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Abstract 

A new indirect strategy is proposed to estimate the bridge modal parameters from the dynamic responses of 

two vehicles using stochastic subspace identification technique. The effect of ambient excitation, such as 

ongoing traffic, is simulated as white-noise excitation at the bridge supports. The state-space model of the 

vehicle-bridge interaction system is derived for a single-degree-of-freedom quarter-car model and the bridge 

deck modeled as a simply-supported Euler-Bernoulli beam. Bridge modal frequencies can be estimated 

accurately from the vehicle responses. Two instrumented vehicles are required to estimate the bridge mode 

shapes, with one serving as a fixed reference sensor and the other as a moving sensor. The measured 

accelerations from the vehicles are divided into segments and each pair of signal segments forms a state-space 

identification problem. Local mode shape value from each signal segment can be estimated using the 

reference-based SSI method. A rescaling on the local mode shape values is applied to construct the global 

mode shapes. Effects of the bridge surface roughness, measurement noise and vehicle properties on the mode 

shape identification are also numerically studied. A vehicle-bridge interaction model in the laboratory serves 

for the experimental validation of the proposed strategy. Both numerical and experimental results show that 

the proposed method can estimate the bridge modal parameters with acceptable accuracy. 

Keywords: indirect approach, modal parameter identification, stochastic subspace identification, vehicle-
bridge interaction, wireless monitoring system 
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1. Introduction 

Vibration-based structural health monitoring (SHM) has been studied widely in the last few decades [1]. The 

identification of modal parameters is important in most SHM approaches. Conventional identification 

approaches collect dynamic responses of the bridge directly. This poses a number of practical problems, such 

as the need of bridge closure, accidental damage to installed equipment, the high initial and recurring cost of 

the sensory system, etc.  

Yang et al. [2] pioneered an indirect approach to estimate the bridge modal frequencies by analysing the 

acceleration response of an instrumented vehicle during its passage over the deck. The sensors were installed 

on the axle of the vehicle. The vehicle response mainly contains three types of frequencies, i.e., the driving 

frequency, vehicle modal frequency and the bridge modal frequency. The vehicle modal frequency usually 

appears as a dominant peak in the spectrum of the vehicle response, and this may mask the peaks of the bridge 

modal frequencies. This indirect approach without instrumentation on the bridge deck has the merits of more 

portable, convenient and cost-effective than the direct approach with an instrumented bridge. Recently, several 

hybrid methods have been proposed [3, 4]. Chen et al. [5] presented a classification framework for indirect 

bridge SHM. Generalized pattern search algorithm was successfully applied to identify the bridge stiffness and 

its fundamental modal frequency from the vehicle responses [6]. A modified stochastic subspace identification 

technique was also used to extract the bridge modal frequencies from the response of a moving instrumented 

vehicle [7]. Lederman et al. [8] proposed a new supervised classification-based method to monitor rail 

infrastructures with vibration data collected from an operating passenger train. Four different features, i.e. 

temporal-frequency, spatial-frequency, spatial-amplitude, and signal-energy, were extracted from the vibration 

signals and examined. The signal-energy was found best for detecting physical changes of the track from both 

the simulated and the operational data.      

Not many researchers have obtained the mode shapes of the bridge indirectly compared to the bridge modal 

frequencies [9]. Short-time frequency domain decomposition (FDD) was adopted to estimate the bridge mode 

shapes from the dynamic responses of a passing vehicle [10]. The quality of the estimated mode shape 

depends on the singular value at a selected frequency obtained by the peak-picking method. Some prior 

knowledge of the modal frequencies is required. Yang et al. [11] conducted a theoretical study for constructing 

the mode shape of a bridge using Hilbert transform. Kong et al. [12] used a test vehicle consisting of a tractor 

and two following trailers for their studies. Fast Fourier transformation and short-time Fourier transformation 

were applied to the residual response (difference) from two trailers to extract the frequencies and mode shape 

squares of the bridge deck, respectively. The latter was, however, found not satisfactory due to the limitation 

of the short-time Fourier transform. The above studies have not considered the effect of the tractor and/or on-

going traffic conditions. Marulanda et al. [13] used a mobile sensor and one fixed sensor on a simply 

supported beam to collect acceleration data. The modal frequencies of the beam could be easily obtained from 
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measurement of the fixed sensor, and data from both sensors were used to identify the mode shapes. However, 

the effect of the properties of moving sensor on the identification was not studied. Malekjafarian and Obrien 

[14] presented a method for estimating the bridge mode shape from the response of a passing truck-trailer with 

an actuator using Hilbert-Huang transform. A rescaling process similar to the normalization of mode shape 

values in experimental modal analysis, was applied to the response amplitudes of two following axles to 

construct the mode shape. A few damage detection methods using the drive-by mode shape estimation were 

also developed. All the above studies on drive-by mode shape estimation are theoretical with little 

considerations on practical problems with field application. Zhang et al. [15] proposed a damage index based 

on the mode shape squares with laboratory verification. The damage index was used for structural damage 

detection with laser measurements from the moving vehicle [16].  Oshima et al. [17] compared the change of 

the mode shape due to the damage using the modal assurance criterion.  

Stochastic subspace identification (SSI) is widely used for operational modal analysis to get the structural 

dynamic parameters from the bridge responses only [18]. The Reference-based Covariance-Driven SSI (Ref-

SSI) was developed [19] for obtaining the global structural mode shapes. Measurements from a large structure 

may be divided into multiple setups with overlapping reference sensors. Stabilization diagrams were used to 

separate the true system poles from the spurious numerical poles. 

This paper proposes a reference-based stochastic subspace-based method to obtain the bridge mode shapes 

from acceleration responses of one stationary and one moving instrumented vehicles. This simulates close-to-

real scenarios with practical application of the drive-by technique. The ambient excitation, such as the on-

going traffic, is considered as white noise excitations at bridge supports. The stationary vehicle is at a fixed 

location serving as the reference sensor while the other one moves over the deck serving as a moving sensor. 

Measurements from the two vehicles are divided into segments corresponding to the same number of physical 

segments of the deck. The local mode shape values for each bridge segment is obtained from the 

corresponding measured data segment. It is then rescaled to construct the global mode shape vectors of the 

bridge deck. The effectiveness and performance of the proposed strategy are investigated numerically and 

experimentally with a laboratory structure. The bridge mode shapes can be identified efficiently with 

acceptable accuracy from the vehicle responses.  

The rest of this paper is organised as follows. The modelling of the vehicle-bridge interaction system is 

presented followed by the derivation of the state space formulation of the Vehicle-Bridge Interaction (VBI) 

system. The Ref-SSI for the identification of bridge mode shapes from multiple measurement setups and the 

rescaling procedure is then presented. Numerical case studies are then conducted to demonstrate the 

effectiveness and performance of the proposed strategy. The effects of different vehicle speeds and physical 
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parameters of vehicle on the identified results are also studied. Lastly, a vehicle-bridge model in the laboratory 

with wireless monitoring system is used for the experimental verification.  

 

2. The vehicle-bridge Interaction model in state space 

The vehicle is modelled as a single-degree-of-freedom (SDOF) quarter-car model and the bridge deck is 

simulated as a simply-supported Euler-Bernoulli beam.  

 

2.1 Equation of motion of the vehicle 

Considering the VBI system as shown in Figure 1, the vehicle is assumed to move along the simply-supported 

bridge deck at a constant velocity v. The equation of motion for the vehicle can be written as 

 [ ]{ } vtxbvbvvvvvvv xrtxdkxvrtxdctdktdctdm =+++=++ )(),()]('),([)()()(        (1) 

where vm , vk , vc  are the mass, stiffness and damping of the vehicle respectively, )(tdv  is the vertical 

displacement of the vehicle, ),( txdb is the vertical displacement of the bridge at the contact point x  and time t, 

and  )(xr  is the road surface roughness with dxxdrxr /)()( =′ . 

2.2 Equation of motion for the bridge deck 

According to the Euler-Bernoulli beam theory, the governing equation for flexural vibrations of the bridge 

deck under a moving vehicle can be written as: 
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where E is Young’s modulus of material; I  is the moment of inertia of deck cross-section; EI  is the flexural 

rigidity of deck; ρ is the mass of material per unit length; µ is the viscous damping parameter; )(tF is the 

interaction force between the bridge and vehicle with )()( tdmgmtF vvv
+= , where g is the acceleration of 

gravity, and δ is the Dirac function.  

The displacement response of the deck can be expressed with modal superposition [20] as 
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φ is the ith  vibration mode shape, and 

)(tiη  is the ith modal coordinate. L is the length of the deck. 
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Substituting Eq. (3) into Eq. (2) and applying the orthogonality conditions of vibration modes, Eq. (2) 

becomes: 

 )()()()(2)( 2 vttFttt iiiiiii φηωηωζη −=++        (4) 

where ρµωζ /2 =ii  and 
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A bridge deck is subjected, in general, to multiple support excitations resulting from the on-going traffic, 

ground motion and wind excitation on deck, etc. This excitation is modeled in this paper as white noise time 

series applied at the right and left bridge supports denoted as )(tdr
  and )(tdl

 , respectively [21]. The equation 

of motion for the ith vibration mode of the deck subject to a moving vehicle and support excitations can then 

be written as 

)()()()()(2)( 2 tPvttFttt iiiiiiii +−=++ φηωηωζη                                 (5) 
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Combining Eqs. (1) and (5), the equation of motion of the vehicle-bridge interaction system can be obtained in 

matrix form as  

 FKddCdM =++          (6) 
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The dynamic responses of the vehicle can be calculated as the ‘measured’ data by time-stepping integration 

from Eq. (6) using the explicit Newmark-Beta method [22]. They are then used to estimate the bridge modal 

parameters in this study. 

2.3 Formulation of VBI system in state space 

The vehicle-bridge interaction model in state space is introduced in this section [23]. When written in state 

space, Eq. (5) becomes 
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where 𝛈𝛈(t) = [𝜂𝜂1(𝑡𝑡) ⋯ 𝜂𝜂𝑖𝑖(𝑡𝑡) ⋯ 𝜂𝜂𝑛𝑛(𝑡𝑡)] ∈ 𝑅𝑅𝑛𝑛×1,  𝚽𝚽(𝑣𝑣𝑡𝑡) = [𝜙𝜙1(𝑣𝑣𝑡𝑡) ⋯ 𝜙𝜙𝑖𝑖(𝑣𝑣𝑡𝑡) ⋯ 𝜙𝜙𝑛𝑛(𝑣𝑣𝑡𝑡)] ∈
𝑅𝑅𝑛𝑛×1,,  𝐏𝐏(t) = [𝑃𝑃1(𝑡𝑡) ⋯ 𝑃𝑃𝑖𝑖(𝑡𝑡) ⋯ 𝑃𝑃𝑛𝑛(𝑡𝑡)] ∈ 𝑅𝑅𝑛𝑛×1, and nI  is a unit matrix of size n. 

Eq. (7) can then be written as  
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With the incorporation of an exponential matrix for transformation [17], Eq. (8) can be rewritten in a 

discretised recursive form as 

                                 kkkkkk g PΦBZBLAXX ++−=+1                                                 (9) 

where )exp( t∆⋅= cAA , )()(1 tk LBIAABL cc −= − , )()(1 tk cc PIAAP −= −
 and t∆  is the time step interval. 

The second term on the right-hand-side (RHS) of Eq. (9) is the system input related to dynamic response kZ  of 

the moving vehicle. The third term is the input related to the weight of the vehicle and the fourth term is the 

ambient excitation.  A light vehicle is assumed in this study, and the excitation due to the vehicle is much 

smaller compared with the on-going traffic excitation. The ambient excitation kP , which may consist of the 

on-going traffic excitation, will be dominating. The last three terms on the RHS in Eq. (9) can then be 

approximated by a stochastic process kv .  
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Substitute Eq. (3), Eq. (1) can be re-written in state space as  
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or 
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Eq. (11) may be discretised as  

 kkkkk FRXEΦDZZ ++=+1        (12) 

with  )exp( t∆⋅= cDD , 𝐄𝐄𝚽𝚽𝑘𝑘 = 𝐃𝐃𝑐𝑐
−1(𝐃𝐃− 𝐈𝐈)𝐄𝐄𝒄𝒄𝚽𝚽𝑐𝑐(𝑡𝑡) and cc FIDDF )(1 −= − . 

Let kkk DZZY −= +1  and   𝐇𝐇𝒌𝒌 = 𝐄𝐄𝚽𝚽𝑘𝑘, and the road surface roughness related term, kFR , is represented by a 

random stochastic process kw . The equation of motion for the VBI system in state space can be rewritten as 

 kkk vAXX +=+1          (13a) 

  𝐘𝐘𝑘𝑘 = 𝐇𝐇𝑘𝑘𝐗𝐗𝑘𝑘 + 𝐰𝐰𝑘𝑘        (13b) 

The bridge modal frequencies can be obtained from the vehicle responses in Eq. (13) using the SSI method. 

3. Subspace identification of the bridge mode shape from multiple measurement setups 

The application of the Ref-SSI method [19] requires dynamic responses at different locations of the structure 

to provide sufficient spatial information in the identification of bridge mode shapes. Two instrumented 

vehicles are used to measure the dynamic responses of the deck mimicking the presence of a large group of 

sensors along the deck. One vehicle will be located at a pre-selected location on the deck during measurement 

acting as the reference sensor and the other vehicle moves over the deck with a constant velocity. The bridge 
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length is divided into N physical segments. Measured signals from these two vehicles are also divided into N 

corresponding segments. The measured signal from each segment of the deck may be assumed to come from 

different measurement setups representing the local dynamic behaviour of the deck at that segment. Two 

signal segments from the two vehicles form one pair of data record, and there will be N pairs of records. All 

the observed output can be put together as   
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where, ),( refjY  and ),( movjY are the observed output vectors from the reference and the moving sensors on the 

jth segment of the deck, respectively. 

Excitation within the duration of each record is assumed stationary within the short period of measurement. 

The state space formulation of the system including the deck, the reference and moving vehicles for the jth 

record of data ( )1,...,j N= may be written as 

 �
𝐗𝐗𝑘𝑘+1

(𝑗𝑗)       = 𝐀𝐀�𝐗𝐗𝑘𝑘
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(𝑗𝑗)

𝐘𝐘𝑘𝑘
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(𝑗𝑗,𝑚𝑚𝑚𝑚𝑣𝑣) = 𝐇𝐇(𝑗𝑗,𝑚𝑚𝑚𝑚𝑣𝑣)𝐗𝐗𝑘𝑘

(𝑗𝑗)

     (15) 

where kX is the state vector at time instant k , ),( refjH is the observation matrix from the reference sensor, 

),( movjH is the observation matrix from the moving sensor,  𝐀𝐀� is the state transition matrix, kV  is the unknown 

stationary noise vector, and 
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Y  is the vector of observed output. Due to the stationary assumption, 

the observation matrix in Eq. (15) becomes time-invariant within each record segment.   

The Ref-SSI is then applied to the system in Eq. (15) in the following steps:  

1) Determine the output covariance matrices between all outputs and references by 

                                                                  𝐑𝐑𝑖𝑖
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝐄𝐄[𝐘𝐘𝑘𝑘+𝑖𝑖  𝐘𝐘𝑘𝑘

(𝑟𝑟𝑟𝑟𝑟𝑟)𝑻𝑻]                                                                         (16) 

2) Form a block Toeplitz matrix using the covariance matrices 
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⋯      ⋯
   𝐑𝐑2𝑖𝑖−1
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⋯     ⋯
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⎥
⎥
⎤
                                                      (17) 
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The block matrix can then be decomposed as  

𝐓𝐓𝑖𝑖
𝑟𝑟𝑟𝑟𝑟𝑟 = �

𝐇𝐇
𝐇𝐇𝐀𝐀�
⋯

𝐇𝐇𝐀𝐀�𝒊𝒊−𝟏𝟏
� (𝐀𝐀�𝒊𝒊−𝟏𝟏𝐆𝐆 𝐀𝐀�𝒊𝒊−𝟐𝟐𝐆𝐆 ⋯ 𝐀𝐀�𝐆𝐆 𝐆𝐆) = 𝑶𝑶𝑖𝑖𝑪𝑪𝑖𝑖

𝑟𝑟𝑟𝑟𝑟𝑟                               (18) 

where 𝑪𝑪𝑖𝑖
𝑟𝑟𝑟𝑟𝑟𝑟 = (𝐀𝐀�𝒊𝒊−𝟏𝟏𝐆𝐆 𝐀𝐀�𝒊𝒊−𝟐𝟐𝐆𝐆 ⋯ 𝐀𝐀�𝐆𝐆 𝐆𝐆) is the controllability matrix, 𝐆𝐆 = 𝐄𝐄[𝐗𝐗𝑘𝑘+1  𝐘𝐘𝑘𝑘

(𝑟𝑟𝑟𝑟𝑟𝑟)𝑻𝑻], and 

𝑶𝑶𝑖𝑖 = (𝐇𝐇 𝐇𝐇𝐀𝐀� ⋯ 𝐇𝐇𝐀𝐀�𝒊𝒊−𝟏𝟏)𝑇𝑇 is the observability matrix 

3) Calculate the observability matrix 𝑶𝑶𝑖𝑖  and controllability matrix 𝑪𝑪𝑖𝑖
𝑟𝑟𝑟𝑟𝑟𝑟by applying the singular-value 

decomposition to the block Toeplitz matrix as  

𝐓𝐓𝑖𝑖
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑼𝑼𝑼𝑼𝑽𝑽𝑇𝑇 = (𝑼𝑼1 𝑼𝑼2) �𝑼𝑼1 𝟎𝟎

𝟎𝟎 𝟎𝟎� �
𝑽𝑽1𝑇𝑇

𝑽𝑽2𝑇𝑇
�                                       (19) 

where 𝑼𝑼 and 𝑽𝑽 are orthonormal matrices and 𝑼𝑼 is a diagonal matrix containing the singular values in 

descending order. The null singular values and corresponding singular vectors are omitted in Eq. (19). 

Matrix 𝑼𝑼1 is diagonal, containing non-zero singular values. Matric 𝑼𝑼1, 𝑼𝑼2 𝑽𝑽1 and 𝑽𝑽2 are portions of 𝑼𝑼 

and 𝑽𝑽 related to 𝑼𝑼𝟏𝟏, respectively. The system order can be determined by inspecting the number of 

non-zero singular values. Stabilisation diagram is constructed to eliminate spurious mode due to noise. 

Inspection of Eqs. (18) and (19) gives 

𝑶𝑶𝑖𝑖 = 𝑼𝑼1𝑼𝑼1
1/2                                                          (20a) 

𝑪𝑪𝑖𝑖
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑼𝑼1

1/2𝑽𝑽1𝑇𝑇                                                       (20b) 

Once 𝑶𝑶𝑖𝑖 and 𝑪𝑪𝑖𝑖
𝑟𝑟𝑟𝑟𝑟𝑟are obtained, the state matrix 𝐀𝐀� can then be retrieved to obtain the eigenvalues and 

eigenvectors ( jj ,, λλ φ ) of the system [24].  

The Reference-based SSI method is then applied to each data record ),...,1( Nj =  to obtain the local 

mode shape values at the mid-point of each deck segment. Since the reference sensor is the same for all 

records, the observation matrix )(refH is the same for all measurement records. 

A progressive rescaling procedure is applied to estimate the global mode shape. It is similar to the 

normalization procedure in experimental modal analysis of a structure. After the local mode shape values of 

each segment are obtained, they are re-scaled with respect to that at the reference DOF to form the global 

mode shape. For example, when the bridge is divided into five segments as shown in Figure 2, the 

measurement data from the two vehicles is divided into five pairs of data records. For the first data set, the 

local mode shape value for the first bridge segment and reference location are 1,1φ  and ref,1φ  respectively. If 

the reference sensor is located at the middle of the first segment, the local mode shape values of the first data 

set from the moving and reference sensors are measured at the same time, and therefore they can be treated as 
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the global mode shape values with 1Φ  ≈ refΦ . For the second data set, the local mode shape value for the 

second and reference segments are obtained as 2,2φ  and ref,2φ  respectively. To obtain the global mode shape 

of the second segment 2Φ , a rescaling factor is employed with 2,2
,2

2 φ
φ
Φ

Φ
ref

ref= . The calculated local mode 

shape value in each segment can be rescaled to the global ones as 

 ),3,2(,,
,

Njjj
refj

ref
j == φ

φ
Φ

Φ                                        (21)        

where jΦ  is the global mode shape value for the jth segment. The accuracy of this approach depends on the 

number of segments in the sub-divisionn of the recorded signal. Therefore, a suitable number of segments 

have to be chosen to balance the required spatial information for the analysis and the accuracy of the identified 

global mode shapes.  

4. Numerical simulations 

The numerical example by Yang and Chen [7] is adopted to validate the proposed method. Parameters of the 

undamped bridge are GPaEmImkgmL 43.29,494.0,/10700,30 4 ==== ρ . Damping of the bridge is 

neglected because it is insignificant to the forced vibration of the bridge under moving vehicle action [11]. The 

first three modal frequencies of the bridge are 2.03, 8.12 and 18.30Hz, respectively. The properties for the 

undamped vehicle are mkNkkgm vv /170,100 == . The modal frequency of the vehicle is 6.50Hz and the 

moving speed is 2 m/s.  The duration of data for the analysis is 15 seconds and the sampling rate is 1000Hz. 

The amplitude of ambient excitation at the supports is 0.02m/s2. These parameters are adopted for all studies 

in this paper unless otherwise stated. 

4.1 Modal frequency identification using one instrumented vehicle 

Previous study [25] has indicated that the vehicle response is sensitive to the bridge surface roughness. Classes 

A and B road surface roughness are therefore considered in this study. The damping properties of the vehicle 

and bridge are not considered in this section. The vehicles start moving 50m before entering the bridge, and 

the road surface roughness is assumed the same as that of the bridge. The dynamic responses of the vehicle are 

given in Figure 3(a) and the corresponding spectra are shown in Figure 3(b). Only the vehicle frequency is 

noted dominating the spectra. The peak-picking method for FDD cannot get the bridge modal frequencies 

from the spectra. The stabilization diagram in the SSI analysis with Class A road roughness shown in Figure 

4(a) features the first two bridge modal frequencies as well as the vehicle modal frequency. The third bridge 

modal frequency is, however, too small to be noted. When the vehicle moves on deck with Class B road 
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roughness, the stabilization diagram in Figure 4(b) shows only the vehicle frequency, and the bridge 

frequencies are not present. Yang et al. [26] have proposed the idea of subtracting the measured acceleration 

responses of two following axles with the same properties travelling over a bridge. This serves to reduce the 

effect of road roughness. However, the formulation of this approach has not considered the interaction 

between the two following axles and that of the tractor. 

4.2 Identification of bridge mode shapes using two instrumented vehicles 

The acceleration responses from sensors on both vehicles are analysed. The reference vehicle is located at 

mid-span and quarter span to capture a larger modal amplitude for the identification of first and second mode 

shapes respectively. The segmentation scheme is such selected to ensure that the vibration amplitude at the 

midpoint of each segment is not zero. This configuration is adopted in the following studies unless otherwise 

stated. 

4.2.1 Two vehicles on a smooth road surface 

In the first case, the bridge deck is divided into 5 and 9 segments. The dynamic responses of the two vehicles 

and their spectra with the smooth deck are given in Figure 5. The two time histories are divided into 5 and 9 

segments according to the bridge segmentation and the corresponding refΦ  are refref ,5,3 ,ΦΦ ,  at mid-span 

respectively. For the identification of the second mode shape, the dynamic responses of the two vehicles are 

divided into 6 or 10 segments, and the corresponding refΦ  are refref ,4,2 ,ΦΦ , at quarter-span respectively. 

The Ref-SSI method is applied to each data segment to obtain the local mode shape value at each bridge 

segment. The identified first and second mode shapes after the rescaling process are given in Figure 6. 

Excellent agreement is found for the first mode shape with the MAC value equals 0.998 and 0.999 for the 

cases with 5 and 9 segments, respectively. For the second mode shape in Figure 6(b), the agreement between 

the theoretical and identified results is slightly poorer. It is, however, noted that the MAC value increases 

when a larger number of segments is chosen for both mode shape identification. It may be concluded that a 

suitable number of segments have to be selected to balance the need of spatial information and the accuracy of 

the identified mode shapes in the analysis.  

4.2.2 Two vehicles on a rough road surface 

The effects of Class A and Class B bridge surface roughness are studied using 9 and 10 segments for the 1st 

and 2nd modes, respectively. When the reference vehicle is at mid-span of the deck, the dynamic responses of 

two vehicles with Class A surface roughness are shown in Figure 7. The identified first mode shape is given in 

Figure 8(a). The MAC value decreases from 0.9999 to 0.9993 compared to that when the bridge is smooth. 

The identified second mode shape is given in Figure 8(b) and it also associated with a slight decrease in the 
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MAC value with Class A roughness. However, when a Class B bridge road surface roughness is considered, 

the MAC values for the identified first and second mode shapes are 0.7409 and 0.4843, respectively indicating 

a set of poorly identified results.   

4.2.3 The effect of measurement noise 

The more practical case with contaminated measurements from the vehicle-bridge system is studied. The VBI 

system with Class A bridge surface roughness is studied using 9 and 10 segments for the 1st and 2nd modes, 

respectively. White noise is added to the calculated acceleration response of the vehicle to simulate the 

“polluted” measurements as 

 ( )caloisepcalm accNEaccacc σ••+=        (22) 

where calacc  is the calculated acceleration response; pE  is the noise level; oiseN  is a vector consisting of 

random values with zero mean and unit standard deviation; and ( )calaccσ  is the standard deviation of the 

calculated acceleration response. Three noise levels, i.e. 5%, 10% and 15% are considered and the 

corresponding signal-to-noise ratios are 26, 20 and 16, respectively.  

The identified first and second mode shapes from using the proposed method are shown in Figures 9(a) and 

9(b), respectively. The accuracy of the identified mode shapes is noted to decrease with an increase of the 

noise level. When the noise level is less than 10%, the accuracy of the identified mode shapes is acceptable 

with the smallest MAC value equals to 0.99. When the noise level reaches 15%, the dynamic information of a 

few bridge segments is masked by the noise effect and the overall mode shapes cannot be identified.  It may be 

concluded that the noise effect has to be minimized before the proposed method is applied for a better 

identification accuracy.  

4.3 The effect of moving speeds and vehicle parameters 

Five percent white noise is included in all numerical studies in this section and Class A road surface roughness 

is included.  

4.3.1 Effect of the vehicle speed 

Moving speeds of 2m/s, 4m/s and 6m/s are studied. The sampling frequency is 1000Hz for 2m/s and 4m/s, and 

3000Hz for 6m/s to ensure sufficient number of data in the sub-divisions. The identified first and second mode 

shape value for each segment are shown in Figures 10(a) and 10(b), respectively. When the moving speed 

increases to 4m/s, the MAC values are 0.9786 and 0.9870 for the first two mode shapes respectively. When the 

speed is 6m/s, the MAC values are 0.9526 and 0.9225 respectively for the first two mode shapes. All the MAC 
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values are larger than 0.9, and they are noted to drop with increasing speed. It may be concluded that a slower 

vehicle speed may be advantageous to the identification of mode shapes using the proposed indirect method. 

 

4.3.2 Effect of vehicle parameters 

Previous studies in this paper have shown the feasibility of the proposed method to obtain for the bridge modal 

properties from measured vehicle responses. The effects of the vehicle parameters on the identification are 

studied in this section. There are three parameters in the SDOF vehicle model, i.e. mass vm , stiffness vk  and 

damping vc . Eq. (1) can be rewritten as  

)()()()()( tftftdktdctdm rbvvvvvv +=++       (23) 

where [ ]{ } vtxbvbvb txdktxdctf =+= ),()],([)(   and [ ]{ } vtxvvr xrkxvrctf =+= )()]('[)( . The response spectrum of the 

vehicle can be obtained as 

)()()()()( wFwHwFwHwD rvbvv +=      (24) 

where 
wwjw

mwH
vv

v
v ξ21

)( 2 +−
=  is the frequency response function of the vehicle. vvv mk /=ω  and 

vv

v
v wm

c
2

=ξ  are the vehicle frequency and damping ratio respectively. )(wFb  is the input spectrum due to the 

bridge vibration and )(wFr is the spectrum due to the road surface roughness.  

Figure 11 shows the amplitudes of the frequency response function with three different damping ratios 0.1, 

0.25 and 0.5. The frequency ratio is defined as the ratio between the excitation frequency and the vehicle 

modal frequency. In order for the vehicle to effectively capture the bridge vibration components, it is 

preferable to have the dynamic magnification factor (DMF) not less than unity. Figure 11 shows that when the 

frequency ratio is less than 0.2, the DMF is almost unity and the effects of damping can be neglected. When 

the frequency ratio ranges from 0.2 to 1.5, a larger damping ratio would notably lead to a smaller dynamic 

magnification factor. When the frequency ratio is larger than 1.5, the magnification factors are all less than 

unity. The effect of damping ratio becomes negligible when the frequency ratio keeps increasing up to 2.0. 

These results indicate that the selection of vehicle parameters should be considered carefully for a good 

identification accuracy.   

Another study on the effects of vehicle parameters is also conducted. The location of reference vehicle is at 

mid-span and quarter-span respectively for the identification of the first and second mode shapes. Cases with 9 
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and 10 segments are studied. Class A road surface roughness and 5% noise are considered and the sampling 

rate is 1000Hz in the simulation. 

 

a) Effect of the vehicle weight 

Vehicle weight of 100kg, 200kg and 500kg are selected with 2.0m/s vehicle speed. The corresponding mass 

ratios between the vehicle and the bridge deck are 41012.3 −× , 41023.6 −× and 31056.1 −× respectively. The 

frequency ratios between the fundamental frequency of the deck and the vehicle frequency are 0.31, 0.44 and 

0.69 respectively. They are 1.24, 1.75 and 2.77 respectively for the second bridge frequency. The identified 

results are presented in Figures 12(a) and 12(b). The identified first mode shape with 100kg weight vehicle is 

much closer to the true mode shape than those from 200kg and 500kg weight vehicles. The MAC values are 

0.9982, 0.9968 and 0.9913 for 100kg, 200kg and 500kg weight vehicles, respectively. The MAC value of the 

first mode shape is noted to decrease with increase in the vehicle weight. This is due to the proximity of the 

bridge and vehicle modal frequencies making the identification difficult. Results for the second mode shape 

are similar as shown in Figure 12(b) with the corresponding MAC values equal to 0.9950, 0.9908 and 0.9920, 

respectively.  It is noted in Figure 13 that the dynamic magnification factor is reduced when the frequency 

ratio increases within the range of 0.2 to 1.5. Eq. (9) also states that the effect of the vehicle weight on the total 

excitation term cannot be ignored when it is large. This may suggest that a lighter vehicle should be used with 

the proposed method.   

b) Effect of the vehicle stiffness 

The vehicle stiffness is chosen as 170kN/m, 340kN/m and 700kN/m respectively. The vehicle mass, damping 

ratio and moving speed are 100kg, 0.10 and 2.0m/s respectively. They correspond to vehicle modal 

frequencies of 6.50Hz, 9.19Hz and 13.19Hz respectively. The identified first and second mode shapes from 

using the proposed strategy are shown in Figure 13(a) and 13(b) respectively. The MAC values for the first 

mode shape are 0.9982, 0.9964 and 0.9988 respectively which match well with the true values. The MAC 

values for the second mode shape are 0.9950, 0.9817 and 0.9767. The MAC value is reduced when the vehicle 

stiffness increases. This is because the vehicle with the high stiffness also captures the high frequency noise 

that includes the effect of road surface roughness. This effect has been shown as the second item in Eq. (27).  

c) Effect of the vehicle damping 

Three different damping ratios 0.10, 0.25 and 0.40 are studied. The vehicle mass and stiffness are 100kg and 

170kN/m, respectively. The vehicle is moving along the bridge at 2.0m/s. The identified first and second 

bridge mode shapes are presented in Figures 14(a) and 14(b), respectively. The identified results in Figure 

14(a) are very close to each other with a high MAC value relative to the theoretical ones. In this study, the 
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frequency ratio is 0.31, and the effect of the damping ratio is negligible as shown in Figure 11. The identified 

second bridge mode shape is shown in Figure 14(b). The frequency ratio corresponding to the second bridge 

frequency is 1.24 with a magnification factor close to unity as shown in Figure 11.  When the damping ratio is 

considered, the accuracy of the identified results decreases with larger damping as discussed earlier.  

5. Experimental verification 

5.1 Experimental setup 

A vehicle-bridge interaction model was built in the laboratory as shown in Figure 15. The model consists of 

three rectangular steel beams as shown in Figure 15(a) and 100mm wide and 15mm deep steel beams. The 

main beam in the middle is continuous simply-supported over two spans with 3m each. A leading beam and a 

trailing beam are sitting in front of and behind the main beam to allow for acceleration and deceleration of the 

vehicle and the length of these beams is 3m. Figure 15(b) shows the instrumentation of the bridge with wired 

sensors at the bottom surface of the beam for modal test. Vehicle model of different configurations with one 

and two-axle are fabricated for the study. The two-axle vehicle model has four steel wheels. It is used to 

simulate the unknown traffic on the bridge. One-axle vehicle is fabricated to simulate the SDOF model towed 

by the two-axle vehicle model. The mass of the one- and two-axle vehicles is 2 and 4kg, respectively. A 

BeanDevice AX-3D wireless sensor was installed on each vehicle to measure the vertical acceleration. An U-

shaped aluminium section was glued along the centre of the upper surface of the beams as direction guide for 

the vehicles. The model vehicles were pulled along the guide with an electric motor. Figure 15(c) shows the 

vehicles on the beam. Laser sensors were installed to record the time instants when the vehicles arrive at and 

exit from the main beam. These time instants are used to calculate the moving speed of the vehicle.  

Before the vehicle-bridge interaction test, modal test were conducted on the bridge and vehicle models with 

hammer impact excitation. The PCB352C34 accelerometers from PCB Piezotronics were used to measure the 

dynamic responses. Eight accelerometers were placed evenly on the bridge beam to collect data for 

experimental identification of the mode shape. National Instruments data acquisition system was used. The 

first modal frequency of the bridge was identified as 5.68 Hz and that of the single-axle vehicle is 29.37Hz. 

The corresponding mode shape was also identified from the modal test. 

In the vehicle-bridge interaction test, a wireless sensory system was setup with devices manufactured by 

Beanair Gmbh. BeanDevice AX-3D wireless accelerometer was selected to measure the dynamic responses. 

Two wireless sensors were used with one installed on the single-axle vehicle as the moving sensor and one 

installed on the bridge beam (at 1.1m to the right support) as the reference sensor, as shown in Figure 16. 

BeanGateway was used to control the wireless sensors.   

5.2 Experimental results 
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Three different cases with varying weights of the two-axle vehicle are considered. No extra weight is added in 

Case 1. 2.5 and 5kg-weights are loaded on the two-axle vehicle, respectively in Cases 2 and 3. Notations m1, 

m2 and m3 are used to denote these three cases. The vehicles were pulled with three different speeds at 

approximately 0.10, 0.14 and 0.21m/s, respectively which are denoted respectively by v1, v2 and v3 in the 

following discussions. Five sets of data from different test configurations were analyzed including the vehicle 

with three different weight moving with speed v2 and the case m2 moving with two speeds.  

Measurements from the moving and stationary sensors were analyzed with the proposed method to identify the 

first mode shape of the beam in each of the five tests. Each signal is divided into eight segments. The 

identified operational mode shape values are compared with those from modal tests using MAC values. Figure 

17 presents the identified results for the three cases when the moving speed is v2. When no extra weight is 

added on the vehicle, the MAC value is about 0.98, which is quite accurate relative to that experimental mode 

shape. When the weight of the two-axle vehicle increases, the MAC value of the identified results decreases. 

This may be due to stronger non-stationary interaction between the vehicle and the bridge models when under 

the heavier vehicle. This has been discussed with the third term on the RHS of Eq. (9) when the vehicle weight 

is large compared to the total mass of the bridge. Figure 18 shows the results for the weight case m2 with three 

different moving speeds. The MAC value decreases from about 0.98 to 0.94 when the speed increases from 

0.10 to 0.21m/s. This observation gives experimental evidences that a slower moving speed tends to provide 

more accurate identified results.   

5.3 Improve the accuracy of the experimental identification results by averaging 

For the weight case m2 with moving speed v2, two more tests were conducted by locating the reference sensor 

at 1.8m and 2.6m to the right support. The MAC value of the identified result are respectively 0.9630 and 

0.9457. The latter location of the reference sensor is very close to the middle support, and the MAC value is 

small. The identified results are shown in Figure 19. However, when the three sets of identified mode shapes 

values are averaged as shown in the figure, the MAC value improves to 0.9731. This indicates that the 

accuracy of the identified results can be improved by averaging results obtained from different locations of the 

reference sensor.  

6. Conclusions 

A multiple-setup Reference-based SSI method is proposed to identify the bridge modal parameters using two 

instrumented vehicles. It is experimentally validated with a vehicle-bridge interaction model equipped with 

wireless monitoring system in the laboratory. One vehicle remains stationary during the whole procedure as 

the reference sensor, and the other vehicle measures the dynamic response while moving over the bridge 

simultaneously. Numerical and experimental results show that the proposed method is effective and robust to 
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identify the bridge modal parameters from dynamic responses of two vehicles. When the bridge surface 

roughness is Class A and the measurement noise is less than 10%, the bridge mode shapes can be estimated 

with good accuracy. When the bridge has a Class B surface roughness, the effect of the road roughness should 

be reduced before the proposed method can be used. However, the quality of the identified mode shape can be 

significantly improved by averaging results obtained from different locations of the reference sensor. The 

proposed method is also found to give more accurate results with a slow moving speed and a lighter vehicle.  
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Figure 1 Vehicle-bridge system 

 

 

Figure 2 Measurement setup 
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(a) Dynamic responses of the vehicles 

 

(b) Normalised spectrum of the vehicle responses 

Figure 3 Dynamic responses and their spectrum of the vehicle moving on the bridge with Classes A and B 
surface roughness 
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(a) Stabilization diagram with Class A surface roughness 

 

(b) Stabilization diagram with Class B surface roughness 

Figure 4 Identified results of the bridge from the response of one vehicle 
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(a) Dynamic responses of two vehicles 

 

(b) Their spectra 

Figure 5 Dynamic responses of the moving and reference vehicles and their spectra 
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(a) Identified first mode shape with 5 and 9 segments 

 

 

(b) Identified  second mode shapes with 6 and 10 segments 

Figure 6 Identified mode shapes with different segment numbers 
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Figure 7 Dynamic responses of the vehicles when the surface roughness is Class A 
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(a) Identified first mode shape 

 

(b) Identified second mode shape 

Figure 8 Identified mode shapes of the bridge with Class A roughness 
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(a) Identified first mode shape 

 

 

(b) Identified second mode shape 

Figure 9 Effect of measurement noise on identified results 
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(a) Identified first mode shape 

 

(b) Identified second mode shape 

Figure 10 Effect of vehicle speeds on identified results  
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Figure 11 Relation between Magnification Factor with the frequency ratio for different damping ratios 
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(b) Identified second mode shape  

Figure 12 Effect of vehicle weights on identified mode shapes  

 

(a) Identified first mode shape 
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(b) Identified second mode shape 

Figure 13 Effect of vehicle stiffness on identified mode shapes  
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(b) Identified second mode shape 

Figure 14 Comparison of identified mode shapes considering different vehicle damping ratios 

 

 

 

(a) Schematic diagram of the VBI test system in the lab 

 

(b) Instrumentation with 8 wired sensors on the beam 
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(c) Bridge model subjected to moving vehicles 

Figure 15 Vehicle-bridge interaction model 

 

                             

 (a) Wireless sensor on the vehicle                             (c) Wireless sensor on the bridge 
                   Figure 16 Installation of the wireless sensors  
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Figure 17 Identified mode shapes using vehicles with different weights 

 

Figure 18 Identified mode shapes with different moving speeds 
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Figure 19 Identified mode shapes considering different locations of reference sensor 
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