the first component of the above expression gives
ale—% / (Z)(e)e—Em?de + x”+% / Zz)(e)e—ex?de = f(JU)
0 0

or, equivalently,
x“+%<I>(a:2) + J:”Jr%\ll(xQ) = f(x), (3.94)

where ® and ¥ denote the Laplace transforms of ¢ and 1 respectively.
Similarly, the second component can be written as

_ (M+%) é/ #(e€) e~ de — x’”‘ / —2$€¢(6)€_6x2d6

P1

RGOIGHN / vl e~ 2ot /Om—2xew(e)e“2de:g(x),

P1
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thus yielding the following differential equation:

(u + g) (u + ;) P2 D(2) + <1/ + 2) <u + ;) 2720 (2?)

d d
+2m“+%%<b(m2) + 29:”%%\11(952) = —pig(z).
Therefore we need to solve the system:

x”*%@(azQ) + x”+%\ll(a:2) = f(x)
('U, + %) (H + %) x“*%QD(aQ) + (V + %) (V + %) x”’%\ll(mQ) (3.95)
+2043 L0 (%) + 20742 LU (2?) = —prg(w)

The first equation in this system gives
O(2?) = 2 D) f(z) — 27 1T (2?) (3.96)

Differentiation with respect to 2 produces the following expression for L &(z?):

L(a?) = —(prt a0 (o) 400D (o) () ()

d
(g2
dx 2 (@7)

dx
(3.97)
Substitution of expressions (3.96) and (3.97) into the second equation in (3.95) re-

sults in the following expression for ¥ (z?):

V(a?) = 2<mx<v%>g<x>+2x<“+%>f’<:c>+<u2—9) x<”+3>f<x>>,
ue—v 4
and hence
2 1 ~(u—1) (3 g 2 9 urd)
(%) = ——5—— | "V Vg(z) + 207 T f i) + (7 — S 2T W f() |
e —v 4

That is, we can write
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Next, let us write the functions u,(z,t,€), 01(z,t,€) , ua(z,t,€) and v2(x,t,€) as

Laplace transforms of the following functions:

e —ex?
~ te) = — 2~ o
(2, 46) = G gyt P | T 2a

(,u + %) (M + %) zh3 de i3 —ex?
14 det)r 1 py (1 + 4et)r+? P\ det

22+ 2 z3/? <”+ %) (“""%) z!/? I N
4p;t2 4pit B\ 2t

B xl/+§ _6:1:2

o 4€) = T gyt P\ T
_ x3/2z”/2ex R J /2
el P )\ 2

<V+ %) <V+ %) 2¥3 de VT3 ( —ex? )
— + exp

o1 (14 4et)r+1 " py (1 4 det)r+2 1+ 4et

Ua(z, te) =

3 1 -
Y a4z 23/2 7<V+§) (V+§)l’ 1/2 ; oz
- P At 4p; 12 Apt v\ "ot

NZa vi1 2+ z I T2
— 22 exp | — y
A1 12 P 4t Y

Let us write
x3/2 242 x\/Z
t) = T /2 — I
m(@, 2, 8) 1= = exp a )\ o
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LU2—|—Z> z3/2 (M"‘%) (u-l—%)x_l/Q ,

4t 4pit2 4pit #
NS 2242 x\/z
_ _ I Ve
a2’ 5P 4 ) oy
3/2 2
x x‘+z x\/z
=2 /2 — 1,
ma(z, z,t) T exp( m ) u( o )

x2+z> 23/2 (V—i-%) (1/4—%)33—1/2 , (WE)

(3

2t

N——

ni(z, z,t) = z"? exp (—

4t 4pit2 4pit 2t

Ny 2+ 2 Tz
_ 2 _ II/
apz” T P 4t o\ Ty

Then the solution U (z, t) can be writen as

na(x, z,t) 1= 2"/ exp <—

O () I ( €) [y mi(x,z t)e*“dz +1(e) fo° mg(as,z,t)e*zdz) de
x,t) =
fo ( fo ny(z Je “dz 4+ (e fooo no(z, z,t)e_ezdz) de

)e*“de) mi(x, z,t) + (fooow 62d6> mg(a:,z,t)> dz

g5 (0
I ((fooo ¢(e)e*62de> ni(x,z,t) + (fooow EZde) m(x,z,t)) dz

_ / O(2)my(x, z,t) + ¥(2)ma(x, z,t) s
0 O(2)ni(x, z,t) + ¥(2)na(z, 2, t)

. Y ma(z,y*t) ma(z,y?,t) D(y?)
U(x,t) —A 22/ ( nl(az,y2,t) ng(fE,yZ,t) ) ( \I/(yz) )dy

Let us substitute (®(y?) ¥(y?))" by the expression found in (3.98) to obtain

- Y mi(z,y%,t) mao(x,y?, 1) fy)
U(x,t) _/0 2y( P )C(y) ( o) )dy.
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Therefore, a fundamental matrix for this system is given by:

pll(xv t7 y) P12 (1‘, ta y)

P(z,t,y) =
pQI(xatay) p22<1’,t,y)

The reader may check that the expressions one obtains for each of the components

pij(z,t,y) of the fundamental matrix are respectively:

x2+y2
Te 4t T s 9 Ty s 9 Ty
LY) = 554/ —— L= ) - —— 1, | =
= iy (8 (5) - (4-9) ()
r2+y2

x\/TYye Ty Ty
v ()4, (2
T =) ( <2t>+“<2t>

(ry) e
p1(zy)ze” ar Ty zy
oo = s (v (5) 1 (3)

73324’92 2
e a x [y Yy Y y Ty
ty) = — (= —-ABZ )1, (=2 =7
p21(,t,y) ont \/;((t x> u( " ; “+1<2t>>
9
(V2—1> d
X 2—
Y dy
e_z2:y2 5
‘ x [ [y y Ty Y Ty
(= -cp2 )1, (22) - 21 ata
T o \/;((t m) ”<2t> t ”“<2t>>
1) o
X 2—
Yy dy

VTY 222 [ [xy Y Ty y? Ty
ty) = — a2\, (Z2) - LT ki
p22(:1,) ot ¢ ! x) P\ 2t AR

VT a2 [ (y y vy _ vy y
vty Y _op? )\ (B L (2,
Tt e " ¢ v 2t AT

whereA:,u+%,B:M+%,C:y+%andD:y+%.

Note. The fundamental matrix obtained in this case is not a matrix of scalar func-
tions as in the previous example, but a matrix of differential operators. This will

be the case whenever the expressions of the appropriate integral transforms of ¢



” Chapter 3. Integral transform methods for the computation of fundamental
solutions for a system of PDEs

and ¢ are given in terms of not only the initial conditions f(z) and g(x), but also
their derivatives. This is the case here, as it can be seen in (3.98). Further, we will
see in other examples that these fundamental matrices sometimes include integral

operators as well as differential operators.

3.2.3 Case A.3: Not enough symmetries

Similarly to the previous cases, a stationary solution for this case can be found by
solving the system:

0=1ug, + plxkv

3.99
e, (3.99)

0 = vz + pox™

which will give an Euler type equation for the function v if we take v = — ;sz , cal-
culate v;, an substitute it into the second equation in the above system. However,
if we look at the set of symmetries obtained for this particular case, it is clear that
we cannot obtain time-dependent solutions from the application of a symmetry to
a stationary solution. There are no symmetries in the Lie algebra for this case that
introduce the time variable "t" from a solution that is time independent. So we can-
not use our usual methodology to obtain fundamental solutions through the action
of a symmetry on a stationary solution and the inversion of a classic integral trans-
form. For these cases, a scaling symmetry often suffices, provided that we can find
a time-dependent solution to the given system. These solutions may be found by
inspection in some cases. However, in most cases it is not easy to find such solu-
tions by inspection. This is the case for this example, where we have not yet found
a suitable time-dependent solution to which we can apply the scaling symmetry in
the lie algebra for this system of PDEs.

In later chapters we will provide a set of tools that can be used when one is
aiming to find a transition density for a given stochastic process as a fundamental
solution for the associated Kolmogorov Backwards equation but the symmetries for
this equation are not "complex" enough to provide such fundamental solution. It
turns out that these methods, while not producing the transition density function,
can be extremely useful to calculate all sorts of expected values for the considered
stochastic processes, as well as for functionals of these. Such tools rely heavily on
the use of symmetries and the classical integral transforms of fundamental solu-

tions.
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3.2.4 Case B: The Fourier Transform

Recall that, for this case, the system of PDEs we are dealing with is of the form:

Up = Ugy + Av
' (3.100)
V¢ = Vzg + Bu,

and recall that the symmetries obtained for this type of system are of the form:

Proposition 3.2.1. Let U = (u(x,t),v(z,t)) be a solution of (3.100), then

(4At2v(i L) — 2%y

Itet? 1tet (1+6t’ 1+et)> sinh (O’($, t 6))

V(16ABt* + 2%)(1 + €t)

U, =

u(ﬁ, ﬁ) cosh (a(m, t, e)) v(lfd, ﬁ) cosh (O’(l‘, t, e))

V14 et ’ V14 et
<4Bt2 u(tia 1+€t> +z U(1+et’ 1ert)) sinh (o(,t, €))
V (16ABt* + 2%)(1 + €t)

_l’_

+

Uy = (u(ze™?,te™¢) cosh(pt(1 — e™)) + v(ze™/?, te” )4/ % sinh(pt(l —e™°)),

v(ze™? te™) cosh(pt(1 — 7)) + u(we ™2, teﬁ)\/fsinh(,u,t(l —e 9))
Us = (u(x,t —¢€),v(x,t —¢)

)
Us = (u(z — et,t) exp (—; (a: — t;)) Jv(x — et t) exp <—; <a: - Z)))

Us = (u(x —€,t),v(x —€,t))

(u(z,t) cosh(ue) + \/gv(a:, t) sinh(pe), \/Eu(a;, t) sinh(ue) + v(x,t) cosh(pe))
(e“u(z,t), ev(z,1))

(1 — eue®Yu(x,t) + eAe* v (x,t), (1 + epe* v (x,t) — eBe*u(x, t))

Up = (1 + epe™ 2 Yu(x, t) + eAe 2 u(z, t), (1 — epe” 2 (z, t) — eBe Mu(x, t))
Ucp = (u(z,t) + eC(x,t),v(z,t) + eD(x,t))

Us

/ 1 4
eV16ABt 4 and

are also solutions of the given system. Here p = VAB, o(z,t,€) = ey

(C, D) is an arbitrary solution of (3.56).

With this, we proceed to look for a stationary solution for (3.100), i.e. we set

u; = v = 0 and solve the remaining system for « and v. That is, we need to solve



Chapter 3. Integral transform methods for the computation of fundamental

76
solutions for a system of PDEs
0= ug, + Av
0 = vzy + Bu,
which gives v = —*2 and so v,, = —*4#=. Substitution of v,, in the second

equation yields the following differential equation for u:
Uggae — ABuU =0 (3.101)

Note thatu; = e VABux and uy = €' VABux are both solutions of (3.101), which respec-

tively yield the pairs
ur = e VA% (3.102)
v = _\/ﬁBe‘LABz _ _\/%ei‘/ABx
and
-4
Uy = €' ABzx
(3.103)

.4 4
1)2:\/;'3362 ABx _ /%61 ABz

as stationary solutions of (3.100).
We know by Proposition 3.2.1 that if (u(z,t) v(x,t))" is a solution of (3.100), so is

7 | aca,t)y | ule—ett)exp (-3 s
e(xat) - o (LE t) - € te
(T, v(r — et t)exp (—5 (a:— 5

(3.104)

Applying this transformation to the stationary solutions (3.102) and (3.103) and
letting 1 = v/ AB produces the following time-dependent pairs of solutions of
(3.100):

el'bwe_e(ut+%)+52%

J a1 (x,t,€)

t = _
Ul(x7 ’E) @l(x,t,ﬁ) _\/%euxe_e(#t_'_%)_i_eQi
J ug(x,t,€) pin p—e(ipt+5)+e* 4

Let us now substitute the constant e by ie. This substitution yields

_ euze—ie(ut—‘r%)—gi
T, t,€) = .
Ul( s by ) o /%6uw6716(p‘t+%)762i

~ ei,u:ve—if(iut—i-%)—gﬁ

x,t,€) = .
U2( Y ) \/%eiuxe—ze(wt-&-%)—e?%
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The reader may check that the inverse Fourier transforms of these solutions with
respect to the variable € are given respectively by:

)2 22
5 ((Mt+y) 2 _,_Lty)
Vi
\/—\/— ((/u‘+y) + +Zy)

2, (z+2y)2
Zen =

(3.105)

F! (UQ(;g,t,e)) - o (3.106)

2 )
B /2 M%,M,Qi‘uy
\ 4 \ﬂe *

where we understand the Fourier transform F to be defined in the classical form as

F9()(w) = G(w) )eltdt. (3.107)

\/27r /
With this definition, the inverse Fourier transform is given by:
FLUGW)(#) = glt) = \/12? / ). (3.108)

Next, recall that by linearity and Theorem 2.1.5, for appropriate functions ¢ and
1 with sufficiently rapid decay, we have that

()

—0o0

_ /°° ( p(e)un(x,t,€) + (e)ua(w, 1, ) ) de (3.109)

will be a new solution of the system (3.100), with initial condition
U(.%'70) _ /OO @(6)@1(1’,0,6) +¢(€)ﬁ2(9€707€) de
V(z,0) —oo \ p(e)T1(,0,€) + Y (€)T2(x,0,€)

e ( plQerme T (e ) N
oo\ —(y/FerreF () Ferne T
ert [% ple)e” 5 de—i—e““cf (e —*5 de
= ( _\/geuxffooo@(e — ez de_‘_\/% mxffood} _ie )

B V2rett® (=) 4+ /2meth o (—2)
O\ vemy/Bere (<5) + vamy e (-g)
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B V2mele 2methr P (_%)
~\ —vany/Be vamy /e |\ w(-g) |’
C()
where ® = F(p) and ¥ = F(¢).

Putting
U<$70) . . 0} (—%) o f(m)
(V(:c,()) ) = C(x) ( w(—2) ) = ( o) ) , (3.110)

we obtain the expression

5 (-5) | _ oy [ 1
(‘1’(3)) ”(g@))' -

The reader may check that C' is a non-singular matrix and that the corresponding

expression for C~1(z) is

= — . 3.112
47 e—i;wz \/%e—iux ( )

Let us now substitute 4, U1, 42 and 03 in the expression (3.109) of our solution
(U(x,t) V(z,t))" by the Fourier transforms of the expressions obtained in (3.105)
and (3.106). This yields:

_&_ﬁ_ ie
Ux,t) | f (e x/ﬂf \/’ el -E Ydyde
= 2
_f_ooso € ﬁf—oo \/;\/7 ,(Ht+y) -2y t ezEydydE

foo ¢(€)\/127f \/5 2t (r+2y) 72Wye“ydyde
+ I
25, 0l o o5 R S iy

(ut+y)? 22«

SR T (G Sl vde) dy
- (ut+)? 22 2

_ffooo % %67%737 7 (\/%f (e zEyde) dy

(z+29)2 . .

PR S (e wtae)
o [B [z - tw? o 1 foo ic
SBR[ (o) vde) dy

[ 7 (e i a4 o SRy ) dy

2 v 2
_f \/»\/*< 7(ut+y) 7177 : (I)( ) uzti( +42tyi) 21#3/@@)) dy
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Make the change of variables y = —% to obtain
00 e~ (12?2 2 2t414
U(x, o (67” TIED(—5) + et HW‘I’(—@) dz
2
V:c,t /B -2 2 244,
( ) ffooo Ze \/%f (e nt uz(b(_%) —eM t+wz\1,(_%)> dz
00 ei<z2tz>2 (e—,th—uz(I)( g) + e;ﬂt-ﬁ-iuz\p( é))
- / \/<2:t—z>2 i 2 dz
—00 /%6_72;;7 (e_/ﬂt—,uzq)(_%) —G”Qt—H“z\II(_%))
_ (172)2 5 _ (asfz)2 5 .
o) _€ 4t e M t—pz _e€ 4t eH t+ipz <I>(—5)
= / \/(23—@2 @z—zﬂ 2]z
—00 Be 4t e—/ﬂt—,uz _ /Be % e;ﬂt—i—iuz ‘II(_Q)
A V2t A No

A(z,t,z)

Use (3.124) to write
t [e.e]
Ula, ) :/ A(z,t,2)071(2)
V(x,t) —o

Therefore, a fundamental matrix P(t,z,2) = (p;(t, z, 2)) for the system (3.100) is
given by the product:

P(z,t,2) = Az, t,2)C71(2)

_@=2? _—pPt—pz Ptz —pz A —pz
e 4t € € 1 e —\/ B¢
B —p?t— B _u%t+i — —
2t \/;6 pot—pz _\/;ell +ipz 47 oMz %6 ipz
@=2)% o —2u2t—2 A —2p%t—2
_ t z A _ L z
e~ atu 14 e 207t=2p Al —e 1z

= — 471-\/% \/g(l _ 672M2t72,u,z) (1 + 672“21572#2)
(3.113)

Note. If AB # 0, it would have also been possible to find fundamental solutions
for the system (3.100) by first transforming the system, via a simple scaling, to the
same system with A, B = £1 and later decoupling it to

Uy = Ups, Vi= Vi, (3.114)

by using either
u=+(U —V)sinht+ (U + V) cosh ¢
v=(U-V)coshtF (U + V)sinht (3.115)
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where the positive case is used when A = B = 1 and the negative case when
A=B=-lor

u==2({U—V)sint+ (U + V)cost
v=(U-=V)costF (U+V)sint (3.116)

where the positive case is used when A = —B = 1 and the negative case when
—-A=B=1.

3.2.5 Case C: A more complex case with the Fourier Transform

As in the previous cases, we start by looking for a stationary solution for (3.66), that

is, we look for v and v satisfying:

0 = ugy + (az + b)v
0 = Vg + k(az + b)u.

which gives v = — 2z, Computation of v, and substitution into the second equa-

tion yields the following differential equation for u:

2a2u”(:r) u(4)(x) 2au(3)(x) B
" (ax+b)3  ax+b T (az +b)2 —ku(z)(az + b) (3.117)

Without loss of generality take b = 0, since the system with b # 0 can be easily
transformed to one with b = 0 via a change of variables. Assume a,x,k > 0 for the
sake of simplicity in the calculations and note that

u = az (Jé (;%w&) + 11 (gé/ExM))

and

us = V/az (I; <§\/Ex\/a> -, @J&m))

are both solutions of (3.117), which respectively yield the pairs

w = vaz <Jé (8 VEavaz) + 1y @ﬂwﬂ)) (3.118)

o = aks (1, (3Vivas) -1, (3Vkvar) )
and
vy = iz (Ié (3Vkavaz) -1, (3‘4/%‘/@)) (3.119)
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as stationary solutions of the system

U = Uge + (ax + D)V
! ( ) (3.120)

U = Ugg + k(az + b)u.

We know by Proposition 3.1.5 that if (u(z,t) wv(x,t))" is a solution of (3.120), so is

v - (1)

e~ et (y(z — 2et, t) cosh(av/kt2e) + ﬁv(w — 2¢t, t) sinh(av/kt%€))
I (\fu(:r — 2¢t, t) sinh(avkt?e) + v(z — 2et, t) cosh(a\/EtQG))

(3.121)

Applying this transformation to the stationary solutions (3.118) and (3.119) and
letting k = x? produces the time-dependent pairs of solutions of (3.120):

- e TG (2,8, €) ~ e HE Gy (2, €)
Ui(x,t,e) = Y Us(x,t,e) =
1( ) ( 67x6+t62®,1(x’t76) ) 2( I ) e*$€+t€ ’[}2( t 6) ’

where

24/ — 2te)3
1(x,t,€) = a(x — 2te) J1< ar(z 2

(sinh(art’e) + cosh(art?e))

3

N——

(cosh(art’e) — sinh(art?e))

+ae = 2te) 1y (2 ar (x = 2te)’

N——

w

2 — 2t
me_ﬁmﬁ( an(z — 2tc)
24/ — 2t
+ kv a(x — 2te)1 ( ar(z 2 ) (sinh(akt?e) — cosh(arte))
2 — 2t
St o) mh(va“f’; 2k

) (sinh(akt?e) + cosh(axt?e))

(cosh(art’e) — sinh(art?e))

(sinh(akt?e) + cosh(arte))

\/v

2 — 2t
~ Vala =26, ( “W 2
24/ — 2te)
Oy (x,t,€) = k/a(x — 2te)T % ( an(z 2 ) (sinh(art’e) — cosh(art?e))

— K aa:—2t€

24/ — 2te)
an(z 2 ) (sinh(akt?e) + cosh(art?e))
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Substitution of the constant € by ie yields

B —(ziette?) ti B —(ziette?) ~ ti
O1(a,t,0) = ( ) ) (e, 1,6) = ( i )

. 2\ ~ . _ . 2\ ~ .
e~ ()G (1, ¢, i€) e~ () 5o (2, 1, d€)

Construct now the new solution:

( ‘[iiizg ) - /OO (@(6)01(x,t,6) —i-w(e)f]z(x,t,e)) de

—0o0

o0

/°° ( p(€)e™ @A) gy (3,1, i€) + 1 (e)e =TTty (, ¢, de) ) d
_ .

N p(€)e™@WHEGy (2, d€) + p(e)e”@HD iy (x, ¢, de)

(3.122)

for appropriate functions ¢ and ¢ with sufficiently rapid decay. This solution has
initial condition

o)) _ [ (A0 e 0 om0 )
V(z,0) —oo \ p(e)e Dy (,0,4€) + h(€)e "Dy (, 0, i€)

vt 1 (452) o (1)
_/_Oo o Jaze— i o) (Jé (2@) _]% (2 %m3> de

1 (220) - gy (Bama®) 1 (20) - g, (3vane?)
C(l’) = V2mazx f] 2V akz3 _3 2V akz3 - 3J 2vVakz3 3[ 2Varx3
r(J1 (555 (7)) e (5FE) H L (7))
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Let us now write

U(z,0) | _ . O(—z) \ _ [ f(@)
( V(z,0) ) =) ( ¥ (—x) ) N ( 9(x) ) ' (3129)
This gives
Q(-z) | _ - f(z)
( ¥ () ) = CY(z) ( o(2) ) , (3.124)

where the matrix C~
Consider the functions

1(x) can be computed using Cramer’s formula.

Up(x,t,z) = F 1 (e (wiet-te?) a1 ( x,t,ie))
Us(z,t,2) = F (e (wiette®) g, x,t,ie))
Vi(x,t,2) = F ! (e (wie+1e?) 01( :c,t,z'e))
Vo(x,t,z) == F 1 (e (wiette?) Ug m,t,ie))
and hence write
o~ (wictc? )uj(x t,ie) = 1/00 Uj(z,t, 2)edz
V2T J_o
and ) -
e —(zie+tte? )vj(gg t, ze) \/ﬁ/oovj(x,t, Z)eiezdz‘
This gives
Uz, 1) /°° (€)™ @H Gy (2,1, i€) + 1 (e)e~ Tty (1, ¢, de)
= o , o » de
V(z,t —oo \ p(€)em NG (1t die) 4 ah(€)e @) gy (2, 1, d€)
_ s W(E)\/% S Ui, t, 2)e'*dade + ffooo@/}(e)\/% 72 Us(w, t, 2)e'*dzde
ffooo <P(€)\/% ffooo Vl(IE,t,Z)eiEZdzde—|—fix;oz/)(e)\/% ffooo Va(z,t,2)e'*dzde
B 25 Ui(a, ,z)\/% 7 ple)ededz + [ Us(,t z)\/i27 75 b(e)e**dedz
75 Vi, ,z)\/% 75 ple)e*dedz + [ Va(x,t z)\/% [ (e)e*dedz
| S Uit 2)®(2)dz + 77 Us(a,t, 2)U(2)dz
> Vi, t,2)®(2)dz + [T Va(a,t,2)¥(2)dz
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The change of variables y = —z then gives:
U($7t) _ _/OO Ul(.’lf',t, _y)q)(_y) +U2(.T,t, _y)\Ij(_y) dy
_ _/OO Ul(fL',t, _y) U2($7t7 _y) @(—y) dy
—00 ‘/l(xvt) _y) VZ(J:’tu _y) ‘I](_y)
o0 t,— t,—
_ _/ Ur(z,t,—y) Us(z,t,—y) 1) f) dy
—00 ‘/vl(xat _y) VQ(.’E,t, _y) g(y)
Therefore, a fundamental matrix for the system (3.120) is given by

P(l’,t,y) = ( U1($,t, _y) UQ(QZ,t, _y) ) C*l(y).

‘/1(567757 7y) VvZ(xvt 7y)

Remark. A closed-form expression for the inverse Fourier transforms Uj(z,t, z),

Vj(x,t, z) does not seem easy to obtain. However, these can be approximated nu-
merically.
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Chapter 4

Systems of PDEs involving real
functions arising from single PDEs

for a complex-valued function

In this Chapter we further explore Lie Symmetry methods for systems of PDEs. In
this case, these systems arise from separating the real and complex components of
a single PDE involving a complex valued function u. We use known results for that
particular PDE to determine a fundamental solution for the system arising from the
real and imaginary components respectively.

Consider the following Theorem from [23]:

Theorem 4.0.1. Suppose that v # 2 and for a given g, h(z) = 177 f(x) is a solution of
the Riccati equation

1
oxh’ — oh + §h2 + 202> Vg(z) = 20Ax*77 + B. 4.1)

Then the PDE
up = 02 gy + f(2)ug — g(x)u, x>0 (4.2)

has a symmetry of the form

- 1 —4e(2?77 + Ao (2 — 7)%t?
U,E(if,:z:):77AY exp{ €z + Ao ’y)t)}x

(2 —7)2(1 + 4et)

1 t
expy — | S F(x) u , m ,
20 72 1+ 4et 32
(1 + 4et)>— € (1 4 4et)2

where F'(x) = I@) and w is a solution of (4.2). That is, for € sufficiently small, U, is a

x”

solution of (4.2) whenever w is. If u(t, x) = uo(x) with ug an analytic, stationary solution,
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then there is a fundamental solution p(t, x,y) of (4.2) such that

/ooo e ug(y)p(t, 7, y)dy = Un(t, ). 43)

Here Uy(t,x) = (_]%0(2_7)2)\(@37). Further, if g = 0, then we may take ug = 1, and the

fundamental solution arising from this choice satisfies [~ p(t,z,y)dy = 1.
This theorem allows us to formulate the following result:
Theorem 4.0.2. Let a(x) and B(x) be real valued functions satisfying:

%(04(3:)2 — B(x)?) = 20412 + By (4.4)
a(z)B(z) = 20 Asx + Ba, '

oxd (z) — oca(x) +
oxf(x) —of(x) +

for some o € Rand A;, B; € C, i = 1,2. Then the system

v, = 0XVgz + Q(XT)Vy — D)Wy
! 7 (@) p) x>0, t>0 (4.5)

Wy = 0xWgy + B(2)0y + ax)wy,

has a fundamental matrix of the form:

p11($7tvz) p12(l‘,t,2’) ) (46)

p21(l‘,t,Z) pQZ(ZE?tvz)

P(x,t,z) = (

with

3
—
—
—~
&
\.H-
&
Il
(41
N
8
\'H~
SHRN!
~_

L z B'(z) « 1. z
po(x,t,z) =0 (x,t, U) (zB(Z)Q 2B02) ~ Bl dz> + ;wl <x,t, U) Ig,
where 15 denotes the integral operator defined as

Igf(x) = ’ fgz;ds.

o
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Here, the functions v, w, v, and w, are defined as follows:

oo oo
@(x,t,y):/ v(z,t,e)e”Yde 01(z,t,y) :/ vi(z,t,e)e” Yde
0 0

w(x,t,y)—/ w(z,t,e)e” Yde w1 (z,t,y) —/ wi(z,t,e)e”Yde, (4.7)
0 0

where
v(x,t,e) = exp(r(z,t,e))cos(s(z,t,€))
w(z,t,e) = exp(r(z,t,e))sin(s(x,t,€))

-y 2etAr | e+ Aot?)  Aggap)
vila,t,€) = """ cos (s(z.,9)) (_ 1+et o(l+et)? ol +et)

2¢tA €2 Ayt? eB(enez)
o r(zte) o _ 2 2 _ (1+et)
e sin (s(x,t,e)) ( 1—i—et+ (L t)? o0+ ef)

(rde) - 2etA;  E(x+ Ajot?) 6‘)‘((14:695)2)
wi(x,t,€) = " @) gin (s(x,t,€)) <_1 T et c(l+et)2  o(l+et)

2et A €2 Ayt? ef( (1+xet)2 )
r(x,t,e
—|—e( )cos(s(x,t,e)) (_1+6t+(1+6t)2 - 0(1+€t) )

'th € A g 2 x
wi r(z,te) = _% + = (K (m) — K(a:))
€ 2 T
s(z,tye) =— 1A-fett + % <L (m) — L(x))
K/(Qj‘) _ agx)
L) =5

That is, a solution (V (z,t)

can be written as

V(x,t) :/Oo pii(z,t,z) pra(z,t, z) m(z) @
W (z,t) 0 po1(x,t,z) poa(z,t,z) n(z) ’

P(z,t,z)

where the components p;j(x,t, z) of the fundamental matrix P(x,t, z) are defined as above.
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Proof. Choose v =1 and g(z) = 0 in Craddock’s theorem (4.0.1). We have that if f
satisfies the following Riccati equation with A, B € C

oxf'(z) —of(x) + %f(l‘)Q =20Ax + B, (4.8)

then the PDE
Ut = OTUgy + f(T)Uy, x>0 (4.9)

has a symmetry of the form

O.(2,1) = e —4e(x + Aot?) n F ((l+iet)2> - F(z) " x t
=ex
o\ Pl o1 14 2% (1+4et)2’ 1 +4det )’

(4.10)
where F'(z) = flo)

xX
Since ug = 1 is a solution to (4.9) we have that

B —4e(x + Aot?) 1 x
u(x,t,€) = exp <U(1+46t)) exp (20 (F <(1+46t)2) - F(:v))) (4.11)

is also a solution. Let us simplify this expression by taking ¢ — § to get the solution

B —e(x + Aot?) 1 x
u(z,t,€) = exp (‘M) exp (20 (F <(1—|—6t)2> - F(z))) . (412)

Now, let f(z) = a(z) + iB(x) and write u(z,t,€) = v(x,t,€) + iw(z, t, €). With this,
equation (4.9) becomes

v Fiwp = 0x(Vgy + 1Wes) + (a(x) +i8(2)) (Ve + twy), x>0 (4.13)

which translates into the system:

= 0XVgq + 0(T)Vgp — D(X )Wy
v (@) = () 2> 0 (4.14)

Wy = 0TWay + B(2)vy + a(z)wy 7
Observe also that the Riccati equation (4.8) becomes:

ox(d(z)+ifB (z)) —o(a(z) +if(x)) + %(a(:v) +iB(x))? = 20(A; +iAy)x+ By +iBsy,
(4.15)
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which is equivalent to

oxd/(z) — oa(z) + (a(z)? — B(z)?) = 20412 + By

- (4.16)
oxf(x) —of(z) + a(z)B(x) = 20 Az + Ba.

Note that the functions v(z, ¢, €) and w(x, ¢, €) corresponding to the real and imagi-
nary parts of the function u(z, ¢, €) in (4.12) can be written respectively as:

v(z,t,€) = exp (r(w,t,€)) cos (s(z,t,¢€))

w(z,t,€) = exp (r(a:, t, e)) sin (s(:c, t, e)) ) 4.17)
where
—e(x ot? T
T(Jf,t, 6) = g(—;felt)t ) + % <K ((1+et)2) - K(x)>
€ 2 X

s(x,te) =— 1A-s-25tt + % <L (m> — L(x)) (4.18)
K’(x) _ agrz)
L(z) =89,

\
Consider the pair vy (z,t,€), w1 (z,t, €) given by

_ 9
U1 (JZ‘, t, 6) - E’U(ZE, t, 6)

(4.19)
wl(x7 t, 6) = %w(:c, t, 6)

and note that this pair is also a solution to our system.

The reader may check that the explicit expressions for v; and w; are given, respec-

tively, by:
( T
vila,te) = et cos (s(a,t, ) (Zfif;‘; + i+ AL - S ))
—ert)sin o(a, . )) (-3 + it - ST
i) = et sin s(o,t.0)) (4 + i+ i — )
Ferot) cos(s(a ) (38 + 22 - ).

(4.20)

where the functions r(x, ¢, €) and s(z, t, €) are defined as in (4.18).

Next, for suitable functions ¢ and v, with sufficiently rapid decay, define the new
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solution
fo (x,t,€) + Y(e)vi(z,t,€))de

4.21)
fo (z,t,€) +v(e)wi(x,t,€))de,

which has initial condition

= fo (exp (— %) (d(e) — <ep(e)(a(x) — ex)))de
W(z,0) := [;°(o(e)w(x,0,¢€) —i-w( Jwi(z, 0, €))de
= fo (exp (=) (—5v(e)B(x)))de.

V(z,0) = fo o(e)v(z ) Y(€e)vy(z,0,€))de
Jw(

Write the initial condition for each component as

V.0 = [Tew (L) (60 - vlate) ) ) de=mta) @22

and

W)= [~ (- L) (~Lo8(0) ) de = nte) (.23)

(o2 g

respectively.
The reader may check that expressions (4.22) and (4.23) yield the following pair
of ordinary differential equations for the Laplace transforms of the functions ¢ and

/0OO d(e)e” 7 de + a(x) /O°° —EWG)@_%‘ZG Tor /OOO (2)2 Yl(e)e” = de=m(z)

— <§) + a(m)%\ﬂ <§> + axj;\I/ <§) — m(z),

8o) [ —Zu(0e Fde = (o)

and

— ﬁ(:c)%\lf (“") — n(z).

g

Here ¢ and ¥ denote the Laplace transforms of ¢ and 1 respectively.
Solving the above system of ODEs, one may write the following expression for
the Laplace transforms ® and V¥ in terms of the initial conditions m(x) and n(x):

o(2) Y _ (1 ooftp -5 - Ay m(z) (4.24)
() 0 Iy n(z) |
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where I3 denotes the integral operator defined by:

Isf(z) = ’ ‘égds. (4.25)

Suppose we can write v, v1, w and w; as Laplace transforms of some suitable func-

tions, i.e.
olati€) = (oG to)) = [ oo tog)e
vi(z,t,e) = L(01(z, t,y)) = /000 01(z, t,y)e” Ydy,
w(z, t,e) = L(w(x,t,y)) = /000 w(z,t,y)e” Ydy and

wi(@,t,€) = L0 (2, ) = /0 it y)eVdy (4.26)

respectively. Then, using the above expressions, we can write

1:/(3:, t) _ fooo o(e)v(z, t, €)de + fooo P(e)vi(x,t, e)de
W (x,t) IS d(e)w(w, t,e)de + [;° w(e)wi(x,t,€)de
fooo (fo T,t,y 6yaly; de + fo (e Efooo 01 (z, t, y)e_eydy) de

Jo© o (fo z,t,y)e”Vdy ) de + [P (e) ( [y @ (z,t, ?/)6_6de> de

—/OOO (<f0m¢<€) eyde) o(@,ty) + Efo (€) eydﬁg’ﬁl(%ty) dy

Jo° #(e) 6yde) W(z,ty) + ( [5° (e)e™Yde) wi(x,t,y)

_ /OO (1', t, y) U1 (.Z', t, y) (I)(y) dy
0 w(a:,t,y) ﬁ)l(xvt’y) \I’(y)

The change of variables z = oy and the expression (4.24) for the Laplace transforms

[SH

® and ¥ give:

)
B/ z alz oz
1 osg - 53 - A m(z) | dz
0 I n(z) o
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That is, the solution can be expressed as

V(z,t) :/OO pu(r,t,z) pra(z,t,2) m(z) ds
W(z,t) 0 pa1(z,t,2) poa(z,t,2) n(z) ’

P(x7t7z)

with

and where I3 denotes the integral operator defined before as

[P
o B(8)

Hence P(z,t, z) defined as above is a fundamental matrix for the system (4.14). [

Igf(x): ds.

Note. Observe that the above case could not have been handled through reduction
to the heat equation. Lie proved that a linear parabolic PDE in one dimension
can be mapped to the heat equation if and only if its Lie symmetry algebra is six
dimensional. Craddock and his coauthors have shown that this happens for exactly
one choice of the constant B in equation (4.1). Thus although some special cases
might be handled by reducing to the heat equation, the general case that we study
cannot be handled in this manner.

Let us now present two examples of systems of PDEs for which we can explic-

itly calculate a fundamental matrix P(x,t, z) as defined in theorem 4.0.2.

Example 4.0.1. Choice of constant functions «(x) and 3(z)

The following result follows naturally from Theorem 4.0.2:
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Corollary. A solution (V(x,t) W(x,t))" for the system:

Vp = OTVgg + MUz — AWy

z,t >0 (4.27)
Wy = OTWgp + A2Up + AWy,
with initial condition
Vi(z,0) \ | m(x)
W(z,0) | | n)

can be written as

V(x,t) :/OO pii(z,t,z) pra(z,t, z
W (z,t) 0 po1(x,t,z) poa(x,t,z)

P(z,t,z)

~
 ~
s 3
S
~
QU

_

where the components p;j(x,t, z) of the fundamental matrix P(x,t, z) are given by

(wrt2) = —io (a2 ) (2L 2D L (o, 2) 1
p22\T, 1, - 770_ O')\Q AQdZ o 1 770_ A2

+ (f)zA (@ +2 = At) Lo (2‘(5?) + <Z>2* (242 = M) Loix (2‘5?)
+ (i) ” (Az (x+z—)\t)—23:> 1, (2\(:?))
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Ttz l_i 1_ X
z e ot r\2 20 2z r\2 2 2z
w |z, t,— | =—5 2| — I, % —z| - PN
o 203 z = ot z - ot
2

where A = A\ +idgand X = A\ — ida.
Hence, the matrix P(x,t, z) defined as above is a fundamental matrix for the system (4.27)

Proof. Let a(x) = A\; and S(z) = Ag. It is straightforward to check that this choice
of functions a and /3 satisfies all the necessary conditions for theorem 4.0.2 to apply.
Observe that the system (4.4) is in this case:

—oA + 1A= \3) = 20412+ By
—0Xo + Ay = 20 A2 + By,

(4.28)

Therefore o and §3 are solutions of (4.4) for A; = Ay = 0, By = £(A\7 — A3) — o)\
and By = A Ay — o)2. Hence, theorem 4.0.2 holds for this example. That is, a
fundamental solution for the system (4.27) will be of the form given in theorem
4.0.2.

One need only calculate the explicit forms of the functions K (z) and L(z) ap-
pearing in (4.17) to later be able to obtain explicit forms for the functions v, w, 1
and ;. Observe that he have

A
K'(z) =2 = K(z) = A\ logz,
x
/ )‘2
L'(zx)=—= = L(z) =X\ logx
x

Therefore the function © = £~!(v) from (4.49) can be calculated to be:

oz, t,y) = Eil(v(x,t, €))

K *Zw —K(x T
Pttt <(1+“) ) " edot? L ((1+et)2> — =)
— ﬁ_ e o(ltet) 20 CcOS —
1+ et 20
X
Cen +All°g<<1+et>2>‘“1°“ A2 log (ﬁ) — Ao logx
— E_l e o(l+et) 20 CcOS
20
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-1 —€Xx )\1 1 )\2 1
- SR T (N 2 og [
£ | exp (0(1 T 28 <(1 ¥ et)2>> o8 (20 ©8 <(1 T et)?

A 1 A 1
g

. 1 1 —€x _A1tidg iAg—Aq
= 5[1 <exp (U(l‘i‘ﬁt)) ((1 +et)” o +(1+et) o ))

. A . CAptidg . iAg—Ay
7 1\ 2 o A9 —A o
- 5571 e 7(+) tihti)a <e - t) + e <e + t)

_ ApFidg A=A

=S el ) [ <6+1> T <e+1> U

Yy
67%7? 1 xT CA1tidg  Ajtidg idg—A1  idg—A
= L exp | —5= t o€ o+t o € ¢
2 ot?e
_z _ Y
e ot t _AtiAg x _ A1tiAg iAog—A1 x iAg—A1
= 2 (t o £ 1 (60t2€€ o ) +t o £ 1 (eot2e€ o ))

—A1+idgto

z Yy AN W A/
e ot t [ x 20 Ty
Y (gy) e (2\/ %)

z y —A1—iAg+0o
e ot t x 20 Ty
LY <ay> Taga (2\/ tzo)

Using a similar argument one obtains the expression for @ = £~ (w):

w(z,t,y) = [fl(w(az,t, €))

—e(z o2 K (1+gif,)2 —K(=) 2 L (¢> — L(x
= E_l e (cr:l—ﬁelt)t )+ ( 20’> sin _ 6A2t (1+Et)2 ( )
14 et 20
7 Te A1tidg —A1t+idg
o _ 14et) "o —(1+et) =
( 2eXp< 0(1+6t)> <( +et) (1+et) ))
_ Aptidg —A1+idg

e G UDN P (zlt+e> S <1+e) a
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T _x_y ., T CAptidg Apdidg “A1+idg  —Aptidg
= ——e ot t E eXp 72 t o € o — t o € o
2 ot“e
. _=m_y “A-ilote
€ ot t T “ Ty
== | — Iy +ix 24 —=5—
2t (Uy) B t?0

) z y —A1+idgto
e ot t x 20 xy
+2th> hiwﬁ<zt%>

Finally, the inverse Laplace transforms v; = £71(v1) and w; = L£7(w;) can be

calculated to be the following (note that here we omit most of the algebra for these
two calculations but the arguments used are very similar to those used for ¢ and

w):

v (z,t,y) = L vy (z,t,€)) = L7 (gtv(m,t,e)>

A1 +idg+20

__=ze €1 t)~ iX
N “)20 (e — (A1 — idg) (1 +et) (1 +et) 52
)\1+1)\2+20'
ae O
b DT e (i) (1t o)

_ztoy %_)\1;-71)\2
& ot x p . o
T 2013 <o’y> ($+U?/—()\1+Z>\2)t)lw (2 7520)
_M;Mz \ A\
+ <x> <(1+l2) (z+oy— (A +iX)t) — 2:c> Ly, < 2y )
i 7y t‘o
e TRy
+ <x> <(1Z2) (x4 0y — (M —iX)t) — 2x> Iny-ing e ( 9;?/)
gy oy o

x \2 = 20 . =
+<0y> ($+O'y_()\1—l>\2)t)fw (2 t20>

w(z,t,y) = L7 wy (z,t,€)) = L7 (gt (x,t e))

>\1+z>\2+20' 21)\2

=L (-2“(0(1110 (1+et)~ (A = i) (1 4 €t) — we) (1 4 €t) <
g

A1 +idg+20

+2z—66_70<11:“> (I+et) o (A1 +ida) (1 +et) — xe))
g

L&y _Alg'7“2
e ot t . x g xry
= —W (-2.% + ()\1 + Z)\Q) t) () I)\1+i>\2 <2 t20'>

oy -
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_)xl—iAQ
. x 20 X
+ (Qx — ()\1 — Z)\Q) t) <0’y> I)\I?TMQ <2 t2Z’>

1 Ap+idg
2 20
+ (I — (A1 +iN2) t) <ny> Iaitirng 1 (2 xy)

1_Ap—idg

. €T 2 20 x€X
+ (—.1“ + (A1 —iN9) t) <0y> I —ixng ., (2 t2ty7>

1 Aptidg iAo
x 2 20 :L‘y x o :L‘y
+oy (Uy) Totaring (2 o > <0y> Tota-ing (2 t20>

Substitution of these expressions into the general form for the fundamental solution

given in theorem 4.0.2 yields the desired result. O
. 20x(c1+x oxC:
Example 4.0.2. Choice of a(z) = (cﬁ(xﬁ and 3(z) = (qixi)ﬁrc%

The following result follows naturally from Theorem 4.0.2:

Corollary. Consider the system

20x(c1+x) + 20xco

Vg = OTVUpy + 7. 2 Uz 3 2 Wy
(e1 *2””) +e (821“? f) . oz, t>0 (4.29)
_ o oxco ox(c1+x
Wt = 0XWgy (c1+z)2+c3 Vg + (c1+2)2+c2 Wy

where both v(x,t) and w(x, t) are real-valued functions and where o > 0, ¢1, c2 € R. Then
a fundamental matrix for this system is

P(.’E,t, Z) — pll(x’t’ Z) p]_Q(IE,t, Z) , (430)

pa1(x,t,2) poa(w,t, 2)

where

2
(@t 7) = (c1+x)(c1 + 2) 4—(32\/*1_1 cl(cl+x2)+6225(z)
ot ((c1 + z)? (1 +x)%+c35

Ttz

pa1(x,t,2) = - o2 \/fll 2\/a> +ad(2)

(c1+x)2+c3 ot to

B 2 2, 2
pra(z,t,2) =0 <x, t, Z) <— atz)a=-32)+6 - (at2) +4 d)
g

2co0z 2co0 dz
1
+ *’l~)1 (;C,t, Z) I/g
o o
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pQQ(.I‘,t,Z) :’lI)<.’13,t7 5
g

z (c1+2)(c1—32)+¢ (14272 +Ed
- +
2¢90z 2¢co0 dz

1_ z
+ —wq <$7t7 > IB?
g g
and where I3 denotes the integral operator defined as

x c s 2 62
Tofa) == [ O g,

0 20sco
In the above expressions,
oz, t,y) = L7 (v(z, 1, €))
2 2
_ -y [ latz)(atoy) ;'02 Y1 (2 /g Lalatn)+ % 5(y)
y((c1+2)*+3) ot t20 (c1+2)2+c3
w(z,t,y) = L7 (w(z,t,¢))

x Y
_ et (c2(x —oy) [y xy
(et x4l ( Y 2! (2 t20> + Cﬂ(s(y))

_ sy [t (ci(cr + ) + ¢3) 22 (c1(cr + ) + ¢3) N

o (Ut3<<c1 Tt d) T et <2V t%)
(cl(cl +x)+ c%) (z+oy) +oy(eg +x)(x —20t) [z Ty

i ot((c1 + 2% + ) Vo <2V ﬁa)

oy(c1 + x)/Toy Ty 20y(c1 + x)(x — ot) xy
" ot3((c1 + )% + cg)l3 (2\/ t%) ~ o3((cr + )2 + &) L2 (2 t%))

wy(z,t,y) = L7 (w (z,t, €))

o Voyzcs z? Ty Ty

=e o 20t 4+ — | 1 | 24/ 5= | —oyls | 24/ 5

« ((c1 4+ )% + 3)ot? ot oy | t20 oy t20
+ e t5(y) —2Io | 2,/ 22
((c1 4+ )% + 3)ot? Y 0 t20

c2(20y(x — ot)) Ty
et o2+ Bor 2 (2V “’>)

e
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That is, a solution (V (z,t) W (x,t))" for the system (4.29) with initial condition
V(z,0) |\ _ [ m(x)
Wi(z,0) |\ n(z)

can be written as

V(x,t) :/OO pii(z,t,z) pia(z,t, z) m(z) &
W(z,t) 0 po1(x,t,z) poa(z,t,z) n(z) ’

P(x,t,z)
with the matrix P(x,t, z) defined as above.
Proof. Let a(z) = % and B(z) = —(qi‘;%. The reader may check that

this pair of functions solves the system (4.4) for A} = Ay = B; = By =0, thatis, «
and j3 are solutions of:

D=

oxd/ (x) — oa(x) + (4.31)
o +

(a(z)? = B(x)*) =0
oxf(z) — ob(z) :

2
a(z)f(z) =
Hence a fundamental solution for the system (4.29) will be of the form given in

theorem 4.0.2.
Computation of the functions K and L appearing in (4.17) can be done as follows:

a(x) o(2¢1 + 2x) 5 o
K'(z) = = — K(z)=o0l
(z) x c% + cg + 22 4 212 () = o log((er + )" + e3),
2
x (a1 +x)2+¢c3 2

Substitution of these expressions into the general for of the functions v, W, v; and
W gives

oz, t,y) = L (v(z, t,€))

e(w o2 K (1+zet)2 —K(@) 2 L (¢> — L(x
o[ Ml e Lty) - 10
1+ et 20
2, .2
=L | exp = 1log o ﬁ) e
o(l+et) 2 (c1+x)2+c3

x
x cos | tan~? ate —tan~! m
Co ()
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_ e+ =inr)? + 3
=L [ exp - 1+ )"+
o(1+et) (c1+2)2+c3

x
x cos | tan™* at® — tan ™! 761 il (L+et)?
Cco c2

— -1 (exp (U(—ex ) az(24et(2+et)) + (2 +c3)(1+et) + a:2>

1+ et) (te+1)2 ((c1 + @)% + ¢3)
1 _ _—ex [ ciat?e? 2c1x x?
= ﬁ 1 o(1+4et) 2 2 o
(CEET <u+dﬁ+u+w+“+%+u+dv

= 2
= e D (@ —  topt+
((cr +:13)2+C%) L t2(e + %)2 t2(e + %)2

x Yy
B e ot ¢ =y x(e1 + x)
ot a)” <”%<q+%+“$+ﬂ@
_ oz [(atra)atoy +d fay  f, [ey | ala+a) £
—e o 5 5 o) 1 Py +t 55 (v)
y((c1 +2)? +c3) o o (c1 +x)? +c5

Similarly, the reader may check that we obtain

w(x,t,y) = LN (w(z,t,¢€))

K(—2 ) K@) L\
—r1 e*f(:afelgﬂhr ((1+et2)j> gin | € Aqt? L ((l+€t)2> L(z)
1+et 2%

. ex cotze(2 + et)
-t ( P <a(1 + et)> (1+et)? ((e1 +z)2 + C%))

e ot _ —E = Ccox

= L e D g — ———

(c1+x)2+c3 ( 2 t2(€+%)2>
B e Tt -1 —_ Cox
T (ata)?+éd AT pa

x Y
e ot (c2(x —0y)) [y ry

T Y szl 2\ 2, | Heemol) )

and that some basic algebraic manipulation (similar to that used for ¢ and w) pro-

duces the following expressions for ; and :
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o1z, t,y) = E_l(vl (z,t,¢€))

- 2., .2 2

e~ 4 ., :v T (C% + c%) +2c12% + 23 2 (ac (Cl + 02) +azr )

= —2£ eot2e ) — 3
(c14+x)? 4¢3 otte ot3e

—|— 60t2€

ot? otbet otded

@ <x (B +B)+az? 2% +z) 22%(er + x))

. (2x(c1+x) 2:v(61+:v)>>

2 —_
+ ot 13 32
t%e toe

u [t (c1(e1 + ) + ¢3)
N\ oB3((er +2)2 + 3)

Zz
= € ot

(y

) 2z (c1(c1 + @) + ¢3) EN
ot3((c1 +x)2 + c2) 0 t20

N———

(01(01 +x)+ C%) (x+oy) +oy(cr + x)(x — 20t) E N
: [ (o)

ot3((c1 +x)2 + 3) t2o
oy(c1 + x) /Toy I xy 20y(c1 + x)(x — Ut)I o [ 2Y
T3 2 {2\ 2. ] 3 2 o\ 12 5
ot3((c1 + )% + ¢3) t’o ot3((c1 + x)% + ¢3) t’o

and

wy(z, t,y) = E_l(wl (z,t,¢€))

wege Tt = 2z T T 2z 2 2
- pppr L (CLCT s e sl s cow sy Sy e S o5
(c1 +x)?+c5 otde  ot? otbet  otde’  tled  tle

2
oy \/oyTCy x [xy xy
=e o 20t + — | 1 | 24/ 5= | —oyl3 | 24/ 5=
e ((c1 + )2 + c3)ot? ( ot 0y> ! ( t20> ovs ( t20>

2

T t8(y) — 21 (2 xy)

_|_
((c1 + )% + 3)ot? t2c

c2(20y(x — ot)) xy
R <2V “f)

Again, substitution of these expressions in the general form for the matrix P(z,t, z)

given in theorem 4.0.2 yields the desired result. O

4.1 A more general result

The results obtained so far in this chapter can actually be generalised using the

original form of Theorem 4.0.1. We will distinguish between two different cases
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depending on the choice of g in Theorem 4.0.1:

(I) g(z) = 0. For this choice of the function g, equation (4.2) has up = 1 as a
stationary solution, so we might develop our techniques from this starting
point. Note that in this case the aim will be to obtain a fundamental matrix
for the system of PDEs

v = 0 Vg + fl(x)vm - f2(x)wx

wy = 08 Wes + fo(x)ve + f1(T)ws,

>0 (4.32)

provided that the functions f; and f satisfy

—yox! TV fi(z) + ox? 7V f](2) + %:BQ(PV)(fl (2)? — fo(x)?) = 20A12%77 + By
0z fo(a) + 05 fy(a) + 20 fy (o) fola) = 20402 + By
(4.33)

(II) g # 0. In this case, since u© = 1 is not a solution, we will first need to find an
appropriate stationary solution of (4.2) to be able to apply our methodology.
The outcome here will be a method to compute, for appropriate choices of the
function g, a fundamental matrix for the system

v = 02 Vg + f1(2)vy — fo(2)ws — g1(2)v + g2(z)w >0 (434)

W = a0 + fo(2)v, + f1(2)ws — ga(2)o — g1 (),
for any choice of functions f; and f> satisfying

or* I (f1(@) +201(2) —yor' 7 fila)+ 52 (fu@) - fo(2)?) = 20412* 7+ By
o2 (f5(x) + 2g2(2)) — yoxt 7 fo(z) + 2200 f1(2) fo(z) = 20A222~7 + By
(4.35)

4.1.1 Case (I): Starting from the stationary solution v, = 1

The most general form of theorem 4.0.1 allows us to state the following theorem:

Theorem 4.1.1. Let A;, B; € R fori = 1,2 and let o,y € R with y # 2.
Suppose further that v(t, ) and w(t, x) are real-valued functions and that fi(x), fa(x) are
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also real-valued functions, satisfying

—yoz' =V f1(z) + oz f](z) + %$2(1—7)(f1 ()% — fa(x)?) = 20A12°7 + By

—you! T fo(w) + ox® TV fi(2) + 22U fi(2) fo(w) = 20 A2 + Ba.

Then the system of PDEs

vV = 00X VUpy + TV — T)w
t TT fl( ) x f2( ) T $,t>0

wy = 08 Wez + fo(x)ve + f1(2)ws,

has a fundamental matrix P(t,x,y) given by:

(4.36)

(4.37)

-5 =

~ ~ Yy
w(taxv(gy_W) wl(tvxu(gy_W) 0 If2

_ ~ y> ~ y> @) Ay oy? d
L ( v(t,ﬂU, (2,27)20) Ul(t,l'a (2,7)20) ) ( 1 ay7f22(y)z - f;(y) - fQ%y)dfy ),

P(t,z,y)

where

It,g(y) == /yy J%((Sg) ds,

and where the functions v, w, U1 and W, are given by

“L(u(t, x,€)), w(t,x,z) =

71(1)1@,%,6)), w(t,x, 2) =

for

@ T Ao(2)*R) | 1
X exp - wO'(Zf'y)éE‘LFet’; + 25 (Fl

w(t, x,€) :(1+€t)*ﬁ sin _6A2t2+% (FQ

—e(x2™7 o(2—7)%t2 T
xexp | = a(zfﬁé(fieg) 2y 5% (Fl (2> — Fi(z

(4.38)

(4.39)
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where F(z) = h(z) Fj(z) = £ @) and

xY 7

vi(t,x,€) = 8t v(t, z,€)

wi(t, z,€) = Ew(t,x, €).

(4.40)

That is, a solution (V (z for the system (4.37) with initial condition

can be written as
V(z,t)
W (z

with the matrix P(x,t, z) defined as above.

Proof. Consider Craddock’s theorem 4.0.1. Suppose o € R and v # 2. Write A =
A1 + 145 and B = By + iBs.

Letu(t,z) = v(t,z) +iw(t,z) and f(x) = fi(x) +ifo(z). Then for g(z) = 0 we have
that equation (4.2) and (4.1) in Theorem 4.0.1 read as:

v+ twp = 0x7 (Vg + 1Wes) + (fi(x) +ifo(x))(ve +iw,), >0 (4.41)
and
ox(z' 7 (fi +’if2))'—0(96'1_7(f1+if2))+%(xl_v(f1+if2))2 = 20A2>77 + B. (442)

This is equivalent to considering the system of PDEs:

vy = 0T Vg + fl(aj)vx - fZ(-T)wx
wy = 08 Wey + fo(T)vs + f1(z)wy,

x>0 (4.43)

subject to the condition that f; and f» satisfy

_'yaxl—Vfl(x) + J$2—7f{ (z) + %mQ(l_”(ﬁ(x)Q _ f2($)2) — 204,27 + By
—02' 7 fo(x) + 0x? 7 fi(@) + 22070 fi(2) fo(w) = 20422°77 + By
(4.44)
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Clearly ug = 1,i.e. vg = 1, wg = 0, is a stationary solution of (4.43).
The symmetry U, in Theorem 4.0.1 applied to this stationary solution v, yields the

new solution:

; L { e 1 (A +iA)o(2 v>2t2>} y

b= (1 + det) > (2= 7)*(1 + 4et)

1 T . L ;
expo || | T |~ Fi(e) —ifa(2) | o,
o (14 4et) T (1 + 4det)2—

where Fi(z) = Nz Fj(z) = L@ o, alternatively, making the change ¢ — ¢/4

xY 7 x

we get

B 1 ox —e(2?77 4 (A +iA2)0(2 — 7)%t?) «
O = p{ @ =N+ et) }

exp 2i B (352) Tl (952) - (@) - iFy(2)
o (14 et)2— (1+et)2=

That is, the pair

2

_ 1=y
v(t,z,e) = (14 ¢€t) 27 cos —61’12:: + % (F2

—e(a2 Y+ A 0(2—7)2t2) 1
X exp = xo‘(27’y);?1+6t’; + 55 (Fl

o(2—7)%(1+et)

Ul(ta$7€) _ %v(t,m,e) 4.45
( wl(t7x>€) ) ( %w(ﬁ,l’,E) ) ( | )

xexp | = HAo@o)) | % (Fl (IQ> - Fl(x))

\
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is also a solution to our system, where the explicit expressions for the components
v1 and w; are given by:

(t,x,€) S ( = )
a(t,z,€) gin(b t)2—
e sln( (tl,a:,e)) 2t6(2 Et) (1+et) 2=

v (t,x,€) = — - —a
(14+¢t)>" 77 (=2)o(14¢t)” 7T

e:):l”fl( 5 )

a(t,z,e) )27 o _

e CO:(b(i,xye)) Ate(2 + et) + 0”7 ) e ;z(1+et) _ (Ez_xz);
(1+et)” 77 @2=)o(tet1)” 27 7 e

(t,@,¢€) o ( - )
a(t,z,e et)2—
e cos(b(t,x,e)) A2t6(2 I et) - (1+et) 2=

’lUl(t,ﬂj‘,E) == 3__1_ —
(1+et)” 2=7 (y—2)o(1+et) 2=7

e:;:lwfl( 5 )
+ea(t,z,e> sin(b(t,z,¢)) Arte(2 + et) + 4?7 ) (y=D)(Iet) 2427

(14+et)> T (2=7)o(1+et) 77 o o=
with
L _e(Al('y—2)20t2+:c2"Y) 1 _ oz
alt,z,€) =~ e 2w \Fil@) =By ((1+et)227>
. Agt’e | 1 _ oz
b(ta Z, 6) T 1tet + 20 (F2 (1’) F < (1+6t)% )

Consider, for suitable functions ¢ and v with sufficiently rapid decay, the usual

construction of a new solution given by

V(t,.ﬁl?) > ¢(€)U(t,x,€) +w(€)v1(t7x76)
= de, (4.46)
W(t, ) o\ ¢Qu(t,z,€) +d()uilt,z,e€)
which, as the reader may easily check, has initial condition

0o _ e (e 2zl ex2—
( V(0,z) ) | Joe <¢(6) -3 ((1 — )+ B (2_27;0)) de

2—y
00 T iyZs 2@ Ty (e)
Jo© e et S de
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Such initial condition may be written individually for each component as

% s B O e s
/0 p(e)e =) d€+f1(95)/0 <_‘7(2_’Y)> P(e)e = ode

o ) 20227 6(1 _ ,y)x—’y e
__ _ 2-n?o de =
), <02<2—7>2 o2y )Yl S de=mle)

¥

% d x> 7d2 el
— P 2% +f1(a:)%‘ll =% +ox @\P - 7% =m(x)

and

ex?”7

T el - @%de = n(x
f2<:c>/0 V(O T de = n(a)

d x>
> fa(x )d 4 ((27)20> = n(z)

respectively. Hence we may write :

_a?Tr fi(x) f1(z) oz d
¢ ) | 2| P TR T Re T hwd m@) ) )
\J ﬁ 0 Iy, n(z)

C(z)

where I, denotes the integral operator defined by:

I,g(x) = m: Ji’z((ss))ds. (4.48)
Then, as usual, suppose we can write
v(t,z,€) = L(0(t, x, z) /000 (t,z,z)e “dz,
vi(t,z,€) = L(01(t, x, 2) /000 (t,z,z)e “dz,
w(t,xz,e) = L(w(t,x, 2) /000 (t,z,z)e” “dz and
wy(t,x,€) = L(W1(t,x,2)) = 000 w(t,x, z)e” “dz (4.49)

so that
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Then the change of variables z = (Qy_z%, together with expression(4.47), produce

~ 2— - 2— 2
V) _ e (St (o o
= 5 2 B 2 2 —
W(tax) 0 (t%ﬁ) wl(taxa(y,;zg) \Ij((gyf,y)ﬂég) 0(2_7)

which gives the desired result. O

4.1.2 Case (II): Starting from any other stationary solution

Suppose 0 € Rand v # 2. Write A = A; +iAz and B = B; + iBs.

Let u(t,x) = v(t,z) +iw(t,x) and f(z) = fi(x) + ifa(x).

Then for g(x) = g1(z) + ig(z) # 0 we have that equation (4.2) and (4.1) in Theorem
4.0.1 read as:

vitiwy = 027 (Vgp+Hiwes )+(f1(x)+ifa(2)) (ve+iwg)—(g1(x)+iga(x)) (v+iw), = >0
(4.50)

and

ox(z'V(fr+ife)) —o(a" (1 +if2) + %(ﬁl*w(fl +if2))? + 202> (g1 + iga)

= 20(A; 4+ iA3)x® ™7 + (B + iBo).

This case is equivalent to considering the system of PDEs:

vt = 08 Vg + f1(7)Vz — f2(2)wy — g1(2)v + ga(z)w 23>0 (4.51)

wy = 02 Wey + fo(x)ve + f1(x)wy — g2(x)v — g1 (z)w,

subject to the condition that f; and f» satisfy

ox® 7 (fi(2) + 201 (@)= yor! T fu@)+ 2 (@)= folw)?) = 20410777+ By
oz V(f5(x) + 2g2(x)) — you' TV folx) + 227D fi(x) fo(x) = 20 492?77 + By

(4.52)

In this case, v = 1, w = 0 is not a solution, so we cannot proceed as in the previous

case. Here, if we wish to obtain a similar result to Theorem 4.1.1, we need to find
(for our particular choice of g) an analytic stationary solution ug(z) of the PDE
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ur = 08 gy + f(2)ug — g(x)u, x>0 (4.53)

and then transform it according to the symmetry in Theorem 4.0.1, that is, construct
the solution

2
_ F(x/(144€et)2=7 |—F(x)
—de(z? "V + Ao (2—7)?t?
exp < (0'(2—’7)2(13-462/)) : + ( 20 ) > T
U(t7 xz, 6) = 1 Uo 3 |
(14 4et)2= (1 + 4et)2—

where F'(z) = fg).

With this, by separating the real and imaginary parts in (4.54), we can follow
the argument in the previous case to obtain a fundamental matrix for the system
(4.51) in a similar way as we did in Section 4.1.1 for the system (4.37). However, we
have not yet obtained a stationary solution to this problem with a general function
g. This line of study is open for future work. We would like to consider particular

choices of g for which a stationary solution can be easily found.

4.2 Extension to more complicated cases

The results in the previous section can be extended to the computation of funda-
mental matrices for systems of the type (4.32) and (4.34) for a wider class of func-
tions f; and fo. We do not write down any results here for these cases. We only
wish to do the preliminaries and we will leave these extensions for future work.
The details for the fundamental matrices for these other cases become extremely
complicated and so we have not pursued this in this work. However, we wish to
indicate what kind of results can be obtained as an extension of those obtained in
the previous section. To do so, we need the following two results from Craddock.
[23]

Theorem 4.2.1. [[23]] Suppose that v # 2 and that for a given g, the drift f in the PDE
(4.2) is such that h(z) = x'77 f(x) satisfies the Riccati equation
1 A B
! 2 2— 4-2 2—
— sl 9 gl - v 2 4.

oxh ah+2h + 202 Vg(x) 2(2_7)295 —1—2_7;10 +C, (4.55)
where A > 0, B and C are arbitraty constants. Let ug be an analytic, stationary solution
of (4.2). Then for € sufficiently small (4.2) has a solution
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Ue(t,z) = (1 + 2€(cosh(vV/At) — 1) + 2esinh(vV/At))~¢

B
oV A(2—7)
X COSh(£)+(1+26> (@) T o 2 PO 55,
cosh(YAL) — (1 — 2¢) sinh(YZt)

2
% ex —V/Aex®7(cosh(v/At) + esinh(v/At))
P o(2 — 7)2(1 + 2€2(cosh(v/At) — 1) + 2esinh(v/At))

1
X exp 2—F

o ((1 + 2¢2(cosh(v/AL) — 1) + 2 sinh(\/zt))zlw>

o ((1 + 2¢2(cosh(VAt) — 1) + 2¢ sinh(\/zt))zl”) |

where F'(x) = féf) and ¢ = é:—”’ Furthermore, there exists a fundamental solution
p(t, z,y) of (4.2) such that

/ooo e ug(y)p(t, x,y)dy = Un(t, ). (4.56)

in which Ux(t,x) = U, _25 (t,x). If g = 0, then we may take ug = 1, and the funda-
e
mental solution satisfies fooo p(t,x,y)dy = 1.

Theorem 4.2.2. [[23]] Suppose that v # 2 and that for a given g, h(z) = x177 f(x) isa
solution of the Riccati equation

3
Azt~ Bx?7327  COx%7

oxh' — oh + h2+201‘2 Tg(x + +
gle) = 22-7)?2 3-3y 2-9

— K, (457)

where k = Y(y — 4)0?, v # 2and A > 0. Let ug be an analytic stationary solution of

the PDE (4.2). Define the following constants: a = m, b= 0 )\v)ﬁ k= (3\})3,
By atd VAK?

d= 9AU | = g5 and s = o~ 2oy Lete be sufficiently small and

1_,
k
X(e, x,t) = i —k )

\/1 + 2€2(cosh(v/At) — 1) + 2esinh(v/At)

and F'(z) = fsgf). Then equation (4.2) has a solution
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- B 2! (1 + 2¢%(cosh(VAt) — 1) + 2¢ sinh(ﬂt))_%
(k + ka3 (1 — /1 + 2¢2(cosh(v/At) — 1) + 2esinh(v/AL)))

| cosh(8) + (1 + 20) sinn (441 ’
cosh(YAL) — (1 — 2¢) sinh(¥Z)

« ox —VAe(z' "2 + k)2(cosh(V/At) + esinh(v/At))
P o(2 — 7)2(1 + 2€2(cosh(vV/At) — 1) + 2esinh(v/At))

60@;";2 —2sV/At

X exp {;(F(X(e, 2,1)) — F(a:))} wo(X (e, 2,1).
ag
Further, (4.2) has a fundamental solution p(t, x,y) such that
/ e ATy (g)p(t, a, y)dy = Un(t, ), (4.58)
0

in which Ux(t,z) = U,_y2, (t, ). If g = 0, then we may take ug = 1, and
VA
Jo" p(t,z, y)dy = 1 for the fundamental solution arising from this choice.

In this work we have focused on systems arising from separating real and imag-
inary parts of a single PDE involving a function f satisfying the Riccati equation
(4.1) given in Theorem 4.0.1. However, using a similar argument to that we used
in the previous section with Theorem 4.0.1 and applying it to either Theorem 4.2.1
or Theorem 4.2.1 will broaden the class of functions f; and f2 for which we can
compute fundamental solutions of the systems:

V¢ = Umryvazx + fl(x)vx - f2($)wa}

wi = 02 W + f2(2)Ve + f1(2)wy,

>0 (4.59)

and
v = 02 Ve + f1(2)vy — fo(2)ws — g1(2)v + g2(z)w
wy = 0 Wey + fo(x)ve + f1(2)wy — g2(z)v — g1 (2)w

x> 0. (4.60)

Observe that for the choice g(x) = 0, the methodology described in the previous
section applied to Theorem 4.2.1 will produce a fundamental matrix for the system
(4.59) with functions fi and f> satisfying

—yozt T fi(@) + 022 f{(2) + 322 (fi()? — fo(2)?) = g + BT O
(

2—y
01 o) + 022 fy(a) + 22070 fu () falar) = AT 4 BT oy,

2(2—)?

while, if applied to Theorem 4.2.2, will produce a fundamental solution for the
same system but with functions f; and f> satisfying
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UxQ—vf{(x) _ 7C,!,][/,l—wjvl(g[;) + %xZ(l—v)(fl (x)2 7 fZ(x)Q)
Ajzi—2 leS—%v Cra2—7

= 20292 + 3-34 2—y

02 fi(a) — o fo(e) + 20 fu(a) fole) = A 4 Bt Gt

— K

In both these cases, vy = 1 will be a valid stationary solution that we can transform
through the action of the symmetries described in Theorem 4.2.1 and Theorem 4.2.2
to then separate into real and imaginary parts.

Similarly, the choice g(z) # 0 will yield fundamental matrices for the system
(4.60) with f1 and fs satisfying either

T(fi(@) + 201(2 ))—70x1’7f1( )+ 52° 0 (fi(2)? — fal2)?)

=Sty G (4.61)
2(f3(2) + 292(2 ))—70961 " fa(a) + 2?0 fi () fox)

_ 1;\(2x4 ;; + ng + 027

\

when using Theorem 4.2.1, or

(002 (F{(2) + 201(2)) — yoa' 7 fy (@) + 320D (f1(2)? — fo(2)?)

3.,
— Aty + le 2 + Cra?—7
2(2—7)? —35 2—y

2 (fi(x) + 292(2)) — vawl_”fz(w) + 2?07 fi () o)

3
— AQ.ZA 27 + ng + CQ$27’Y
2(2—7)? 3y 2—y

— K

(4.62)

if using Theorem 4.2.2 instead. In both these cases we must first find an analytic
stationary solution u(z) to transform according to the symmetry in Theorem 4.2.1
and Theorem 4.2.1.

Computation of fundamental matrices using the results in these two theorems

is a line of future research we would like to explore.

Note. Since both Theorem 4.2.1 and Theorem 4.2.2 contain expressions in terms of
the v/A, it is convenient to write VA = A; + Ayi and then substitute A = (/Nl% -
A32) + 24, Ayi when splitting the solution into real and imaginary parts.

Note. Observe that just like in the examples presented in the first section of this
chapter, these cases cannot be handled by reducing to the heat equation in general.
Craddock and his coauthors have shown that the Lie symmetry algebra of (4.2) is
six dimensional (and hence the equation can be mapped to the heat equation) for
exactly one choice of the constant C' in equation (4.55).
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Chapter 5

Wishart Processes and their
Eigenvalues

In this chapter we formally introduce a particular type of stochastic matrix process,
the Wishart process, focusing in particular on its eigenvalues. We show that while
the usual Lie symmetry methods fail to produce a transition density function for
the eigenvalues, the techniques we have developed can produce expressions for
the expected value of a wide range of functionals of these eigenvalues. These tech-
niques still rely heavily on the use of Lie symmetries and integral transforms, but
they combine those with all sorts of results in the area of Mathematical Analysis.
If one tries to simulate the behaviour of the eigenvalues of a Wishart process us-
ing, for example, Monte-Carlo simulation techniques, these expectations we can
obtain using our methodology can be used as our control variables. This is only
an example of how Lie symmetry methods can be extremely useful even when the
symmetries of the PDE are not enough to produce a transition density.

We will start this chapter introducing the theoretical notion of a Wishart process.
We will then show how the usual symmetry analysis of the Kolmogorov Backwards
equation associated to the Wishart process itself produces a set of symmetries that
does not suffice to find a transition density function for the process.

We will then move on to study the stochastic process of the eigenvalues of a Wishart
process. We will see how the methodology that has been used so far can be applied
to study the Kolmogorov Backwards equation associated to this process but how
some issues arise with boundary conditions and with solving a particular Sturm-
Liouville problem for which we do not know the solution.

It is precisely in this context where we introduce a set of tools and methods that will
allow us to compute the expected value of these eigenvalues, as well as all sorts of
functionals of these. As pointed out before, knowledge of all these expected values
gives us a good idea on how these processes behave, and provides us at the same
time with a range of potential control variables for a Monte-Carlo simulation of

these eigenvalues.
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5.1 Introducing Wishart processes

Wishart processes were first introduced by Marie France Bru (see [12] or [11]) in
the field of Biology as a tool to study the perturbation of experimental data but,
since then, they have been studied theoretically by many authors such as Yor et
al. [27] or Pfaffel [54]. Recently, great attention has been paid to these processes
for their applications in Finance. It turns out that these processes are a great tool
to model stochastic volatility. There are a great number of derivative pricing mod-
els that include Wishart processes as the stochastic volatility matrix. For example,
Gourieroux and Sufana (see [35] or [36]) use this approach to create a multiasset
analogue of the well known Cox-Ingersoll-Ross model. They provide in [36] an
example of a multiasset extension of the Heston stochastic volatility model as well
as an extension of the Merton model for credit risk analysis to a framework with
stochastic firm liability, stochastic volatility, and several firms. In [30], Grasselli, Da
Fonseca and Tebaldi further explore the use of a Wishart (multifactor) affine process
to model the volatility of a single risky asset. In [31] they present the Wishart Affine
Stochastic Correlation model (WASC) as the first analytically tractable model that
is consistent with the apparent effects in typical market pricing of plain vanilla op-
tion prices while contemplating non-trivial stochastic volatility of asset returns and
stochastic correlation of cross-sectional asset returns. Later on, in [29], Fonseca et
al. discuss an estimation strategy for this WASC model.

In [2], Asai et al. provide an extensive review of the literature on Multivariate
Stochastic Volatility (MSV) models, in most of which one can see that Wishart pro-
cesses play an essential role. Other work that relies heavily on the use of such
processes includes for example that by Leung et al. in [48].

It is then clear that this particular type of matrix processes seem to be a very
convenient while still rather realistic way of modelling stochastic volatility in mod-
ern financial models. Hence the importance of understanding their behaviour as
well as their main properties.

One may typically define a matrix Wishart process as follows:

Definition 5.1.1. Let n,p € Z" (not including 0). Consider the n x p matrix W,
whose elements are independent scalar valued Brownian motions and whose initial
state is Wy = C. A Wishart process S = {S;,t > 0} of dimension p, index n and
initial state Sy (denoted S; ~ WIS(n,p,Sy)) is defined as

Sy = W,' W, with Sy = CTC
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Moreover, it can be seen that such process S; satisfies the SDE
dS; = n I dt +dW, \/S; + /S dW; (5.1)

Using the common tools of Ito calculus one can compute the infinitesimal gen-
erator for such process to obtain the following;:

Proposition 5.1.1. [11] Let X; ~ WIS (n,p, Xo). The infinitesimal generator of this

process is
Ax = Tr[nD +2XD?, with D = (D;;) = (0/0X,;), X € SP, (5.2)

where SP denotes the set of all symmetric p X p matrices.
Wishart processes possess the following additivity property:

Proposition 5.1.2. Let (X;) and (Y;) be two independent Wishart processes
X ~ WIS(n,p, Xo) and Yy ~ WIS(m,p,Yy) respectively. Then the process (Z;) :=
(Xt + Y2) is also a Wishart process with Z; ~ WI1S(n+ m,p, Xo + Yo).

Proof. Let X; = W;Wt and V; = VtTVt with W; and V; independent Brownian

motions of dimension n x p and m x p respectively. Then, it clearly follows that

W,
U, = t
Vi

is an (n + m) x p matrix of independent Brownian motions, and
Zy =X+ Y, =W, Wi + V' Vi = U/ U,

O]

It is well known that Wishart processes can be generalized to processes with
a non-integer index o and they naturally conserve the above additivity property.
However, we will only consider Wishart processes of integer index throughout this
work.

Just like for any type of matrix process, the behaviour of the eigenvalues will
have a major impact on the overall properties of the Wishart process. There are
some interesting results by Bru ([11]) on these eigenvalues and their characteristics.
Amongst the most important of those properties is the non-colliding property of

the eigenvalues:
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Theorem 5.1.3. [11] Let S; ~ WIS(n,p,So), with n > p. If at time t = 0 the p
eigenvalues of Sy = C'TC are distinct, labeled

A1(0) > - > A,(0) >0
then for all t > 0, the p eigenvalues of Sy are distinct
A(t) >+ >A(t) >0 as

the process (A1 (t), ..., Ap(t)) is a diffusion, solution of the stochastic differential system

A+ A .
d)\¢2\/)\7dBi+(n+Z)\.+/\J)dtv i=1....p, (5.3)
AT

where By (t), ..., By(t) are p independent Brownian motions, adapted to the natural filtra-
tion (Fy)¢>o associated to the process (St).

In the rest of this chapter we will try to obtain information about these processes
and their eigenvalues by drawing upon the Lie symmetries of the Kolmogorov
Backwards equation linked to the Ito diffusions defined by (5.1) and (5.3).

5.2 Limitations of the existing techniques

Let us first focus on the study of the associated Kolmogorov backwards equa-
tion for a 2 x 2 Wishart process for the sake of simplicity. Let W; = (W;); ~
W1I1S(n,2,Wy), with i,j € {1,2}. Then, the infinitesimal generator of this process
can easily be calculated to be

0 0 9?2 H?
= _— 2 _— _—
Aw =n (8W11 + 6W22> + 2W11 <8W121 + (“)W122>

o2 o2 2 8
4w MWy 0+ 5.4
T oo, T awnans | T2 2 e, T ang, 64)

Note that we have expressed this generator in terms of W11, Wiz and Wag only,

since we know that our matrix W is symmetric and so Wiy = Ws;. This means that,
effectively, we are only dealing with 3 variables instead of 4. Let us rename these
variables (W11(t), Wia(t), Waa(t)) — (X, Y:, Zi) to simplify notation. Then, if we
letu(z,y, z,t) = E*Y*[f(Xy, Yy, Z¢)], the Kolmogorov Backwards equation theorem
(Theorem 2.2.2) yields the following Cauchy problem for u:

up = n(ug + uz) + 20Uy + 22Uz, + (22 + 22)uyy + 4y (Ugy + uy2), (5.5)
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u($7 y7 Z’ 0) = f($7 y’ Z)

The computation of the symmetries of this PDE is a difficult task. This partic-
ular case yields a rather complex system of determining equations'that produce
only a very trivial set of symmetries that is not enough to work with if we wish to
find fundamental solutions of (5.5) via integral transform methods. These trivial
symmetries we obtain are only the following;:

Proposition 5.2.1. Let u(z,y, z,t) be a solution of the PDE (5.5). Then

ui(z,y,2,t) = u(x,y,z,t —€)

ug(x,y, z,t) = ule “x,e Yy, ez, e t)

UU(.’L', Y, th) = U(.’E, Y, th> + 6’1)([E, Y, Z7t>7

where v(z,y, z,t) is any solution of (5.5), are also solutions of such equation.

The reader can check that reduction of (5.5) under the symmetry us leads to a
3-dimensional PDE that, however, we cannot solve.

Therefore, since we come across the obstacle that we cannot obtain enough sym-
metries to find the desired fundamental solution, one might try to turn to the study
of the eigenvalues instead. The symmetry analysis of the Kolmogorov backwards
equation resulting from the generator of the SDE (5.3) will potentially provide us
with a better understanding of how these matrix processes behave. It is well known
that the eigenvalues of a matrix are one of their most characteristic features. They
are inherent to the matrix and invariant under changes of basis.

Let 1y = (p1(%), ..., up(t)) be the vector of the eigenvalues of a p x p Wishart
process with index n > p, such that all the eigenvalues y; are distinct and ordered
from largest to smallest. Then the SDE (5.3) reads as

i 0 - 0 »
dpi oo dBy ot Y i
po] =2 - Co+ : t,
. . 0 Hp Tty
drip 0 - 0 iy By nt it Fip =1
dpt ~ b(ut)
o (pt)

(5.6)

!This system of determining equations can actually be simplified by introducing the new variables

t=4T, z=X> y=Y? z2=2° u=U
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hence the so called drift function is

Pty
n+ Z]'?ﬂ 1 —ftj

b(pt) = :

Hptpj
n+ Zj#p Hp—Hj

and the diffusion function is

2 /Ml 0 0 2 /Ml 0 0
(00") () =
0 0
0 0 20 0 0 270
dp; 0 0
_ 0
: 0

These expressions for the drift and diffusion functions can be used to compute
the generator for the process p; via the formula (2.77). Then, taking u(\,t) =
EMNé(ue)] == Ep(us)|ro = ], Kolmogorov’s backward equation (2.2.2) for our
diffusion process yields the following Cauchy problem:

Ai + A
wt) =D [ n4 D Ty i)+ 3 2ana (M) (57)
i J# %

u(M,0) = 6(N); AeRP

Our aim this time will be to try to find a fundamental solution to the above
equation. In particular, we are interested in finding the transition density for the
eigenvalues of a Wishart process.

5.2.1 Classical integral transform and Lie symmetry methods: An infi-
nite series expansion for the transition densities of the eigenvalues
of a p x p Wishart process

In this section, we show how the existing results relying on the symmetry analysis
of the Cauchy problem (5.7) potentially produce an infinite series expression for the
transition densities of the eigenvalues of a Wishart process in terms of a set of eigen-

values and eigenfunctions of a particular Sturm-Liouville problem. We show that,
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however, some issues arise with the boundary conditions. Moreover, the Sturm-
Liouville problem that can be obtained through these methods is a rather compli-
cated one and one for which we fail to obtain an exact solution. We first consider
the case of a 2-dimensional Wishart process and then move on to the generalisation
to a process of dimension p. In both cases, however, we need to first transform
the Cauchy problem in (5.7) to one of a more convenient form through a series of
changes of variables.

- for 1 < i < p. With this transformation, (5.7)

Let us start by writing \; =

becomes
ut:Z n—l—z (OWY (5.8)
% ]#z %
———
Au

p():l,...,):p):—% (n—2(p—1) Zlog +ZZlog —7j (5.9)

i=1 j>1%

and let u(X, ..., Ay, t) = e?Ot2)y(X;, ... X, t). Then the condition that u satis-
fies (5.8) is equivalent to the condition that the function v satisfies the following:

1] &1 = 1 1
w=dv—g CZAgQ(ZZ{(Hw*( >2}) voB

<
<

where C = (n — 2p)(n —2(p — 1)).
Finally, for the sake of simplicity, let us go back to our initial notation and say
that the problem we need to solve is

1 LS| 1
u = Au =g C;A%_ (ZZ{A+A ()\i)\j)Q}) v G

=1 j>1

u(M0) = »(A); AER"
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with C' = (n — 2p)(n — 2(p — 1)). One need only revert the changes of variables to
get the solution to the initial problem.
Observe that the above equation can be written as

Ao A
=A K -~ 5.12
wt gk (e ) 612

1 pl{ Lo }+p2 Lo
2| &= l(1+&6)?2 (1-6)?2) “= | EG+5)?2 0 &G=-8)2 |7

(*)

C = (n—2p)(n —2(p — 1)), and where the term (x) vanishes for p = 2 . From this
form of our problem, we will proceed to discuss the 2 x 2 case and the general case
for a p-dimensional Wishart process separately.

5.2.1.1 The 2 x 2 case

Let Wy ~ WIS(n,2, Wy) with eigenvalues 1 (t) > pa2(t) > 0 and with index n > 2.
Let

a((Ah )‘2)7t) = E()\l’/\Q)[gb((,U/l(t)vMQ(w)H
= Elp((pa(t), p2(t)))[(11(0), 12(0)) = (A1, A2)],

Then recall that the Cauchy problem that such function @ must satisfy can be recast
as follows, according to (5.12):

A2
=dut 1K <A1> (5.13)

u((A1,A2),0) = ¥((A1, A2)),
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where

Y((A, Ap)) = e P22 g (W)

p((A1,22)) == —3 [(n—2)(log(A1) + log(A2)) + log(Af — A3)] .

Transform this problem to its equivalent in the ordinary polar coordinates by letting

A =rcosb

Ao =rsinf,

with 7 > 0 and 6 € [0, ), since we must have that 11 (t) > p2(t) > 0. We are essen-
tially considering our equation in the following region for the "spatial" variables:

4
p 4 Boundarieof theregionR
/
Y - 01:= Ay, pp): py=pi}
/
4 - 02:=l(pq 1) =0}
/
/
/
/

M

The reader may check that letting v(r,0,t) = u(rcos,rsinf,t) = u(A1, A2, t), our
equation can be rewritten as

1 1 1
Ut(Ta 67 t) = U?"’I‘(Ta (97 t) + 71}7”(7”7 97 t) + 721}96'(7”7 97 t) + 72K (9) ’U(T, 07 t)a (514)
r r r

with K (0) := —1 ((S?IE?EZ;? N (2605249_1)2>, r > 0,0 € [0,7). Similarly, the initial
condition is

v(r,0,0) = (rcos@,rsinf) := i(r,0).

It turns out that Craddock and Lennox [21] managed to compute an infinite
series expansion for a fundamental solution of an equation of the type (5.14) using
Lie symmetry methods. They propose the following theorem:
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Theorem 5.2.2. [21] Suppose that K is continuous and that the Sturm—Liouville problem

L"(0) + (K(0) + \)L(#) =0 (5.15a)
a1L(a) + asL'(a) =0 (5.15b)
B1L(b) + B2 L' (b) = 0, (5.15¢)

has a complete set of eigenfunctions and eigenvalues, and that the eigenvalues are all posi-
tive. Consider the initial and boundary value problem

11 K (0)

Ut = Upp + —Up + R + 5 U, (5.16)
T T T

r>0, a<0<b, a,bel0,2n], (5.17)

u(r,0,0) = f(r,0), fe€DQ), (5.18)

O[l’LL(T, a, t) + aouy (T7 a, t) =0 (5.19)

Bru(r, b,t) + Baug(r, b, t) = 0. (5.20)

Here Q2 = [0, 00) X [a, b] in polar coordinates. Then there is a solution of the form

o) b
u(r,6,1) = /0 / F(pr O)p(t.r,0.,p, 8)pderdp, (5.21)
where
1 2
p(t,7,0,p,0) = o exp ( e ) S La(9)Lu(O) 5 <m> , (5.22)

in which L, (0), \p, n = 1,2,3,... are the normalized eigenfunctions and corresponding

eigenvalues for the given Sturm-Liouville problem.

Hence, if we set some boundary conditions of the form (5.19)-(5.20) for our
problem, i.e.

ayv(r,0,t) + agug(r,0,t) =

0
a;, f; constants for ¢ € {1,2}, (5.23)
Blv( % ) + BQUQ(T> %775) =0

we need to consider the Sturm-Liouville problem given by

L7 (8) + (K(6) + v)L(6) = 0 (5.24)
a1 L(0) + aa L/ (0) = 0 (5.25)
B1L(w/4) + oL (m/4) = 0. (5.26)
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If one can prove that the above problem satisfies the conditions in Theorem 5.2.2
(i.e. that the S-L problem has a complete set of eigenfunctions and eigenvalues, and
the eigenvalues are all positive), then this theorem gives that there exists a solution

of (5.14) in the considered region and with the chosen boundary conditions (5.23)

of the form .
S iy
o(r,0,1) = /0 /0 5(p. O)p(t. .0, p. &) pdibdp, (5.27)
where
(t.r.0.0.6) = Sexp [~ S L@ L@ o (12 (5.28)
p, v, p, _QteXp At - k k N o . .

In the expression (5.28) of the fundamental solution p(¢,r, 6, p, ¢), Li(0), vk, k =
1,2,3,... are the normalized eigenfunctions and corresponding eigenvalues for the
Sturm Liouville problem (5.24).

That is, one can potentially obtain fundamental solutions to our initial problem
by solving (5.24) and later reversing the changes of variables applied to the initial
PDE. However, there are a few questions that need to be addressed in order to be
able to apply Craddock and Lennox’s theorem:

e The function K (#) is continuous everywhere in the interior of our region R
and asymptotically approaches oo at the boundaries §; = {(r, ) : = w/4}
and 62 = {(r,0) : 8 = 0} respectively. — This problem could be addressed
by considering the region R:={(r0):r>0e<6< T — ¢} instead, and
then trying to extrapolate the results to the region R by letting ¢ — 0. This
might, of course, lead to potential divergence problems when taking limits,
so one would need to pay special attention to this.

e To determine the boundary conditions (5.23) one must have some knowledge
of the behaviour of the eigenvalues of a Wishart process and transform the
conditions from the initial variables in (5.7) to those in the transformed prob-
lem (5.13). Setting particular conditions to those eigenvalues might lead to
complicated boundary conditions for the problem in polar coordinates, so
more research needs to be done in regard to what kind of conditions we can
impose if we wish to be able to solve the problem.

We have not yet been able to solve the Sturm-Liouville problem (5.24) analyti-
cally, but potentially the eigenfunctions L (¢) and the eigenvalues vy, in (5.28) can
be approximated numerically. All these considerations are potential future work
on this topic. More research in this direction is needed to try to extend the scope of
this result.
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Note that Craddock and Lennox obtain the results stated in Theorem 5.2.2 [21]
trough the use of Lie symmetry methods. Although these methods provide a theo-
retical result if one can overcome the difficulties highlighted above, it does no seem

to be a very effective approach for practical purposes in our particular case.

5.2.1.2 The general p x p case

An extension of the work presented above to the general p-dimensional case is in-
troduced in this section through a generalisation to higher dimensions of Theorem
5.2.2 by Craddock and Lennox. This higher dimensional version of Theorem 5.2.2
is due to the same authors and can be found in [21]:

Theorem 5.2.3. Consider the equation

n—1

1
Ut = Upyr + Uy + ﬁ(ASn—l + G(@))u, (529)

u(r,®,0) = f(r,0), (5.30)

and a(©)¥(0) + (1 — a(0))0V/on = 0, with « a continuous function and OV /0n the
normal derivative on the surface of the unit sphere S™~1 of dimension n — 1. Here W is u
restricted to S™~1, Agn1 is the Laplace-Beltrami operator on the sphere and f € D(R™).
Let © = (0, ¢1,...,pm—2). Then there is a solution of the form

U0 = [ [ fent.r.0.p.0)pdcdp. 6:31)

where for n > 2,

5—1 2 2

where pi(m) = 1\/4\m + (n — 2)2 and L,,(©) are normalized eigenfunctions of the prob-
lem AsL 4+ (A + G)L = 0 and \,, are the eigenvalues.

According to the above theorem, and similarly to the 2 x 2 case, we can find
a series expression for the fundamental solution of an equation of the type (5.29)
in terms of the eigenvalues and eigenfunctions of an appropriate Sturm-Liouville
problem. In what follows, we show how equation (5.12) can be recast into one
of the form considered in the above theorem, and we discuss what difficulties we

come across in the process.
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Consider equation (5.12) in the general p-dimensional case and let

N =7 HZ; cos(0x)
N =rsin(0_1) [[2) cos(Or), i=2,...,p—1

Ap =rsin(fp—1)

Note that, with this notation, » > 0 is the radius and the angle 6;, for i =
1,...,p—2,is the angle from the projection of A onto the hyperplane in R*™! gener-
ated by {\1, ..., \;} to the projection of ) onto the hyperplane in R**? generated by
{A1,..., Ai + 1}. Similarly, the angle ), is the angle from the projection of A onto
the hyperplane in R? generated by {\1,..., A\,—1} to the vector A itself. To illustrate,
see figure [5.2.1.2] for the 3 x 3 case.

A3
A

0o Ao

/

Iy

91 I/
Mjf-—---+ d

Note that this definition for the 3 x 3 case does not correspond to the usual spherical
coordinates definition.
The reader may check that the following conditions must be imposed on the

angles
01 S (0, 7T/4)

0; € (0,arctan(sin(0;—1)), 1=2,...,p—2

0p—1 € [0,arctan(sin(6,—2)),

since we must have 1 (t) > -+ > p,(t) > 0.
Putting

v(r,0y,.. .,prl,t) =u(A(r, 01, ... ,Opfl), .. .,)\p(T, 01, ... ,Opfl),t)

p—1
= u(r H cos(bk), ..., rsin(fp—1),1t)
k=1
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transforms the problem (5.11) into the following problem for v:

p—1 Ry
- 2
V= Upp + TUT + 2 H sec”(0;) | ve.0,

1 L 1
—2 ((k — 1) tan(6) H sec?(0;) | ve, + T—QK (61,...,0p—1) v, (5.33)

k=1 j=k+1

11
= vy o+ pTvr + 5L+ K(O)w, (5.34)

where L is the differential operator defined by

and

k=1
e[ i) + T w0
+Z H sec”(6;) 5
el Pt (sin2(9k) —Hg?:lcos,?(ej))
p-l pol sin2(0;) + sin2(0;) TT%_. .. cos?(6;
+Z H secQ(HZ) ( k) ( ])Hz—]—f—l ( ) . ’
k=1 |l=k+1 j<k (sinQ(Hk) — sin?(6;) Hf:jﬂ 0052(91))

with C = (n — 2p)(n — 2(p— 1)), r > 0 and

01 S (0, 7'['/4)
0; € (0,arctan(sin(6,—1)), i=2,...,p—2
0p—1 € [0,arctan(sin(6,—2))

Moreover, the initial condition in (5.11) can be written in terms of v as:

v(r,01,...,0p-1,0) = H cos(0g),...,rsin(0p—1)) == 06(r,01,...,0p—1).

In a similar way as for the 2-dimensional case in the previous section, this problem
can be compared to that considered by Craddock and Lennox in theorem 5.2.3.
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That is, ideally, one could obtain a series expansion for the fundamental solution
of PDE (5.33) in terms of the eigenvalues and eigenfunctions of a particular Sturm-
Liouville problem. However, just as in the 2 x 2 case, the boundary conditions that
should be imposed for this problem are not yet clear and we haven’t been able to
analytically solve the associated Sturm-Liouville problem. Further course of study
could be to try to solve this problem numerically.

5.3 An alternative approach to the study of the eigenvalues

In this section we focus mainly in the 2-dimensional case for the sake of simplicity,
although we do provide some results for general p-dimensional Wishart processes.
We first present the results of the lie symmetry study of the Kolmogorov back-
wards equation associated to the eigenvalues of a Wishart process of dimension 2
and then we introduce our approach to the study of these eigenvalue processes.
Let W; ~ WI1S(n,2,Wy) with n > 2 and with eigenvalues p;(t) > pa2(t) > 0.
Let

w(Ar, Ag,t) = EM (g (), pa(t))] := Elp((pa(t), pa(t)) |11 (0) = Ax, p2(0) = Ao

and recall that Kolmogorov’s backwards equation theorem yields the following

Cauchy problem for the function w:

AL+ A AL+ A
u = (n4 21122 uy, + | n— L U, + 2X1un 2, +2X0un,y,  (5.35)
)\1 — )\2 )\1 - )\2

u(X,0) = ¢(\); N €R?

The reader may check that Lie’s method for the systematic computation of symme-
tries of the above PDE (described in Chapter 2) yields the following result:

Proposition 5.3.1. Let u(A1, A2, t) be a solution of the PDE (5.35). Then

_ A A e QM1tA2) -n
=u ((1+;t)2’ Tren? (14&@)) exp (_5 D) ) (1+ et)

)

uo Al, )\2, t) = U(eie)\l, 676)\2, €7€t)
)
)

UB()\la )\Q,t) = u(>\1, )\Q,t) + EB()\l, )\2, t),

are also solutions of such equation. Here B(\1, A2, t) is any solution of (5.35).
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Note. This result follows from the exponentiation of the following vector fields

vi=g
Vo =t5 + Mgk + Aaghg

vi =20 + 2t + Dty +u (% - —nt) & (5.36)
A\ :u%

vp = B(A17A27t)%7

which are a spanning set for the lie algebra of (5.35).

It turns out that the application of the integral transform methods introduced
in Chapter 2 fails to produce the transition density for the eigenvalues y(t) and
p2(t). These methods do, however, successfully produce the transition density for
the sum (1 (t) + p2(t), i.e. the trace of the Wishart process. This transition density
is not a new result, since the distribution of the trace of a Wishart process is known
to be that of a squared-Bessel process, but it does provide an alternative proof for
this well-known result.

Recall the following theorem for the probability density function for a squared-
Bessel distribution:

Theorem 5.3.2. Let p*> ~ BESQ’(x). The probability density function for p? is
1 2 _(=ty) /Ty 1)
s Y
fi(z,y) = 2% (:c) e 2 I, (t) 1{y>0}7 V= 37 1
Let us provide a new proof, based on lie symmetries and integral transforms,

for the following well-known result:

Theorem 5.3.3. The sum of the eigenvalues of a Wishart process is a squared-Bessel process
with parameter v = n — 1 (or, equivalently 6 = 2n)

Proof. Observe that u(A1, A\2,t) = 1 is a solution of (5.35). The symmetry u3 in
Proposition 5.3.1 gives that

B A Ao t € (A1 + A2) —n
ue(An, Az, ) =u ((1 +1et)2’ 1+et)2 1+ et)) P <_2(11+6t)> (1+et)

B € (/\1 + )\2) —n
= exp <_2(1+et)> (1+et)

is also a solution. Make the change ¢ — 2¢ so that u. becomes

*6()\1 + )\2)

u€()\17 >\27t) = eXp < (1 + 2€t)

> (1+2et)™
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and observe that
ue(A1, A2, 0) = exp (—e()\l + )\2))

Use (2.34) with an appropriate function ¢ to construct a new solution of (5.35) given
by

UM, N, t) = /0 " ()M, gy t)de (5.37)
B o0 —€e(A1 + A2) _n
= [T oo (SR 12

which has initial condition

U (M, Ao, 0) / ()M, Ao, 0)de
0

/ p(e) exp (—e(A1 + A2)) de
0

@()\1 + )\2)

Here ¢ denotes the Laplace transform of ¢.

We wish to identify u (A1, A2, t) as the Laplace transform of some function, so

we rewrite u, as

- —6()\1 + )\2) 1
Ue(A1, A2, 1) = exp < (1 + 2et) > (14 2et)™
—(A1+ A2) (64—%—%) 1 1
= eXp 1 n 1 n

_ —(A\1 4 o) Mi+Ao) 1 : 1
— exp (1%2) exp( 12”22 (€+21t)> (2t)n (6+%)n

and compute the inverse Laplace transform with respect to e:

e ((2;%;22)” o (S5 e ((A@)? e >>)
)< (<e S (%2:)3 e >>)
e (5o (5) € (e ()
oo (5) () (5
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ey (F ) (Qub) F (“ﬁ“)

Hence,

1-n
! —(Ar+A+2)\ A+ A 2 2(A1 + A2)
winu) = (o () (22) T (VT

1-n
o] _ 2 - )\ A
:/ eXp( (A1+A2+z)> (AL +Ao) 2 221[7”( 2(h + 2)>e_ezdz.
0

2t 2t t

Substitution into (5.37) gives
U()\l,)\g,t)—/ (e (A, Ao, )de
0

1—n
o) oo _ 5 S
[Tl [T Ot ey
0 0

2t ( t
/ / e A +Ag+z) ()\1 + )\Q)T z%]n_l ( Z()\lt—l— )\2)) e~ dade
/ / e >\1+/\2+2) (M + )\2) 3 Z%In_l ( Z()\1t—|— )\2)) e~ deds
+

:/ JEEEEEES ()\1+)\2) B 27121[71_1< z(M1 )\2)) </ cp(e)eﬁzde> @
) 2 / o

~ 1-n
= / R At Ag)z +2);2) : 2" Iy (Z()\l * AZ)) P(2)dz
0

Furthermore, U (A1, A2, t) can be written as a function of A\; + A2 and ¢ only:

U()\l,)\g,t) = U()\l + )\Q,t)

) 1—-n
_ / p(r) et Mt )T am ) ( = )\2)> dz,

f(z)

p(tv)\l +A2 7Z)

with UM+ A2,0) = (A1 + A2) = f(A1 + A2).

Let Z(t) := p1(t) + pa(t). Then Z(0) = p1(0) + p2(0) = A1 + A2 := 2p. Therefore we
can write
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U(z0,t) = E*[f(Z(1))] == E[f(Z(1))|Z(0) = z0]

1—n

oo —(20+2) 2 n TN
:/ d(z)e 5 20 Py ( ZZO) dz
0~~~ 2t t
f(Z) p(t73072)

Note that indeed -
/ p(t, 20, 2)dz = 1,
0

and that p(t, 20, 2)11.~0y satisfies all the necessary conditions to be the transition
density for the process Z(t) = pi(t) + pa(t) starting at zp = A\ + A2. Compare
the expression for p(t, 29, 2)1{;~0y with that in theorem 5.3.2 to conclude that the
process Z(t) = p1(t)+pua2(t) is distributed according to a squared-Bessel distribution
with parameter v = n — 1. O

Having the transition density function of the sum ¢ (¢) +p2(t) allows us to com-
pute expected values of the form E*22[f (1 (t) + pa(t))] via a simple integration:

—(A1tAra+2) +A2 +2)

EMA2 [ (1 (8)+pa(t / f(z </\1 +)\2> fn—1 <M> dz,

z t

but this provides us with very limited information about the overall behaviour of
the eigenvalues p1(t) and p2(t). This motivates the following question: can we ex-
tend the existing knowledge about the behaviour of these eigenvalues by extending
the classes of functions for which we can obtain expected values?

Ideally, we would like to be able to compute

BN [ F (i (0) paa(0)) e Jo o0a (et (538)

for any function f and g. Knowledge of the transition density function for the
eigenvalues p1(t), u2(t) would allow us to compute EAA2[f(u1(t), u2(t))] for an
arbitrary f, but as far as we know, this transition density is still unknown. We have
seen that the usual lie symmetry methods for the obtention of transition densities
also fail to produce this result. This naturally leads to the question: for which types
of functions f and g are these expectations computable?

In what follows, we answer this question by providing techniques for the com-
putation of expected values of the above type (5.38) for a wide range of functions.
We start with ¢ = 0 and, in the last section, we provide some results for differ-
ent choices of g. Note that if E At 2[f;(u1(t), u2(t))] is computable for i € I, then

EMAz Z filna(t), pa(t)) |, I; C I is also computable.
iG[J‘
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5.3.1 Expectations of any symmetric polynomial in the eigenvalues of a
Wishart process

Here we present a result that allows us to generate an expression for

EMA2[p(g (), pa(1))]

for any symmetric polynomial p(u1, p12), i.e. any polynomial p such that p(u1, p12) =
P(p2, pa):

Theorem 5.3.4 (Recursive method for generating the expectations of any symmet-
ric polynomial in the eigenvalues of a 2 x 2 Wishart process).

Let Wy ~ WI1S(n,2, Wy) with n > 2 and with eigenvalues yu1(t) > pa(t) > 0. Let L be
the differential operator defined as

A1+ Ao 0 A1+ Ao 0 H? 0?2
L= 2 (0= 2 o) 2oL
<n+)\1)\2> mﬁ(" M= >8)\2+ o T

and let p(z1, x2) be a symmetric polynomial of degree k. That is, let p be a polynomial such
that p(x1, x2) = p(x2, 1) with k = deg(p(x1, T2)).

Take
up(A1, A2, t) = p(A1, A2)
and .
us()\l, AQ,t) = / Lus_l(/\l, )\2, T’)d?‘ +p(/\1, )\2), f01’ s = 1, cey k.
0
Then

B2 [p(pa (1), pa(8))] = un(Ars Az, 8).

Proof. 1t is clear from the definition of u; that it satisfies ug (A1, A2,0) = p(A1, A2).
On the other hand, we need to show that u; solves u; = Lu, which can be verified

by looking at the recursive construction of wuy:

Uuo ()\17)\27t) :p()\lvAQ)

t
u1 (A1, A2, t) / Lp(A1, A2)dr + p(A1, A2) = tLp(A1, A2) + p(A1, A2)
0

t
)\1,)\2, / L T‘Lp )\1,)\2) +p()\1,)\2))dr+p()\1,)\2)
0

/ (rL*p(A1, A2) + Lp(A1, Xo))dr + p(A1, A2)

= §L2p()\17 A2) + tLp(A1, A2) + p(A1, A2)
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k—1

th t _
(A1, A2, 1) HL’C (A1, A2) + = 1)!Lk 'p(A1, A2) + -+ + tLp(A1, A2) + p(A1, Aa)
k
tL
= Z( .,) (A1, A2)
i—0 v
Hence
k
8 z 1Lz
auk(Ala )\27 ) - g ( 1)|p()‘1a )\2)
k=1 i k=2 et
tzLH—l
= Lug—1(A1, A2, t) = Z 7 P(AL A2),
i=0 ’
while on the other hand
k ; tzLH—l
Lug (A1, A p(A1, A2) .
uk 1, 27 ZO ' 1, 2 ; Z. (AlaAQ) (5 39)
tk‘Lk—H
But the last term Tp()\l, A2) vanishes due to the symmetry and the order of

the polynomial p. Hence (ug)r = Lug_1 = Luy, as claimed.
Therefore, by part (b) of Kolmogorov’s Backward Theorem (2.2.2), we must
have uk()\l, )\2, t) = E>‘1’)\2 [p([tl (t), U2 (t))] OJ

The above method, while indeed effective for any symmetric polynomial p, be-
comes quite time-consuming for polynomials of higher degrees. This is due to the
fact that we need to calculate £ + 1 iterates in each case. Alternatively, we can
calculate L* fori = 1,. ..,k and use the series expansion definition

k

)\1,)\2, )\17/\2

=0

obtained in the proof of the above theorem. This is, however, equally inconvenient
for higher values of k.

It turns out that the lie symmetries of equation (5.35) give us an alternative to
this method:
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Theorem 5.3.5. Let Wy ~ WIS(n,2, Wy) with n > 2 and with eigenvalues 1 (t) >
pa2(t) > 0. Let L be the differential operator defined as

AL+ Ao 0 A1+ Ao 0 0? 0?
L- 2 (n- 2 Loy Mo
<”+ N >\2> o (" N ) e T Moz TR

Suppose u(A1, A2, t) € CHL(R?xR) is a solution of u; = Luwith u(A1, A2,0) = f(A1, Ao)
and v is bounded for t € K, for each compact K C R, i.e. suppose that u(A1, A2, t) =
BAA2[f (11 (1), pa(t))].

Consider
‘ e (A1+X2)
E o e (s
N 4
U()‘la 2, ) dezu <(1+6t)2’ (1+6t)2, (1+€t)> (1+ ) (5 0)

e=0

for any i € NU {0}, and with v(A1, A2,0) = g(A1, A2). If v(Ai, Ao, t) € CHL(R? x R),
and is bounded for t € K, for each compact K C R, then

V(A Az, t) = BM2[g(p (1), 2 (1))].

Proof. Let u(\1, A2,t) = EMA2[f(uy1(t), ua(t))]. Note that Proposition 5.3.1 gives

that
Al A2 t e (M + Aa) »
(ra wr wra) o (5 ) 0

is also a solution of u; = Lu. Further, by Theorem 2.1.5, differentiation of this

symmetry with respect to ¢ any number of times produces other solutions of the
equation u; = Lu. Hence,

. e (A1+XA2)
v(A1, Mg, t) = (N Az t P (_5 <11+et§)
DAY T i 1T+ e)2 1+ et)?2 (1+et) (1+ et)n

e=0

satisfies v; = Lv. Moreover, if v(\1, A2, t) € C*!(R? x R) and is bounded for t € K,
for each compact K C R and v(A1, A2,0) = g(A1, A2), then part (b) of Kolmogorov
Backwards equation theorem yields the desired result. O

Note. The above result allows us to compute E*122[g(u1 (), p2(t))] for any function
g that can be obtained as the initial condition of a solution u of u; = Lu that can
be written as a derivative with respect to € of any known solution % transformed
through the action of any of the symmetries of u; = Lu.

In what follows we illustrate how to use this result in the computation of ex-
pected values of symmetric polynomials in the eigenvalues 1 and 2. Roughly,
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the idea is that we start with a particular solution u; of equation (5.35) with initial
condition w1 (A1, A2,0) = p1(A1, A2), where p; is a symmetric polynomial. Then, via
the transformation through symmetries of this first solution, we obtain another so-
lution uy with different initial condition uz(A1, A2, 0) = p2(A1, A2), where ps is again
a symmetric polynomial. Thus, we obtain the expectations E***2[py (1 (), p2(t))]
from the manipulation through symmetry of E 22 [py (g (t), p2(t))]-

Example 5.3.1. Consider the polynomial p2(t)ua(t) + p3(t)u1(t), where uy(t) and
pa(t) are the eigenvalues of a paticular Wishart process Wy ~ W1S(n,2, W) and
where 111(t) > pa(t) > 0. Our goal here is to calculate the expectations

ENMA2 [ (8 o (t) + p3 () (1)]

Method 1: Using the recursive definition of u described in Theorem 5.3.4:
Our polynomial p(z, y) = z2y+y>z is of degree 3, therefore we will have to compute
ug, U1, U and us.

According to the above theorem, we define

up(A1, A2, ) = p(A1, A2) = Ao + A3\,

t
u1()\1,>\27t)=/ Lug(A1, A2, r)dr + p(A1, A2)
0

t
= / ((n = 1) (A 4+ A3) 4+ 2(3 + 2n) A\ da)dr + A3 + A3
0
= ((n—1) (A2 4+ X\2) 4+ 2(3 4+ 2n) A1 Xa)t + A2hg + A3\,

t
u2(>\1,/\27t)=/ Luy (A1, A2, r)dr + p(A1, A2)
0

= /t((n — DA+ 2D + 23+ 20) M\ +6r(n — 1)(n + 2)(A\1 + A2))dr
0

+ A2 + A3\
= ((n—1)(AF+A2) +2(3 4+ 2n) A \2)t + 3% (n — 1)(n + 2) (M1 + \2)
+ A2 + A3

¢
u3z(A1, A2, t) =/ Lug(A1, Az, m)dr + p(A1, A2)
0
¢
= / (6n(n —1)(n+2)r2 + (n — 1)(A2 + A3) + 2(3 + 2n) A\ Xo)dr
0

t
+ / (6r(n — 1)(n +2)(A1 + A2))dr + A2Ag + A2\,
0

=2n(n —1)(n+2)t2 + ((n — 1)(A2 + \3) + 2(3 + 2n) A\ Xo)t
+3t%(n — 1)(n 4+ 2)(\ + A2) + Ao + A3\
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So the expectations we are looking for are given by

B2 [0f (8 pa(8) + p3(0)pa (8)] = 2n(n — 1) (n+ 2)t* + 363 (n — 1)(n + 2) (A1 + Ao)
+ ((n = 1)(A 4+ A3) +2(3 + 2n) A1 da)t + Afha + A3\

Note that an alternative for this method would have been to calculate the first three

powers of L, i.e. L,L? and L? and then compute the desired expectations as

(tL)’

3
BN (0pa(t) + (O (0] = 3 3= (Eha + A50).

Method 2: Using the lie symmetries of equation (5.35) as in Theorem 5.3.5:
Let

ur (A1, Ao, t) = EMA2[pd () + p3 ()] = 2n(n + 3)t% + 2(n + 3) (A + A2)t + AT + A3
Uy (A1, Aoy t) = EMA2[03() + 13 (1)] = 2n(n + 2)(n + 7)t
F3(n+2)(n+ 7)1 + M) + (3(n +5) (A2 + A2) + sz) A3 43

Observe that u1 (A1, A2,0) = A} + A3 and ua (A1, A2, 0) = A2 + )3 respectively. Define

e (A1+A
et b )= | e (o Ao e e (55
MAL A2 T de P\ (T4 et)?” (14 et)?’ (1 + et) (1+et) :
e=0
(5.41)

for any u;, solution of (5.35). We know by theorem 5.3.5 that vy, solves (5.35). The

reader may check that the explicit expression for vy, is

e (AM1+X2)
ok Ao, t) = iu A1 A2 t exp <_§ (11+Et§ )
PALD T = ge "\ @+ )2 L+ et)2’ (1 + et) (14 et)m

e=0
- e (M + Xo) 2 A A ¢
i { o (50 ) ((1 raat (@ i)

AL+ Ao n nt A1 Ao t
20+ ety 2 (Are)+ ) M\ A renZ A +re? (1 +eb)

Wit A1 A2 t
(T+et)y 3\ (T4 et)2 (1+et)? (1+et)

L et o A A2 t
(T+et)y 3 2"\ (T4 et)2 (1+et)2 (1+et)
e=0
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= —2\1t01ug (M1, Ao, t) — 2XatDoup (A1, Ag, t) — t205up (A1, A2, )

_<M

5 + nt) uk()\l, Ao, t)

Hence v (A1, A2, 0) = —’h’gihuk()\l, A2,0). That is,

A+ A A+ A PRI TS PIED DL IEDY:

Ul()\la)‘270):_ 1_5 2“1()‘17A250):_ 1—; 2)\%—’_)\%:_ 1+ 1 2_; ! 2+ 2
t)3 )2 o (t g (t)? t)3

Therefore 1 (A1, Ao, £) = BN () + () pa( )JQFM( Jua(t)” + pa(t) thus

the linear combination v(A1, A2, t) = —2v1 (A1, A2, t) — ua(A1, A2, t) will give us the

desired expected value. The explicit computation of v gives

v(A1, A2, t) = —201(A1, A2, t) — ua( A1, A2, t)
= AP A A+ M A3+ A3 2t (0 +3) (A1 + X2)? + (n+4) (A +)3))
+6t%(n + 2)(n + 3)(\1 + A2) + 4n(n + 2)(n + 3)t>
—2n(n+2)(n+ 7t = 3(n+2)(n+ 7))\ + \o)t?
- (S(n +5) A2+ A2) + 6/\1>\2) f— A3 A3
=2n(n —1)(n +2)t3 + 3t*(n — 1)(n + 2)(\1 + A2)
+ (0= 1) (AT +23) +2(3 + 2n) A X))t + A + A3A;.

Clearly v solves (5.35) since vy = —2(v1)¢—(u2)t = —2Lv1—Lugy = L(—2v1—ug) = Lo
and v(\1, A2, 0) = A2Xg + A3\;. Therefore

v(A1, Az, t) = BEN2 [y (8)2pa(t) + pa(t)*pa (1),

Remark. We have seen in this example that transforming any solution u; of (5.35)
through the symmetry given by v, produces another solution with initial condition
Vg (A1, A2,0) = —%uk()\l, A2,0). Hence, if ui (A1, A2,0) is a symmetric polyno-
mial of degree m, v; (A1, A2, 0) will be a symmetric polynomial of degree m + 1.

This suggests that, ideally, we would like to be able to compute the expecta-
tions E*A2[p(uq(t), pua(t))] for any symmetric polynomial p of degree k in terms of
linear combinations of E*1*2[g;(11(t), u2(t))] and the action of lie symmetries on
E*MA20q; (1 (t), u2(t))] for some symmetric polynomials ¢; of degree k' < k. How-
ever, is this really possible? We answer this question with the following result:
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Proposition 5.3.6. Let W; ~ W1S(n,2,Wy) with n > 2 and with eigenvalues ji, (t) >
pa(t) > 0. Let ui(A1, A2, t) = EAA2[(ug (t) pa(t))?], for i € NU {0} and let

) e QM1tA2)
j d’ A1 Ao t exp (_5 (11+€t§ >
’U-()\l,)\Q,t) = | 757U 3 )
¢ de’ (1+e€t)?” (1+€t)?’ (14 €t) (I+et)

e=0
(5.42)
fori,5 € NU{0}. Then, for any polynomial p(x,y) with deg(p(x,y)) = k such that
p(x,y) =p(y. @),

k
EM22[p (1 (1), pa(t Z vaz A1, A, t), I C {0,1,..., {QJ }, Jc{0,1,....k}

iel,jed
(5.43)
for some constants Cj;.

Proof. We will prove this result by induction. First consider the following observa-
tions:

1. Let P% denote the set of all symmetric polynomials of degree k. To show that
the result holds for any ¢ € P, it is enough to show that it holds for each
element of a basis of P%. That is, let B = {bk } l € Lbea basis of P¥. Then

it is enough to show that EAA2[bF (uy () Z Z] vl (M, Mg, t) for
el jed
each | € L, for some constants ij. From this, the result trivially follows for

any q € PE, since ¢ can be written as ¢ = > albf, for some constants «; and
hence

BN g(an (1), pa(t))] = EXA2Y 7 anbf ua (8), a(1)]
leL

= Z OzlE')\l’A2 [bf (Ml(t)a 2 (t))]

leL

=> " Y Chvl(h,Aa,t)

leL el jed

= > (Zal ) (A1, A2, 1)

ieljeJ \leL

— J

= Z A’Ljvl ()\17>\27t)7
iel,jed

— !
for some constants A;; = 3., a,Cj;.
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2. Observe that if u;(A1, A2, t) = E[p(pi(t), na2(t))], ie. ui(A1, A2,0) = p(A1, A2)
j

then v/ (A1, Ao £) = E [(W) p(ua(8), (1)) |, since

2

4 M+ A2\ A+ A2
Uzj‘()‘la/\Qyo):< 1+2 2> Ui(/\17)\270):( 1+2 2) (A1, A2).

So it follows that if v/ (A1, A2, t) = E [q(u1(t), p2(t))] then
20/ (M Aoy t) = B [ (1) + pra(0) a(pn (1), jra(®))]

3. A basis B* for P will consist of {%—‘ elements. That is |B*| = {%W

Hence, if k is even |B¥| = [%—‘ = % + 1. However, if k is odd then |B*| =

%—‘ = k+1 For practical purposes, we will define the polynomials in the

basis slightly different for even and odd k.

e Even degrees: A basis B* = {0, ..., bIZH} is
2
bk _ fI,'k Z+1y 4 .,L,iflykfiJrl7 i=1,..., %7
k Syt
b2+1 r2y2.

e Odd degrees: A basis BX = {b},... b}, } is
2

k _ o k—itl, i— i—1, k—i S k+1
{bi = ghmitlyi=l g ginlyk=itl oy =, L
We will now prove the result for £ = 1 and k£ = 2 and show that, if the result holds
for k = n — 1, then it must hold for £ = n. Then, by induction, the result can be
said to be true for all k. To ease the notation, let us refer to (u1(t), p2(t)) as (X, Yz)

so that the initial condition (y1(0), 12(0)) = (A1, A2) becomes (X, Yy) = (z,y).

e k=1: B! = {bvl},
bl =z +y. Clearly, E[b1(X;,Y})] = —2v}(z,y,t)

o k=2:B%={b,0b3}
First, for b3 = 2y we have that clearly E[b3(X;, Y;)] = v{(z, v, t).
Then b? = 22 + y? = (v + y)(z + y) — 22y = (z + y)bl — 202,
o BIR(X0, V)] = El(X: + Yibl(Xe Yi) — 23(X0, Y0)] = 222w, ) —
209(z,y,t) = 4v¢(x,y,t) — 209 (z, y, 1)

e Induction argument: Suppose the result holds for £ = n — 1. Consider the
case k = n:
If nis even: B" = {b,... n+1} and B! = {p}71 ...
with E[b” 1( )] = Z” %J ! foreachl=1,...,%
(*) Vi x3y?2, for which clearly E[b” (X, Y})] = %(x, y,t).

0,
2

ty
n
2

Yy
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but E[b’,;l(Xt,Yt)] ZH%J Z(a: y,t), and E[an(Xt,Yt)] %(m,y,t) SO
Ew@ca;nn::—2<z;3%2f*%mﬁhm>——m@cmy¢>:=§;Jﬁﬁvﬁx4hw.
(*) b%,lzaﬁ” 24 gz 2yg+2

= (z+y) (a2t lyr 2 ar 2yt - (prtlyr ! parlyet

= (z+ y)bgil - b%a

n_q n .
but E[bz ll(Xt,Y;t)] = Zi,j %’?‘ /U‘i](x?y7t)l E[b% (X1, Y)] = Zi,j 513’”1]'(957%75)
SO

E[bﬁ,ﬂXtaY%)] = =2 (Zm %3' vf—l(;r,y,t)) - Zi,j /Bii'vij(‘ray?t)
Z 7] /823 (‘/'U y? t)
)0 =a" +y" = (z+y) (@ +y" ) = @y ayt ) = ()b b

but E[b?il(Xb }/t)] = Zi,j lyiljvzj" (x7 Y, t), and E[bg(Xtv Y;f)] Zz ,J /Bz] ) (x Y, )
hence

PR ) = =2 (Sl @y ) - X B30 (e, 0)
= El ] ’Lj ’L (:L' y’ t)
Note that all the polynomials b7}, s = % —2,...,2,which have not been written

here can be written as b7 = (z + y)b" ! — bSJrl and hence, E[b}(X:,Y;)] =

2 (St ) - S 85 ), where 3, 850l (e, .1) =
[bs+1(Xt7 Kﬁ)]

If nis odd: B" = {b,..., ,LH}andB” e ( ...,b’}lﬂl
with E[b} 1 (X, Yy)] = 3, ;74v] foreach i =1,..., 2
() ha =27 Ty ety

but E[b@ (X, Y2)] = Zij %’ijzJ/ 50
n+l

1 .
E[b@(Xt’Yt)} —224; %g “zH =228y vl
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n=1,5 n- n-1_4 n-1
() Vi =xz Py z Tyaz Tlyty
2

n—1 n—1 n—1 n—1
= (x + y)(xT+1yT_1 +x 2 ly 2 )

— (@ YT 4Ty T Y

= (e bl i
2 2

ntl .
but B! (X, ) = zmm Tl Bl (4. Y] = 2,8, ol so

n A Y ol
E[bnTH(XhY;f)] 221] 2] Z 5 1874 vy = Zi,j ﬁij v

()b =" +y" = ()@ +y" ) = @y ey = (@ )by -8,
but Eb{ ! (Xe, Yi)] = 3, vl (2,9, t), and ER5(Xe, Yo)] = 32, ; B30} (2,9, 1)
hence

B} (X0, Yo)) = =2 (S0 vel @y ) = 50 B30l (0, 0.)
=Y, Bl (2, y,1)

Note that, again, all the polynomials b7, s = 2 — 2 ... 2, which have
not been written here can be written as b7 = (z + vy b’; 1 bS .1 and hence,
Bl (X0, Vo)) = =2 (i vi0] @y t)) = X 85l (0, 0),

where )7, | 55“ vl (2, y,t) = B (X4, Yy)]

Remark. The above result implies that one need only compute

u,-()\l, /\2, t) = E)\l’h[(ul(t)MQ(t))i], for = 1,..., \‘I;J
using Theorem 5.3.4 to be able to compute E*1*2[p(u1 (t), p2(t))] for any symmetric
polynomial p of degree k through symmetry transformation as described in Theo-
rem 5.3.5.

The following proposition presents only a sample of the results that can be ob-
tained combining Theorem 5.3.4 and Theorem 5.3.5:
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Proposition 5.3.7. Let W, ~ W1S(n,2,Wy) with n > 2 and with eigenvalues ji; (t) >
pa(t) > 0. Then

E>\17/\2 [,Ul(t)MZ(t)} _ n(n - 1)t2 + (TL — l)t(Al + )\2) + A A
BN (1)5(1)] = (n— Do+ 1)(n+2)" + 2(n = 1)(n+ 1)(n+2) (0 + Aa)t?

+2(n + 1) (A1 + A2) A Aot + A3
B2 {1 () + pa(t)] = 20t + A1 + Ao,
EMA2[2(4) + p3(1)] = 2n(n + 3)t2 + 2(n + 3) (M1 + Aa)t + A7 + A
EMA2 38 + p3 ()] = 2n(n 4 2)(n + )t 4+ 3(n + 2)(n 4+ 7) (A1 + Xo)
- (3(n +5) (A +A3) + 6)\1)\2> A3 F A
EAiAz [,ﬁ(t) + u3()] = 2n(n + 2)(n® + 16n + 47)t*

2)(n? + 161 4 47) (A1 + Ao)t3

(n+4)(3n +19)(A2 + \3) + (Tn + 27) (A1 + Ao)?)t?
(n+ 7)(>\3 A3 + 200 (M + Ag))t + AT+ AL,

5

1

+5(n + 2)(n + 4)(n2 + 24n 4+ 103) (A + o)t
+10((n+4)(n 4+ 6)(n + A+ A2 +2(n + 4)(2n + 11) (A + M) D)E?
+5((2n2 + 33n 4+ 125)) (A3 + A3) + 3(3n + 17) A da (Mg + Xo))E2
+5((n +9) AT+ A2) + 20 A2 (A1 + A2)? = 20202t + AT + A3,
EMA2[38(8) + S ()] = 2n(n + 2)(n + 4)(n + 7)(n? + 32n + 159)t5
6(n +2)(n 4+ 4)(n + 7)(n? + 32n + 159) (A1 + A2)t°
+3((n +4)(n + 6)(5n? + 100n + 479) (A2 + A\3)t!
+6(n + 4)(3n + 19)(5n + 33) (A1 + \o)%t
+2(3(n + 7)(25n + 153) A1 Ao (A + \2))t?
(
(
(
(

+

+2(10n° 4 28502 + 2486n + 6819) (AT + \3))t°

+3((5n2 +102n + 493)(A] + A3) + 2(11n 4+ 83)A\; Ao (A1 + A2)?)t?
—3(11n + 85) AT A5t

F6(2A1 A2 (A1 4 A2)? — 4(A1 + X2)AZA3 + (n 4+ 11)(AF + A3))t 4+ A + AS.

The scope of these techniques extends to any symmetric polynomial in the
eigenvalues, i.e. any polynomial that remains invariant under permutation of the
variables. The symmetry property is essential since it is one of the key aspects that
ensures in the proof of Theorem 5.3.4 that the last term in the series expansion of
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Luy, (5.39) vanishes.

However, if one is interested in a large number of expected values of the above
type, while computing these is possible with the described techniques, one may
ask if a general explicit formula may be found for some particular cases. In gen-
eral, this can become quite complex, but there are some examples for which this
is possible. We have obtained a closed expression for the expected value of any
power of the trace of a 2-dimensional Wishart process, i.e. we have obtained an
explicit expression for EAtA2[(1u1(t) + pa(t))*] for any k € N:

Proposition 5.3.8. Let W; ~ WI1S(n,2, Wy) with n > 2 and with eigenvalues i, (t) >
wa(t) >0, and let k € N. Then

BN (i (8) + p2 ()] = (A + Ag)”

k i i
+Z (H j+1)(”+k‘j)) (AL 4 Aog)F e
=1

7=1

Proof. To prove this result one need only observe that

k i %
w(Ar; Az, 1) = (AL + A2) k-l-z (H j+1)(”+k‘j)) (A1 + o)
=1

7=1

satisfies the initial condition u(\1, A2, 0) = (A1 + A2)* and that it is a solution to the
Kolmogorv Backwards equation for the proccess of the eigenvalues (11 (¢), pa(t)),

i.e. u solves

AL+ A AL+ A
Up = 2X1Ux £, + 2houp, 0, + <n—|— )\1 — )\z> uy, + (n— )\1 — /\2> U,

Observe that

x>

PR (H(k —j+ Dtk j)) (A1 + Ao)t

(ﬁ(k —Jj+Dn+k j)) (k— i) (\ + )\2)k—i—1

UNi A = Udady = k(k - 1)()‘1 + )‘2)k72

+Z

(H —J+ 1)(n+kj)) (k—i)(k —i— 1)\ 4+ Ag)F™2

j=1
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Substitution into the right-hand side (RHS) of the above PDE gives:

RHS = 2k(k — 1)(A1 + A)F !

—2 i+1yi

+D (H(k —j+D)(n+k j)) (k —)(k — i — 1)(Ag + Ao)F—i

i=1 j=1

2nkn 40P S o (H<k AR p) (k = i)n(h + Ao

i=1 j=1

_ k—1
=2k(n+k—1\ + )1+ (?:tfl; (Hl(k —j+D)(n+k j)) n

k_22i+1ti ,
+ H —j+ Dtk —g) | (k=) (n+k—i—1)(A\ + M)

thk 1 [kl
=2k(n+k—1)(AL + )1 + A TIk=i+ D +k—j)
7=1

k—i+1)(n+k—i)(A + \)F?

k—1 i—1
2iti=
+§ (H —j+ 1) n+k]) k—i+1)(n+k—i)(A + M)
=2

gigi—1 [
Z(il)'( (k—7+1Dn+k—j)
- !

ki1 i
=3 oy (L= D+ k=) | O 2) ™ = = LS

Therefore v is a solution to the Kolmogorov Backwards equation for the process of
the eigenvalues and it has initial condition u(A1, A2,0) = (A1 + A2)*, so by part (b)
in Theorem 2.2.2

EMA2[(ua(8) + pa(8))*] = u(A, Ao, t)

5.3.1.1 Extension to p-dimensional Wishart processes

The methods used in the previous section can be easily proven to be extensible to
any dimension p. For example, Theorem 5.3.4 naturally extends to the following
for a p-dimensional Wishart process.
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Theorem 5.3.9. Let Wy ~ WIS(n,p, Wy) with n > p and with eigenvalues 1 (t) >
- > pp(t) > 0. Let Ly, be the differential operator defined as

VAR
pZ”aAﬁZ( 2% A)@Ai’

and let p(z1, ..., xp) be a symmetric polynomial of degree k. That is, let p be a polynomial
with k = deg(p(z1,...,xp)) and such that p(z1,...,zp) = (po o)(z1,...,zp), for any
permutation o : {z1,...,zp} = {x1,...,2p} .
Take

up(As - Ap, 1) = p(A1, ..o Ap)

and
t

us()\l,...,)\p,t):/ Lyus—1(A1,..., Ap,m)dr +p(A1, ..., Np), fors=1,... k.
0

Then
BN [p(uy (8), - pp(8)] = k(M- A, )

Proof. The proof of this result is similar to that of the 2-dimensional version (Theo-
rem 5.3.4). O

Similarly, Theorem 5.3.5 extends to

Theorem 5.3.10. Let W; ~ WIS (n,p, Wy) with n > p and with eigenvalues p;(t) >
- > pp(t) > 0. Let Ly, be the differential operator defined as

p 2
0 Ai + A
LPZ”W*Z( )\A)
i=1 v i e
Suppose u(A1, . .., Ap, t) € C*HRPXR) is a solution of uy = Lyu, withu(X, ..., \p,0) =
f(A1,...,Ap) and w is bounded for t € K, for each compact K C R, i.e. suppose that

U(Al’ ) )‘pv t) = EAAe [f(ﬂl(t)v e ,up(t))].
Consider

dz
Ve Apyt) = [d i (Al,...,Ap,t)] (5.44)
e=0

forany i € NU {0}, where
(A1, ..y Apst) = 0( A1, .o, Apyte)u (al()\l, e Apet€)yapr1(Ag, . ,)\p,t,e))

denotes any symmetry of the equation uy = Lyu.
Suppose that v(A1, ..., Ap, 0) = g(A1, ..., Ap). fo(A1, ..., Ay, t) € CBL(RP x R), and is
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bounded for t € K, for each compact K C R, then

VAL, A, t) = BN g (8), g (1))
Proof. Again, the proof for this result is similar to that of Theorem 5.3.5. O

Through a similar argument, an extension of Proposition 5.3.6 can also be for-
mulated for general dimension p. Therefore we can compute the expected value for
any symmetric polynomial in the eigenvalues of a p x p Wishart process.

Remark. It is important to remark that what we refer to as a symmetric polyno-
mial in the eigenvalues of a p x p Wishart process is any polynomial ¢ such that
q(p, 2, .oy pp) = (qoo)(p, p2, ..., 1p), for any permutation o : {p1,...,pp} —
{p1, ..., pup}. Observe that this does not include polynomials like 1% o + 11443 if we
are regarding a Wishart process of dimension p > 2, while this polynomial does
indeed fit the definition if we are working with a 2—dimensional Wishart process.

Even though the above results give us all the necessary tools to compute the
expected value for any symmetric polynomial in the eigenvalues p1,...,u, of a
p x p Wishart process, one may observe that these tools involve either calculating
powers of the linear operator

p 2

0 i + A 0

L, = E 2Xi o + E n+ — -, (5.45)
N 4 N =N | A

computing a large number of iterations involving integrals of L, applied to some
functions or, alternatively, computing the symmetries of u; = L,u. As a general
rule, for a fixed p, the higher the degree of the considered polynomial, the more
computationally demanding these tasks become. Moreover, if one wishes to study
the general case p, these methods can become quite messy, since we need to work
with the general form of the operator L, as well as the general form of the relevant
symmetric polynomial.

It turns out that it is possible to obtain a closed form expression in terms of
the dimension p for the expectations of some symmetric polynomials. This gives a
much more convenient way of evaluating these expected values for these particular
polynomials. We provide a sample of these results in the following propositions:

Proposition 5.3.11. Let W; ~ WIS(n,p, Wy) withn > p, and with eigenvalues p; (t) >
- > py(t) > 0, the expected values for the sums Y 5_ uF(t), k = 1,2,3, 4 are given
respectively by the following solutions of the associated Kolmogorov Backward Equation :
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(a) k=1:

P p
o {z m] O ) = 3 g
- i=1
(b) k=2:

p
EAAe {Z ] ug(A1, -5 Apy t)

=1 =1 =1

p p p
=pn®t? £ N+ 2(p+ 1)t Y N+ nt (p(p +1E+2) Ai) (5.46)
(c) k=3:

EAeAe [Z“z ] us( A1, - A, t)

p
= pnt® + Z N4+3((p+Dp+2) +2)2> N

i=1 =1
p p
+302 [ p(p+ 1)t + > N | +3t [ (p+3) ZA3+2ZM
1=1 JFi
+nt {( (p+1)(p+2)+2p)t* +9(p+1 Z)\ +3Z)\2] (5.47)
d) k=4
EAeA |:Z'“1 ] us( A1, - oo A, t)
p p
= A | npt* + 4¢3 Z i | +2Bt? Z M2 4+ 40t Z Aidj
i=1 i=1 j#i
p
+ 4DtZA3 + 8tz NAD N +DoA, (5.48)
=1 J#i =1
where

A = n®46(p+1)n*+n[6(p+1)(p+2)— (p—9)]+[(p+1) (p+2) (p+3) +10(p+1)+4],
B :=3n%+2n(4p +11)[3(p + 3)(p + 4) + (p + 11)],

C:=Tn+ (Tp+ 13) and

D:=n+(p+5)
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Proof. We need to show that for each k = 1,2,3,4, ur(A1, ..., Ay, t) has initial con-
dition ug(A1,...,Ap,0) = >0, )\f and solves the PDE u; = L,u, where the linear
operator L, is defined as in (5.45).

It is straightforward that for each k € {1, 2, 3,4}, u;, satisfies the required initial
condition: one need only substitute t = 0 in the given expressions and the result
trivially follows. Therefore it only remains to show that u; is a solution of the

mentioned PDE in each case:

(@) k=1: On the one hand, we have (u;); = np and, on the other hand

P Ai + A &
Ly =) |n+) T Y (un)x; + D 2Xi(ur)a,
i=1 j#i i=1

p ) ) p
:Z TH_Z:——FX ><1+Z:2)\Z-><0

i=1 j#i i=1
p P
A+ A
- Z n+ Z — N\ — )\
i=1 =1 \ j#i
=np,

Therefore the PDE (u;); = L,u; is indeed satisfied.

At AN X v
Note that the sum % _, (Z#i )\zf)\j) = 0 since )\:)\; = _A;J:M’ Vi, j

(b) k=2: The left-hand side of our PDE is

p p
(ug)e = 2pn°t+2(p+ 1) N+ 2np(p+ 1)t +2n Y\
=1 1=1
p
=2pnt(n+p+1)+2p+1+n)> X
=1

p
=2(p+1+n) pnt—kZ)\i
i=1

On the other hand, we have that the right-hand side is

p p
Lyup=)» [n+> A (), + > 2iluz)an,

i=1 i A=A i=1
p p
Ai + A
=Y " [n+ Af; (2N +2(p+ 1)t +2nt) + > 2\ x 2
i=1 g v i=1
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p
n (20 +2(p + Dt +2nt) +4) N
1 =1

‘r”ﬂ@

)

Ai A
+> (]#Z N Aj) (2X\i +2(p + 1)t + 2nt)

iS]

=1

P
i + A

2n +4) Ai +2n —|—1t+2n t + 2

=( ; p(p p ; ;)\_

p
=(2n +4) ZA +ontp(p+1+n)+2p-1)> N
=1

=1
p

:(2n+4+2p—2)2)\i+2ntp(p+1—|—n)
i=1

p
=2(n+1+p) Y N+ 2ntp(p+1+n)
=1

p
=2(p+1+n) (pnt + Z/\l> .
=1

So we have verified that us satisfies (u2); = Lyug as required.

(c) k=3: In this case, on the one hand we have:

p
(uz)e = 3pn’t* +6((p + 1)(p +2) + 2)¢ Z

hS]

=1 i=1 j#i
p
+3n(p(p+ 1)(p+2) + 2p) + 18nt(p+ 1) > Xi + 3nZA2

=1

= ¢? [3np3 +9n(n + 1)p* + 3np(n® + 3n + 4)]

+9n2p(p+1)t2+6n2t2)\i+3 ((p—|—3 Z)\ +2Z)\)\)

p
PP {sz +18(n + 1)p + 6(n? + 3n + 4)]
=1

p
+) N Bp+3(n+3)+6> A,
i=1 i

while on the other hand, the RHS of the PDE is
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i=1 i=1

- Xi + A E
Lyus =Y [ n+ pva /\j (uz)x, + ) 2Xi(uz)an
gt

N+
_Zm [6X; + 6t(p + (n +3)) +Z(”+ZA.+;)
= (u3)x; z i ’

X (3>\? +6tA(p+ (n+3))+ 6ty A+ 3t7 (p2 +3p(n+1) +n? +3n+ 4))
J#i

(us)x,

p

p p p
=12) N+ 12t(p+ (n+3))D> A +3n Y N +6tn(p+ (n+3) > N
i=1 i=1 i=1 =1

D R ol bt
j#i

i=1 j#i i=1

X (3)\22 +6t\i(p+ (n+3)) + GtZ Aj + 32 (p2 +3p(n+1) +n? +3n + 4))
J#i
p P P
=(12+ 3n) Z M+ 6t((n+2)p + (n* +5n +6)) Z Ai +6tn(p —1) Z i

p
Ai A
+t2 (3np3 + 9np*(n + 1) + 3np(n® + 3n + 4)) + Z ( * ])
i

— ‘N — Aj

X (3/\3 +6tAi(p+ (n+3)) + 6t /\j>
j#i
p p
=(12+43n) Y A} +6t2(n + p + (n® +4n+6)) > At
i=1 =1

P
i + A
+12 (3np3 + 9np?(n + 1) + 3np(n® + 3n + 4)) +3 E ( ﬂ) A2
Y

i=1 \ ji Ai = A
b Ai + A P Ai + A
+6t(p+ (n+3)) > sy RO swnvl L DILY
i=1 \ j#i ° J i=1 \ j#i ¢ J G#i

p p
=(12+43n) 3 A7 +6t2(n+ p + (n® +4n+6)) > At
=1 =1

+12 (3np3 + 9np?(n + 1) + 3np(n® + 3n + 4)) +3(p—1) Z A2

P

+6> " Nidj +6t(p+ (n+3))(p— 1) Z)\l—Gt —-1) Z)\
J#i
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—=t? (3np3 +9np*(n + 1) + 3np(n® + 3n + 4))

p
+6t > Ni(p® +3(n+ 1)p + (n® + 3n + 4))
=1

p
+D ANBp+3(n+3)+6) i)
i=1 G#i

Again, it is verified that (u3); = L,u3 as claimed.

(d) k=4: Let us first compute the appropriate partial derivatives of uy:

(ua)¢ = 4Anpt3 + 12423 N, + 4Bt > P | A7 +8Ct Dot N
+4D YT N +821 1A (Zj;&i Aj)
(ua)y, = 4A> +ABN + 4012 35, Ny + 12DEN + 168N X254 A

F8ED 5 A+ AN
(U4))\i)\i =4Bt* + 24Dt\; 4+ 16t Z];éz )\j + 12A12,

where A, B, C and D are defined as in the statement of the proposition.
Then, the RHS of our PDE becomes:

- Xi + A £
LPU4 = E n + )\Z — /\j (’U,4))\i + E 2)\1'(U4))\ A
i j

i=1 i i=1
p p p p
= Z ndAt3 + 4Bt? Z n; + 4Ct? Z n Z \j 412Dt Z n\?
i=1 i=1 i=1 j;ﬁi i=1
+16thA >N +8tz Z)\2+4Zn>\3
=1 Jj#i =1 j#i
& Ai + A - Xi + A
4A¢t% — L | 4Bt —L N
’ t; Pl " t; N TN
RESNDS izfié S0 () ijiﬂ 2
=1 \ j#i T ) i i=1 \ j#i J
+16t2 +A A DN +8tz ZAJFA >N
i=1 J#Z J# =1\ j#i A J#

p
+4Z )\3+4Bt222)\ +24Dt22>\)\
1=1 j;éz =1
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+16t22)\ ZA +12Z2A A2

1=1 J#i

p p
= dnpAt® + 4Bnt? Z \; + 4Cnt? Z Z \j +12nDt Z A2
i=1 i=1 j#i i=1
A,_/
(D APY

+16m&ZA ZA +8nt ZZAQ +4nz/\3
i=1 J# i=1 j#i

2Zj;ﬁi)‘i>‘j (p— 1)21 1 1

P P
Ai + A Ai A5

3 4 J 2 4 J )

+4A3 Y | T4Bt > |

i=1 \ j#i " J i=1 \ j#i J

=0 (P=1) 271 N
p p
Ai A Ai + A
2 A , i T A 2
+4C#) VY > X +12Dt Yy el K
i=1 \j#i " I ] i i=1 \ j#i J

—(p-1) X7 i (P=1) 20y AFH230 5 iy

p
+16tzp: A+A )\Z/\ +8t) ZAJFA >N
=1 J?él J# i=1 \ j#i Ai J#

N~

2(p—2) 3225 Ai; —(p—1) >0 A 22];&1/\)‘

- Xi+ X o
i J 3 2 ) 2
+4 E DS wyy Aj +8Bt E Ai +48Dt E A
=1 \ j#i =1 1=1

(=1 F_ A3 +230 Z<Zj¢¢)‘j>

+32tZA Z)\ +24Z)\3
1=1 j#i

252 A

p
=123 "\ [4Bn+4B(p —1) + 8B +4Cn(p — 1) — 4C(p — 1)]
=1

p
+tY A7 [12nD + 48D + 12D(p — 1) + 8n(p — 1) — 8(p — 1)]
=1
+1) Ny [32n 4+ 32(p — 2) — 16 + 64 + 24D
j#i

+ZA3 [4n + 4(p — 1) + 24] +8Z>\2 D> A | + dnpAt?
J#i
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=4*> X [Bn+p+1)+C(n—1)(p—1)]

=1

+4t) N [DBn+3p+9)+2n—1)(p—1)]
=1

p
+8t> AAj[An+4p—2+43D]+4> N [n+p+5]
G i=1
p
+38 Z M Z Aj |+ dnpAt?
i=1 G#i

= (u4)t7

since it can be easily shown that:

124 =4[B(n+p+1)+C(n—1)(p—1)]
4B =4[D@Bn+3p+9)+2(n—1)(p—1)]
8C =8[4n+4p—2+3D)

Hence the PDE (u4); = Lyuy4 is satisfied.

So for each case, we have verified that (ux); = Lyug, k € {1,2,3,4} and
up( A1, Ap, 0) = 300 A\f. Hence, by part (b) of Theorem 2.2.2, we have that for

=1 """
each k
P

Uk (Ay oy A, t) = B 1N ()

i=1
as claimed. O
Note. The case k = 1 in the above proposition gives the expected value of the trace

of W;. That is, for Wy ~ WIS(n,p, Wy) with n > p and eigenvalues p;(t) > --- >
pp(t) > 0 with p;(0) = A, i =1,...,p we have

E [Tr(Wy)] = Z Ai +pnt
i=1

We now provide an explicit expression for the expected value of the determi-

nant of a p-dimensional Wishart process:

Proposition 5.3.12. Let J = {1,...,p} and let Wy ~ WIS(n,p, Wy) with n > p and
with eigenvalues pu1(t) > -+ > p,(t) > 0. Then, the expected value for the product of the
eigenvalues (that is, the expected value of the determinant of the process W) is given by the



154 Chapter 5. Wishart Processes and their Eigenvalues

following solution of the Kolmogorov’s Backward Equation:

e H“i(t) = E* [det(Wy)] = u(Ar, ..., Ap, t)

p p i
=[x+t { [Ie-p+0) )| > I M (5.49)
i=1 i=1 k=1 |JJm‘,CJ, r€Jm
m|=p—1t

Proof. Asin the previous proposition, we must only check that the given expression
u is indeed a solution of u; = Lyu with initial condition u(A1, ..., Ay, 0) = [TF_; A
Again, it is trivial that the initial condition is satisfied since:

u(Ay, ..., H)\ +Zoz [[n—p+5 > I M| =11
k=1 =1

1=1 J'mCJ, r€Jm
‘Jm|:p—i

Now, to check that u is indeed a solution to the required PDE, we have :

P 7

ut:Zz’ti_l H(n—p—i—kz) Z H Ar

i=1 k=1 ImCJ, TE€Jm
[ Jim |[=p—i

=(n—-—p+1) Z H)\+Zt’1 H(n—p+k) Z H)"”
k=1

I CJ, 17E€EJIm =2 I CJ, 17€EJIm
[Jim |[=p—1 [T |[=p—i
I II

P Ai + A a
Lpuzz n—+ A A ’LL)\Z,—I—ZQ/\Z'U)\Z.)\Z.
i=1 i i=1 5

p—1

P )\i—l-)\j P J
DI UED ohvesy | U EED ol 1 (EESEC) 1 D SN 1 Y
1= 1= =
J#i

J#i Jm CI\{i}, 7€Jm
|Jm| =p—j—1
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znnmz( i’j*ifj) ztf(Hmm) S I
=1 \j# ' k=1

=1 j=1 i=1 7j=1 Im CJI\{i}, 7€Jm
J# | Jm|=p—j—1
—_——
A

B

a2 p R
i B 1R DIUEN | (A 220N | D DR | P
o = j j=1 k=1 Jm CI\{i}, 7€Im
j;ﬁz |Jm‘_p ] 1

D

Observe that the individual terms A, B, C and D can be expressed respectively as

follows:
> 1™
IJmCJ, r€Jm
| Jm|=p—1
C=-(-1) Z H Ar,
JmCJ7 r€Jm
‘Jm|:P_1

B:—Z(p—(j—Fl )G+ DY (ﬁn p—i—k) Z H)\r
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Substitution back into L, gives:

Lyu=n Z H)\r—(p—l) Z H)‘T

J,,,LCJ, r€Jm J'ch7 r€Jm
[Jm|=p—1 [ Jm|=p—1

j—1
+ant3 ! Hn—p+k) Z H A
k=1

ImCJ, r€Jm

IJm|:p7j
p ' Jj—1
> -t | [[(n—p+k) > 1o
j=2 k=1 InCJ, reJm
[Jm|=p—3

=(n—-(p—1)) Z H/\

ImCJ, r€Jm
‘Jm|:P*1

-

+) (n—(p—j)jt' Hn—p—l—k) Z H)‘T
k=1 ImCJ, T€EJIm
|Jm‘:P—j

<
[
N

=(n—-p+1) Z H/\+th]1 H(n—p+k) Z H/\’" ,

IJmnCJ, r€Jm = k=1 Jm CJ, "I”EJm
‘J'mlzp 1 |J7n|:p_.7

which is exactly the same as expressions I and I7 in wu;.

Therefore, we have that the function u defined as in (5.49) is a solution of
uy = Lpu with initial condition u(A1,...,A;,0) = [[¥_; X; and so, by part (b) of
the Kolmogorov Backward equation theorem (Theorem 2.2.2),

ULy -y A,y t) = EALA Hﬂz

as claimed. 0

It can be easily appreciated that the general expressions for the expectations in
the p—dimensional case get substantially more complicated as we increase the de-
gree of the polynomials. Thus, we have not included any more cases in this work.
Theorems 5.3.9 and 5.3.10 will produce the expected value for any particular sym-
metric polynomial we wish to consider.
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5.3.2 A method to extend the computations of expected values to a wider
class of functions in the eigenvalues of a Wishart process

In this section we present some results that allow us to extend the range of func-
tions f for which we can compute E[f (u1(t), p2(t))]. Note that Theorem 5.3.5 in the
previous section does precisely this through the use of lie symmetries. This partic-
ular theorem is not only valid to obtain expected values of symmetric polynomials,
but for a much wider range of functions.

Similarly to the above mentioned theorem, the results in this section extend the
scope of our results to a wider class of functions f but, in this case, by making
use of a combination of the basic tools of It0 calculus and the results obtained in
the previous section. The results presented here are for the 2-dimensional case for
simplicity.

Remark. From this point on, we will typically refer to the eigenvalues of a Wishart
process as X; and Y; to ease the notation. Even though this new notation looks
somewhat less natural for eigenvalues, it will make all the upcoming expressions a
lot simpler. In this and the upcoming sections, we will consider W} ~ W1S(n,2, Wy),
with n > 2 and with eigenvalues X (¢) > Y (¢) > 0, that we will usually denote by
Xy = X(t), Vi :=Y(¢).

Theorem 5.3.13. Let W; ~ WIS(n,2,Wy) with index n > 2 and with eigenvalues
X(t) > Y (t) > 0. Let P denote the set of all polynomials in two variables with coefficients
in Rand let Ps = {p(x,y) € P|p(z,y) = p(y, )}, i.e. Psdenotes the set of all symmetric
polynomials in 2 variables with real coefficients. Let L be the linear operator defined as:

02 0? z+y\ 0 z+y\ 0
L=202 yoy o 2 - - .
oyt y6y2+<n+x—y>8m+<n :c—y)&y (5.50)

Then, for any function f such that
Lf =g, g€ Pg
we have that .
B (X0 Y0 = fan) + [ Bla(X.,Yolds

where the integrand in the above expression can be calculated using the methodology de-
scribed in Theorems 5.3.4 and 5.3.5.

Proof. Let g € Ps. Theorems 5.3.4 and 5.3.5 have been proven to produce an ex-
pression for E[g(X¢, Y;)] forall g € Ps.
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Now let f be a function satisfying L f = g. Then, by Ito’s formula, we have that

t
F(X0Ye) = floy) + /0 (LF)(Xs, Ya)ds + M, (5.51)

where the term M, is a martingale. Therefore, taking expectations yields

Elf(X0, Y1) = f(a,y) + /0 Elg(X., Ya)lds + E[M,]
— flz) + /0 Elg(X.,Y.))ds

as claimed. Furthermore the integrand in the above expression is known since
g € Ps. O

Corollary. Let Wy ~ W1S(n,2,Wy) with index n > 2 and with eigenvalues X (t) >
Y (t) > 0. Let L be the linear operator defined as:

0? 0? x+y\ 0 x+y\ 0

Then, for any function f such that
Lff=g, g€Ps

we have that

k—1 m t rte1 t
PV = S )+ [ [ [T Bl Yoldsdn i,
n=0

where the integrand in the above expression can be calculated using the methodology de-
scribed in Theorems 5.3.4 and 5.3.5.

Proof. To prove this Corollary one need only use Theorem 5.3.14 iteratively k times.
Note that for £ = 1 we have that Lf = g and we get exactly the statement of
Theorem 5.3.14:

Elf(X0.Y))] = f(z,y) + /0 Elg(X., Y,)ds,

which has already been proved.
For k = 2, we have that L?f = g. Let us denote Lf := f;. We then have L?f =
L(Lf) = Lf; = g. Similarly to the proof of Theorem 5.3.14, It0’s formula yields:
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t
FXLY)) = floy) + /O (LF)(Xs, Ya)ds + My,
t
— fley) + /0 F1(Xo, Ya)ds + My,

where M; is a martingale. Hence, taking expectations:
t
B0 Y] = fa0) + | ELACX Yolds + B
0

_f(x,y)—i—/o (fl(x,y)—i- ; 1E[g(XS,Ys)]ds> dty

t1

t
= fle.y) + th(xy) /0 [ Blgx, vodsan,

as claimed. Observe that the expression used for E[f; (X, Y5)] above comes directly
from Theorem 5.3.14, or form the case k = 1 in this Corollary.

We need only show that if the result is true for £ = n — 1, i.e. if for any h such
that L"~'h = ¢, g € Py it is satisfied that

t tn—2 t1
h(Xy,Yy)] Z* (z,7) // | Elg(Xs,Y.)]dsdty ... dt, o,

then the result also holds for £ = n. Hence, by induction, the result will be proven
to be true for all k. Observe that for k¥ = n we have L"f = ¢g. If we denote Lf :=
fn—1 we have that L"f = L""Y(Lf) = L"'(f,—1) = g. Then, as in the previous
cases, [t0’s formula gives

t

F(X0 Yo = floy) + /0 (LF)(Xs, Ya)ds + M,,
t

= floy) + /0 Faot (Xo, Ya)ds + M,

where M, is a martingale. And again, computing the expectations yields

Elf(X0,Y))] = f(x,y) + / Blfur (Xo, Yo)lds + E[M],

t”21

_fa: y / Z n'lLlfn 1(.%' y)dtn 1

tn—1 tn 2 tl
/ / / . (Xs, Y;)]dsdtl e dtn_thn_l
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But note that

thZ tn22

(x,y) / Z o lLan 1(z,y)dtn—1 = f(z,y) / Z ”‘1LZ Lf)(x,y)dt, 1

f(z,y) +Z (L (y) = f(a,y) +Z§,L’ f(z,y)
i=1
B S
=0

So we have that
tn—1 1
Elf(Xy,Yy)] = f(z,y) // | Elg(X,,Y.)]dsdty ... dt, 1,

as required. Hence, by induction, we have that forall k € N, if L¥f =g, g € Ps
then

tk—1 t1
E[f(X.,Y))] = Z L”fa:y // | Elg(X,Yy)]dsdty ... dt_q,

where the integrand E[g(Xs, Ys)] can be calculated according to Proposition 5.3.4.
O

We will illustrate this methodology by presenting an example in what follows:

Example 5.3.2. Consider the PDE:
Lf(z,y) =z +y, (5.53)

where the differential operator L is defined as in (5.58).
To solve this PDE let z = x + y. Then equation (5.53) becomes:

2xfxw+2yfyy+<n+>fz < _x—‘rZ>fy:l'+y
S22 ., +2nf, =z (5.54)
Note that equation (5.54) has solution:
1—n 22
f(z) = Cl+021_n+4(n+1), (5.55)

which can be expressed in terms of = and y as:
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(z+y)'™ | (z+y)?

(5.56)

Therefore using Theorem 5.3.14 we have that

(Xe+Y)'™" (X +Yh)°
1-n 4(n+1)

1-n 2
:C'1+02<x+y) +(x+y)

E
1-n 4(n+1)

Ci1+Cs

t
- / E[X, + Y]ds
0
But we know from the previous sections that E[X; + Y| = 2ns + 2 + y so we have

(X + Y (X + V)2
1—n 4(n+1)

_ (z+y)'™  (z+y)
=C1+ 0y 1—n +4(n+l)

E|Ci +Cy

t
—i—/ (2ns + x4+ y)ds
0

_ (z+y)'™  (z+y)
=C1+ 0y 1—n +4(n+l)

+nt? 4+ (z + y)t

This allows us to calculate the expectations E [(X; 4+ Y;)!™"] in terms of
E [(X: + Y;)?] as follows:

(z +y)* - E[(X¢ +Y1)%]
4(n+1)

EBl(X;+Y)! " = (z4+9) "+ (1- n)< +nt? + (:r—i—y)t)

Note that (z+y)'~" with n > 2 is not a polynomial, so this was not a function of the
eigenvalues for which we could calculate the expectations using the methodology
presented in previous sections. However, E[(X; + Y;)?] is indeed something we
already know how to calculate. Therefore, using this method we are extending the
class of functions of the eigenvalues of a Wishart process for which we can calculate
the expectations. Note that in this case:

E™[(Xy +Y1)?] = dn(n + D)2 +4(n + Dtz +y) + (z +y)? (5.57)

Hence

E[(X:+Y)' " = (x+ )"+ (1 —n)(nt® + (z + y)t)

(x4+y)? —4dnn+ D2 —4(n+ Dt(z +y) — (x +y)?
4(n+1)

=(z+y)'" T+ 1 =)t + (+y)t) — (1 —n)(nt® +t(z +y))

=(z+y)'"

+(1—n)
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Remark. This particular example deals with the expectations of a function that can
be expressed in terms of the sum X; + Y}, for which we know the density function.
So this particular expected value could have been obtained by simply integrating
against the transition density function of the process X; + Y;. However, we use this
example here to illustrate how it can be done using symmetries.

An even wider range of possibilities can be explored by the combination of
these results with those we can obtain using Theorem 5.3.5. In the previous section,
the mentioned theorem produced expected values of some symmetric polynomials
through the transformation by symmetry of the expected value of a different sym-
metric polynomial but, when applied to different kinds of functions, it can produce
expected values for other classes of functions.

Let us show how theorem 5.3.5 can, for instance, be used in Example 5.3.2 to
obtain the expectations for (X; + Y;) 7%, k € N for every k € [0,n — 2]:

Example 5.3.3. In the previous example we obtained that for a Wishart process
Wi ~ WIS (n,2, Wy) with index n > 2 and with eigenvalues X (¢) > Y'(¢) > 0

E[(X; +Y)' ™" = (z + )"

Let u(x,y,t) := (x+y)'™", which is a solution of u; = Lu, where L the generator of
the eigenvalue process (X¢, Y;), i.e. L is defined as in (5.58). Define

vy t) = | Lu < r __y ¢ ) e (=5 (714)
de \ (1+€t)? (1+et)? (1+et) (1+et)n
e=0
as in theorem 5.3.5. Observe that the new solution is
o) = T o ey,
which has initial condition v(z,y,0) = —W. Thus, multiplying by —2 we get

the new solution 4(z, y,t) = (z + y)?>~" + (2 — n)2t(x + y)' =", which, according to
Theorem 5.3.5 satisfies
E[(X¢ +Y2)*™"] = 9(z,y,1).

We could use derivatives of higher orders too, for example:

e (x+
d? ( x Y t ) exXp (_5((1+eyt))>

@'\t Qre)? Atet)) (QAte)

w(z,y,t) =

e=0
= L@y 13— )T 4 P - ) B ) )
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(z+y)3—"
4

dw(x,y,t) = (x +y)> " + 43 —n)(x +y)?2 " + 4322 — n)(3 — n)(z + y) " will
satisfy, according to Theorem 5.3.5,

which is a solution with initial condition w(x,y,0) = . Hence w(z,y,t) =

E[(X; +Y)*™"] = (@, y.t)
We can repeat this for higher orders of the derivative to obtain the explicit expres-

sion of E[(X; + Y;)~¥] for each k € N such that k € [0,n — 2].

We must remark that Theorem 5.3.14 and its associated Corollary could have
been formulated in the general form:

Theorem 5.3.14. Let W; ~ WI1S(n,2,Wy) with index n > 2 and with eigenvalues
X(t) > Y (t) > 0. Let L be the linear operator defined as:

0? 0? r+y\ 0 x+y\ 0

Suppose E[g(X:,Y?)] is a known integrable function. Then, for any function f such that
Lf = g, we have that

Elf (X0, Y))] = f(z,y) + /0 Elg(X., Y2)ds.

Furthermore, if E[g(Xs,Y5)] is k times integrable with respect to the time variable, then
for any h such that L*h = g, we have

k-1 n t et t
E[h(X, V)] = Z EL”h(m,y) + /0 /0 ) Elg(Xs,Ys)]dsdty ... dtg_q.
n=0

5.3.3 Integral transform methods for the computation of the expectations
of the eigenvalues of a 2 x 2 Wishart process and a bound for their
variance

In previous sections we have presented a proof of the well known result that Z; =
X: +Y; ~ BESQ?(z), so the probability density function for the process Z; is a
known function. Hence, if p(z,§) is the transition density function for a Bessel-
squared distribution, any expected value of the form E[f(X; + Y;)] may be calcu-
lated as

Elf(X+ 2] = /0 T HOpila + . E)de.

But, as preciously remarked, this is very limited if one wishes to understand the
behaviour of the eigenvalues of a Wishart process.
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We have already seen in previous sections how there are other types of func-
tions of the eigenvalues for which it is possible to obtain the expected value. In this
section, we produce an expression for E[X;| and E[Y;] via the use of integral trans-
form methods. We obtain the Fourier cosine transform of the transition density of
the difference X; — Y; and hence obtain an integral expression for such transition
density function. Moreover, we give some bounds for the variances of X; and Y;.

We will refer to the following well known definitions and results throughout
this section:

Definition 5.3.1. The Schwartz space or, alternatively, the space of rapidly decreasing
functions on R™ is the function space

S(R") ={f € CF(R") :|[fllap <00 Ve, €N}, (5.59)

where «,  are multi-indices, C*°(R") is the set of smooth functions f : R" — C,
and

| fllas = sup |+°D” ()]
zeR?

Note that S(R") is a subspace of the function space C*°(R").
We say that a function f : R — Cis a Schwartz function if it is an infinitely differ-
entiable function such that Vn € NU {0}, ") (x) — 0 faster than %k Vk. That
is, f must be a C* function such that for alln € NU {0}

(n)
lim f"(z)

|z|—o00 x—k

=0, Vk.
Next we present a well known result regarding the classical Fourier transform of
the Schwartz class:

Theorem 5.3.15. The Fourier transform JF and its inverse F ' are homeomorphisms of
S(R™) onto itself.

With this results, we are ready to present the following theorem:

Theorem 5.3.16. Let Wy ~ WIS (n,2, Wy), withn > 2 and with eigenvalues Xy > Y; >
0. Let Sy = Xy — Y; and let ¢:(&, s) be the transition density function of the process St.

Then -
2
At()‘as) = - (_1)k
09 =23

where q denotes the classical Fourier cosine transform of the function q. Further, the ex-

2k

pected values E[(S;)?*] appearing in the above expression are computable for all k, since
SZk is a symmetric polynomial in the eigenvalues Xy, Y; for each k.
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Proof. Let us start defining Z; = X; + Y; and let p;(z, ) be the transition density
function for a Bessel-squared distribution. Then, clearly,

Elcos(A\Zy)] = /OOO cos(AE)pe(z, €)dE

B /oo el + e~ A&l e%ifo 2 1_Tn I \/EZ i
A 2 2t \& nl
1—n
- “4:”/ (EQi=30) 4 o6Vt <\/§7) dg¢
0

Making the change of variables ¢ = y? we have that d¢ = 2ydy, so our integral
becomes

l-n _ =z )

Elcos(A\Z;)] = 222:2t/ (ev*Cimar) 4 =¥ Nika)yyny <y\t/5> dy
0

e % = (/1 —n ; 1 R
4 e t z . —z . —E
) (1) () o)

z

_ %(1 + 4N <(1 — 2iAt)" e i (14 mt)“euéim) (5.60)
Expand this result as a series around A = 0 to get

Elcos(AZ;)] ~ 1 — %)\2 (4(n + Dnt® +4(n + 1)tz + 22>
+i/\4 (16(n F1)(n+2)(n + 3)nt* + 32(n + 1) (n + 2)(n + 3)£32
+ 24(n + 2)(n + 3)t222 + 8(n + 3)t23 + 24)

_ﬁoA6 <64(n +1)(n+2)(n + 3)(n +4)(n + 5)nt®

+192(n +1)(n +2)(n + 3)(n + 4)(n + 5)t°z

+240(n +2)(n + 3)(n + 4)(n + 5)t*2?

+ 160(n + 3)(n + 4)(n + 5)t32% + 60(n + 4)(n + 5)t22*
+ 12(n + 5)t2° + 26> + ...

A A6

4 e 2n
1 EI ~ Sy Bl + oo = 0 GBI

2
=1- %E[Zz] +

7

2t .
where E[Z2F] = 2"?+Z [12k—j+1)(n+ 2k —j5) | 27,
J=1

as computed in previous sections. But observe also that
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Eleos(\2,)] = /0 " cosONE)p (2, €)de = Tz,

where p denotes the classical Fourier cosine transform defined as

flw) = \/2/000 f(t) cos(wt)dt.

Therefore, by the Paley-Wiener theorem we have that E[cos(AZ;)] is an analytic
function and hence it is equal to its Taylor series expansion. So we have that

= n )\2n 2n = n )\Qn 2n
Bleos(\2)) = E | S (-1 (3.2 ] = > (-1 G B
n=0 n=0

Now observe that

|cos(A(X; — V1)) — cos(A(Xy + V1)) | < 2
and hence
=2+ cos(A(X¢ + V7)) < cos(AM Xy — Y3)) <2+ cos(A(X; + V3))
Taking expectations one gets:
-2+ Elcos(A(X¢ + Y21))] < Ecos(MX; — Y7))] <2+ Efcos(A(X; + Y2))]

Therefore the expectations Ecos(A(X; — Y;))] exist since we have shown before
that Ecos(A(X; + Y3))] exist. Let g(z) = cos(Az) and observe that we can expand
g9(X¢ +Y;) and g(X; — Y;) as Taylor series as:

N )\2k

cos(A(X; + ;) = Z(—l)k@(xt +Y)* + RE,
k=0 ’
N )\Qk

cos(A(X; — V) =Y (—1)F 2] (X —Y)* + Ry,
k=0

where the error terms are

R+:g(2Ll)(§)(Xt+Y;€)2N+1 £e(0,X;+Y)
N(2N +1)! ’ ’

9N+ ()

(X - YAV X, Y,
(2N+1)!( t ?) , 1€ (0,X; t)

Ry =

and where R}, Ryy — 0 as N — oc.
The expectations for the cos(A(X; — Y})) are thus given by:
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N AQk
Elcos(A (X, Z —Y)** + Ryl
k=0
_ i(uk e EL% ~ Y 4 By
2 (2k)! N

by linearity. Take limits as N — oo to obtain

N )\Qk
Elcos(A(X; — Y}))] = Nninmk:()(—nk (2k>!E[(Xt—Y})2k]+ Jim E[Ry]  (5.61)
= i(ﬂ)’“ﬁff[(& —Y,)*"] + E[ lim Ry] (5.62)
e (2]{3)' N—o0
_ c- k )\% 2k
> (-1 E[(X; — Y1)
k=0

The reader may have observed that the expectations and the limit have been swapped
in the error term from (5.61) to (5.62). Observe that this is possible because

Ryl _ gVt () (X, — V)N < 1 (X; — V;)2N+1 < 1
RE | [gCNFD(€)(X, + V)24 | = gD ()] | (X + V)PV H | = [gN (6]
1
hence < . IS
|Ry| < KIRY|, withK oS

But we have seen before that limy_so E[Rj(,] = 0 < 00, so by the Dominated Con-
vergence Theorem we have that

lim E[Ry] = E[ lim Ry]=0.
— 00

N—oo

Therefore, we have proved that

o0 )\Qk
Ki(\,z —y) := Elcos(\( Z k

=0

Xt E)Qk]
But

(M —y) = Elcos(A(X; — ;)] = /:Ocosua)qt € w— y)dé = \f QA

where the function ¢ is the transition density function of the process X; — Y; and ¢
denotes the Fourier cosine transform of g. Hence, writing ¢;(\, z—y) \[ K\ z—

y) and putting S; = X, — Y; gives the desired result. Note that (z — y)?* is a sym-
metric polynomial for every k € N, so E[(X; — Y;)?¥] is a computable function for
each k € N. O
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Note. In a similar way to how we have proved that

i 2k
Eleos(\(X; = Y1) = 3 _(-1)" (;\k)lEKXt — Y™,
k=0 :
one may obtain Efcos(Ap(Xy, Y}))] = i(_l)k (;\Z;,E[p(Xt,Yt)%] for any polyno-
k=0 :

mial p such that p(Xq, Y})Qk is a symrrzetric polynomial in X;, Y;. This includes
expectations such as E[cos(A\(X? + Y;?))] among many others.

Corollary. Let Wy ~ WIS (n,2, W), withn > 2 and with eigenvalues X; >Y; > 0. Let
St = Xi — Yy and let ¢:(&, s) be the transition density function of the process S;. Then

_2 [ 3 — kﬁ 2k] cos
(6:s) = 2 [ 30 GBS0 eoslrg)in 5:63)

Proof. This is just an exercise of inverting the Fourier cosine transform obtained in
the proof of the previous theorem, i.e.

G(ex—y) = i/ooo KO\ 2 — 3) cos(AE)dA
_ 2N e A V)] cos
- > (1) G I ¥ eosO

O]

Remark. The integral in (5.63) cannot be calculated term by term but it can be dealt
with as:

2~ (=D L[ e %

Hence the density function ¢ can be approximated by calculating as many terms
as desired in the above expression. The amount of terms needed for a particular

accuracy is something we would like to investigate in future work.

We proceed now to present a result that provides us with an expression for
E[X;] and E[Y;] respectively.
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Theorem 5.3.17. Let Wy ~ W1S(n,2, W), withn > 2 and with eigenvalues X; > Y; >
0. Then

w501 (S0 (- A ELX - Y™) — 1

E[X,] = - I~ dx  (5.65)
oo (S0 (—1)F XX B[(X, — V;)2H]) — 1
BV =nt+ " % /0 <Zk_0< & AQK g ]> d\,  (5.66)

where the expected values E[(X; — Y;)?*] are computable for all k.

Proof. We will obtain E[X,] and E[Y] as E[X;] = $(E[X, + Y] + E[X; — V}]) and
EY;] = 3(E[X+Y;]— E[X;—Y}]) respectively. We know that E[X;+Y}] = 2nt+a+y,
so we need only compute E[X; — Y;].

Let ¢; be the transition density function for the difference X; — Y}, then

E[X;—Y]= / z2qi(z,x — y)dz
0

:/ z/ KO\ — y) cos(A2)dAd=

/ K\ x— \[r <\/;/O zcos(Az)dz) A,

c(z

where F.(z) denotes the Fourier cosine transform of z, and where the function
Ki(\,z — y) is defined as in the previous proofs. Note that this Fourier cosine
transform does not exist in the usual sense, since the integral is not convergent.
However, it can be defined as a distribution. Let the pseudo-function P f ( ) be
defined by

/0 Py (;) H(N)dA = — /0 it ¢<A02> ALY 567

and take ¢(\) = cos(A\z). Note that
_ 1 2 [ 1 )\ -1
Fl (Pf (AZD - \/;/0 Pf <A2> cos(\z)d \/>/ cos(Az) =1
™
_ \gz
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So we have that F.(z \[ Pf ( /\2>. Using this, and the definition (5.67) of
Pf ( ) in the expresion for E[X; — Y;] one gets:

Bt [ Ko [[pf< o

K(M\Nz—y)—1
:_/ A2 ),

since K;(0,x —y) = 1 and (K;)(0,z —y) = 0.

Therefore E[X; — Y}] is given by

E[X, - Y]] = —% /Oo Kt(A’xA; Y=L (5.68)
oo (S0 (—1)FXEB[(X, — V;)2F]) — 1
-2 /0 (R )\2[( ) dx (5.69)

With this expression one can obtain E[X;| and E[Y;] as

E[X{] = %(E[Xt +Y] + E[X; - Y))

)\Qk

> oo (—1)F G BI(Xe — Y2)*] ) — 1
:% 2nt+x+y_7r/0 < k=0 2k).)\2 )

E[Y)] = %(E[Xt +Y] — E[X; — Y3])

2k
| > oo (R0~ D By Bl(Xe = Y)?) — 1
== 2nt+x+y+/ ,
2 m™Jo )\2

as claimed. 0

Remark. The evaluation problem for the integrals appearing in (5.70) and (5.71) can

be treated in a similar way as to how expression (5.64) is used to evaluate (5.63).

Recall that E[(X; — Y;)?* can be calculated using the results presented in pre-
vious sections for symmetric polynomials in the eigenvalues. As an example, we

provide a few of these for lower degrees:
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E[(X: — Y})2 = 8nt? + 8t(x +y) + (x — y)2

E[(X; — Y)* = 128n(n + 2)t* + 256t (n + 2)(z + y)
+ 32t2 ((n +4)(x —y)? +4(x + y)2>
+32t(z —y)*(z +y) + (z —y)*

E[(X; — Y3)® = 3072n(n + 2)(n + 4)t° + 9216(n + 2)(n + 4)t°(x + y)

~—

1152(n + 4)t ((n +6)(z —y)? +8(z +y)?

+ 76863 ( + y) (3(n +6)(x —y)? + 4z +y)?

+ 7202w — )2 (0 +8) (@ — y)? + 16(z + y)?) + 724z — y)*(z + y)

+(z —y)°

E[(X; — Y;)® = 98304n(n + 2)(n + 4)(n + 6)t°
+393216(n + 2)(n 4+ 4)(n + 6)t" (x + y)
+49152(n + 4)(n + 6)t° <(n +8)(x — y)* +12(x + y)2>
+49152(n + 6)8°(w + ) (3(n +8)(z — ) + 8(z +)°)
+1536t4 (3(n +8)(n + 10) (2 — y)4>
+ 1536t (96(n + 8) (& + y)%(x — y)? + 64(z + y)*)
+3072t3(z — y)2(z + ) (3(n +10)(z — y)? + 16(z + y)2>
+128t2(z — y)* ((n +12)(z — y)* 4+ 36(z + y)2>

+128t(z — )bz + y) + (x — )

An alternative expression can be obtained for E[X;] and E[Y}]:

Theorem 5.3.18. Let Wy ~ W1S(n,2, Wy), withn > 2 and with eigenvalues X; > Y; >
0. Then

1 /oo S0 (— 1) A Bl(X: + Y2 — (X — Y3)*]

EIX)=2nt+z+y+— 5 A
™ Jo )\
(5.72)
2k
1 0 S (—DFASE[(X 4+ V)2 — (X — V)%
E[yt]zw/ k=0 (=" G PI( - Qi G Dl PN (5.73)
0

where the expected values E[(X; + Y;)?* — (X, — Y;)?¥] are computable for all k.
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Proof. This proof relies on the following identity for a,b € R:

* cos(Aa) —cos(Ab) T
/0 32 d\ = §(lb| — lal). (5.74)

Note that taking a = X; + Y; and b = X; — Y; we have that

A\ = Z((X=Y)=(Xe+¥0) = —nY; (5.75)

/oo cos(A(Xt +Y;)) — cos(AM( Xy — Yy))
0 AQ

Hence

ElY] = e [/OOO cos(A(X¢ + E)));COS()\(Xt —Y)) .\ (5.76)

Observe that

. /OO cos(A(X; +Y;)) — cos(AM( Xy — 7))
0

)\
S/
0

cos(A( Xy +Y7)) — cos(A(Xy — V7))
_ /1 cos(A(X; +Y;)) — cos(A(Xy — Y2))
0

dX

‘d)\

22
= ‘d)\
cos(AN(X; +Y:)) — cos(A(X: — Y2))

22
NXY(XP+YE) MK+ YY) — (X - ¥)°)

1
< [ |-exavis - +0(\%)|dA
A 3 6!

‘d)\

So we can write

B[] = 1 /°° Elcos(A(X¢ + Y1))] — Elcos(A(X; — Yt))]d)\
T Jo

)\2

1o o (DR A B + Y] = o (— ) EL(X — Vi) i
S 22
1 e DD GBI YO - BIOG - YM)
S 22

1o Sro(—DF S BI(X + Yi) ™ — (X, — Yi)*]
- __ dA,

T 0 )\2

and, therefore,
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E[X{| = E[X; +Y;] — E[Y{]

1 /oo o (— DR B ELX + V)2 — (X — Y1)

= 2nt — dA.
714—9@—1—244—7r ; 2

The expectations E[(X; + V)% — (X; — Y;)?¥] are clearly computable for each k
since (X; + Y;)?* — (X; — ¥;)?! is a symmetric polynomial in X;, Y;. Note that
E[(X; + Y% — (X, — V})?] = E[AX,Y; + 8X, YV (X2 + Y2) + ...

so the £ = 0 term in the above expressions for E[Y;], E[X,] is zero, and hence the
integral has no singularity at 0. O

The integrals expressions (5.72) and (5.73) can once again be treated similarly to
those in (5.64) and (5.69).

Note. The eigenvalues X; and Y; are related to each other by their initial values.
The expected values for X; and Y; are by definition

Q Q

for a suitable region €2, and where the function p:(z, x, y, y) is the transition density
for the eigenvalue process (X¢,Y:). Therefore, the expected values E[X;]| and E[Y;]
naturally depend on both the initial values X (0) = z and Y (0) = y, as can be seen
in the expressions in both Theorems 5.3.17 and 5.3.18.

Having an expression for E[X;] and E[Y;], the next natural question to ask is:
can we obtain expressions for Var[X;] and Var[Y;]? We have not yet been able to
produce such expressions, but we have some bounds for these variances:

Theorem 5.3.19. Let W; ~ W1S(n,2, W), withn > 2 and with eigenvalues X; > Y; >
0. Then some upper and lower bounds for the variance of X; are

$2+y2

Var[X:] < n(n+3)t2 + (n + 3)(z + y)t + 5

+ \/<n(n SR+t )@yt E ZW) (8nt2 + 8(z + y)t + (z — y)2)

2

2 /oo (S0 (-1 S Bl(X: — Y] - »
0

1
— Z | 2nt _ =
1 nt+x+vy p \2
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and, similarly, some upper and lower bounds for the variance of Yy are

, 2 12
Var[Vi) <n(n+3)t°+ (n+ 3)(x + y)t + 5
2
%) 2k
2 oo (SRo(- 1 B Bl(X - ¥)™) — 1
ont +x +y+ / - dX
™ 0 )\
2 z? + y?
VarlYy] > n(n+3)t+ (n+3)(z + y)t + 5

. \/<n(n RV S SR PR PO . ZW) (Snt2 + 8(z + y)t + (z — y)2)

2

ar|

00 k
o 2 oo (ZRo(-DF S ElX: - ¥i)™]) - 1
2 nt+x+y-+ - /() 2

where the expected values E[(X; — Y;)?*] are computable for all k.

Proof. In order to complete this proof, we will need the expected values of some
symmetric polynomials. We compute those using Theorems 5.3.4 and 5.3.5 to ob-

tain:
E[th + Yf] =2n(n+ 3)752 +2(n+3)(x+y)t+ 2%+ y2
E[(X;+ YY)’ =4n(n+ D)t* + 4(n+ 1)(z + y)t + (z +y)°
E[(X; - Y,)’] = E[X} + Y? — 2X,Y}] = E[X} + Y] - 2E[X,Y]

= 2n(n 4+ 3)t> 4+ 2(n + 3)(x + y)t + 2> + 3>
—2(n(n— D> + (n— Dt(z +y) + zy)
= 8nt® + 8(x + y)t + (v — y)?

Now observe that Holder’s inequality gives:

B[X? - Y] = B[(X¢ + Y)(X; — Y2)] < E[(X; + Y2)?'2E[(X, — Y2)2]Y? (5.78)

Hence
BIX?) = 3 (BIXP + Y7+ BIX? - V7))
< S (BIX? + ¥2]+ B[(X + ¥ 2 E[(X, - ¥)))
1

= 5(2n(n +3)t2 +2(n + 3)(x + y)t + 2% + o

+V(@n(n+ D)2 +4(n+1)(z + y)t + (x4 y)2)(8nt2 + 8(z + y)t + (z — y)?))
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22 +y2

2

(z +y)?
4

=n(n+3)t* + (n+ 3)(z + y)t +

+ \/<n(n + 12+ (n+1)(z+y)t + ) (8nt? +8(x + y)t + (z — y)?)

On the other hand, since E[X? — Y;?] > 0 we have that

x2+y2

1
= SBIX? + Y2 < B[X])

n(n +3)t2 + (n + 3)(z + y)t + 5

This gives us the following bound for the variance of X;

Var[X;] = E[X?] — E[X{)?
:L‘2 +y2
2

+ \/<n(n +10)t2 4+ (n+1)(z+y)t + (@ ZW) (8nt2 +8(x + y)t + (x — y)?)

<n(n+3)2 + (n+3)(z+y)t +

2

o0 2k
1 ot + a4 2/°° (Zk:O(_l)kék)lE[(Xt—3/})2"3]) _1d/\
il I =y -
And
2 $2+y2
Var[X:] > n(n+3)t2 + (n +3)(z + y)t + !
2
o0 2k
1 9 [oo (Zk:o(_l)kék)!E[(Xt _ Yt)zk]) .
! 2"“‘“”4‘9—; A2 d\
0

Similarly, since E[(X}? — Y;?)] > 0, an upper bound for E[Y;?] can be:

1
B[V = §(E[Xf + Y7 - BIX} - Y7)
1
< QE[XEHQZJ
2 2
+
=n(n+3)t2 + (n+3)(z +y)t + 2y

and using (5.78) we can also establish a lower bound given by
E[Y) = S(B[X{ + Y] - BEIX} - Y/))

(BIX? + Y] = B[(X: + Y 2E[(Xe — Y2)*]/?)

v
NN



176 Chapter 5. Wishart Processes and their Eigenvalues

m2+y2
2

— \/(n(n + 12+ (n+1)(z+y)t+ (z —Zy)2> (8nt? + 8(z + y)t + (z — y)?)

=n(n+3)t* + (n+ 3)(z + y)t +

This gives the following upper and lower bounds for the variance:

Varly,] = E[Y?] - B[Y:]”

1
——|2ntt+z+y+—
4 s

2 oo (S-S Bl — Yi)™]) =1
/

and

x2+y2

Var[Y;] > n(n + 3)t2 + (n + 3)(z + y)t + 5

- \/<n(n +1)t2+ (n+1)(z+y)t + (@ 29)2) (8nt2 +8(z + y)t + (z —y)?)

2

dX

A2 ’

0o 2k
1 2 [® Zk:o(—l)k ék!E[(Xt_Yt)%] -1
—— | 2nt+x + +/ e
4 y T 0

as claimed. Again, the expectations E[(X; + Y;)** — (X; — Y;)?¥] are clearly com-
putable for each k since (X; + V)% - (X; - Y)?isa symmetric polynomial in X,
Y;. O

Remark. In the upper and lower bounds for the variances of X; and Y; in the above
Theorem, we have used the expressions for E[X;] and E[Y;] given by (5.70) and
(5.71) respectively. However, those could have been replaced by the alternative

integral expressions (5.72) and (5.73).

In this section, we have obtained the expected value of cos(A(X; + Y;)) and
cos(A(X; — Y;)). This naturally provides us with E[f(X;,Y?)] for any function f
that can be written as f(X;,Y;) = Acos(A\(X; + Y3))] + B cos(A(X¢ — Y})) for some
constants A and B:
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Example 5.3.4.

Elcos(AX}) cos(A\Y})] = %(E[cos(A(Xt — Y1) + Elcos(MN( Xt + Y1))])

=% (Z( 1)’“(2k) (X — V)] + 3 (-1

k=0 k=0

A2k

Xt + Yt)2k])
(5.79)

(Z( 1 (;k) [(X: = Y2)™* + (X; + }Q)Z"f])
=0

Elsin(AX) sin(\Y;)] = %(E[cos()\(Xt ~Y3)] = Bleos(A(X: + Y2))])

o0 2% )

k=0 k:O

(5.80)

L\DM—A

o )\2]6
Z X —Y;t)2k—(Xt+1/t)2k]

=0

The expected values appearing in the above expressions are all computable using
the techniques provides thus far. Moreover, the expression for E[cos(A(X; + Y7))]
used in (5.79) and (5.80) can be substituted by the expression (5.60) obtained via
direct integration of the cos(\z) against the transition density for the sum Z; =
X+ Y.

In addition, Theorem 5.3.16 and its subsequent Corollary allow us to formulate
the following result:

Proposition 5.3.20. Let Wy ~ W1S(n,2, W), with n > 2 and with eigenvalues X; >
Y; > 0. Let f € S(RY), i.e. let f be any function in the Schwartz class. Then

_1)k 2k <. 2k
Blf (X, — Y))] = El(X, - Y /O FO0Akax, (5.81)

where f denotes the classical Fourier cosine transform of the function f. Further, the ex-
pected values E[(X; — Y;)?¥] appearing in the above expression are computable for all k,
since (X; — Y;)?F is a symmetric polynomial in the eigenvalues Xy, Y; for each k.
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Proof. Let q;(§, x — y) be the transition density function of the process X;
by (5.63)

BlfCx - i)l = [ T H©wex - v
/ / A Bl(X, -
- f i

— Y3)*"] cos(A§)dAdE
=0
\f/ [(X; — Y;)%K) ([/ f(€ cos/\§d§>
_[ 1

_ 2k
> (Qk)‘EKXt ¥;)? / FOAZEan,

—Y;. Then

Y;)2¥] cos(AE)dAdE

where f is Fourier cosine transform of the function f, as claimed

O
Example 5.3.5. Consider the above Proposition with f(z) = e7#*", u > 0. Note that
f € S(RT) and that

— \/z/ooo f(2)cos(Az)dz = \/z/ooo e~ H= cos(Az)d ¢

TV
Hence
Bl = 2 é B - [ Fonan
_ Lﬂg ((;;ifE[(Xt —Y;)Q’“]/O ¢~ AZk g
- ;g B = ot (ke 1)
_ % i (—4p)"

and E[(X; — Y;)?F are computable for all k.
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Moreover, for other functions g(X; — Y;) that are not in S(R"), the expected
value E[g(X; — Y;)] may still be computable through the appropriate manipulation
of E[f(X; — Y;)] for some f € S(RT).

Example 5.3.6. Claim: Let g(z) = z%, which isnotin S(R™). We can obtain E[g(X;—
Y};)] through the integration with respect to p of E[f(X; — Y3)] for f(z) = e h??,

p > 0, which is clearly in S(R™). That is, we can obtain £ [(

S
X,—v,)7 | as

1 [ ()t 2k
E[(Xt—w]_/o ;) P = YTl

To show this, let r(z, z — y) be the transition density function for the difference
of the eigenvalues. Then:

/0 E {e*“(xt*Yt)Q} du = /0 /0 e*“z2rt(z,m —y)dzdu
= / (/ e_uzzdu> ri(z,x —y)dz
0 0
00 e—N22 &
/ Z2 Tt(’z?x - y)dZ
0 _

0

o0

= ?Tt(z,l‘ - y)dZ
0

st=

Therefore

B S B et S /0l R
E[(Xt—YZ)Q]_/O kzzo k! E[(X; — Yi)™|dp,

as claimed. Once more, we cannot integrate the previous expression term by term,
so if we wish to be able to obtain an approximation for this expected value, we
must first express it as

1 e (_1>k ) ©
E[(Xt—Yo?} =2 g lm , © " Wt B((X: = Yi) " dp (5.82)
k=0

and consider as many terms as needed in the above expression. The amount of
terms needed for a desired accuracy is yet to be studied.
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5.3.4 The Feynman-Kac formula to compute expected values for some
functionals of the eigenvalues of a 2 x 2 Wishart process

In the previous sections, we have been concerned with finding expected values of
the type
B [ F(X (1), Y (£)e l sX V(D] (5.83)

for some cases with g = 0. In this section, we present some results for g # 0 that can
be obtained through the so called Feynman-Kac formula (see Theorem 2.2.5). The
results presented in what follows have been obtained as group-invariant solutions

for the Cauchy problem for u(z,y, t):

up = Lu — q(z,y)u, t>0 (5.84)
u(z,y,0) = f(z,y), (5.85)

where the differential operator L is the generator of the eigenvalue process of a
Wishart process Wy ~ WI1S(n,2, Wy) withn > 2:

0? 02 r+y\ 0 r+y\ 0
L=202" 4oy 7 . g :
rg yay2+<n+x_y>ax+<n x_y)(?y (5.86)

Theorem 5.3.21. Let W; ~ W1S(n,2, Wy) with eigenvalues X (t) > Y (t) > 0 and with
index n > 2. Then

¢ 1, (Y Xi +Y,;
E@Y) | exp —/ A+ — (8> ds | exp (— L )\>
0 X" \ X5 2

1—n

()TG3 ()
St () () () ()T )

where o(z) satisfies the ODE:

a"(2) + ¢(2)a(z) = 0, (5.89)
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and

n?(z — 1)* = 2n(z — 1)%(3 + 2(2 + 32))

oz) =- 16(z2 — 1)
(1+2)2(5+ 2(—14 +52)) +8(z — 1)%2(1 + 2) f(2)
B 16(22 — 1)2 '

Furthermore, for the following choices of f(z), we can explicitly write these expectations

with the given function o in each case.
1.

n2(—14+2)* —2n(z — 128 + 2(2+32)) + (1 + 2)2(5 + 2(—14 + 52)

J(z) == 8(z—1)%22(z+1) ’

which yields a(z) = C1 + Caz.

- -9 —n’(z —1)* + 2n(3 + 2(2 + 32))

J) = 8(z—1)%22(2+1) + 82(z + 1)
4+ 2(18 + (4 — 52)z + 16a(—1 + 22)?)

" 8(z—1)2(z+1) ’

with a € R.

This choice of f produces a(z) = Ci exp(v/az) + Caexp(—+/az).

3.
1/ o2 8 4 (n=5n-1)
f(z)—8< 5+ 6 P ey - >
n(n — .
+22(b+(a+b)z+a22)+m, wztha,bER.

In this case we have o(z) = C1 Ai (Zﬁ%) + CyBi (%), where Ai and Bi are the

traditional Airy functions, that is

1 21 41
Ai(z) = ——— ol (; o Z3> - R <; o Z3>
32/37 <%> 3’9 31/31 (%) 3’9
1 21 31/6 41
Bi(z) = ————~ 01 <; = Z3> + S 0R <; = z3)
31/6T (%) 3’9 F(%) 3’9

where o F1(;a;2) = limg—00 1F1(q; a; 2/q) or, as a series expansion oFi(;a;z) =
n
ZZO:O (ajnn!
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4.
1z) = —5—n2(z—1)* +2n(z — 1)%(3+ 2(2 + 32))
B 8(z—1)%22(z+1)
44 2(18 4 (4 — 52)z + 16a(2% — 1)%(1 + az?)) :
tha € R.
* S - D2+ 1) e
For this choice of f we must have o (z) = C1D_1(v/2y/az) + C2 Dy (iv/2\/az).
Here, D, (z) refers to the traditional Parabolic Cylinder function, i.e.
pry——" 2
D,(z)= e & cos <7TV> r <V+ 1> 11 (V; 1; Z)
JT 2 2 2722
2
2D 2e=%, (v v 1 v 3 22
=" (2)F<2“> Hilg ey
5.
1z) = —n2(z—1)2 +n(6 + 42 + 622) + 162%(2 + 1)%(b + az?)
N (z+1)82
=5+ 2(94 (9 —52)2) :
+ (- —1)28> ,  witha,beR,
which produces a(z) = C1D b+f(\fa1/4 )+CoDy_ sz (iv/2a'/*2), where D, (2)
2va
is again the traditional Pambolzc Cylznder function.
6.
£2) —5—n?(z—1)*+2n(z - 1)2(3+ 2(2 + 32))
B 8(z—1)%22(z+1)
4+ 2(18 + z(4 — 52 — 16a(az — 2)(2? — 1)?)) ,
tha € R.
* 302+ ) e
This particular f(z) leads to
a(z) = C1D_%(1+i)((—1 +i)(=1+az)) + CQD_%(I_Z-)((l +1i)(—1+az)),
with D, (z) the Parabolic Cylinder function.
7.

—n2(z—1)2 +n(6 + 42 + 622) + 1622(2 + 1)%(c + 2(b + az))
(z+1)82

f(z) =

=5+ 2(94 2(9 — 52))
(z —1)%8z

,  witha,b,ceR.
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Choosing such an f(z) yields the following expression for o(z):

b+ 2az b+ 2az
= C -D —4a(v/a+c T = a1 C D— —4a(/a—c | ——— .
o(9) = Dt (5570 ) + CoD s (17557

In the above expression D, (z) denotes the traditional Parabolic Cylinder function.

8.
Fz) = —5—n2(z = 1)* +2n(z — 1)%(3+ 2(2 + 32))
= 8(z— 1)22(z + 1)
4+ 2(18 + (4 — 52)z + 16a29(2% — 1)?) ,
+ SG—1)2(z+1) , withaeR, g€z,
which gives

a(z) =vzChI__1 (2\/52”3> r (1 + q)

2+4q 24gq 2+q
1 2/az't3 1
Co(—1)2+a] — | {1+ —
FVEC(-1) qai;( 2+q <+2+q>

where I,,(z) is the modified Bessel function of the first kind and I'(z) is the Euler
gamma function. That is

oo

In(z) = > m!r(m1+n+ 1) <;)2m+”

m=0

F(z):é ] (11171‘) 2eC\{0,2}

9.
Cz+1 [ n*z-1)?% -5+ (14-5z2)z
1) ==, (‘ (z+1)2 (> — 1) )
+2a29(z +1)(q + az'™9) + n(34—:(zz(i—ii)3z)) witha € R, q€Z.

In this case, a particular solution for the function o(z) is a(z) = C exp(qi—lzq*l)



184 Chapter 5. Wishart Processes and their Eigenvalues

10.

PREREL (_nQ(z— 1)2 —5+z(14—5z)>

8z (z4+1)2 (z—1)2
n(3+ 2(2 + 3z2))

itha € R e 7.
12(z+ 1) wra R, q

42029z 4+ 1)(1 + g + az?) +

Similarly to the previous case, a particular solution for the function o(z) is a(z) =
Chz exp(a—;q).

11.

44 2(18 4 z(4 — 52)) + 16b29(2% — 1)? + 16a2'T24(22 — 1)?
fz) = 8(z — 12(z + 1)
—5—n?(z—1)"+2n(z - 1)2(3+ 2(2 + 32))
8(z—1)22(z+1)

witha,be R, q¢€Z.

_l’_

For this last choice of f(z) the expression for c(z) is

i\/gzlJrq .
e (o 4 e
21+q) 2Vall+gq/'1+q¢ |1+
i\/Ez1+q .
T30+e) Ttavattal |1 +q|

In this expression for a(z), the function U(a,b, z) is the confluent hypergeometric
function and L% (x) is the generalized Laguerre polynomial.

Proof. Let

— ety A D\ T y\'Z [y
=i (127 ()7 (2) )
X x €T T

where «(z) satisfies the ODE:
o'(2) + 6(2)a(z) =0, (5.90)

and
oz 1) —2n(z— 1)?(3+ 2(2+ 32))
o(z) =~ 16(22 — 1)2

(14 2)2(5+ 2(—=14+52)) + 8(z — 1)22(1 + 2) f(2)
16(2%2 —1)2 '
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We first need to check that

-1/2 1on n-2
senor=on (552 3) (-2) 7 (2) (42) T 2)

as required by Theorem 2.2.5, but this is trivial if we substitute ¢ = 0 in the ex-
pression of u. Next we need to check that u satisfies the PDE (5.84), with ¢(z,y) =
A+ % f (%) That is, we must check that u solves

1
1
o o 5o o 23 o ()

Observe that on the one hand we have

1—-n n—2

. —1/2 1-n n=2
wp = (t+ 1)~ e D <1 - y) <y> ’ <1 + y) o <y>
X X X X

X <x;y(t+1)2 —/\—n(t—i—l)l)

r+y

=ux <2(t+ D72 =X —n(t+ 1)—1>

Similarly, we can write u,, uy, Uz, and u,, in terms of u as follows:

b ) AN N\ [y
Uy = —(t+ 1) "e 20+ 1-= = 1+ = al =
X X i X

(1—n)(xz—2y)x+ (5—n)y? 1 QO‘,(%)
% ( da(z —y)(xz +y) +2(t+1)+x2a(i)>
s [em@ e Gyt 1y o ()
4a(x —y)(x +y) 2t +1) 2% a(Y)

) ~1/2 l-n a2
wy = —(t + 1) " Frh D (1 - y) (y) ' (1 + y) Ca <y>
x x x x

y ((n—l) (2% = 2zy) + (n — 5)y? 1 _10/(5))
)

dy(x —y)(z +y) 2t+1) zof

o (n—l)(wQ—Qxy)+(n—5)y2+ 1
Ay(z —y)(z +y) 2(t+1)
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1—n n—2
kY y(p41) v\ 2y T y\ % Yy
wem TN () ()T (14]) Ta(2)

'
u

6((n —6)n +13)2%y% + (n —5)(n — 1) (x4 —day (2? +4?) + y4)

g 1622(z — y)2(z + y)?
N 1 (n=1Daz(z—2y)+ (n-5)y*
At +1)2 At + D)z(z +y)(z —y)
(= 5)x%y + (n — 1)y?(y — 2x) B y o (¥) N yjo/’ (4)
203(x +y)(z —y) (t+1Da2 ) a(?) 2t a(¥)

n n

N A e N\ T (y
=B (-8 (3) () ()

u

" ((n —Da(z —2y)+ (n—5)y*  2(3(n —6)n+23)22y> + (n — 9)(n — 5)y*
t

4t +Dy(z +y)(z —y) 16y2(z + y)?(z — y)?
N (n—1) ((n+3)z! —4(n - 1)a’y — 4(n — 9)zy®) Lt
16y2(z + y)%(z — y)? 4(t+1)2
(=D —2y) + (n - 5)y? N 2y o (¥) N io/’ (4)
2zy(z +y)(z —y) 2+ Dry | (%) 22 a(Y)

It can be checked that substituting these expressions of the derivatives into (5.91)

produces the following differential equation for the function a:

_ (v 2wty o’ (F)
0= :L‘f<w)+ x3 a ()

2(n(2 —3n) +9)2%y? + (n — 1) <4(n —Day (z* +y?) — (n—5) («* + y4)>
8ay(z —y)*(z +y)

—+

)

which, after setting z = ¥ is equivalent to

0= 8z(z +1)(z — 1)2f(2) + n?(z — 1)* — 2n(2(32 + 2) + 3)(z — 1)?
a 1622 (22 — 1)2

+(z +1)%(2(5z — 14) + 5)
1622 (22 — 1)

) a(z) +a(2),
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as claimed. Hence, if « is indeed a solution of the above DE, then u is in fact a
1
uy = Lu — ()\—i-f <y>>u
xT T
1

o0 e (<2523 (1=2) () T (14 2) Ta (),

and so, by part (b) of the Feyman-Kac theorem, we have that

! 1, (Y, X, +Y,
u(w,y,t) = B Jexp | — / A+ <> ds | exp (— - A>
0 Xs Xs 2

71/2 1—n n—2
x (1 b, AN 1+ AN Y
_ S R a S
Xi Xy Xi Xi

For the proof of the second part of the theorem where particular choices for f are

solution of

with

given, one need only check that substituting each particular choice of f into the
coefficient function ¢(z) appearing in the DE

o(2) + ¢(2)a(z) =0

will yield the given function a(z) as a solution to the DE in each case. We do not
include these computations here, but they can easily be checked using any basic

computer algebra system. O

Another result involving the expectations of functionals of the eigenvalues of a
2 x 2 Wishart Process that can be obtained using the Feynman-Kac theorem (Theo-
rem 2.2.5) is the following;:

Theorem 5.3.22. Let W, ~ W1S(n,2, Wy) with eigenvalues X (t) > Y (t) > 0 and with

index n > 2. Then
X
e Mw <t> = e Mw <x> ) (5.92)
Y Yy
where

—n 3 — 5—
w(z)=C1 — 02237 <F1 < 5 n,—n, 1, 5 n’ -z, z>

+2F1 (1_n73_n75_n7_z>+22F1 (2_,”’3_77"5_”,_2))7 (593)

E@y)

2 2 2 2



188 Chapter 5. Wishart Processes and their Eigenvalues

where F(a; b1, ba; c; x,y) is the Appell hypergeometric function of two variables and
2F1(a, b; ¢; ) is the traditional hypergeometric function o F.

Proof. Letu(z,y,t) = e Mw (%) with w(z) defined as in (5.93). Note that u(z,y,0) =
w (%) We need to check next that u satisfies the PDE:

uy = Lu — Au (5.94)
Note that
up = —e Mw x>
Yy
e M T
o)
Yy Yy

So equation (5.94) becomes:

—de M (a:) = 2xi:tw” <x> + 2ye M <xzw” (ac) + %w’ (x)>

Yy Yy Yy y y Y y
4 <n+ “y> ey (fﬂ) _ (n _z “/) ze ™ (fﬂ)
r—y/) y y r—y/) y? Y
—de My <x>

Y

Note that the above ODE is equivalent (after multiplying by ye'') to:

2
(o) () (509 222 (49) )
Yy Yy Yy Yy Yy r—Yy Y Yy

Now let z = . The above ODE for w becomes the following in terms of z:

z+1
z—1

0=2z2(1+2)w"(2) + (4z +n(l—2)+ (1+ z)) W'(2), (5.95)
So we only need to make sure that w(z) defined as in (5.93) is a solution to this
ODE. This can easily be checked with any basic computer algebra system, so we

do not include the computations here. We have thus proved that u satisfies (5.94)
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with initial condition u(z, y,0) = w <§> and hence, by part (b) of the Feynman-Kac

X
oA <Ytt>

Theorem, we have

u(z,y,t) = BE@Y) (5.96)

O
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Chapter 6

Summary

6.1 Systems of PDEs

In this thesis, we have shown how lie symmetries and integral transforms may
be used to obtain fundamental matrices for some classes of systems of PDEs. In
Chapter 3 we have computed the lie algebra for systems of the type

Ut = Ugy + g1(x)v

Vp = Vg + g2(x)u

for the choices:

1) a@)=2 pw="2,
Cy
(2) g1(2) =Cr, ga(x) = 7,
(3) gi(x) =Cia*, ga(a) = Coa™ "Mk #0,-2,
(4) g1(x) = C1 + Cax, go(x) = k(Cy + Cax),
(5) gi(x) =C1, go(x) = Co

We have obtained fundamental matrices for cases (1), (2),(4) and (5). We have
shown how the simplest cases, (1),(4) and (5), produce fundamental matrices of
scalar functions, while the more complex cases, such as (2), produce matrices of
differential operators.

In Chapter 4, we have obtained fundamental matrices for general systems of
the type

v = 02 Vg + f1(2)vy — fo(@)wy x,t >0,
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where A;, B; € Rfori=1,2,0,v € R, v # 2 and where f;(z), f2(x) are real-valued
functions satisfying

—yozt =V fi(z) + ox® TV f](z) + %xQ(l_V)(fl ()% — fo(x)?) = 20A12°77 + By
o Y o) + 05 ) + 220 fi(2) o) = 20 402> + By,

We have obtained a general formula for a fundamental matrix for any system of
this particular type and we have obtained some explicit formulas for some exam-
ples. These typically contain both integral and differential operators. We have also
prepared the ground to obtain similar results for a wider class of functions f; and

Jo.

6.1.1 Future work
We would like to extend our work on this topic in different aspects:

e First, we would like to find a non-stationary solution for the the above men-
tioned case (3) to be able to compute a fundamental matrix for this case too.
For this choice of functions ¢g; and g2, the system possesses a scaling symme-
try, and we believe this is enough to produce a fundamental matrix.

e Second, we would like to further explore the methods used in Chapter 4 to
extend the scope of the results to a wider class of functions f; and fs, as
indicated at the end of that chapter.

e Third, we would like to explore other ways of using Lie symmetries to com-
pute fundamental matrices for a given system of PDEs and try to determine
if it is possible to obtain simpler fundamental matrices in the cases where we

currently have things that are not in terms of scalar functions only.

e Finally, we would like to explore these methods for higher dimensional sys-
tems, systems of higher order and, ideally, elliptic systems as well.

6.2 Wishart Processes and their eigenvalues

We have studied Wishart processes in Chapter 5. In particular, we have focused
on their eigenvalues. We have shown how the usual lie symmetry methods fail
to produce a transition density function for the eigenvalues of a Wishart process.
However, we have produced a set of tools that allow us to compute a wide range
of expected values of functions of these eigenvalues. We have focused mainly on 2-

dimensional Wishart processes but we have also provided some results for general
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dimension p. In particular we have obtained expected values of the form:
ETV[F(X(®),Y(#))] (6.1)

for a wide range of functions f including symmetric polynomials and some trigono-
metric functions such as cos(A(X; — Y;)) or sin(AXy)sin(AY;), or for any function
f(X; — Y2) of the Schwartz class. Further, we have given some methods that allow
us to compute new expected values of these type from known ones.

In addition, we have obtained the cosine transform of the transition density
function of X; — Y; and an integral expression for the expected values of X; and Y;.
We have also given some bounds for the variances of X; and Y;.

Lastly, we have computed some expectations of the type

B [ £(X(0), Y (£))e oY (k] 62)

through the Feynman-Kac formula.

6.2.1 Future work

e We would like to pursue the idea of solving the Sturm-Liouville problem ob-
tained in section 5.2.1.1, which would produce an expression for the transition
density of the eigenvalues.

e We would like to further explore the evaluation problem for the integral ex-
pressions appearing in the last section. We would like to determine the amount
of terms needed for a particular accuracy.

6.3 Conclusion

Lie symmetries have been proven to be useful for the computation of fundamen-
tal matrices for systems of PDEs. So far, we have only studied a small number
of parabolic systems but we would like to explore these techniques for higher di-
mensional systems and for systems of higher orders. Ideally, we would also like
to extend this to elliptic systems of PDEs, so it is clear that this is still an area with
much room for further study.

Additionally, we have seen how lie symmetries can be employed to study diffu-
sion processes even when they fail to produce the transition density for the process.
They provide a good amount of information about the diffusion and they allow us

to obtain the expected values for a large number of functions of this diffusion.






Appendix A

Integral Transforms

A.1 Some classical integral transforms

195

Throughout our work, we make extensive use of classical integral transforms. Here

is a recollection of the transforms we use and their definitions, as well as some

useful properties.

For a suitable function f in each case, let us define the following transforms:

(1) Laplace Transform

LU O}(s) = / " f(t)etae

(2) Fourier Transform

1

F{ @)} y) = —— / * f)evedy

V2T J_o

(3) Fourier Cosine Transform

FAf (O} ) = \/z [ 1) cosena

(4) Mellin Transform
MU@Y) = [ o e

(5) Hankel Transform of order n

HolF(D} () = /0 T L@ Tu(rt)t,

where J,(z) is a Bessel function of the first kind.

(A1)

(A.2)

(A.3)

(A.4)

(A.5)

A useful property of the Laplace transform is the shift property. We use this prop-

erty a few times throughout this thesis to invert some Laplace transforms. Let
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L{f(t)}(s) = F(s), then
L{e"f(t)}(s) = F(s + a).

This implies that
L7HF(s+a)k(t) = e " f(1)

Let us now derive a relationship between the Mellin transform and the Fourier

transform defined in (A.2):
M{f(z)}(s) = / 257 f(x)dz  (make the change of variables z = ¢™%)
0

__ / T ) ey ety
— /oo e—USf(e—u)du

_ _(:1 > e—i(—is)u e~ du
= Var—— /_ ) Fle=™)d
= V2rF{f(e ®)}(—is) (A.6)

Hence we can invert any Mellin transform by converting it to the corresponding

Inverse Fourier transform.

A.2 The distributional Laplace transform

In this section we give a brief explanation on how to extend the notion of the clas-
sical Laplace transform defined in (A.1) to one that is capable of dealing with the
broader concept of generalised functions or distributions. We also deal with what is
commonly referred to as pseudo-functions. These pseudo-functions will be our main
tool to deal with integrands that have singularities at a finite point. The approach
we use to deal with such singularities is due to the French mathematician Jacques

Hadamard. An explanation of this approach can be found in [37].

We will first consider the case of probably one of the most famous generalised
functions: the Dirac Delta function, 6(t).
It is clear, due to the very special properties of this particular function, that ex-
tending the classical notion of the Laplace transform (A.1) to generalised functions
should produce the following result for J:

L{5(t)}(s) = /OOO S(t)e Stdt =1 (A7)
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We can also define the Laplace transform for any derivatives of the Delta function
in a similar manner:
L16(1)}(s) = / 5 (t)e=stdt = — / (—8)0(t)e="tdt = s / S(t)e=tdt = s
0 0 0
0

L{0" ()} (s) = /0 T et = — / (=)0 (t)e=""dt = 5 /0 T (e tdt = 5

One can therefore easily obtain the following general formula recursively:
L{M (1)} (s) = (A8)

This seems rather intuitive and, although it requires some knowledge on the ma-
nipulation of distributions, it does not apparently require any new definitions of
the Laplace transform. In the literature, the Laplace transform of the Dirac Delta
function (A.7) commonly appears denoted as

L_{6(t)}(s) = - 5(t)e *dt := lim - S(t)e Stdt = 1. (A.9)

0— e—0 —e

This notation is used to emphasize that any point mass located at the origin is
entirely captured by the Laplace transform.

However, one often needs to deal with functions of the type f(t) = t* with ) € R,
A < —1. For such functions it is easy to see that the Laplace integral

L)) = [Pt (A10)
0

diverges near the origin. It is in this context that the so called pseudo-functions

arise. To deal with this type of functions one needs to redefine the notion of a

Laplace transform.

There are a number of authors that have worked on the definition of distributional

integral transforms (and their inversions) using different approaches. Amongst

them, we would like to remark the work by Zemanian in [58], [61], [57], [60],[59] or

by Pathak in [53].

Both Pathak (in [53]) and Zemanian (in [57]) first introduce the testing function

space .%, and its dual space .Z, for which the ordinary right-sided Laplace trans-

form can be generalised in a natural way and then define the generalized Laplace

transform for any function f € .Z, as

L{fHs) = (f(t),e™™), seA, (A.11)
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for a suitable region A C C.
We provide in what follows a very brief explanation on how these spaces and trans-
form are defined. We do not provide all the proofs and we refer the reader to the

above literature for a more thorough explanation on the concept.

Let I = (0,00) and let ¢ be a C*° complex-valued function on I. Then ¢ € %, (1)
fora e Rif

(6) = Yak(9) == sup_ e D*¢(t)] < 00, Vk €N. (A12)
With this definition it can easily be seen that .#, (/) is a linear space and that for
a < bwe have that %,(I) C Z,(I). One can also easily check that for each fixed s,
the exponential e %! € %, (I) if and only if a < Re]s].
We now need to define the appropriate space of generalized functions, i.e. the dual
of Z,(I), £ .(I):
Let f be a locally integrable function such that e~ f(¢) is absolutely integrable on

(0,00). Then f generates a regular generalized function in .¢”,(I) through

() = /0 T Hs(tydt, ¢ L), (A1)

We say that f is a Laplace transformable generalized function if there exists a € R such
that f € Z'(I). Itis then clear that f € .Z',(I) for every b > a; hence there
exists a real number o (possibly —oco) such that f € £7,(I) for every a > oy and
[ ¢ 2 q(I) for every a < oy.
The last step is to define the generalized Laplace transform of any function f €
Z'.(I). One expects to be using the test function e~* to define such transform but,
as mentioned before, certain conditions must be satisfied for such exponential to be
in .Z,(I). So we need to produce one last definition before we can properly define
our distributional Laplace transform.
Let

Qp:={se€C:Re[s| >0f,5#0,|arg(s)| < 7}. (A.14)

Note that for negative o this region €1 is a cut half-plane obtained by deleting all

non-positive values of s.

Definition A.2.1. Let s € Q. We define the generalized Laplace transform of
fe.I)by
L{f}(s) i= F(s) = (f(t),e™™). (A.15)

With this definition, the real number o is called the abscissa of definition and the re-
gion () is referred to as the region of definition of the generalized Laplace transform.
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It is important to remark that the above definition makes sense as the applica-
tion of a certain function f € .¢’,(I) to e " € £, (I) for a € Rwith oy < a < Re]s].
It turns out that with such a definition this construction possesses all the expected
nice qualities such as analyticity in ;. The following theorem can be found with
its proof in [53]:

Theorem A.2.1. Let F(s) = L{f}(s) for s € Qy. Then F(s) is an analytic function on
Qf and
DWE(s) = (f(t), (~t)*e ™), keN (A.16)

This result is however not surprising since it is in some way the analogous of
the differentiation property of the ordinary Laplace transform.
Other properties of the distributional Laplace transform that can be intuitively re-
lated to those of the ordinary Laplace transform. Here is a summary (without
proofs) of some of the most interesting properties of the distributional Laplace
transform:

(i) Differentiation of the Laplace transform:

DEL{f(#)}(s) = LL=)f(B)}(s), s €9y (A.17)

(ii) The Laplace transform of a derivative:
L{D*f()}(s) = s“LLf(1)}(s), s €Qy (A.18)

(iif) The translation of a Laplace transform:
L{fM)e }(s)=L{fO}(s+a), a>0, s+a€cl (A.19)

(iv) The Laplace transform of a translation:
L{H(t—to) f(t —to)}(s) = e L{f()}(s), s€y (A.20)

(v) The Laplace transform under a change of scale:

LU@}s) = LUWIC), a>0, Seq a2
Furthermore, just as with the classical Laplace transform, an inversion formula can
be obtained and the convolution of two elements in .¢”,(I) can be defined in such

a way that its distributional Laplace transform will be the product of the individual
Laplace transform of the elements involved in the convolution.
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