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Abstract

Thin-walled members are widely used in mechanical and civil engineering applications.
The use of thin-walled elements made of fibre-reinforced composite materials has
increased significantly in the past decades due to the superior features of these
materials. However, because of their slenderness, susceptibility of thin-walled
composite members to buckling is the main concern in the structural design of these
elements. For the buckling analysis of thin-walled members with any loading types and
boundary conditions, one tends to use numerical methods rather than the closed-form
solutions which are limited to simple loading and boundary conditions. Finite element
methods (FEM) as the most commonly used numerical techniques can be categorised
into two main groups: single-field FEM and multi-field or hybrid FEM. The first group
is further categorised into two types: displacement-based elements and stress-based

elements.

In buckling analysis of thin-walled members with fibre-reinforced laminated composite
materials, shear deformations can have a significant effect. Single-field finite element
methods adopt different approaches to include shear deformations. Displacement-based
methods take account of the effects of shear deformations by modifying the kinematic
assumptions of the thin-walled theory. On the other hand, in stress-based methods, the
inter-element equilibrium conditions have to be satisfied a-priori, which further

complicates the assemblage procedure.

A shear-deformable hybrid finite element method for the buckling analysis of composite
thin-walled members is developed in this thesis by enforcing the strain-displacement
relations to the potential energy functional. In the developed method, the resulting

matrix equations are defined only in terms of the nodal displacement values as
XXV



unknowns which makes the assemblage procedure as simple as in a displacement-based
finite element. The shear deformations are taken into account in the current hybrid finite
element method by using the strain energy of the shear stress field which eliminates the

mentioned difficulties in the other finite element methods.

XXV1



Chapter 1: Introduction

1.1. Introduction

Thin-walled members are widely used in mechanical and civil engineering applications
such as building construction, aerospace, aircraft, and ship-building because of their
relatively low weight to strength ratio. Due to their complex behaviour, thin-walled
members cannot be analysed by using classical beam theories, and therefore, theories

that consider the special kinematics of open thin-walled elements are used instead.

Traditionally, thin-walled elements have been constructed from the metallic material
such as steel or aluminium. However, the use of fibre-reinforced composite materials
has been increasing significantly in the past decades as thin-walled members. The main
reason for this increase is the superior features of composite materials such as high ratio
of tensile strength and stiffness to weight, light weight, long-term durability, non-
corrosive nature, electromagnetic neutrality, enhanced fatigue life, resistance to

chemical attack, and low thermal expansion compared to other construction materials.

Due to their slenderness, susceptibility of thin-walled composite members to buckling is
the main concern in the structural design of these elements. Therefore, it is crucial to

predict the buckling loads accurately to have a reliable design.



There are different methods of analysis to assess the buckling behaviour of thin-walled
members. Closed-form solutions were the first to be developed for such purposes.
Although they lead to exact results for the buckling load, their use is limited to simple
loading and boundary conditions because the differential equations can only be solved
for such cases. Consequently, numerical methods have been developed for the analysis
of structures with complicated geometry, loading and boundary conditions. Among the
numerical methods, Finite Element Method (FEM) is the most commonly used

technique.

Finite element methods can be categorised into two main groups: single-field FEM and
multi-field or hybrid FEM. The first group, which is known as the primal finite element,
is further categorised into two types based on its unknown field variables: displacement-
based elements and stress-based elements. On the other hand, there are more than one

unknown field variables in hybrid finite element methods.

In buckling analysis of thin-walled members with fibre-reinforced laminated composite
materials, shear deformation effects can play an important role. Consequently, a large
number of finite elements are developed to incorporate such effects. Displacement-
based methods, which are developed based on the principle of total potential energy,
consider the effects of shear deformations by modifying the kinematic assumptions of
the thin-walled theory. On the other hand, stress-based methods are developed based on
the principle of complementary energy. In these methods, although there is no need to
modify the kinematic assumptions to include the shear deformations, the inter-element
equilibrium conditions have to be satisfied a-priori, which further complicates the

assemblage procedure.



The hybrid finite element methods have been developed for buckling analysis of thin-
walled members to overcome the shortcomings of the single-field finite element
methods discussed above and make use of their advantages. In hybrid methods, which
are generally developed based on the Hellinger-Reissner variational principle, there are
more than one field variables, and the displacements and transverse stresses are
calculated independently. The hybrid functional can be obtained by enforcing the
constraint conditions to the energy functional by using the Lagrange Multipliers

Method.

Developing the hybrid finite element method for buckling analysis of thin-walled
members made of isotropic materials has been the subject of studies recently. However,
one cannot find many shear-deformable hybrid finite element methods in the literature
developed for the buckling analysis of thin-walled elements made of fibre-reinforced

laminate composite materials.

1.2. Objectives

The objective of the current study is

e developing a hybrid finite element method for the buckling analysis of
composite thin-walled members and

¢ including shear deformation effects in the hybrid model

The method is obtained based on the potential energy functional by applying the strain-
displacement relations through the Lagrange multipliers method. Although the multi-
field Hellinger-Reissner functional is used in the formulation, the resulting matrix

equations are defined only in terms of the nodal displacement values as unknowns.



Consequently, the assemblage procedure is as straightforward as in a displacement-
based finite element. Also, in the current hybrid finite element method, the shear
deformations are taken into account by using the strain energy of the shear stress field.
Therefore, the kinematic assumptions of the classical thin-walled beam are not
modified. The advantage of the current method over the stress-based method is that in
the hybrid method the inter-element force equilibrium does not need to be satisfied a-

priori.

The developed formulations are implemented in FORTRAN programming language,
and the accuracy, efficiency and applicability of the method in addition to its capability
in capturing the shear deformation effects are verified through a number of numerical
examples. In addition to the FRP laminate composites, the buckling analysis of other
elements with composite cross-sections such as the sandwich or built-up elements is

performed by the current hybrid finite element formulation.

1.3. Contents of the thesis

The chapters of the present thesis are organised as follow:

Chapter 2 starts with the definition of thin-walled members followed by the introduction
of Vlasov theory, its assumptions and the additional stress resultants in thin-walled
elements. Then the instability of thin-walled elements is discussed in this chapter and

different types of buckling modes are introduced.

Chapter 3 includes a comprehensive introduction of the fibre-reinforced composite
materials. The advantages and disadvantages of these materials are discussed at the

beginning of the chapter. The stacking sequence of the laminate layers and their



denotation, the manufacturing procedure of laminate composite profiles and mechanics
of composite laminates are explained. Finally, a comprehensive review of the literature
on the buckling analysis of thin-walled laminated composites beams is presented in this

chapter.

Chapter 4 is dedicated to the introduction of the hybrid finite element method developed
in the current thesis. It starts with presenting the literature review of the analytical
solutions and numerical methods as different kinds of techniques for buckling analysis
of thin-walled members. Then, different types of finite element method are described
along with a short discussion on the advantages and disadvantages of each method. A
literature review of hybrid methods is presented, and the hybrid finite element model
developed in this study for the buckling analysis of composite thin-walled members is

introduced in more details.

In chapter 5, the flexural buckling behaviour of fibre-reinforced laminated composite
thin-walled columns subjected to axial concentrated compressive load is performed by
the developed hybrid finite element method. The chapter starts with an extensive
literature review of previous research works relevant to the flexural buckling behaviour
of thin-walled fibre reinforced composite elements. Then, the kinematic relations to
describe the column behaviour are developed based on the kinematics of general open
thin-walled elements and the constitutive relations for fibre-reinforced composite
laminates are applied. Consequently, the stress and stress resultants equations are
obtained. The hybrid formulation for the flexural buckling analysis is developed and the
discretised form of the hybrid functional is obtained after the interpolation of stress
resultants and lateral displacements. Finally, the efficiency and accuracy of the

developed hybrid finite element model are validated through numerical examples. In



addition, columns with various boundary conditions are studied and the effect of fibre

orientation and the column slenderness on the flexural buckling load are discussed.

A number of applications of the developed finite element formulation are presented in
Chapter 6, starting with comparisons with two well-known solutions in the literature to
include shear deformation effects in buckling analysis of columns. Then, the
significance of considering shear deformation effects in buckling analysis of short
columns is discussed through a few examples. Next, the use of the developed hybrid
model for the analysis of sandwich columns is studied, followed by the application for

laced built-up columns.

A hybrid finite element formulation is developed in Chapter 7 for lateral-torsional
buckling analysis of thin-walled beams. The chapter starts with a comprehensive
literature review of the previous research. The beam kinematic relations and the relevant
constitutive equations are developed next, followed by obtaining the expressions of
stress and stress resultants. The hybrid formulation is then developed by relaxing the
strain-displacement equations through the Lagrange Multipliers Method. Then,
interpolations functions are used for stress resultants and displacement components to
formulate the finite element. Finally, the accuracy and efficiency of the method are

verified through numerical examples and comparison with results from the literature.

In Chapter 8, the main findings of the thesis are summarised, and recommendations are

made for further research in the subject.



Chapter 2: Review of Buckling Analysis of Thin-walled

Members

2.1. Introduction

Thin-walled beams are defined as members in which the thickness is about 1/10™ of the
other dimensions of the cross-section. Because of the relatively low weight to strength
ratio, these elements are widely used in numerous mechanical and civil engineering
applications such as aerospace, building, aircraft and ship-building. Due to their
slenderness, thin-walled beams are susceptible to various modes of instability
depending on the loading type and boundary condition. Therefore, obtaining the
buckling load values is crucial in accurately predicting the response of a thin-walled

structure.

Due to the complex behaviour of thin-walled beams and additional modes of
deformation, classical beam theories are not applicable for these types of elements. For
the first time, Vlasov (1961) developed a theory that considered the special kinematics
of beams with open thin-walled cross-sections. This theory is introduced in more details

in the following section.



2.2. Vlasov theory for thin-walled beams

A beam is described as being in the state of uniform torsion if it is subjected to equal
and opposite torques at each end, and is free to warp. In order to accommodate this

torsion, the beam undergoes in-plane shear strains and associated shear stresses.

Saint Venant (1883) formulated the first theory for beams under uniform torsion. He
assumed that such a loading would produce shear stresses in the member while normal

stresses remained zero.

However, the warping effect arising in a thin-walled beam subjected to a twisting
moment cannot be ignored. If the beam is longitudinally restrained, the tendency
towards warping would result in significant additional normal and shear stresses in the
section. Consequently, Saint Venant theory is not valid for the analysis of thin-walled

structure.

In 1961, Vlasov (1961) developed a formulation for the analysis of open thin-walled

sections under non-uniform torsion. The main assumptions of the theory of Vlasov are:

1. The cross-section is assumed to be rigid during the deformations, which means
that deformations in the plane of the cross-section are negligible. However, the
out of plane warping is allowed in the kinematics of Vlasov theory.

2. The shear strains on the mid-surface of each of the thin plates are considered to
be negligible.

3. The normal stresses perpendicular to the centreline of the section are assumed to

be negligible.



It should be noted that the classical beam theory assumption that —the plane sections
remain planar during the deformation” is not adopted in the Vlasov beam theory.
Consequently, the warping deformations are considered in the kinematical formulation

of the beam.

Vlasov introduced two new types of resultant forces called —FElexural Twist” and
—Bimoment” and an additional cross-sectional property called —sectorial moments of

area” in order to explain the warping phenomenon.

A thin-walled beam subjected to a twisting moment will distort as shown in Figure 2.1.
The distortion is composed of the rotation ¢ of web and flanges with respect to their
centre of gravity, and the lateral deflection A of flanges. The first part of the

deformation, i.e. corresponding to ¢, is conjugate with Saint Venant twist7, , while the

sv 2

second portion is caused by the stress resultantT , called the -Hexural twist”.

T=T +T, 2.1)
T
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Figure 2.1: Thin-walled beam subjected to a twisting moment



In addition, the -bimoment” is a mathematical function defined by Vlasov as a pair of
equal and opposite bending moments acting in two parallel planes and is responsible for

warping displacements in thin-walled beams (Figure 2.2).

M

-M

Figure 2.2: Thin-walled beam subjected to a twisting moment

Therefore, in thin-walled beams, the warping longitudinal stresses and warping shear
stresses due to bimoment and flexural twist are added to the classical normal and shear

stresses, resulting in the following definition of stresses:

a(s):£+Mx ¥(s) +M, () +Ba)(s) (2.2)
_n 506) S,(s) . t(s) S,(s)
1$)=0, t 1. 0. t1, +TV I Lo t1, 23)

in whicha(s), S, (s) and I are sectorial coordinate, sectorial moment and sectorial

moment of inertia of the cross-section, respectively.

Coordinate s, which is measured from the sectorial origin$,, identifies the coordinates

of an arbitrary point A(x(s), y(s)) on the mid-surface. (Figure 2.3)
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Figure 2.3: Coordinates and displacements of a mid-surface

Based on the first assumption of Vlasov theory, the displacement in the plane of the
cross-section can be described as rigid body motion; hence the horizontal and vertical
displacements of point A4 could be defined from the horizontal and vertical

displacements of a pole P(a,,a,)and the angle of rotation ¢(z)of the cross-section as

follows:

u(s,2) =U@)— ¥(s)—a, |4(z) (2.4)
w(s,z)=V(z)+ [x(s) —a, ] #(2) (2.5)

According to the second assumption of Vlasov theory, the shear strain on the mid-
surface of the thin-walled element is negligible:
_ow Ot

= 4+—= 2.6
EAPRPS 26)

where ¢ is the tangential component of displacement at the mid-surface and is obtained

as
11



1(s,z) =u(s,z)cos 8(s)+v(s,z)sin O(s) 2.7)

where 6 is the angle between the tangent at point 4 and the x axis. From Egs. (2.6) and

(2.7) we have:

(s,2) = [([U@ - (1)~ a,)# ()]eos (s) +[V (2) + (x(s) ~a ) (2)]sin 6(s) )ds (2.8

By considering A(s) = (x(s) —a,)sin (s) — (y(s)—a,)cos O(s) , dx=dscosf(s) and
dy =dssin0(s), and applying the integration, the longitudinal displacement of point 4

can be written as:

W(S, z) =W(z)— x(S)U'(z) -y (S) V'(z)— a)(s) ' (2) (2.9

As one can see, the last term in Eq. (2.9) is the longitudinal displacement due to
warping, and constitutes the difference between the kinematics of the classical beam

theory and the theory of thin-walled beams.

2.3. Instabilities of Thin-walled members

2.3.1. Introduction

Failure of structures may occur as a result of either fracture of the material or
undesirable large deflections. Buckling, which belongs to the latter, can be defined as
the loss of the stability in equilibrium configuration without any fracture or separation

of material.

12



During buckling in thin-walled elements, internal membrane strain energy is converted
to bending strain energy through changes in the deformed configuration of the structure
without any changes in the applied load. As the membrane stiffness is significantly
greater than bending stiffness in thin plates, large bending deformations occur during
the buckling in order to absorb an equivalent level of internal energy to the pre-buckling
configuration. In other words, the pre-buckling configuration — large membrane
stiffness with small membrane deformations — changes to the post-buckling
configuration, which can be described with small bending stiffness along with large

bending deformations.

The buckling phenomenon can be schematically described by the load-deflection
diagram of Figure 2.4. In classical linear buckling theory, when the load increases from

zero, the out-of-plane displacement remains zero (Path I) until P, is reached. For a

perfect element which is loaded perfectly at the mid-plane, the load can be increased
until compression fracture occurs (Path II). It should be noted that Path II corresponds
to an unstable state of equilibrium, which means that a slight imperfection in geometry
or material leads to the buckling of the member. The point at which the member moves
from a state of stable equilibrium to unstable is called the bifurcation point. After this
point, an alternative configuration to the unstable equilibrium state exists which
corresponds to the buckled configuration (Path III). In nonlinear theory, the load-
carrying capacity of the structure may still increase from the bifurcation point and the

load-deflection curve follows Path IV.

All the paths discussed so far correspond to ideal geometry, material and loading

conditions. In real life structures, out-of-plane deflections will occur from the beginning

13



of the loading regime due to inevitable member imperfections and load eccentricities

(Path V).

In-Plane Load (P)

IT

.PL"}'

I

Out-of-Plane Displacement (w)

Figure 2.4: Load-deflection representation of buckling phenomenon

Buckling phenomenon can be categorized into global buckling (which is also called

lateral buckling or flexural-torsional buckling), local buckling and distortional buckling.

Global buckling is the rotation and lateral translation of the whole body whereas local

buckling is the instability of a part of the cross-section such as the column flange.

Distortional buckling is the combination of global and local buckling.

2.3.2. Global buckling

Global buckling refers to buckling modes that involve a significant portion of the

domain of the member, and constitute lateral or twist deformations of the beam without

distortions in the cross-section. The half-wavelength of global buckling is the distance

14



between the lateral supports of the member. Examples of this type of buckling are

lateral or twisting buckling of columns, and lateral-torsional buckling of beams.

Lateral-torsional buckling includes lateral movement of the member along with the
twist of cross-section around the shear centre, and can only occur in flexural members

loaded along their strong axis (Nethercot and Trahair 1976).

Closed-form solutions of lateral-torsional buckling for uniform bending and simple
boundary conditions were developed more than half a century ago based on the Vlasov
theory for thin-walled beams (Chajes and Winter 1965, Timoshenko and Gere 1961).

The kinematics of the problem are shown in Figure 2.5.

Figure 2.5: Coordinate system for the analysis of lateral-torsional buckling

The local coordinate system xyz corresponds to the pre-buckling state of the beam
while xy'z’ system is used to illustrate the buckled shape of the cross-section. The

buckling movement can be described in terms of horizontal and vertical displacements
of the cross-sectional centreline (i.e. along x and y axes) and rotation ¢ around z axis.

The external load is the moment about x axis (i.e. M,).
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It is assumed in the formulation that the twisting of the member is prevented at the end
supports but the cross-section warping is free. The equilibrium equation in terms of the
cross-sectional twist can be written as (Timoshenko and Gere 1961, Trahair 1993a)

d¢ GJ dI’¢ M;
dz* EC,dz* EIC,

$=0 (2.10)

where ¢ is the cross-sectional twist, £ is the Modulus of Elasticity of the material, G
is the shear modulus, J is the torsional constant of the cross-section, C,, is the cross-
sectional warping constant, and / ) 1s the moment of inertia of the cross-section around

the weak axis. Eq. (2.10) is solved analytically for a simply-supported beam subjected

to a uniform bending moment to obtain the critical load (Timoshenko and Gere 1961)

2
M, = % \/E[yGJ(l + b;; i %] 2.11)

However, such solutions are practically impossible for more complicated beams.
Alternatively, numerical solutions can be employed for accurate lateral-torsional
buckling analysis of beams. Due to the complexity involved in such analyses, they are
not commonly used by practicing engineers for the design of beams. In practice, the
buckling load resulting from other loading and boundary conditions are calculated by
the use of a correction factor that is multiplied to the results from a beam with uniform

bending moment (Lim ef al. 2003, Wong and Driver 2010).
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2.3.3. Local Buckling

On the other hand, Local Buckling is defined as the buckling of web and flanges
comprising the cross-section without lateral and/or torsional movement of the whole
cross-section. Local buckling typically has a half-wavelength of approximately an order

of magnitude smaller than the global buckling.

The effect of local buckling on the overall integrity of the structure can be significantly
different from the global buckling. In other words, while the global buckling of a beam
or column results in catastrophic collapse of the structure, higher load levels can
normally be achieved after the initial local buckling of the plate elements. In this case,
the additional strength is referred to as post-buckling strength, which is taken into

account in most of the design standards through different means.

2.3.3.1. The Effective Width Method

The most commonly used method to consider the effect of local buckling in the design
of thin-walled members is the Effective Width Method (von Karman ef al. 1932). In this
method, the effective cross-sectional properties (e.g. cross-sectional area and second
moment of inertia) are calculated by neglecting the portions of the plate elements in the
section that are considered to undergo local buckling. These areas are calculated based
on the dimensions of each plate segment spanning between the points of support, and
the number of segment edges that are supported. The global buckling load values are

then calculated based on these reduced cross-sectional properties.
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Although this method is theoretically straightforward, the following conceptual

deficiencies can be identified:

1. The effective width of each of the plate segments are solely calculated based on
the geometry and boundary conditions of the segment. Consequently,
equilibrium and compatibility conditions are not satisfied between the adjacent
elements.

2. The effective plate width values are calculated by assuming uniform normal
stresses at plate segments and therefore the gradient of stresses are ignored,

which effects the accuracy of the method (Schafer 2008).

2.3.3.2. The Direct Strength Method

Direct Strength Method (DSM) is an alternative design procedure for thin-walled
members. In this method, the local, distortional, and global buckling loads of the
member are separately calculated. The anticipated buckling load of the member is then
calculated by considering a combination of the above buckling loads and the yield limit

of the material.

The Direct Strength Method has been largely developed by comparing the test results of
thin-walled members with calculated buckling loads (Hancock et al. 1994, Schafer and
Pekoz 1998). The main advantage of the Direct Strength Method over the Effective
Width Method is that the interaction between plate segments is considered in the
analysis, which means that equilibrium and compatibility are satisfied between adjacent

elements (e.g. web and flanges). Additionally, calculations of the buckling loads using
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DSM do not require lengthy calculations and iterative process of the Effective Width

Method.

However, experimental work by Rusch and Lindner (2001) concluded that the use of
the Direct Strength Method for cold-formed I-shaped members can result in
overestimation of the buckling load, and that the Effective Width Method results in

more accurate prediction of the buckling load.

2.3.4. Distortional Buckling

Distortional buckling can be described as an interaction between the global and local
buckling modes (Bradford 1985). In other words, this mode of buckling involves
buckling of individual plate elements of the cross-section along with the buckling
movement of the whole section. The half-wavelength of distortional buckling is in-
between the local and global buckling. The deformations corresponding to each of the

mentioned buckling modes is described diagrammatically in Figure 2.6.
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(a) Local buckling (b) Lateral buckling (c) Daistortional buckling

Figure 2.6: Buckling modes of thin-walled beams
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One of the earliest studies on the distortional buckling of beams is performed by
Hancock et al. (1980), who presented a closed-form solution for beam buckling load by
considering web distortions on lateral-torsional buckling of doubly-symmetric simply-
supported I-sections. They concluded that beams with high flange to web thickness ratio
are susceptible to buckling in lower loads compared to the expected classical lateral
buckling load. Jonsson (1999) developed a thin-walled distortional beam theory by
modifying the kinematic assumptions of Vlasov thin-walled theory through including

distortional displacement fields.

However, due to the complexity of the problem, the application of closed-form
solutions for the assessment of distortional buckling is limited to simply geometry,
loading and boundary conditions. Alternatively, finite element models of distortional
buckling can be used for more accurate results. Bradford and Trahair (1981) presented
one of the first finite element models for distortional buckling of thin-walled beams.
Their model captured the distortional displacement field using six nodal displacements
at every cross-section. The displacements included the translation and rotation of the top
and bottom of the web and the rotations of the top and bottom flanges. The above nodal
values were used to determine the deformed shape of the web while flanges were
considered as rigid in the formulation. Bradford and Ronagh (1997) enhanced the finite
element of Bradford and Trahair (1981) by including the derivatives of the flange
rotations in the nodal displacement vector resulting in a model with 8 nodal

displacements per cross-section.

Roberts and Jhita (1983) studied buckling modes of symmetric [-beams through energy

methods. They studied beams with various ratios of flange width to web height, and
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observed that distortional buckling can be the critical buckling case for slender beams

and can cause a drop in the buckling load.

Bradford and Waters (1988) studied distortional buckling in mono-symmetric I-
sections. They observed that when the smaller flange in a mono-symmetric beam is in
compression, the decrease in buckling moment due to distortional buckling becomes
more significant as the degree of mono-symmetry increase (i.e. the difference between
the sizes of the flanges increases). The opposite was seen to be true in cases when the
larger flange is in compression. It was observed that the distortional buckling becomes

more significant for more slender webs.

Bradford (1994) studied the buckling of post-tensioned composite beams, and
concluded that the distortional buckling is the critical mode of instability in beams with
continuous lateral support at the top flange, and can cause significant reduction in the
ultimate strength of the beam. Bradford (2000) proposed a special-purpose inelastic
finite element for buckling analysis of beams with continuous and complete tension
flange restraint. Vrcelj and Bradford (2009) produced a spline finite strip method to
study the inelastic buckling behaviour of composite beams. Chen and Wang (2012)
performed a comprehensive finite element study of composite beams and concluded that
the use of web stiffeners to prevent distortional buckling would considerably increase

the buckling load.

Zhou et al. (2016) studied distortional buckling behaviour of composite concrete-steel
structures. They developed empirical relations that incorporated the effect of
distortional buckling in negative moment areas by using a modified elastic foundation

beam method.
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2.4. Summary

Thin-walled members are introduced in this chapter, and the classical theory of thin-
walled beams is discussed in more detail. This discussion shows that due to the inherent
geometry of these members, instabilities can have a significant effect in decreasing the
load-carrying capacity of thin-walled members and hence, buckling analysis should be
an integral part of the design. Three main categories of instabilities in thin-walled
members, namely, global, local and distortional buckling are discussed, and the

corresponding literature is presented.
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Chapter 3: Composite Elements

3.1. Introduction

In this chapter, an extensive introduction of the fibre-reinforced composite materials

including their characteristics, manufacturing process and mechanics is presented.

The advantages and disadvantages of these materials are discussed in Section 3.2. The
stacking sequence of the laminate layers and their denotation is described in Section 3.3
followed by the manufacturing procedure of laminate composite profiles in Section 3.4.
The mechanics of composite laminates is discussed in Section 3.5 while the final
section is dedicated to a comprehensive review of the literature on the buckling analysis

of thin-walled laminated composite beams.

3.2. Advantages and disadvantages

Composite materials are made by assembling two or more components synthetically to
obtain desired properties and characteristics. A composite element mainly consists of
two components: a reinforcing component and a compatible matrix binder. Fibre-
reinforced composite-laminated materials are the most commonly used types of

composite materials. In these types of materials, the fibres provide the strength and
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stiffness, and the matrix is responsible for binding the fibres together, keeping them in
place, transferring and distributing the load between them, providing the inter-laminar
shear strength of the composite, protecting the element from high temperature and

corrosion, and resisting crack propagation and damage.

Fibre-reinforced composite materials have been increasingly used in the past decades in
a variety of structures such as aerospace structures, automobile industry, naval and civil
engineering fields. The main reason for this increase is the superior features of these

types of materials which can be summarized as:

e High ratio of tensile strength and stiffness to weight,
o Light weight,

e Long term durability,

e Non-corrosive nature,

e Electromagnetic neutrality,

e Enhanced fatigue life,

e Resistance to chemical attack,

e Low thermal expansion compared to other construction materials.

Figure 3.1: Some prototypes made up of Fibre-reinforced composite materials
24



Because of their high ratios of strength to weight the slender FRP shapes such as thin-
walled open sections have been extensively used in the construction industry. Due to
their slenderness their susceptibility to buckling is the main concern in the structural
design of these elements. Therefore, it is important to predict the buckling loads

accurately to have a reliable design.

3.3. Stacking sequence

Fibre-reinforced composite materials are made in the shape of a thin layer called
—tamina”. The composite structural elements are created by stacking the fibre-reinforced
layers together in variable angles. By choosing the orientation of fibres in each lamina
and stacking sequences of layers in the element the desirable properties for the
structural element are obtained. A brief explanation about the stacking sequence

notations is presented in the following.

The fibre orientation of each layer with respect to the global coordination is determined

by angle &, about the x axis which in here is the angle between the fibre direction in

each layer and the longitudinal axis of the element (z axis) (Figure 3.2).

Figure 3.2: Fibre Orientation of Layers with Respect to the Global Orientation
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To denote the stacking sequence of laminates, the angles of composite laminate layers
are written in brackets or parentheses from the top outermost ply to the bottom ply. If
the fibre orientations of layers are symmetric with respect to the mid-plane of the
element the laminate configuration is called -symmetric” angle-ply stacking sequence.
In this case, we can simply write the angles of the layers in the top half of the cross-
section and print a subscript of -’ for the bracket to denote -symmetric”. In addition, in
the case that a stacking sequence is repeated in a group of layers we can write them
once and write the number of the repetition as a subscript for that group. A number of

different stacking sequences and their denotations are presented in Figure 3.3.

0 0 0
45 45 90

90 45 0

-45 90 90

-45 90 90

90 45 0

45 45 90

0 0 0

[0/45/90/-45] ¢ [0/+45/90] ¢ [0/90] 5¢

Figure 3.3: Some Examples of Stacking sequence of Laminates with their Denotations

This study is limited to composite laminates with symmetric angle-ply stacking

sequence.
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3.4. Production

The most commonly used method of manufacturing of composite laminate profiles is

called —Rultrusion”, which is a portmanteau word combining —Pull” and —Extrusion”.

Both the Extrusion and Pultrusion methods are used to manufacture profiles of constant
cross-section. The Extrusion process, which is used for steel, aluminium and wood-
based composites, consists of pushing of the material through a die of a certain shape to
produce the desired section. However, the pultrusion method is used for the production
of fibre-reinforced composite profiles, and is achieved by pulling the material through a
heated die. A schematic of the pultrusion process is shown in Figure 3.4.

Conlinuous
Ravings

Reinforcerment

Figure 3.4: Pultrusion Process (Courtesy of Allnex Industries)

In this method, the reinforcing fibres are pulled through a guide that precisely places the
fibres in the required location with respect to the final section. The fibres are then
impregnated with the binding matrix, which is normally resin. The combination of the
fibres and the matrix material is then pulled through a heated die where the cross-
section is shaped into its desired profile. Pultrusion allows for continuous production of

composite profiles of complex shapes at a high manufacturing rate.
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3.5. Mechanics of Composite laminates

The relationship between the stress and strain in an isotropic material is independent of
the direction of the applied force, and can be described in terms of the constants
Young‘s modulus and the Poisson‘s ratio for linear elastic materials. However, a fibre-
reinforced plate has different elastic properties in the longitudinal direction of the fibres
and in the transverse direction, i.e. it is orthotropic. Subscripts 1 and 2 are used for the
longitudinal and transverse directions, respectively from hereafter. The stiffness of

fibre-reinforced plates are significantly larger in the 1-direction than in the 2-direction.

The stress-strain relationships for the two directions of an orthotropic plate subjected to

uniaxial loading can be written as

o =E,¢, (3.1)
0'2 :E282 (3.2)

In a more general case, stresses are applied at more than one direction of the plate, in

which case the strain in 1 and 2 directions can be written as

& 1:_1_‘/2152 (3.3)

€ ,=—1—VpE, (3.4)

where the Poisson‘s ratio v,, can be defined as the ratio of strain in the transverse

direction over the strain in the longitudinal direction as a result of loading along the

fibres, i.e.
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Vv, = %, for loading in 1-direction (3.5)
1

If shear stresses are present, the relationship between the shear stress and strain can be

written as

Ty :712G12 (3-6)

The above equations can be written in matrix form as

O, 0, ¢, 0 &
o,1=|0, Op 0 & (3.7)
T 0 0 O |72

or in a more condensed form as

[o]=[Q][¢] (3.8)
where
EI
O, = v (3.9)
E2
O, = v, (3.10)
0, = B, v, E 3.11)

1=vpvy  1=vpvy,
Q66 = G12 (3.12)

Note that Eq. (3.7) is only valid if the load is only applied along the fibres or
perpendicular to them. The orthotropic plate in this condition is called —specially

orthotropic”.
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(a) specially-orthotropic plate (b) generally-orthotropic plate

Figure 3.5: Orthotropic Plate (1-2 fibre alignment, x-y load direction)

In —generally orthotropic” plates, namely, in cases where the applied load is at an angle
other than 0 or 90 degrees, a transformation matrix T is used to obtain the rotated

relationship, i.e.,

[s]=[T]"[Q][T][¢] (3.13)

where T is the transformation matrix and can be written in terms of the rotation angle as

cos’ @ sin’ @ 2sin@cos @
T= sin’ @ cos’ @ —2sinBcos O (3.14)

—sin@cos@ sinfcosd cos’O—sin’ O

in which @ is the angle between the fibre orientation and the axis of the beam, as shown

in Figure 3.5.

The rotated Q matrix can be defined as Q such that

Q=[T]'[Q][T] (3.15)
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Qll QIZ Qm
Q2 9 O (3.16)
QIG Q26 Q66

QI
I

Based on this definition, the constitutive relationship of a generally orthotropic plate can

be written as

[o]=[Q][¢] (3.17)

The components of matrix Q can be written explicitly as

0, =0, cos*0+2(0, +20, )sin’ Gcos’ 6+ Q,, sin" 6, (3.18)
0, =(0, +0,, —40 )sin’ cos’ 6+ 0, (sin4 0+ cos* 0), (3.19)
0,, =Q, sin* 0+2(Q,, +20,,)sin’ Ocos’ 6+ Q,, cos* 0, (3.20)

Q]é = (Qll =0y =20 )Sin &cos’ 6+ (le —0,, +204 ) sin’ @cos 6, (3.21)
Q26 = (Qll =0y =204 )Sin3 @ cos 6+ (le =0, +20, )Sin cos’ 6, (3.22)
Oi =(01 + 0y, —20, — 20 )sin’ Gcos” 0+ Oy, (sin* 0 +cos* 0). (3.23)

It can be observed from the above equations that for ¢ values other than 0 and 90

degrees, Q,, and Q,, are nonzero. Consequently, normal strains produce shear stresses

and vice versa. This phenomenon is called extension-shear coupling.
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3.6. Literature review

In this section a comprehensive literature review of the previous studies and research
works about the buckling analysis of laminated fibre-reinforced composite material is

presented.

For the first time, Bauld and Tzeng (1984) performed a study for buckling analysis of
thin-walled beams with laminated fibre-reinforced composite material by extending the
Vlasov‘s thin-walled beam theory for isotropic material. In their study, the shear

deformation effects were neglected.

The lateral-torsional buckling of FRP beams were experimentally tested by Mottram
(1992) and the results showed the importance of shear deformation effects in buckling
analysis of laminated fibre-reinforced composite material. Barbero and Tomblin (1993)
performed an experimental study for determining the Euler buckling load of various

FRP I-shaped columns.

By using the Galerkin method for solving the equilibrium differential equation, an
analytical study for optimal fibre orientation for lateral buckling strength of thin-walled
composite members was presented by Pandey et al. (1995b). Lin et al. (1996)
performed a parametric study for optimum fibre direction in the lateral buckling
behaviour of FRP I-shaped beams. Murakami and Yamakawa (1996) presented an
analytical solution of anisotropic cantilever beams by using the Airy‘s stress function
and two beam theories. Davalos and Qiao (1997) performed a combined analytical and
experimental study of flexural-torsional and lateral-distorsional buckling of fibre-
reinforced plastic (FRP) composite wide-flange (WF) beams. However, the closed-form

solutions are limited to certain loading types and boundary conditions. On the other
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hand, the numerical techniques such as finite element method can be used for obtaining
the approximate solutions that are applicable to general cases with various types of

loading and boundary conditions.

The shear deformation effects play an important role in the linear stability analysis of
beams with built-up or composite sections and in elements made of fibre-reinforced

composite-laminated materials with relatively low shear modulus.

Libove (1988) considering the bending shear deformability, developed a theory for
calculating shear-flows and normal stresses applied to thin-walled beams of closed
section. An analytical study of the transverse shear strain effect on the lateral buckling
of thin-walled open-section fibrous composite beams was developed by Sherbourne and
Kabir (1995). However, they did not consider the shear flexibility due to warping.
Omidvar (1998) investigated the transverse shear deformation effect in the analysis of
orthotropic laminated composite thin-walled beams and presented a new formulae for

shear coefficients.

Maddur and Chaturvedi (2000) developed a finite element solution for buckling analysis
of laminated fibre-reinforced composite I-shaped beams based on first-order shear
deformation theory. A displacement-based one-dimensional finite element model
applicable to various types of buckling of an axially loaded composite I-section was
developed by Lee and Kim (2001). Kollar (2001) developed a closed form solution for
the buckling analysis of axially loaded thin-walled open section columns made of
orthotropic composite material including the shear deformation effects. By extending
Kollar‘s work, Sapkas and Kollar (2002) derived an explicit expression for the lateral-
torsional buckling load of thin-walled open-section orthotropic composite beams

considering both the transvers shear and the restrained warping induced shear
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deformations. Qin and Librescu (2002) presented a shear-deformable analytical model
for anisotropic thin-walled beams based on the Extended Galerkin‘s Method. Roberts
(2002) presented theoretical studies of the influence of shear deformation on the
flexural, torsional, and lateral buckling of pultruded FRP I-profiles by applying a
reduction factor. Roberts and Masri (2003) developed closed-form solutions for the
influence of shear deformation on global flexural, torsional, and lateral buckling of
pultruded FRP profiles. Qiao et al. (2003) performed a combined analytical and
experimental study for flexural-torsional buckling of fibre-reinforced I-shaped
cantilever beams. Based on the shear-deformable beam theory, Lee (2005) developed a
one-dimensional finite element model for the flexural analysis of I-shaped laminated
composite beams. Machado and Cortinez (2005) derived closed-form solutions for the
lateral stability analysis of cross-ply laminated thin-walled beams subjected to
combined axial and bending loads. Lee (2006) studied lateral buckling of thin-walled
composite beams with mono-symmetric cross-sections. By using systematic variational
formulation based on the classical lamination theory, a geometrically nonlinear model
was given in his model, and a displacement-based one-dimensional finite element
model was developed to formulate the problem. Piovan and Cortinez (2007) developed
a theoretical model for the generalized linear analysis of composite thin-walled beams
with open or closed cross-sections which incorporates, in a full form, the shear
deformability. A shear-flexible finite element model for buckling analysis of thin-
walled composite [-beams was developed by Back and Will (2008). They derived the

governing equations based on the principle of minimum total potential energy.

Kim et al. (2008) presented the element stiffness matrix for the buckling analysis of a
thin-walled composite beam subjected to an axial load. By extending the nonlinear

anisotropic thin-walled beam theory developed by Bauld and Tzeng (1984), they
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proposed a theory for buckling analysis of a thin-walled composite beam subjected to an

axial compressive force.

Kim and Lee (2013) performed shear-deformable lateral buckling analysis of laminate
composite mono-symmetric I-sections by defining the displacement fields based on the
first-order shear deformable beam theory. Nguyen et al. (2015) developed a formulation
for optimum design of thin-walled composite members to maximize the critical
flexural-torsional buckling load of axially loaded columns. This buckling load is

calculated by a displacement-based one-dimensional finite element model.

As will be discussed in more details in the following chapters, a hybrid finite element
formulation is developed in this study for the flexural and lateral-torsional buckling
analysis of thin-walled composite laminates. The hybrid functional is developed based
on the total potential energy using the Lagrange Multipliers Method. The shear
deformation effects are considered in this method without modifying the kinematic

assumptions.
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Chapter 4: Shear Deformable Hybrid Finite-element

Method

4.1. Introduction

Different methods of analysis have been developed to assess the buckling behaviour of
thin-walled members. Closed-form solutions were the first to be developed for such
purposes. Although they lead to exact results for the buckling load, their use is limited
to simple loading and boundary conditions because the differential equations can only
be solved for such cases. Consequently, numerical methods have been developed for the
analysis of structures with complicated geometry, loading and boundary conditions.
Among the numerical methods, Finite Element Method (FEM) is the most commonly
used numerical technique which can be categorized in two main groups: single-field

FEM and multi-field FEM.

In this chapter, a brief literature review of the closed-form solutions for buckling
analysis of thin-walled members is presented in section 4.2. A summary of the available
numerical methods with an emphasis on the finite element method is described in
section 4.3. Then, different types of finite element method are described in Section 4.4

along with a short discussion on the advantages and disadvantages of each method. In
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section 4.5 a literature review of hybrid methods is presented, and in section 4.6 the
hybrid finite element model developed in this study for the buckling analysis of
composite thin-walled members and used in the following chapters of this thesis is

introduced in more details.

4.2. Closed-form solutions

Development of the closed-form solutions for the buckling analysis of thin-walled
members have been started from the late nineteen century (Michell 1899, Prandtl L
1899, Reissner 1904, Wagner 1936). In these methods, the differential equations are
developed and solved for the exact design conditions of the element which leads to the
exact values for the buckling loads. However, the analytical solutions can be developed
only for simple structures with simple loading and boundary conditions since obtaining
the exact solution of the differential equations for the more general cases is not

straightforward.

As an example, Euler (1757) formulated the differential equation for the flexural
buckling analysis of a column subjected to a compressive axial load at the centroid of
the cross-section as
" ”n P
EN"+Pv=0 — V'+—v=0 4.1
EI

He developed the solution of the above differential equation for the case of the simply-

supported column (V(O) = v(l) = O) as
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v=Asin px 4.2)

in which SL=mris defined. The Euler buckling load obtained from the differential

equation is given as

m?El
L2

P= (4.3)

This equation does not provide an exact solution for columns with other loading and

boundary conditions.

Due to the mentioned limitations of the analytical solutions, they are not suitable
options for the practical problems with complicated loading types and boundary
conditions. Therefore, one tends to use the numerical methods for the buckling analysis
of thin-walled members. Although the numerical solutions provide approximate results
for buckling analysis, they can be used for complicated problems with any

configurations, types of loading and boundary conditions.

4.3. Numerical methods

The numerical methods can be categorized in different groups such as finite difference

methods, finite integral method, finite strip method and finite element method.

Among these numerical methods, the finite element method is the most widely used
method for the buckling analysis of complex structures with various loading and
boundary conditions. In the finite element method, the whole element is discretised into

small segments, and by summing the variational formulation for each segment, the
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variational functional for the entire element is obtained. The displacements, stresses and
strains of the element are expressed in terms of internal parameters that are independent
from one segment to the other. The independent inter-boundary displacements are

compatible along the inter-element boundary automatically.

The element type and element mesh in a finite element model can be chosen based on
the conditions of the structure. The larger the number of elements, the more accurate is

the finite element solution but also the more time and computer memory is needed.

Finite element methods can be categorized in two main groups: single-field finite
elements and multi-field or hybrid finite elements. The first group, which is known as
the primal finite element, is further categorized in two types based on its unknown field
variables: displacement-based elements and stress-based elements. It means that, in the
displacement-based methods the displacements and in the stress-based methods the
stresses are the only field variables. On the other hand, there are more than one

unknown field variables present in Hybrid finite element methods.

In the following sections, each method is explained in more details and previous works

in the literature are introduced.

4.4. Displacement-based and Stress-based FEM

There are two types of primal finite element methods in structural and solid mechanics.
The first one is the displacement-based method, in which the displacements are the only
field variables. In this method, assumed displacements are compatible both within each

element and along the inter-element boundary. The other primal finite element method
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is the stress-based method in which the stresses are the only field variables. In the
stress-based method, the stresses are equilibrating within each element and the tractions

are reciprocating along the inter-element boundary (Pian 1995).

The majority of finite elements used in the analysis of composite laminates are
developed based on the displacement-based method as a result of its straightforward
procedure. In these types of finite element methods, the Principle of Stationary Potential
Energy is used to develop the formulation. On the other hand, the Principle of
Stationary Complementary Energy is used for developing stress-based finite element

methods.

Krajcinovic (1969) obtained a displacement-based finite element model for the buckling
analysis of thin-walled open sections. His model had two nodes with 4 degrees of
freedom for each node. Using Vlasov theory, Barsoum and Gallagher (1970) developed
displacement-based finite element formulations for flexural and lateral-torsional
buckling analysis of thin-walled beams. Their finite element model was formulated
based on the principle of stationary of virtual work. Attard (1986) presented a finite
element formulation for the lateral buckling analysis of thin-walled beams by using the
second variation of the total potential energy. Yang and McGuire (1986) developed a

formulation of thin-walled beams based on the principle of virtual displacements.

In composite laminates, shear deformation effects can be significant due to a relatively
small shear rigidity of fibre-reinforced laminates. Consequently, a large number of finite
elements are developed to incorporate such effects in the buckling analysis of composite

thin-walled members.

40



Lin et al. (1996) presented a finite element model to study the buckling behaviour of
thin-walled glass FRP members. Lee et al. (2002) and Lee and Kim (2002) developed a
displacement-based one-dimensional finite element model based on Vlasov‘s thin-
walled beam theory to obtain critical loads for thin-walled composite beams with
various boundary conditions. By using systematic variational formulation based on the
classical lamination theory, Lee (2006) developed a geometrically nonlinear model, and
a displacement-based one-dimensional finite element to formulate the problem. Kim et
al. (2007) proposed a numerical method for buckling analysis of thin-walled composite
beams subjected to end moments. In their study, the bifurcation type buckling theory of
thin-walled composite beams subjected to pure bending is developed based on the
energy functional. Back and Will (2008) developed a shear-flexible finite element for
buckling analysis of thin-walled composite members based on the principle of minimum
total potential energy. Kim and Lee (2013) performed shear-deformable lateral buckling
analysis of laminate composite elements. In their method, the displacement fields were
defined using the first-order shear deformable beam theory, and the second order torque
terms were introduced from the geometric nonlinearity. Erkmen and Attard (2011)
included the shear deformations effects in the buckling analysis of thin-walled members
by modifying the kinematic assumptions of the Vlasov Theory. Erkmen and Mohareb
(2008) developed a shear deformable stress-based finite element formulation by using
the complementary energy functional. The advantage of their method over the
displacement-based formulations is that the shear deformations effects can be included
without the need for modifying the Vlasov kinematic assumptions. However, the
assemblage procedure is more complicated in their method as the inter-element

equilibrium conditions have to satisfied a-priori.
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One disadvantage of displacement-based finite element methods in buckling analysis of
thin-walled members is related to the inclusion of shear deformation effects. In these
types of methods, the kinematic assumptions have to be modified in order to include the

shear deformations.

The other deficiency of the displacement-based finite element method for the analysis of
composite laminates is that the transverse stresses obtained are not continuous across
the layers. The reason is that in these methods, the displacement values are the primary
variables and are used to calculate the strains, from which the stresses are obtained.
Therefore, because of the discontinuity in the stress-strain relationship at the interface of
the laminates (e.g. due to change in fibre orientations), there would be a jump in the

resulting stress values.

On the other hand, as discussed above, the stress-based finite element formulations
require the inter-element equilibrium condition to be satisfied a-priori, which further

complicates the assemblage procedure.

To overcome the shortcomings of the displacement- and stress-based method, the
hybrid finite element method has been developed for the buckling analysis of composite
thin-walled members. In the following section, a brief literature review of the
development of the hybrid finite element is presented, followed by a more detailed

discussion of the specific procedure used in this study.
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4.5. Hybrid Finite Element Method

Hybrid Finite element formulations are generally based on the Hellinger-Reissner
functional, in which the displacement and stress fields are assumed independently. For
the first time, a multi-field finite element was developed based on the compatible
displacements along the element boundary and the assumed equilibrating stresses within
the element, and the term —hkybrid” element was invented (Pian (1964), Pian and Tong
(1968)). Since then, many researchers have developed different versions of multi-field
finite element formulation. In one of the methods for classifying the finite element
method, the term —mixed” is used for the finite element method in which the element is
based on a multi-field variational functional and the term —hkybrid” is used for the finite
element method which is obtained by enforcing the constraint conditions through
Lagrange multipliers (Pian 1978). As in this method of classification, the two elements
are not mutually exclusive, the term —kybrid/mixed” was proposed by Pian (1985) for
naming all non-primal finite element methods. On the other hand, R.H. Gallagher
suggested another method of classification in which the two elements are mutually
exclusive (Pian 1994). Based on his classification, both methods are defined as the ones
that are developed by multi-field variational functional. However, the -mixed” finite
element method refers to formulations in which all the field variables appear explicitly
during the assemblage procedure, whereas in the -xybrid” method, stress field variables
are eliminated at the element level and only displacement field appears explicitly during
assemblage. The hybrid functional can be obtained from both the potential energy
functional and the complementary energy functional by enforcing the constraint

conditions using the Lagrange Multipliers Method.
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Tang et al. (1981) formulated a quasi-conforming or string-net element by using the
three-field Hu-Washizu variational functional. Lee and Rhiu (1986) presented a mixed
finite element formulation based on the Hellinger-Reissner principle with independent

strain.

A number of elements have been developed for geometric and material nonlinearity
using this method. Spacone et al. (1996) proposed a mixed finite element formulation
for nonlinear analysis of beams. Petrangeli and Ciampi (1997) concluded that
equilibrium-based approaches result in more accurate and robust finite elements that the

traditional compatibility-based approach.

Taylor et al. (2003) developed a finite element formulation using a three-field
variational formula based on an extension of the Hu-Washizu principle. Their element is
capable of capturing shear-deformable effects. It was shown that the mixed method
results in more accurate results, especially for very coarse mesh discretization. Nukala
and White (2004) formulated a geometric and material nonlinear beam finite element
based on the Hellinger-Reissner stress variational principle. They adopted the two-field
form of the variational principle by using displacement and generalised stresses.
Alemdar and White (2005) presented several displacement-based, stress-based, and
mixed beam finite elements for nonlinear analysis of frame structures based on Euler-
Bernoulli kinematics. They concluded that among the above, the mixed element yields
the most accurate results as the use of independent force fields in the element
formulation results in more accurate modelling of element curvature fields. Wackerfull
and Gruttmann (2009) developed a mixed hybrid formulation for the nonlinear analysis
of beams with rectangular cross-sections. The developed wvariational formulation

adopted displacements, rotations, stress resultants and beam strains as the independent
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variables. It was demonstrated that the developed formulations allow for nonlinear
analyses with very large load steps due to the robustness of the formulation. Alsafadie et
al. (2010) adopted a corotational technique to develop a mixed finite element
formulation based on the incremental form of the Hellinger-Reissner variational
principle to capture elasto-plastic material response. Their method is capable of
capturing both the Saint-Venant and warping torsion. Santos et al. (2010) developed
geometrically exact hybrid formulations for three-dimensional analysis of beams using
complementary energy-based formulation. Erkmen (2014) formulated a shear-
deformable hybrid finite element based on the principle of the complementary energy.
In his model, the element equilibrium and force boundary conditions are imposed as
auxiliary constraints where conjugate displacement terms can be identified as Lagrange

multipliers.

In this study, the hybrid finite element is developed by using the potential energy
functional as the starting point and applying the strain-displacement relations through

the Lagrange multipliers method.

As discussed in the previous section, the introduction of shear deformation effects in

single-field finite elements presents the following difficulties:

e In the displacement-based method, the shear deformation effects should be
applied by modifying the kinematic assumptions of the Vlasov thin-walled
theory.

e In the stress-based method, the inter-element force equilibrium needs to be

satisfied a-priori, which complicates the assemblage procedure of the analysis.
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By using the hybrid finite element method, the final equations are defined in terms of
the nodal displacement components as unknowns. Consequently, the assemblage
procedure would be as straightforward as a displacement-based finite element. It should
be noted that these displacement unknowns are obtained by using a multivariable
Hellinger-Reissner functional, in which the shear deformation effects are taken into
account by using the strain energy of the shear stress field. As a result, the shear
deformation effects are considered without any alterations to the classical thin-walled
beam kinematics. In addition, in the current hybrid method there is no need to satisty

the inter-element force equilibrium a-priori.

4.6. Development of the hybrid functional from the potential

energy functional

The finite element developed in this study is based on the stationary condition of the

potential energy functional.

I, = J{% g'Ce— l_'*‘u} dv — J-TTudS = stationary (4.4)
: s

By using the strain-displacement relations, €=Du , the variational principle that

includes displacements as the only variable can be given as

I, (u)= J.|:%(DU)T C(Du) —l_*“u}dV —J-TTudS = stationary (4.5)

in which C is the elastic stiffness matrix, F is the prescribed body force and T is the

boundary traction vectors.
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One of the methods for developing the multi-field variational principle is imposing the

constraint conditions through the Lagrange multipliers (Washizu 1982).

The Hu-Washizu variational principle is obtained by relaxing the strain-displacement
relation through the Lagrange multipliers which are the stresses. Therefore, this

functional contains three field variables: displacements u, strains ¢ and stresses o .

1, (u, 8,0') = j[% g'Ce-o" (s - Du) —Fu} dy - j T udS - j T" (u -ﬁ)dS = stationary  (4.6)
4 Sy Sy
where U is the prescribed boundary displacements.

By substituting the constitutive relations, one can eliminate either the strain variable or

the stress variable, and a functional with two field variables is obtained:

1, (u,c) = j|:—%GTSG—GT (Du)—l_TTu}dV— j T udS — I T" (u-ﬁ)dS = stationary  (4.7)
v S, S,
I, (ue)= J{—%sTCe‘—(Cs)T (Du)—FTu}dV— J T'udS - j T" (u-u)dsS = stationary (4.8)
4 S Sw

where S is the compliance matrix.

Eq.(4.7) is the original Hellinger-Reissner principle which can be written in the

following form after applying the divergence theorem:

n,, = l[—%cTSc —(DTG)T u —FTu}dV —J (T—T)T uds —J T"udS = stationary (4.9)

By satisfying the equilibrating stress and prescribed tractions along the boundary,
Hellinger-Reissner principle is reduced to the principle of stationary complementary

energy with the stresses as the only field variables.
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I, = I%GTSch - j T"udS = stationary (4.10)
s,

vV

As it will be shown explicitly in the Chapters 5 and 7, Eq. (4.9) can be expressed in
terms of the independent field variables of displacement components and stress
resultants. Depending on the mode of buckling (e.g. flexural, lateral-torsional), different

field variables are considered in the formulations.

It should be noted that in Eq. (4.9), the effect of shear deformations is taken into
account by including the strain energy resulting from shear stress, embedded in the
stress matrix. As a result, the kinematics of the formulations is the same as the classic

thin-walled theory. This is shown explicitly in the following chapters of this thesis.

The method is developed for the buckling analysis of fibre-reinforced composite
laminates by substituting the constitutive relations of laminate elements, as discussed in

Chapter 3.
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Chapter 5: Shear Deformable Hybrid Finite Element
Formulation for Flexural Buckling Analysis of Thin-

walled Composite Columns

5.1. Introduction

In this chapter, the flexural buckling behaviour of fibre-reinforced laminated composite

thin-walled columns subjected to axial concentrated compressive load is studied.

The chapter starts with a comprehensive literature review of previous research works
relevant to the flexural buckling behaviour of thin-walled fibre reinforced composite
elements (section (5.2)). After discussing the problem statement in section (5.3), the
kinematic relations to describe the column behaviour are developed based on the
kinematics of general open thin-walled elements in section (5.4). Then, in section (5.5)
the constitutive relations for the thin-walled column with a laminate composite cross-
section subjected to an axial load are obtained. Using the developed kinematic relations
and the constitutive equations, the stress and stress resultants equations are obtained in

section (5.6). In section (5.7), the hybrid formulation is developed from the potential
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energy functional by relaxing the strain-displacement equations as auxiliary conditions
through the Lagrange Multipliers method. The discretised form of the hybrid functional
for buckling analysis is obtained after the interpolation of stress resultants and lateral
displacements in section (5.8). Numerical results are presented in section (5.9) to
validate the efficiency and accuracy of the developed hybrid finite element model in
flexural buckling analysis of thin-walled columns with fibre-reinforced laminate
composite cross-sections. Columns with various boundary conditions are studied and
the effect of fibre orientation and the column slenderness on the flexural buckling load

are presented.

5.2. Literature review

In this section a literature review of the previous studies and research works about the

flexural buckling of thin-walled composite columns is presented.

For an isotropic long column subjected to a compressive load at the centroid of the
cross-section, the column formula developed by Euler (1757) can be used to determine
the buckling load. In Euler theory it is assumed that the column has no imperfections or

load eccentricity.

The buckling behaviour of axially loaded columns with composite materials has been
the subject of many studies. In the following, a literature review of the works done in
the past including the experimental studies, analytical solutions and finite element

models is presented.
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A buckling solution for uniaxially-loaded composite open-section elements was
developed by Rehfield and Atilgan (1989). Barbero and Raftoyiannis (1990) presented
an analytical model to predict the buckling behaviour of pultruded composite columns.
Barbero and Tomblin (1993) performed an experimental study for determining the
flexural buckling load of various fibre-reinforced composite I-shaped columns. An
analytical study for optimal fibre orientation for lateral buckling strength of thin-walled
composite members was presented by Pandey et al. (1995b). In their study, the beam
stiffness coefficients are obtained based on the Vlasov-type linear hypothesis and

columns with various types of loading are considered.

Kollar (2001) derived a closed form solution for the buckling analysis of axially loaded
thin-walled open section columns made of orthotropic composite materials. The shear
deformation effects are included in his model by modifying the Vlasov‘s theory. A
general analytical model applicable to various modes of buckling of an axially loaded
composite [-section was developed by Lee and Kim (2001). By using the principle of
the stationary value of total potential energy they obtained a displacement-based one-
dimensional finite element model. Hassan and Mosallam (2004) presented the results of
an experimental study on the buckling behaviour of axially loaded thin-walled pultruded

fibre-reinforced polymer composite columns.

Back and Will (2008) developed a shear-flexible finite element model for buckling
analysis of thin-walled composite I-beams. The governing equations in their model are
derived based on the principle of minimum total potential energy. In addition, they
obtained the geometric stiffness for the buckling analysis of axially loaded, thin-walled

composite beams.

51



Kim et al. (2008) presented the element stiffness matrix for the buckling analysis of a
thin-walled composite beam subjected to an axial load. By extending the nonlinear
anisotropic thin-walled beam theory developed by Bauld and Tzeng (1984), they
proposed a theory for buckling analysis of a thin-walled composite beam subjected to an
axial compressive force. Kim and Lee (2014) developed a numerical algorithm to
calculate the exact buckling load of the thin-walled laminated composite column
subjected to variable axial force. A formulation for optimum design of thin-walled
composite beams was developed by Nguyen et al. (2015). The objective of their
optimization problem is to maximize the critical flexural-torsional buckling load of an
axially loaded column. This buckling load is calculated by a displacement-based one-

dimensional finite element model.

In this study, a hybrid finite element formulation for flexural buckling analysis of an
axially-loaded thin-walled composite column is developed. In this method, the shear
deformation effects are included in the formulation by using the strain energy of the
equilibrating shear stress field without modifying the basic kinematic assumptions of
the beam theory (unlike in the displacement-based finite element methods). In addition,
the non-collinear elements can be connected very easily in this method without the need
to satisfy the inter-element equilibrium (unlike in the complementary energy based

methods).
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5.3. Problem statement

Figure 5.1 shows a column that is subjected to a concentrated compressive force P
applied at the centroid of the cross-section at the end of the column. By increasing the
applied load, the column will behave differently depending on its slenderness. In short
columns, the element will fail when the stress exceeds the compressive yield strength of
the material. However, columns with high slenderness ratio will buckle before the yield

strength of the material is reached.

The internal axial force, shear force and bending moment are shown in the free-body

diagram of a small segment of the member at the buckled state in Figure 5.1.
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Figure 5.1: An Axially Loaded Column and the Free-body Diagram of a Small

Segment
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5.4. Kinematics

In order to develop the theoretical model the following assumptions are adopted in this

study:

1. The thin-walled member is assumed to be prismatic and straight.

2. Cross-sections remain plane during deformation in accordance with the first
assumption of Thin-walled Beam Theory of Vlasov.

3. Strains are small.

4. Material is linearly elastic and obeys Hooke‘s law.

5. Inextensional buckling assumption is adopted, which means that the shortening
of the column during the buckling behaviour is ignored.

6. Pre-buckling deformation effects are neglected.

The coordinate system that is adopted here is the Orthogonal Cartesian Coordinate
System (x,),z) in which the x axis is along the longitudinal axis of the column, and y and
z axes lie on the plane of the cross-section and are parallel to the weak and strong axes

of the cross-section, respectively. (Figure 5.2)

Figure 5.2: The orthogonal Cartesian system
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The longitudinal displacement of any point on the cross section of the column can be

expressed in terms of the displacements of the centroid of the cross-section as:

w=w(x)—u'(x)y—V'(x)z—¢'(x)® (5.1)

in which u(x) and v(x) are lateral displacements in y and z respectively and ¢(x) is the
angle of twist of the cross-section. All primes denote differentiation with respect to

longitudinal coordinate x.

As shown in Figure 5.1, in flexural buckling of the column, the vertical displacement

u(x) and the angle of twist of the cross-section ¢(x) are equal to zero. Therefore, Eq.

(5.1) will reduce to

w=w(x)—v'(x)z (5.2)

In addition, in agreement with the inextensional buckling assumption, the shortening of
the column is assumed to be negligible during buckling (so that the axial force and
bending moment remain unchanged). As a result, the displacement along the x axis can

be given as

w==V(x)z (5.3)

Consequently, the longitudinal normal strain induced by the flexural buckling

deformations can be expressed as

e =—V"(x)z (5.4)

Based on the second assumption of the Vlasov theory:
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V=0

Thus, Euler-Bernoulli beam kinematics is adopted for the analysis.

5.5. Constitutive relation

(5.5)

Consider a laminate composed of n orthotropic layers in which the fibre orientation of

each layer with respect to the global coordination is determined by angle @, about the

z axis (Figure 5.3). Assuming that perfect inter-laminar bond exists between the layers,

the stress-strain relationship for the £” layer is given as:

ax(k) 0% o% o o%] e, |
(k) 11 12 16 X
o v oP o0 O e
k ~(k y
) =QWg = wl= 2 20 i 2 || Y
T, 0 0 e 0 || ve
L, A®
Txy(k) | Y6 26 0 66 || Vv |

(5.6)

In here, subscripts 1 to 6 are consistent with the convention adopted for laminated

composites (Wang 1997). In Eq. (5.6)

O =0l cos* @, +2( 011 +20} )sin’ @, cos’ @, +0}}) sin* @,
0 =(0Y +04 - 404 )sin’ @, cos” @, + 0 (sin* @, +cos' @)
0% =0l sin' @, +2( 0} +200 )sin’ @, cos” @, + 0l cos' &y
0)=( 0101 -20 sin® @ cos &, +{ O - O +201 Jsin &, cos’ @,

04 =(a"-0Y-201) )sin @, cos’ @, {0l - 08 +204 )sin’ &, cose,
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(5.7)

(5.8)

(5.9)

(5.10)

(5.11)



O'=(0!+0l)-20)- 2010 )sin’ @, cos’®, +00) (sin* &, +cos'®,)  (5.12)

oY =aY (5.13)
where
(k)
o B (5.14
SRR )
(k) — Ul(g)El(k) (5 15)
ST
(k)
0 _ £ 5.16
Q22 l-l)l(éc)l)g];) ( )
O’ =Gy (517)

where El(k) and Eék) are Young‘'s moduli of the " layer in the local X, and y,

(k)

directions, respectively, Gl(f ) is the shear modulus in X, y, plane of the K™ layer, Glf is

()

the shear modulus in X, z, plane, U;," is the Poisson‘s ratio defined as the ratio of the

transverse strain in the y, direction to the axial strain in ¥, direction due to the normal

Y k) . . . .
stress in ¥, direction, and u§1) 1s the Poisson‘s ratio defined as the ratio of the transverse

strain in the ¥, direction to the axial strain in y, direction due to the normal stress in y,

direction (Omidvar and Ghorbanpoor 1996, Reddy 2003). In this study laminate
configuration is limited to symmetric angle-ply stacking sequence with respect to mid-

plane.
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(a) Thin-walled column (b) Fibre orientations ¢) Laminates across the thickness

Figure 5.3: Thin-walled Column Composed of Fibre-reinforced Laminates

As one can see in Figure 5.3, the y direction is assumed to be perpendicular to the

element thickness so in the web the coordinate system rotates 90 degrees around the x

axis. Adopting the assumption of free stress in y directiono, =0, Eq. (5.6) will be

reduced to
(k) o A+
O-X 11 O 16 gx
k) | — (k)
o=l 0 0 0 | (5.18)
N ®* N ®*
rxy(k) 16 0 66 || Vo
in which
(k)2
N* — Ak 12
W =0 S (5.19)
22
— — Q(k) L
*_ 12 <26
16— €6 T = (5.20)
2
) NH® 0!
* __ 26
66 266 " Am (5.21)

22
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In addition, considering that it is an in-plane analysis, shear stress along the strong axis
is assumed to be equal to zero (Txy(k) =0). Thus the final form of constitutive relations

can be given as

oWl 1o o [[e,
N 1 (5.22)
sz( ) 0 fft) Ve

in which

(5.23)

5.6. Stresses and stress resultants

(k) (k)

This section aims at obtaining the stress expressions ¢, 'and 7, " in terms of stress

resultants A and V.
From the first row of the constitutive relations matrix (Eq. (5.22)) the normal stress can

be obtained in terms of strains as below

o B =" s (5.24)

x X x

By substituting the expression of the longitudinal strains developed in the previous

section (Eq. (5.4)) in Eq. (5.24), the longitudinal stress is obtained as

o) =- Ll('f) V(x)z (5.25)
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Considering the definitions of stress resultant functions, bending moment is expressed

as

M = —f o,zd4 (5.26)
A

Substituting Eq. (5.24) in Eq. (5.26), bending moment can be obtained in terms of the

displacement derivatives as

M=J,V'(x) (5.27)

in which, J,, = [ 0/"2’d4 is defined.

A
Using Egs. (5.25) and (5.27), the expression for the normal stress in terms of stress
resultant function is obtained, i.e.

= z
O-X(k) = _ l(llf) MJ_ (5,28)

Yy

(k)

The shear stress 7, * which is due to the shear force can be obtained as follows.

The shear force F, can be obtained from the longitudinal equilibrium of the free-body
diagram of a piece cut from the member (Figure 5.4).
dF, + [ (0, +do, W4~ [o,d4=0 (5.29)
A A
in which A" is the cross-sectional area of the piece cut from the segment dx .

Substituting Eq. (5.29) in relationz_ = F, /dx, the shear stress is calculated as

r =I—di:—Ia;dA (5.30)



The longitudinal stress obtained in Eq. (5.25) is substituted into the above expressions

and the shear stress expression in terms of displacements is obtained.

r. =[O 2"da (5.31)
!

dx

O o+do:

e

/
o

Ve Fs

Figure 5.4: Free-body Diagram of a Piece Cut from the Column

On the other hand, the shear stress resultant is given as,

V=M'=J " (5.32)

Substituting Eq. (5.32) in Eq. (5.31), the shear stress is expressed in terms of shear

stress resultant.
S

W=ty (5.33)
JYV

in which §y = I Qfl‘)*sz is defined.
o

The column is subjected to axial compressive load N, which does not cause any pre-

buckling shear forces V'# and associated bending moments M (superscript p will relate
to the pre-buckling state). Additionally, the increment of axial force vanishes (AN =0)

throughout the buckling, in accordance with the inextensional buckling assumption.
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5.7. Variational formulation

As discussed in chapter 4, the current hybrid formulation is developed from the
potential energy functional by relaxing the strain-displacement equations as auxiliary

conditions through the Lagrange Multipliers method.

The total potential energy of the buckled configuration of a system is expressed as the

sum of strain energy U and work done by external forces W ,

Mm=U+w (5.34)

The strain energy of the column at the buckled configuration is given by

1
U= E-[Vo (0.6, 7.7, )dV (5.35)

where V= Volume of the column.

The work done by the external forces can be written as

1
W=~ j NPY2dx (5.36)
21
where L is the Length of the column and N” is the initial axial compressive load.

In here, the auxillary conditions are the conditions of compatibility (the strain-

displacement equations), which can be written as follows

e +V'(x)z=0 (5.37)
Ve =0 (5.38)
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These conditions are introduced to the total potential energy expression through the

Lagrange Multipliers method.

M, =U+W = [ f(e,+2dV = [ B,(r.)dV (5.39)

in which f, and p, are the Lagrange Multipliers.

From the variations of the functional IT; with respect to the strains one obtains

oU
L-B=0 (5.40)
os,
oU
L-B,=0 (5.41)
0

where U, is the internal strain energy density and is defined as U = JV U,V . Egs.

(5.40) and (5.41) show that f, and f, are the energy conjugate of the strains ¢ and y__,

respectively. Therefore, they can be replaced with stresses o and z_ in Eq. (5.39), i.e.

,=U+W - j o (e, +zv")dV - f T (v )dV (5.42)

Vo Vo

By substituting Eqgs. (5.35) and (5.36), Eq. (5.42) can be written as

(5.43)

1 1
- __ 4 _ ” L pt2
11, 5 Im,(gxgx szyxz)dV ,;[UX(ZV )dv 5 LN v < dx
Substituting the inverse of the constitutive relations for composite laminates and using

Eq. (5.26), the hybrid functional /7, can be expressed as

1

2 (*)

_erow _wil@y 0o v L f
= o <] PV [ Myde- [ NS (544)

2
44 Xz
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By substituting Eqgs. (5.28) and (5.33) into Eq. (5.44), the final form of hybrid

formulation, /7, , in the buckled state is obtained

I »

MM V? , 1 ,
H]I[ :J.l;E[J—‘FA—J_FMV —EleV2JdX (5.45)

yy Yy

5.8. Finite element formulation

5.8.1. Interpolation of the stress resultant and displacement fields for

buckling analysis

In this section the assumed interpolation for the variables in the hybrid functional (stress

resultants M and V and the lateral displacementv ) is introduced.
For an element i with a span of L, the buckling internal bending moment is assumed as
linear, 1.e.

M=L'M, (5.46)

Therefore, the shear force is given as

V=L'M (5.47)

i

in which, L =((1-x/L) x/L) and M," =(M(0) M(L)).
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For lateral displacement two different interpolations are assumed.

v.=NTv, (5.48)

1 1

First set of interpolation functions are based on cubic interpolation where the vector N

can be written as

NT=<(1—3x2/L2+2x3/L3) (x —2x2/L+x3/L2) (3x2/L2—2x3/L3) (—xz/L+x3/L2 )> ,
v, =(v(0) v/(0) v, (L) V(L)) are defined.

Second set of interpolation functions are based on trigonometric functions and in this
case vector N can be written as NT=<N1 N, N, N4> where N, = O.5[COS(71x/L)+1J
, N, =025 Leos(zx/L)+(2L/x)sin(zx/L)+2x~L] N,;=0.5[1-cos(7x/L)] and

N, =0.25] Leos(zx/L)—(2L/x)sin(zx/L)+2x~L].

5.8.2. Discretised form of the hybrid functional for buckling analysis

By substituting Eqgs. (5.46) to (5.48) into Eq. (5.45), the discretised form of the hybrid

functional for buckling analysis can be written as

. | M/'LN"y, —%/IN”VI.TN'N’TV,.
, :Z j | . | o (5.49)
=l _FMi LL'M,-———M, L'L'M

yy yy

i

This functional depends on the unknown M, . From the partial stationary condition with

respect to M, i.e. 5”71, /OM, =0, one obtains
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M, =H,G,v, (5.50)

where
-1
H, = {jLLLT +LL’L'de} (5.51)
L Jyy Ay,v
and
G, = JLN"de (5.52)
L

It should be noted that the stationary condition with respect to the stress resultant
parameters can be written at the element level. This is due to the relaxation of inter-
element equilibrium as a result of which the nodal stress resultant parameters are not

coupled between the elements. Using Eq. (5.50), the functional in Eq. (5.49) becomes
1 % T T 1 o T AN\ T
I, :EZI(Vi G, Hbiv,.)dx—E/lev[ N”N'N'"v dx (5.53)
i=1 [ i=l

From the stationary condition with respect tov,, i.e. 65°77,,

Jov, =0, the discretised
equilibrium equations of the system can be obtained as

ZN:[KM —IK, v, =0 (5.54)

i=l
in which K,, is the element stiffness matrix for buckling analysis and K, is the

element geometric stiffness matrix.
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5.9. Numerical examples

In this section, numerical comparisons with other finite element methods and closed-
form solutions are presented in order to verify the capability and accuracy of the current
hybrid finite element method. In addition, some parametric studies are presented to
show the effect of different factors such as fibre orientation and element slenderness on
the flexural buckling load. In example (5.9.1), the accuracy and efficiency of the current
model is validated through the analysis of an axially-loaded simply-supported column
with isotropic material. The results for both the cubic and trigonometric interpolation of
the lateral displacement are presented in this example. Then, examples (5.9.2) and
(5.9.3) are presented to verify the capability of the current hybrid model in capturing the
behaviour of composite elements with different lay-ups for doubly-symmetric and
mono-symmetric cross-sections, respectively. In addition, the effect of fibre orientation
on the flexural buckling load of columns is illustrated in these examples. Lastly, in
example (5.9.4) the buckling analysis of an axially loaded composite cantilever column
with various stacking sequences is presented. In that example, the effect of element

slenderness on the flexural buckling load of the column is presented as well.

5.9.1. Simply supported column with isotropic cross section

A simply supported column with a span of 2000 mm is analysed in this example. The
dimensions of the cross-section which is a symmetric I-section are illustrated in Figure
5.5. The material is steel and the material properties are as follows:

E=2x10MPa, G=77x10°MPa, v=0.3
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The column is subjected to an axial load P applied at the centroid C of the cross-section.

The flexural buckling happens around the weak axis of the column which is the y axis.

P
o = 180mm .-
} } 12mm
2000 mm 20mm, [ ]
200mm

Figure 5.5: Simply Supported column with Symmetric Cross-section

In this example, in addition to the shear flexible model, the column is also analysed

without considering the shear deformation effects for comparison reasons. In order to
exclude the effect of shear deformations, /Iyy'1 is set to zero in the developed finite

element formulation. The flexural buckling loads predicted by the current method are

compared with the following three models:

1. The closed form solution (The Euler buckling load): P. =z*EI/I*,

2. ABAQUS FEA shell element model,
3. The closed form solution suggested by Kollar (2001) for flexural-torsional

buckling load of composite columns.

Results with both cubic interpolation and trigonometric interpolation for the lateral
displacement are presented here. In order to show the efficiency of the current hybrid

model the analyses are done for different numbers of elements.
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5.9.1.1. Results and discussions

The predicted buckling loads obtained from the current non-shear deformable model are

compared with the Euler buckling load P, =z>EI/* in Table 5.1.

Table 5.1: Buckling Loads of columns (in Newtons)

Element type Number of Elements | Pcr (cubic) Pcr (trigonometric)
2 13271.1 12208.3
4 13178.9 12863.3
Current study 8 13172.7 13089.6
without shear
deformation 16 131723 13151.2
effects
(Ayy'l =0) 32 13172.3 13167.0
64 13172.3 13171.0
128 13172.3 13172.0
P =mEI|I - 131723

The values of flexural buckling load obtained by the hybrid shear deformable analysis
are compared with the result from the shell element model. In the ABAQUS FEA model
the four-noded shell element (S4R) is used. The finite element mesh in this model is
illustrated in Figure 5.6, in which the values indicate the number of finite elements used

in each direction.
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10 elements /

200 elements
0 elements

Figure 5.6: The finite element mesh used in ABAQUS

Table 5.2 shows the comparison between the results from the current hybrid model and

the buckling load obtained by the described shell element model.

Table 5.2: Buckling Loads of columns (in Newtons)

Element type @ Number of Elements | P (cubic) P (trigonometric)
2 12968.6 11971.7
4 12857.3 12562.7
8 12844 .4 12766.9
C‘;rlrtin;}f:;fy 16 12842.3 12822.5
32 12841.8 12836.7
64 12841.8 12840.3
128 12841.7 12841.2
ABAQUS 6000 12822

Additionally, in this example the buckling load obtained from the current model is
compared with the buckling load calculated using the closed-form solution suggested by
Kollar (2001) for flexural-torsional buckling load of composite columns. The kinematic

assumptions of the Kollar formulation is based on the fact that the axis of the deformed
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beam does not rotate with the same amount of that of the cross-section as in the

Timoshenko beam kinematics. The closed form solution proposed by Kollar is given as

LN B (5.55)
A - AB A .
Ncrz Ncrz Syy

A

where N_ N b and S’yy are defined as

crz >

A

N, : The buckling load of the column

N 1;2 : The buckling load when the shear stiffness is infinite (the Euler buckling load)

S ., - The buckling load when the bending stiffness is infinite.

In the current model, the value of N ]Cgrz is the buckling load obtained in the analysis

without the shear deformation effect and the value of S‘yy is equivalent to A, . These

values are obtained as: NEH =13172.3N and A, =514000N . Therefore, using Eq.

(5.55) the buckling load is calculated. The values of buckling load obtained by the

hybrid method and the Kollar solution are compared in Table 5.3.

Table 5.3: Buckling Loads of columns (in Newtons)

Element type @ P, (cubic) P, (trigonometric)

Current study ¢4y 5 128412
with shear
Kollar (2001) 12843.2

The following conclusions can be made from the analysis results:

1. From Table 5.2, it is verified that the buckling loads obtained from the analysis
without shear deformation effects are equal to the buckling load obtained by the

closed-form solution (0% difference).
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. From Table 5.2, one can see that the predicted values of the buckling load by the

current shear deformable hybrid model is in an acceptable agreement with the

results of the ABAQUS model (0.15% difference).

. One can observe that the small number of elements is enough for relatively

accurate results for buckling load. This verifies the efficiency of the current
hybrid finite element model.

. By comparing the predicted buckling loads from the shear deformable and non-
shear deformable analyses, it can be observed that by considering the shear
deformation effects, the magnitude of the buckling load decreases due to
additional flexibility of the column. Therefore, ignoring shear deformation
effects can lead to wrong assessment of column buckling load.

. It is interesting to note that while cubic interpolation leads to upper bound
convergence, trigonometric functions lead to lower bound convergence property.
For more detailed analysis on the convergence property in buckling formulations
where both force and displacement fields are interpolated one may refer to
Erkmen ef al. (2009). For the rest of the examples, only cubic interpolation of
the displacement is used for the analysis.

. Comparing the buckling load predicted by the shear deformable hybrid model
with the buckling load calculated by the Kollar solution verifies the accuracy of

the current model.
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5.9.2. Column with Doubly symmetric laminate composite cross-

section and various boundary conditions

In this example, a thin-walled composite column with doubly symmetric cross-section
and various stacking sequences is studied in order to verify the capability of the current

hybrid model in capturing the behaviour of composite elements with different lay-ups.

The element is assumed to be made of glass-epoxy with the following material

properties:

E,=53.78MPa, E,=17.93MPa
G,, =G, =8.96MPa
v, =0.25

The subscript 1 corresponds to the direction parallel to fibre orientation and subscripts 2

and 3 are related to the directions perpendicular to it.

The column has a doubly symmetric cross-section with dimensions demonstrated in

Figure 5.7.

2.08mm3— ¢ '

50mim =7

2.08mm

2.08mm3— !

50mm

Figure 5.7: Cross-sectional Dimensions

The web and flanges are laminated symmetrically with respect to the mid-plane and

consist of 16 layers with equal thickness of 0.13 mm.
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A schematic configuration of symmetric angle-ply stacking sequence of [¢° /_¢0] with
2s

respect to mid-plane (8 layers) in a segment of the cross-section is illustrated in Figure

5.8. As described in previous parts, ¢ is the angle between fibre orientation and x axis.

Figure 5.8: Schematic configuration of symmetric angle-ply stacking sequence

L#°/-#],

The column is subjected to an axial load P which is applied at the centroid C of the
cross-section. The flexural buckling happens around the weak axis of the column which
is the y axis. The analyses are done for two different boundary conditions: simply
supported (S-S) and clamped-free (C-F) boundary conditions. The length of the column

is assumed to be equal to 4 m for S-S case and 1 m for C-F case.

The values of the buckling loads obtained by the current model for various lay-ups are

compared with the following two models:

1. The formulation developed by Nguyen ef al. (2015) based on a displacement-
based one-dimensional finite element method.
2. The closed form solution suggested by Kollar (2001) for flexural-torsional

buckling of composite columns
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5.9.2.1. Results and discussion

The column is modelled efficiently by using four elements for S-S boundary conditions
and eight elements for C-F boundary conditions. The predicted buckling loads from the
hybrid method are presented and compared with the results from Nguyen et al. (2015)
along with the percentage difference between them in Table 5.4 and Table 5.5 for S-S
and C-F boundary conditions, respectively. The buckling load based on the model by
Nguyen et al. (2015) is calculated by a displacement-based one-dimensional finite
element model. In that method, geometric parameters and fibre orientation of composite
elements are employed simultaneously as design variables to maximize the flexural-

torsional critical buckling loads of axially loaded columns.

Table 5.4: Buckling Loads of columns (in Newtons) with S-S boundary condition

Lay-up This (Nguyen et = Differences
study al. 2015) (%)
(0] 1502.6 14388 425
[15°/-15"] 12077 1300 7.10
[307/-30" ] 820.4 965.2 15.0
[4577-457] 615 668.2 7.96
[60° /-60°], 530.2 528.7 0.28
[75°1-75°], 5042 | 487.1 3.39
[0°/90% ], 1001.8 959.3 4.24
[0°/-45°/90°/45°| 8085 = 8138 0.65
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Table 5.5: Buckling Loads of columns (in Newtons) with C-F boundary condition

Lay-up wdy | a2l |
(o] 60084 = 57552 421
[15°/-157] 4829.6  5199.7 7.12
[30°/-30°], 3280.8 3861 15.03
[45°/-45" | 24598 26727 7.97
[607/-60" ], 2120.6 21148 0.27
[75°7-75° ], 20166 19483 3.39
[0°/90° ] 4006 3837.3 421
[0" /—45°/90° / 45° ]2S 3233.3 3255.3 0.68

In addition, the buckling loads obtained from the current method are compared with the
loads calculated by the closed-form solution proposed by Kollar (2001) for flexural-
torsional buckling of composite columns (Eq. (5.55)) in Table 5.6. As mentioned in the

B
crz

first example, the value of N® s the buckling load when the shear stiffness is infinite

(the Euler buckling load = 7°EIl / (kL)2 ) and the value of $‘yy is equivalent to A in the

current model.
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Table 5.6: Buckling Loads of columns (in Newtons)

This study Kollar (2001) Differences (%)
e SS CF SS CF SS CF
[0”]16 1502.6 60084 1499.8  5981.8 0.19 0.44
[15" /-15° ]45 1207.7  4829.6  1205.6 48113 0.17 0.38
[300 / -300]4s 8204 32808 8192 32714  0.14 0.29
[45" /-45"]4S 615 24598 6145 = 24550 = 0.09 0.20
[600 /-60° ]4S 5302 21206 @ 530.0 @ 2117.9 0.04 0.13
[75” /-75° ]43 5042  2016.6 5043 = 2015.1 0.02 0.07
[0" /90"]45 1001.8 = 4006 = 1000.0 = 3990.5 0.18 0.39
[0" /—45°/90° /45”]25 808.5 « 32333 8073 = 3222.8 0.15 0.32

The following conclusions can be made from the analysis results:

1.

From Table 5.4 and Table 5.5, it can be found that the results from the current

study for both boundary conditions are in a good agreement with results from

the other analysis.

From Table 5.6 one can observe that the results obtained from the current model

for both boundary conditions are in an excellent agreement with the solution

suggested by Kollar (2001).

In order to see the effect of fibre orientation on the flexural buckling load the
values of obtained buckling load for each stacking sequence are plotted for both

simply-supported and cantilever boundary conditions in the following figure

(Figure 5.9).
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Figure 5.9: The buckling load for various fibre angles

5.9.3. Column with mono-symmetric laminate composite cross-section

and various boundary conditions

In this example, a thin-walled composite column with mono-symmetric cross section

and various stacking sequences is studied in order to show that the current hybrid

formulation is able to capture the buckling behaviour of laminate composite cross-

sections with mono-symmetric shapes.

The element is assumed to be made of glass-epoxy with the following material

properties:

E =53.78MPa, E,=17.93MPa
G, =G, =8.96MPa

v, =0.25

The subscript 1 corresponds to the direction parallel to fibre orientation and subscripts 2

and 3 are related to the directions perpendicular to it.
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The column has a mono-symmetric cross-section with dimensions illustrated in Figure

5.10.
30mm
i -“.
2.08mm=— ——
S0mm =z
2.08mm

2. 08]_1]_1]_13', ————————

S0mm

Figure 5.10: Cross-sectional Dimensions

The web and flanges are laminated symmetrically with respect to the mid-plane and

consist of 16 layers with equal thickness of 0.13 mm.

The column is subjected to an axial load P which is applied at the centroid C of the

cross-section.

The analyses are performed for simply supported (S-S) and clamped-free (C-F)
boundary conditions. The length of the column is assumed to be equal to 4 m for both

boundary conditions.

The values of the buckling loads obtained by the current model for various lay-ups are
compared with a geometrically nonlinear model developed by Vo and Lee (2010). Their
model is based on the classical lamination theory for general thin-walled open-section
composite beams and is derived from the principle of the stationary value of total

potential energy.
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5.9.3.1. Results and discussions

The column is modelled efficiently by using four elements for both boundary
conditions. The predicted buckling loads by the hybrid method are presented and
compared with the results from the solution by Vo and Lee (2010) along with the

percentage difference between them in Table 5.7 and Table 5.8 for S-S and C-F

boundary conditions, respectively.

Table 5.7: Buckling Loads of columns (in Newtons) with S-S boundary conditions

Lay-up This study ~ Vo and Lee (2010) Diff?(f/i §1ces

(o] 914.5 841.0 7.7
[157/-157 ] 735.1 767.0 4.8
[30°7-30°], 499.3 576.0 13.7
[45°/-45° | 374.3 401.0 7.0
[607/-60" ], 322.7 318.0 1.3
[75771-75° ] 306.9 292.0 4.6
[90°/-90° ] 304.4 288.0 5.5
[07/90° ], 609.8 568.0 6.7
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Table 5.8: Buckling Loads of columns (in Newtons) with C-F boundary conditions

Lay-up This study ~ Vo and Lee (2010) Difff(:(f/i ;1ces

(0] 228.5 216.5 5.3
[15°/-15 ], 183.7 196.0 6.5
[30°7-30°], 124.8 146.0 14.7
[45° /45" | 93.5 101.3 7.7
[60°/-60° ], 80.6 80.0 0.5
[757/-75° ], 76.7 73.8 3.8
[90°/-90° ] 76.1 72.5 4.6
[07/90° ], 152.4 144.8 5.0

The following conclusions can be made from the analysis results:

1. From Table 5.7 and Table 5.8 we can see that the predicted buckling load in this
study is in a good agreement with the buckling load obtained from the solution
of Vo and Lee (2010). Therefore, it can be verified that the current hybrid
formulation is well capable of capturing the buckling behaviour of laminate
composite columns with mono-symmetric cross-sections.

2. In order to see the effect of fibre orientation on the flexural buckling load, values
of obtained buckling load for each stacking sequence are plotted for both
simply-supported and cantilever boundary conditions in the following figure.

(Figure 5.11)
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Figure 5.11: The buckling load for various fibre angles

5.9.4. Cantilever column with laminate composite cross-section

In this example, a cantilever column with laminated composite cross-section is studied.
The element is assumed to be made of graphite-epoxy (AS4/3501) with the following

material properties:

E, =144MPa, E,=9.65MPa
G, =4.14MPa
v, =03

The subscript 1 corresponds to the direction parallel to fibre orientation and subscripts 2

and 3 are related to the directions perpendicular to it.

The column has a doubly symmetric cross-section. The length of the column and the

cross-sectional dimensions are shown in Figure 5.12.
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Figure 5.12: Cantilever column with Symmetric Cross-section

The web and flanges are assumed to be laminated symmetrically with respect to the

mid-plane and consist of 4 layers with equal thickness of 2.5 mm. In this example three

stacking sequences are considered: [0“]4, [O” /90° l , [45" / —450]

S

The column is subjected to an axial load P which is applied at the centroid C of the
cross-section and the flexural buckling happens around the weak axis of the column

which is the y axis.

The values of the buckling loads obtained by the current model for the various lay-ups
are compared with the buckling loads calculated by a theoretical model developed by
Cortinez and Piovan (2006) for the stability analysis of composite thin-walled beams.
The Cortinez model which is developed and solved by finite element method,
incorporates the shear flexibility by using the linearized formulation based on the

Hellinger-Reissner principle.

In addition, the effect of column slenderness on the flexural buckling load of the column

is depicted in this example.
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5.9.4.1. Results and discussions

The column is modelled by only 2 elements in the current hybrid model. The predicted
buckling loads by the current model along with the calculated buckling load by Cortinez

solution are presented in Table 5.9.

Table 5.9: Buckling Loads of columns (in Newtons)

Stacking sequences  Current study Cortinezzz ggg)Piovan
o], 162.3 148.7
[07/907] 26.9 %0
457145 ], 122 155

In addition, Figure 5.13 shows the values of buckling load for various values of /L of

the column for each stacking sequence. In the case of rectangular cross-section with

isotropic materials /4 can be used as the slenderness ratio of the column (r:«/I / A).

However, in the case of I sections with composite materials they are not the same.

3000 -
2500 1 X
2000
1500
1000

500

Buckling Load (N)

Figure 5.13: Buckling load for various values of h/L of column

84



The following conclusions can be made from the analysis results:

1.

From Table 5.9 it can be seen that the results calculated by the current method
are in an acceptable agreement with the results from other finite element model
(about 8% differences).

It should be noted that, the considerable difference between the values of

buckling load for the first case (stacking sequence of [0“]4) is due to the different
assumptions taken by Cortinez for values of cross section stiffness. In the

current study, the value of modulus of elasticity is set to be Qf’l‘)* which is

calculated for composite laminated cross-sections based on Egs. (5.6) to (5.23),

whereas in Cotinez‘s paper for this special stacking sequence the modulus of

elasticity is assumed to be equal to E,. If in the current hybrid model, _l(lf)* is
replaced by E, the same results as in Cotinez‘s paper will be obtained.

However, in the author‘s opinion and based on the constitutive relations for
composite materials (Egs. (5.6) to (5.23)), the behaviour of the element with
laminate composite cross-section in one direction will be affected by the
material properties in the other direction ( E,,v,,,0,,,G, ) and the fibre
orientation (@, ). Therefore, using only £, as the modulus of elasticity does not
reflect the correct behaviour of the composite materials.

As one can see in Figure 5.13, the buckling load increases as the value of h/L

column increases (the length of the column decreases). It means that the

susceptibility to buckling will increase as the length of the column increases.
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5.10. Summary and Conclusions

A shear-deformable hybrid finite element formulation has been developed for the
flexural buckling analysis of axially loaded columns with fibre-reinforced laminate
composite cross-sections. The hybrid functional has been obtained from the potential
energy functional by relaxing the strain-displacement equations as auxiliary conditions
through the Lagrange Multipliers method. The shear deformation effects are taken into
account by using the strain energy of the equilibrating shear stress field without

modifying the basic kinematic assumptions of the beam theory.

Numerical comparisons against other finite element methods and closed form solutions
have been presented to show the validity and efficiency of the current method in
capturing the flexural buckling behaviour of axially loaded columns with fibre
reinforced laminate composite cross-sections. It has been illustrated that the flexural
buckling loads obtained by the current method for the composite columns with various
boundary conditions are in a very good agreement with the results calculated by the
closed-form solutions and finite element models in the literature. The validity of the
hybrid method for mono-symmetric cross-sections in addition to the doubly-symmetric
cross-sections is shown. Additionally, the effects of fibre orientation and slenderness of

the column on the value of flexural buckling load are studied.
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Chapter 6: Applications of Shear Deformable Hybrid
Finite Element Formulation for Flexural Buckling

Analysis

6.1. Introduction

The shear-deformable hybrid finite element model was developed and verified for the
flexural buckling analysis of columns with fibre-reinforced composite materials in
Chapter 5. In this chapter, the application of the developed method for columns with
various types of cross-sections is discussed, and the main advantages of the developed
hybrid model over the alternative finite element methods are illustrated through

numerical examples. These advantages include:

e Considering the shear deformation effects without modifying the kinematic
assumptions; and
e Straightforward connection of non-collinear elements without the need to

satisfy the inter-element equilibrium.

In section (6.2), two well-known solutions in the literature that included the shear

deformation effects in flexural buckling analysis of axially loaded columns proposed by
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Engesser and Haringx along with their differences and applications are presented. Then
the agreement of the current hybrid method with the Engesser solution is proven by
obtaining the buckling load for two special cases of pure bending and pure shear which
are the upper limits for very large shear rigidity cases and very large flexural rigidity
cases, respectively. Finally, a numerical example is presented to verify the agreement of

the hybrid model with the Engesser solution.

In section (6.3), the importance of shear deformation effects in the flexural buckling
analysis of short columns with laminate composite cross-section is presented and the
capability of the current hybrid method for capturing these effects is discussed. The
column is checked for local buckling as it can potentially be the governing type of

buckling for short columns.

In section (6.4), the flexural buckling analysis of a sandwich column is performed by
the developed hybrid model in this study and the accuracy and efficiency of the model

is verified by comparing the results with the other solutions available in the literature.

In section (6.5), the buckling behaviour of a laced built-up column is studied. One of the
important features of the current hybrid finite element method is that the non-collinear
elements can be connected in a straightforward fashion in this method without the need
to satisfy the inter-element equilibrium (Unlike in the complementary energy-based
methods). In order to illustrate this capability, a laced built-up column is analysed in
this section, and the obtained buckling load is compared with the Euler buckling load of

the column.
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6.2. Agreement with Engesser’s buckling load

6.2.1. Literature review

The influence of shear on the flexural buckling loads of straight bars was considered for
the first time by Engesser (1891). He introduced a correction in Euler‘s differential
equation and consequently, the Euler‘s buckling load. For the buckling analysis of
helical springs, Haringx (1948-1949) developed an alternative approach. Since then, the
accuracy and applicability of these two methods in structural engineering has been the
subject of study by many researchers. Timoshenko and Gere (1961) discussed these
approaches by referring to Engesser‘s method as -standard” and Haringx‘ as
-modified”. They concluded that the standard method is on the safe side in most cases
while the modified method is more accurate for the elements in which the effect of

shear is extremely large.

By using a more fundamental one-dimensional approach Ziegler (1982) proved that the
Engesser‘s method is correct for bars, whereas for helical springs Haringx‘ approach
gives accurate results. In addition, he showed the reason that the Haringx‘s approach is

correct for springs.

Blaauwendraad (2010) confirmed that although the Haringx*‘ theory is correct for helical
springs and elastomeric bearings, it is not recommended to be used in buildings and
civil engineering. He proved that in structural members, both theories predict the correct
buckling load for shear-rigid members. However, for shear-weak members the
Engesser‘s method correctly reaches the limit value of the Timoshenko beam-column,

whereas the Haringx‘ method is on the unsafe side.
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The main difference between these two approaches is due to the different assumptions
for the normal load orientation at the deformed state of the member. In the following,
the assumptions and the final formulas for buckling load suggested by each method are

discussed (Ziegler 1982).

6.2.2. Engesser’s approach

Figure 6.1 shows an axially-loaded simply-supported column at the buckled state. The

lateral displacement v and the shear angle y are depicted in Figure 6.1 as well.

Figure 6.1: A bar under buckling load and the undeformed segment with stress
resultants according to Engesser‘s approach

Engesser starts with the undeformed state of a segment of the bar. As the lateral

displacement and the shear angle are small in this state, the stress resultants are given as

N=-P (6.1)
o=pP (6.2)
M =—-Pv (6.3)

In the Euler theory as shear is not considered, the only constitutive relation is

M =Elx (6.4)
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in which E1 is the flexural rigidity of the bar and k is the curvature of the bar and is

defined as kK =V" . Using Egs. (6.3) and (6.4) the differential equation is obtained

EN'+Pv=0 — v”+£v=0 (6.5)
EI

Considering the boundary conditions of the simply supported columnv(O) = v(l ) =0

and having SL = 7, we have the solution of the above equation is given as

v=Asin fx (6.6)

By taking the first and second derivatives from Eq. (6.6) we have

V' = Afcos fx (6.7)
"=_AB%sin Px (6.8)

Substituting Egs. (6.7) and (6.8), Eq. (6.5) will become

2
P
e " “

Therefore, the buckling load is obtained as
_ TEl

P=" (6.10)

which is equal to the Euler‘s buckling load.

To include the shear effect, Engesser provided a second constitutive relation as

0=GAy (6.11)

in which G4, is the shear rigidity of the bar.
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In addition, he redefined the curvature as below

Kk=V'—y' (6.12)

Considering Egs. (6.11) and (6.12) we have

y' = (6.13)

Therefore, Eq. (6.4) will become

M= EILV" —ij (6.14)
GA

N

By using Eq. (6.2), Eq. (6.14) can be written as

Mm=gr|1-L | (6.15)
GA

N

Having Egs. (6.3) and (6.15), the differential equation is obtained as

. P/EI
vV +

— = y=0 (6.16)
1-P/GA,

With the same boundary conditions as before, the Engesser buckling load is given as

2
T

— EI

LZ
P= — Rl (6.17)
I+——
GA, L’
2

ET
Defining B, = ﬁl—2the Euler buckling load and P, = GA, the shear buckling load, Eq.

(6.17) becomes

i)

=—s5b 6.18
Pir (6.18)
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6.2.3. Haringx’ approach

Unlike the Engesser‘s approach, this method is based on the deformed shape of the
element. A segment of the bar in its deformed position along with the stress resultants

are shown in Figure 6.2.

Figure 6.2: Deformed segment of a bar with stress resultants according to Haringx*

approach

The stress resultants in this method are given as

N=-P (6.19)
0=P(V'-y) (6.20)
M =—Py (6.21)

In Haringx‘ theory, Eq. (6.11) can still be used to include the shear effect.
From Egs. (6.11) and (6.20), one can obtain

L
v (6.22)
P+GA,

[//:

The same assumption is adopted for the curvature (Eq. (6.12)). As a result, Eq. (6.4)

will become
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M=EIl1- r V' (6.23)
P+GA,

Having Eqgs. (6.21) and (6.23) the differential equation can be obtained as

v"+£[l+ P JV:O (6.24)

With the same boundary conditions as before, the Haringx‘ buckling load is given as

1
B, =5 -B+\P7+4PE, (6.25)

From Egs. (6.18) and (6.25) one can conclude that, for very large shear rigidity cases,

the critical load will approach F,in both methods. In the case of very large flexural

rigidity (i.e. shear-weak), Engesser‘s solution yields P, =P . However, for this

extreme case Haringx‘ theory obtains a significantly larger value of P, =./BP
(Blaauwendraad 2010). In other words, the buckling load never exceeds the values of
F or P in Engessers theory whereas it can be greater than P, for the beams with very

small shear rigidities in Haringx* theory.

6.2.4. Current study

In order to show the agreement of the current hybrid finite element model with the
Engesser‘s solution, the buckling load is obtained for two special cases of pure bending
and pure shear in the following section. These two loads are the upper limits of the
buckling load for very large shear rigidity cases and very large flexural rigidity cases,

respectively.
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By putting the hybrid functional (Eq. (5.45)) equal to zero, the Rayleigh factor can be

obtained as

Wsz"{Mz +V2Jde
Sy A, (6.26)

L
AN? = Iv'zdx
L

Considering the fact that the first variation of the hybrid formulation vanishes:

811, = I [8M [V"-Jﬂ+AL'j-5v'(M'+szv')}x-5MAL
L

-WM| =0 (627

yy y y

L

One can obtain

[ﬂ 4 Jzo 62%)
Jy)’ Ayy

In order to calculate the buckling load from Eq. (6.26) in the special case of a simply

supported beam, we refer to the differential equation of a buckled column.

The differential equation of a buckled column can be written as the following

(Timoshenko and Gere 1961)

Y +iv”-Eﬁv ~ 0 (6.29)

A general solution of the above differential equation can be written as

v=Asin fx (6.30)

Substitution of the solution in Eq. (6.29) yields

Lop Py (6.31)

2
d GA ET
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6.2.4.1. Pure bending

In the special case of pure bending where the shear rigidity is very large, by setting

A, =0, Eq. (6.28) will be reduced to

"

=M (6.32)
Jyy .

Substituting Eq. (6.32) in Eq. (6.26) it will become

g [ o] | z
J- 4 w o J J.Jyyv dx
— L

AN =L w _ (6.33)
jv'zdx J.v'zdx
L L
From Eq. (6.30) we have
v =ABcos Px (6.34)
V'=-Apsin px (6.35)

By substituting Eqgs. (6.34) and (6.35) in Eq. (6.33), it becomes

e [-A@ Sm[’;xﬂ o e (Z
N _J. (_) (6.36)
]

; —lsin(ZZLj
T 2 4(;) .] 72'2
AN? =] | = =2 (6.37)
» L)1 1 s I
— L+ sin(ZLj
2 4 s
(Lj

which is equal to the Euler buckling load.
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6.2.4.2. Pure shear

In the special case of pure shear where the flexural rigidity is very large, by setting

J,,' =0, Eq. (6.28) will be reduced to

V= (6.38)
In this case, the differential equation is (1—nP/GAW" =0, where n is the shape factor.

Substituting Eq. (6.38) in Eq. (6.26), one can obtain the buckling load as

anr = L b) 4 (6.39)

where A can be shown to be equal to GA/n.

It can be observed that, in the case of small shear rigidity, critical buckling load has the
upper limit of GA/n as in the Engesser‘s theory. Therefore, it has been proven that the

current hybrid finite element solution is able to capture the buckling behaviour of shear-

weak columns.

The applicability and accuracy of the model is verified in the following section through

numerical example for a full range of shear flexibilities.
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6.2.5. Numerical verification

In this section, the buckling behaviour of an axially-loaded column is studied. The
results obtained from the current hybrid finite element method are presented and
compared with the results calculated by Engesser and Haringx solutions in order to

show the agreement of the current model with Engesser‘s solution.

The column studied in this example is simply-supported, and the dimensions of the
cross section are shown in Figure 6.3. The analysis is performed for various buckling
lengths. The column is subjected to an axial load P which is applied at the centroid C of

the cross-section.
The column is made of isotropic material, and the material properties of the element are

E=144MPa, G=4.14MPa, v=0.3

The flexural buckling happens around the weak axis of the column which is the y axis.

P
= ] S0mm =Z
e Arrrd

| |
f

Figure 6.3: Simply Supported column and its Cross-section
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6.2.5.1. Results and discussions

In Figure 6.4, the critical buckling loads obtained by the current hybrid method are

presented and compared with the buckling loads calculated by Engesser and Haringx
solutions. The results are shown for the full range of B,/ P, in terms of dimensionless
ratios of P, /P. and P, /P, . In the right-hand part of the figure (i.e. shear-rigid cases)
the values of P,/P, and in the left-hand side (i.e. shear-weak cases) P, /P, will be
discussed. The dotted lines in Figure 6.4 show the values of P, /P, for shear-rigid cases

and P, / P, for shear-weak cases which are not of interest in here.

It can be concluded from Figure 6.4 that when £, < P, the results obtained by the

current hybrid finite element method are in acceptable agreement with the results of
both Engesser and Haringx theories. Results from all the methods approach the upper

limit of Euler buckling load in this case.

As shear rigidity decreases, the difference between Engesser and Haringx results

increases significantly. As discussed previously, at this extreme case Engesser‘s

solution yields P, = P, whereas Haringx‘ theory obtains a significantly larger value of

P, =/BP . One can sce that in this case the results of the current finite element

analysis are very close to the results of Engesser theory. The small difference in the
Engesser‘s figure and the current study figure is due to the round-off errors and they

will match in the limit case.
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Figure 6.4: Comparison with Engesser and Haringx formulations

6.3. The effects of shear deformation in short composite laminate

columns

In this section, the importance of shear deformation effects in short composite laminate
columns and the capability of the current hybrid method for catching these effects are
discussed. The flexural buckling load of an axially-loaded laminate composite column

is obtained for two different lengths to see the effect of shear deformation explicitly.

The element is assumed to be made of graphite-epoxy (AS4/3501) with the following

material properties:

E, =144MPa, E,=9.65MPa
G, =4.14MPa
v, =0.3
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The subscript 1 corresponds to the direction parallel to fibre orientation and subscripts 2

and 3 are related to the directions perpendicular to it.

The cross-section is assumed to be a doubly symmetric I section. The dimensions and

the boundary conditions of the column are illustrated in Figure 6.5.

2 Dﬂl’ﬂl::

EDE E 50mm =z
k ] . 20mmm
L 20mm |
100mm

Figure 6.5: Fixed-fixed Short column with Symmetric Cross-section

The web and flanges are laminated with layers of equal thickness t=2.5mm and the fibre
orientation is along the column axis. The column is subjected to an axial load P which is
applied at the centroid C of the cross-section. The flexural buckling happens around the

weak axis of the column which is the y axis.

To see the effects of shear deformation, the analyses are done with and without the

shear deformation for two different lengths of column: L=1200mm and L=700mm.
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6.3.1. Checking the column for local buckling

It should be noted that in short columns, local buckling may occur at a lower load than
the global buckling. Therefore, in this example the column needs to be checked for local
buckling as well. It means that the cross sectional dimensions and length of the column
should be chosen in a way such that the local buckling load of web and flanges are more

than the global buckling load of the column.

In the following, based on the paper presented by Kollar (2003), the assumptions,
methodologies and formulations for local buckling analysis of laminate composite thin-

walled members are briefly discussed.

The local buckling analyses can be performed based on the following assumptions:

1. The wall segments are considered as orthotropic plates,

2. The shared edges between two or more plates remain straight

Considering the mentioned assumptions, there are two main approaches for determining

the local buckling load:

1. The exact solution, in which all the wall segments are assumed to buckle
simultaneously. In this approach the continuity conditions at the plate
intersections are satisfied (Bulson 1955).

2. The approximate solution, in which the wall segments are considered as
individual plates which are elastically restrained by the adjacent walls (Bleich
1952). In this approach, elastic restraints due to the adjacent walls in addition to

the buckling load of the plate whose edges are restrained should be determined.
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In here, the explicit expression developed by Kollar (2003) which is based on the

second approach is adopted for calculating the local buckling load.

Firstly, each segment of the member is assumed to be simply-supported (Figure 6.6),

and the critical buckling load (Nx o )SS for each segment is calculated (Bleich 1952).

~55

vy NN N Y

55

Figure 6.6: Modelling of local buckling of axially loaded member

If the web was simply supported at both edges and the flanges were simply supported at
one edge and free at the other edge, the buckling loads of flanges would be calculated
by Eq. (6.40) (Barbero 1999) and the buckling load of web would be calculated by Eq.

(6.41) (Lekhnitskii 1968).

(Nx o )/ :L—yz‘i‘Tz“ (640)
2
(N, ) =%(2 D, D,, +2[ D, +2Dy)) (6.41)

in which

L, : The plate width

L_: The plate length
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Dij (i, j=L2, 6): The elements of the bending stiffness matrix and for the column

studied in this example with the mentioned lay-up. We have

where R=1-v,’ £

1

_ENX 5 _EN

G,h’
Tt Pepp Pemvele Pam

“ " 12R

11

b,
By considering L, > L, and L, =7f for the flanges and L, =5, for the web, Egs.

(6.40) and (6.41) will reduce to

12(D66)
AT S ,
(M), 6, 12) (6.42)
(V. o)) =25 (24(B1), (D), +2[(D), +2(D4), ]) (6.43)

Next step is calculating the axial strain for each segment (Eq. (6.44)).

¢ .=(N..,) a, (6.44)

x o x cr

1 . . .
where a,, = Zh 1s the tensile compliance of the segment.
1

The segment with the lowest critical axial strain is the one that will buckle first. It

means that if (N, ) (a,) ; <(N )i: (au)w the flange buckles first and if

X cr f X cr

SS

(N, ) (a,) <(N,,, ); (a,,), the web buckles first.

X cr

After determining the most susceptible segment, we calculate its buckling load. In this
stage, the segment is considered as a plate rotationally restrained by the adjacent

segments.
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The restraining effect varies depending on the segments configurations. Since the
column in this example has an I-shaped cross-section, two cases are discussed: the first
one is a restraining wall with both edges attached to the adjacent segments; and the
second one is a restraining wall with only one edge attached to the adjacent segment.
The first case happens when the flange buckles first and the web restrains the rotation of
the flange (Figure 6.7b), and the second case occurs when the web buckles first and the

flanges restrain the rotation of web (Figure 6.7b).

(a) (b)

Figure 6.7: (a) The web restraining the rotation of the flanges  (b) The flanges

restraining the rotation of the web

In the first case, by assuming the cylindrical deformed shape (Bleich 1952), the

rotational spring constant is given as

c (D22 )rs
L

rs

k= (6.45)

where constant ¢ =2 is adopted for this case, and D,, is the bending stiffness matrix

element. Subscript 7s is for the restraining segment.
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In the second case, the effect of restraining segment is taken into account by the

torsional stiffness which is given as
G]t = 4(D66 )rs Lrs (646)

When we have an axial load, Egs. (6.45) and (6.46) will be modified by an

amplification factor r as follows

D

k= M 1 (6.47)
L., r
GI! = 4(D66 )rs Lrs l (648)
r
in which 7 is defined as
1
r = Ss
1— (Nx cr )bu (all )bu (649)
(Nx cr rs all)rs

Subscript bu refers to the segment that buckles.

When the flange buckles first, its buckling load is calculated from the expression

developed by Kollaor (2002b):

[K(rylS.l 1—v+(1—n)6(1—v))+7,ﬂ]
(Nx or )f = (Dll)f (Dzz )f T 1412 when K <1
g (6.50)
) (5. 1=V + (K -n)6(1-v))
(Nx cr)/' - (Dll )f (D22 )f L P whenl1< K
2D+ D, D b,
JD.Ds, J1+(7.22-3.55v) 2D + Dy, 2

;D

Ezz . Based on Eq. (6.47), the rotational spring constant is given as
y
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k:lc(Dzz)w 1_(Nx cr)jj(all)f

2 b, (N o), (@),

(6.51)

where ¢ =2, and factor 1/2is applied because the web is restraining two half flanges.

If the web buckles first, its buckling load is calculated from the expression developed by

Kollaor (2002a):

. 7 (2\/1+4.139§\/(D“)W(D22 ). +(2+0.628°)((D,), +2(Dyg )))

(N, § (6.52)
L}
. . 1 ] D22Ly .
in which & = W,( = oI and L, =b,. Based on Eq. (6.48), the rotational
+ V. ' p
torsional stiffness is given as
(Nx cr S: all )W
GI,=4(Dy), b, | 1- (6.53)
(Nx cr ] f all )f

For the column studied in this example, the flanges will buckle locally before the web (

(N, ..); (@), <(N, ), (a),)- Using Eq. (6.50) the value of the local buckling load

X cr

of flanges is calculated as 43724.2 N. This value is greater than the global buckling
loads shown in Table 6.1. Therefore, the local buckling will not occur before the global

flexural buckling of the column.
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6.3.2. Results and discussion

In Table 6.1 the critical buckling load obtained from the shear-flexible analysis and the

one that does not include the shear deformation (Ayy'l =0) along with the percentage

difference between these two analyses are presented for each column.

Table 6.1: Buckling Loads of Columns (in Newtons)

Length(mm) With shear No shear | Difference (%)

1200 13802.3 14540.3 5.1

700 36732.1 42700.3 16.3

The following conclusions can be made from the analysis results:

1. By comparing the values of predicted buckling loads of each column obtained
by shear deformable and non-shear deformable analyses one can verify the
capability of the current model in capturing the effect of shear deformation.

2. From Table 6.1, it can be observed that by decreasing the column length the
difference between the buckling loads calculated by two analyses (with and
without shear deformation) increases from 5.1% to 16.3%. It shows that in short
columns, shear deformations can have a significant effect on the value of the
critical buckling load.

3. In some cases, ignoring the effects of shear deformations leads to an

overestimation of the critical buckling load, which is not desirable.
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6.4. Flexural buckling in sandwich columns

6.4.1. Literature review

A sandwich cross-section is composed of two thin and stiff faces separated by a
lightweight core. The core, which is often a homogenous foam, provides the light
weight of the member with sandwich cross-section. On the other hand, the tensile
property and flexural rigidity of the element are mainly provided by the faces due to
their material properties and distance from each other. Therefore, the bending and in-
plane loads are carried by the faces and the shear is carried by the core in sandwich

cross-sections.

Sandwich elements are used increasingly in many structural fields because of their high
bending strength and low weight. Due to the geometric configuration and the stiffness
ratios between the different components of sandwich cross-sections, buckling is one of
the main reasons of failure in these composite materials (Douville and Le Grognec

2013).

There are many analytical solutions as well as experimental studies in the literature for
buckling analysis of sandwich elements. The study of buckling behaviour of sandwich
columns dates back to the works of Hoff and Mautner (1945). Hoff and Mautner (1948)

then performed an experimental study for the buckling behaviour of sandwich columns.

The basics of sandwich element construction and design approaches are presented by
Allen (1969) and Zenkert (1995). An analytical solution for buckling analysis of
sandwich elements with thick skins and weak cores was developed by Drysdale et al.

(1979).
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Sandwich columns subjected to end compression loads were tested by Fleck and Sridhar
(2002). They developed simple analytical models for the axial strength to compare with
the experimental results. Attard and Hunt (2008) derived buckling equations for a
sandwich column assuming Timoshenko beam displacement approximation. Their
equations were in agreement with the equation of Allen (1969). Douville and Le
Grognec (2013) studied the buckling behaviour of sandwich beam-columns under
various types of loading. They developed an exact analytical solution for the critical
buckling load considering the faces as Euler-Bernoulli beams and the core as a 2D

continuous solid.

In this section, using the current finite element hybrid method, the flexural buckling
analysis of an axially-loaded column with a sandwich cross-section is studied and the
obtained values for the critical buckling load are compared with the results calculated
by the developed solutions existing in the literature. It will be proven that the current
shear deformable hybrid model is capable of efficiently capturing the behaviour of these

types of elements.

The column studied in this example is simply-supported, and the dimensions of the
cross section are shown in Figure 6.8. The column is subjected to an axial load P which
is applied at the centroid C of the cross-section. The flexural buckling happens around

the weak axis of the column which is the y axis.
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b

Figure 6.8: Simply Supported Column with Sandwich Cross-section

The material properties of the core and faces and the cross sectional dimensions are as

follows

E,=30000MPa , G,=10000MPa
E.=75MPa , G,=30MPa

b=10mm , c=20mm , t=1lmm

The analyses are done for various lengths of the column varying from 500mm to 40mm.

Based on the discussion at the beginning of this section, we can assume that the stiff

skins in the sandwich columns are mainly responsible for bending stiffness of the
member. Therefore in here, the critical buckling load P, is calculated by adding up the
load obtained from shear deformable analysis of the core P. and the non-shear
deformable analysis of faces £, (Euler buckling load). As mentioned before, the non-

shear deformable analysis is performed by setting Ayy'1 = 01n this study.

To verify the accuracy of the current hybrid model, the obtained buckling load is
compared with the results from the analytical solution of Allen (1969), the formula
developed by Blaauwendraad (2010) and the hyperelastic formulation of Attard and

Hunt (2008). In the following a brief description of each method is presented.
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The formula of Allen (1969) which is quoted widely in the literature is given as

P Euler __ Pf i
P
Pcr — S/ + Gc Am GcAm (654)
Gc Am Gc Am 1 + PEul@r _ Pf
GL’ Am GL’ Am

in which

(c+1) _
A =4 : The effective core area,

A, =cb: The core area,

2
T Eflf

P, = i : The Euler buckling load of the faces,
7’ (E 1 +E,I,)
Prver = I2 —: The Euler buckling load of the whole sandwich section.

The formulation developed by Attard and Hunt (2008) includes both the axial
deformation prior to buckling and the transverse shear deformations of both the core

and faces. It can be written as

PEuler ( + f; j
k. _GA, PGcAm (6.55)
GcAm 1+ S
GcAm

The formula suggested by Blaauwendraad (2010) for buckling analysis of sandwich

columns is given as

PP
P =P +—— 6.56
cr f })o‘f‘P ( )



in which

b 2
P = A G,: The buckling load on the basis of the core shear rigidity where A4, = 2 ,
c
e : Distances between centrelines of the faces,
n’El .
P = 7 > : The Euler buckling load of the sandwich element excluding the

contribution of the faces P, ,

T’E, I, _
P, I : The Euler buckling load of the faces.

6.4.2. Results and discussion

In Table 6.2 the predicted buckling loads obtained by current hybrid finite element
method for various column lengths are presented and compared with the results

calculated by the formulas mentioned in the previous section.

Table 6.2: Buckling Loads of Columns (in Newtons)

L (mm) 500 250 100 50 40
Allen (1969) 2.63E+03  1.05E+04 = 6.58E+04 = 2.63E+05 = 4.10E+05

Blaag(v)elr(‘)‘;raad 4.49E+03 = 1.45E+04  7.13E+04 = 2.68E+05 = 4.15E+05

A“ar(‘;ggg)Hum 2636403 | 1.05E+04 = 6.54E+04 = 2.61E+05 = 4.08E+05
Current model 2.63E+03  1.05E+04 = 6.58E+04 = 2.63E+05  4.15E+05
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The following conclusions can be made from the analysis results:

1. Based on Table 6.2, one can observe that the results obtained by the current
shear-deformable hybrid finite element method are in a very good agreement
with the results from other methods.

2. It is of interest to note that in the current model for a very short column the

critical buckling load can be obtained by simply adding the Euler buckling load
of the faces £, and shear buckling load of the core B, =G4, . It is due to the
fact that, compared to the long columns, in short columns the Euler buckling
load of the core P, is very large compared to the shear buckling load 7. .

Therefore, it is not the dominant buckling load for the core. To make the point
more clear, two columns with different lengths are analysed here and the results

are presented in Table 6.3.

Table 6.3: Buckling Loads of Columns (in Newtons)

L (mm) 500 40
P, 5.00E+03 5.00E+03
P, 1.97E+01 3.08E+03
P, 2.61E+03 4.09E+05
F.gon =F.1tH;,  7.61E+03 4.14E+05
F,=F+F, 2.63E+03 4.10E+05
Difference 189.2% 0.76%

The first and second rows of Table 6.3 show the shear buckling load and Euler

buckling load of the core respectively, and in the third row, the Euler buckling
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load of the faces is given. Then the calculated critical buckling loads for short

column (£, =K. +F;, ) are shown in the fourth row. In the last row the
critical buckling loads of sandwich section for all types of columns are
calculated (£, =F. +F; ).

As we can see in the last row of Table 6.3, for the long column, i.e. L=500mm,

the difference between P, and P is considerable and cannot be ignored

cr,Short

whereas for the shorter column it is negligible.

6.5. Flexural buckling in built-up columns

6.5.1. Literature review

Built-up columns are widely used in steel structures and bridges. These types of
columns are mainly composed of two or more parallel longitudinal elements that are
connected to each other by a number of transverse members at the points along their
length. Since the moment of inertia of the built-up column increases as the distance
between the centroids of the main elements increases, these columns have large bending
rigidity. However, the shear stiffness in built-up columns is less than solid columns with

the same bending rigidity, which can potentially reduce their buckling resistance.

The buckling behaviour of built-up columns has been comprehensively studied in the
last decades. A theoretical method was proposed by Wang (1985) for determining the
torsional-flexural buckling load of battened thin-walled open sections. It was proven
that the buckling behaviour of these elements is dependent on the number and spacing

of the battens. Geng-Shu and Shao-Fan (1989) established an interactive buckling
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theory for built-up beam-columns by modelling the element as a member with a
sandwich cross-section. A method of analysis for built-up columns was presented by
Gjelsvik (1990). His method is an extension of the classical Engesser method for
columns and the Timoshenko theory for beams. Paul (1995) presented a generalized
theory for the buckling analysis of built-up columns which is a modification over the
method of Gjelsvik (1990). Chen and Li (2013) developed an analytical solution for the
buckling analysis of simply supported battened columns subjected to axial load based

on the classical energy method.

Experimental results of the buckling behaviour of laced and battened columns are
reported in the literature as well. For example, Hosseini Hashemi and Jafari (2009)
performed a series of tests for batten columns subjected to pure axial compression and
determined the critical load. Bonab et al. (2013) conducted a number of tests on
columns composed of two U-section profiles to study the elastic buckling of laced

columns.

In this section, the buckling behaviour of a laced built-up column is studied. As
discussed in previous sections, in the current hybrid finite element method the non-
collinear elements can be connected very easily. Unlike the complementary energy
based methods, in this method there is no need to satisfy the inter-element equilibrium.
Therefore, the assemblage procedure is as simple as in the displacement based method.
This is one of the advantages of this method over force-based finite element methods.
To show this capability, a laced built-up column is analysed in this section, and the

obtained buckling load is compared with the Euler buckling load of the column.

The built-up column studied here consists of two I-shaped elements spaced by a lacing

system connecting them, and the column is axially loaded. The configuration of the
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laced column dimensions of the I-sections and laces and the boundary conditions are

illustrated in Figure 6.9.

The material properties of the elements are

E=205MPa, G=82MPa,v=0.3

Each element in the structure is modelled separately; that makes the total of 48

elements.

1600mm

e —
e —

]
150mm
200 } section A-A section B-B
- ey
_5 (mm

Figure 6.9: Laced Built-up Column and its Cross-section

The first mode of buckling is the overall bending of the column around the y axis and
therefore, the critical flexural buckling load excluding shear deformation effects is

comparable with the equivalent Euler buckling load of the column.

The Euler buckling load of the built-up column is given as (Kalochairetis and Gantes

2011)
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Pp=— (6.57)
in which
EI, =0.5h’EA, : The effective bending rigidity of the built-up column

k =2 : The effective length factor

In addition, in order to show the capability and accuracy of the hybrid model in
capturing the buckling behaviour of each segment of the structure, one of the buckling
modes that involves buckling of one of the segments is depicted and the corresponding

buckling mode is presented in Figure 6.10.

6.5.2. Results and discussion

The predicted buckling loads by the current hybrid model in shear deformable and non-
shear deformable analyses along with the Euler buckling load for the built-up column

calculated by Eq. (6.57) are shown in Table 6.4.

Table 6.4: Buckling Loads of Columns (in Newtons)

by
Current study Current study
with shear without shear Kalochairetis and
Gantes (2011)
10974.5 11036.8 10991.5

Additionally, the fifth buckling mode of the column can be observed in Figure 6.10,

which has a buckling load of 801.0 £N.
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Figure 6.10: Fifth buckling mode of the built-up column

The following conclusions can be made from the analysis results:

1.

As one can observe in Table 6.4, predicted buckling load by the current hybrid
model (the non-shear deformable) is in a very good agreement with the Euler
buckling load.

The current hybrid method can easily and efficiently predict all of the buckling
modes and loads of the built-up column with a large number of elements. It is
due to the fact that in this method the inter-element equilibrium does not need to

be satisfied which makes the assemblage procedure very easier.
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6.6. Summary and Conclusions

In section (6.2), the buckling load values of an axially-loaded column are obtained and
compared with the results from Engesser and Haringx theories. It was proven that the
predicted values of buckling load by the current hybrid method in the case of large shear
rigidity are in agreement with both solutions, and is equal to the Euler buckling load.
For the case of very large flexural rigidity (i.e. shear-weak), the current hybrid solution

is in a very good agreement with the Engesser solution.

One of the very important advantages of the developed shear deformable hybrid finite
element method is including shear deformation effects without modifying the kinematic
assumptions. In section (6.3), a short column with fibre-reinforced laminate composite
cross-section was studied and the effect of shear deformations in the flexural buckling
load of the column is presented. It was shown that the current hybrid method is capable

of effectively capturing these effects.

In section (6.4), it was proven that the current method is able to efficiently predict the

flexural buckling load of the sandwich columns.

Since one of the advantages of the current hybrid method over the force-based method
is the straightforward connecting of the non-collinear elements without the need to
satisfy the inter-element equilibrium, a laced built-up column subjected to the axial load
was analysed in section (6.5), and the agreement of the buckling load predicted by this

model with the Euler buckling load of the column was illustrated.
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Chapter 7: Shear Deformable Hybrid Finite-element
Formulation for Lateral-Torsional Buckling Analysis

of Thin-walled Composite Beams

7.1. Introduction

In this chapter, the lateral-torsional buckling behaviour of fibre-reinforced laminated

composite thin-walled beams is studied.

The chapter starts with a comprehensive literature review of the theories and previous
research works relevant to the lateral-torsional buckling of thin-walled fibre reinforced
composite elements. Next, the kinematic relations for the beams are developed based on
the kinematics of general open thin-walled elements. Then, the constitutive relations of
thin-walled beam with laminate composite cross-section subjected to loads that induce
bending moment about its strong axis are obtained. Using the developed kinematic
relations and the constitutive equations, equations for stress and stress resultants are
obtained in section (7.6). In section (7.7) the hybrid formulation is developed from the
potential energy functional by relaxing the strain-displacement equations as auxiliary
conditions through the Lagrange Multipliers method. The discretised form of the hybrid
functional for buckling analysis is obtained after the interpolations of stress resultants

and lateral displacements in section (7.8). The numerical verifications are presented in
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section (7.9) to validate the efficiency and accuracy of the developed hybrid finite
element model in lateral-torsional buckling analysis of thin-walled beams with fibre
reinforced laminate composite cross-sections. Beams with various boundary conditions
are studied and the effect of fibre orientation and beam slenderness on the lateral-
torsional buckling moment is presented. In addition, the effect of shear deformations on
the lateral-torsional buckling analysis of beams is illustrated through a numerical

example.

7.2. Literature review

In this section, a comprehensive literature review of the previous studies and research

works about the lateral-torsional buckling of thin-walled composite beams is presented.

By extending the theories for bending and twisting of thin-walled beams with open
cross-sections made from isotropic materials, Bauld and Tzeng (1984) presented a
Vlasov-type theory for thin-walled beams with open cross-sections made from mid-

plane symmetric fibre-reinforced laminates.

An analytical study of the transverse shear strain effect on the lateral buckling of thin-
walled open-section fibrous composite beams was developed by Sherbourne and Kabir
(1995). Pandey et al. (1995a) obtained the beam stiffness coefficients of thin-walled
composite open-section members based on a Vlasov-type linear hypothesis. They
presented an analytical study of optimal fibre direction for improving the lateral

buckling strength of these elements.
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Roberts (2002) presented theoretical studies of the influence of shear deformation on the

flexural, torsional, and lateral buckling of pultruded FRP I-profiles.

Sapkas and Kollar (2002) studied the lateral-torsional buckling analysis of thin-walled
open-section orthotropic composite beams. They derived an explicit expression for the
buckling load of composite beams which considers both the transverse shear and the

restrained warping induced shear deformations.

Machado (2010) derived analytical solutions for the lateral stability analysis of cross-
ply laminated thin-walled beams subjected to combined axial and bending loads. The
closed-form analytic expressions include both the transvers shear and the restrained
warping induced shear deformations and are valid for simply supported bisymmetric

beams.

The lateral- torsional buckling of beams with composite materials has been the subject
of many experimental studies as well. Mottram (1992) performed an experimental study
of lateral-torsional buckling of simply-supported beams subjected to a central point load
and illustrated the agreement of the test results with the classical solution for the lateral
buckling load. Brooks and Thrvey (1995) and Turvey (1996) described a series of
lateral buckling tests on pultruded GRP I-section cantilever beams. The comparisons of
the theoretical buckling loads determined from approximate formula and numerical
finite element eigenvalue analysis with the test results were presented in their study.
Roberts and Masri (2003) based on a full section and coupon tests, described the
experimental determination of the flexural and torsional properties of a pultruded FRP
profile. In addition, they developed closed-form solutions for the influence of shear
deformation on global flexural, torsional, and lateral buckling of pultruded FRP

profiles.
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On the other hand, the finite element method has been extensively used for the lateral-
torsional buckling analysis of thin-walled composite members. Lin et al. (1996)
presented a finite element model to study the buckling behaviour of thin-walled glass
FRP members. Lee et al. (2002) and Lee and Kim (2002) developed a general analytical
model based on the classical lamination theory which is applicable to the lateral
buckling of thin-walled open-section composite beams subjected to various types of
loadings. They developed a displacement-based one-dimensional finite element model
based on Vlasov‘s thin-walled beam theory to obtain critical loads for thin-walled
composite beams with various boundary conditions. Lee (2006) studied lateral buckling
of thin-walled composite beams with mono-symmetric cross-sections. By using a
systematic variational formulation based on the classical lamination theory, a
geometrically nonlinear model was given in his model, and a displacement-based one-

dimensional finite element model was developed to formulate the problem.

Kim et al. (2007) proposed a numerical method to evaluate exactly the element
stiffness matrix for lateral buckling analysis of thin-walled composite beams subjected
to end moments. In their study, the bifurcation type buckling theory of thin-walled
composite beams subjected to pure bending is developed based on the energy
functional. In addition, they derived analytical solutions for lateral buckling moments of
unidirectional and cross-ply laminated composite beams with various boundary
conditions as a special case. Back and Will (2008) developed a shear-flexible finite
element model for buckling analysis of thin-walled composite I-beams. The governing
equations in their model are derived based on the principle of minimum total potential
energy. In addition, they obtained the geometric stiffness for the buckling analysis of
axially loaded thin-walled composite beams. Kim and Lee (2013) performed shear-

deformable lateral buckling analysis of laminate composite mono-symmetric I-sections.
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In their method, the displacement fields were defined using the first-order shear
deformable beam theory, and the second order torque terms were introduced from the

geometric nonlinearity.

In this study, a hybrid finite element formulation for lateral-torsional buckling analysis
of thin-walled open-sections members made of fibre-reinforced composite materials is
developed. In this method, shear deformations are included in the formulations by using
the strain energy of the equilibrating shear stress field without modifying the basic
kinematic assumptions of the beam theory (the advantage of this method over the
displacement-based methods). In addition, non-collinear elements can be connected
easily in this method without the need to satisfy the inter-element equilibrium (the

advantage of this method over the force-based methods).

7.3. Problem statement

When an unbraced beam with sufficient slenderness undergoes loads which induce
bending moment around its strong axis, it may fail by a combined lateral displacement
and twisting of cross-section before yielding of its material. This phenomenon is known

as lateral-torsional buckling (Figure 7.1).

Figure 7.1: A beam subjected to bending moment around the major axis
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At the pre-buckling state, the applied loads do not cause any shear forces and associated

bending moment along the minor axis, St. Venant torsion, bimoments and twisting

moments due to warping (V.” =M " =T,7 =B" =T, =0).

Throughout the lateral-torsional buckling, the vertical deflection, moments about the

major axis and associated shear force acting along the minor axis all vanish (
V=M, ,=V,=0). In addition, the increment in axial force is equal to zero (N =0)in

agreement with the inextensional buckling assumption (Trahair 1993b).

7.4. Kinematics

In order to develop the theoretical model, the following assumptions are adopted in this

study:

7. The thin-walled member is assumed to be prismatic and straight.

8. Cross-sections remain rigid in plane during deformation in accordance with the
first assumption of Thin-walled Beam Theory of Vlasov.

9. Strains are small.

10. Material is linearly elastic and obeys Hooke‘s law.

11. Inextensional buckling assumption is adopted, which means that the shortening
of the beam during the buckling behaviour is ignored.

12. Pre-buckling deformation effects are neglected.

Two sets of mutually interrelated coordinate systems are required in this study. The first

one is an Orthogonal Cartesian Coordinate System (x,),z) in which the z axis is
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parallel to the longitudinal axis of the beam and x and y axes lie in the plane of the
cross-section and are parallel to the weak and strong axes of the cross-section,
respectively (Figure 7.2). The second coordinate system is an orthogonal local
coordinate system (n,s,z) for the plate segment of the beam wherein the s axis is at a
tangent to the mid-surface of a plate element and is oriented along the contour line of
the cross-section and the n axis is normal to the mid-surface of the plate. The two

coordinate systems are related through & which is the angle between the s axis at point

A and the x axis as shown in Figure 7.2.

In agreement with the first Vlasov assumption, cross sections remain rigid under

deformation. Therefore, as mentioned in chapter 2, the horizontal and the vertical

components of displacement u(s,z) and V(s,z) of an arbitrary point 4(x(s),y(s)) on
the mid-surface of the cross-section can be expressed in terms of the horizontal U(z)
and vertical V' (z) displacement components of a pole P (ax,ay) , and the angle of twist

of the beam cross-section, ¢(z).
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Figure 7.2: Coordinate systems in thin-walled section
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It should be noted that coordinate s is defined as a sectorial coordinate and is measured

from a sectorial origin S, located on the mid-surface of the cross-section (Figure 7.2).
As a result, the arbitrary point P can be identified to have coordinates x(s) and y(s),

and the definition of the displacement components can be written as follows:

u(s,z)=U(z)—[y(s)—ay]¢(z) (7.1)
v(s,z):V(z)+[x(s)—ax:|¢(z) (7.2)

Since this study considers beams with mono-symmetric cross-section we can assume

that a_=0.

The axial component of displacement of point 4 is obtained from the second assumption

of Vlasov, i.e. the shear strain A, in the middle plane of the plate element is zero for

each plate element (Bauld and Tzeng 1984) (Section 2.2).

w(s, Z) =W(z) —x(s)U'(z) -y (S) V'(z)— a)(s)¢'(z) (7.3)

where @ is a section property called sectorial area by Vlasov and is defined as

0= I rds . All primes denote differentiation with respect to longitudinal coordinate z.

As mentioned in section (5.3), during lateral-torsional buckling, the beam does not

deflect in the vertical direction, i.e. V(z)=0. In addition, in agreement with the

inextensional buckling assumption, the shortening of the beam is assumed to be

negligible during buckling, i.e. W (z)=0. Therefore, Eq. (7.3) will reduce to
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w(s,z) =—x(s)U’(z)—a)(s)¢'(z) (7.4)

Consequently, the longitudinal normal strain induced by the lateral-torsional buckling

deformations can be expressed as

g =—x(s)U"(2) - ¢"(2)(s) (7.5)

where x and y are measured from the weighted centroid (or neutral axis) of the cross-

section.

On the other hand, the shear strains of the cross-section are assumed to be equal to zero

based on the second assumption of the Vlasov theory.

7, =0 (7.6)

7.5. Constitutive relation

Consider a laminate composed of n orthotropic layers in which the fibre orientation of
each layer with respect to the global coordination is determined by angle @, about the
z axis. Assuming that perfect inter-laminar bond exists between the layers, the stress-

strain relationship for the K" layer is given as:

(k) Ah Ak Ak
o, 11 12 16 || €:
) _ o) vl pk A Ak
6 ' =Qt= Ux() Y2 Yn Y|l b (7.7)
k) K Ak
T (k) 16 26 66 ||V
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In here, subscripts 1 to 6 are consistent with the convention adopted for laminated

composites (Wang 1997).

In Eq. (7.7)
01 = 0lf) cos* @, +2( 0¥ +204 )sin” @, cos” @ + 0} sin* & (7.8)
OF =(0lY) +0LY) - 401 )sin’ @ cos’ @, + 0 (sin* @ +cos* @) (7.9)
0 =0l sin* @, +2(08) 201 )sin’ &, cos” @, + 0} cos* (7.10)
0l =(0f-04) 208 )sin’ s cos @, {0 - O +201 Jsindp cos’ @, (7.11)

0= -0 201 )sin @, cos’ @, +{ 04 - O +201) )sin’d, st (7.12)

Ol=(0lP+0)-208)- 20 )sin’ &, cos @, +0l (sin* &, +cos'd,)  (7.13)
where
(®)
W__E
11 _1 (2) (k) (7.14)
~ U 0y
() ()
(k) = P El (7 15)
ERRRG
E(k)
o) =—2 (7.16
SRR )
ol =Gy (7.17)

where El(k) and Eﬁ") are Young‘s moduli of the k" layer in the local Z, and ¥,

(k)

o : k
directions, respectively, G, ()

is the shear modulus in Z,y, plane of the K" layer, U is

the Poisson‘s ratio defined as the ratio of the transverse strain in the y, direction to the
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") s the

axial strain in Z, direction due to the normal stress in Z, direction, and U,
Poisson‘s ratio defined as the ratio of the transverse strain in the z, direction to the

axial strain in y, direction due to the normal stress in y, direction (Omidvar and

Ghorbanpoor 1996, Reddy 2003). In this study laminate configuration is limited to

symmetric angle-ply stacking sequence with respect to mid-plane.

Figure 7.3: Thin-walled beam Composed of Fibre-reinforced Laminates

As one can see in Figure 7.3, the y direction is assumed to be perpendicular to the

element thickness so in the web the coordinate system rotates 90 degrees around the x
axis. Adopting the assumption of free stress in contour direction o, =0, Eq. (7.7) will

be reduced to

’ = k)* (k)* : (7'18)
7, W o Ok 7=

in which

N* — Ak _1(12{)2
I = ¥ =7 (7.19)
2
_ o _ MW
V= - EL=20 (k)% (7.20)

22
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~002
HR* — Ok _ 226
66 66 T Am (7.21)
22

7.6. Stresses and stress resultants

In this section, the stress expressions ¢.*)and7_*) are obtained in terms of the stress

resultants existing throughout the lateral-torsional buckling (M , B,V

., T,). Firstly, the
relations between stresses and displacements (W ,U ,V ,¢) are obtained and then by

using the stress resultants-displacements equations, the expressions of stresses in terms

of stress resultants are developed.

Based on the developed constitutive relations in section (7.5), the normal stress can be

expressed in terms of strains as below:

o.=0¢ (7.22)

z

By substituting the matrix form of the expression of the longitudinal strains developed

in the previous section (Eq. (7.5)) in Eq. (7.22), the longitudinal stress is obtained as

W!

o.=0V[1 -x -y -0 v (7.23)
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The shear stress rzx(k) which is due to the shear force can be obtained as follows:

The shear force F| is obtained from the longitudinal equilibrium of the free-body

diagram of a piece cut from the beam (Figure 7.4).

dz
o+do: o
" {
_.II‘III III‘II
,/ Fs
A

Figure 7.4: Free-body Diagram of a Piece Cut from the beam
d1~;+j(az+daz)dA—jasz=o (7.24)
A A
in which A" is the cross-sectional area of the piece cut from the segment dz .

Substituting Eq. (7.24) in relationz_ = F, /(t.dz), the shear stress is calculated

=[] Za 029

in which t is the thickness of the segment. The longitudinal stress obtained in Eq. (7.23)
is substituted into the above expressions and the shear stress expression in terms of

displacements is obtained.

1 w"
T = -1 J Ql(ll{)* [1 - 7y —CU] Um dd =- 1[2 _§’ _§x _E“’:I g (726)
‘9 V t
¢m ¢’"
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in which 4 = j oV'd4, S, j 0"xd4, S, j 0" ydd, §, j O wdA s defined.

After obtaining the stress-displacement relationship, the expressions of stresses in terms

of stress resultants will be developed.

The stress resultants in terms of stresses are given as

N = IGZdA (7.27)
A
M, = fGZYdA (7.28)
A
M, = —j o, xd4 (7.29)
A
oM
I/x :J.xaasz:— Y (7.30)
" Oz Oz
oo oM
V,=[y=zda="= 7.31
y ;[y oz 0z (7.31)
B= IszdA (7.32)
A
oo OB
T = 2dd=— 7.33
¢ Iw oz oz (7.33)

Therefore, using the stress-displacement relationships one can obtain the stress

resultant functions in terms of the displacement derivatives.

N= J OV'edd=AW'-SU"-SV"-S 4" (7.34)
A
My - _I Q](/;)*gzdi = _SyW’ + J)’J/U” + JWV” + wa¢” (735)
A
N N (7.36)
B=[0V e.odd =S, W' =7, U"~J, V"~ J,.¢" (7.37)
A4
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Eqgs. (7.34) to (7.37) are arranged in a matrix form and the resulting system of equations
is inverted to develop the expressions for the vector of displacement derivatives in terms

of stress resultants.

/4 N
U" » M
. |=D . (7.38)
V -M
¢" _B
4 =S, -S, -5,
_S JV JXV J(UX . . (k)* (f)*
in which D=| Si J; Jx'x N is given and A=£Q1(lf) d4 , S, :!Ql(f) yd4 ,
_Sa) wa quy 0w

> »w > ww

S, =[O x S, =[O o T = [0 S, =[O ¥ d = [0 i
A A A A A

J, = J‘ 0V xydd ,J ., = J‘ OV 'xwdd,J,, = IQI(’I‘)* ywdA are defined.
A 4 4

Substituting Eq. (7.23) in Eq. (7.38), the expression for stress o_ in terms of stress

resultant function is obtained as

N
. M

o,=00'[l -x -y -o]D Y (7.39)
-B

Using Egs. (7.30), (7.31) and (7.33) the shear stress resultants can be obtained in terms

of the displacement derivatives as,

V.=SW'-J U"~J V"~J ¢" (7.40)

Vy — SxW” _nyU”! _Jxme _Jyw¢m (7.41)
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Tw — SwW!I _waUm _Jwaﬂ! _wa¢m (7.42)

Egs. (7.40) to (7.42) are written in matrix form and then inverted to develop the

displacement vector derivatives in terms of stress resultants:

w" 0
Um . Vy
o =-D v (7.43)
¢m Tw

Substituting Eq. (7.43) in Eq. (7.26), the shear stress is expressed in terms of shear

stress resultant.

0
.-7 -5 -5 -5]p" Z (7.44)

T

~<

S

As explained in section 5.3, throughout buckling the increment of axial force, moments

about the major axis and associated shear force acting along the minor axis all vanish (

N=M, =V, =0). Therefore, the expressions for stresses (Eqgs. (7.39) and (7.44))

reduce to

0

— M
o =0l —x —y ]| (7.45)

-B

0

1-- — — _ V
=-l4 -S -S -S D' * 7.46
sz f|: y X w:' O ( )

Tw

On the other hand, the stress component due to St. Venant torsion is
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7, = (7.47)

where J, is the torsional constant.

7.77. Variational formulation

As comprehensively described in chapter 4, the current hybrid formulation is developed
from the potential energy functional by relaxing the strain-displacement equations as

auxiliary conditions through the Lagrange Multipliers method.

The total potential energy of the buckled configuration of a system is expressed as the

sum of strain energy U and work done by external forces W,

O=U+W (7.48)

The strain energy U can be expressed as below

1
U= 5 I (O-zgz + szyzx + Tsvysv )dV (749)

o

where V= Volume of the beam.

The work done by external forces W can be written as

=-—| o” (u'(s,z)2 +v'(s,z)2)dV (7.50)

Substituting Egs. (7.1) and (7.2) in Eq. (7.50) we have
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Wz-%j% O'Z”((U'—(y—ay)gﬁ')z +(x¢’)2)dV (7.51)

Using stress resultant-stress equations (Eqgs. (7.27) and (7.28)) Eq. (7.51) will become

1 ’ ’ ! r ’
= L (N"U”+N"a, ¢ ~2Ma,¢” -2MU'$ +2N"a,U'$)dz j o ® "z (7.52)

where L is the Length of the beam and N”and M are the initial axial compressive

load and bending moment, respectively. In addition, W,

agner

is Wagner stress resultant

which is given as W,

agner

= Iaf ( Y +x’ )dA (Trahair 1993b). By using Eq. (7.45) in pre-
A

buckling state, one can obtain

N?
_ Nw* |:] -] .y -] :ID—I 0 (7 53)
Wagner — 211 P py px po M p .
- O =
in which the sectional properties / —I (k) x + y A, I 0" x x + y dA
= JQ{T)*J/ (x2 +y I x + y dA are defined. By defining constants
A

2
Iyo and B, as

(7.54)

and
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B =1, -1, -1, -1,]D"| " |-2a, (7.55)

The Wagner stress resultant for mono-symmetric cross-sections in terms of stress

resultant (at pre-buckling state) can be expressed as

w,

Wagner

=N"rgy +M? (B, +2a,) (7.56)

Therefore, the work done by the external forces (Eq. (7.52)) can be written as

W:-%J‘L(U'ZNP +2U'¢’(_Mxp +Npay>+¢'2 (r}io +ay2)Np +¢,2IBNxMxp)dZ (757)

In here, the axillary conditions are the conditions of compatibility (the strain-

displacement equations), which can be written as follows:

e +x(s)U"(2)+¢"(2)(s)=0 (7.58)
7. =0 (7.59)

These conditions are introduced to the total potential energy expression through the

Lagrange Multipliers method.

I, =U+W- [ B(e.+xU"+o¢" )AV - [ B,(y..)dV - [ By(7,, - ﬁ)d’/ (7.60)
vy Vy Yo 66

in which £, , 5, and f, are the Lagrange Multipliers.

From the variations of the functional II;, with respect to the strains one obtains
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ou,

-3 =0 7.61
o, B (7.61)
ou,
— B =0

o7, B, (7.62)
oU

4B, =0 (7.63)
s

where U, is the internal strain energy density and is defined as U = IV U,dV . Egs.

(7.61) to (7.63) show that B, , B, and f,are the energy conjugates of the strains ¢_,

v..and y . , respectively. Therefore, they can be replaced with stresses o, 7. and 7,

in Eq. (7.60), i.e.

14 14 TSV
HI[ :U+W—IOZ(€Z+XU +a)¢ )dV—J‘sz(yzx)dV_J‘Tw(ysv_ Q(k) )dV (7.64)
v,

Vo Vo 66

By substituting Egs. (7.49) and (7.57) in Eq. (7.64) it will become

Hl[ - _l _[ (0'282 + sz}/zx + TSV?/SV )dV - jaz (xU” + a)¢”)dV + j t‘w( TEZ) )dV
2; h i Qe (7.65)

-%IL(U'ZN” +2U’¢'(—Mx” +N”ay)+¢'2 (r,ﬁo +ay2)Nf’ +¢’ZﬁNxMx1’)dz

Substituting the inverse of the constitutive relations for composite laminates and using

Eqgs. (7.29) and (7.32), the hybrid functional /7,, can be expressed as

50¢ 50 T 5 )
_ 1 w w] e Q| o
HII __EJ.VO [[O-z sz i| Q](g)* N (k)* - (k) +TSV}/SV dV

66 %

J0r )i o
7 L
S T(URNT U (M N )R ()N M )

By using Egs. (7.45), (7.46) and (7.47), the final form of hybrid formulation, /7,

> 1n the

buckled state is obtained
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oo am 5o sl i

1 T'Z n " '
gy e [ (MU B+ [ T, g (7.67)
66 < d L L

_%L(U PN 2U' (<M, +NPa, )+ 7 (i +a,” )N+ 47 B M, ) dz

0 0
in which D, ' = j O 0" 71 R Rl
- Ugrar-or o 0 0 a7 o o
0 -1
4 -4S, -AS, -A4S, 00
_ ) o
=0 b0 Vg L i I A RO FIC S
*» o o0 0 1 A2 QVOY -Q¥?| -45, S5, 5 8.8, 0 0
-4S, 58, 88, S 0 1
and
4 -S, =S, -S,] 0 0
010 0 200" | -x4 xS, xS, xS 1 0
Wblz{ } 71'[1 N gk)* N - 3 N < |dAD™
0 0 0 -1 1t Q) e | —vA ¥S, ¥S. S, 0 0
~0A a)§y oS, S, 0 1

are defined.

7.8. Finite element formulation

7.8.1. Interpolation of the stress resultants and displacement fields

In this section the assumed interpolation for the variables in the hybrid functional (stress

resultants M , B and T

sv 2

the lateral displacement U and angle of twist ¢ ) are

introduced.
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For an element i with a span of L, the internal stress resultants are assumed as linear

bending moment and bimoment and constant St. Venant torsion, i.e.

M,(z2)=L(z)' M, (7.68)
B(z)=L(z)' B, (7.69)
L.(2)=T. (7.70)

in  which L(z)'=((1-z/L) z/L) and M, =(M,(0) M,(L)) and

A set of the interpolation function based on cubic polynomials is assumed for lateral

displacement and angle of twist, 1.e.

u,=N(z)" (7.71)

4,=N(z)"¢, (7.72)

where
N(Z)T=<(1—3ZZ/L2+2Z3/L3) (z—2zz/L+z3/L2) (322/L2—2z3/L3) (—22/L+z3/L2)>,

u'=(u,(0) u (0) w(L) u/(L)) and (P,-T=<¢,-(0) ¢ (0) ¢(L) qﬁi'(L)> are
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7.8.2. Discretised form of the hybrid functional for buckling analysis

By substituting Egs. (7.68) to (7.72) in Eq. (7.67), the discretised form of hybrid

functional for buckling analysis can be written as

L 0 | M T
S S N
0 L'||B,
L o| /L™ o |MS
_<MyiT BiT> '//bl T yT
0 L 0 L B,

1 L' 0 L™ o (M| 1 172
—(|-=(M " B - o=
HI[ IL 2< yi i >|:O Ly:|lb |: 0 Lfr:|{ BiT } 2 Qg];) Jd dz (773)

1
-~ AN"uN'N"u, + A(M,” —a,N" )uN'N""g,
2 i i X y i i

-%/1 (0 +a,’ ) N"@/N'N""g, - %f’tﬂNxM Jo;/N'N"o,

T nT T nT 1T
_Myi LN"u, -B,'LN", +T N,
The developed functional depends on unknowns M ;and B,. By applying the partial
stationary condition with respect to the unknowns (OIT,,/0M , =0, oI1,, /0B, =0and

oI, /eT.,, =0), one obtains

yi u
B, :Hbi{ } (7.74)
?,
where
L o olp," o L' o o] [L 0 L'Too_l
jOLoo 1 OLT0+0LW;{0 L”O}
o 0 1 oY J, Il0 0 1| [0 0
H,= Lo (7.75)
L™ 0 0
+0 L l”_[(} o 0}
0 0
and
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j LN""dz 0
L

G,=| 0 j LN""dz (7.76)
L

0 j N'"dz

L

It should be noted that the stationary condition with respect to the stress resultant
parameters can be written at the element level. This is due to the relaxation of inter-
element equilibrium as a result of which the nodal stress resultant parameters are not

coupled between the elements. By using Eq. (7.74), Eq. (7.73) can be written as

i

1y, = i‘[ '%<“;-T (piT>GbTHbi {:;l }]dz
1

1

N’N'N"T (-M. +a, N")N'N" wl 7D
(-M. +a,N")NN" ((rNZO +a,} NP+ ﬁNXMxp)N'N'T {tp,}
From the stationary condition with respect to u, and ¢, , i.. JIl,/du, =0,
O, /60, =0 the discretised equilibrium equations of the system can be obtained as

N u

;[Km —ﬂKg[]{(p’i } =0 (7.78)

in which K, is the element stiffness matrix for buckling analysis and K is the

element geometric stiffness matrix.
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7.9. Numerical examples

7.9.1. A simply-supported doubly-symmetric I-beam subjected to

uniform bending moment

In this example, a simply-supported thin-walled composite beam with doubly-
symmetric I-section subjected to a uniform bending moment is studied. In addition, the
buckling analysis of beam ignoring the shear deformation effects is performed in this
example to illustrate the importance of shear deformations in the predicted values of

critical buckling load.

The element is assumed to be made of graphite-epoxy (AS4/3501) with the following

material properties:

E, =144MPa, E,=9.65MPa
G, =G, =4.14MPa
v, =03

The subscript 1 corresponds to the direction parallel to fibre orientation and subscripts 2

and 3 are related to the directions perpendicular to it.

The boundary condition, loading and cross-sectional dimensions of the beam are

illustrated in Figure 7.5.
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Figure 7.5: The simply-supported beam with the Cross-sectional dimensions

The web and flanges are laminated symmetrically with respect to the mid-plane and
consist of 4 layers with equal thickness of 7.5 mm. The buckling analysis is performed

for various beam spans from 2 m to 6 m and three different stacking sequences.

The values of the buckling moments obtained by the current model for two different
lay-ups are compared with the shell model. The shell element used in the current study

is a 4-node element with 6 degrees of freedom for each node.

Based on Discrete Kirchhoff Quadrilateral (DKQ) according to Batoz and Tahar (1982),
the plate bending component of the element is formulated. In this method, the element
is developed based on the Kirchhoff*s classical theory for thin plates in which the shear
deformation effects across the thickness of the plate element are assumed to be

negligible. The degrees of freedom of DKQ include the vertical displacement (w,, ) of

nodes in addition to two bending rotations (&, , ) and (6, ;).

Based on the model proposed by Ibrahimbegovic et al (1990), the membrane

component of the element is produced. In this model, the rotation around the out-of-

plane axis, 0, , (i.e. drilling degrees of freedom) is employed. Therefore, the degrees of

freedom associated with the membrane component of the element consist of two
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displacements in two directions along the plate, u, and v, and drilling rotation 6, , .

Therefore, there are 6 degrees of freedom in total for the shell element. (Figure 7.6)

Vs Vsn
ZshWsh y.sh - ’
/\
A -
e
| e
v e 7
I / /
z,5h - e
- e
| / /
| / e
7 .
| e \
v / | Xl
L ———F—ptshotsh
4
6,

Figure 7.6: Shell element degrees of freedom

7.9.1.1. Results and discussions

The beam i1s modelled efficiently by using six elements. The predicted buckling
moments by the hybrid method (both shear deformable and non-shear deformable) are
presented and compared with the results obtained by the shell model in Figure 7.7 and

Figure 7.8.
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Figure 7.7: The buckling moment (kNm) for [0,0,0,0] stacking sequence
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Figure 7.8: The buckling moment (kNm) for [0,90,90,0] stacking sequence
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The following conclusions can be made from the analysis results:

1. From Figure 7.7 and Figure 7.8 we can observe that the predicted buckling
moment by shear-deformable hybrid finite element model is in a good
agreement with the results obtained by the shell model.

2. In addition, the noticeable difference between the buckling moments obtained
from the analyses with and without the shear deformations shows the importance
of considering the effect of shear deformations in the buckling analysis of a
composite thin-walled member. This effect becomes more considerable by
decreasing the length of the beam.

3. As the length of the beam increases the critical buckling moment decreases. It
confirms the direct relation of the value of the buckling moment to the beam

slenderness.

7.9.2. A simply-supported mono-symmetric I-beam subjected to

uniform bending moment

In this example, the capability of the current hybrid finite element method in capturing
the buckling behaviour of laminate composite cross-sections with mono-symmetric

cross-sections is illustrated.

The element is assumed to be made of glass-epoxy with the following material

properties:
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E, =53.718MPa, E,=17.93MPa

G,, =G, =8.96MPa

v, =0.25

The subscript 1 corresponds to the direction parallel to fibre orientation and subscripts 2

and 3 are related to the directions perpendicular to it.

The beam has an I-shape mono-symmetric cross-section and is subjected to a uniform
bending moment. The beam length, boundary conditions and the cross-sectional

dimensions are illustrated in Figure 7.9.

30mm

2.08mni—

.1 !
Mx Mz
( z ) S50mm
L X

| 2.08mm

4m

2.08mny | ]

50mm
Figure 7.9: The simply-supported beam with the Cross-sectional dimensions

The web and flanges are laminated symmetrically with respect to the mid-plane and
consist of 16 layers with equal thickness. The buckling analysis is performed for various

lay-ups in the web and flanges.

The values of the buckling moments obtained by the current model are compared with

the numerical method developed by Kim et al. (2007).
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7.9.2.1. Results and discussions

The beam is modelled in here by using nine elements. The predicted buckling loads
from the hybrid method are presented and compared with the results from Kim et al.
(2007) along with the differences percentage in Table 7.1. In the numerical method of
Kim et al. (2007) which is developed based on the energy functional, the element
stiffness matrix for lateral buckling analysis of thin-walled composite I- and channel-

section beams subjected to end moments is evaluated exactly.

Table 7.1: Buckling moments of beam (N.m)

2s

Lay-up Current (Kimefal. = Differences
study 2007) (%)
(0], 47282  46.737 1.2
[15°/-157], 47715 | 49.337 33
[457/-45° ], 46.564  45.421 2.5
[75°7-75°],. 30.189  31.655 4.6
[07/90°], 39.463 = 38.437 2.7
[07/-45°/90°/45° ] = 40866 = 42508 3.9

It can be observed from Table 7.1 that the values of buckling moment obtained by the
current hybrid method are in a good agreement with the values from Kim et al. (2007).
Therefore, the accuracy and efficiency of the hybrid finite element method for lateral

buckling behaviour of thin-walled fibre-reinforced laminate composite beams with

mono-symmetric cross-sections are verified.
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7.9.3. A cantilever beam with mono-symmetric I beam subjected to end

bending moment

In this example, a cantilever thin-walled composite beam with mono-symmetric cross-
section subjected to an end bending moment and various stacking sequences is studied.

(Figure 7.10)

B
L

Mx

N

N
-

4m

Figure 7.10: The cantilever beam under the bending moment

The material properties of the element and the beam length and cross-sectional

dimensions are the same as the ones given in section 7.9.2.

The web and flanges are laminated symmetrically with respect to the mid-plane and
consist of 16 layers with equal thickness. The buckling analysis is performed for various
lay-ups in the web and flanges. The values of the buckling moments obtained by the

current model are compared with the ABAQUS FEA shell element model.
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7.9.3.1. Results and discussions

The beam is modelled in here by using nine elements. The predicted buckling loads
from the hybrid method are presented and compared with the results from the ABAQUS

FEA shell element model in Table 7.2.

Table 7.2: Buckling moments of beam (N.m)

Lay-up Current study | ABAQUS
(0], 25.497 24.673
[15°/-15° ], 25.464 25.877
[30°/-30°], 24.148 26.068
[4577-45° ], 21.103 23.24
[607/-60" ], 17.979 19.632
[7577-75° ], 15.967 16.388
[0°/90° ] 21.161 20.555
[0°/-45°/90° /45° 21.712 22.054

From Table 7.2, one can conclude that the values of buckling moment obtained by the
current hybrid method are in an acceptable agreement with the values from ABAQUS

shell element model.
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7.9.4. A simply-supported doubly-symmetric I-section subjected to

uniform bending moment (effect of beam length)

A simply-supported thin-walled laminate composite I-beam with various stacking
sequences is studied in this example in order to verify the capability of the current
hybrid model in capturing the behaviour of composite elements with different lay-ups.
In addition, the effect of beam length on the lateral buckling load of thin-walled

composite beams is shown in this example.

The element is assumed to be made of graphite-epoxy (AS4/3501) with the following

material properties:

E, =144MPa, E,=9.65MPa
G, =G, =4.14MPa
v, =0.3

The subscript 1 corresponds to the direction parallel to fibre orientation and subscripts 2

and 3 are related to the directions perpendicular to it.

The beam length, boundary and loading conditions and the cross-sectional dimensions

of the beam are illustrated in Figure 7.11.

30mmy |
.“‘
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Figure 7.11: The simply-supported beam with the Cross-sectional dimensions
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The web and flanges are laminated symmetrically with respect to the mid-plane and

consist of 4 layers with equal thickness of 7.5 mm. The stacking sequences for the FRP

laminate composite studied in this example are [0,0,0,0]and [0,90,90,0].

The values of the buckling moments obtained by the current model are compared with
the results obtained by the shear-deformable linear buckling analysis developed by
Machado and Cortinez (2005). In addition, by performing the lateral buckling analysis
for various beam spans from 6 m to 12 m the effect of beam length on the lateral

buckling load of thin-walled composite beams is shown.

7.9.4.1. Results and discussions

The beam is modelled efficiently by using six elements. The predicted buckling

moments by the current hybrid method for the beam span equal to 8 m for the lay-ups

[0,0,0,0]and[0,90,90,0]are presented and compared with the results obtained by the

shear-deformable linear buckling analysis of Machado and Cortinez (2005) in Table 7.3.

Table 7.3: Buckling moments of beam (MN.m)

Current Machaslo and Differences
Lay-up study Cortinez (%)
(2005)
[0,0,0,0] 6.6 6.9 43
[0,90,90,0] 3.9 3.8 2.6

Additionally, in order to show the effect of beam length on the lateral-torsional buckling

of a thin-walled composite beam the values of buckling moments versus the beam span
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for stacking sequences [0,0,0,0] and [0,90,90,0] are presented in Figure 7.12 and

Figure 7.13, respectively.
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Figure 7.12: The buckling moment (MNm) for [0,0,0,0] stacking sequence
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Figure 7.13: The buckling moment (MNm) for [0,90,90,0] stacking sequence
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The following conclusions can be made from the analysis results:

1. From Table 7.3 we can observe that the predicted buckling moment from the
shear-deformable hybrid finite element model is in an excellent agreement with
the results obtained by Machado and Cortinez (2005) model.

2. From Figure 7.12 and Figure 7.13, we can see that as the length of the beam
increases the critical lateral-torsional buckling moment decreases. It shows the
direct effect of the beam slenderness on the value of the buckling moment of the

beam.

7.9.5. A channel-section with various boundary conditions subjected to

end moment

In this example, the validity of the current hybrid method for the lateral-torsional
buckling of a thin-walled laminate composite beam with channel cross-section is
verified. The buckling analysis is performed for various stacking sequences of laminate
composite. The element is assumed to be made of glass-epoxy with the following

material properties:

E, =53.78MPa, E,=17.93MPa
G,, =G, =8.96MPa
v, =025

The subscript 1 corresponds to the direction parallel to fibre orientation and subscripts 2
and 3 are related to the directions perpendicular to it. The beam cross-sectional

dimensions are illustrated in Figure 7.14.
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Figure 7.14: Cross-sectional dimensions of the channel-section

The web and flanges are laminated symmetrically with respect to the mid-plane and

consist of 16 layers with equal thickness of 0.13 mm.

The analyses are done for two different boundary conditions: simply supported (S-S)
and clamped-free (C-F) boundary conditions. The length of the column is assumed to be

equal to 4 m for both S-S and C-F boundary conditions.

The values of the buckling moments obtained by the current model are compared with
the numerical method developed by Kim et al. (2007) in which the element stiffness

matrix for lateral buckling analysis of a thin-walled composite is evaluated exactly.

7.9.4.1. Results and discussions

The beam is modelled by using eight elements. The predicted buckling moments by the
current hybrid method for various stacking sequences of laminate composite are
compared with the results obtained by the numerical method developed by Kim et al.
(2007). The results for simply-supported and clamped-free boundary conditions are

shown in Table 7.4 and Table 7.5 , respectively.
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Table 7.4: Buckling moments of beam (N.m) for S-S boundary condition

Lay-up Current ~ (Kim et al.
study 2007)
(0], 36.61 36.05
[15°/-15°], 35.60 37.15
[30°/-30° ], 32.71 36.35
[45°/-45°], 2822 3195
[607/-60" |, 24.05 26.75
[7577-75" ], 21.46 2225
[0°/90° ], 20.62 20.35

Table 7.5: Buckling moments of beam (N.m) for C-F boundary condition

Lay-up Current ~ (Kim et al.
study 2007)
(0] 17.90 17.56
[15°/-15°] 17.56 18.19
[30°/-30"], 16.27 17.99
[4577-45"] 1407 1588
[60°/-60° ] 11.99 13.27
[7577-75" ], 10.66 11.08
[07/90° ], 10.26 10.15

From Table 7.4 and Table 7.5 we can observe that the predicted buckling moment by
the current shear-deformable hybrid finite element model is in an acceptable agreement
with the results obtained by Kim ef al. (2007) model for both simply-supported and

clamped-free conditions.
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7.10. Summary and Conclusions

A shear-deformable hybrid finite element formulation has been developed for the
lateral-torsional buckling analysis of beams with fibre-reinforced laminate composite
cross-sections subjected to loads which induce bending moment around their strong
axes. The hybrid functional has been obtained from the potential energy functional by
relaxing the strain-displacement equations as auxiliary conditions through the Lagrange
Multipliers method. The shear deformation effects are taken into account by using the
strain energy of the equilibrating shear stress field without modifying the basic

kinematic assumptions of the beam theory.

Numerical comparisons against other finite element methods and shell element models
have been presented to show the validity, accuracy and efficiency of the current method
in capturing the lateral-torsional buckling behaviour of beams with fibre reinforced
laminate composite cross-sections. It has been illustrated that the lateral-torsional
buckling moments obtained by the current method for the composite beams with
various boundary conditions are in a very good agreement with the results calculated by
the other methods in the literature. The validity of the hybrid method for mono-
symmetric cross-sections in addition to the doubly-symmetric cross-sections is shown
and the effects of fibre orientation and slenderness of the beam on the value of lateral-
torsional buckling moment are studied. In addition, the effect of shear deformations on
the lateral-torsional buckling behaviour of thin-walled composite beams and the
capability of the current hybrid finite element method in capturing these effects are

discussed.
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Chapter 8: Conclusion and Recommendations

8.1. Summary and conclusion

In this thesis, a shear-deformable hybrid finite element formulation is developed for the

buckling analysis of thin-walled composite beams and columns.

An introduction to the theory of thin-walled beams and a literature review of the most
common methods in the analysis and design of these members were presented in
chapter 2. Fibre-reinforced composite laminates were introduced in Chapter 3, followed
by a discussion about their advantages and disadvantages, and a review of the existing
methods in literature for their analysis. The importance of shear deformation effects in

the behaviour of composite laminates is discussed in this chapter.

In Chapter 4, different methods in the analysis of thin-walled composite members were
discussed, including closed-form solutions and numerical methods. It was argued that
the closed-form solutions are only applicable to a limited range of structural geometry
and boundary conditions, which stressed the necessity of reliable numerical methods.
Finite element method was then described as the most commonly used numerical
technique in the field, and the different families of finite element method, namely

displacement-based and stress-based methods were introduced. The hybrid finite
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element method is then introduced as a solution to overcome the disadvantages of each

of the primal finite element types.

Chapter 5 was dedicated to developing a hybrid formulation for the flexural buckling
analysis of thin-walled composite columns, based on the Hellinger-Reissner energy
functional. The constitutive relations of composite laminates were used, and the shear
deformation effects were considered by the summation of the energy field resulting
from shear to the total energy of the system. The displacement components and stress
resultants were then interpolated to obtain a finite element formulation, the accuracy of
which was verified through a number of comparisons with test results and numerical

methods in the literature.

Chapter 6 explored the applicability of the developed hybrid element for the analysis of
short columns, sandwich columns, and laced built-up columns, with examples to certify

the accuracy and efficiency of the method.

The hybrid formulation for lateral-torsional analysis of composite thin-walled beams
was developed in Chapter 7 by considering the kinematics of thin-walled beams. The
formulation was formed by using the constitutive relations of the composite laminates,
and by relaxing the strain-displacement equations through Lagrange Multipliers. A
number of examples were then presented to demonstrate the accuracy and the efficiency

of the method.

It was observed that the developed method is capable of capturing the buckling load of
thin-walled beams and columns accurately. It should be noted that the shear
deformation effects were considered in this method without modifying the Vlasov

kinematic assumptions. It is the main advantage of the developed hybrid method over
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the displacement-based method. In addition, the resulting matrix equations in the
current method are defined only in terms of the nodal displacement values as unknowns,
even though the multi-field Hellinger-Reissner functional is used in the formulation.
Consequently, the assemblage procedure is as straightforward as in a displacement-
based finite element. Finally, unlike in stress-based methods, the inter-element force

equilibrium does not need to be satisfied a-priori in the hybrid method.

8.2. Recommendations for further research

The areas of further research include the following:

The buckling analysis of composite thin-walled members has been studied in this thesis.
However, the hybrid finite element formulation has the potential to be extended for the
geometrically nonlinear analyses in order to be able to capture the pre-buckling

deformation effects as well.

Introducing time-dependant creep behaviour into the analysis for FRP laminated

composite elements is another field for future research.

Predicting the local buckling behaviour of thin-walled members made of composite
materials was not in the scope of this study. To capture this phenomenon, developing a
2D shell element is required. Therefore, applying the current hybrid method to develop
such an element to capture the local buckling effects can be the other recommendation

for future research.
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