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ABSTRACT

Stochastic Geometry Based Modeling and Performance Analysis of

Ultra-dense Cellular Networks

by

Junnan Yang

In the last decade, there has been an explosive increase in the demand for wireless

network data traffic. To deal with such monumental consumer requirement for

information communications, several notable technologies have been proposed, such

as small cell networks (SCNs), device-to-device (D2D) communications.

In the first half of the thesis, we address the critical issue of interference man-

agement in the D2D enhanced cellular network. To reduce the severe interference

caused by active D2D links, we consider a mode selection scheme based on the max-

imum received signal strength (MRSS) for each user equipment (UE) to control the

D2D-to-cellular interference. This will mitigate the overlarge interference from the

D2D links to the cellular links. Moreover, to improve the capacity of D2D-enhanced

networks, we consider that the typical user is no longer a random user which is

selected by a round-robin (RR) scheduler, as assumed in most studies in the liter-

ature. Instead, a cellular user with the maximum proportional fair (PF) metric is

chosen by its serving BS as the typical user, which is referred to as the PF scheduler

in the cellular tier. Furthermore, we quantify the performance gains brought by

D2D communications in cellular networks and we find an optimum mode selection

threshold to maximize the total area spectrum efficiency (ASE) in the network.

In the second half of the thesis, we adjust the antenna pattern to boost the area

spectral efficiency (ASE) of cellular networks when considering the height of the

base stations. Very recent studies have shown that the area spectral efficiency of

downlink (DL) cellular networks will continuously decrease and finally crash to zero



as the base station (BS) density increases towards infinity if the absolute height

difference between BS antenna and user equipment (UE) antenna is larger than

zero. Such a phenomenon is referred to as the ASE Crash. We revisit this issue by

considering optimizing the BS antenna downtilt in cellular networks. We investi-

gated the relationship between the BS antenna downtilt and the downlink network

performance in terms of the coverage probability and the ASE. Our results reveal

a notable conclusion that there exists an optimal antenna downtilt to achieve the

maximum coverage probability for each BS density. After applying the optimal an-

tenna downtilt, the network performance can be significantly improved, and hence

the ASE crash can be delayed by nearly one order of magnitude in terms of the BS

density.

Dissertation directed by Professor Guoqiang Mao

School of Electrical and Data Engineering
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Chapter 1

Introduction

1.1 Research Background

1.1.1 Ultra Dense Cellular Network

Wireless networking technology development has brought huge changes to ev-

eryday life. There has been a tremendous rise in the number of mobile devices and

also a sharp rise in the demand for mobile data communication at the same time. In

the last decade, the mobile industry grows very fast, where the penetration rate has

grown from 3.6 billion in 2014 to 4.6 billion in 2020, and the data traffic will grow

1000 times to the year 2020 [1]. Facing such massive consumer demand for mobile

data, especially from the skyrocketing number of mobile user equipment (UEs) and

smartphones, a lot of techniques have been proposed in the last decade such as ultra

dense cellular network, Femtocells, white space, device-to-device (D2D) communi-

cations. We can conclude complementary solutions to boost the network capacity

into three aspects: more spectrum in low and higher bands (millimeter wave); het-

erogenous networks with small cells; the higher efficiency including the intelligent

access, evolved 4G, D2D technology and LTE broadcast.

One wireless networking trend is network desification. According to the [2] , in

third generation (3G) cellular networks, the aim of densification of macro base sta-

tions (BSs) is to improve the transmission rate in partial areas, such as macrocell BSs

deployed in urban areas. To avoid interference caused by frequency reuse, sector-

ized BS technologies and adjacent macrocell BSs have been developed for macrocell

densification, where macrocell BSs’ density is about 4-5 BS/km2. In fourth gen-
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eration (4G) cellular networks, such as Long Term Evolution-Advanced (LTE-A)

mobile communication systems, the microcell BSs, picocell BSs and femtocell BSs,

have been deployed to satisfy the high speed transmission in specified regions, where

density of microcell BSs is approximate 8-10 BS/km2. In 4G and 3G cellular net-

works, BSs densification aims to improve the wireless transmission rate in partial

regions and the greatest challenge of BSs densification is the interference coordina-

tion for cellular networks.

In 5G cellular networks, the massive MIMO antennas have been integrated into

wireless networks, where hundreds of antennas are utilized for transmitting huge

wireless traffic [3, 4]. When the 5G BS transmission power is constrained at the

same level of 4G BS transmission power, every antenna transmission power at 5G

BS has to be decreased 10-20 times compared with every antenna transmission power

at 4G BS. Another potential key technology for 5G cellular networks is millimeter

wave communication technology, which is expected to provide wireless transmissions

with a bandwidth of over hundreds of MHz. Transmission distance of millimeter

wave communications, however, has to be restricted to 100 meters considering the

propagation degradation of millimeter wave in the atmosphere. Motived by the

above two technologies, small cell networks have been presented for 5G cellular

networks. To satisfy seamless coverage, the density of 5G BS is highly anticipated

to be up to 40-50 BS/km2. The future of 5G cellular networking therefore is an

ultra-dense cellular network.

Since the beginning of cell splitting, densification and the mobile industry has

been one of the most effective means to deliver improving user experience and ever-

increasing capacity. In recent years, ultra-dense networks (UDNs) have emerged as

a prominent solution to meet the challenges of fulfilling 5G extremely high capacity

density requirements of up to 10 Mbps/m2. Qualitatively, UDN is a network whose

radio resources have a much higher density than that in current networks, which is
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much denser small cell network in terms of either relative density or absolute density

of the BSs.

1.1.2 Device-to-Device Communications

D2D communications in cellular networks provide a direct communication be-

tween two mobile users without going through a BS and can provide four types of

performance gain. The first one is proximity gain as short range communication

using a D2D link enables high bit rates, low delays, and lower power consumption.

The second one is hop gain as D2D communications uses one hop rather than two

hops consisting of one uplink and one downlink communication. The third one is

reuse gain as D2D communications can reuse cellular spectrum in an underlay mode.

The last one is paring gain, which facilitates new types of wireless services. System

spectral efficiency and energy efficiency can be significantly boosted from this new

communication paradigm.

However, existing works considered only the operator controlled D2D commu-

nication, in which the BS was assumed of all network information and was able to

make the optimal decision to share band resource with D2D UEs. Obviously, it is

of high computational complexity when applied to the practical cellular networks

where each BS is required to simultaneously support various applications for a large

number of mobile UEs. Another common limitation is that available works con-

sidered a very limited number of BSs and mobile UEs, which necessary failed to

take into account the spatial distribution of other BSs and mobile UEs and thus the

impact of accumulated interference from other surrounding cells. Towards this end,

we consider a D2D communication enabled multi-channel cellular network with a

careful consideration of the spatial distribution properties of both BSs and mobile

UEs.
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1.2 Research Motivation

1.2.1 Network Modeling and D2D-Enhanced Network

Although the reuse of the cellular spectrum via D2D can improve the area spec-

tral efficiency of the network, such D2D operations also pose great challenges. The

major challenge in the D2D-enabled cellular network is the existence of inter-tier

and intra-tier interference due to aggressive frequency reuse, where cellular UEs and

D2D UEs share the same spectrum. It is essential to design an effective interference

management scheme to control the interference generated by the D2D links to the

cellular links, and vice versa. Consequently, there has been a surge of academic

studies in this area. Transmission power control [5–8], distance-based mode selec-

tion [9–11] and guard-zone interference control schemes [12–14] have been proposed

to solve this problem.

On the other hand, as pointed out in [15], one major weakness of recent research

on D2D communications is a lack of realistic scenarios for future mobile networks

such as heterogeneous networks with densely deployed small cells. As a straightfor-

ward way to increase network capacity, the SCN densification also opens up new re-

search questions, especially in the context of D2D communications. First, scheduling

has been conceived as an effective use selection technique used at base stations (BSs)

to efficiently use the available spectrum and improve the overall system through-

put. Second, the path loss models of D2D links and cellular links in D2D-enabled

cellular networks are different due to the difference in the heights and locations of

transmitters [16]. Third, it is well known that line-of-sight (LoS) transmission may

occur when the distance between a transmitter and a receiver is small, and non-line-

of-sight (NLoS) transmission is common in office environments and central business

districts. When the distance between a transmitter and a receiver decreases, the

probability that a LoS path exists between them increases, thereby causing a tran-
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sition from NLoS transmission to LoS transmission with a higher probability. Due

to the proximity between D2D users, the physical channels which constitute D2D

communications are expected to be complex, experiencing both LoS and NLoS con-

ditions across these pairs, which are distinctly different from conventional cellular

environments [17].

1.2.2 Antenna Downtilt in UDN

It has been widely acknowledged that wireless networks continue to face sig-

nificant challenges and opportunities [18]. In the first decade of 2000, network

densification continued to underpin the capacity increases in the 3rd Generation

Partnership Project (3GPP) 4th-generation (4G) Long Term Evolution (LTE) net-

works, and is expected to remain as one of the main forces to drive the 5th-generation

(5G) networks onward [19]. Various emerging technologies have been developed in

this context, such as small cell networks (SCNs), cognitive radio, massive MIMO,

etc [2]. In particular, in the past few years, a few noteworthy studies have been

carried out to revisit the performance analyses for cellular networks under more

practical propagation models. In [20], the authors considered a multi-slope piece-

wise path loss function, while in [21], the authors investigated line-of-sight (LoS) and

non-line-of-sight (NLoS) transmission as a probabilistic event for a millimeter wave

communication scenario. The most important finding in these two works is that the

per-BS coverage probability performance starts to decrease when the base station

(BS) density is sufficiently large. Fortunately, such a decrease of the coverage prob-

ability will not change the monotonic increase of the area spectral efficiency (ASE)

as the BS density increases [20, 21]. However, in very recent works, the authors

in [16, 22, 23] found that the ASE performance will continuously decrease toward

zero with the network densification for SCNs when the absolute antenna height dif-

ference between a base station and a user equipment (UE) is larger than zero, which
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is referred to as the ASE Crash [16,22,23].

Having a closer look at the problem, we realize that in a three-dimensional (3D)

channel model, the antenna patterns may increase the received signal and at the

same time reduce inter-cell interference [24]. In particular, horizontal beamforming

is a signal processing method that generates directional antenna beam patterns using

multiple antennas at the transmitter. It is possible to steer the transmitted signal

toward the desired direction and, at the same time, avoid receiving the unwanted

signals from undesired directions [25]. The benefits of horizontal beamforming in

cellular networks are well-understood and such technology has already been adopted

in the LTE networks, e.g., the macro BSs. However, vertical beamforming (based

on an antenna downtilt) receives much less attention. Recent studies have made

some initial efforts that shed new light on adjusting antenna downtilt to improve

the performance of cellular networks [26–28], but most of these studies were solely

based on computer simulations.

1.3 Research Objectives and Contributions

From the aforementioned research background and motivation, this thesis focuses

on the following research problems;(1) design D2D-enhanced cellular networks for

communication systems to achieve fast and reliable data dissemination; and (2) in-

vestigating the optimal antenna downtilt when considering a 3-D antenna pattern to

achieve the maximum performance of cellular network. In the following section, the

detailed research problems and the corresponding contributions will be elaborated

upon.

For the first research problem, to the best of our knowledge, there has been

no research on investigating the interference management in D2D-Enhanced cel-

lular networks based on the strongest received signal strength. A distinction is

shown by our analysis on the network performance while in the light of Lognormal
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shadow fading and dissimilar path loss models for the D2D connections and the

cellular connections respectively, which captures the dissimilar environmental cir-

cumstances D2D connections and cellular connections operate in. The novelty and

major contributions of this research work are summarized as follows:

• We investigate a general D2D-enhanced network performance in which UEs

can adaptively switch between conventional cellular UEs and D2D UEs. In

most previous studies, the authors have considered D2D receiver UEs as an

additional tier of nodes, independent of the cellular UEs and the D2D trans-

mitter UEs. In our study, cellular UEs, D2D transmit UEs and D2D receiver

UEs constitute the entire UE set, which is a more practical assumption than

dropping more UEs for D2D reception only.

• A tractable interference management scheme is proposed based on the mode

selection method for each user equipment (UE) to control the co-channel in-

terference. A UE will specifically operate in a cellular mode if its received

signal strength from the strongest base station (BS) is larger than a threshold;

conversely, it will perform an operation in a D2D mode. Potential large in-

terference is mitigated by such an interference management scheme from D2D

transmitter to cellular network.

• We present a general analytic framework using an intensity matching ap-

proach. Based on the proposed model incorporating interference management,

LOS/NLOS transmission and shadow fading, we derive analytical results of

coverage probability and ASE for both the cellular mode and D2D mode. Our

analysis adopts two different path loss models for cellular links and D2D links,

respectively. The results show the interference management scheme mitigates

the potential overlarge interference from D2D transmitter to cellular network,

and there is an optimum mode selection threshold to achieve the maximum
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ASE when cellular tier’s performance is ensured.

The second research problem considered in this thesis is an extension of the first.

In this part, we consider interference management and the PF scheduler [19] in D2D-

enhanced ultra dense networks. A cellular user with the maximum proportional fair

(PF) metric is chosen by its serving BS as the typical user, which is referred to as

the PF scheduler. The novelty and major contributions of this research work are

summarized as follows:

• We propose a tractable interference management scheme for each user equip-

ment (UE) to control the co-channel interference. Specifically, a UE will oper-

ate in a cellular mode if its received signal strength from the strongest base sta-

tion (BS) is larger than a threshold; otherwise, it will operate in a D2D mode.

Such an interference management scheme mitigates large interference from a

D2D transmitter to cellular network. Through our theoretical and numerical

analyses, we quantify the performance gains brought by D2D communications

in cellular networks and we find an optimum mode selection threshold β to

maximize the total ASE in the network.

• We investigate the general D2D-enhanced dense network performance with the

consideration of PF schedulers. For the first time, we use stochastic geometry

[29] to derive the analytical results of the coverage probability and the area

spectral efficiency (ASE) performance of the D2D-enhanced UDNs with PF

schedulers used at BSs. The key point of our analysis is that the typical user

is no longer a random user as assumed in most exiting studies of stochastic

geometry.

• Different from the existing work that does not differentiate the path loss mod-

els between cellular links and D2D links, our analysis adopts two different

path loss models for cellular links and D2D links, respectively. Our results
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demonstrate that the D2D links can provide a considerable ASE gain when

the threshold parameter β is appropriately chosen. More specifically, our anal-

ysis shows the interference from the D2D tier can be controlled by using our

mode selection scheme, and there is an optimal antenna downtilt to achieve

the maximum ASE while the performance of cellular tier is guaranteed.

The third research problem considered in this thesis is investigating the impact

of the antenna pattern and downtilt on the performance of downlink (DL) cellular

networks, in terms of the coverage probability and the area spectral efficiency. We

also derive the analytical expressions for the optimal antenna downtilt that can

achieve the best coverage probability of the network given a certain BS density.

The novelty and major contributions of this research work are summarized as

follows:

• We analytically investigate the relationship between the antenna downtilt and

cellular network performance in terms of the coverage probability and the

ASE based on the 3D antenna pattern model which includes horizontal and

vertical antenna patterns, possibly with sectorization.. Our results reveal an

interesting finding that there exists a unique optimal antenna downtilt that

strikes a balance between increasing the received signal power and reducing the

interference power to achieve the maximum coverage probability for a certain

BS density.

• We study and analyze the optimal antenna downtilt for a certain BS den-

sity considering the 3D antenna pattern model which includes horizontal and

vertical antenna patterns. As a consequence, we derive numerically solvable

expressions for the optimal antenna downtilt for a certain BS density, which

includes three components, namely the LoS links, the NLoS links and the

noise, contributing to the optimal antenna downtilt.
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• Our theoretical and numerical results demonstrate that the performance of cel-

lular network can be improved significantly using the optimal antenna down-

tilt. In particular, applying the optimal antenna downtilt can delay the ASE

crash by nearly one order of magnitude in terms of the base station density.

Using the derived expressions and the simulation results, network operators

optimally select determine the antenna downtilt of BSs to maximize the system

throughput for a given the base station density.

1.4 Thesis Organization

This thesis is organised as follows; Chapter 2 presents a survey of related works,

including cellular network modeling using stochastic geometry, Device-to-Device

communications networks and interference management in cellular networks. Chap-

ter 3 proposes a novel mode selection method to control the interference in D2D

enhanced cellular netwotks, and investigates the coverage probablity and the ASE

of the neworks. Chapter 4 deals with the scenario that there is only Rayleigh fading

in the D2D enhanced cellular network, a novel proportional fair scheduler has been

taken into account. Chapter 5 investigates the optimal antenna downtilt in UDN

and the results reveal an intersting finding that there exists an optimal antenna

downtilt to achieve the maximum coverage probablity for each BS density. Chapter

6 presents a brief summary of the thesis contents, and gives recommendation for

future works.
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Chapter 2

Literature Review

This chapter is dedicated to reviewing related works to this thesis, including works

on cellular network modeling using stochastic geometry, Device-to-Device commu-

nications networks and interference management in cellular networks.

2.1 Cellular Network Modeling using Stochastic Geometry

To analyze the performance of cellular network, stochastic geometry has been

used in this thesis. In stochastic geometry theory, a wireless communication network

can be viewed as a collection of nodes, located in some domain, which can in turn

be transmitters or receivers. This theory provides a natural way of defining and

computing macroscopic properties of such networks, by averaging over all potential

geometrical patterns for the nodes. Stochastic geometry has been widely used to an-

alyze network performance [30,31]. Andrews, et al. conducted network performance

analyses for the downlink (DL) [30] and the uplink (UL) [31] of SCNs, in which user

equipment (UEs) and/or base stations (BSs) were assumed to be randomly de-

ployed according to a homogeneous Poisson point process (HPPP). Furthermore, a

stochastic model of the 3D environment was used to evaluate the network perfor-

mance [22,32–34]. In [22], Ming, et al. presented a new finding that if the absolute

height difference between a BS antenna and a UE antenna is larger than zero, then

the ASE performance will continuously decrease toward zero with the network den-

sification for SCNs. In [34], the authors investigated the performance of the small

cell networks by considering the anisotropic path loss fading in wireless channels.
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In [30] and [31], the author proposed a tractable approach to calculate the ag-

gregation interference using the probability generating functional (PGFL) of PPP

in DL and UL. In [35], the author investigated the optimal SNR, the optimal SINR

with constrainting on PB and λBS in single tier downlink, PB ∗ λBS ≤ ρ. In [36],

the authors derive the meta distribution of the SIR in Poisson Bipolar distribution

which can provide information on the success probabilities of the individual links.

The authors use the Poisson Bipolar model where BS is HPPP and each BS has a

connected UE in a certain distace with random direction, chose a typical UE in the

origin, then the success probability can be calculated. In [37] and [38], the authors

calculate the meta distribution of the SINR in D2D network in millimeter wave

(mm Wave). In [39], the authors calculate the meta distribution of the SINR in

the Hetnet network. In [40], the author derived the meta distribution using inter-

ference cancellation where C-IC is studied. In [41], the author presents a tractable

model for PB-assisted millimeter wave (mm Wave) wireless ad hoc networks where

the model accounts for realistic aspects of WPT and mmWave transmissions, such

as power circuit activation threshold, allowed maximum harvested power, maxi-

mum transmit power, beamforming, and blockage. In [42], the author derived exact

expressions for the ergodic rate of clustered mmWave ad hoc network for unco-

ordinated channel access and TDMA with sectored antenna pattern. In [43], the

author provides a useful upper-bound on the possible gains from different opera-

tor BS coordination inmillimeter wave (mm Wave). In [44], the author derive and

optimize the exclusion radii to maximize the probability that a given D2D node

can find a desired file at another node’s cache within its communication range with

a hardcore model. In [45], the author considers a novel approach to reduce the

power consumption and improve the energy efficiency of IoT devices over cellular

networks. In [46], for Poisson bipolar networks with ALOHA and Rayleigh fading,

the author provides an exact analytical expression and a simple approximation for
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the density of reliable links. In [47], the author proposed a mathematical frame-

work to model BS locations of a multi-operator cellular millimeter wave (mm Wave)

system, and provided analytical expressions for the SINR coverage probability as

a performance metric. In [48], the author develops a framework for determining

the LOS probability as a function of the number of BSs, when taking into account

the correlation between blockages. In [49], the authors propose a new cellular net-

work model in which the BS locations are modeled as the superposition of two

independent stationary point processes. In [50], the authors propose a stretched

exponential path loss model for downlink cellular networks. In [51], the authors in-

vestigate the coverage probability and the rate in Hetnet using a PPP based cluster

model. In [52], the authors concentrate on the secure communication in millimeter

wave (mm Wave) ad hoc networks by using physical layer security and derive the

average achievable secrecy rate. In [53], the authors present a general framework

for the coverage analysis in mm-wave networks, with arbitrary interference power

distributions and antenna patterns, under the assumption that the information sig-

nal power is gamma distributed. In [54], the author examines the combined impacts

of the distance-dependent Rician fading channel model and the absolute difference

between the heights of base station and user equipment antennas on the coverage

probability and the area spectral efficiency in an interference-limited ultra-dense

small cell network. In [55], the author compares the coverage and rate performance

of hybrid beamforming enabled multiuser (MU) MIMO and single-user spatial mul-

tiplexing (SM) with single-user analog beamforming (SU-BF). In [56], the authors

study the performance of device-to-device (D2D) communication underlaying cellu-

lar wireless networks in terms of the meta distribution of the signal-to-interference

ratio. In [57], the authors derive the downlink coverage probability of a reference

receiver located at an arbitrary position on the ground assuming Nakagami-m fading

for all wireless links in a finite network of unmanned aerial vehicles serving a given
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region. In [58], the authors analyze UL and DL SINR distribution and mean rates

in dynamic TDD enabled mmWave cellular networks. In [59], the author focuses

on an analytical performance assessment of scalable video coding transmission over

two-tier HCNs utilizing tools from stochastic geometry. In [60], the author derived

the meta distribution using power control. In [61], using energy harvesting for user

uplink, the authors derive the expressions of the energy coverage probability in or-

der to provide comparisons between sub-6 GHz and mmWave. In [9], the author

provides a unified framework to analyze the downlink outage probability in a multi-

channel environment with Rayleigh fading, where D2D UEs were selected based on

the average received signal strength from the nearest BS, which is equivalent to a

distance-based selection. In [62], the author derives the optimal UL/DL configura-

tion to minimize the service time of a typical small cell, and show that the UL/DL

configuration that minimizes the service time also results in an optimal network

EE when given the queue length distribution of small cell access points and mobile

users. In [63], the author presents analytical characterizations of the ergodic spec-

tral efficiency of cellular networks with singleuser multiple-input multiple-output

and sectorization. In [17], the author derives the coverage probability and rate in

a k − µ and η − µ fading in D2D-enhanced cellular networks. In [64], the author

analyses the performance of the Hetnet using a two tier Poisson hardcore process

while there is a guard zone for the first tier, so the second tier is Poisson hard-core

hole process. In [65], the author analyses the initial access in mm Wave in a sys-

tem level. In particular, several new system design insights have been obtained by

deriving the expected initial access delay, as well as a new metric called average

user-perceived downlink throughput for four sample initial access protocols. In [66],

the author derived the outage probability in a two tier Hetnet with considering the

dependentce of BSs. Modeling the MBS as a PPP and PBSs as the Matren cluster

process, the results provide a tradeoff between accuracy and tractability. In [67],
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the author derived the outage probability in a micro BS network by modeling the

BS located in a Ginibre point process. In [68], the author proposed the CEA-ZF

precoder, which exploits the excess spatial degrees of freedom available at massive

MIMO BSs to suppress inter-cell interference at the most vulnerable UEs in the

network when BS and UEs are HPPP. In [69], the author describes the two most

important physical challenges, blocking and the need for strong directionality, and

provided a baseline mathematical model and analysis for these systems accounting

for these factors. In [70], the author models a mm Wave cellular system, where an

operator that primarily owns an exclusive-use license of a certain band can sell a

restricted secondary license of the same band to another operator. Using stochastic

geometry, we derive expressions for the coverage and the rate of both networks, and

establish the feasibility of secondary licensing in licensed mmWave bands when the

secondary network has a restriction on the maximum interference it can cause to the

original network. In [71], the author derived the probability of successful content

delivery using the results from stochastic geometry under Rayleigh, Ricean, and

Nakagami small-scale fading distributions in a D2D cellular network. In [72], the

author modeled a two-level architecture of a mm Wave multi-operator system and

derived the SINR and per-user rate distribution. In [73], the author models the WiFi

as Micro BS and LTE as eNBs which are both HPPP. The author derives the perfor-

mance metrics including the medium access probability, SINR coverage probability,

density of successful transmission and rate coverage probability. In [8], the author

proposes a power control algorithm to maximize the sum rate of the D2D links in

one cellular network cell in which the D2D UEs are distributed as HPPP. Then the

coverage probability and the sum rate are derived. In [5], the author derived the

coverage probability for D2D users and the cellular user both for D2D tier overlay

and underlay of the cellular tier. In [20], the author proposed a multi slope path

loss model which is more practical than the single slope path loss model and derived
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the coverage probability appling this path loss model. They find the coverage prob-

ability will decrease as the BS density increases after using this path loss model.

In [74], the author develops a general analytical model to characterize and derive

the uplink and downlink cell association in the view of the SINR and rate coverage

probabilities in such a mixed deployment. In [75], the author derived a tight lower

bound on the optimum number of feedback MRT for single-user when deployed in

a cellular network. In [76], the author derives a general and closed-form result for

the success probability in downlink MIMO HetNets by utilizing a novel Toeplitz

matrix representation. The multi-user transmission in massive MIMO may lead to

increased cellular-to-D2D interference. In [77], the author studied the spectral effi-

ciency of a D2D underlaid massive MIMO system under perfect and imperfect CSI.

In [78], the author developes a K tier D2D Poisson bipolar network. The analyti-

cal performance of the typical receiver is derived. The author further provides an

approximation for the interference distribution by a mixture of the inverse gamma

and the log-normal distributions. In [79], the author studied the performance of

rateless codes in the cellular downlink and compares it with the performance of

fixed-rate codes using a stochastic geometry model. In [80], the author studies a

general multi-hop-based uplink communication scheme for M2M communication,

and develops a new data aggregation model for M2M devices. In [81], the author

proposes the use of the determinantal point process (DPP) to take into account the

repulsiveness among macro BS locations in cellular network. In [82], the author de-

velopes a novel analytical framework for asynchronous wireless networks deploying

multicarrier transmission over flat-fading channels. In [83], the author proposes a

novel model to analyze uplink SINR and rate coverage in K-tier HCNs with load

balancing and derived the uplink rate distribution in HCNs incorporating offloading

and fractional power control. In [84], the author integrates self-backhauling among

BSs and co-existence with a conventional macrocellular network into the analysis
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of mm Wave networks and analyse the performance of the typical user in both DL

and UL. In [85], the author presented a decentralized spectrum management for a

shared network consisting of D2D and cellular links. In [86], the author investigated

downlink multi-antenna HetNets with flexible cell selection. In [87], the author char-

acterized the SINR CDF for a typical user for the case of user-centric BS clustering

with NCJT base station cooperation. In [88], the author combines queueing theory

and stochastic geometry to analyze the stability region of a static Poisson network.

In [89], the author investigates the Gauss poisson process model for the wireless

network. In [90] and [91], the author established the asymptotics of the SIR ccdf for

arbitrary stationary cellular models and proposed a theorem that allows the calcu-

lation of a class of functionals on PPP that have the form of expected values of sum

products of functions. In [92], the author investigates the throughput for wireless

networks with full duplex radios using the marked PPP model. In [93], the au-

thor investigates the problem of joint beamforming design and tilt angle adaptation

of the BS antenna array for maximizing energy efficiency in downlink of multi-cell

multi-user coordinated cellular networks. In [94], the author investigates the impact

of the elevation angle of the BS antenna pattern on the performance of the consid-

ered network and used the results of this investigation to propose a novel hybrid

multicell cooperation technique. In [95], the author proposed a novel transmission

technique in which intercell interference management is performed via coordinating

the beamforming jointly in the horizontal and vertical planes of the wireless chan-

nel. In [96], the author considered the problem of spatiotemporal cooperation in

interference limited Hetnet wireless networks. In [97], the author proposed a novel

interference nulling strategy for downlink small cell networks, which means each user

can identify and mitigate the dominant interference effectively.
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Table 2.1 : A research map of Stochastic Geometry.

Assumptions downlink uplink dynTDD/FDD2D HetNet UAV

inFinite BS and UE densities [30, 40,41,43,46,70,73,87,98] [30,35,36,61,74,83,99][58,65,92] [9, 38,45,56,71,100][37,59,66,96,102][57]

Deterministic BS densities [88] [103] [103]

Non-uniform BS deployment [49, 63,64,81,89] [62] [51]

LoS/NLoS transmissions [41–43,47,48,52,53,55,69,72][61] [58,65] [38,100]

BS/UE antenna heights [54]

Generalized multi-path fading [54] [71,100] [57]

Correlated shadow fading [48, 63,69,84]

variable BS transmission power [61]

BS vertical antenna pattern [42, 43,93,95,104]

PF scheduler [88]

MIMO [55, 63,68,75] [62] [77] [76,86]
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2.2 Device-to-Device Communications

The implementation of Device-to-device (D2D) communications underlying cel-

lular networks is a promising approach to offload cellular traffic and avoid congestion

in the core network [105]. Stochastic geometry, which is accurate in modeling irreg-

ular deployment of base stations and mobile user equipment, has been widely used

to analyze network performance [30, 31, 56, 106–108]. Andrews, et al. conducted

network performance analyses for the downlink (DL) [30] and uplink (UL) [31] of

SCNs, in which UEs and/or BSs were assumed to be randomly deployed according

to a homogeneous Poisson point process (HPPP). In [56], the authors developed an

analytical framework for the D2D communications underlying cellular networks in

the DL in terms of the meta distribution of the SIR. Moreover, [108] introduced

a self-organized D2D clustering scheme to relieve the congestion on the resources

using the stochastic geometry.

On the other hand, as one of the fundamental issues in the D2D communication

system, the interference’s management has been analyzed in the literature [5,6,12–

14, 109]. Transmission power control [5–7], distance-based mode selection [10, 109]

and a guard zone interference control scheme [12–14] have been proposed to sort

this issue out. Specifically, in [5], the authors proposed a power control algorithm to

manage the co-channel interference in which worldwide channel state information is

needed at BSs. In [109], the authors provided a unified framework to manage the

interference in a multi-channel surroundings with Rayleigh fading, where D2D UEs

were chosen based on the average received signal strength from the closest BS, which

correspond to a distance-based selection. These two references [5,109] only consider

the signal power and a single slope path loss model which do not distinguish LoS

and NLoS, the ‘guard zone’ only depended on the distance from the transmitter to

receiver. According to the reference [12–14], they do not only consider the power
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strength of the signal or single slope pathloss model. In [12], the authors proposed

a δD-interference limited area interference control scheme which is defined as the

area in which the ISR (interference signal ratio) is higher than the threshold δD. The

shape of the guard zone is based on the threshold δD. In [13], the authors considered

both the path loss and the short-term distributions of the signal and interference,

and they model the independent short-term distributions of interference as zero-

mean complex Gaussian with matched conditional covariances. In [14], the authors

proposed a guard zone based D2D-activation scheme by enabling the capabilities of

BS interference cancellation where the guard zone is defined as a given BS-centric

circular ring area.

Meanwhile, limited studies have been conducted to consider D2D networks with

general fading channels, for example, in [17] and [110], the authors considered gen-

eralized fading conditions and analyzed the network performance, while they did

not differentiate the path loss models between D2D links and cellular links.

There are several remaining issues, though the existent works have provided

precious insights into capacity enhancement and interference management for D2D

communications:

• In most research, the authors viewed D2D receiver UEs to be an extra tier of

nodes, independent of the D2D transmitter UEs and the cellular UEs. Such

tier of D2D receiver UEs without cellular capabilities appears from nowhere

and is hard to justify in practice.

• The mode selection schemes in the literature were not very accurate. It is

notable that in a number of existing works [10,109], it was assumed that each

UE ought to connect to the closest BS and choose an operation mode that

is based on the distance. However, maximum received signal strength based

mode selection scheme is more practical than the distance-based mode selec-
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tion since in practice it is possible that the strongest received signal strength

is not associated with the closest BS but the one with the minimum path loss

with a LoS link.

2.3 Interference Management in Cellular Networks

As one of the fundamental problems in cellular networks, the management of

the interference has been analyzed in the literature [5, 6, 12–14, 109]. In [5], Lee

proposed a power control algorithm to control the co-channel interference in which

global channel state information is required at BSs. In [109], Liu provided a unified

framework to control the interference in a multi-channel environment with Rayleigh

fading, where D2D UEs were selected based on the average received signal strength

from the nearest BS, which is equivalent to a distance-based selection. A distributed

power control scheme has been proposed in [11] to mitigate interference in a D2D

underlaid cellular system. In [12], the author proposed an interference-limited area

control scheme to mitigate the interference from cellular to D2D considering a single

slope path loss model. The authors of [13] and [14] proposed novel approaches to

model the interference in uplink or downlink underlaid/overlaid with Rayleigh fading

and single path loss model.

Although the existing works have provided precious insights into interference

management, there are remaining problems: the mode selection schemes in the

literature were not very practical. Note that in some existing works [10,109], it was

assumed that each UE should connect to the nearest BS and select operation mode

based on the distance. However, a maximum received signal strength based mode

selection scheme is more practical than the distance-based mode selection since in

practice it is possible that the strongest received signal strength is not associated

with the closest BS but the one with the minimum path loss with a LoS link.

On the other hand, as the de facto standard in cellular networks, proportional
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fair (PF) scheduling has been extensively studied [111–113]. In [111], the authors de-

velopes the predictive finite-horizon PF scheduling framework that exploits mobility.

In [113], the authors proposed a low-complexity waterfilling-based power allocation

(PA) technique, incorporated within the proportional fairness scheduler. Neverthe-

less, there has been no prior work on the theoretical study of the PF scheduler in

the context of D2D-enhanced cellular network or UDNs. Generally speaking, the

existing work on PF schedulers does not scale well with the network densification.

In [114], the authors analyzed the PF scheduler to obtain cell throughput in a sce-

nario with merely one BS. In [115], the authors studied the PF scheduler in a scenario

with a limited number of BSs, which quickly becomes computationally infeasible for

UDNs. In [116], only system-level simulations are studied for large-scale networks,

which lacks analytical rigor. The benefits of horizontal beamforming in cellular net-

works are well understood. The authors in [117] considered the sectorized antennas

in the analysis and investigated the performance of the network. The authors in [21]

also incorporated directional beamforming by modeling the beamforming gains as

marks of the base station PPPs. On the other hand, many researchers have realized

that a practical antenna can target its antenna beam towards a given direction via

downtilt in the vertical domain, which may be exploited to improve the network

performance [24, 118–121]. For example, the authors in [24] found via an empirical

study that the antenna downtilt could bring a significant improvement to cellular

network capacity. In [118], the authors showed that vertical beamforming could in-

crease the SIR by about 5-10 dB for a set of UE locations. N. Seifi and M. Coldrey

investigated the performance impact of using antenna downtilt in traditional hexag-

onal 3D cellular networks in [119]. In [120], the author investigated, for the first

time, the impact of the antenna downtilt on the coverage probability and shows the

optimal antenna downtilt for two specific BS densities by simulations. In [121], the

author first investigated the joint beamforming and tilt angle optimization which
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maximizes the total energy efficiency in downlink transmission multi-cell cellular

networks. However, most of the works investigated the impact of the antenna down-

tilt using field trials or simulations. To the best of our knowledge, none of the

existing works have analytically studied the impact of the antenna downtilt of BSs

on cellular network performance and the empirical approach in these studies limits

extension of their finding to more general scenarios.

In chapter 5, we will investigate the impact of the antenna pattern and down-

tilt on the performance of the downlink (DL) cellular networks with a focus on

analytically studying for the optimal antenna downtilt to achieve the best cover-

age probability of the network for a given and fixed BS density. It is important

to note that our study can also be applied to drone networks flying at a certain

altitude [122].
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Chapter 3

Interference Management in D2D Underlaid

Cellular Network

In this chapter, we address the critical issue of interference management in the

network considering a practical path loss model incorporating both line-of-sight

(LoS) and non-line-of-sight (NLoS) transmissions. To reduce the severe interference

caused by active D2D links, we consider a mode selection scheme based on the

maximum received signal strength (MRSS) for each user equipment (UE) to control

the D2D-to-cellular interference. Furthermore, we analyze the performance in terms

of the coverage probability and the area spectral efficiency (ASE) for both cellular

network and the D2D one. Analytical results are obtained and the accuracy of

the proposed analytical framework is validated through Monte Carlo simulations.

Through our theoretical and numerical analyses, we quantify the performance gains

brought by D2D communications in cellular networks and we find an optimum mode

selection threshold β to maximize the total ASE in the network. This insight is

expected to provide a design guideline for D2D mode selections.

The rest of this chapter is structured as follows: Section 3.1 provides a brief

introduction of this problem. Section 3.2 describes the system model. Section 3.3

presents our theoretical analysis on the coverage probability and the area spectral

efficiency (ASE) with applications in a 3GPP special case. The numerical and simu-

lations results are discussed in Section 3.5. Our conclusions are drawn in Section 3.6.
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3.1 Introduction

Driven by the 5-th generation (5G) of wireless user equipment (UE), mobile data

traffic and network load are increasing in an exponential manner, and are strain-

ing current cellular networks to a breaking point [1].To deal with such monumental

consumer requirement for information communications, several notable technologies

have been proposed [19], such as dynamic TDD [123], small cell networks (SCNs),

cognitive radio, device-to-device (D2D) communications, etc. D2D communications

allow direct information transfer between a pair of neighboring mobile UEs. Be-

cause of the inadequate communication distance between such pairs of D2D UEs,

D2D communications hold in great promise enhancing network performance like the

coverage, spectral efficiency, energy efficiency and so on [105]. The orthogonal fre-

quency division multiple access (OFDMA) based D2D communications adopt two

types of spectrum that shares approaches in the 5G networks’ standardization, ( i)

in-band (e.g., using cellular spectrum) or (ii) out-band (e.g., unlicensed spectrum).

In particular, in the in-band D2D communications, D2D users can set their commu-

nications up in an underlay or overlay manner. More specifically, in an underlying

setting, D2D users get to the same spectrum of cellular users (CUs) while in overlay,

D2D users get to a dedicated proportion of cellular spectrum [124]. The major chal-

lenge in the in-band D2D-underlaid cellular network is the existence of inter-tier and

intra-tier interference due to the aggressive frequency reuse, where cellular UEs and

D2D UEs share the same spectrum. It is essential to design an effective interference

management scheme to control the interference generated by the D2D links to the

cellular links, and vice versa.

In this chapter, we show a novel mode selection scheme that is based on the

maximum received signal strength for each user equipment (UE) to manage the

interference. Such maximum that is received signal strength based mode selection
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scheme is more realistic than the distance-based mode selection in most existent

researches as in practice it is imaginable that the strongest received signal strength

is not connected with the nearest BS but the one with the minimum path loss with

a line-of-sight (LoS) connection. In more detail, a UE will operate in a cellular

mode if its received signal strength from the strongest base station (BS) is larger

than a threshold β; otherwise, it will operate in a D2D mode. This will mitigate the

potential overlarge interference from the D2D links to the cellular links. To analyze

the proposed interference control scheme, we develop a theoretical framework that

takes power control, practical path loss model and lognormal fading into account.

Furthermore, the path loss models of cellular connections and D2D connections

in a D2D-enabled cellular network are dissimilar owning to the distinction in the

positions and the heights of transmitters [16]. Everyone knows that LoS transmis-

sion may happen while the distance between a receiver and a transmitter is small,

and non-line-of-sight (NLoS) transmission is usual in office surroundings and in key

commerce areas. Moreover, when the distance between a receiver and a transmit-

ter declines, the probability that a LoS route occurs between them grows, thereby

leading to a transition from NLoS transmission to LoS transmission with a higher

probability. Because of the proximity between D2D users, it is expected that the

forcible channels which make D2D communications up will be complex, undergo-

ing both LoS and NLoS circumstances throughout these pairs, which are clearly

dissimilar from traditional cellular environments [17].

3.2 System Model

In this section, the D2D communication enhanced cellular network scenario is

first explained. We then present the mode selection scheme and the path loss model.
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3.2.1 D2D Netwotk Model

We consider a D2D underlaid UL cellular network, where BSs and UEs, including

cellular uplink UEs and D2D UEs, are assumed to be distributed on an infinite two-

dimensional plane R2. We assume that the cellular BSs are spatially distributed

according to a homogeneous PPP of intensity λb , i.e., Φb = {Xi}, where Xi denotes

the spatial locations of the ith BS. Moreover, the UEs are also distributed in the

network region according to another independent homogeneous PPP Φu of intensity

λu. We incorporate both NLoS and LoS transmissions into the path loss model. As

a special case to show our analytical results, we consider the two-piece path loss and

the liner LoS probability functions defined by the 3GPP [124], in which the path

loss ζ (r), as a function of the distance r, is segmented into 2 pieces written as

ζ (r) =


ζ1 (r) , when 0 ≤ r ≤ d1

ζ2 (r) , when r > d1

, (3.1)

where each piece ζn (r) , n ∈ {1, 2} is modeled as

ζn (r)=


ζL
n (r) = ALr

−αL
n ,

ζNL
n (r) = ANLr

−αNL
n ,

LoS

NLoS

, (3.2)

where

• ζL
n (r) and ζNL

n (r) , n ∈ {1, 2} are the n-th piece path loss functions for the LoS

transmission and the NLoS transmission, respectively,

• AL and ANL are the path losses at a reference distance r = 1 for the LoS and

the NLoS cases, respectively,

• αL
n and αNL

n are the path loss exponents for the LoS and the NLoS cases,

respectively.
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In practice, AL, ANL, αL
n and αNL

n are constants obtainable from field tests and

continuity constraints [125]. The adopted linear LoS probability function is very

useful because it can include other LoS probability functions as its special cases [16].

Moreover, we adopt two different path loss models for cellular links as

ζB (r)=


ABLr

−αBL ,

ABNr
−αBN ,

LoS Probability: PrL
B (r)

NLoS Probability: 1− PrL
B (r)

, (3.3)

together with a linear LoS probability function as follows [124],

PrL
B (r) =


1− r

dB
0 < r ≤ dB

0 r > dB

, (3.4)

where ’BL’ and ’BN’ represent the cellular links between BS and cellular UE with

LoS and NLoS links. Parameters ABL = 10−3.08 , ABN = 10−0.27 , αBL = 2.42,

αBN = 4.28.

For D2D links,

ζD (r)=


ADLr

−αDL ,

ADNr
−αDN ,

LoS Probability: PrL
D (r)

NLoS Probability: 1− PrL
D (r)

, (3.5)

and

PrL
D (r) =


1− r

dD
0 < r ≤ dD

0 r > dD

, (3.6)

where ’DL’ and ’DN’ represent the D2D links between D2D transmitter and D2D

receiver with LoS and NLoS links. Parameters ADL = 10−3.845 , ADN = 10−5.578,

αDL = 2, αDN = 4.Where dB and dD is the cut-off distance of the LoS link for

UE-to-BS links and UE-to-UE links.
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3.2.2 User Mode Selection Scheme

We assume two modes for UEs in the considered D2D-enabled UL cellular net-

work namely the cellular mode and the D2D mode. Each UE is assigned with an

operation mode pursuant to the maximum received DL power’s comparison from its

serving BS with a threshold. It is worth noting that using the downlink power for

mode selection is an approximate method. Using the uplink signal as a test signal

will be more accurate. However, the performance analysis of the uplink link which is

UE to BS communication is particularly challenging because the UL power control

mechanism operates according to the random UE positions in the network, which is

quite different from the constant power setting in the DL. Moreover, implementing

power control requires knowledge of the channel quality of the link. If all users

sending test signals at the same time, it will cause the user of the cell edge to be

easily ignored.

So, we formulate the regarded user mode selection criterion as

Mode =


Cellular, if P ∗ = max

Φb

{
P rx
Φb

}
> β

D2D, otherwise

, (3.7)

where the string variable Mode takes the value of ’Cellular’ or ’D2D’ to denote the

cellular mode and the D2D mode, respectively. P rx is the received signal strength

from a BS. In particular, for a tagged UE, if P ∗ is larger than a specific threshold

β > 0. This UE is not appropriate to work in the D2D mode due to its potentially

large interference to cellular UEs. Hence, it should operate in the cellular mode

and directly connect with the strongest BS; otherwise, it should operate in the D2D

mode. For a D2D UE, we adopt the same assumption in [109] that it randomly takes

the role of a D2D transmitter (TU) or a D2D receiver (RU) with equal probability

at the beginning of each time slot, and each D2D receiver UE selects the strongest

D2D transmitter UE for its signal reception, with one D2D receiver only allowed
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to connect with one D2D transmitter. The UEs which are associated with cellular

BSs are referred to as cellular UEs (CUs). The distance from a CU to its associated

BS is denoted by RB. From [6], we assume CUs are distributed following a non-

homogeneous PPP Φc. Such maximum received signal strength based mode selection

scheme is more practical than the distance-based mode selection in most existing

studies because in practice it is possible that the strongest received signal strength

is not associated with the closest BS but the one with the minimum path loss with

a LoS link.

The received power for a typical UE from a BS b can be written as

P rx
b =


ABLPBHB (b)R−αBLB LoS

ABNPBHB (b)R−αBNB otherwise

, (3.8)

where ABL = 10
1
10
AdB
BL and ABN = 10

1
10
AdB
BN denote a constant determined by the

transmission frequency for BS-to-UE links in LoS and NLoS conditions, respectively.

PB is the transmission power of a BS, HB (b) is the lognormal shadowing from a BS b

to the typical UE. Base on the above system model, we can obtain the intensity of CU

as λc = qλu, where q denotes the probability of P ∗ > β and will be derived in closed-

form expressions in Section 3.3.1. It is apparent that the D2D UEs are distributed

as a point process Φd, the intensity of which is λd = (1− q)λu. Considering that a

required content file might not exist in a D2D transmitter, in reality, we assume that

ρ% D2D transmitters possess the required content files and deliver them to D2D

receivers. In other words, ρ% of the D2D links will eventually work in one time slot.

The value of is related to the social network interest and the type of dissemination

content. Base on [126], we adopt ρ = 10% in this chapter. There is no intra-cell

interference between cellular UEs since we assume an orthogonal multiple access

technique in a BS. Here, we consider a fully loaded network with λu � λb, so that

on each time-frequency resource block, each BS has at least one active UE to serve
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in its coverage area. Note that the case of λu < λb is not trivial, which even changes

the capacity scaling law [127]. In this chapter, we focus on the former case, and

leave the study of λu < λb as our future work. Generally speaking, the active CUs

can be treated as a thinning PPP Φc with the same intensity λb as the cellular BSs.

Moreover, we assume a channel inversion strategy for the power control which

has been standardized in 4G [124] for cellular UEs. As a result, the received signal

at the BS will be a constant, we will use the results when we calculate the coverage

probability of the network rather than the mode selection.

Pci =


P0

(
R
αBL
i

HB(ci)ABL

)ε
LoS

P0

(
R
αBN
i

HB(ci)ABN

)ε
otherwise

, (3.9)

where Pci is the transmission power of the i-th UE in cellular link, Ri is the distance

of the i-th link from a CU to the target BS, HB (ci) is the lognormal shadowing

between target BS and the i-th cellular UE, ε ∈ (0, 1] is the fractional path loss

compensation, P0 is the receiver sensitivity. For downlink BS and D2D transmitters,

they use constant transmit powers PB and Pd, respectively. This is too difficult for

the UE to evaluate the position and the channel information. So, on the D2D side,

we did not use power control. Using the constant power for D2D transmission has

also been standardized in the industry [128]. Besides, we denote the additive white

Gaussian noise (AWGN) power by σ2. We define the coverage probability as a

probability that a receiver’s signal-to-interference-plus-noise ratio (SINR) is above

a pre-designated threshold γ [30]:

pcov
Mode (λMode, αMode) = Pr [SINR > γ] , (3.10)

where γ is the SINR threshold, the subscript string variable Mode takes the value

of ’Cellular’ or ’D2D’. The interference in this chapter consists of the interference

from both cellular UEs and D2D transmitters.
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Furthermore, the area spectral efficiency in bps/Hz/km2 can be formulated as

AASE
Mode (λMode, γ0)

= λMode

∫ ∞
γ0

log2 (1 + x) fX (λMode, γ0) dx, (3.11)

where γ0 is the minimum working SINR for the considered network, and fX (λMode, γ0)

is the probability density function (PDF) of the SINR observed at the typical re-

ceiver for a particular value of λMode. Based on the definition of PMode (λMode, αMode),

which is the complementary cumulative distribution function (CCDF) of SINR,

fX (λMode, x) can be computed as

fX (λMode, x) =
∂ (1− pcov

Mode (x, λMode, αMode))

∂x
(3.12)

For the whole network consisting of both cellular UEs and D2D UEs, the sum

ASE can be written as

AASE = AASE
Cellular + AASE

D2D. (3.13)

In order to make the chapter more clearly, the notations are summarized in Table 3.2.

3.3 Performance of the D2D Underlaid Cellular Network

In this section, UEs’ performance is characterized in terms of their coverage

probability and ASE both for the D2D tier and the cellular tier. The percentage

of UE that operates in the cellular mode is derived in Section 3.3.1, the coverage

probabilities of cellular UE and D2D UE are derived in Section 3.4.2.

3.3.1 User Mode Selection

We define the coverage probability as a probability that a receiver’s signal-to-

interference-plus-noise ratio (SINR) is above a pre-designated threshold γ [30]:

pcov
Mode (λMode, αMode) = Pr [SINR > γ] , (3.14)
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Table 3.1 : Notations

Notations Meaning

pcov
c The coverage probability of the cellular tier

λB The density of the BSs

PB The transmit powers of BSs

PMode Pci for the cellular UE and PD for the D2D UE

pcov
D2D The coverage probability of the D2D tier

λu The density of the UEs

Pd The transmit powers of UEs

where γ is the SINR threshold, the subscript string variable Mode takes the value of

’Cellular’ or ’D2D’. The interference in this chapter consists of the interference from

both cellular UEs and D2D transmitters. Furthermore, the area spectral efficiency

in bps/Hz/km2 can be formulated as

AASE
Mode (λMode, γ0)

= λMode

∫ ∞
γ0

log2 (1 + x) fX (λMode, γ0) dx, (3.15)

where γ0 is the minimum working SINR for the considered network, and fX (λMode, γ0)

is the probability density function (PDF) of the SINR observed at the typical re-

ceiver for a particular value of λMode. Based on the definition of PMode (λMode, αMode),

which is the complementary cumulative distribution function (CCDF) of SINR,

fX (λMode, x) can be computed as

fX (λMode, x) =
∂ (1− pcov

Mode (x, λMode, αMode))

∂x
(3.16)

For the whole network consisting of both cellular UEs and D2D UEs, the sum

ASE can be written as

AASE = AASE
Cellular + AASE

D2D. (3.17)



34

Table 3.2 : Notations

Notations Meaning

pcov
c The coverage probability of the cellular tier

λB The density of the BSs

PB The transmit powers of BSs

PMode Pci for the cellular UE and PD for the D2D UE

pcov
D2D The coverage probability of the D2D tier

λu The density of the UEs

Pd The transmit powers of UEs

In order to make the chapter more clearly, the notations are summarized in Table 3.2.

3.4 Main Results

In this section, UEs’ performance is characterized in terms of their coverage

probability and ASE both for the D2D tier and the cellular tier. The percentage

of UE that operates in the cellular mode is derived in Section 3.4.1, the coverage

probabilities of cellular UE and D2D UE are derived in Section 3.4.2.

3.4.1 Percentage of UE operating in the cellular mode

In this subsection, we present our results on the percentage of UE operating in

the cellular mode and the equivalence distance distributions in the cellular mode

and D2D mode, respectively. To obtain the probability of UE operate in the cellular

mode, we first choose a UE as the typical UE, using the method of stochastic

geometry, we can get the probability that a generic mobile UE registers to the

strongest BS and operates in cellular mode.

Due to the consideration of lognormal shadowing in this mode we use the in-
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tensity equivalence method in [129] to first obtain an equivalent network for further

analysis. In particular, we transform the original PPP with lognormal shadowing

to an equivalent PPP which has the matched intensity measure and intensity. More

specifically, define R
BL

i = H−1/αBL

B RBL
i and R

BN

i = H−1/αBN

B RBN
i , where RBL

i and

RBN
i are the distance separating a typical user from its tagged strongest base station

with LoS and NLoS. R
BL

i and R
BN

i is the equivalent distance separating a typical

user from its tagged nearest base station in the new PPP with a LoS or NLoS link.

HB is the lognormal shadowing between target BS and the UE.

The network consists of two non-homogeneous PPPs with intensities λpNL(Ri)

and λpL(Ri), which representing the sets of NLoS and LoS links respectively. Each

UE is associated with the strongest transmitter. Moreover, intensities λNL(·) and

λL(·) are given by

λNL(t) =
d

dt
ΛNL ([0, t]) (3.18)

and

λL(t) =
d

dt
ΛL ([0, t]) (3.19)

respectively, where

ΛNL ([0, t]) = EHB

[
2πλb

∫ t(HB)1/αBN

0

pNL(r)rdr

]
(3.20)

and

ΛL ([0, t]) = EHB

[
2πλb

∫ t(HB)1/αBL

0

pL(r)rdr

]
. (3.21)

Similar definitions are adopted to D2D tier as well. The transformed network has

the exact same performance for the typical receiver (BS or D2D RU) on the coverage

probability with the original network. In the following, we present our first result

in Lemma 2, which will be used in the later analysis of the coverage probability.
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Lemma 1. The percentage of typical UE operates in the cellular mode q is given by

q = 1− exp

−EHB
2πλb

∫ (
PBABLHB

β

)1/αBL

0

pL(r)rdr


− EHB

2πλb

∫ (
PBABNHB

β

)1/αBN

0

pNL(r)rdr

 , (3.22)

and the percentage that the UE operating in the D2D mode is (1− q).

Proof. The probability that the RSS is larger than the threshold is given by

P = Pr
[
max
b
{P rx

b } > β
]
, (3.23)

where we use the standard power loss propagation model with a path loss exponent

αBL (for LoS UE-BS links) and αBN (for NLoS UE-BS links).The probability that

a generic mobile UE operates in the cellular mode i

q = 1− Pr
[
max

b
{P rx

b } ≤ β
]

= 1− Pr [max {P rx
LoS} ≤ β ∩max {P rx

NLoS} ≤ β]

= 1− Pr

[
minR

BL

i ≥
(
PBABL

β

)1/αBL

∩ minR
BN

i ≥
(
PBABN

β

)1/αBN
]

(3.24)

which means there is no nodes in the disk around the typical UE with a radius(
PBABL

β

)1/αBL
when the link is LoS, and there is no nodes in the disk around the

typical UE with a radius
(
PBABN

β

)1/αBN
when the link is NLoS. Therefore,

q =1− exp

[
− ∧NL

([
0,

(
PBABL

β

)1/αBL
])]

× exp

[
− ∧L

[
0,

(
PBABN

β

)1/αBN
]]
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Figure 3.1 : The probability for a UE to operate in the cellular mode vary the RSS

threshold β , PB = 46dBm

=1− exp

−EHB
2πλb

∫ (
PBABLHB

β

) 1
αBL

0

pL(r)rdr


× exp

−EHB
2πλb

∫ (
PBABNHB

β

) 1
αBN

0

pNL(r)rdr

 , (3.25)

which concludes our proof.

Note that Eq.(4.17) explicitly account for the effects of shadow fading, pathloss,

transmit power, spatial distribution of BSs and mode selection threshold β . From

the result, one can see that the HPPP φu can be divided into two point processes:

the PP with intensity qλu and the PP with intensity (1−q)λu. Same as in [6,109], We

assume the two PPs which representing cellular UEs and D2D UEs are independent.

This figure illustrates the probability for a UE to operate in the cellular mode

based on Eq.(4.17). It can be seen that the simulation results perfectly match

the analytical results. From the figure, we can find that the value increases by
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approximately to -37 dBm and -35 dBm when the BS intensity is 10BS/km2 and

15BS/km2, respectively. It indicates that the percentage of CUs will increase as the

BS intensity grows.

3.4.2 Coverage Probabality of D2D-Enhanced Cellular Network

In this subsection, we investigate the coverage probability that a receiver’s signal-

to-interference-plus-noise ratio (SINR) is above a pre-designated threshold γ:

pcov
Mode (λMode, γ) = Pr [SINR > γ] (3.26)

where γ is the SINR threshold, the subscript string variable Mode takes the value

of ’Cellular’ or ’D2D’. The SINR can be calculated as

SINR =
PModeζMode (r)HMode

Icellular + Id2d +N0

, (3.27)

whereHMode is the lognormal shadowing between transmitter and receiver in cellular

mode or D2D mode. PB, Pd and N0 are the transmission power of each cellular and

D2D UE transmitter and the additive white Gaussian noise (AWGN) power at each

receiver, respectively. Based on the path loss model in Eq.(5.40) and the equivalence

method in subsection 3.4.1, we present our main result on pcov
c (λ, γ) in Theorem 1.

Theorem 1. For the typical BS which is located at the origin, considering the

path loss model in Eq.(5.40) and the equivalence method, the coverage probability

pcov
c (λ, γ) can be derived as

pcov
c (λ, γ) = T L

c + TNL
c , (3.28)

where

T L
c =

∫ tLoS

0

(∫ ∞
−∞

[
1− e−iω/γ

2πiω

]
F 1

SINRL
(ω)dω

)
×fRLCU (r)dr (3.29)
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and

TNL
c =

∫ tNLoS

0

(∫ ∞
−∞

[
1− e−iω/γ

2πiω

]
F 1

SINRNL
(ω)dω

)
,

×fRNLCU (r)dr (3.30)

tLoS =

(
β

PBABL

)
−1/αBL (3.31)

and

tNLoS =

(
β

PBABN

)
−1/αBN , (3.32)

fRLCU (r) and fRNLCU (r) , are represented by

fL
RLCU

(r) = exp

(
−
∫ r1

0

(
PrNL (u)

)
λNLB (u)du

)
× exp

(
−
∫ r

0

PrL (u)λLB(u)du

)
×PrL (r)λLB(r)/q (3.33)

and

fNL
RNLCU

(r) = exp

(
−
∫ r2

0

PrL (u)λ(u)du

)
× exp

(
−
∫ r

0

(
PrNL (u)

)
λNLB (u)du

)
×PrNL (r)λNLB (r)/q (3.34)

where r1 and r2 are given implicitly by the following equations as

r1 = arg
r1

{
ζNL (r1) = ζL

n (r)
}

(3.35)

and

r2 = arg
r2

{
ζL (r2) = ζNL

n (r)
}
. (3.36)

In addition, F 1

SINRL
(ω) and F 1

SINRNL
(ω) are respectively computed by follows.
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F 1

SINRL
(ω) can be written as three parts, namely LIc(ω), LId(ω) and Ln(ω),

LIc(ω) = exp

(
iω

ICL + ICN

SL

)
= exp

{
−
∫ ∞
r

(
1−

∫ tLoS

0

exp

(
iω

(zαBL)εv−αBL

A2ε
BL

(
r−αBL

)1−ε

)

fRLCU (z)dz
)
λLB(v)dv

−
∫ ∞
r

(
1−

∫ tLoS

0

exp

(
iω

(zαBL)εv−αBN

A2ε
BL

(
r−αBL

)1−ε

)

fRLCU (z)dz
)
λNLB (v)dv

}
(3.37)

and

LId(ω) = exp

(
iω

IDL + IDN

SL

)
= exp

{
−
∫ ∞
tLoS

(
1− exp

(
iω

PdABLv−αBL

P0

(
ABLr−αBL

)1−ε

)

λLtu(v)dv

−
∫ ∞
tLoS

(
1− exp

(
iω

PdABNv−αBN

P0

(
ABLr−αBL

)1−ε

))
λNLtu (v)dv

}
(3.38)

and Ln(ω) = exp

(
iw σ2

P0(ABLr−αBL)
1−ε

)
which are the cellular interference , D2D

interference and noise part in characteristic function.
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F 1

SINRNL
(ω) =

exp

{
−
∫ ∞
r

(
1−

∫ tNLoS

0

exp

(
iωzεαBLABLv−αBL

Aε
BL

(
ABNr−αBN

)1−ε

)

× fRNLCU (z)dz
)
λLB(v)dv

−
∫ ∞
r

(
1−

∫ tNLoS

0

exp

(
iωzεαBLABNv−αBN

Aε
BL

(
ABNr−αBN

)1−ε

)

× fRNLCU (z)dz
)
λNLB (v)dv

−
∫ ∞
tNLoS

(
1− exp

(
iωPdABLv−αBL

P0

(
ABNr−αBN

)1−ε

))
λLtu(v)dv

−
∫ ∞
tNLoS

(
1− exp

(
iωPdABNv−αBN

P0

(
ABNr−αBN

)1−ε

))
λNLtu (v)dv

+
iωσ2

c

P0

(
ABNr−αBN

)1−ε

}
(3.39)

It gives general results that can be applied to various multi-path fading or shad-

owing model, e.g., Rayleigh fading, Nakagami-m fading, etc, and various NLoS/LoS

transmission models as well. When the mode selection threshold β increases, we can

find the intensity of D2D transmitter also increases. This will reduce the coverage

probability performance of cellular tier, so we make pcov
c > δ as a condition to guar-

antee the performance for the cellular mode when choosing β for the optimal system

ASE. Alike to the analysis in cellular mode, we concentrate on a typical D2D UE

located at the origin o and scheduled to pick up information from another D2D UE.

Following Slivnyak’s theorem, the coverage probability result derived for the typical

D2D UE also holds for any generic D2D UE located at any location.

Theorem 2. For a typical D2D receiver, the probability of coverage pcov
D2D (λ, γ) can

be derived as

pcov
D2D (λ, γ) = T L

D2D + TNL
D2D, (3.40)



42

where

T L
D2D =

∫ ∞
0

(∫ ∞
−∞

[
1− e−iω/γ

2πiω

]
F 1

SINRL
D2D

(ω)dω

)
×fRLD2D

(Rd,0)dRd,0 (3.41)

and

TNL
D2D =

∫ ∞
0

(∫ ∞
−∞

[
1− e−iω/γ

2πiω

]
F 1

SINRNL
D2D

(ω)dω

)
×fRNLD2D

(Rd,0)dRd,0, (3.42)

fRLD2D
(r) and fRNLD2D

(r) can be calculated from cumulative distribution function

(CDF) of R
LOS

d and R
NLOS

d in appendix C.

In addition, F 1

SINRL
D2D

(ω) and F 1

SINRNL
D2D

(ω) are respectively computed by

F 1

SINRL
D2D

(ω) =

exp

{
−
∫ ∞

0

(
1−

∫ tLoS

0

exp

(
iωP0R

εαBL

i v−αDL

Aε
BLPd(Rd,0)−αDL

)

× fRLCU (Ri)dRi

)
λLB(v)dv

−
∫ ∞

0

(
1−

∫ tLoS

0

exp

(
iωP0R

εαBL

i ADNv−αDN

Aε
BLPdADL(Rd,0)−αDL

)

× fRLCU (Ri)dRi

)
λNLB (v)dv

−
∫ ∞
r

(
1− exp

(
iωv−αDL

(Rd,0)−αDL

))
λLtu(v)dv

−
∫ ∞
r

(
1− exp

(
iωADNv−αDN

ADL(Rd,0)−αDL

))
λNLtu (v)dv

+
iωσ2

d

PdADL(Rd,0)−αDL

}
(3.43)

and
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F 1

SINRNL
D2D

(ω) =

exp

{
−
∫ ∞

0

(
1−

∫ tNLoS

0

exp

(
iωP0R

εαBL

i ADLv−αDL

Aε
BLPdADN(Rd,0)−αDN

)

× fRNLCU (Ri)dRi

)
λLB(v)dv

−
∫ ∞

0

(
1−

∫ tNLoS

0

exp

(
iωP0R

εαBL

i v−αDN

Aε
BLPd(Rd,0)−αDN

)

× fRNLCU (Ri)dRi

)
λNLB (v)dv

−
∫ ∞
r

(
1− exp

(
iωADLv−αDL

ADN(Rd,0)−αDN

))
λLtu(v)dv

−
∫ ∞
r

(
1− exp

(
iωv−αDN

(Rd,0)−αDN

))
λNLtu (v)dv

+
iωσ2

d

PdADN(Rd,0)−αDN

}
, (3.44)

where ADL = 10
1
10
AdB
DL and ADN = 10

1
10
AdB
DN denote a constant determined by the

transmission frequency for UE-to-UE links in LoS and NLoS, respectively.

Proof. The typical D2D receiver selects the equivalent nearest UE as a potential

transmitter. If the potential D2D transmitter is operating in a cellular mode, D2D

RU must search for another transmitter. We approximately consider that the second

neighbor can be found as the transmitter under this situation both for LoS/NLoS

links. In order to evaluate the accuracy of this approximation, we use the results

which did not distinguish LoS/NLoS, but added mode selection, compared with

simulation results.

As can be seen from the results, the error of this estimation is small, especially

when the link distance is 0 to 40 meters. The approximate cumulative distribution
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Figure 3.2 : The D2D links distance (m) with simulation and using the second

neighbor approximation.

function (CDF) of R
LoS

d can be written as

Pr
[
R
LoS

d < R
]
≈
∫ ∞
R+tL

(∫ R

0

fRLd (Rd)dRd

)
frL1 (r1)dr1

+

∫ R+tL

tL

(∫ r1−tL

0

fRd(Rd)dRd

+

∫ R

r1−tL
(1− PL

c ) · fRLd (Rd)dRd

+

∫ R

r1−tL
PL
c · fRLd2

(
Rd

)
dRd

)
frL1 (r1)dr1

+

∫ ∞
R+tNL

(∫ R

0

fRLd (Rd)dRd

)
frNLoS1

(r1)dr1

+

∫ R+tNL

tNL

(∫ r1−t

0

fRLd (Rd)dRd

+

∫ R

r1−tNL
(1− PL

c ) · fRLd (Rd)dRd

+

∫ R

r1−tNL
PL
c · fRLd2

(
Rd

)
dRd

)
frNL1

(r1)dr1, (3.45)

where r1 is the equivalent distance from TU to the strongest LoS/NLoS BS, PL
c and
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PNL
c is the probability of a D2D receiver be a CU with LoS and NLoS.

frL1 (r) = exp
[
−ΛL ([0, r])

]
× exp

[
−ΛNL ([0, r1])

]
×PrL

B (r)λLB(r)/ (1− q) (3.46)

and

frNL1
(r) = exp

[
−ΛNL ([0, r])

]
× exp

[
−ΛL ([0, r1])

]
×PrNL

B (r)λNLB (r)/ (1− q) (3.47)

According to [16], if there is no difference between CUs and D2D UEs, the pdf of

the distance for a tier of PPP LoS UEs is

fRLd (r) = exp

(
−
∫ r1

0

PrNL
D (u)λNLu (u)du

)
× exp

(
−
∫ r

0

PrL
D (u)λLu(u)du

)
×PrL

D (r)λLu(r) (3.48)

and if there is no difference between CUs and D2D UEs, the pdf of the distance for

a tier of PPP NLoS UEs is

fRNLd (r) = exp

(
−
∫ r2

0

PrL
D (u)λLu(u)du

)
× exp

(
−
∫ r

0

PrNL
D (u)λNLu (u)du

)
×PrNL

D (r)λNLu (r), (3.49)

where

λLu(r)

=
d

dt

EHD

2π (1− q)λu
∫ t(HD)

1
αDL

0

PrL
D(r)rdr

 (3.50)
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and

λNLu (r)

=
d

dt

EHD

2π (1− q)λu
∫ t(HD)

1
αDN

0

PrNL
D (r)rdr

 . (3.51)

According to [130] , the second neighbor point is distributed as

fRLd2
(r) = 2π2r3λLu(t)2

× exp

−EHD
2πλu

∫ r(HD)
1

αDL

0

PrL
Drdr

 (3.52)

and

fRNLd2
(r) = 2π2r3λNLu (t)2

× exp

−EHD
2πλu

∫ r(HD)
1

αDN

0

PrNL
D rdr

 . (3.53)

similarity, the cdf of the distance of NLoS D2D signal can be written as

Pr
[
R
NL

d < R
]
≈
∫ ∞
R+tL

(∫ R

0

fRNLd (Rd)dRd

)
frL1 (r1)dr1

+

∫ R+tL

tL

(∫ r1−tL

0

fRNLd (Rd)dRd

+

∫ R

r1−tL
(1− PNL

c ) · fRNLd (Rd)dRd

+

∫ R

r1−tL
PNL
c · fRNLd2

(
Rd

)
dRd

)
frL1 (r1)dr1

+

∫ ∞
R+tNL

(∫ R

0

fRNLd (Rd)dRd

)
frNL1

(r1)dr1

+

∫ R+tNL

tNL

(∫ r1−t

0

fRNLd (Rd)dRd

+

∫ R

r1−tNL
(1− PNL

c ) · fRNLd (Rd)dRd

+

∫ R

r1−tNL
PNL
c · fRNLd2

(
Rd

)
dRd

)
frNL1

(r1)dr1, (3.54)

the pdf of Rd
L(NL)

can be written as

f
Rd

L(NL)(r) =
∂ Pr

[
R
L(NL)
d > r

]
∂Rd

, (3.55)
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where Pc is the probability of the potential D2D receiver operating in the cellular

mode, and it can be calculated as

PL/NL
c = arccos

(
Rd + r2

1 − t2L/NL
2Rdr1

)
/π, (3.56)

which concludes our proof.

The coverage probability of D2D users is evaluated by Eq.(4.26). The typical

D2D receiver selects the equivalent nearest UE as a potential transmitter. If the

potential D2D transmitter is operating in a cellular mode, D2D RU must search for

another transmitter. We approximately consider that the second neighbor can be

found as the transmitter under this situation both for LoS/NLoS links, the accuracy

of this estimate is compared to the simulation results in appendix C. Although the

analytical results are complicated, it provides general results that can be applied

to various multi-path fading or shadowing models in the D2D-enhanced cellular

networks.

3.5 Simulation and Discussion

In this section, we use numerical results to validate our results and analyze the

performance of the D2D-enabled UL cellular network. To this end, we present the

simulation parameters, the results for the coverage probability, the results for the

area spectral efficiency in Section 3.5.1,Section 3.5.2,Section 3.5.4, respectively.

3.5.1 Simulation setup

We set the system parameters according to the 3GPP Long Term Evolution

(LTE) specifications [128], the BS intensity to λb = 5 BSs/km2, which results in

an average inter-site distance of about 500 m. The UE intensity is chosen as λ =

200 UEs/km2, which is a typical value in 5G [16]. The transmit power of each BS

and each D2D transmitter are set to PB = 46 dBm and PD = 10 dBm, respectively.
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Table 3.3 : Simulation Parameters

Parameters Values Parameters Values

BW 10MHz fc 2GHz

λB 5 BSs/km2 σ2
c -95 dBm

λu 200 UEs/km2 σ2
d -114 dBm

ε 0.8 P0 -70 dBm

αBL 2.42 ABL 10−3.08

αBN 4.28 ABN 10−0.27

αDL 2 ADL 10−3.845

αDN 4 ADN 10−5.578

PB 46 dBm Pd 10 dBm

dB 0.3km dD 0.1km

Moreover, the threshold for selecting cellular mode communication is β = −70 ∼

−30dBm. The standard deviation of lognormal shadowing is 8 dB between UEs to

BSs and 7 dB between UEs to UEs. The noise powers are set to −95 dBm for a UE

receiver and −114 dBm for a BS receiver, respectively. The simulation parameters

are summarized in Table 4.1.

3.5.2 Validation of analytical results of pcov (λ, γ)

In Fig. 4.2, we plot the results of the coverage probability of cellular tier and

D2D tier, we can draw the following observations:

• The analytical results of the coverage probability from Eq.(3.28) and Eq.(4.26)

match well with the simulation results, which validates our analysis and shows

that the adopted model accurately captures the features of D2D communica-

tions.
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Figure 3.3 : The Coverage Probability pcov (λ, γ) vs. SINR threshold (λUE =

200 UEs/km2, λBS = 5 UEs/km2 and ρ = 10%). The mode select threshold β is

−50dBm.

• For the cellular tier, the coverage probability decreases with the increase of

SINR threshold because a higher SINR requirement makes it more difficult to

satisfy the coverage criterion in Eq.(4.20).

• The coverage probability reduces very slowly in D2D tier because the signals

in most of the successful links are LoS while the interference is most likely

NLoS, hence the SINR is relatively large, e.g., well above 15 dB.

To fully study the SINR coverage probability with respect to the values of β ,

the results of coverage probability with various β and γ0=0 dB are plotted in Fig

4.4. From this figure, we can draw the following observations:

• The coverage probability of cellular users increases as β grows from -70 dBm to

-57 dBm, which is because a larger β reduces the distance between the typical
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Figure 3.4 : The Coverage Probability pcov (λ, γ) vs. β for 3GPP Case 1 (γ0 = 0 dB,

λUE = 200 UEs/km2, λBS = 5 UEs/km2 and ρ = 10%).

CU to the typical BS so that the signal link’s LoS probability increases. Then,

the coverage probability performance decreases because the interference from

D2D tier is growing. When we set δ = 0.9, we should choose β no larger than

-45 dBm to guarantee the cellular performance.

• In the D2D mode, the coverage probability also increases as β increases from

-70 dBm to -60 dBm, this is because the distance between the typical D2D pair

UEs decreases while the transmit power is constant. From β = −60 dBm to

β = −45 dBm, the coverage probability decreases because of the interference

from the D2D tier increases. Then, the coverage probability increases when

β is larger than -45 dBm because the signal power experience the NLoS to

LoS transition while the aggregate interference remains to be mostly NLoS

interference.
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3.5.3 Network Performance Without Interference Management

In this subsection, we will show the results in terms of the coverage probabil-

ity of cellular tier and the D2D tier with and without the proposed interference

management scheme. From Fig.3.5, we can draw the following observations:
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Figure 3.5 : The coverage probability with and without the proposed interference

management scheme (γ0 = 0 dB, λUE = 300 UEs/km2, λBS = 5 UEs/km2).

• For the cellular tier, in the absence of the interference management scheme,

the coverage probability is almost zero due to interference from the D2D tier.

• For the D2D tier, the interference management scheme also improves cover-

age probability because this scheme makes D2D UEs more concentrated in

location.
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200 UEs/km2, λBS = 5 UEs/km2 and ρ = 10%).

3.5.4 Discussion on the analytical results of ASE

In Fig.4.5, the triangle mark represents coverage probability, and the other three

curves represent ASE. The analytical results of ASE with γ0=0 db vs various β

values are shown in Eq.(5.10). Fig.4.5 illustrates the ASEs of Cellular links, D2D

links and of the whole network with respect to different mode selection thresholds

β . From this figure we can draw the following observations:

• The total ASE increases as the D2D links increases when β ∈ [−70dBm,−55dBm]

this is because D2D links increase which cellular links keep stable.

• An optimal β around−55 dBm can achieve the maximum ASE while the cov-

erage probability of the cellular tier is above 0.9.

• The total ASE decreases when β ∈ [−55dBm,−42dBm], because the D2D
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links generate more interference which makes the coverage probability of cel-

lular decreases.

• When β ∈ [−42dBm,−30dBm], the additional D2D links make a significant

contribution to the ASE performance so that the total ASE grows again. Then,

the total ASE approaches that of the D2D ASE because the percentage of D2D

UE is approaching 100%, which has been analyzed in Eq.(4.17). Although the

total ASE grows very quickly when β ∈ [−42dBm,−30dBm], the interference

from D2D links to the cellular tier remains to be large so that the performance

of the cellular tier is poor. Hence, we do not recommend the network operate

in this range of β.

From Fig.4.5 we can find D2D links will increase as β increase for all different

densities of BS. In conclusion, there is an optimal beta which can get the optimal

ASE of the D2D-enabled cellular while the coverage probability in cellular tier is

maximum. The mode selection threshold can control the interference from both

cellular tier and D2D tier. D2D tier can bring nearly double ASE for the network

when set the optimal threshold for mode selection.

3.6 Summary

In this chapter, we designed a D2D enhanced cellular network to boost the

network capacity. We proposed a mode selection method which can eliminate the

potential overlarge interferene in a D2D-enhanced uplink cellular network, where the

locations of all mobile UEs modeled as a PPP distribution. In particular, each UE

selects its operation mode based on its downlink received power and a threshold β.

This interference management scheme mitigates the potential overlarge interferene

from D2D transmitter to cellular network. Moreover, The results in terms of the

coverage probability and the ASE for various values of the mode selection threshold
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β showed that the D2D links could provide high ASE when the threshold parameter

is appropriately chosen.
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Chapter 4

Interference Management and Proportional Fair

Scheduler in D2D Underlaid Cellular Network

In this chapter, we extend the work introduced in Chapter 3 and consider the pro-

portional fair scheduler in D2D underliad cellular network. The rest of this chapter

is structured as follows: Section 4.1 provides a brief introduction of this problem.

Section 4.2 describes the system model. Section 4.3 presents our theoretical analysis

on the coverage probability and the area spectral efficiency (ASE) with applications

in a 3GPP special case. The numerical and simulations results are discussed in

Section 4.4. Our conclusions are drawn in Section 4.5.

4.1 Introduction

In the last decade, there has been an explosive increase in the demand for data

traffic [1]. To address such massive consumer demand for data communications,

several noteworthy technologies have been proposed [19], such as small cell networks

(SCNs), cognitive radio, device-to-device (D2D) communications, etc [105].

In the standardization of the 5-th generation (5G) networks, the orthogonal fre-

quency division multiple access (OFDMA) based D2D communications adopt two

types of spectrum sharing methods, (i) in-band (e.g., using cellular spectrum) or (ii)

out-band (e.g., unlicensed spectrum). In particular, in the in-band D2D communica-

tions, D2D users can set up their communications in an underlay or overlay manner.

More specifically, in an underlying setting, D2D users use the same spectrum of cel-

lular users (CUs) whereas in the overlay, D2D users access a dedicated portion of
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cellular spectrum [124]. Recently, it has been standardized by the 3rd Genera-

tion Partnership Project (3GPP) [131] that Proximity Services (ProSe) should use

uplink resources when coexisting with conventional cellular communications. This

means that practical D2D communications will underlay with cellular networks in

the uplink.

Although the reuse of the cellular spectrum via D2D can improve the area spec-

tral efficiency of the network, such D2D operations also pose great challenges. The

major challenge in the D2D-enabled cellular network is the existence of inter-tier

and intra-tier interference due to the aggressive frequency reuse, where cellular UEs

and D2D UEs share the same spectrum. It is essential to design an effective inter-

ference management scheme to control the interference generated by the D2D links

to the cellular links, and vice versa. Consequently, there has been a surge of aca-

demic studies in this area. Transmission power control [5–7], distance-based mode

selection [10,11,109] and guard-zone interference control schemes [12–14] have been

proposed to solve this problem.

On the other hand, as pointed out in [132], one major weakness of recent re-

search on D2D communications is a lack of realistic scenarios for future mobile

networks such as heterogeneous networks with densely deployed small cells. As a

straightforward way to increase network capacity, the SCN densification also opens

up new research questions, especially in the context of D2D communications. First,

scheduling has been conceived as an effective use selection technique used at base

stations (BSs) to efficiently use the available spectrum and improve the overall sys-

tem throughput. Second, the path loss models of D2D links and cellular links in

a D2D-enabled cellular network are different due to the difference in the heights

and the locations of transmitters [16]. Third, It is well known that LoS transmis-

sion may occur when the distance between a transmitter and a receiver is small,

and non-line-of-sight (NLoS) transmission is common in office environments and in
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central business districts. When the distance between a transmitter and a receiver

decreases, the probability that a LoS path exists between them increases, thereby

causing a transition from NLoS transmission to LoS transmission with a higher

probability. Due to the proximity between D2D users, the physical channels which

constitute D2D communications are expected to be complex, experiencing both LoS

and NLoS conditions across these pairs, which are distinctly different from conven-

tional cellular environments [17].

In this chapter, we will consider the above network models and will also present a

novel mode selection scheme based on the maximum received signal strength for D2D

transmitter (TU) to control the interference and focus on the analysis of the orthog-

onal deployment of uplink sharing D2D-enhanced UDNs. The maximum received

signal strength based mode selection scheme is more practical than the distance-

based mode selection in most existing studies because in practice it is possible that

the strongest received signal strength is not associated with the closest BS but the

one with the minimum path loss with a line-of-sight (LoS) link. In more detail, a

UE will operate in a cellular mode if its received signal strength from the strongest

base station (BS) is larger than a threshold β; otherwise, it will operate in a D2D

mode. This will mitigate the overlarge interference from the D2D links to the cel-

lular links.To analyze the proposed framework, we develop a theoretical framework

that takes practical path loss model and Rayleigh fading into account. Based on our

analytical results, we find a tradeoff between the maximization of the area spectral

efficiency (ASE) performance and the fairness of the D2D links, and the optimum

setting of the threshold β that maximizes the ASE.

4.2 System Model

In this section, we first explain the scenario of the D2D communication coex-

isting with cellular network. Then, we present the path loss model, interference
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management scheme, the PF scheduler and the performance metrics.

4.2.1 Scenario Description

We consider a D2D underlaid UL cellular network, where BSs and UEs, includ-

ing cellular uplink UEs and D2D UEs, are assumed to be distributed on an infinite

two-dimensional (2D) plane R2. We assume that the cellular BSs are spatially dis-

tributed according to a 2D homogeneous PPP of intensity λb , i.e., Φb = {Xi},

where Xi denotes the spatial locations of the ith BS. For cellular network, we as-

sume the uplink UEs which only operate in cellular mode are deployed following an

arbitrary stationery and ergodic Poisson point process of intensity λu. Moreover,

the D2D transmitters are also distributed in the network region according to an-

other independent homogeneous PPP ΦTU of intensity λTU . We assume that each

D2D transmitter has a dedicated receiver located at distance l in a random direction

as [56]. In this chapter, we take a PF scheduler into account in the cellular tier,

which will be described in detail in Subsection 4.2.4.

Furthermore, we assume that each UE and each BS transmit with constant

powers PD and PB, respectively. Finally, we adopt a unified channel model that

only Rayleigh fading h is considered for both cellular and D2D links: where h is the

fading factor following an exponential distribution with unit mean, i.e., h ∼ exp(1).

In this chapter, we incorporate both NLoS and LoS transmissions into the path

loss model. Following [16, 133], path loss functions adopted in the 3GPP [124] for

cellular links and D2D links are considered, which can be written as

ζB (r)=


ABLr

−αBL ,

ABNr
−αBN ,

LoS Probability: PrL
B (r)

NLoS Probability: 1− PrL
B (r)

(4.1)
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and

ζD (r)=


ADLr

−αDL ,

ADNr
−αDN ,

LoS Probability: PrL
D (r)

NLoS Probability: 1− PrL
D (r)

. (4.2)

Specifically,

PrL
B (r) =


1− 5 exp (−R1/r) 0 < r ≤ dB

5 exp (−r/R2) r > dB

(4.3)

and

PrL
D (r) =


1 0 < r ≤ dD

0 r > dD

(4.4)

where ABL = 10
1
10
AdB
BL and ABN = 10

1
10
AdB
BN , ADL = 10

1
10
AdB
DL and ADN = 10

1
10
AdB
DN

are determined by the transmission frequency for BS-to-UE links and UE-to-UE

links in LoS and NLoS conditions, respectively. Parameters αBL and αBN , αDL and

αDN denote the path loss exponents for BS-to-UE links and UE-to-UE links with

LoS and NLoS conditions, respectively. Parameters R1 = 156 m, R2 = 30 m, and

dB = R1

ln 10
= 67.75 m [124]. Parameter dD = 50 m is the cut-off distance of the LoS

link for UE-to-UE links.

4.2.2 Interference Management Scheme

There are two modes for TUs in the considered D2D-enabled UL cellular network,

i.e., cellular mode and D2D mode. Each TU is assigned with an operation mode

according to the comparison of the maximum received DL power from its strongest

BS with a threshold. In more detail, the considered mode selection criterion is

formulated as

Mode =


Cellular, if P ∗ = max

Φb

{
P rx
Φb

}
> β

D2D, otherwise

, (4.5)
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where the string variable Mode takes the value of ’Cellular’ or ’D2D’ to denote the

cellular mode and the D2D mode, respectively. P rx is the received signal strength

from a BS. In particular, for a tagged TU, if P ∗ is larger than a specific threshold

β > 0. This TU is not appropriate to work in the D2D mode due to its potentially

large interference to cellular UEs. Hence, it should operate in the cellular mode and

directly connect with the strongest BS, i.e., the BS that offers the highest received

signal strength; otherwise, it should operate in the D2D mode. The UEs which are

associated with cellular BSs are referred to as cellular UEs (CUs). The distance

from a CU to its associated BS is denoted by RB. From [6], we assume CUs are

distributed following a PPP Φc.

The received power for a typical TU from a BS b can be written as

P rx
b =


PBABLR

−αBL
B LoS

PBABNR
−αBN
B otherwise

, (4.6)

where PB is the transmission power of a BS. Based on the above system model, we

can obtain the intensity of CU as λc = λu+pλTU , where p denotes the probability of

P ∗ > β and will be derived in closed-form expressions in Section 3.4. It is apparent

that the TUs operating in D2D mode are distributed following another PPP Φd,

the intensity of which is λd = (1− p)λTU . We assume an underlay D2D in the

UL dense cellular network model. That is, each D2D transmitter reuses the same

frequency with cellular UEs, which incurs inter-tier interference from the D2D tier

to the cellular tier. However, there is no intra-cell interference between cellular UEs

since we assume an orthogonal multiple access technique in a BS.

4.2.3 BS Activation and UE Distribution

In practice, a BS will enter an idle mode if there is no UE connected to it, which

reduces the interference to neighboring UEs as well as the energy consumption of

the network. The set of active BSs should be determined by a user association



61

strategy (UAS). In this paper, we assume a practical UAS as in [16], where each UE

is connected to the BS having the maximum average received signal strength. Note

that such BS idle mode operation is not trivial, which even changes the capacity

scaling law [127]. Since UEs are randomly and uniformly distributed in the network,

we assume that the active BSs also follow an HPPP distribution Φ̃ [134], the density

of which is denoted by λ̃ BSs/km2. Note that λ̃ ≤ λb and λ̃ ≤ λc, since one UE is

served by at most one BS.

From [134,135], λ̃ is given by

λ̃ = λb

1− 1(
1 + λc

qλb

)q
 , (4.7)

where according to [135], q depends on the path loss model, but a good approxima-

tion is suggested as q=3.5 [134].

According to [134],the per-BS coverage area size X can be approximately char-

acterized by a Gamma distribution and the probability density function (PDF) of

X can be expressed as

fX(x) = (qλb)
q xq−1 exp(qλbx)

Γ(q)
, (4.8)

where Γ(·) is the Gamma function [136]. The UE number per BS is denoted by a

random variable (RV) K, and the probability mass function (PMF) of K can be

calculated as

fK (k) = Pr [K = k]

(a)
=

∫ +∞

0

(λcx)k

k!
exp(−λcx)fX(x)dx

(b)
=

Γ(k + q)

Γ(k + 1)Γ(q)

(
λc

λc + qλb

)k (
qλb

λc + qλb

)q
, (4.9)

where (a) is due to the HPPP distribution of UEs and (b) is obtained from (4.8).

Note that fK (k) satisfies the normalization condition:
∑+∞

k=0 fK (k) = 1. It can be
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seen from (4.9) that K follows a Negative Binomial distribution [136], i.e., K ∼

NB
(
q, λc

λc+qλ

)
.

We assume that a BS with K = 0 is not active. Thus, we focus on the active

BSs and denote the UE number per active BS by a positive RV K̃. Considering

(4.9), we can conclude that K̃ follows a truncated Negative Binomial distribution,

the PMF of which is denoted by fK̃

(
k̃
)
, k̃ ∈ {1, 2, . . . ,+∞} and can be written as

fK̃

(
k̃
)

= Pr
[
K̃ = k̃

]
=

fK

(
k̃
)

1− fK (0)
. (4.10)

Furthermore, the cumulative mass function (CMF) of K̃ can be written as

FK̃

(
k̃
)

=
k̃∑
t=1

fK̃ (t) . (4.11)

4.2.4 Proportional Fair Scheduler

The original operation of the PF scheduler is as follows [114],

• First, the average throughput of each CU is tracked by an exponential moving

average at the BS.

• Second, each CU frequently feeds back its channel state information (CSI) to

its serving BS, so that such BS can calculate the ratio of the instantaneous

achievable rate to the average throughput for each user, which is defined as a

PF metric for CU selection.

• Finally, the CU with the maximum PF metric will be selected for UL trans-

mission, which is formulated as

u∗ = arg max
u∈{1,2,...,k̃}

{
R̃u

R̄u

}
, (4.12)

where u, u∗, R̃u and R̄u denote the CU index, the selected CU index, the

instantaneous achievable rate of CU u and the average throughput of CU u,

respectively. Note that the distribution of k̃ has been discussed in (4.10).
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From a network performance analysis point of view, it is very difficult, if not im-

possible, to analyze the original PF scheduler given by (4.12). This is because the

objective of a performance analysis is usually to derive the average user throughput

R̄u or aggregate inter-cell interference, but in this case it is part of the PF metric,

i.e., R̃u
R̄u

, and it should be known and plugged into the CU selection criterion of (4.12)

before the performance analysis of R̄u is carried out. A widely adopted approach to

tackle this dilemma is to use alternative measures of CSI in a PF metric, instead

of R̃u and R̄u [114, 137–139]. Here, we follow the framework developed in [114],

where the authors proposed to use the ratio of the instantaneous signal-to-noise

ratio (SNR) to the average SNR as a PF metric instead of the original one. More

specifically, the CU selection criterion of the PF scheduler proposed in [114] is given

by

u∗ = arg max
u∈{1,2,...,k̃}

{
Z̃u
Z̄u

}
, (4.13)

where Z̃u and Z̄u denote the instantaneous SNR of CU u and the average SNR of

CU u, respectively. If we don’t use PF, then we will use round Robin to randomly

select a user to communicate, but we use PF schedular, we will choose the user with

the strongest SNR in this time slot to communicate, which is obviously better than

RR method. Although this criterion of (4.13) is not exactly the same as that of

(4.12), it captures the essence of the PF scheduler:

• Allowing preference to CUs with relatively good instantaneous channels with

respect to their average ones since R̃u is a strictly monotonically increasing

function of Z̃u.

• Allocating the same portion of resource to each CU in the long term to enforce

fairness, because the chance of Z̃u ≥ Z̄u is almost the same for all CUs. Since

the accuracy and the practicality of (4.13) have been well established in [114],

we will focus on studying the PF scheduler characterized by (4.13).
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According to [30], we define the coverage probability as a probability that a receiver’s

signal-to-interference-plus-noise ratio (SINR) is above a pre-designated threshold γ:

PMode (γ, λb, λu, λTU) = Pr [SINR > γ] , (4.14)

where γ is the SINR threshold, the subscript string variable Mode takes the value of

’Cellular’ or ’D2D’. The interference in this paper consists of the interference from

both cellular UEs and D2D transmitters.

Furthermore, the area spectral efficiency in bps/Hz/km2 can be formulated as

AASE
Mode (λMode, γ0)

= λMode

∫ ∞
γ0

log2 (1 + x) fX (λMode, γ0) dx, (4.15)

where γ0 is the minimum working SINR for the considered network, and fX (λMode, γ0)

is the PDF of the SINR observed at the typical receiver for a particular value of

λMode.

For the whole network consisting of both cellular UEs and D2D UEs, the sum

ASE can be written as

AASE = AASE
Cellular + AASE

D2D. (4.16)

4.3 Performance of the D2D Underlaid Cellular Network

Using PF

In this section, the performance of UEs is characterized in terms of their coverage

probability and ASE both for the cellular tier and the D2D tier. The probability

that a TU operating in the cellular mode is derived in Section 4.3.1, the coverage

probabilities of cellular UE and D2D UE are derived in Section 4.3.2.
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4.3.1 User Mode Selection

In this subsection, we present our results on the percentage that the TUs to

operate in the cellular mode. In the following, we present our result in Lemma 2,

which will be used in the later analysis of the coverage probability.

Lemma 2. The percentage of a TU to operate in the cellular mode p is given by

p = 1− exp

−2πλb

∫ (
PBABL

β

)1/αBL

0

pL(r)rdr

+

∫ (
PBABN

β

)1/αBN

0

pNL(r)rdr

 , (4.17)

the percentage that a TU to operate in the D2D mode is (1− p).

Proof. The probability that the RSS is larger than the threshold is given by

P = Pr
[
max
b
{P rx

b } > β
]
, (4.18)

where we use the standard power loss propagation model with a path loss exponent

αBL (for LoS UE-BS links) and αBN (for NLoS UE-BS links).The probability that

a generic mobile UE operates in the cellular mode:

q = 1− Pr
[
max

b
{P rx

b } ≤ β
]

= 1− Pr [max {P rx
LoS} ≤ β ∩max {P rx

NLoS} ≤ β]

= 1− Pr

[
minRBL ≥

(
PBABL

β

)1/αBL

∩ minRBN ≥
(
PBABN

β

)1/αBN
]

= 1− Pr

[
no nodes within

(
PBABL

β

)1/αBL

∩ no nodes within

(
PBABN

β

)1/αBN
]
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Figure 4.1 : The probability for a TU to operate in the cellular mode vary the RSS

threshold β , PB = 24dBm

=1− exp

−πλb ∫
(
PBABL

β

) 1
αBL

0

PrB
Lrdr


× exp

−πλb ∫
(
PBABN

β

) 1
αBN

0

PrB
NLrdr

 , (4.19)

which concludes our proof.

Note that Eq.(4.17) explicitly account for the effects of Rayleigh fading, path

loss, transmit power, spatial distribution of BSs and mode selection threshold β .

From the result, we can see that the HPPP φTU can be divided into two PPPs: the

PPP with intensity pλTU and the PPP with intensity (1−p)λTU , which representing

cellular mode TUs and D2D mode TUs, respectively. Same as in [6], We assume

these two PPs are independent.
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Fig 4.1 illustrates the probability for a TU to operate in the cellular mode based

on Eq.(4.17). It can be seen that the simulation results perfectly match the analytical

results. From Fig.1, we can find that over 50% UEs can operate in the cellular

mode when β is smaller than -57 dBm as the BS intensity is 50BS/km2. This

value increases by approximately to -52 dBm and -46 dBm when the BS intensity

is 100BS/km2 and 300BS/km2, respectively. It indicates that the percentage of TU

operating in cellular mode will increase as the BS intensity grows.

4.3.2 Coverage Probabality

In this subsection, we investigate the coverage probability that a receiver’s signal-

to-interference-plus-noise ratio (SINR) is above a pre-designated threshold γ:

PMode (T, λb,u, αB,D) = Pr [SINR > γ] (4.20)

where γ is the SINR threshold, the subscript string variable Mode takes the value

of ’Cellular’ or ’D2D’. The SINR can be calculated as

SINR =
PDζMode (r) y

(
k̃
)

Icellular + Id2d +N0

, (4.21)

where PD and N0 are the transmission power of each cellular and D2D UE trans-

mitter and the additive white Gaussian noise (AWGN) power at each receiver, re-

spectively. Icellular and Id2d are the cumulative interference given by

Icellular =
∑

i: ci∈Φc\signal

PDβiy
(
k̃
)
i
, (4.22)

and

Id2d =
∑

j: di∈Φd2d\signal

PDβjy
(
k̃
)
j
, (4.23)

where ci and dj are the i-th interfering CU and j-th interfering TU, βi ,βj are the

path loss associated with ci and dj, respectively. signal is the typical CU to BS link
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in the cellular mode and the typical TU to the RU link in the D2D mode. y
(
k̃
)

is

the channel gain on condition of the UE number k̃.

It is very important to note that the distribution of y
(
k̃
)

should be derived

according to (4.13). More specifically, we can reformulate (4.13) as

u∗ = arg max
u∈{1,2,...,k̃}

{
PDζB(r)hu

N0

PDζB(r)×1
N0

}
= arg max

u∈{1,2,...,k̃}
{hu} , (4.24)

where hu is an i.i.d. RV with a unit-mean exponential distribution due to our

consideration of Rayleigh fading mentioned in Subsection ??. Thus, y
(
k̃
)

can be

modeled as the maximum RV of k̃ i.i.d. exponential RVs. The complementary

cumulative distribution function (CCDF) of y
(
k̃
)

is [140]

F̄Y (k̃) (y) = Pr
[
Y
(
k̃
)
> y
]

= 1− (1− exp (−y))k̃ . (4.25)

It is easy to see that Pr
[
Y
(
k̃
)
> y
]

increases as k̃ grows, which in turn improves

the typical UE’s channel gain. Note that for the round-robin (RR) scheduler, the

typical UE is randomly selected in the BS. Consequently, we have that k̃ = 1 in

(4.25) and the analytical results for RR have been derived in [133].

Based on the path loss model in Eq.(5.40) and the PF scheduler model in (4.13),

we present our main result on pcov
c (λ, γ) in Theorem 6 and Theorem 4.

Theorem 3. Considering the path loss model in (5.40) and the PF scheduler model

in (4.13), we can derive pcov
c (λ, γ) as

pcov
c (λ, γ) = T L

c + TNL
c , (4.26)

where

T L
c

=

∫ dn

dn−1

E[k̃]

Pr

 PDζ
L
B (r) y

(
k̃
)

Icellular + Id2d +N0

> γ

 fL
R,n (r) dr (4.27)
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and

TNL
c

=

∫ dn

dn−1

E[k̃]

Pr

 PDζ
NL
B (r) y

(
k̃
)

Icellular + Id2d +N0

> γ

 fNL
R,n (r) dr (4.28)

where n = {1, 2}, d0 and d2 are defined as 0 and +∞, respectively. Moreover,

fL
R,n (r) and fNL

R,n (r) (dn−1 < r ≤ dn), are represented by

fL
R,n (r) = exp

(
−
∫ r1

0

(
1− PrB

L (u)
)

2πuλbdu

−
∫ r

0

PrB
L (u) 2πuλbdu

)
PrL

B (r) 2πrλb, (4.29)

and

fNL
R,n (r) = exp

(
−
∫ r2

0

PrL
B (u) 2πuλbdu

−
∫ r

0

(
1− PrL

B (u)
)

2πuλbdu

)(
1− PrL

B (r)
)

2πrλb, (4.30)

where r1 = arg
r1

{
ζNL
B (r1) = ζL

B (r)
}

and r2 = arg
r2

{
ζL
B (r2) = ζNL

B (r)
}

.

Proof. By invoking the law of total probability, the coverage probability of cellular

links can be divided into two parts, i.e., T L
c + TNL

c , which denotes the conditional

coverage probability given that the typical CU is associated with a BS in LoS and

NLoS, respectively. First, we derive the coverage probability for LoS link cellular

tier. Conditioned on the strongest BS being at a distance r from the typical CU,
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probability of coverage is given by

E[k̃]

Pr

 PDζ
L
B (r) y

(
k̃
)

Icellular + Id2d +N0

> γ


=E[k̃]

{
Pr

[
y
(
k̃
)
> γ

(
Icellular + Id2d +N0

PDζL
B (r)

)]}
=E[k̃]

{
1−

[
1− exp

(
−γ
(
Icellular + Id2d +N0

PDζL
B (r)

))]k̃}

=
K̃max∑
k̃=1

1−
k̃∑
t=0

 k̃

t

 (−1)t × exp

(
−tγ

(
Icellular + Id2d +N0

PDζL
B (r)

))]
fK̃

(
k̃
)

=
K̃max∑
k̃=1

1−
k̃∑
t=0

 k̃

t

(−δL (r)
)t × LL

Icellular

(
tγ

PDζL
B (r)

)
LL

Id2d

(
tγ

PDζL
B (r)

)]
fK̃

(
k̃
)

where δL (r) is expressed by

δL (r) = exp

(
− γN0

PDζL
B (r)

)
, (4.31)

and LL
Icellular

(s) is the Laplace transform of Icellular for LoS signal transmission eval-

uated at s, which can be further written as

LL
Icellular

(s) = exp

(
−2πλ̃

∫ dB

r

PrB
L (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλ̃

∫ dB

r1

PrB
L (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλ̃

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 + (sPDζNL
B (u))

−1du

)
(4.32)

and LL
Id2d

(s) is the Laplace transform of Id2d for LoS signal transmission evaluated

at s, which can be further written as

LL
Id2d

(s) = exp (−2πλd

×
∫ dB(

PBABL
β

)1/αBL

PrL
B (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλd

∫ dB

r1

PrL
B (u)u

1 + (sPDζL
B (u))

−1du

)
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× exp

(
−2πλd

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 + (sPDζNL
B (u))

−1du

)
. (4.33)

The logic of the calculation of TNL
c is similar to that of T L

c . Which concludes our

proof.

Then, we will present the results in Theorem 4 as follows.

Theorem 4. Considering the truncated Negative Binomial distribution of the UE

number per active BS, K̃, characterized in (4.10), we can derive E[k̃]

{
Pr

[
PDζ

L
n(r)y(k̃)

Iagg+PN
> γ

]}
,

which will be used in Theorem 6 as

E[k̃]

Pr

PDζL
B (r) y

(
k̃
)

Iagg + PN

> γ


=

K̃max∑
k̃=1

1−
k̃∑
t=0

 k̃

t

(−δL (r)
)t

LL
Icellular

(
tγ

PDζL
B (r)

)

LL
Id2d

(
tγ

PDζL
B (r)

)]
fK̃

(
k̃
)
, (4.34)

where Iagg = Icellular + Id2d, K̃
max is a large enough integer that makes FK̃

(
K̃max

)
in (4.11) close to one with a gap of a small value ε so that the expectation value in

(5.8) can be accurately evaluated over k̃, fK̃

(
k̃
)

is obtained from (4.10), δL (r) is

expressed by

δL (r) = exp

(
− γN0

PDζL
B (r)

)
, (4.35)

and LL
Icellular

(s) is the Laplace transform of Icellular for LoS signal transmission eval-

uated at s, , which can be further written as

LL
Icellular

(s) = exp

(
−2πλ̃

∫ dB

r

PrB
L (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλ̃

∫ dB

r1

PrB
L (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλ̃

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 + (sPDζNL
B (u))

−1du

)
(4.36)
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where s = tγ
PDζ

L
B(r)

and LL
Id2d

(s) is the Laplace transform of Id2d for LoS signal trans-

mission evaluated at s, which can be further written as

LL
Id2d

(s) = exp

(
−2πλd

∫ dB(
PBABL

β

)1/αBL

PrL
B (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλd

∫ dB

r1

PrL
B (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλd

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 + (sPDζNL
B (u))

−1du

)
. (4.37)

where s = tγ
PDζ

L
B(r)

In a similar way, E[k̃]

{
Pr

[
PDζ

NL
B (r)y(k̃)
Iagg+PN

> γ

]}
is computed by

E[k̃]

Pr

PDζNL
B (r) y

(
k̃
)

Iagg + PN

> γ


=

K̃max∑
k̃=1

1−
k̃∑
t=0

 k̃

t

(−δNL (r)
)t

× LNL
Iagg

(
tγ

PDζNL
B (r)

)]
fK̃

(
k̃
)
, (4.38)

where δNL (r) is expressed by

δNL
n (r) = exp

(
− γN0

PζNL
B (r)

)
, (4.39)

and LNL
Icellular

(s) is the Laplace transform of IIcellular for NLoS signal transmission

evaluated at s, which can be further written as

LNL
Icellular

(s) = exp

(
−2πλ̃

∫ dB

r2

PrB
L (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλ̃

∫ dB

r

[
1− PrB

L (u)
]
u

1 + (sPDζNL
B (u))

−1du

)

× exp

(
−2πλ̃

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 + (sPDζNL
B (u))

−1du

)
(4.40)

where s = tγ
PDζ

NL
B (r)

and LNL
Id2d

(s) is the Laplace transform of Id2d for NLoS signal
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transmission evaluated at s, which can be further written as

LL
Id2d

(s) = exp

(
−2πλd

∫ dB

r2

PrL
B (u)u

1 + (sPDζL
B (u))

−1du

)

× exp

(
−2πλd

∫ dB(
PBABN

β

)1/αBN

[
1− PrB

L (u)
]
u

1 + (sPDζNL
B (u))

−1du

)

× exp

(
−2πλd

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 + (sPDζNL
B (u))

−1du

)
(4.41)

where s = tγ
PDζ

NL
B (r)

.

From [16], T L
c and TNL

c are independent of each other. When the mode selection

threshold β increases, we can find the intensity of D2D transmitter also increases.

This will reduce the coverage probability performance of cellular tier, so we make

pcov
c > δ as a condition to guarantee the performance for the cellular mode when

choosing β for the optimal system ASE. Although we have obtained the closed-form

expressions of pcov
c (λ, γ) for the PF scheduler in Theorems 6 and 4, it is important

to note that Theorem 4 is computationally intensive for the case of sparse networks,

where the maximum UE number per active BS K̃max could be very large, leading to

complex computations for LL
Iagg

(
tγ

PζL
B(r)

)
and LNL

Iagg

(
tγ

PζNL
B (r)

)
, t ∈

{
0, 1, . . . , K̃max

}
in

(4.34) and (4.38), respectively. From [109], one can see that to derive the coverage

probability of a generic D2D UE, we only need to derive the coverage probability for

a typical D2D receiver UE. We focus on a typical D2D UE which is located at the

origin o and scheduled to receive data from another D2D UE. Following Slivnyak’s

theorem for PPP, the coverage probability result derived for the typical D2D UE

also holds for any generic D2D UE located at any location. In the following, we

present the coverage probability for a typical D2D UE in Theorem 5.

Theorem 5. We focus on a typical D2D RU which is located at the origin o

and scheduled to receive data from another D2D TU, the probability of coverage

pcov
D2D (λ, γ) can be derived as
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pcov
D2D (λ, γ) =


T L
D when 0 < l ≤ dD

TNL
D l > dD

, (4.42)

where

T L,NL
D = exp

(
−2πλ̃

∫ dD

0

PrL
D (u)u

1 + (sPDζL
D (u))

−1du

)

× exp

(
−2πλ̃

∫ +∞

dD

[
1− PrL

D (u)
]
u

1 + (sPDζNL
D (u))

−1du

)

× exp

(
−2πλd

∫ dD

0

PrD
L (u)u

1 + (sPDζL
D (u))

−1du

)

× exp

(
−2πλd

∫ +∞

dD

[
1− PrL

D (u)
]
u

1 + (sPDζNL
D (u))

−1du

)

× exp

(
− γN0

PDζL
D (l)

)
(4.43)

where s = γ
PDζ

L
D(l)

when 0 < l ≤ dD and s = γ
PDζ

NL
D (l)

when l > dD.

Proof. The typical D2D receiver has a distance of l to an active D2D transmitter.

The coverage probability can be written as
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T L
D = Pr

[
SINRL > γ |LOS

]
= Pr

[
PDζ

L
D (l)h

Icellular + Id2d +N0

> γ |LOS

]
=E[Iagg ]

[
Pr

[
h >

γ (Icellular + Id2d +N0)

PDζL
D (l)

|LOS, Iagg

]]
=E[Iagg ]

{
exp

[
−γ (Icellular + Id2d +N0)

PDζL
D (l)

]}
= exp

(
−2πλ̃

∫ dD

0

PrD
L (u)u

1 + (sPDζL
D (u))

−1du

)

× exp

(
−2πλ̃

∫ +∞

dD

[
1− PrD

L (u)
]
u

1 + (sPDζNL
D (u))

−1du

)

× exp

(
−2πλd

∫ dD

0

PrD
L (u)u

1 + (sPDζL
D (u))

−1du

)

× exp

(
−2πλd

∫ +∞

dD

[
1− PrD

L (u)
]
u

1 + (sPDζNL
D (u))

−1du

)

× exp

(
− γN0

PDζL
D (l)

)
(4.44)

where s = γ
PDζ

L
D(l)

. The logic of the calculation of TNL
D is similar to that of T L

D.

Which concludes our proof.

4.4 Simulation and Discussion

According to the 3GPP Long Term Evolution (LTE) specifications [128], we set

the system bandwidth to 10MHz, carrier frequency fc to 2GHz. The transmit power

of each BS and each D2D transmitter are set to PB = 24 dBm and PD = 24 dBm,

respectively. Moreover, the threshold for selecting cellular mode communication is

β = −80 ∼ −30dBm. The noise powers are set to −95 dBm (including a noise

figure of 9 dB at the receivers). Besides, the CU density λu is set to 300 UEs/km2,

which leads to q = 4.05 in (4.7) and (4.8) [135]. The simulation parameters are

summarized in Table 4.1.

Validation of Theorem 6 and 4 In this subsection, we present Monte Carlo sim-



76

Table 4.1 : Simulation Parameters

Parameters Values Parameters Values

BW 10MHz fc 2GHz

λu 300 UEs/km2 N0 -95 dBm

αBL 2.09 ABL 10−4.11

αBN 3.75 ABN 10−3.29

αDL 2 ADL 10−3.845

αDN 4 ADN 10−5.578

Pb 24 dBm Pd 24 dBm

ulation results to investigate the coverage probability and validate the analytical

results in Theorem 6.

In Fig. 4.2, we plot the results of the coverage probability of cellular tier, we can

draw the following observations:

• The analytical results of the coverage probability from Eq.(4.26) match well

with the simulation results, which validates our analysis and shows that the

adopted model accurately captures the features of the cellular tier in D2D-

enhanced cellular networks.

• The coverage probability decreases with the increase of SINR threshold be-

cause a higher SINR requirement makes it more difficult to satisfy the coverage

criterion in Eq.(4.20).

• For cellular tier, the coverage probability decreases as the interference man-

agement threshold beta increases because the larger beta, the more TU will

operate in D2D mode and generate more interference to the cellular tier.
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Figure 4.2 : The Coverage Probability pcov
c (λ, γ) vs. SINR threshold (λb =

100 BSs/km2, λu = 300 UEs/km2, λTU = 150 UEs/km2 ).

Validation of on the Coverage Probability for D2D tier

In this subsection, we present Monte Carlo simulation results to investigate the

coverage probability and validate the analytical results in Theorem 4, we set the

distance l is 30m.

In Fig. 4.3, we plot the results of the coverage probability of the D2D tier, we

can draw the following observations:

• The analytical results of the coverage probability from Eq.(4.42) match well

with the simulation results, which validates our analysis and shows that the

adopted model accurately captures the features of the D2D tier in D2D-

enhanced cellular networks.

• For D2D tier, the coverage probability decreases as the interference manage-

ment threshold beta increases because the larger beta, the more TU will op-
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Figure 4.3 : The Coverage Probability of D2D tier vs. SINR threshold (λb =

100 BSs/km2, λu = 300 UEs/km2, λTU = 150 UEs/km2 ).

erate in D2D mode and generate more interference to the D2D tier as well.

The Performance Impact of Proportional Fair Scheduler on the Coverage Prob-

ability

In this subsection, we consider the proportional fair scheduler to investigate the

performance impact of the proportional fair scheduler on the coverage probability.

To fully study the coverage probability with respect to the BS density with or

without the PF scheduler, the results of coverage probability with various BS density

and γ0=0 dB are plotted in Fig 4.4. From this figure, we can draw the following

observations:

• As predicted in Theorem 6, although the PF scheduler shows a better perfor-

mance than the RR one for all BS densities, such performance gain diminishes

as the network evolves into an UDN due to the loss of multi-user diversity. As
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Figure 4.4 : The Coverage Probability pcov (λ, γ) vs. BS density (γ0 = 0 dB, λu =

300 UEs/km2, λTU = 150 UEs/km2, β=50dBm).

can be seen from Fig. 4.4, the performance gain of the PF scheduler contin-

uously decreases from around 100 % (ratio=2) when λ = 1 BSs/km2 toward

zero (ratio=1) in UDNs, e.g., λ = 103 BSs/km2.

• The detailed explanation of the performance behavior in Fig. 4.4 is provided

as follows:

– When λ ∈ [100, 101] BSs/km2, the network is noise-limited, and thus the

coverage probabilities of both RR and PF increase with the BS density

λ as the network is lightened up with more BSs.

– When λ ∈ [101, 102] BSs/km2, the increase rate of pcov (λ, γ) of the PF

scheduler decrease. This is because (i) the signal power is enhanced by

LoS transmissions, as shown by the pcov (λ, γ) of the RR scheduler in

that BS density region; while (ii) the multi-user diversity decreases in
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Figure 4.5 : The ASE AASE (λ, γ0) vs. β (λb = 100 BSs/km2,γ0 = 0 dB, λu =

300 UEs/km2, λTu = 150 UEs/km2 ).

that BS density region as exhibited in Fig. 4.4; and (iii) the above two

factors roughly cancel each other out.

– When λ > 102 BSs/km2, the coverage probabilities of both RR and PF

continuously increase. Such performance behavior can be attributed

to the BS idle mode operations, i.e., (i) the signal power continues in-

creasing with the network densification, and (ii) the interference power

is controlled because not all BSs are turned on and emit interference.

The Performance Impact of Mode Selection Threshold on the ASE

In this subsection, we investigate the performance impact of mode selection

threshold on the ASE and we find there exists an optimal beta that can achieve

the maximum ASE of the D2D-enabled cellular network.

The analytical results of ASE with γ0=0 dB vs various β values are shown in
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Eq.(5.10). Fig.4.5 illustrates the ASEs of Cellular links, D2D links and of the whole

network with respect to different mode selection thresholds β . From this figure we

can draw the following observations:

• When β ∈ [−55dBm,−46dBm], the total ASE increases as the D2D links

increases, because the D2D links do not generate a lot of interference to the

cellular tier.

• An optimal β around −46 dBm which can achieve the maximum ASE there is

a tradeoff between ASE increase for D2D links and ASE reduction for cellular

links.

• When β ∈ [−46dBm,−36dBm], the total ASE decreases because the D2D

links generate more interference which makes the coverage probability of cel-

lular UEs suffer. The ASE and the coverage probability of cellular links also

decrease because the aggregate interference is now mostly LoS interference.

• When β ∈ [−36dBm,−30dBm], the total ASE stay stable as well as the D2D

ASE because the percentage of D2D UE is approaching 100%, which has been

analyzed in Eq.(4.17).

From Fig.4.1, we can see that the additional D2D links make a significant contri-

bution to the ASE performance and the D2D links will increase as β increase for

all different densities of BS. At first, D2D links will enhance the ASE performance

but they do not generate a lot of interference to the cellular tier. Then the in-

crease of D2D transmitter will generate more interference which makes the coverage

probability of cellular UEs suffer. The optimal β can be found in this stage for

different densities of BS. At last stay stable as well as the D2D ASE because the

percentage of D2D UE is approaching 100%. Above all, there exists an optimal β

that can achieve the maximum ASE of the D2D-enabled cellular network while the
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coverage probability in the cellular tier is guaranteed. The mode selection threshold

can control the interference from both cellular tier and D2D tier. In addition, the

D2D tier can nearly double the ASE for the network when appropriately choosing

the threshold for mode selection.

4.5 Summary

In this chapter, we extended the system we designed in Chapter 3 with consid-

ering the PF scheduler in the cellular tier. With considering the PF scheduler, our

results showed that the interference management method mitigates large interference

from D2D transmitter to cellular network and the PF scheduler can improve the net-

work performance significantly when the BS density is smaller than 10−3BSs/km2.

Moreover, we concluded that D2D tier can improve the network performance when

the threshold parameter is appropriately chosen and there exists an optimal β to

achieve the maximum ASE while guaranteeing the coverage probability performance

of cellular network.
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Chapter 5

Optimal Antenna Downtilt in UDN

5.1 Introduction

In this chapter, we investigate the impact of the antenna pattern and downtilt

on the performance of the downlink (DL) cellular networks, in terms of the coverage

probability and the area spectral efficiency. We also derive the analytical expressions

for the optimal antenna downtilt that can achieve the best coverage probability of

the network given a certain BS density.

The rest of this chapter is structured as follows: Section 5.2 describes the sys-

tem model. Section 5.3 presents our theoretical results on the coverage proba-

bility, the optimal antenna downtilt and the simplified results for 3GPP special

cases.Numerical results are discussed in Section 5.4, with remarks shedding new

light on the relevance of our results in guiding the network deployment. Finally,

conclusions are drawn in Section 5.5.

5.2 System Model

In this section, we will first explain the scenario of the 3D random cellular net-

work. Then, we will present the path loss model and the antenna patterns considered

in this chapter.

5.2.1 Scenario Description

We consider a 3D random cellular network with downlink (DL) transmissions,

where BSs are deployed on a plane according to an HPPP Φb of intensity λB
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Figure 5.1 : An illustration of the 3D horizontal angle. The solid black dots indicate

BSs, black arrows indicate the direction of the main beam for each sector.

BSs/km2. UEs are also Poissonly distributed in the considered area with an in-

tensity of λUE UEs/km2. In this model, BSs transmit at a power PB, a UE can

reliably communicate with a BS only when its downlink signal-to-interference-plus-

noise ratio (SINR) is greater than γ. For each base station, we consider there are S

sectors. We only consider one antenna in each sector and only the main lobe beam-

forming gain is considered, the beamforming includes the the horizontal and vertical

antenna beamforming gain. In the same BS tower, the horizontal angle between the

main beams of two adjacent sectors is set to 360
S

degrees. The orientations of the

sectors are randomly and uniformly distributed in [0, 2π). For example, for LTE

macrocell BSs, S = 3 and the horizontal angle between two adjacent sectors in the

same BS tower is 120 degrees. Each sector has the vertical antenna pattern, we de-

note the horizontal direction as 0 degree. Hence, the vertical antenna downtilt angle

and the angle from the BS antenna to the UE antenna by θtilt and θ, respectively,

as shown in Fig.5.2.

Without loss of generality, we conduct analysis and simulation on a typical mobile

user located at the origin, similar to [21, 141, 142]. Note that λUE is assumed to be

sufficiently larger than λB so that each BS has at least one associated UE in its
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Figure 5.2 : An illustration of the 3D vertical angle.

coverage [30, 127, 133]. The two-dimensional (2D) distance between an arbitrary

BS and an arbitrary UE is denoted by r. Moreover, the absolute antenna height

difference between a BS and a UE is denoted by L. Note that the value of L is in

the order of several meters. Hence, the 3D distance w between a BS and a UE can

be expressed as

w =
√
r2 + L2, (5.1)

where L = H − h and H is the antenna height of BS and h is the antenna height of

UE. Intuitively, the antenna height of BS should decrease as the network becomes

dense, however, there is no consensus on how H should decrease with an increase in

λB. In this work, we assume that H, and thus L, are constants. For the current 4G

networks, parameter L is around 8.5m because the picocell BS antenna height and

the UE antenna height are assumed to be 10m and 1.5m, respectively [26].

5.2.2 Path Loss Model

The path loss function ζ (w) is segmented into N pieces with each piece denoted

by ζn (w) [128]. Besides, ζL
n (w) , ζNL

n (w) and PrL
n (w) are the n-th piece of the path

loss function for the LoS transmission, the n-th piece of the path loss function for the

NLoS transmission, and the n-th piece of the LoS probability function, respectively.
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It can be written as

ζ (w) =



ζ1 (w) =


ζL

1 (w) ,

ζNL
1 (w) ,

with probability PrL
1 (w)

with probability
(
1− PrL

1 (w)
)

ζ2 (w) =


ζL

2 (w) ,

ζNL
2 (w) ,

with probability PrL
2 (w)

with probability
(
1− PrL

2 (w)
)

...

ζn (w) =


ζL
n (w) ,

ζNL
n (w) ,

with probability PrL
n (w)

with probability
(
1− PrL

n (w)
)

. (5.2)

Each piece ζn (w) , n ∈ {1, 2, . . . , N} is modeled as

ζn (w)=


ζL
n (w) = ALw−α

L
n ,

ζNL
n (w) = ANLw−α

NL
n ,

LoS Probability: PrL
n (w)

NLoS Probability: 1− PrL
n (w)

, (5.3)

where AL and ANL are the path losses at a reference distance w = 1 for the LoS and

the NLoS cases, respectively. αL
n and αNL

n are the path loss exponents for the LoS

and the NLoS cases, respectively. In practice, AL, ANL, αL
n and αNL

n are constants

obtainable from field tests and continuity constraints [125]. The LoS probability can

be computed by the following piecewise function modeled as [16],

PrL (w)=



PrL
1 (w) , L < w ≤ d1

PrL
2 (w) , d1 < w < d2

...
...

PrL
n (w) , w > dn−1

, (5.4)

which means the link from the typical UE to the typical BS has a LoS path or a

NLoS path with probability PrL (w) and 1−PrL (w), respectively, n ∈ {1, 2, · · · , N}.
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5.2.3 3D Antenna Pattern

3D antenna patterns are introduced in this subsection. According to [19] and

the 3GPP [26], UE antenna pattern is assumed to be isotropic and the 3D antenna

gain of each sector antenna in the BS can be approximated in dBi as

G(ϕb,i, θb, θtilt)
dBi = Gh(ϕb,i) +Gv(θb, θtilt) +Gm, (5.5)

where Gh(ϕb,i) and Gv(θb, θtilt) are the normalized horizontal and vertical antenna

gain from the i-th sector of the BS at point b to the typical UE in dBi, respectively.

Gm is the maximum antenna gain. The 3D pattern is assumed to be fixed, i.e.,

no adaptive beamforming is employed. The parameter ϕb,i is the horizontal angle

relative the main lobe beam pointing direction from the i-th (i ∈ 1, 2, 3, ..., S) sector

of the BS at point b to the typical UE, i.e., horizontal departure angles for one

BS-to-UE link. For the BS to UE link, there are S horizontal departure angles

for the S sectors’ antennas, we sort such angles in an ascending order and denote

them as ϕb,1 ≤ ... ≤ ϕb,S, where b is point in the map which represent the BS

location. An example is shown in Fig.5.1. As we denote the horizontal direction as

0 degree, θtilt is the downtilt angle of the BS antennas, and 0 ≤ θtilt ≤ 90 degrees is

the negative elevation angle relative the horizontal plane (i.e., θtilt = 0 is along the

horizontal plane, and θtilt ≥ 0 is downwards). θb = arctan
(
L
rb

)
is the angle between

the horizontal direction and the direction from the BS at point b to the typical UE.

Parameter rb is the distance from the BS at point b to the typical UE.

5.2.4 User Association and Performance Metrics

In this chapter, we assume a practical user association strategy (UAS) that each

UE connects to the sector of the BS with the strongest average received power

strength P ∗ [16, 21] which can be written as

P ∗ = max
Φb
{PBG(ϕb,i, θb, θtilt)ζb (db)} (5.6)
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where G(ϕb,i, θb, θtilt) = 10
1
10
G(ϕb,i,θb,θtilt)

dBi

, db is the distance from the BS at point

b to the typical UE. PB and ζb (db) are the transmission power of BS and the path

loss from the BS at the point b to the typical UE, respectively.

Based on the above definitions, when the user associates with the sector of the

macrocell BS at point X̄, we define the coverage probability as a probability that

a receiver’s signal-to-interference-plus-noise ratio (SINR) is above a pre-designated

threshold γ:

pcov (λB, γ) = Pr [SINR > γ] , (5.7)

where the SINR is calculated as

SINR =
PBG(ϕb̄,1, θb, θtilt)ζb̄ (r) g

Iagg +N0

, (5.8)

where g is the channel gain of Rayleigh fading, which is modeled as an exponential

random variable (RV) with a mean of one. Parameter r is the distance from the

associated BS at point b̄ to the typical UE. Parameter N0 is the additive white Gaus-

sian noise (AWGN) power at each UE. Parameter Iagg is the cumulative interference

given by

Iagg =
S∑
i=2

PBG(ϕb̄,i, θb̄, θtilt)ζb̄ (r) gb̄

+
∑
b∈Φb/b̄

S∑
i=1

PBG(ϕb,i, θb, θtilt)ζb (db) gb. (5.9)

where db is the distance from the BS at point b to the typical UE. The symbol

ζb (db) is the path loss function from the BS at point b to the typical UE. The first

term of Eq.(5.9) represents the intra-cell inter-sector interference while the second

represents the inter-cell interference.

Similar to [16,133], the area spectral efficiency in bps/Hz/km2 can be formulated
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as

AASE (λB, γ0) = λB

∫ ∞
γ0

log2 (1 + x) fX (λB, γ0) dx, (5.10)

where γ0 is the minimum working SINR for the considered network, and fX (λB, γ0)

is the probability density function (PDF) of the SINR observed at the typical receiver

for a particular value of λB.

5.3 Performance of the UDN Applying Antenna Downtilt

Using the 3D model and the stochastic geometry theory, we study the perfor-

mance of cellular network and derive the optimal antenna downtilt for each certain

base station density in this section. Without any loss of generality, we assume that

the mobile user under consideration is located at the origin.

5.3.1 Coverage Probablity

Based on the path loss model in Eq.(5.2) and the adopted UAS, our results of

pcov (λB, γ) can be summarized in Theorem 6.

Theorem 6. Considering the path loss model in Eq.(5.2) and the presented UAS,

the probability of coverage pcov (λB, γ) can be derived as

pcov (λB, γ) =
N∑
n=1

(
TLn + TNLn

)
(5.11)

where

TLn =

∫ π
S

0

∫ √d2
n−L2

√
d2
n−1−L2

×Pr

[
PBG(ϕb̄,1, θb̄, θtilt)ζ

L
b̄

(w) gb̄
Iagg +N0

> γ

∣∣∣∣w,ϕb̄,1]
×fL

R,n (r) f (ϕ) drdϕ (5.12)
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which represent the signal is in the n-th piece of path loss function for the LoS

transmission,

TNLn =

∫ π
S

0

∫ √d2
n−L2

√
d2
n−1−L2

×Pr

[
PBG(ϕb̄,1, θb̄,, θtilt)ζ

NL
b̄

(w) gb̄
Iagg +N0

> γ

∣∣∣∣w,ϕb̄,1]
×fNL

R,n (r) f (ϕ) drdϕ (5.13)

which represent the signal is in the n-th piece of path loss function for the NLoS

transmission. Iagg is the aggregation interference from the LoS path and NLoS path.

f (ϕ) is the distribution of the smallest horizontal angle from the signal BS to the

typical UE. Based on the assumptions in the system model, the angle ϕ is uniformly

distributed in
[
0, π

S

]
, so f (ϕ) = S

π
when 0 < ϕ < π

S
. Where fL

R,n (r) and fNL
R,n (r) are

the distance distribution of the n-piece signal link when the link is LoS and NLoS,

which can be written as

fL
R,n (r) = exp

(∫ r2

0

PrL
n(u)2πuλBdu

)
× exp

(∫ r1

0

(
1− PrL

n(u)
)

2πuλBdu

)
× exp

(∫ r

0

PrL
n(u)2πuλBdu

)
×PrL

n(u)2πuλB, (5.14)

fNL
R,n (r) = exp

(∫ r4

0

PrL
n(u)2πuλBdu

)
× exp

(∫ r3

0

(
1− PrL

n(u)
)

2πuλBdu

)
× exp

(∫ r

0

(
1− PrL

n(u)
)

2πuλBdu

)
×
(
1− PrL

n(u)
)

2πuλB (5.15)

where r{1,2,3,4} are given implicitly by the following equations as

r2
1 =

(
G(ϕb̄,1, θb̄, θtilt)AL

G(ϕb1,1, θb1 , θtilt)ANL

)− 2
αNL (

r2 + L2
) αL
αNL (5.16)



91

and

r2
2 =

(
G(ϕb̄,1, θb̄, θtilt)

G(ϕb2,1, θb2 , θtilt)

)− 2
αL (

r2 + L2
)

(5.17)

and

r2
3 =

(
G(ϕb̄,1, θb̄, θtilt)

G(ϕb3,1, θb3 , θtilt)

)− 2
αNL (

r2 + L2
)

(5.18)

and

r2
4 =

(
G(ϕb̄,1, θb̄, θtilt)ANL

G(ϕb4,1, θb4 , θtilt)AL

)− 2
αL (

r2 + L2
)αNL

αL , (5.19)

Pr
[
PBG(ϕb̄,1,θb̄,θtilt)ζ

L
b̄

(w)gb̄
Ir+N0

> γ
∣∣∣w,ϕb̄,1] and Pr

[
PBG(ϕb̄,1,θb̄,θtilt)ζ

NL
b̄

(w)gb̄
Ir+N0

> γ
∣∣∣w,ϕb̄,1]

can be respectively computed by

Pr

[
PBG(ϕb̄,1, θb̄, θtilt)ζ

L
b̄

(w) gb̄
Ir +N0

> γ

∣∣∣∣w,ϕb̄,1]

= exp

− γN0

PBG(ϕb̄,1, θb̄, θtilt)AL (r2 + L2)−
αL

2


×LIagg

 γ

PBG(ϕb̄,1, θb̄, θtilt)AL (r2 + L2)−
αL

2

 . (5.20)

and

Pr

[
PBG(ϕb̄,1, θb̄, θtilt)ζ

NL
b̄

(w) gb̄
Ir +N0

> γ

∣∣∣∣w,ϕb̄,1]

= exp

− γN0

PBG(ϕb̄,1, θb̄, θtilt)ANL (r2 + L2)−
αNL

2


×LIagg

 γ

PBG(ϕb̄,1, θb̄, θtilt)ANL (r2 + L2)−
αNL

2

 . (5.21)

where LIagg

(
γ

PBG(ϕb̄,1,θb̄,θtilt)A
Lw−αL

)
and LIagg

(
γ

PBG(ϕb̄,1,θb̄,θtilt)A
NLw−αNL

)
are the Laplace

transform of Iagg evaluated at s and Iagg is the aggregation interference at the typical

UE.

Proof. For clarity, we first summarize our ideas to prove Theorem 6. In order to

evaluate pcov (λB, γ), the first key step is to calculate the distance PDFs for the
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events that the typical UE is associated with the strongest BS with a LoS path or

that with a NLoS path, so that the integral of Pr[SINR > γ] can be performed over

the distance w. The second key step is to calculate Pr[SINR > γ] for the LoS and

the NLoS cases conditioned on w and ϕb̄,1. Since the two events that the typical

UE is connected to a BS with a LoS path and that with a NLoS path are disjoint

events, we have the probability of coverage pcov (λB, γ) can be derived as

pcov (λB, γ)

=

∫ π
S

0

∫ ∞
0

Pr

[
PB G(ϕb̄,1 , θb , θtilt)ζ (r) g

Iagg +N0

> γ

∣∣∣∣ r]
×fR (r) f (ϕ) drdϕ

=

∫ π
S

0

∫ √d2
1−L2

0

Pr

[
PB G(ϕb̄,1 , θb , θtilt)ζ

L
1 (r) g

Iagg +N0

> γ

∣∣∣∣ r]
×fL

R,1 (r) f (ϕ) drdϕ

+

∫ π
S

0

∫ √d2
1−L2

0

Pr

[
PBG(ϕb̄,1, θb, θtilt)ζ

NL
1 (r) g

Iagg +N0

> γ

∣∣∣∣ r]
×fNL

R,1 (r) f (ϕ) drdϕ

...

+

∫ π
S

0

∫ ∞
√
d2
n−1−L2

Pr

[
PBG(ϕb̄,1, θb, θtilt)ζ

L
n (r) g

Iagg +N0

> γ

∣∣∣∣ r]
×fL

R,n (r) f (ϕ) drdϕ

+

∫ π
S

0

∫ ∞
√
d2
n−1−L2

Pr

[
PBG(ϕb̄,1, θb, θtilt)ζ

NL
n (r) g

Iagg +N0

> γ

∣∣∣∣ r]
×fNL

R,n (r) f (ϕ) drdϕ

=
N∑
n=1

(
TLn + TNLn

)
(5.22)

where fR (r) is the distance distributions of the signal link which can be divided to

fL
R,n (r) and fNL

R,n (r), fL
R,n (r) and fNL

R,n (r) are the distance distribution of the n-piece

signal link when the link is LoS and NLoS, Iagg is the aggregation interference from

the LoS path and NLoS path. N0 is the additive white Gaussian noise (AWGN)
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power at each UE. In the following, we show how to compute fL
R,n (r) in Eq.(5.22)

first. To that end, we define three events as follows:

Event BL: The nearest BS with a LoS path and the horizontal arrive

angle of the antenna ϕb̄,1 to the typical UE, is located at distance RL. Ac-

cording to [30], the CCDF of RL is written as F
L

r (r) = exp
(
−
∫ r

0
PrLn(u)2πuλBdu

)
.

Taking the derivative of (1 − FL

r (r)) with regard to w, we can get the PDF of RL

as

fLr (r) = exp

(∫ r

0

PrL(u)2πuλBdu

)
PrL

n(u)2πuλB. (5.23)

Event CNL conditioned on the value of RL: Given that RL = r, the

typical UE is then associated with such BS at distance RL = r. To make the

typical UE associated with the LoS BS at distance RL = r, such BS should give the

strongest average received power strength from such BS to the typical UE, i.e., there

should be no BS with a NLoS path and the horizontal arrive angle of the antenna

ϕb1,1 inside the disk centered on the UE with a radius of r1 < r to outperform such

LoS BS at distance RL = r, where G(ϕb1,1, θb1 , θtilt)ζ
NL (w1) = G(ϕb̄,1, θb̄, θtilt)ζ

L (w)

and w1 =
√
r2

1 + L2. BS at point b1 is located at the distance r1 to the typical UE.

Such conditional probability of CNL on the condition of RL = r can be computed

by

Pr
[
CNL

∣∣RL = r
]

= exp

(∫ r1

0

(
1− PrL(u)

)
2πuλBdu

)
. (5.24)

Event DL conditioned on the value of RL: Given that RNL = r, the

typical UE is then associated with such BS at distance RNL = r. To make

the typical UE associated with the LoS BS at distance RL = r, there also should

be no BS with a LoS path and the horizontal arrive angle of the antenna ϕb2,1

inside the disk centered on the UE with a radius of r2 < r to outperform such LoS

BS at distance RL = r, where G(ϕb2,1, θb2 , θtilt)ζ
L (w2) = G(ϕb̄,1, θb̄, θtilt)ζ

L (w) and
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w2 =
√
r2

2 + L2. BS at point b2 is located at the distance r2 to the typical UE. Such

conditional probability of DL on the condition of RNL = r can be computed by

Pr
[
DL
∣∣RL = r

]
= exp

(∫ r2

0

PrL(u)2πuλBdu

)
. (5.25)

we can get the PDF of rL as

fL
R (r) = Pr

[
CNL

∣∣RL = r
]

Pr
[
DL
∣∣RL = r

]
fLR(r). (5.26)

Considering the distance range of dn−1 <
√
r2 + L2 < dn, we can extract the segment

of fL
R,n (r) from fL

R (r)as

fL
R,n (r) = exp

(∫ r2

0

PrL
n(u)2πuλBdu

)
× exp

(∫ r1

0

(
1− PrL

n(u)
)

2πuλBdu

)
× exp

(∫ r

0

PrL
n(u)2πuλBdu

)
PrL

n(u)2πuλB. (5.27)

where

r2
1 =

(
G(ϕb̄,1, θb̄, θtilt)AL

G(ϕb1,1, θb1 , θtilt)ANL

)− 2
αNL (

r2 + L2
) αL
αNL , (5.28)

and

r2
2 =

(
G(ϕb̄,1, θb̄, θtilt)

G(ϕb2,1, θb2 , θtilt)

)− 2
αL (

r2 + L2
)
. (5.29)

Having obtained fL
R,n (r), we move on to evaluate Pr

[
SINR > γ|w,ϕb̄,1

∣∣LoS
]

in

Eq.(5.22) as

Pr

[
PBG(ϕb̄,1, θr, θtilt)ζ

L
b̄

(w) gb̄
Iagg +N0

> γ

∣∣∣∣w,ϕb̄,1]

= Pr

gb̄ > γ (Iagg+N0)

PBG(ϕb̄,1, θr, θtilt)A
L (r2 + L2)−

αL

2

∣∣∣∣∣∣w,ϕb̄,1


= exp

− γN0

PBG(ϕb̄,1, θr, θtilt)AL (r2 + L2)−
αL

2

LLIagg
(s) , (5.30)
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where Iagg is the aggregation interference from the LoS path and NLoS path. s =

γ

PBG(ϕb̄,1,θr,θtilt)A
Lw−αL ,

LLIagg
(s) = E[Iagg ] {exp (−sIagg)}

=E[φ,{g}]

exp

−s
∑
i∈φb/b

S∑
n=1

PBgiζiG(ϕi,n, θu, θtilt)

+
S∑
n=2

PBA
L
(
r2 + L2

)−αL
2 G(ϕb,n, θr, θtilt)g

)]}

= exp

(
−2πλB

∫ π
s

0

∫ ∞
r

(1−

− E{g}

{
exp

(
−s

s∑
n=1

PBζ (u)G(ϕb,n, θu, θtilt)

)})

× uf (ϕb,1) dudϕb,1)

×
S∏
n=2

E{g}
{

exp

[
PBA

L
(
r2 + L2

)−αL
2 G(ϕb,n, θr, θtilt)

]}

= exp

(
−2πλB

∫ π
s

0

∫ ∞
r

×

(
u

1 + (s
∑s

n=1 PBζ (u)G(ϕb,n, θu, θtilt))
−1du

)

× f (ϕb,1) dϕb,1)

×
S∏
n=2

(
1

PBAL (r2 + L2)−
αL

2 G(ϕb,n, θr, θtilt)− 1

)
(5.31)

where θu = arctan
(
L
u

)
is a function of u, when the antenna heigth difference is a

constant and G(ϕb,n, θu, θtilt) is a determined variable conditioned on ϕb,1 and u.

Similar to the process of LoS, we have omitted the proof steps of the computation

of fNL
R,n (r) in Eq.(5.22) and Pr

[
SINR > γ|w,ϕb̄,1

∣∣NLoS
]

in Eq.(5.22) for brevity.

Our proof is thus completed.
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5.3.2 Optimal Antenna Downtilt

In order to get the optimal antenna downtilt to maximize the coverage proba-

bility, we take the derivative of the coverage probability and find the optimal point

for each BS density. In this subsection, we first present Lemma 3 to show that there

always exists a unique solution of the optimal antenna downtilt, and then we present

the solution of the optimal antenna downtilt for a given BS density.

Lemma 3. For a typical UE, the coverage probability is a function of the antenna

downtilt and there is a unique solution of the antenna downtilt to achieve the maxi-

mum coverage probability for a certain BS density.

Proof. The coverage probability can be written as follows,

pcov (λB, γ) =

∫ π
S

0

∫ ∞
0

Pr

[
PB G(ϕb̄,1 , θb , θtilt)ζ (r) g

Iagg +N0

> γ

∣∣∣∣ r]
×fR (r) f (ϕ) drdϕ

=

∫ π
S

0

∫ ∞
0

Pr

[
g >

γ (Iagg +N0)

PBG(ϕb̄,1, θb, θtilt)ζ (r)

∣∣∣∣ r]
×fR (r) f (ϕ) drdϕ

=

∫ ∞
0

Esignal,I

[
exp

(
− γ (Iagg + N0)

PBG(ϕb̄,1, θr, θtilt)ζ (r)

)∣∣∣∣ r]
×fR (r) dr (5.32)

where ’signal’ means the average signal power for a typical UE, ζ (r) is the path loss

function.

From this equation, we can see that as long as the average SINR has one and

only one maximum value, then the coverage probability also has one and only one

maximum value. For a typical UE, the signal and cumulative interference expressions

have been shown in Eq.(5.6) and Eq.(5.9), both the signal and interference power

change with G(ϕb,i, θb, θtilt). In particular, G(ϕb,i, θb, θtilt) changes with the antenna

downtilt and it achieves the maximum value when θtilt = θb = arctan
(
L
d

)
, where
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L is the height difference and d is the distance from transmitter to the receiver.

Based on the antenna pattern model, both the signal power and the aggregate

interference power are increasing as the antenna downtilt grows from 0 degree and

then decreasing as the antenna gradually looks downward. As the antenna downtilt

increases, the aggregate interference will hit the maximum level earlier than the

signal power because the average distance from the interfering BSs to the typical

UE is larger than the distance from the associated BS to the typical UE. Then,

the average signal continually increases and the interference decreases. So, the

SINR expression will increase at this stage. When θtilt > arctan
(
L
r

)
, where r is

the distance from the typical BS to the typical UE, both the signal power and the

aggregate interference power are decreasing. During this stage, the decreasing rate

of the signal power is larger than the decreasing rate of the interference power with

respect to the antenna downtilt as the average distance from the associated BS to

the typical UE is smaller than the distance from the interfering BSs to the typical

UE, and hence the change of the antenna downtilt angle has a larger impact on the

former case then that on the latter one. There are two possible cases for the SINR

expression: 1) It increases first and then decreases; 2) It monotonically decreases.

In both cases, there exists a solution of antenna downtilt to achieve the maximum

coverage probability for a certain BS density during this stage. In addition, both the

interference and the signal power expressions are all concave functions with respect

to the antenna downtilt when θtilt > arctan
(
L
r

)
so that the average SINR function

is a concave function. Hence there only exists one optimal point, which concludes

our proof.

It is difficult to have a more concrete proof, so we using the toy example to

explain this question based on the SINR statistics on average.

Lemma 4. As a toy example, the signal power and the aggregate interference power
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Figure 5.3 : The average signal and cumulative interference power with antenna

downtilt and a BS density of 10BSs/km2.

have been plotted in Fig. 2 assuming the LTE macrocell BS model with a BS density

of 10 BSs/km2.

As the aggregate interference hits its maximum earlier than the signal power,

there are four stages of the functions of the signal power and the aggregate inter-

ference power as the antenna downtilt increases from 0 to 90 degrees. In stage 1,

both the signal power and the aggregate interference power will initially increase as

the antenna downtilt grows from zero. The increasing rate of the signal power is

larger than the increasing rate of the aggregate interference power with respect to

the antenna downtilt. Hence, the average SINR function will increase during stage

1.In stage 2, the aggregate interference power becomes a monotonically decreasing

function and the signal power will continue increasing with respect to the antenna

downtilt. Hence, the average SINR function will continue increasing in stage 2.In

stage 3, both the signal power and the aggregate interference power are decreasing.



99

During this stage, the decreasing rate of the signal power is larger than the decreasing

rate of the interference power with respect to the antenna downtilt. There are two

possible cases for the SINR function: 1) It increases first and then decreases; 2) It

monotonically decreases. In both cases, there exists a solution of antenna downtilt in

stage 2 or 3 to achieve the maximum coverage probability for a certain BS density.

In stage 4, both the interference and the signal power are constants. Hence, the

average SINR function becomes a constant independent of the antenna downtilt. To

sum up, there exists a unique solution of antenna downtilt in stage 2 or 3 to achieve

the maximum coverage probability for a certain BS density.

Proof. A large antenna downtilt reduces inter-cell interference power, while at the

same time decreases signal powers for cell edge UEs. On the other hand, a small

antenna downtilt leads to the opposite case. Therefore, different antenna downtilts

achieve different tradeoffs between the signal power and the interference power, and

hence there exists an optimal antenna downtilt to achieve the maximum coverage

probability for each BS density.

In the following, we will present such a unique and optimal antenna downtilt

with respect to the BS density, which is summarized as Theorem 7.

Theorem 7. For a certain BS density λB, the optimal antenna downtilt can be

found by the following equation:

θtilt = argθtilt
{
dPL

c (θtilt) + dPNL
c (θtilt) + dPNoise

c (θtilt) = 0
}

(5.33)

where

dPL
c (θtilt) = −2πλB

N∑
n=1

∫ √d2
n−L2

√
d2
n−1−L2

∫ ∞
r

(
PrL

n(u)
)
γ
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×
(
u2 + L2

r2 + L2

)αL

2

u
∑S

n=1
∂G(ϕb,n,θu,θtilt)

∂θtilt
G(ϕb̄,1, θr, θtilt)(

γa+G(ϕb̄,1, θr, θtilt)
(
u2+L2

r2+L2

)αL
2

)2

−
∂G(ϕb̄,1,θr,θtilt)

∂θtilt

∑S
n=1G(ϕb,n, θu, θtilt)(

γa+G(ϕb̄,1, θr, θtilt)
(
u2+L2

r2+L2

)αL
2

)2

× fL
R,n (r) dudr

−2πλB

N∑
n=1

∫ √d2
n−L2

√
d2
n−1−L2

∫ ∞
r

(
PrL

n(u)
)
ALANLγ

× (u2 + L2)
αL

2

(r2 + L2)
αNL

2


u
∑S

n=1
∂G(ϕb,n,θu,θtilt)

∂θtilt
G(ϕb̄,1, θr, θtilt)(

γALa+
G(ϕb̄,1,θr,θtilt)A

NL(u2+L2)
αL
2

(r2+L2)
αNL

2

)2

−
∂G(ϕb̄,1,θr,θtilt)

∂θtilt

∑S
n=1 G(ϕb,n, θu, θtilt)(

γALa+
G(ϕb̄,1,θr,θtilt)A

NL(u2+L2)
αL
2

(r2+L2)
αNL

2

)2

× fNL
R,n (r) dudr, (5.34)

dPNL
c (θtilt) = −2πλB

N∑
n=1

∫ √d2
n−L2

√
d2
n−1−L2

(
1− PrL

n(u)
)

×ALANLγ (u2 + L2)
αNL

2

(r2 + L2)
αL

2

×


u
∑S

n=1
∂G(ϕb,n,θu,θtilt)

∂θtilt
G(ϕb̄,1, θr, θtilt)(

γANLa+
G(ϕb̄,1,θr,θtilt)A

L(u2+L2)
αNL

2

(r2+L2)
αL
2

)2

−
∂G(ϕb̄,1,θr,θtilt)

∂θtilt

∑S
n=1 G(ϕb,n, θu, θtilt)(

γANLa+
G(ϕb̄,1,θr,θtilt)A

L(u2+L2)
αNL

2

(r2+L2)
αL
2

)2
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×fL
R,n (r) dudr

−2πλB

N∑
n=1

∫ √d2
n−L2

√
d2
n−1−L2

(
1− PrL

n(u)
)
γ

(
u2 + L2

r2 + L2

)αNL

2

×

 u
∑S

n=1
∂G(ϕb,n,θu,θtilt)

∂θtilt
G(ϕb̄,1, θr, θtilt)(

γa+G(ϕb̄,1, θr, θtilt)
(
u2+L2

r2+L2

)αNL
2

)2

−
∂G(ϕb̄,1,θr,θtilt)

∂θtilt

∑S
n=1G(ϕb,n, θu, θtilt)(

γa+G(ϕb̄,1, θr, θtilt)
(
u2+L2

r2+L2

)αNL
2

)2


×fNL

R,n (r) dudr, (5.35)

dPNoise
c (θtilt) =

N∑
n=1

∫ √d2
n−L2

√
d2
n−1−L2

(
r2 + L2

)αL
2

×
γN0

∂G(ϕb̄,1,θr,θtilt)

∂θtilt

PBG2(ϕb̄,1, θr, θtilt)AL
fL
R,n (r) dr

+
N∑
n=1

∫ √d2
n−L2

√
d2
n−1−L2

(
r2 + L2

)αNL
2

×
γN0

∂G(ϕb̄,1,θr,θtilt)

∂θtilt

PBG2(ϕb̄,1, θr, θtilt)ANL
fNL
R,n (r) dr (5.36)

where a =
∑S

n=1G(ϕb,n, θu, θtilt), fL
R,n (r) and fNL

R,n (r) can be found in Theorem 6,

∂G(ϕb̄,1,θr,θtilt)

∂θtilt
,
∂G(ϕb,n,θu,θtilt)

∂θtilt
are the derivatives for θtilt.

Proof. In Theorem 6, the coverage probability can be written as Eq.(5.22). As

λB, γ are constants, to get the derivative of pcov (λB, γ) respect to θtilt, we treat the

antenna pattern gain in the horizontal direction as another independent variable.

Except for the signal, the other factors which lead to the optimal antenna downtilt

can be divided into the noise part Ωnoise, the LoS interference part ΩILoS and the

NLoS interference part ΩINLoS . Then we let the derivative of Eq.(5.22) be zero, thus
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all parts in Eq.(5.22) should be zero. Take the first part of Eq.(5.22) as an example,

pcov
1 (λB, γ) =

∫ π
6

0

∫ √d2
1−L2

0

exp {Ωnoise + ΩILoS + ΩINLoS}

×fL
R,1 (r) f (ϕ) drdϕ (5.37)

and ∫ √d2
1−L2

0

{Ωnoise + ΩILoS + ΩINLoS}
′
θtilt

fL
R,1 (r) dr = 0 (5.38)

where

ΩILoS + ΩINLoS +Ωnoise

=− 2πλB

∫ d1

r

PrL
1 (u)u

1 +
G(ϕb̄,1,θr,θtilt)

γ
∑S
n=1G(ϕb,n,θu,θtilt)

(
u2+L2

r2+L2

)αL
2

du

+

∫ ∞
√
d2
n−1−L2

PrL
n(u)u

1 +
G(ϕb̄,1,θr,θtilt)

γ
∑S
n=1 G(ϕb,n,θu,θtilt)

(
u2+L2

r2+L2

)αL
2

du


...

−2πλB

∫ d1

r

(1− PrL
1 (u))u

1 +
G(ϕb̄,1,θr,θtilt)A

L

γ
∑S
n=1 A

NLG(ϕb,n,θu,θtilt)

(u2+L2)
αNL

2

(r2+L2)
αL
2

du

+

∫ ∞
√
d2
n−1−L2

(
1− PrL

n(u)
)
u

1 +
G(ϕb̄,1,θr,θtilt)A

L

γ
∑S
n=1 A

NLG(ϕb,n,θu,θtilt)

(u2+L2)
αNL

2

(r2+L2)
αL
2

du


− γN0

PBG(ϕb̄,1, θr, θtilt)AL (r2 + L2)−
αL

2

(5.39)

which concludes our proof.

From Theorem 7, we can draw the following insights:

• There are three components in Eq.(5.33) which contribute to the optimal an-

tenna downtilt, include the LoS links and the NLoS links shown in Eq.(5.34)

and Eq.(5.35) and the noise shown in Eq.(5.36), respectively.
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• When the networks are sparse, the signal is mostly NLoS and the noise is the

dominant factor. Therefore, the NLoS links and noise are the major ones that

determine the optimal downtilt. As the BS density increases, most signals and

some interference links transit from NLoS to LoS, and hence, all components

in Eq.(5.33) should be taken into account. When the BS density is sufficiently

large, almost all signals and the major interference links are LoS, and the noise

is negligible compared to the signal or interference. Therefore, the LoS links

become the major component that determines the optimal downtilt.

As the main purpose of this work is to investigate the relationship between network

performance and the antenna downtilt, we consider a simplified version of the afore-

mentioned path loss model, that is a two-piece path loss model, and a linear LoS

probability function defined by the 3GPP [124] as a special case in the numerical

part. The path loss model can be written as

ζ (w)=


ALw−α

L
,

ANLw−α
NL
,

LoS Probability: PrL (w)

NLoS Probability: 1− PrL (w)

, (5.40)

regarding realistic path loss models,

PrL (r) =


1− w

d1
0 < w ≤ d1

0 w > d1

, (5.41)

where d1 is the 3D cut-off distance of the LoS link for BS-to-UE links. The adopted

linear LoS probability function is very useful because it can include other LoS prob-

ability functions as its special cases [16]. For the 3GPP special case, according to

Theorem 6, pcov (λB, γ) can then be computed by

pcov (λB, γ) = TL1 + TNL1 + TNL2 . (5.42)

The results of the 3GPP special case can be obtained by plugging (5.40), (5.41)
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and n = 2 into Theorem 1 and Theorem 3. We can obtain the coverage probability

and the optimal antenna downtilt which is numerically solvable for the 3GPP case.

Here, we will discuss the antenna pattern for both the LTE macrocell BS model

and the LTE picocell BS model.

For the LTE macrocell BS model, we use 3 sectors BS tower and a 3D antenna

pattern defined in [26] for each sector, where

Gh(ϕb,i) = −min

[
12

(
ϕb,i
Bh

)2

, SLLaz

]
, (5.43)

and

Gv(θb, θtilt) = −min

[
12

(
θb − θtilt
Bv1

)2

, SLLel

]
, (5.44)

where Bh = 65 degrees and Bv1 = 10 degrees are the horizontal and vertical half

power beamwidth, SLLaz = 20dB and SLLel = 20dB [94] are the side lobe levels

(SLL) in the azimuth and elevation planes. The maximum antenna gain Gm = 14dBi

from [124].

Using the Eq.(5.5), Eq.(5.43) and Eq.(5.44), we have

∂G(ϕb̄,1, θr, θtilt)

∂θtilt
=

2ar
b

(θr − θtilt) exp

[
−(θr − θtilt)2

b

]
(5.45)

and

∂G(ϕb,n, θu, θtilt)

∂θtilt
=

2au,i
b

(θu − θtilt) exp

[
−(θu − θtilt)2

b

]
(5.46)

where θr = arctan
(
L
r

)
, θu = arctan

(
L
u

)
, ar = 10

[
−1.2

(ϕb̄,1
Bh

)2
+Gm

]
, aui = 10

[
−1.2

(
ϕu,i
Bh

)2
+Gm

]

are independent of θtilt. Plugging Eq.(5.45) and Eq.(5.46) into Theorem 7, and con-

sidering the two-piece path loss model, we can obtain the optimal downtilt expres-

sions for macrocell BSs.

Very similar to macrocell BSs, for the LTE picocell BS model, we consider a

dipole antenna pattern to investigate the impact of the vertical downtilt. Note that
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such antenna pattern is more practical for the study of SCNs. The dipole antenna is

omni-directional in horizontal direction, i.e., Gh(ϕb,i) = 0dB [19, 143] and only one

sector in one BS tower, i.e., S = 1. With electrical downtilt [143, 144], the vertical

pattern of the dipole antenna main lobe can be approximated as

Gv(θb, θtilt) = 10 log10 |cosn (θb − θtilt)| , (5.47)

where n = 47.64 for a 4-element half-wave dipole antenna .

5.4 Simulation and Discussion

In this section, we investigate the network performance and use numerical results

to establish the accuracy of our analysis. The 3GPP special cases studied in Section

3.4 have been considered in this section. The analytical results are compared with

Monte Carlo simulation results in terms of the coverage probability and the optimal

antenna downtilt. According to the 3GPP standard [26], we adopt the following

parameters: d1 = 300m, αL = 2, αNL = 3.75, AL = 10−10.38, ANL = 10−14.54,

PB = 46dBm for the LTE macrocell BSs while PB = 24dBm for the LTE picocell

BSs, PN = −95dBm (including a noise figure of 9 dB at the receivers). In this part,

we present Monte Carlo simulation results to investigate the coverage probability

and validate the analytical results in Theorem 6. In Fig.5.4, we plot the coverage

probability for (i) the LTE macrocell BS model with two different BS densities and a

BS height of 20m, and (ii) the LTE picocell BS model with two different BS heights

and a BS density of 100 BSs/km2. The SINR threshold and the UE antenna height

are set to γ = 0dB and 1.5m, respectively [26]. As can be seen from Fig.5.4, our

analytical results, which are given by Theorem 6, match the simulation results very

well, and we can draw the following observations:

• For a certain BS density, there exists an optimal antenna downtilt which can

achieve the maximum coverage probability. Antenna downtilt has a significant
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Figure 5.4 : Coverage probability vs. antenna downtilt of the LTE macrocell BS

with γ = 0 dB.

impact on the coverage probability both in the LTE macrocell BS model and

the LTE picocell BS model.

• In essence, a large antenna downtilt reduces inter-cell interference power, while

at the same time decreases signal powers for cell edge UEs. On the other hand,

a small antenna downtilt leads to the opposite case. Therefore, an appropriate

antenna downtilt can achieve the balance between boosting the signal power

and mitigating the interference power.

• The optimal antenna downtilt increases as the BS density increases because

the denser the BS network, the more near-sighted the BS will look downward

since the distance from the typical UE to its associated BS is generally shorter

as the network becomes denser.

In the following, we validate the analytical results in Theorem 7 by providing
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Figure 5.5 : Optimal antenna downtilt vs. base station density with γ = 0 dB.

Monte Carlo simulation results.

In Fig.5.5, we show the optimal downtilt of the LTE picocell model and the LTE

macrocell model as the BS density increases with γ = 0dB. The antenna height

difference L is set to 8.5m. As can be seen from Fig.5.5, our analytical results, given

by Theorem 7, match the simulation results very well, which validates the accuracy

of our analysis. Moreover, we can draw the following observations:

• Under the two different models, an optimal antenna downtilt can be found for

any given base station density to obtain the highest coverage probability. The

optimal antenna downtilt increases as the BS density increases.

• The optimal antenna downtilt shows a significant change of trend when the BS

density is around 101.1 BSs/km2. This is because most signals and interference

are NLoS when the networks are sparse (the BS density ¡ 10 BSs/km2) and

these signals and the dominant interference begin to transit from NLoS to LoS
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when the BS density increases beyond 101.1 BSs/km2. Hence the increasing

speed of the optimal antenna downtilt is slowing down since a strong LoS

signal power supports a relatively small antenna downtilt.

• When considering the LTE macrocell BS model, the optimal antenna downtilt

is smaller than the LTE picocell BS model because the antenna can look a bit

farther to boost the signal power at the cell-edge area since the interference is

less severe with the 3-sector directional antenna pattern.

As showed above, we have verified the accuracy of our theoretical analysis. We can

see that our theoretical analysis matches well with the numerical results. But in

the 5G cellular network, it makes more sense to deploy the picocell BSs to serve the

UEs which is an even denser network, i.e., the BS density is larger than 20 BSs/km2.

Hence, we will focus on the LTE picocell model with the omni-directional antenna

pattern to investigate the impact of the optimal antenna pattern on the network

performance of dense networks in the following. Fig.5.6 shows the performance im-

pact of BS deployment on the coverage probability. Here, we use the LTE macrocell

BS model. From Fig.5.6, we can see that:

• For hexagonal deployment, although the coverage probability is larger than the

PPP model, there still exists one optimal antenna downtilt which can achieve

the maximum coverage probability for each certain BS density as well.

• The coverage probablity is larger when deployed as hexagons.

In the following, we will show the optimal antenna downtilt with simple path

loss model.

In the above figures, we show the optimal downtilt of the LTE picocell model

with the BS density increase with γ = 0dB and the optimal antenna downtilt with
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Figure 5.6 : The Performance Impact of BS deployment on the Coverage Probability

with γ = 0dB.
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Figure 5.7 : Optimal Antenna downtilt vs. BS density of the LTE picocell model

with adopted path loss model and the simple path loss model.
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Figure 5.8 : Optimal Antenna downtilt vs. BS density 10 and 100 BSs/km2 of the

LTE picocell model with adopted path loss model and the simple path loss model

simple path loss model which is a single slope path loss model with α = 3.75. As

we can observe in Fig.5.7 and Fig.5.8, we can draw the following observations:

• Between the BS density from 10 BSs/km2 to 200 BSs/km2, the results with

the LoS/NLoS first grow faster, then grow slower than that with a simple path

loss model.

• From 35 BSs/km2 and 100 BSs/km2, the optimal antenna downtilt remains

almost the stable because some interference turn from the NLoS to LoS path,

the optimal antenna downtilt need to reduce the sudden increase of the inter-

ference.

In this following, we consider the omni-directional antenna pattern with λB = 103

BSs/km2 to investigate the performance impact of BS antenna height on the coverage

probability. From Fig.5.9, we can see that:
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Figure 5.9 : The performance impact of BS antenna height on the coverage proba-

bility with γ = 0 dB.

• For each antenna height, there exists an optimal antenna downtilt which can

achieve the maximum coverage probability.

• The higher the BS antenna, the lower the coverage probability. This is because

a larger L implies a tighter cap on the signal power and the interference power.

In addition, a larger antenna height difference leads to a larger optimal antenna

downtilt because θb = arctan
(
L
rb

)
(rb is the distance from the BS at point b

to the typical UE).

In this following, we investigate the coverage probability and the ASE with the

optimal antenna downtilt compared with the results in [19]. Here, the optimal

network-wide antenna downtilt means adopting the optimal antenna downtilt for

every BS in the network.

Fig.5.10 shows the coverage probability with the optimal antenna downtilt and
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Figure 5.10 : Coverage probability vs. base station density with the optimal antenna

downtilt and γ = 0 dB.

without any downtilt. As we can observe from Fig.5.10:

• The antenna downtilt does not change the trend of the coverage probability,

i.e., it first increases and then decreases to zero as BS density increases.

• The coverage probability performance with the optimal antenna downtilt is

always better than that without antenna downtilt. The coverage probability

reaches zero when the BS density is 3×104 BSs/km2, while it is around 3×103

BSs/km2 in the previous work [16].

In the following, we present the ASE performance with the optimal antenna

downtilt.

Fig.5.11 shows the ASE with and without optimal antenna downtilt. From

Fig.5.11, we can draw the following observations:



113

100 101 102 103 104 105 106

Base station density [BSs/km2]

100

101

102

103

A
S

E
 [b

it/
s/

H
z/

km
2 ]

The analysis in [7]
ASE with Optimal Antenna Downtilt [L=8.5m]
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and without antenna downtilt.

• After using the optimal antenna downtilt, the ASE increases as BS density

increases until 2× 104 BSs/km2, then it decreases to zero when BS density is

around 2× 105 BSs/km2.

• The optimal antenna downtilt improves the ASE significantly and delay the

ASE crash by nearly one order of magnitude in terms of the base station

density.

In Fig.5.12, we investigate the performance of coverage probability under the as-

sumptions of Rayleigh fading for NLoS transmissions and Rician fading (K = 10)

for LoS transmissions. From Fig.5.12, we can see that Rician fading makes no dif-

ference when the BS density is smaller than 8 × 103 BSs/km2, and then the ASE

crash happens earlier than the case with Rayleigh fading. The intuition is that

Rayleigh fading exhibits more channel fluctuation than Rician fading, and hence it
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Figure 5.12 : AASE(λ, γ0) vs base station density (Rayleigh fading for NLoS trans-

missions and Rician fading (K = 10) for LoS transmissions with γ = 0dB).

can mildly combat the ASE Crash by providing an opportunistic channel gain to the

signal power. However, such beneficial channel fluctuation is insignificant compared

to the ASE Crash, which is caused by the physical limitation on capping the signal

power.

5.5 Summary

In this chapter, we invesigated the technology of the antenna pattern to boost

the network performance. We show that there exists an optimal antenna downtilt

to achieve the maximum coverage probability for each BS density. Our results show

that using the optimal antenna downtilt can improve the ASE performance signifi-

cantly. Specifically, it can delay the ASE crash by nearly one order of magnitude in

terms of the BS density. As our future work, we will consider the optimal antenna

height with a multi-antenna setup in cellular networks.
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Chapter 6

Conclusion

This thesis has presented works on the performance analysis of the ultra dense

network using the tool of stochastic geometry to improve the capacity of cellular

networks. In chapter 3 and 4, a new D2D system model considering the LoS/NLoS

path loss has been designed. In chapter 5, the optimal antenna downtilt has been

achieved, applying the optimal antenna downtilt can boost the network performance

significantly. In the following, the key results and findings of this thesis are sum-

marised.

In Chapter 3, we designed a D2D enhanced cellular network to boost the network

capacity. We proposed a mode selection method which can eliminate the potential

overlarge interferene in a D2D-enhanced uplink cellular network, where the locations

of all mobile UEs are modeled as a PPP distribution. In particular, each UE selects

its operation mode based on its downlink received power and a threshold β. The

practical path loss model and slow shadow fading are considered in modeling the

power attenuation. This interference management scheme mitigates the potential

overlarge interferene from D2D transmitter to cellular network. Moreover, we an-

alytically evaluated the coverage probability and the ASE for various values of the

mode selection threshold β. Our results showed that the D2D links could provide

high ASE when the threshold parameter is appropriately chosen. More importantly,

we concluded that there exists an optimal β to achieve the maximum ASE while

guaranteeing the coverage probability performance of cellular network.

In Chapter 4, we extended the system we designed in Chapter 3 with considering
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the PF scheduler in the cellular tier. With consideration of the PF scheduler, our re-

sults showed that the interference management method mitigates large interference

from D2D transmitter to cellular network and the PF scheduler can improve the net-

work performance significantly when the BS density is smaller than 10−3BSs/km2.

Moreover, we concluded that the D2D tier can improve the network performance

when the threshold parameter is appropriately chosen and there exists an optimal

β to achieve the maximum ASE while guaranteeing the coverage probability perfor-

mance of cellular network.

In Chapter 5, we investigated the impact of the 3D practical antenna pattern

and downtilt on the performance of DL cellular networks. We show that there exists

an optimal antenna downtilt to achieve the maximum coverage probability for each

BS density. Analytical results were obtained for the optimal antenna downtilt and

the coverage probability. Our results showed that there are three components deter-

mining the optimal antenna downtilt, and the optimal antenna downtilt increases

as the BS density grows. Compared with previous works in [16], we found that

using the optimal antenna downtilt can improve the ASE performance significantly.

Specifically, it can delay the ASE crash by nearly one order of magnitude in terms

of the BS density.

In addition to the key results and findings summarised above, there are still

some research problems to be investigated in the future. This includes considering

other factors of realistic networks in the theoretical analysis for SCNs, practical

directional antennas [19] and non-PPP deployments of BSs [145] and considering

the optimal antenna height with a multi-antenna setup in cellular networks. We

will also consider3D antenna patterns in the scenarios of future UAV and LEO

satellite networking beyond 5G.
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