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Abstract

An efficient hybrid uncorrelated wall plane waves (UWPW)-boundary element
method (BEM) technique is proposed to predict the flow-induced noise from a struc-
ture in low Mach number turbulent flow. Reynolds-averaged Navier-Stokes (RANS)
equations are used to estimate the turbulent boundary layer parameters such as con-
vective velocity, boundary layer thickness and wall shear stress over the surface
of the structure. The spectrum of the wall pressure fluctuations is evaluated from
the turbulent boundary layer parameters and by using semi-empirical models from
literature. The wall pressure field underneath the turbulent boundary layer is synthe-
sized by realisations of uncorrelated wall plane waves. An acoustic BEM solver is
then employed to compute the acoustic pressure scattered by the structure from the
synthesized wall pressure field. Finally, the acoustic response of the structure in tur-
bulent flow is obtained as an ensemble average of the acoustic pressures due to all
realisations of uncorrelated plane waves. To demonstrate the hybrid UWPW-BEM
approach, the self-noise generated by a flat plate in turbulent flow with Reynolds
number based on chord Rec = 4.9 × 105 is predicted. Results are compared with
those obtained from a large eddy simulation (LES)-BEM technique, as well as with
experimental data from literature.
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1 INTRODUCTION

Prediction of flow-induced noise is required for a wide range of applications including gas-turbine blades, helicopter rotors,
wind turbines, cooling fans and aircraft wings. The only numerical approach that can simultaneously resolve flow structure, flow
noise sources, and capture the scattered and radiated sound from the body in the flow is direct numerical simulation (DNS)1.
However, DNS is computationally extremely expensive, particularly at high Reynolds number as the entire range of spatial and
temporal scales of the turbulence are resolved. Even with high performance computers and the ability to store large quantities of
data, a single relatively simple model can still take several months to solve. As such, DNS is not suitable to examine the effect
of design modifications for a range of operating conditions on flow noise predictions. An alternative approach is to consider
splitting techniques corresponding to hybrid hydrodynamic/acoustic methods in which flow noise sources are extracted from
CFD data and applied as an input to an acoustic analogy to predict the scattered and radiated sound by a body immersed in the
flow.
Hybrid LES-acoustic analogy techniques have been developed that provide a high fidelity approach to predict the flow induced

noise from a body submerged in the flow2,3,4,5,6,7. The LES simulations are able to capture the fluctuating flow noise sources
with great detail over a wide range of frequencies. An incompressible large eddy simulation was performed byWang and Moin2

to simulate turbulent flow over a flat strut, with the predicted hydrodynamics comparing well with experimental results reported
by Blake8. Seo and Moon4 developed a modified version of the perturbed compressible equations known as the linearised
perturbed compressible equation (LPCE). They showed that the LPCE method can accurately predict the sound pressure field
radiated from turbulent flow past a cylinder. Moon et al.9 investigated the flow-generated noise from a flat plate at zero angle of
attack in subsonic turbulent flow using a hybrid LES-LPCE technique. Manoha et al.10 performed LES of trailing edge flow and
computed the radiated noise using Lighthill’s acoustic analogy. Compared to DNS, the computational cost using LES is reduced
by ignoring the smallest length scales of the turbulence. However even using LES to resolve the transient hydrodynamic flow
field around a body for high Reynolds numbers still requires long simulation run times and large data storage requirements. The
development of efficient methods that are able to predict flow noise characteristics while preserving the turbulent flow physics
forms the motivation for the current work.
Statistical models have been proposed to predict flow noise sources using mean flow data from a steady-state RANS solu-

tion11,12. RANS is capable of predicting mean values of turbulent boundary layer parameters with good fidelity, even for
complicated geometries and range of flow conditions. Two main methods are usually used in conjunction with RANS data to
predict flow-induced noise sources. In the first method, termed the synthetic turbulence reconstruction method, RANS mean
flow data is applied to reconstruct a turbulent velocity flow field. For example, the stochastic noise generation radiation method
which is based on random Fourier modes uses a RANS solution to generate an instationary turbulent velocity field with the
same local statistical properties as the RANS solution11. This generated turbulent field is then used for evaluating source terms
in the linearized Euler equations13 or using an acoustic analogy (for example, see Refs14,15). Airframe and jet noise sources
were modelled using the random particle-mesh method introduced by Ewert16, which is capable of reconstructing a turbulent
velocity field from RANS data. However, subsequent calculation of flow noise sources from a reconstructed turbulent velocity
flow field for a large CFD domain is very time consuming, thus defeating the motivation to conduct a RANS simulation. In
the second method, RANS mean flow data is applied to predict the pressure fluctuations at the surface of a structure under a
turbulent boundary layer17. Turbulent boundary layer (TBL) models that estimate surface pressure fluctuations include a single-
point spectrum of wall pressure model and a wavenumber-frequency spectrum model. The single-point spectrum defines the
frequency distribution at each point18,19,20,21. The wavenumber-frequency spectrum model provides the wavelength distribu-
tion22,23,24,25,26. Several hybrid RANS-acoustic analogy methods have been developed with specific application for trailing edge
noise prediction in aeroacoustics by approximating the airfoil as an infinitely thin flat plate27,28. Maxit29 modelled a vibrating
panel excited by a turbulent boundary layer in which the wall pressure field from a TBL was simulated using realisations of
uncorrelated wall plane waves (UWPWs). Using the UWPW technique, a good estimation of the panel response was obtained
even when a relatively small number of realisations were considered. The UWPW technique is adopted here to synthesize the
wall pressure field on the surface of a body immersed in turbulent flow, as an input to a model using the boundary element
method to predict the far-field acoustic responses.
The boundary element method (BEM) is an efficient approach in computational acoustics for exterior problems in an

unbounded fluid medium since it only requires the discretisation of the surface of the body, thus avoiding the need to discretise
the acoustic domain. Hybrid CFD-BEM techniques applied to aeroacoustic scattering typically extract acoustic sources from
transient CFD simulations30,31. In contrast, Ostertag et al.32 extracted flow noise sources from steady-state RANS data rather



Karimi ET AL 3

than transient CFD data. They then used a BEM technique to predict the aeroacoustic scattering from the trailing edge of an
airfoil. The BEM was implemented by Khalighi et al.33 to derive a boundary integral equation from Lighthill’s wave equation.
The method was applied to predict the sound pressure field radiated by turbulent flow past a cylinder and an automotive side
mirror, as well as the trailing edge noise from an airfoil33. For all cases, the predicted radiated sound field matched well with
experimental measurements. Croaker et al.34 presented a particle accelerated hybrid CFD-BEM technique to predict low Mach
number flow induced noise, the scattering of this noise by a body immersed in the flow and the resulting far-field sound pressure.
The hybrid CFD-BEM technique was performed to predict the vortex shedding sound waves scattered by a two-dimensional
cylinder6. The scattered far-field sound pressure was shown to compare well with results obtained using Curle’s analogy for
acoustically compact bodies.
This work presents an efficient aeroacoustic numerical method for prediction of flow induced noise from structures in low

Mach number turbulent flow using a hybrid UWPW-BEM technique. The mean flow and turbulence statistics of the flow over a
structure are predicted using an incompressible RANS simulation. The novelty of the proposed technique is the coupling between
the hydrodynamics and acoustics solvers using an uncorrelated wall plane wave technique to synthesize the fluctuating pressures
on the surface of the structure from the RANS data. To ensure that the turbulent flow physics were accurately captured, a range
of models for the auto and normalised cross spectrum functions were implemented to compute the cross spectrum of the wall
pressure. Each realisation of the synthesized wall pressure field was then used as the input to a BEM model of the body, from
which the acoustic response for that realisation was predicted. The total acoustic response due to flow-induced noise from the
body in a turbulent flow field was then obtained from an ensemble average for the number of realisations considered. The effects
of the number of realisations on the synthesized wall pressure, incident pressure field from the turbulent boundary layer, and far-
field scattered pressure are explored. The efficiency of the proposed approach is three-fold. First, the hydrodynamic simulation
run time to resolve the fluid dynamics is significantly reduced using RANS compared to LES. Second, an acoustic solver based
on the BEM requires discretisation of the acoustic domain on the surface of the structure. As such, only pressure spectra on
the surface of the body need to be estimated. Third, the hydrodynamics and acoustics techniques are efficiently coupled using
wall pressure spectra from the uncorrelated wall plane wave technique. The accuracy of the proposed UWPW-BEM approach
is validated against data obtained from a hybrid LES-BEM solver as well as experimental data measured in the anechoic wind
tunnel at the University of Adelaide.

2 HYBRID UWPW-BEM TECHNIQUE

Figure 1 illustrates the computational sequences for the UWPW-BEM approach using the RANS simulation. First, a CFD
mesh is created from the geometry in a CFD solver. A RANS simulation is performed to estimate the turbulent boundary layer
parameters (convective velocity, boundary layer thickness, displacement thickness, momentum thickness and wall shear stress)
over the surface of a structure for a given geometry and flow condition. The cross spectrum of the wall pressure is evaluated
from the turbulent boundary layer parameters using semi-empirical models. The spectra of the wall pressure is then applied
in conjunction with the UWPW technique to obtain the wall pressure field. The wall pressure field is then used as an input to
the BEM acoustic solver. Within the BEM, the scattered acoustic pressure is computed using the generalized minimal residual
(GMRES) method which is an efficient iterative solver35. This process is repeated for each realisation of the wall pressure field.
Finally, the acoustic response of the system is obtained from an ensemble average of the different realisations of the wall pressure
fields at each frequency. The methodology for the sequences is presented in what follows.

2.1 Reynolds-averaged Navier-Stokes simulation
To resolve the fluid dynamics, a steady-state RANS simulation is conducted. Using Reynolds decomposition, the solution vari-
ables in the Navier-Stokes equations are decomposed into their mean and fluctuating components. The instantaneous velocity
is written as ui = ui + u′i, where ui and u

′
i are respectively the mean and fluctuating velocity components. Similarly, other scalar

quantities such as pressure and energy are decomposed into their mean and fluctuating components. Substituting expressions of
this form for the flow variables into the instantaneous continuity and momentum equations and taking a time average yields the
time-averaged momentum equations, which can be written in the following Cartesian tensor form36

)
)xi

(

ui
)

= 0 (1)
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FIGURE 1 Flowchart of the computational process for the UWPW-BEM approach using uncorrelated wall plane waves (TBL
= turbulent boundary layer, WPF = wall pressure field).
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where p is the mean pressure, �f is the fluid density and Rij are the Reynolds stresses. Equations (1) and (2) are Reynolds-
averaged Navier-Stokes equations. In general, they are in the same form as the instantaneous Navier-Stokes equations, with the
velocities and other solution variables now representing time-averaged values. The Reynolds stress terms are modelled using
functions containing empirical constants and information about mean flow. Many different turbulence models have been devel-
oped and since none of them are expected to be universally valid for all types of flows, a suitable model should be implemented
based on the geometry of the struture and turbulent flow under investigation. Turbulent boundary layer parameters correspond-
ing to convective velocity, boundary layer thickness and wall shear stress are extracted from the CFD data in order to synthesize
the wall pressure fluctuations on the surface of the body using the uncorrelated wall plane wave technique.
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2.2 Uncorrelated wall plane wave technique
The uncorrelated wall plane wave technique recently introduced by Maxit29 is used to simulate the pressure field beneath a
turbulent boundary layer using realisations of UWPWs. The UWPW approach is summarized in what follows. The space-
frequency cross spectrum of the wall pressure fluctuations is given by37,29

STBL
pp (x − x′, !) = Ψpp(!)

(

Uc
!

)2

S̃pp(x − x′, !) (3)

where Ψpp(!) and S̃pp(x − x′, !) are respectively the auto spectrum density (ASD) function and normalized cross spectrum
density (CSD) function of the pressure field. Uc is the convective velocity and ! is the angular frequency. The wall pressure
spectrum in the physical space is related to the wall pressure spectrum in the wavenumber space �pp(k, !) by the space Fourier
transform as follows

STBL
pp (x − x′, !) = 1

4�2 ∫
∞

�pp(k, !)eik(x−x
′)dk (4)

where i =
√

−1 is the imaginary unit and k is the wavevector with components of kx and ky in the streamwise and spanwise
directions, respectively. The improper integral in this transformation can be approximated using the rectangular rule by truncating
and regularly sampling the wavenumber space as follows

STBL
pp (x − x′, !) ≈ 1

4�2

p
∑

i=1

q
∑

j=1
�pp(kix, k

j
y, !)e

ik(x−x′)�kx�ky (5)

where �kx, �ky are the wavenumber resolutions in the streamwise and spanwise directions, respectively. The total pressure
beneath a turbulent boundary layer can be represented by a set of UWPWs. Hence, the CSD function of the pressure induced
by this set of wall plane waves can be written as

SUWPW
pp (x − x′, !) =

p
∑

i=1

q
∑

j=1
(SAA)ijeik(x−x

′) (6)

where (SAA)ij are the stochastic amplitudes of the UWPWs. Equations (5) and (6) allow the CSD function of the pressure field
by the TBL to be approximately equal to the CSD function of the UWPWs if the amplitudes of the UWPWs are defined by

(SAA)ij =
�pp(kix, k

j
y, !)�kx�ky
4�2

. (7)

The amplitude of each wall pressure plane wave is in fact defined such that the whole set can represent the statistical properties
of a wall pressure field generated by a TBL.
The wall pressure fluctuations beneath the turbulent boundary layer using the UWPW technique for the nth realisation at the

lth node can be expressed by29

pninc(x
l, !) =

p
∑

i=1

q
∑

j=1

√

�pp(kix, k
j
y, !)�kx�ky
4�2

ei(k
i
xx

l+kjyyl+'nij ) (8)

�pp(kx, ky, !) = Ψpp(!)
(

Uc
!

)2

�̃pp(kx, ky, !) (9)

where x, y respectively represent the axes in the streamwise and spanwise directions. �̃pp(kx, ky, !) is the normalized CSD of
the wall pressure field and ' is a random phase uniformly distributed in [0 2�]. Note thatΨpp(!) is a one-sided radial frequency
spectrum, Ψpp(!) was multiplied by 2� to convert it to a one-sided cyclic frequency spectrum density Ψpp(f ).
The cross spectrum of the wall pressure can be computed using different models for the auto spectrum function and the nor-

malised cross spectrum function independently from each other. In this work, the Goody20 model was used for the auto spectrum
function and the Chase23, Corcos22 and generalized Corocs models26 were considered for the normalised cross spectrum func-
tion. Equation (8) is then used to synthesize the TBL pressure fluctuations on the surface of a structure. Prediction of the pressure
scattered by the structure using the BEM for each realisation of the wall pressure field obtained from the UWPW technique is
described in the proceeding section.
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2.3 Boundary element method
Assuming a time harmonic dependence of the form e−i!t, the Helmholtz equation is given by

Δpf (x, !) + k2fpf (x, !) = −S, (10)

where pf (x, !) is the acoustic pressure at field point x, Δ is the Laplacian operator, kf = !∕cf is the acoustic wave number,
cf is the speed of sound and S is the source. Equation (10) can be written as a boundary integral equation after integrating by
parts twice and using Green’s theorem as follows38

c(x)pf (x, !) + ∫
Γ

)G(x, y, !)
)n(y)

pf (y, !) dΓ(y) = i!�f ∫
Γ

G(x, y, !)vf (y, !) dΓ(y) + pinc(x, !) (11)

where Γ is the boundary surface of the body. The vector n(y) represents the outward normal vector at the source point y and
)∕)n(y) is the normal derivative. va(y) is the fluid particle velocity and is related to the normal derivative of the acoustic pressure
as follows

vf (y, !) =
1

i!�f

)pf (y, !)
)n(y)

. (12)

pinc(x, !) is the acoustic pressure incident as a result of the acoustic source. c(x) is a free-term coefficient and equals 1 in the
domain interior and 0.5 on a smooth boundary.G(x, y, !) is the free-space Green’s function for the Helmholtz equation given by

G(x, y, !) = eikf r

4�r
where r = ‖x − y‖. (13)

For a rigid structure, the fluid particle velocity at the surface of the structure is zero, that is, vf (y, !) = 0, y ∈ Γ. In order
to predict the acoustic pressure in the domain, the pressure on the surface of the scatterer has to be initially determined. The
surface of the scatterer was discretised using discontinuous quadrilateral elements due to their super convergence. The acoustic
pressure on each element is then expressed using interpolation functions and the nodal values as follows38

pf (y, !) =
M
∑

i=1
Φi(y)pi(!) (14)

whereΦi(y) are interpolation functions,M is the number of nodal points in each element and pi represents the acoustic pressure
at nodal points. Substituting equation (14) into equation (11), the BEM formulation is obtained as a linear system of equations
given by

Hpi = pinc (15)
whereH is the BEM coefficient matrix and is complex and non-symmetric. Vectors pi and pinc respectively represent the acoustic
pressure and incident pressure at nodal points. Once the scattered pressure on the surface of the structure is obtained using
equation (15), the far-field acoustic pressure pnf (x, !) for the n

th realisation is computed as follows

pnf (x, !) = −hpi (16)

where h is the BEM far-field matrix. The aforementioned process is repeated for each realisation of the wall pressure field. The
scattered acoustic response is then obtained from the ensemble average of the responses computed for the number of realisations
considered at each frequency as follows

SNpp(x, !) = E
[

pnf (x, !)(p
n
f (x, !))

∗
]

n∈{1,...,N}
(17)

where E represents the ensemble average over the number of realisations and the asterisk ∗ denotes the complex conjugate.

3 HYBRID LES-BEM TECHNIQUE

To validate the proposed UWPW-BEM approach, a hybrid LES-BEM technique is employed to predict the interaction of flow
induced noise with a body submerged in turbulent flow. Figure 2 illustrates the numerical procedure in the hybrid LES-BEM
technique. The geometry of the CFD domain is initially created. The CFD domain is meshed and implemented in a transient
CFD simulation. Velocity components from the simulation are extracted to calculate the flow noise sources. Since these sources
are in the time domain, a discrete Fourier transform (DFT) is performed to convert the data into the frequency domain. Next,
the incident pressure on the surface of the structure due to the flow noise sources is predicted using Lighthill’s acoustic analogy
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and used as an input to the BEM solver. In the BEM, the geometry of the scatterer is meshed using discontinuous quadrilateral
elements. The scattered acoustic pressure is computed using the GMRES method. Finally, the scattered field is added to the
direct field from the flow noise sources to generate the total acoustic pressure.
LES is governed by filtered Navier Stokes equations as follows39

)
)xi

(

ũi
)

= 0 (18)

)ũi
)t
+
)(ũiũj)
)xj

= − 1
�f

)p̃
)xi

+ )
)xj

(

�
)ũi
)xj

)

−
)�ij
)xj

(19)

where ũ and p̃ are resolved-scale components of velocity and pressure, respectively. �ij = �f (ũiuj − ũiũj) are subgrid-scale
turbulent stresses. The analysis was performed at low Mach number for which the flow can be well approximated by the incom-
pressible Navier-Stokes equations. Further, the effect of background mean flow on the scattered sound was neglected as it was
found to have negligible effect on far-field sound at low Mach number40.
Calculation of noise sources using velocity components extracted from the LES simulation is described in what follows. The

source S in equation (10) is replaced with a double spatial derivative of Lighthill’s tensor14

S =
)2Tij
)yi)yj

(20)

where Tij = �fuiuj is the approximate Lighthill’s tensor (at low Mach number), and ui, uj are the ith and j th components of
the instantaneous velocity vector, respectively. The particular solution of the non-homogenous Helmholtz equation due to this
source can be expressed by

pinc(x, !) = ∫
Ω

)2Tij(y)
)yi)yj

G(x, y, !) dy (21)

whereΩ is the computational domain. Equation (21) was solved using formulations for the near-field pressure which is described
in detail by Croaker et al.31. The solution of equation (21) inside the source region is the total pressure, which includes both
hydrodynamic and acoustic contributions. Applying this total pressure as an incident field to a BEM model of the scatterer has
been previously shown to produce accurate far-field sound predictions6,33.

4 RESULTS AND DISCUSSION

A flat plate considered in the experiment conducted by Moreau et al.41,42 in an anechoic wind tunnel was modelled here as a
rigid structure. Therefore, the vibration of the plate due to the hydrodynamic pressure is neglected. The plate has a chord of
200mm, a span of 450mm, and a thickness of 5mm. The leading edge is circular with a diameter of 5mm while the trailing
edge is a symmetric wedge shape with an apex angle of 12◦ as shown in figure 3. The experimental setup for the plate in the
anechoic wind tunnel is shown in figure 4. The anechoic wind tunnel contains a contraction outlet that is rectangular in cross
section and has dimensions of 75mm × 275mm. The span of the plate extended beyond the width of the contraction outlet to
eliminate the noise produced by the interaction of the side plate boundary layers with the leading edge. The plate was tested
with zero angle of attack and the radiated sound pressure was measured at 585mm above the trailing edge.

4.1 Hydrodynamic results
4.1.1 CFD model
Incompressible flow past the plate was simulated at a Reynolds number based on chordRec=4.9×105 andMach numberM=0.1.
At this Reynolds number, the flow was in the turbulent unsteady regime and was three dimensional. A C-grid computational
domain was used to minimize the boundary condition influence, which was extended two chords above and below the plate,
two chords upstream and three chords downstream, as shown in figure 5. A sponge layer extended the computational domain in
the downstream direction for two chords with the cell size growing rapidly in the sponge layer in the streamwise direction. The
sponge layer was implemented to allow the vortical disturbances in the wake to leave the computational domain smoothly. This
was done by defining a cosine function in terms of x which increased the viscosity through the layer.
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FIGURE 2 Flowchart of the computational process for the LES-BEM approach using Lighthill’s acoustic analogy.

FIGURE 3 Sharp-edged flat plate dimensions

4.1.2 RANS simulation
A single two-dimensional slice of the CFD model was used to perform a steady RANS simulation in Fluent based on Menter’s
shear-stress transport (SST) k − ! model. A pressure-based algorithm was employed to solve the RANS equation. The semi-
implicit method for pressure-linked equations (SIMPLE) was used for pressure-velocity coupling. A second-order upwind
scheme was used for the spatial discretization. The two-dimensional mesh contained approximately 320,000 quadrilateral cells.
The sponge layer was inactive in the RANS simulation. The inlet velocity was set to 35 m/s on the semi-circular boundary, while
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FIGURE 4 Experimental setup for the flat plate in the anechoic wind tunnel at the University of Adelaide41

4C 2C 

FIGURE 5 Schematic diagram of the shape and size of the CFD domain

a zero average pressure was imposed at the outlet. A no-slip condition was applied on the surface of the plate, and the top and
bottom boundaries were considered as free-slip walls.

4.1.3 LES simulation
The LES simulation was performed in Fluent in 3Dwith flow periodicity assumed at the side boundaries. The Smagorinsky-Lilly
model was used to model the Subgrid scales in turbulence. A pressure-based segregated algorithm was employed to solve the
non-linear and coupled governing equations sequentially. The pressure implicit with splitting of operators (PISO) algorithm was
employed in the numerical simulations. The simulations were second-order accurate in time and space, with a bounded central
difference scheme used for the spatial discretization and a bounded second-order scheme used for the temporal discretization.
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A fully hexahedral mesh with approximately 10 million cells was created. The mesh distribution was biased so that the region
near the plate and also the wake region contained high cell density to resolve eddies and fluctuations. Apart from the vicinity of
the leading edge, the resolution of the near-wall grid on the plate in terms of wall unit was Δx+ ≤ 29, Δy+ ≤ 1 and Δz+ ≤ 4.7,
where x, y and z respectively represent streamwise, wall-normal and spanwise directions. A spanwise extension was selected as
10% of the plate chord. The time step was 3 × 10−7s and the maximum Courant-Friedrichs-Lewy number was 0.4. Prior to the
LES simulation, a transient simulation based on Menter’s shear-stress transport (SST) k − ! model was performed as an initial
condition for the LES.
To visualize the flow structures within the boundary layer and at the trailing-edge, theQ-criterion as described by Chakraborty

et al.43 was employed. The Q-criterion corresponding to the second invariant of the velocity gradient tensor provides an indi-
cation of balance between strain rate and vorticity magnitude, and identifies vortices as regions where the vorticity magnitude
is larger than the magnitude of strain rate. Figure 6 shows the iso-surfaces of the Q-criterion non dimensionalised by (U∞∕ℎ)2,
where ℎ is the plate thickness and U∞ is the free-stream velocity. The fluctuating flow structures in the boundary layer and wake
produce pressure disturbances which interact with the surface of the plate and travel to the far field as sound.

FIGURE 6 Flow structures over the flat plate at Rec = 4.9 × 105 and Mach number M = 0.1; Iso-surface of Q = 0.2, non
dimensionalised by (U∞∕ℎ)2

The instantaneous spanwise vorticity over the flat plate is shown in figure 7. To illustrate the effectiveness of the sponge layer
at damping out the vorticity, a vertical line has been drawn which denotes the location where the sponge layer begins. It can be
seen that the vorticity contours are smoothly reduced in magnitude through the sponge layer, with no reflection evident from the
downstream boundary.

4.1.4 Velocity profile and spectral map
A comparison between the near wake mean velocity profile extracted from LES and RANS simulations with the mean velocity
profile obtained experimentally from the wind tunnel measurements is depicted in figure 8, where U is the mean velocity. Good

FIGURE 7 Instantaneous spanwise vorticity contours at the mid-span
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agreement between numerical results obtained in this work and experimental results by Moreau et al.42 can be observed. Figure
8 shows that the velocity profile is mostly symmetric about the trailing edge. Figure 9 compares the computed root-mean-square
(RMS) fluctuating velocity with experimental results, where u′ is the fluctuating velocity. The current LES model overpredicts
the fluctuating velocity at the region near the trailing edge (−0.1 < y∕c < 0.1). The velocity was measured in the vertical
direction y at a constant x position of 0.6mm from the trailing edge. Figure 10 presents the spectral map of the fluctuating
velocity measured in the vertical direction at the trailing edge obtained experimentally and numerically using LES. The spectral
maps indicate that the power spectral density of the fluctuating velocity is well predicted near the trailing edge for the entire range
of frequencies. Significant low frequency turbulent fluctuations outside the plate boundary layer are observed in the experiments.
This is attributed to the effect of the shear layer formed by the interaction of flow with the contraction outlet in the experiment.
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FIGURE 8 Normalized mean velocity profile (U /U∞) measured in the near wake of the flat plate
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(a)

(b)

FIGURE 10 Spectral maps of the power spectral density of the fluctuating velocity measured near the trailing edge in the vertical
direction at x∕c=0.0035; (a) experimental results and (b) LES results

4.2 Realisations of synthesized wall pressure field
The TBL parameters corresponding to the convective velocity, boundary layer thickness, displacement thickness, momentum
thickness and wall shear stress were extracted from the RANS simulation and used to evaluate the cross spectrum density of
the wall pressure field. The Goody model described in Appendix A was employed for the auto spectrum density function. The
Chase, Corcos and generalized Corcos models as described in Appendix B were utilized for the normalized cross spectrum
density function.
Although only 275mm of the plate span was exposed to the contraction outlet, the incoming flow from the outlet affects a

wider surface of the plate. To take into account this effect, a Hann window is applied to the wall pressure fluctuations over the
surface of the plate as shown in figure 11. The coefficient of a Hann window was computed from the following equation

w(y) =

⎧

⎪

⎨

⎪

⎩

1
2

(

1 − cos
(

2� y
Lℎ

))

, y ≤ Lℎ
1, Lℎ < y < (Lp − Lℎ)
1
2

(

1 − cos
(

2� Lp−y
Lℎ

))

, y ≥ (Lp − Lℎ).

⎫

⎪

⎬

⎪

⎭

(22)

According to this function, the magnitude of the surface pressure decreases with increasing distance from the contraction outlet
and vanishes at the sides of the plate. This can be observed in figure 12 which presents two realisations of the wall pressure field
on the surface of the flat plate at 0.6 kHz and 2.2 kHz using the Chase, Corcos and generalized Corcos models. The visualization
of the surface pressure field in figure 12 shows that at low frequencies, a coarse mesh can resolve the waves as they have larger
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FIGURE 11 Hann window applied to the pressure field at the both sides of the contraction outlet (dimensions in mm)

wavelengths. However, at higher frequencies, a finer mesh is needed to properly describe and synthesize the wall pressure field
for plane waves with short wavelengths. The criteria for choosing the mesh size is discussed later in the paper. Figure 12 shows
that the wall pressure field pattern obtained using all three models are very similar. However, using the Chase model, a lower
pressure field was obtained at low frequency (below 1 kHz) compared with other two models. Hence, it can be concluded
that using the Chase model, the proposed method will produce far-field pressure of lower amplitude than the far-field pressure
predicted using the Corcos or generalised Corcos models.

4.2.1 Effect of the number of realisations on the synthesized wall pressure and the scattered
pressure
To investigate the effect of the number of realisations on the wall pressure field, the Goody and Corcos models were implemented
in equation (8) to estimate the pressure field at a single point at the trailing edge. Figure 13 shows the power spectral density
of the TBL pressure as a function of frequency at the mid-span of the trailing edge (x, y, z)=(200, 222, 0) (dimensions in mm)
for different realisations. It can be seen that the results become smoother as the number of realisations are increased. The effect
of the number of realisations on the accuracy of the UWPW method was evaluated as follows. The result obtained using 300
realisations was selected as a converged solution and used as a reference to compute the discrepancy between results obtained
with different numbers of realisations and is shown in figure 14. For the current case study, the average error using 30 realisations
over the frequency range is less than 1 dB, which is an acceptable error from a practical point of view.
The effect of the number of realisations on the far-field scattered pressure at 585mm above the trailing edge is shown in figure

15. It can be observed that increasing the number of realisations from 30 no longer changes the scattered pressure. As such, 30
realisations was used for all subsequent calculations. It should be noted that Maxit29 also found that 30 realisations was enough
to obtain the vibration response of a simply supported plate due to TBL excitation.
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(a)

(b)

FIGURE 12 Two realisations of the wall pressure field at (a) 0.6 kHz and (b) 2.2 kHz using the Chase model (left), the Corcos
model (middle) and the generalized Corcos model (m = 1 and n = 2)(right)

4.2.2 Determination of cutoff wavenumbers and wavenumber resolutions
To correctly approximate the improper integral in the Fourier transform expressed by equation (4), criteria for choosing the cutoff
wavenumbers and wavenumber resolutions need to be defined in both the streamwise and spanwise directions. Determination of
the cutoff wavenumbers can be achieved by plotting the integrand of the integral as a function of wavenumber. Figure 16 presents
the normalised cross spectrum function of the pressure field for the Chase, Corcos and generalized Corcos models at 4 kHz, for
a free stream velocity of 35 m/s. Figure 16 (c) and (d) respectively correspond to the filter parameters (m = 1, n = 2) and (m = 2,
n = 1) for the generalized Corcos model. According to figure 16, the highest values of the integrand occurs for wavenumbers
close to the convective wavenumber kc = !∕Uc . The amplitude of the integrand decreases rapidly for wavenumbers significantly
less or greater than kc . An effective wavenumber range was selected such that the significant contributions of the integrands of
all three models were taken into account. This was achieved by ensuring that the maximum estimated error in the calculation of



Karimi ET AL 15

0.2 0.5 1 2 3 4 5 6 7 8

Frequency (kHz)

35

40

45

50

55

60

S
p
ec
tr
al

D
en
si
ty

(d
B
/H

z) N = 10 N = 30 N = 40 N = 200 N = 300

FIGURE 13 Spectral density of the incident pressure from the turbulent boundary layer at the mid-span of the trailing edge
(x, y, z)=(200, 0, 222) for different realisations (dimensions in mm)
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FIGURE14Difference in the spectral level of the surface pressure for different numbers of realisations using the results obtained
with 300 realisations as the reference solution

the wall pressure field associated with the wavenumber domain truncation was less than 1 dB for the frequency range considered
here. The selected wavenumber domain is shown in figure 16 and is given by

0 ≤ kx ≤ 2kc , −4kc ≤ ky ≤ 4kc . (23)

Since the cutoff wavenumbers are dependent on frequency and flow velocity, the criteria in equation (23) can be implemented at
all frequencies for different flow conditions.Maxit29 applied a trial and error process to find the constant wavenumber resolutions
in the two directions to represent the spatial variations in the wavenumber space of the wall pressure spectrum. In this work,
a frequency dependent increment in wavenumber is proposed which is assumed to be the same in both the streamwise and
cross-stream directions, and which is given as follows

�kx = �ky = �kc (24)
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FIGURE 15 Far-field acoustic spectra of the scattered pressure for different numbers of realisations

where � is an increment coefficient. Figure 17 shows the effect of changing the increment coefficient on the scattered pressure
above the trailing edge for the Chase and generalized Corcos models. Five different wavenumber resolutions were implemented
in the numerical procedure. It was observed that using � = 0.1 and � = 0.05, the wavenumber resolutions were not fine enough
to take into account the variation of the normalized CSD function of the wall pressure spectrum in wavenumber space. However,
very similar results were obtained using � = 0.01, � = 0.005 and � = 0.0025, confirming that a converged scattered pressure
was achieved. The increment coefficient of � = 0.005 was chosen for all subsequent calculations.

4.2.3 Criteria for the mesh size
In order to properly capture the behaviour of the hydrodynamic field on the surface of structure, the mesh size needs to be
carefully defined by taking into account the spatial distribution of the CSD function of the surface pressure. To synthesize the
wall pressure field, the Nyquist sampling theorem for space and wavenumber was adopted. The sampling wavenumber is given
by44

ks =
2�
Δℎ

, (25)
where Δℎ is the element size. According to the Nyquist theorem, the sampling wavenumber must be at least twice the highest
wavenumber of interest, that is, ks = 2kc,max. Substituting this expression into equation (25), the mesh size is given by

Δℎ = �
kc,max

, (26)

where kc,max is the convective wavenumber at the highest frequency of interest. According to the criteria in equation (23) and
considering the BEM mesh size requirement of at least 6 elements per acoustic wavelength, the grid size in the streamwise and
spanwise directions can be defined as follows

Δx = min
(

�
2kc,max

, �
3ka,max

)

, Δy = min
(

�
4kc,max

, �
3ka,max

)

(27)

Surface pressure gusts can be classified as sub- or super-critical, respectively corresponding to subsonic and supersonic phase
speeds of their trace along the leading/trailing edge with respect to the incident mean flow45. For a given flow condition, the
Graham’s parameter of less than or greater than unity corresponds respectively to sub-critical or super-critical pressure gusts.
The Graham’s parameter is given by Graham46

Θ =
Mkx
Λky

(28)

where M = U∞∕ca is the Mach number and Λ =
√

1 −M2. Figure 18 shows the Graham’s parameter in the wavenumber
domain. For an infinite-span airfoil, the contribution of the sub-critical pressure gusts to the far-field scattered pressure is zero
as they attenuate as evanescent waves away from the airfoil edges47. Although a finite-span plate is considered in this work,
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(a) (b)

(c) (d)

FIGURE 16 Colour map of normalized CSD function of the pressure field at 4 kHz. (a) Chase model, (b) Corcos model, (c)
generalized Corcos model (m = 1 and n = 2), (d) generalized Corcos model (m = 2 and n = 1)

the contribution of the sub-critical gusts to the far-field scattered pressure is negligible as the Hann window has been applied
to the incident pressure at the two sides of the contraction outlet, which forces the pressure gust magnitudes to zero at the plate
spanwise ends. Hence, the criteria defined in equation (23) can be updated as follows

0 ≤ kx ≤ 2kc ; −
Mkx
Λ

≤ ky ≤
Mkx
Λ

. (29)

Equation (29) implies that for a given kx, ky is varying between upper and lower bounds governed by two lines as depicted in
figure 18. The pressure gusts with the wavenumbers confined to the triangular region (where Θ > 1), which is formed by the
vertical line at kx = 2kc . The two lines with the slope of±M∕Λ are super-critical gusts and are expected to dominate the scattered
pressure. Using the criteria in equation (29), a much coarser mesh can be used in the spanwise direction than in streamwise
direction. This is due to neglecting larger wavenumbers in the spanwise direction which have shorter wavelength. This can be
demonstrated by visualizing the wall pressure field using the criteria in equation (29). Figure 19 shows two realisations of the
wall pressure field at the same frequencies as those used in figure 12. Comparing figure 12 with figure 19, it can be seen that
the magnitude of the wall pressure field obtained using the criteria in equation (29) is much lower than that computed using
the criteria in equation (23). This is due to the fact that using the criteria in equation (29), only a small part of the wavenumber
space domain was considered to numerically evaluate the Fourier integral in equation (4), as shown in figure 18. This results in a
significant reduction in computational time as a considerably smaller number of wall plane waves need to be taken into account.
However, the criteria in equation (23) should be used if sub-critical pressure gusts must also be taken into account.
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FIGURE 17 The effect of the wavenumber resolution on the far-field scattered pressure for the (a) Chase and (b) generalized
Corcos models

A grid refinement study was conducted to find the appropriate mesh size. This study was performed on 10% of the full span
of the plate and the cutoff wavenumbers in equation (29) were used. Five mesh sizes (6mm, 3mm, 2mm, 1.5mm and 1mm)
were considered with the same size in the streamwise and spanwise directions (i.e. Δx = Δy). Figure 20 shows that as the grid
is refined, the computed solution approaches a converged value. As such, the 6mm, 3mm and 2mm mesh sizes can be used for
obtaining a converged scattered acoustic pressure up to 2.6 kHz, 4.6 kHz and 7.4 kHz, respectively. Hence, the 2mm mesh was
used to compute the results up to 7.4 kHz. Since both 1mm and 1.5mm meshes were able to produce converged results between
7.4 kHz and 8 kHz, the 1.5mmmesh was exploited for the analysis in this upper frequency range. The power spectrum density of
the scattered pressure is shown in figure 21 using the criteria in equations (23) and (29) corresponding to the superscripts 1 and
2, respectively. The results confirm that the sub-critical pressure gust does not contribute significantly to the scattered pressure
in this case.

4.3 Far-field noise prediction
The directivity of scattered acoustic pressure (Pa) from the flat plate at four discrete frequencies, obtained by ensemble averaging
the scattered pressure over 30 realisations using the generalised Corcos model, are examined. Figure 22 shows that as the
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FIGURE 18 The wavenumber domain where Graham’s parameter is greater or smaller than unity

FIGURE 19 Two realisations of the wall pressure field at 0.6 kHz (left) and 2.2 kHz (right) using the Corcos model and the
cutoff wavenumbers in equation (29)

frequency increases from 1 to 7 kHz, the sound pressure decreases and the direction of maximum noise shifts closer to the
leading edge. At all frequencies it can be observed that there is no radiation in directions corresponding to 0◦ and 180◦, attributed
to the finiteness of the chord. Acoustic waves generated on opposite sides of the trailing edge are out of phase with the same
magnitude. They travel along the surface of the airfoil until they arrive at the leading edge where they are diffracted. At this
point, destructive interference leads to minimum noise being propagated in the upstream direction. This is consistent with the
findings reported by Oberai et al.3. In addition, due to the fact that the chord is acoustically non compact at higher frequencies,
the sound scattered by the trailing edge is back-scattered by the leading edge, resulting in multiple lobes in the directivity.
Figure 23 compares the scattered sound predicted using the proposed UWPW-BEMmethod with experimental and LES-BEM

results. The lower and upper limits of the confidence interval in the measured spectrum are -1.14 and +1.01 dB/Hz, respectively.
The UWPW-BEM results were obtained by ensemble averaging the scattered pressure over 30 realisations using the criteria in
equation (29). In the hybrid LES-BEM approach, a correction of PSDc is added to the far-field power spectral density for the
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FIGURE 21 PSD of the far field acoustic response using two cutoff wavenumber criteria in y-direction. Superscripts 1 and 2

refer to criteria in equations (23) and (29) respectively

simulated span of the plate (PSDs) to estimate the power spectral density for the entire span of the plate (PSDt) as follows

PSDt = PSDs + PSDc. (30)

The correction of PSDc is given by4

PSDc =
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(31)

where Nf is the total number of spanwise segments in contact with flow, Ls is the length of the simulated span and L′

c is
the spanwise coherence length. In both hybrid approaches, a periodic technique was implemented in the BEM model so that
the problem was represented as a block Toeplitz system48,49. Using the Toeplitz structure, the computational time and storage
requirements to construct and solve the linear system of equations in the BEM formulation were significantly reduced.
Figure 23 shows that the numerical results are in good agreement with experimental data at intermediate and high frequencies.

However, there is a difference between the numerical and experimental results at low frequencies. It should be noted that the
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FIGURE 22 Directivity of the acoustic pressure on a circle lying in the mid-span of the plate with radius of 585 mm centred at
the trailing edge at frequencies of 1 and 3 kHz (left), 5 and 7 kHz (right)

FIGURE 23 Comparison of experimental and numerical results for the far-field acoustic spectra

anechoic wind tunnel approximates a free field above approximately 250Hz. Hence, experimental data below 250Hz should
be treated with caution because the test chamber could not provide a reflection free environment at low frequencies. In the
experiment, the most significant source of low frequency noise is due to the shear layers that form at the side edges of the
contraction outlet interacting with the plate leading edge. Another possible source of low frequency noise is due to the interaction
of the shear layer with the collector located downstream of the test section. These low frequency noise sources do not exist in
the numerical model. At low frequencies, the leading edge noise of the plate in turbulent flow is dominant. At high frequencies
the trailing edge noise dominates the total generated noise.
The UWPW-BEM results are presented using the Chase, Corcos and generalized Corcos models. It has been previously

reported that the Corcos model over predicts the pressure spectrum at low wavenumbers37. However, using the generalised
Corcos model with filter orders of m = 1 and n = 2, the low wavenumbers are more accurately represented. Figure 23 shows
that there is excellent agreement between the UWPW-BEM results based on the generalized Corcos model and those obtained
from the experiment almost over the entire frequency range. The UWPW-BEM results based on the Chase model also agree
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favourably with the experimental results above 2 kHz. However at low frequencies, the Chase model significantly under predicts
the far-field sound pressure. The LES-BEM results are in good agreement with the measurements. However, the predicted
spectral level is higher than the experimental data and UWPW-BEM results which could be due to over prediction of the velocity
fluctuations in the LES simulation as shown in Figure 9. The discrepancy observed in Figure 23 could also be attributed to the
sensitivity of the surface pressure wavenumber spectra to changes in spanwise mesh resolution. The spanwise resolution of the
LES mesh could prevent the development and propagation of higher wavenumber content, thereby trapping extra flow energy
at lower wavenumbers and frequencies50.

5 SUMMARY

An efficient numerical hybrid approach for flow noise prediction in which the computation of flow is decoupled from the compu-
tation of sound has been presented. A CFD solver based on RANS was exploited to simulate the fluid dynamics and an acoustic
solver based on the BEMwas implemented for the acoustic calculations. A RANS simulation was initially conducted to estimate
TBL parameters. An uncorrelated wall plane wave technique was implemented to express the random wall pressure fluctuations.
The pressure field was then applied directly as an input to a BEM solver to calculate the scattered acoustic field. The technique
was employed to predict flow-induced noise by a sharp-edged flat plate in turbulent flow. Results were compared with those
obtained from a high fidelity LES-BEM technique as well as with experimental data from literature, showing good agreement.
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APENDIX A

AUTO SPECTRUM DENSITY FUNCTION

The Goody model
The empirical model of the auto spectrum density function of the pressure field is given by Goody20
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where RT = U 2
� �∕Ue� and Ue is the velocity at the boundary-layer edge.
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APENDIX B

NORMALIZED CROSS SPECTRUM DENSITY FUNCTION

The Chase model
The Chase’s normalized wavenumber-frequency model is given by Chase23
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(33)

The required variables and constants are as follows
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where � is the boundary layer thickness, |k| =
√

k2x + k2y, U� =
√

�w∕� and �w is the wall shear stress. CM = 0.0745,
CT = 0.0475, bM = 0.756, bT = 0.378 and ℎ = 3.

The Corcos model
The Corcos normalized wavevector-frequency spectrum is given by Corcos22
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where �x = 0.1 and �y = 0.77.

The generalized Corcos model
The normalized wavevector-frequency spectrum of the generalized Corcos model is given by Caiazzo et al.26
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