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Noise reduction performance of a compact active sound radiation control system is significantly

affected by locations of the error microphones which are required to be installed near the primary

source. In this paper, near-field error sensing for multi-channel active radiation control systems in

free field is investigated, and it is found that the optimal locations of error sensors for minimizing

the sum of squared sound pressure are between the primary source and the secondary sources dis-

tributed uniformly on a sphere surface surrounding the primary source. Both simulation and experi-

ment results show that the optimal locations of error microphones are independent of the type of

primary source when there are sufficient secondary sources. These optimal locations remain

unchanged at low frequencies and move toward secondary sources when the secondary source num-

ber increases. Therefore, for active radiation control applications in low frequency range, a compact

multi-channel system can be developed by locating error microphones between the primary source

and secondary sources. VC 2019 Acoustical Society of America. https://doi.org/10.1121/1.5127179

[JFL] Pages: 2179–2187

I. INTRODUCTION

Active sound radiation control systems, which employ

secondary sound sources and error sensors for global sound

radiation reduction, have been extensively investigated for

different noise sources such as transformers, fans, and gear-

boxes.1–4 The secondary sound sources are often placed as

close as possible to the primary source to obtain high global

noise reduction, so the compactness of such systems is

mainly determined by the error sensing strategies.5

Several near-field error sensing strategies have been

proposed for active sound radiation control. The near-field

pressure and intensity distributions of the actively controlled

plate have been studied analytically and the strategies for

near-field sensors to minimize the far-field radiation power

have been investigated.6 Four acoustic near-field sensing

strategies for the active control of the sound field radiated

from a monopole source were compared, and it was found

that using the radial active intensity at a number of positions

close to the primary source usually could give better sound

power attenuation than using the squared pressure, acoustic

kinetic energy density, or total acoustic energy density.7

The near-field sound intensity minimization does not

always provide significant improvement as compared to the

near-field squared pressure minimization in the active con-

trol of sound radiation from a vibrating plate due to the fact

that the sum of the intensities can be driven to negative val-

ues with control when the intensity sensors are placed in the

near-field of the primary source.8 The noise reduction perfor-

mance was reported for the systems employing force actua-

tors and acoustic error sensors to control the radiation from a

plate and a small transformer, and it was found that better

noise reduction could be achieved by minimizing the sum of

sound intensity if a large number of acoustic error sensors

are placed sufficiently close to the primary source.9,10

A near-field error sensing strategy was developed

recently by minimizing the weighted sum of the sound pres-

sure at a planar error microphone array near the primary

source to reduce the sound radiation to a certain direction.11

It was found that the microphone spacing should be no more

than half the wavelength of the control frequency and the

minimum size of the error microphone array should be

approximately twice the size of the primary source when the

secondary source is close to the primary source.

The research mentioned above is on error sensing strate-

gies which use either sound pressure, intensity or some kinds

of transformation to estimate the sound radiation power in

the whole space or in a certain direction. In every strategy,

the error sensor location is a critical factor for the system

performance. It is well known that the sound power reduc-

tion of a single channel system varies significantly with the

error sensor location when the cost function is the near-field

sound pressure and the optimal error sensor location is found

to be at the point of the greatest acoustic pressure attenua-

tion.5 For active control systems with two secondary sources

and one error microphone, it was shown that the error micro-

phone should be placed between the monopole primary

source and one secondary source and the optimal distance

ratio should be 0.618 for the best performance.12

The experimental results with a 4-channel active sound

radiation control system demonstrated that placing the error sen-

sors in the optimal near-field locations results in significant noise

reduction and other error sensor displacements may also provide

appreciable far-field attenuation considering the practicala)Electronic mail: jctao@nju.edu.cn
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behavior of sound sources and error sensors.13 Genetic searching

algorithms have been employed to optimize the locations of ten

error microphones in an 8-channel active transformer noise con-

trol system to achieve global noise reduction at 100 and

200 Hz.14 It is observed that the optimized locations of error

microphones differ with the frequency.

The virtual error sensing techniques, which estimate the

error signal at virtual target locations with local physical sen-

sors, have been investigated in different applications of

active noise control. The error microphones have been

placed near the secondary sources to achieve noise reduction

around the observer’s ears in an active headset design,15 and

near the top of a passive barrier to increase far filed noise

reduction in an active noise barrier system.16 A moving zone

of quiet has been effectively created in a one-dimensional

duct for narrow band noise by exerting an adaptive virtual

microphone technique,17 and the performance of the virtual

microphone techniques was tested by experiments in the

noise-reducing casings.18,19 To implement the virtual micro-

phone techniques, prior system identification is required and

the acoustic environment usually needs to be time invariant.

Despite all the research mentioned in the preceding text,

little research report has been found on the near-field error

sensing strategy for multi-channel active sound radiation

control in free field. In this paper, the secondary sources are

proposed to be evenly distributed around the primary source

while the error microphones are proposed to be placed

between the secondary sources and the primary source. The

optimal locations of error microphones in this kind of sys-

tems for a monopole primary source are analyzed first, and

then the dependence of the optimal locations on the fre-

quency, the number of secondary sources and the type of pri-

mary sources is illustrated with numerical simulations.

Finally, experimental results are presented to support the

proposed near-field error sensing strategy.

II. THEORY

Figure 1 shows a multi-channel active radiation control

system in free space, where M secondary sources and M
error microphones are evenly distributed on two sphere sur-

faces respectively centered at a primary source with a

strength of Qp. Each error microphone is on the line deter-

mined by its collaborated secondary source and the primary

source, and the error microphones are placed between the

primary source and secondary sources if the radius of the

error microphone surface dpe is smaller than the radius of the

secondary source surface dps.

The total sound pressure at the error microphones with

control can be formulated as5,20

Pe ¼ ZseQs þ ZpeQp; (1)

where Zse is an M�M matrix with the element on the ith
row and jth column being jkq0c0e�jkdse;ji=4pdse;ji for point

monopole secondary sources, dse,ji is the distance between

the jth secondary source and ith error microphone, q0 is the

air density, c0 is the sound speed, k¼x/c0 is the wave num-

ber, x is the angular frequency, Qs is the strength vector of

secondary sources, and Zpe is an M� 1 vector with all ele-

ments being jkq0c0e�jkdpe=4pdpe for a point monopole pri-

mary source.

If the sum of squared sound pressure at error micro-

phones is the cost function, the optimal strength vector of

secondary sources can be obtained by equalizing the sound

pressure at all error microphones in Eq. (1) to zero, so

Qp
s ¼ �Z�1

se ZpeQp: (2)

Because the secondary sources and error microphones

are evenly distributed, the optimal strengths of all secondary

sources are the same. Therefore, the optimal strength of the

ith secondary source can be expressed as

Qp
s;i ¼¼ �Qp

e�jkdpe

dpe

XM

j¼1

e�jkdse;ji

dse;ji

0
@

1
A
�1

: (3)

The total sound power with control can be formulated as5,20

W ¼ QH
s AQþQH

s bþ bHQs þW0; (4)

where A is an M�M matrix composed by the radiation resis-

tance between two secondary sources, b is an M� 1 vector

consisting of the mutual radiation resistance from the primary

source to secondary sources, and W0 is the sound radiation

power of the primary source only. The elements of the matrixes

in Eq. (4) are Aij¼ 0.5Z0 sinc(kdss,ij), bi¼ 0.5Z0Qp sinc(kdps),

and W0¼ 0.5Z0Qp
2, where Z0¼q0x

2=4pc0 is the self-

radiation resistance of a monopole in free space, dss,ij is the

distance between the ith and jth secondary sources, and

sinc(x)¼ sin(x)/x.

If the total sound radiation power is the cost function,

the optimal strength vector of secondary sources can be

obtained from Eq. (4) as

FIG. 1. (Color online) Sketch map of the active sound radiation control sys-

tem with M secondary sources and M error microphones.
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Qw
s ¼ �A�1b: (5)

Because of even distribution of the secondary sources,

the optimal strengths of all secondary sources are the same.

So, the optimal strength of the ith secondary source can be

presented as

Qw
s;i ¼ �Qp

sinc kdpsð Þ
XM
j¼1

sinc kdss;ijð Þ
: (6)

The noise reduction is defined as the difference between

the sound power level without and with control

NR ¼ 10 log10

W0

W
: (7)

For minimizing the sum of squared sound pressure and total

sound power, the noise reduction can be obtained, respec-

tively, as

NRp ¼ �10 log 10 1þM
XM

j¼1

sinc kdss;ijð Þ

8<
:

�
����
e�jkdpe

dpe

XM

j¼1

sinc kdse;jið Þ
dse;ji

����
2

�2Msinc kdpsð ÞRe
e�jkdpe

dpe

XM

j¼1

sinc kdse;jið Þ
dse;ji

2
4

3
5
9=
;

(8a)

and

NRw ¼ �10 log 10 1�M
sinc2 kdpsð Þ

XM

j¼1

sinc kdss;ijð Þ

2
664

3
775
; (8b)

where Re[] indicates the real part of [].

The noise reduction NRw is the maximum of the achiev-

able noise reduction because the secondary source strength

Qw
s;i is obtained by minimizing the sound power. If locations

of the error microphones can be chosen carefully to make

the secondary source strength Qp
s;i equal to Qw

s;i, the noise

reduction NRp by minimizing the sum of squared sound pres-

sure will approach NRw.

At sufficiently low frequencies, Qp
s;i and Qw

s;i in Eqs. (3)

and (6) can be simplified to

Qp
s;i ¼ �

1

dpe

XM

j¼1

1

dse;ji

0
@

1
A
�1

Qp (9a)

and

Qw
s;i ¼ �

1

M
Qp: (9b)

Equalizing Eq. (9a) to Eq. (9b), the optimal distance

between the primary source and error microphones is

dw
pe ¼ M

XM

j¼1

1

dse;ji

2
4

3
5
�1

: (10)

For a compact system where the radius of the error

microphone surface dpe is smaller than the radius of the

secondary source surface dps, Eq. (10) turns to dw
pe ¼ dse;11

¼ dps � dw
pe, and it can be obtained that dw

pe ¼ 0:5dps when

M¼ 1, i.e., the best location for the error microphone is at

the middle point between the primary source and the second-

ary source.

For other M larger than 1, because it is hard to obtain an

exact analytical solution for the optimal distance of error

microphones, its range is estimated by applying the follow-

ing inequality in Eq. (10):

dse;ji > dps � dw
pe i 6¼ jð Þ : (11)

So it has

dw
pe > M

XM

j¼1

1

dps � dw
pe

2
4

3
5
�1

¼ dps � dw
pe (12)

and

dw
pe > 0:5dps: (13)

This indicates that the optimal locations of the error micro-

phones between the primary source and the secondary sour-

ces are closer to the secondary sources for multi-channel

systems.

If the secondary source strength Qp
s;i cannot be adjusted

to approach Qw
s;i by optimizing the error microphone loca-

tions in the sound pressure control or the primary source is

not a monopole, the optimal error microphone locations can-

not be directly formulated; however, it can be obtained with

simulations as shown in Sec. III.

The main discovery of this research is that the optimal

locations of error microphones are found to be located

between the primary source and secondary sources for multi-

channel active radiation control systems and these optimal

locations, which are independent of frequency when the fre-

quency is sufficiently low, move toward the secondary sour-

ces when the number of secondary sources increases.

III. SIMULATIONS AND DISCUSSIONS

The secondary sources and error microphones are at the

vertexes of regular polyhedrons on two separate sphere sur-

faces.20 Figure 2 shows eight typical configurations consid-

ered in this paper for the secondary source distribution,

where the red circle indicates a primary source, and the black

stars stand for secondary sources. Each error microphone

(not shown in the figure) is placed on the line connecting the

primary source and one of the secondary sources.

Monopole, dipole, and combined sources are considered

as the primary source in the simulations. The monopole pri-

mary source is a point source located at the coordinate origin

J. Acoust. Soc. Am. 146 (4), October 2019 Tao et al. 2181



as shown in Fig. 1 with a strength of 1.0� 10�3 m/s3. The

dipole primary source consists of two point monopoles at

(60.005, 0, 0) m with strengths of –1.0� 10�3 m/s3 and

1.0� 10�3 m/s3, respectively. The combined primary source

consists of three point monopoles at (–0.005, 0, 0) m, (0, 0,

0) m, and (0.005, 0, 0) m with strengths of –1.0� 10�3,

1.0� 10�3, and 1.0� 10�3 m/s3, respectively. The second-

ary sources are placed at the sphere surface centered at (0, 0,

0) m with a radius of 0.5 m (dps¼ 0.5 m).

Figure 3 compares the noise reduction for the monopole

primary source by minimizing the sound power and the sum

of squared sound pressure at error microphones, which are

optimally placed on the lines determined by the primary and

secondary sources. The noise reduction by minimizing the

sum of squared sound pressure, NRp, and the noise reduction

by minimizing the sound power, NRw, are almost the same

when one secondary source is used. However, NRp is smaller

than NRw at low frequencies when more secondary sources

are employed because the noise reduction is sufficiently

large and a small difference between the secondary source

strength Qp
s;i and Qw

s;i will result in a large deviation of noise

reduction. It is also found that NRp and NRw are more consis-

tent at high frequencies and more different at low

frequencies when the number of secondary sources

increases, and the reason is that NRw increases faster with

the secondary source number in low frequency range.

The noise reduction as a function of the distance

between the primary source and error microphones is shown

in Fig. 4 for different secondary source number M by mini-

mizing the sum of squared sound pressure at error micro-

phones. For the monopole primary source at 63 and 125 Hz,

the noise reduction increases first and then decreases with

the distance dpe for the error microphones located inside the

secondary source surface (dpe < dps). For the error micro-

phones located outside the secondary source surface (dpe

> dps), the noise reduction increases gradually and converges

to a constant value. Figures 4(c) and 4(d) illustrate similar

results for the dipole and combined primary sources at

63 Hz. The noise reduction has a largest extreme point when

the error microphones are placed at the optimal locations

between the primary source and secondary sources. For

example, the optimal distance between the primary source

and error microphones is 0.39 m when M is 8 for the dipole

primary source at 63 Hz.

It can also be observed in Fig. 4 that the optimal locations

of error microphones move toward secondary sources when

the number of secondary sources increases. Figure 5 shows the

optimal distance with the number of secondary sources at

63 Hz, where the optimal distance is obtained by using both

Eq. (10) and the simulations for the monopole primary source.

Although the optimal distances are different for different pri-

mary sources when the secondary sources are not many, but

they approach the same value when the number of secondary

sources is greater than 5. The optimal locations of error micro-

phones are independent of the radiation pattern of the primary

sources for multi-channel systems with sufficient secondary

sources. In the figure, the optimal distance in simulations is

larger than 0.25 m and converges to approximately 0.45 m for

sufficient secondary sources. The optimal locations of error

microphones are closer to the secondary sources than to the

primary source as predicted in Sec. II.

The optimal distance as a function of frequency is

shown in Fig. 6 for the monopole, dipole, and combined

FIG. 2. (Color online) Typical distributions of secondary sources, the red

circle indicates the primary source, the black stars stand for secondary sour-

ces, (a)–(h) are the systems with 1, 2, 3, 4, 6, 8, 12, and 20 secondary sour-

ces, respectively.

FIG. 3. (Color online) Noise reduction for the monopole primary source

obtained from minimizing the sound power and from minimizing the sum of

squared sound pressure at optimally placed error microphones.
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primary sources with different number of secondary sources.

The optimal distance increases with the number of secondary

sources and varies little for different types of primary sour-

ces in low frequency as shown in Fig. 5. The optimal dis-

tance remains nearly constant at low frequency when the

number of secondary sources is sufficiently large. For exam-

ple, the variation ratio of the averaged optimal distance

below 250 Hz for three different primary sources is within

2% when eight secondary sources are used.

In addition to the compact primary sources considered

above, large extended primary sources are also numerically

investigated. The interval between adjacent elements in dipole

and combined primary sources increases to 0.2dps, 0.4dps, and

0.6dps (0.1 m, 0.2 m, and 0.3 m), and a compound primary

source consisting of eight monopoles on the vertexes of a cube

centered at the coordinate origin is also employed. The

strength of each monopole in the compound source is ran-

domly chosen from (0, 1.0� 10�3) m/s3. Although the radia-

tion directivity of these primary sources becomes quite

complicated, the simulation results show similar trends of the

optimal distance of error microphones. As shown in Fig. 7, the

optimal error microphone distance is around 0.38 m at 250 Hz

when eight secondary sources are used to reduce the radiation

from the extended dipole primary source with an element

interval of 0.1 m.

For all these multi-channel active radiation control sys-

tems, there exist optimal locations for the error microphones

between the primary source and secondary sources, which

remain unchanged at low frequencies despite the radiation

pattern and geometry size of the primary source, and move

FIG. 4. (Color online) Noise reduction

as a function of the distance between

the primary source and error micro-

phones for different secondary source

number M by minimizing the sum of

squared sound pressure (a) monopole

primary source at 63 Hz, (b) monopole

primary source at 125 Hz, (c) dipole pri-

mary source at 63 Hz, (d) combined pri-

mary source at 63 Hz.

FIG. 5. (Color online) Optimal location of the error microphones with dif-

ferent numbers of secondary sources by minimizing the sum of squared

sound pressure at 63 Hz.

FIG. 6. (Color online) Optimal distance of the error microphones at different

frequencies by minimizing the sum of squared sound pressure.

J. Acoust. Soc. Am. 146 (4), October 2019 Tao et al. 2183



toward the secondary sources when the secondary source

number increases. To explore the mechanism for this, the

extended dipole primary source centered at the coordinate

origin with an element interval of 0.1 m is taken as an exam-

ple. In the system, eight secondary sources are arranged with

dps¼ 0.5 m according to Fig. 2(f) and the frequency of inter-

est is 250 Hz.

Figure 8 shows the sound pressure level (SPL) without

and with control on the plane y¼ x, when the total sound

power is used as the cost function. The projection of the pri-

mary source is marked as solid circles and 4 of 8 secondary

sources on the plane y¼ x are denoted as solid squares. The

secondary sources are monopole point sources, so they radi-

ate both outward and inward on their sphere surface.

Therefore, some regions with very low sound pressure are

generated between the primary source and secondary sources

when the sound pressure level outside the secondary source

surface is reduced together with the total sound radiation

power.

The regions with low residual sound pressure inside

the secondary source sphere depend on the arrangement of

the secondary sources as shown in Fig. 8(b). When the lines

connecting the primary and the secondary sources cross

these regions, the locations with the lowest sound pressure

level are the optimal locations of the error microphones in

the minimization of the sum of squared sound pressure.

The distance between such a location marked as “x” and

the origin in Fig. 8(b) is 0.38 m, which is exactly the opti-

mal distance in the sound pressure minimization as shown

in Fig. 7.

Figure 9(a) shows the averaged secondary source

strength ð1=MÞRM
i¼1jQw

s;ij as a function of the secondary

source number, where the averaged secondary source

strength decreases with the secondary source number when

more than four secondary sources are employed. The regions

with low residual sound pressure in sound power minimiza-

tion move toward the secondary sources and the optimal dis-

tance of error microphones for minimizing the sum of

squared sound pressure increases accordingly. For example,

the averaged secondary source strength decreases from

1.45� 10�4 m/s3 to 0.51� 10�5 m/s3 in Fig. 9(a) and the

optimal distance of error microphones increases from 0.38 to

0.43 m, respectively, when the secondary source number

increases from 8 to 20.

FIG. 7. (Color online) Optimal distance of the error microphones for the

extended dipole sources with different element intervals (a) at 250 Hz, (b) at

different frequencies.

FIG. 8. (Color online) Sound pressure distribution on the plane y¼ x for the

extended dipole source with eight secondary sources at 250 Hz (a) without

control, (b) with sound power control (the solid circles stand for the projec-

tion of primary source and the solid squares are secondary sources).

2184 J. Acoust. Soc. Am. 146 (4), October 2019 Tao et al.



IV. EXPERIMENTS

Experiments were conducted in the anechoic chamber

of Nanjing University. Figure 10 shows the experimental

setup, where the primary source is hanged by a vertical steel

holder, the secondary loudspeakers are placed 0.5 m away

from the primary source, and ten observation microphones

were placed on a frame with a radius of 1.5 m to measure the

radiated sound power according to ISO 3744.21 The B&K

3560D analyzer was used to drive the primary source and to

provide the reference signal for the Tiger ANC WIFI-M con-

troller embedded with the waveform synthesis algorithm.22

The primary source and secondary sources are custom-

made close-box loudspeakers with the diameter of the loud-

speakers being 2.54 cm. Two loudspeakers were placed

20 cm away to constitute the dipole primary source, and

three loudspeakers were placed in a line with an interval of

10 cm to constitute the combined primary source. Consider

the radiation efficiency of the loudspeakers, the test fre-

quency was chosen as 250 Hz. The measured radiation

FIG. 9. (Color online) (a) Averaged secondary source strength in sound

power minimization and the optimal distance of error microphones in sound

pressure minimization as a function of secondary source number and (b) the

sound pressure distribution on the plane y¼ x with 20 secondary sources, for

the extended dipole primary source at 250 Hz (the solid circles stand for the

projection of primary source and the solid squares are secondary sources).

FIG. 10. (Color online) Experimental setup: (a) an overview of the 8-

channel experiments, (b) an overview of the 12-channel experiments, (c) the

8-channel system for the dipole primary source, (d) the 12-channel system

for the combined primary source.

FIG. 11. (Color online) Directivity of the primary source at 1 m away: (a)

dipole primary source, (b) combined primary source.
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directivity of the primary sources agrees well with the simu-

lation results as shown in Fig. 11, where the maximal SPL

deviation is about 2 dB.

Both 8-channel and 12-channel systems were employed

in the experiments. The secondary loudspeakers were

arranged according to Figs. 2(f) and 2(g) and the experiment

setup is shown in Figs. 10(c) and 10(d). The error micro-

phones were on the lines connecting the primary source and

their corresponding secondary loudspeakers, and the distance

between each error microphone and the center of the primary

source was chosen from 0.25 to 0.75 m with an interval of

0.05 m.

Figure 12 compares the measured sound power level with

and without control, where the maximal difference between the

simulation results and measured results is within 5 dB. In Fig.

12(a), the maximum of the measured noise reduction of the 8-

channel systems occurs at dpe¼ 0.35 m as calculated for both

the dipole and combined primary sources, while in Fig. 12(b),

the maximum of the measured noise reduction of the 12-

channel systems occurs at dpe¼ 0.35 m which is close to the

simulation result of 0.375 m. This difference between the simu-

lation and experiment results is caused by the inaccurate

distance between the error microphone and the primary sources

in the experiments. The experimental results with the 8-

channel and 12-channel active radiation control systems for the

dipole and combined primary sources validate the discoveries

from the simulations.

V. CONCLUSIONS

For a multi-channel active radiation control system

which has secondary sources distributed uniformly on a

sphere surface surrounding the primary source, the optimal

locations of error sensors for minimizing the sum of squared

sound pressure is found to be between the primary source

and the secondary sources. Both simulation and experiment

results show that the optimal locations of error microphones

are independent of the type of primary source when the num-

ber of secondary sources are many, which remain unchanged

in low frequency range and move toward the secondary sour-

ces when the secondary source number increases. Therefore,

for active radiation control applications in low frequency

range, a compact multi-channel system can be developed by

locating the error microphones between the primary source

and the secondary sources. Future work will investigate the

behavior of the optimal locations with the existence of

reflecting surfaces.
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