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Abstract

Organisations are increasingly storing the large amount of data they collect using dis-
tributed computing system such as Hadoop. In these distributed computing systems,
instead of storing all the data on a single computer, which is unfeasible in the big data
setting, data are divided into subsets, which are then stored across many computers.
These distributed data, however, present a challenge tomany statistical methods and al-
gorithms since they assume all the data are available at one location (e.g., in thememory
of a single computer). This thesis explores how statistical analysis can be performed on
distributed computing systems using the divide and recombine paradigm, where analy-
sis isperformedon individual subsetsof thedata, followbycombining the resultsof these
analyses. This thesis demonstrates how existing statistical methods such as coarsening,
the EMalgorithm, andmeta-analysis can be used in the divide and recombine paradigm
to perform statistical analysis on big data. In addition, this thesis investigates the use of
other statical methods such as multiple imputation, propensity scoring and penalised
spline when working with so called ‘messy’ data. This thesis shows that the divide and
recombine paradigm is more than just the simple averaging of results from the subsets.
By tailoring existing statistical methods for divide and recombine, as well as abstracting
the idea of distributeddata, this thesis shows thatmany existing staticalmethods are still
relevant in today’s big data world.
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1 Introduction

Considera statistical analystworking foranorganisation thathasaccumulateda largeamount
of data and also is continuously collectingmore. Examples include organisations in the fields
of health insurance, telecommunication, finance, retail and so on. In these industries, it is
reasonable to expect there are lots of data on various parts of the business. For example, a
telecommunication company can have data about its customers, and data on its telecommu-
nication network. Suppose the analyst’s task is to analyse the customer data in order to pro-
vide insight that can help the company provide more effective and useful services. A typical
data analysis workflow may follow the workflow shown in Wickham and Grolemund (2016,
Chapter 2) consisting of steps to import, tidy, and iterating over transform, visualise, and
model steps, and finally communicating the result. The first task our analyst performs is to
load the customer data into her computer (import step). Assuming the data is well organ-
ised, our analyst aims to perform some exploratory data analysis, before carrying out the
modelling. However, in this case, the analyst is unable to import the data into her computer
because the data are too large to be stored in the memory of her computer. Without being
able to put all the data into a single location (the memory of her computer), our analyst will
encounter difficulty in performing even the most basic exploratory data analysis task such
as generating a histogram. Our analyst can expect even more difficult challenges when at-
tempting to fit a statistical model using the large data set, because many statistical software
packages assume that all the data are available at a single location, typically in the memory
of the analyst’s computer.

The situation described above is one of three scenarios our analyst can encounter when
working with very large datasets. The three scenarios are

A) The data can be stored in thememory and non-memory storage (e.g., hard drive, or solid
state drive) of a single computer;

B) The data are too large to be stored in thememory, but can be stored in non-memory stor-
age of a single computer; and

C) The data are so large that they overwhelm both the memory and non-memory storage
systems of a single computer.

The best case scenario is A in which our analyst does not need to take any special actions.
Since all the data can be imported into thememory of her computer, she can perform all the
data analysis steps. The statistical software packages she currently uses still work as all the
data are in one location. For Scenario B, she can use a number of statistical and computa-
tional techniques such as data reduction, decomposition and data swapping (see discussion
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below) so the data canbe stored in thememory of a singlemachine, or appears to be stored in
memory. However, becauseher company is continuously collectingdata on its customers, it’s
a matter of time before these approaches prove inadequate as well. In addressing this prob-
lem(scenario C),many organisations utilise some form of distributed system, where the data
are held across many computers. As an example, in many organisations, there are large net-
worked storage spaces where project documents are stored. These networked storage spaces
are typically provided through technologies such asnetwork attached storage,where thedata
are stored across multiple computers. Another type of distributed system used for storage
is a storage area network, which is typically used in areas such as video editing where large
amount of video data is stored across many powerful computers. Commercial data storage
systems such as Dropbox also have to utilise distributed storage systems to store all the data
from its customers (Dropbox, n.d.) 1. Even though distributed systems are initially used to ad-
dress sizes of data, a common benefit of these systems is data redundancy. Many distributed
systems can recover data that are lostwhenanode fails. Onemethodof redundancy is tohave
multiple copies of data. Traditionally, to perform computation on these distributed data or-
ganisations typically have another cluster of powerful computers which can access the data
using high speed data networks. In scientific computing, these are usually termed high per-
formance computing (HPC) facilities. More recent distributed computing systems such as
Hadoop (The Apache Software Foundation, n.d.[a]) 2 or Spark (The Apache Software Foun-
dation, n.d.[d]) allow analysis to be performed on large data sets by storing the data across
many off-the-shelf computers and running computations based on the Divide and Recom-
bine (D&R) strategy3, which can be implemented using the MapReduce 4 programming ab-
straction 5.

One can argue that using a distributed computing system is an over-elaborate solution
to the problem of performing statistical analysis on very large datasets. David Donoho, in a
talk given at TukeyCentennialWorkshop PrincetonUniversity argued that ‘Lost in the hoopla
about such skills [Hadoop] is the embarrassing fact that once upon a time, one could do such
computing tasks, and even much more ambitious ones, much more easily than in this fancy
new setting! ... In this highly constrained world [distributed computing systems], the range of
easily constructible algorithms shrinks dramatically compared to the single-processor [single

1n.d. stands for nodate. This abbreviation is typically used to indicate referenceswithno specific publication
date, such as websites and software

2[a],[b],. . . reference published in the same year, including no date references, by the same author.
3In Divide and Recombine, an operation is performed across individual subsets of data, the results are then

combined. Section 1.3 has more detail on this topic.
4MapReduce is one method of implementing the Divide and Recombine strategy. Section2.3.1 has more de-

tail.
5A description of a pattern of computational operation. Section1.3 refines this definition
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machine] model, so one inevitably tends to adopt inferential approaches which would have
been considered rudimentary or even inappropriate in olden times’ (Donoho, 2017). However,
recall that in our scenario, our analyst cannot even import the dataset into her computer, let
alone performing statistical analysis. Nevertheless, distributed computing systems are more
complex to use. Therefore, techniques that enable statistical analysis of very large data sets
to be performed on a single computer should be explored.

1.1 Strategies to handle Big Data on a single computer

Scenario B shown above is fairly typical in many situations because of the amount of com-
puter memory on a single computer is often much less than the amount of non-memory
(secondary) storage (hard disk drive, or solid state drive). For example, a workstation level
computer may have 32 GB of memory, while its secondary storage may be in the terabytes.
To be able to analyse a dataset in the hundred of gigabytes on her computer, our analyst can
utilise a number of computational techniques.

One computational technique that our analyst can benefit from is swapping. Swapping
involvesmovingdatabetweenmemoryandnon-memory storage tocreate the illusion that all
the data are stored inmemory. Modernoperating systems such asGNU/Linux,Windows,ma-
cOS use swapping techniques in their virtualmemory system that allows software to allocate
morememory than physically possible. The ff package (Adler et al., 2014) of R (R Core Team,
2017) is an example that implements swapping. ‘The ff package provides data structures that
are stored on disk but behave (almost) as if they were in RAM by transparently mapping only a
section (pagesize) in main memory’ (Adler et al., 2014). Another example of software library
that let our analyst directly use swapping is MATLAB’s Tall Array (The MathWorks, n.d.).
The major downside to using swapping is slower data access, compared to accessing all the
data directly frommemory. HadleyWickham, the Chief Scientist at RStudio, summarises this
downside as ‘Moving from in-memory to on-disk is an important transition because access
speeds are so different. You can do quite naive computations on in-memory data and it’ll be
fast enough. You need to plan (and index) muchmore with on-disk data’ (Coyle, 2015). Since
data inmemorycanbeaccessedmuchquicker than thoseondisk,movingdatabetween these
will incur a performance penalty.

In conjunction with swapping, our analyst can also upgrade her computer so it hasmore
memory and amore powerful CPU. The combination of these approachesmay be enough to
allow her to import the data and perform exploratory data analysis. However, this approach
of upgrading her computer can be financially costly. As an alternative, our analyst can apply
statistical techniques to reduce her very large data set before upgrading her computer.
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Conceptually, data reduction techniques scale down the data, as opposed to scaling up
thealgorithm(García, Luengo, andHerrera, 2016). This allowsvery largedata sets tobe stored
in the memory of a single computer. For visualisation, the analyst has a variety of choices of
data reduction techniques. These include sampling (also referred to as filtering), bin aggre-
gation of data points, and model-based reduction techniques such as moving averages for
time series data (Liu, Jiang, and Heer, 2013; Scheidegger, 2016). If the large data set is stored
in a database, she can use synopses to perform Approximate Query Processing (AQP) (Cor-
mode, 2011; Liu, Jiang, and Heer, 2013) 6. A synopsis ‘captures vital properties of the original
data while typically occupying much less space’ (Cormode, 2011, p.2). Examples of synopsis
include random samples, histograms and wavelets (Cormode et al., 2011). The methods de-
scribed above reduce the dataset through some form of summary statistics. Although data
reduction is achieved, if these summary statistics are used directly in statistical models, such
as linear regression, the resulting estimates can be biased. Chapter 3 explores this issue and
presentswayof approximating the “completedata”model in the context of logistic regression.

An alternative approach to creating summary statistics to reduce data is through sub-
sampling representative samples. Techniques such as instance selection from the field of data
miningwhich ‘consists of choosing a subset of data that could replace thewhole data to achieve
the original goal of DM [data mining] application (García, Luengo, and Herrera, 2016, p.10).
Instance Selection is achieved through clustering of data points around characteristics of
interest, then selecting representative samples from each cluster. An interesting statistical
method is the use of coresets (Campbell and Broderick, 2017; Huggins, Campbell, and Brod-
erick, 2016). Coresets are aweighted subset of the data, where theweights are calculated such
that theweighted log-likelihoodapproximates the log-likelihoodof theoriginaldataset (Camp-
bell andBroderick, 2017). Huggins, Campbell, andBroderick (2016) showed the construction
and use of coresets in Bayesian logistic regression setting. Huggins, Campbell, and Broderick
(2016) extended this work further to address its shortcomings. Although using a representa-
tive sub-samplemay result in estimateswith less bias, compared to using summary statistics,
the issue of obtaining a representative sub-sample is discussed briefly in Chapter 3. In partic-
ular, the limitation of sub-sampling in situations where the outcome event is rare.

Since many multivariate statistical models are expressed as matrices, in the modelling
stage of the analysis, our analyst can benefit from techniques from linear algebra such asma-
trix decomposition. Gentle (2009) cites the use of matrix decomposition, such as QR decom-
position, as one of the top 10 algorithms ‘with the greatest influence on the development and
practice of science and engineering in the 20th century’ (Sullivan and Dongarra, 2000). An ex-

6AQP is a method of searching over a large dataset, where instead the queries are applied against the com-
pressed (summarised) form of the dataset as opposed to over the entire dataset.
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ample of R software package that make use of matrix decomposition to enable fitting of re-
gression models using very large data sets is biglm (Lumley, 2013). The biglm package uses
QRmatrix decomposition and incremental updating, which allow it to to estimate regression
coefficients without the need for all the data to be stored inmemory in the first place.

InBayesianmodelling, formodelswhere theposterior distributions cannot be computed,
approximate inference algorithms such asMarkov chainMonte Carlo (MCMC), andmore re-
cently variational approximation approaches are used (Lee and Wand, 2016; Ormerod and
Wand, 2010). Variational approximation techniques such as Mean Field Variational Bayes
can approximate the posterior distributionwithout theneed to performMarkov chainMonte
Carlo, which can be time consumingHowever, the algorithms from these techniques need to
bemodified tohandle very largedatasets.Campbell andBroderick (2017) andHuggins, Camp-
bell, and Broderick (2016) summarise some of these modifications such as streaming meth-
ods (processing data one by one), subsampling and distributed method such as Consensus
Monte Carlo (Scott and Blocker, 2013).

Larger memory, better algorithms and using technique such as swapping may allow our
analyst to import the data and in some circumstances (such aswhenusing biglm) to perform
someanalysis on thedataset. During analysis, our analystwill have to consider a related issue
to data size, which is computational speed. An obvious approach is to utilise the capabilities
of themodernCPU, in particular, the number of computational unit (cores) in aCPU. It is not
uncommon to have ordinary desktop or laptops to have CPUs with 4 cores. Workstation and
server class computers can have CPUs with 6 to 10 cores, as well as havingmultiple CPUs. To
take advantage of multiple cores, our analyst can use software packages such as parallel (R
Core Team, 2017) in R to parallelise her analysis code and algorithm. For example, she can
use mclapply() and parLapply() functions to execute a a function in parallel.

In parallel to powerful CPUs, many modern computers also have powerful graphic pro-
cessing units (GPU). Modern GPUs contain many specialised computing units (similar to
computing cores of a CPU). For example, the Turing TU102 GPU from nVidia contains 4,608
computecores for general computingand576Tensor cores specialised fordeep learningappli-
cation (nVidia Corporation, 2018). Compared to usingmulti-core capabilities of CPUs, using
GPUs will require more complex modification of analysis code. This is because GPUs have
completely different architecture from CPUs. For example, to use the computation capabili-
ties of nVidia GPUs, the analyst will most likely need to modify her code to use nVidia’s soft-
ware library called CUDA (Nickolls et al., 2008). Another issue with incorporating GPU code
is our analyst will need to further consider another level of datamovement between the CPU
and the GPU, since the GPUs have their ownmemory.

An example of a software package that incorporates the ideas above to model large data
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set is the work by Wood et al. (2017). The large data set consists of daily measurements from
theUnitedKingdomBlack Smokemonitoringnetwork, takenbetween1961 to 2005. Thedata
set contains 9,451,232 daily measurements across 2862 monitoring sites (Wood et al., 2017).
To fit a Generalized AdditiveModel (GAM) on this large data set, the authors make use of sta-
tistical and computational techniques such as clever use of matrix operations, discretization
of covariates and parallel computation implementation. In addition to providing computa-
tional efficiency, this combination allowed the authors to construct GAM for large data sets,
which was not feasible before.

1.2 Strategies to handle big data withmany computers

So far our analyst has been attempting to perform the analysis on her own individual com-
puter. However, since her company is continuously collecting data on its business, at some
point using just a single computer to process the data will become infeasible. This situation,
one can assume, can occur in large organisations with data-centric business, such as Google.
In scientific research in areas such as genomics and astronomy, where the data sizes are in
petabytes, the situation above can also occur.

The de facto computational approach in dealing with such issue is through distributed
computing systems. In a distributed computing system, many computers called nodes are
connected together to forma cluster. Traditionally, distributed computing systemshavebeen
very specialised to be computation centric or storage centric. An example of computation on
a specialised distributed system is the Message Passing Interface (MPI) type distributed sys-
tems, which has been the traditional way of performing distributed computing in scientific
computing. Some storage centric distributed systems such as SAN have been outlined in ear-
lier section. Other examplesof storagecentricdistributed systems includeGoogleFile System
(GFS) (Ghemawat, Gobioff, and Leung, 2003) and Google’s BigTable (Chang et al., 2006). By
combiningmanymachines these systems have very large storage capacities. GFS has storage
capacity of over 300 terabytes (1 terabyte is 1,000 gigabytes) and Google’s BigTable has capac-
ity in the scale of petabytes (1,000 terabytes or 1 million gigabytes). Another advantage of
usingmany computers is that these systems can continue to operate even when some nodes
fail or encounter error.

The large storage capabilities and high-availability of distributed systems however, have
twomajordownsides. Firstly, there isperformancebottleneckdue to interconnectivitynature
of the nodes. Earlier section allude to the characteristic that data transfer from disk is slower
than data transfer from memory. Data transfer across computer network is generally even
slower than disk. As a result, in distributed computing systems, data transfer between the
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nodes is amajor performance bottleneck. Scott and Blocker (2013) state ‘A fact which is well
known to parallel computing experts, but often surprising to novices: passing messages [data]
among a large number of machines is expensive, regardless of the size of the messages being
passed’. In many of these systems, this performance bottleneck occurs because to perform
computation, data aremoved to the nodes that will perform the computation.

The second major disadvantage is that since a distributed system need to manage many
nodes (multiple computers), developing software to run on a distributed computing system
ismuchmorecomplex, particularlydealingwith situationswhereanode fails. A famous list in
softwaredevelopment titledFallacies ofDistributedComputing outlines thekeyassumptions
that a distributed computing software needs to address (Rotem-Gal-Oz, Arnon, n.d.).

However, a new approach to distributed system has emerged in recent years which ad-
dresses these limitations. In this new approach, which take advantage of the computational
abilities of ordinary desktop computers, the nodes perform both computation and storage.
Since the nodes are general purpose, they can be made up of commodity hardware (off the
shelf, ordinary desktop computers), as opposed to specialised hardware. In conjunctionwith
general purpose nodes, these new distributed computing systems also utilise software ab-
stractions 7, that allow software to bedevelopedmuchmore easily. Twowell knowdistributed
computing systems with this new approach are Hadoop (The Apache Software Foundation,
n.d.[a]) andSpark (TheApacheSoftwareFoundation, n.d.[d]). Thecombinationofnon-specialised
nodesandsoftwareabstractionallow thesenewsystemtohaveacompletelyopposite compu-
tationalmodel to traditional systems, where the computation code goes to the nodewith the
data. Since the size of computation code ismuch smaller compared to data used for analysis,
the impact of performance bottleneck due to data transfer is greatly reduced. Although new
approaches to distributed computing systems make performing statistical analysis on very
large data setsmore feasible, they are nevertheless complicated to setup and use. In addition,
the division of data across many nodes fundamentally challenges the assumption of many
statistical algorithms that expect all the data to be available inmemory of a single computer.

Apopular optimisation techniqueused inmachine learning application is StochasticGra-
dient Descent (SGD) (Kiefer andWolfowitz, 1952; Robbins andMonro, 1951). Stochastic gra-
dient descent is an iterative algorithm that performs optimisation (findingmaximumormin-
imumof a function) based on the first derivative of a function. In each iteration, instead of es-
timating the gradientusing all thedata, only a single observation is used; hence the stochastic

7Software abstractions capture the essential characteristics of data structures or computational operations.
They are abstract in the sense of being generic, which allows their underlying concepts to be applied in different
contexts. E.g., MapReduce, which will be discussed later is an abstraction that encapsulates the operations of
Map, which applies the same operation across many subsets of data, and Reduce, which combines the results of
Map.
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natureof this technique. Sinceeach iterationdoesnotprocessover all thedata, stochastic gra-
dient descent is a popular optimisation algorithm (Dean et al., 2012). A variation on stochas-
tic gradient descent, called batch stochastic gradient descent, estimates the gradient in each
iteration using a group of observations rather than a single observation. Eve though the gra-
dient update in each iteration is based on a single observation or a group of observations, all
the data eventually may be processed (depending on the convergence). Since data transfer
in distributed computing systems can result in degradation of computational performance,
alternativemethods byDean et al. (2012) andMcMahan et al. (2017) attempt to extend batch
stochastic gradient descent todistributed computing systemsbyperforming gradient estima-
tion in parallel. In both works, each shard of the distributed data is considered as a batch of
data. Dean et al. (2012) address the issue of keeping track of the gradient estimates from the
nodes of the distributed computing system across the iterations of batch stochastic gradient
descent. McMahan et al. (2017) extend the idea of distributed data into the context ofmobile
phones such that data on a user’s mobile phone is considered as a batch of data. Themobile
phones thenperformstochastic gradientdescent in aparallel fashionand theoverall gradient
across all the data is estimated by averaging the gradients from eachmobile phone.

1.3 Outline of thesis

The aim of this thesis is to explore ways to performing statistical analysis in the context of
distributed systems, specifically, in caseswhere thedata aredistributed. Inparticular, explore
the way existing statistical procedures can be applied to these distributed data setting.

Chapter 2 begins by exploring the concept of divide and recombine (D&R), which is a nat-
ural fit to modern distributed computing system such as Hadoop and Spark. The aim of
Chapter 2 is to provide an overview ofmodern distributed computing systems and show that
thewaydata stored in these systems require different approach to performing statistical anal-
ysis. In particular, the Divide and Recombine (D&R) approach. In D&R, computations are
performed on each unit of distributed data (also known as shards, subsets or blocks), then the
results are combined. Although this approach is computational, it differs from other tech-
niques such as swapping in that computations are performed in parallel across the nodes,
hence taking advantage of the computational power of distributed computing systems.

By the end of Chapter 2, it’ll become clear that evenwith divide and recombine paradigm,
and MapReduce abstraction, performing statistical analysis on distributed computing sys-
tems is not a trivial task. Crucially, the performance bottleneck in distributed computing sys-
temsmeans being able to process all the data on a single computer does has an appeal.

Since data transfer is a source of performance bottleneck, and many existing statistical

8



procedures don’t work in distributed computing settings, the aim of Chapter 3 is to allow per-
form data reduction on the distributed data so that statistical analysis can be performed on
a single desktopmachine. The techniques used for data reduction are statistical techniques
such as coarsening, as opposed to computational techniques. The bonus is that since coars-
ening is a simple operation, it can be executed in parallel in a distributed computing system.
Statistical analysis is then performed on the reduced data set. To recover the complete data
model, EMalgorithm isused toperformstatistical inference. Byusing existing statistical tech-
niques, an analyst can apply these techniques without the need for deep understanding of
distributed computing systems.

We can expand the definition of distributed data such that we can see how existing sta-
tistical techniques have similar ideas. In particular, instead of dividing data arbitrarily, it is
possible to divide the data in particularways to take advantage of existing statisticalmethods.
In Chapter 4, with an understanding of D&R, data can be divided in a particular way so that
the distributed datamimics independent studies of traditionalmeta-analysis. In this chapter,
techniques frombiostatistics suchaspropensity scoring,multiple imputationand randomef-
fectmeta-analysis areused toperformstatistical analysis ondistributeddata. The techniques
are demonstrated using longitudinal child growth data fromHealthy birth, growth and devel-
opment knolwedge integration (HBGDki) funded by Bill andMelinda Gates foundation.

Related to the HBGDki data set, Chapter 5 explores the key issue of appropriate smooth-
ingparameterofpenalised splineswhenmodelling thederivativesof thedata. Here, given the
large data size of HBGDki, it is time consuming to numerically create the derivative curves. A
model-based approach can speed up computational time, therefore it is preferred. The ques-
tion iswhetherusing the smoothingparameterof thedata is goodenough tomodel thederiva-
tives.
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2 Performing statistical analysis on distributed data using
Divide and Recombine

2.1 Motivation

Many implementations of statistical algorithms assume that the data are accessible from the
memory of a single computer. This assumption does not hold in situations where the size of
data is really large e.g., petabytes scale data (1 petabyte = 1,000 terabytes, 1 terabyte = 1,000
gigabytes). To store large datasets, organisations use distributed computing systems, which
combine many computers together, as opposed to storing data on a single computer. Tra-
ditionally, distributed computing systems are highly specialised and it is difficult to develop
software utilising them, However, modern distributed computing systems such as Hadoop
and Spark allows both storage and computation to be done using off the shelf computers. In
addition, programming abstraction such asMapReduce allows software to be developed eas-
ily. Many existing statistical algorithms however, assume data are in a single location (the
memory of a single computer), as opposed to the data being distributed (across many com-
puters). Data processing paradigm such as Divide and Recombine (D&R) enables statisti-
cal inference algorithms to be developed inMapReduce fashion. This chapter shows how by
structuring statistical inference algorithm using D&R, statistical inference can be performed
ondistributeddata. Asanexample, logistic regression is implementedusingD&Randapplied
to a large dataset. However, processing data on distributed computing systems remain a
challenge. MapReduce and D& aremore suitable for algorithms that are embarrassingly par-
allel, and not all algorithms can be applied to distributed data. One method to address this
problem is to reduce the data residing on the distributed computing systemand then execute
the algorithm using the reduced data set on a single computer. In this chapter, a particular
data reductionmethod is shown. Thismethod is applicable to situationswhere the covariates
are all categorical. Data reduction techniqueswithminimal information lossmayallowmany
types of statistical inference algorithms to be used in conjunction with D&R on distributed
data.

2.2 Introduction

An implicit assumptionmade bymany existing statistical algorithms is that the data they op-
erate on are available in a single location, typically the memory of the computer. In cases
where data sizes are very large, e.g., this assumption can fail. The most obvious solution in
these cases is to increase the memory capacity of the computer. Another possible solution
is to utilise some form of swapping technique where blocks of data are moved between the
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memory and other storage mechanisms to create an illusion that all the data are in memory.
However, at some point due to every increasing data sizes, these single computer solutions
become infeasible. One can imagine companies such as Google andDropbox do not store all
their data on a single computer.

A very popular method of dealing with very large data sets is to form distributed comput-
ing clusters, which ismade up ofmany computers (or computing related devices). Tradition-
ally this setup can be seen in the area of data storage. Organisations typically use some form
of distributed storage systems, such asmultiple server class computers each havingmultiple
hard drives set up in Redundant Array of Independent Disks (RAID) configuration. Storing
data acrossmany nodes not only allow very large data sets to be stored, this setup also allows
organisations to cope with data growth since more nodes can be added to the system to in-
crease storage. To allow computation to be performed, these distributed storage systems are
then combined with very powerful computing setups typically found in High Performance
Computing facilities. However, since storage and computation are separate, data have to be
moved between these systems. The steps to perform computation first consist of coping data
from the storage system into computers of the high performance computing facility. Compu-
tations are performed on these computers. The results of the computation are then copied
back into the storage system. In contrast, recent popular distributed computing systems
such as Hadoop (The Apache Software Foundation, n.d.[a]) and Spark (The Apache Software
Foundation, n.d.[d]) take a different approach. In these systems all the computers (nodes)
perform dual role of storage and computation. When performing computation, instead of
copying data to the nodes, computation code are send to the nodes. Since computation code
aregenerallymuchsmaller thandata, this theproblemof computingperformancebottleneck
due tomovement of data is alleviated (Scott and Blocker, 2013).

However, there is still the complication of managing these systems. Traditionally, dis-
tributed computing systems are difficult to program because the analyst has to write soft-
ware not only to perform data analysis, code need to be written to manage the underlying
distributed computing system (e.g., what to do when a node fails). In order to ease the de-
velopment of software on distributed computing systems, in particular themodel of Hadoop
where the nodes store units of distributed data that are sometimes called shards (Dean et
al., 2012; Scott and Blocker, 2013), programming abstraction such as MapReduce was devel-
oped (Dean and Ghemawat, 2010; Dean and Ghemawat, 2004; Somers, 2018).

The MapReduce programming abstraction can be viewed as a specific implementation
of a general idea of Divide and Recombine (D&R) (Cleveland andHafen, 2014), where a large
data isfirst divided, thensomeoperationsareperformedoneach shard, followedbycombina-
tion of all the results. Divide and recombineparadigm is naturally suited to newer distributed
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systems suchasHadoop since it explicitly addresses thedivisionof a largedata set into shards
that are distributed across the nodes.

In this chapter, we begin by providing a brief overview of divide and recombine. We then
outlineMapReduceprogrammingabstraction inSection2.3.1, and its role indistributedcom-
puting system such as Hadoop. Section 2.4 explores Hadoop and shows how abstractions
such as MapReduce are a naturally fit for the performing analysis on distributed data on sys-
tems such asHadoop. In Section 2.5, wefit logistic regressionmodel using various implemen-
tations of divide and recombine.

2.3 Divide and Recombine (D&R) Data ProcessingModel

A strategy for performing statistical analysis ondistributed computing systems is through the
use ofDivide andRecombine (D&R) (Cleveland andHafen, 2014), which is particularly suited
for very large data sets where the number of observations greatly exceeds the number of vari-
ables (Hafen, 2016). In D&R, the data are first purposefully divided into subsets, with each
subset small enough in size to be analysedwith standard software on a single computer. After
performing analysis on individual subsets, the results are then combined to ‘yield a statisti-
cally valid—although not always exact—result ’ (Hafen, 2016). As an example, consider the
linear regressionmodel

Y = Xβ + ε , (2.1)

where for n observations, Y is the n × 1 vector of the responses, X is the n × p design matrix
with p covariates, β is the p ×1 vector containing the regression coefficients, and ε is then×1
vector of errors that are fromaGaussiandistributionwith zeromean andσ2 variance, i.e., for
the i th error εi ∼ N(0,σ2). The ordinary least square estimate of the regression coefficients,
β̂ can be obtained by

β̂ = (X�X)−1X�Y . (2.2)

Many existing implementation of linear regression algorithm assume that the entire de-
sign matrix X is stored in the memory of a single computer. Let’s demonstrate how a divide
and recombine strategy can be used to estimate the parameters ̂β. To a large dataset on a
distributed computing system, the data are first divided into S subsets. A divide and recom-
bine method does not necessary require estimating the regression coefficients in each sub-
set. Instead, we can view it as calculating some subset specific terms that can be recombined
to obtain an overall estimate. One idea is to think in terms of using the sufficiency principle.
For a parameter θ, Casella and Berger (2002) define sufficient statisticsT (X) as “a sufficient
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statistics for θ if the conditional distribution of the sample X given the value ofT (X) does not
dependon θ” (Casella andBerger, 2002, Section 6.2.1). Lee, Brown, andRyan (2017) performs
data reductionby applying the sufficiency principlewhere a sample-based summary statistic
captures all the informationabout theparameters. As a result, any inferenceabout theparam-
eters depends on the samples only through the sufficient statistics. In cases where sufficient
statistics canbeused, statistical inference canbeperformedwithout the need to process over
all the individual observations of a dataset. For the k th subset, denoting Yk as the vector of
responses and Xk as the designmatrix of the k th subset, if we can obtain an estimate for the
k th subset as

β̂k = (X�
k Xk )

−1X�
k Yk ,

we can combine the estimates β̂k to obtain β̂. The calculation inside each subset as shown
above yields the Maximum Likelihood equivalent of β̂. Sufficient statistics is generally lim-
ited to exponential distributions in the GLM case. However, recently Huggins, Adams, and
Broderick (2017) developed a polynomial approximation of sufficient statistics. Guha et al.
(2012) show onemethod of combining of the estimates from the subsets

β̂ =
( S∑

k=1
X�

k Xk

)−1 S∑
k=1

X�
k Yk , (2.3)

where, X�
k Xk and X�

k Yk are calculated for each k th subset, and then combined together to a
similar form shown in (2.2). Another divide and recombine method is to first estimate the
coefficients for each subset ̂βk using least squares method shown in (2.2) such that

β̂k = (X�
k Xk )

−1X�
k Yk , (2.4)

for {X1,X2, . . . ,XS } subsets, then average the subsets coefficients. That is, for the regression
estimate of a single variable, β̂ is simply the average of the estimators from S subsets (Guha
et al., 2012)

β̂DnR =
1
S

S∑
k=1

β̂k . (2.5)

In general, the average of sub-set regression coefficient estimates as shown in (2.5) is not
equivalent to the coefficient estimate that can be obtained when all the data can be analysed
at once (2.2). However, with weak law of large numbers, it can be argued that (2.5) is statisti-
cally consistent with (2.2). That is, β̂DnR → β̂. SeeWasserman (2004, Chapter 5) for weak law
of large numbers. Amore general form of (2.5) is theweighted average of the estimates from
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the subsets. The estimate for a single parameter, in the weighted average form is

β̂DnR =
( S∑

k=1
wk β̂k

)/ ( S∑
k=1

wk

)
, (2.6)

wherewk is weight for thek th subset. The estimator shown in (2.5) is a special casewithwk =

1. Analternative formofweighting scheme is the inverseof thevarianceof theestimator in the
subset, similar tometa-analysis, i.e.,wk = 1 /Var( β̂k ). Insteadof combining the estimatesof
regression coefficients from the individual subsets, McMahan et al. (2017) combine the cost
functions of the subsets in their work on the concept of federated learning. They show that
assuming the errors terms are Gaussian distributed, the estimate of the parameters shown in
(2.2) and (2.5)minimise the same cost function, in this case a square loss. See 2.F for details
on how the cost functions are combined. The variance for estimator (2.5), as shown in Guha
et al. (2012) is

Cov( β̂DnR) = Cov
[
1
S

S∑
k=1

(X�
k Xk )

−1X�
k Yk

]
=

1
S2 Cov

[ S∑
k=1

(X�
k Xk )

−1X�
k Yk

]
, treating S as a constant,

=
1

S2

S∑
k=1

Cov
[
(X�

k Xk )
−1X�

k Yk

]
, assuming independence in Yk . (2.7)

Using a property of covariancematrix from Ruppert, Wand, and Carroll (2003a, (A.6))

Cov(Ax + c) = ACov(x)A� ,

where A is a constant matrix, c is a constant vector, and x is a random vector. Assigning A =
(X�

k Xk )
−1X�

k , in (2.7),

Cov( β̂DnR) =
1

S2

S∑
k=1

(X�
k Xk )

−1X�
k Cov(Yk )Xk (X�

k Xk )
−1 . (2.8)

Cov(Yk ) = σ
2I , whenwe assumeσ2 are all the same for all the observations in the regression

model, and are not correlated. In addition assumingσ2 = 1 as inGuha et al. (2012), (2.8) then
becomes
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Cov( β̂DnR) =
1

S2

S∑
k=1

σ2(X�
k Xk )

−1

=
1

S2

S∑
k=1

(X�
k Xk )

−1 . (2.9)

With this (inverse variance) weighting scheme, the general form of variance is

Var( β̂DnR) =
[
1
/( S∑

k=1
wk

)2] [ S∑
k=1

w 2
kVar( β̂k )

]
. (2.10)

Substitutingwk = 1 into (2.10)we get (2.9). If we use the inverse variance weighting scheme
substituting the weightswk = 1 /Var( β̂k ) into (2.10),

Var( β̂DnR) =
[
1
/{ S∑

k=1
1/Var( β̂k )

}2] [ S∑
k=1

{1/Var( β̂k )}
2 Var( β̂k )

]
=
[
1
/{ S∑

k=1
1/Var( β̂k )

}2] [ S∑
k=1

1/Var( β̂k )
]

= 1
/ [ S∑

k=1
1/Var( β̂k )

]
= 1

/ [ S∑
k=1

wk

]
.

Thedivideandrecombinestrategy is justoneofmanystrategies fordevelopingalgorithms
tobe runondistributedcomputingsystems. Itsmodelofdivideandrecombinecloselymatches
the operation of distributed computing systems. The data in the each of the subsets can be
thought of as the data stored in the nodes of a cluster. Since divide and recombine is a high
level strategy, it can be implemented inmany contexts. In the context of distributed comput-
ing systems such as Hadoop and Spark, one implementation is throughMapReduce.

2.3.1 MapReduce

Developing software for distributed computing systems is more difficult compared with de-
veloping for a single computer. Rotem-Gal-Oz, Arnon (n.d.) explains the major challenges
that are inherited in distributed computing systems, such as network reliability, network la-
tency, security, and transport cost. Handling these issues is non-trivial. For example, to han-
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dle failure of the node or network (i.e., the hardware of the node failed), the software, first of
all, has some sort of criteria determining what constitutes a failure and mechanisms to ver-
ify it. One mechanism to detect failures is to constantly poll the node then waiting for the
node to respond within a specific period of time, where the waiting time often depends on
the type and amount of traffic on the network. Once a failure of a node has been detected, the
software has tomanage this failure without stopping the analysis. When performing analysis
using very large datasets, it’s not desirable for the software to terminate the entire analysis
and restart again. One way to handle failure of a node is to find another node to process the
data, which there aremanyways to do so. A statistical analyst will then have towrite software
that performs statistical analysis as well as handle issues arising from distributed computing
systems. Oneway to reduce theworkload on the analyst is to separate the analysis tasks from
the distributed computing related tasks. One such example is the concept of MapReduce.

Inspired by concepts from functional programming languages such as Lisp, Dean and
Ghemawat (2008) at Google proposed the MapReduce programming abstraction to reduce
the complexity of developing applications ondistributed computing systems. InMapReduce,
computations are performed by two functions: Map and Reduce. The Map function is exe-
cutedover individualblocksof thedata (shardsor subsets), and theReduce function isused to
combine theoutputs fromtheMap function. Theconceptof theMap function isnotnew. InR,
theMap function is analogous to using the apply family of functions (e.g., lapply), whereby
a function is executed over many elements of a data structure such as a vector or list. Recent
packages such as purrr (Henry andWickham, 2018) also has a family of map functions. The
Reduce part is the function that performs some form of recombination operation on the re-
sults from theMap function. The R code in Listing 1 demonstrates a simpleMapReduce code
by attempting to find the maximum values of a list of vectors. In this code listing, the Map
part consists of applying the built-in function max() to the individual vectors of a list named
data_list. The result ofMap is a list (max_inner) with 2 elements, with each element of the
list contains the largest number of each vector. In the Reduce stage, the max() function is ex-
ecuted again on the result from theMap stage (max_inner) to return the largest value across
both vectors.

Listing 1: Findingmaximumvalues of 2 vectorsusing lapply() function. Theapply() family of functions
can be considered as equivalent of the Map function. While the Reduce function is just some
form of aggregation that is applied to the results of the Map function.

vec_1 <- c(1 ,2 ,3)
vec_2 <- c(4 ,2 ,1)
data_list <- list(vec_1, vec_2)

# Our Map function is R’s built -in ’max ’ function
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# The Map function is applied to each element of ’data _list ’
max_ inner <- lapply (X = data_list , FUN = max)

# This is our Reduce equivalent .
# Combine and process the outputs of lapply ()
max( unlist (max_ inner ))

WhatmakesMapReduce combination interesting is that Dean and Ghemawat (2008) ap-
plied the Map and Reduce functions to large scale distributed computing system setting. In
this setting, instead of a vector or list storing the data, individual nodes store the data, with
the nodes representing the individual elements of a vector or list. Executing Map function
over a vector or list then becomes getting the nodes to execute the Map function using the
data they have. As a result, MapReduce is a natural fit to distributed computing systems.

MapReduce can be seen as one implementation of the divide and recombine paradigm.
By providing a consistent way of encapsulating computation for the divide and re-combine
phases via Map and Reduce functions, when developing statistical software for distributed
computing systems, an analyst can isolate the analysis parts from computing parts (Somers,
2018).

Another aspect of standardisation provided by MapReduce that is not obvious is the for-
mat of the data between the Map and Reduce stages. In a single computer setting shown in
Listing 1, the the lapply function expects a list as its input and outputs a list aswell. The data
structureMapReduce uses to send data between its two stage is Key-Value pairs.

If MapReduce standardises the computational workflow of a distributed computing sys-
tem, key-value pairs standardise the data structures to pass data across nodes of a distributed
computing system. As the name suggests, a key-value pair data structure has two compo-
nents, the Key, which is ‘the part of a group of data by which it [data] is sorted, indexed, cross
referenced, etc.’ (Black andPieterse, 2004), and theValue, which is the data indexedby theKey.
An example of a key-value pair tomodel a patient in a hospital might use the Patient ID num-
ber as the Key, with the Value holding all the data regarding that particular patient. As in the
case with MapReduce, although key-value pair data structure is not unique to MapReduce
(the named list data structure in R has the same structure), it is a data structure that can be
applied to large scale distributed computing system.

As shown in Figure 2.1, key-value pairs canbe further qualified according to their usage in
a MapReduce workflow to emphasis their roles. For instance, the key-value pairs containing
outputs fromMap functioncanbecalled intermediate key-valuepairs, to emphasise that they
are not the final result of the workflow. While the final output, which is the result of Reduce
stage can be called output key-value pair.
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Figure 2.1: Key-value pairs can be qualified depending on their roles in aMapReduce data flow.

2.3.2 Example of MapReduce workflow

We nowmake the MapReduce concept more concrete through an example. In this example,
suppose a very large data set containing the customer number and their payment for a good
or service, has been distributed across two nodes, as illustrated in Figure 2.2. Suppose we
want to calculate the amountpaidby each customer. Thefirst aspect tonote is that eachnode
holds some portion of the data from each customer. In this example we assume the original
data set was divided arbitrarily. Even though Figure 2.2 looks complicated, we only needs to
perform three tasks: determine our key-value pairs, develop theMap and Reduce functions.

In this example, let’s assumethekey-valuepair is in the form(Cust_Num, Amount). Since
we are interested in obtaining the total amount paid by each customer, our goal with theMap
stage is to output intermediate key-value pairs (the data that will go to the Reduce stage) con-
taining the total amount for each customer. As shown in Figure 2.2, ourMap function simply
groups all the data by customer number. In this particular design, we aremoving themajority
of the computation to theReduce function. Sometimeswe can reduce theworkload of theRe-
duce function by performing some rudimentary tasks in theCombine function. In Figure 2.2,
instead of getting Reduce function to aggregate all the observations of a particular customer,
we reduce the data also summing up each customer’s total payment amount in the Combine
function. The Combine function is useful because sometimes the Map function may not be
able to perform all the operations we want since it needs to deal with user input data which
are not homogeneous. In addition, by performing some aggregation in Combine, we reduce
the amount of data that needs to be transferred for the Reduce function.

We then create theReduce function,which simplyperformsanaggregation. Note that the
Reduce function only receives data that are grouped by one unique Key. In Figure 2.2, the Re-
duce function innode1only receives key-valuepairs related to customer 1, and likewisenode
2 only receives key-value pairs related to customer 2. In distributed computing systems that
supports MapReduce, a step called Shuffle and Sort/Merge is executed which ensures each
Reduce function receives key-value pair data that are indexed by a single unique Key.

We can see how MapReduce implements the Divide and Recombine paradigm. In the
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Figure 2.2: DetailedMapReduce workflow to calculate a sum

Divide stage, the Map function simply groups and sums the total amount for each customer
within each shard (subset) of the distributeddata. In theRecombine stage, theReduce simply
aggregate all the amounts per customer.

By standardising the computational (Map andReduce functions) anddata structure (Key-
Value pairs), the MapReduce programming abstraction can be implemented across a vari-
ety of distributed computing architectures to carry out Divide and Recombine. For example,
in theMars system, MapReduce is implemented on GPUs (He et al., 2008). Likewise, in the
Phoenix system, MapReduce is implemented to utilise the multi-core capabilities of a single
machine (Yoo, Romano, and Kozyrakis, 2009).
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2.4 Using Hadoop to execute the distributed algorithm

A popular distributed computing systems that implements the MapReduce programming
abstraction is Hadoop (The Apache Software Foundation, n.d.[a]). Hadoop is a distributed
computing system that is designed to execute software written using MapReduce program-
ming abstraction. Unlike more traditional distributed computing systems such as High Per-
formanceComputing (HPC) clusters, where thenodes consists of server class computers that
are computational centric, the nodes of a Hadoop cluster can consist of commodity desktop
computers that perform dual role of computation and storage.

Historically, Hadoop began as an open source implementation of Google’s distributed
storage system called Google File System (GFS) (Ghemawat, Gobioff, and Leung, 2003). Un-
like other large scale distributed storage systems at that time, the nodes that make up GFS
system consisted of commodity desktop computers. Since GFSwas a file system, it could not
perform computation on the data. Google later proposed the MapReduce programming ab-
straction as a method to perform computation on large scale distributed storage system like
GFS (White, 2015).

We now explore how Hadoop implements GFS and MapReduce. Hadoop’s open source
implementation of GFS is the Hadoop Distributed File System (HDFS). HDF stores data by
first dividing a data set into blocks (in general, we also have called these units of distributed
data as shards), which are then distributed across the nodes of the Hadoop cluster. These
blocks are also replicated across the nodes so that there aremultiple copies of a block, which
allows data to be available when the node storing them experience a hardware failure. If we
consider Hadoop solely by its storage component, the only major difference it has over tra-
ditional storage system is the use of commodity hardware, since traditional storage systems
also can provide high availability large scale storage.

The way computation is performed on Hadoop is how it sets apart from traditional dis-
tributed systems. HadoopusesMapReduceprogrammingparadigmtoperformcomputation
across its nodes. In aMapReduceworkflow, the nodes in theHadoop cluster execute theMap
functionon their block of data. Since a large data set canbedivided intomanyblocks, a single
Map function can be executed in parallel across many nodes. Upon completion of the Map
function, Hadoop first selects nodes to execute the Reduce function, then transfer the results
of theMap function (intermediate key-value pairs) to these Reducer nodes.

The computationmodel of Hadoop described above is to move code to data. In contrast,
in many traditional distributed computing systems, data move to the computational centric
nodes, since the nodes do not store data. By moving computational code, which are gener-
ally be much smaller in size compared to data (The Apache Software Foundation, n.d.[e]),
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Hadoop greatly reduce the data movement between the nodes, which is a major source of
performance bottleneck.

To illustrate and contrast the data movement between a traditional distributed system
and Hadoop, consider Scenario B we outlined in the Introduction of the thesis. This is the
scenario where the data are too large to fit in the memory of a single computer, but can be
stored in the computer’s non-memory storage, such as hard drive or solid state drive. An or-
ganisation typically will store this data in its specialised data storage system and make the
data available via a network shared drive. When we run any analysis using this data in R for
example, this data will be copied across the network into the memory of our computer. This
is an example of moving data to code. In this computational model, we can encounter two
problems. First, copying the data across the network can be time consuming, and also takes
up the network resource. Second, since the data is too large, our computer will run out of
memory (or with swapping, we incur more performance penalty).

In contrast, if the data is stored on a Hadoop cluster, we only need to send our Map and
Reduce functions to the cluster. This situation has been shown in Figure 2.2, where since the
data for the customers are already stored on the nodes, we can get the nodes to execute code
on their blocks of customer data, then combine the results. An additional benefit ofHadoop’s
model is that there is a separationbetween thecomputation foranalysis and themanagement
of the distributed system. In Hadoop, analysis code only needs to be written in MapReduce
abstraction. The analyst is not required to write code that performs tasks such as scheduling
nodes to become the Reducer, or what to do in the event of a node failure. Hadoop software
takes care of all the distributed computing aspects.

Since Hadoop is open source there are many distributions of Hadoop that can be used.
This is similar to GNU/Linux where there are many distributions such as Red Hat, Debian,
Ubuntu, etc. The major distribution open source distribution of Hadoop from The Apache
Software Foundation is simply called Apache Hadoop distribution. Commercial Hadoop dis-
tributions includeCloudera (Cloudera Inc., n.d.),Hortonworks (HortonWorks, ), andMapR(MapR,
). The commercial distributions provide additional tools and enterprise support for Hadoop,
such as tools to process log files from Hadoop. A very popular option to trial Hadoop or to
create large Hadoop cluster is by using cloud computing services. A service is a computation
capability provided by a third party organisation. A example of a service is an Internet Service
Provider (ISP) providing access to the Internet. Two popular cloud services for Hadoop are
AmazonWeb Services (AWS) Elastic MapReduce (EMR), andMicrosoft Azure. An example of
using cloudcomputing is TheNewYorkTimeswhichusedAWS to convert its archivedarticles
between 1851–1922 to PDF format (Gottfrid, 2007).

Since Hadoop was developed using Java programming language, MapReduce software
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written in other languages such as R, use the the generic Hadoop Streaming (The Apache
Software Foundation, n.d.[f]), which is available in most Hadoop distributions. In Hadoop
Streamingenvironment,MapReduce software are executedas though they are command line
programs. As a result, any command line programs that can act asMap andReduce functions
can be execute in Hadoop Streaming environment. The downside to using Hadoop Stream-
ing is that programs need to act like a command line application, which can have structure
compared toanalysis codewritten inprogramming language suchasR. As analternative, soft-
ware libraries suchDeltaRho(TheDepartmentofStatistics, n.d.) canbeused. DeltaRhoallows
analysis code to be developed in the samemanner as other analysis code written in R, and it
also hides Hadoop Streaming from its users. For example, the distributed data frame (DDF)
object inDeltaRho is very similar to thedata.framedata structure, which is familiar tomany
users of R. UsingDeltaRho, users are no longer restricted toHadoop Streamingmodel of text-
only input and output. Users can instead accept and return distributed data frames as if they
are working on an ordinary data.frame objects. Other alternatives to work with Hadoop in-
cludeHadoop specific scripting languages such as Apache Pig (The Apache Software Founda-
tion, n.d.[c]) and ApacheHive (The Apache Software Foundation, n.d.[b]). The former allows
users to perform data manipulation without writing rawMapReduce code. The latter allows
queries on the data to be made in a similar manner to Structured Query Language (SQL) for
relational databases. Scripting language such as Apache Hive allows database users to use
Hadoop without the need to know details such asMapReduce.

Commercial statistical software that are widely used today such as SAS and MATLAB sup-
ports Hadoop (SAS Institute Inc, n.d.; The MathWorks, Inc., n.d.). MATLAB provides a num-
ber ofways toworkwithHadoop. Onemodeof operation is to performswapping and execute
MapReduceprogramsona single computer throughdata structure such asTall Array (The
MathWorks, n.d.). Anothermode is to runMATLAB code usingHadoop Streaming (TheMath-
Works, Inc., n.d.).

2.4.1 Conditional Data Division

As discussed in previously, the Hadoop Distributed File System (HDFS) divides a large data
set into data blocks. In Hadoop, data are divided based on the size of an individual data block
(e.g., 64MB), as opposed to division based on the nature of the dataset, such as the number of
rows. Although this thismethod of division is natural for a computer file system, it is arbitrary
and not very useful from the viewpoint of statistical analysis. To provide more user friendly
methods of data division, software packages such asDeltaRho provides functions to perform
different ways of dividing the data which are more statistically relevant. These include ran-
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domised data division, and Conditional Data Division. The latter involves dividing a large
data set conditional on some variables of the data set (i.e., data are grouped together based
on that variable). For example, our analyst might divide a large data set conditional on the
year it was collected.

Note that the method of data division involves a trade-off between computational effi-
ciency and user friendliness. Hadoop’s default method of data division, based on the file size,
ismore computationally efficient since data canbedivided as it’s being loaded into theHDFS.
In contrast, with DeltaRho’s data division, an extra step is performed after the data has been
loaded ( divided using file size). This extra step typically involves executing a MapReduce
computational job.

2.5 Application

2.6 Results

The codes representing the variousways of fitting the logistic regressionmodels are shown in
Table 2.1. In this table, ‘SingleMachine’ denotes fitting the regressionmodel on a single com-
puter. ‘Ordinary logistic regression’ refers to the model (??) where log-likelihoods for each
individual observation are calculated then aggregated. ‘Group variable’ refers to the model
(??) whereby log-likelihood is calculated for unique combination of the categorical covari-
ates. ‘DnR’ denotesDivide andRecombine approach implemented using DeltaRho package.
Logistic regression models are fitted using glm function of R. The hardware for the ‘Single
Machine’ implementation consists of a server class computer that has a 3.47GHz Intel Xeon
W3690 (6 Cores) CPU, 12GB of memory, and 2 × 1TB 7,200 RPM SATA II hard drives config-
ured as an RAID array for non-memory (secondary) storage. For Hadoop implementation,
the cluster consists of onemaster node and two core nodes, with the core nodes performing
the actual storage and computation. The master node and the core nodes are physically lo-
cated on the same server rack. Themaster node is a serverwith 2×2.6GHz Intel Xeon E5-2697
v3 (14 Cores), 128GB memory and 2× 900GB 10,000 RPM SAS II Hard Drives in RAID array
configuration. The two core nodes have the same specification as the hardware for the sin-
gle machine. All the computers ran Red Hat Linux Enterprise Edition (64-bit) with R version
3.2.0.

Table 2.2 and 2.3 illustrate the estimates of the coefficients using the data set for the year
2013, using estimator shown in (2.5). Since the hardware we used is a server class computer
with large amount of memory, the entire data set can be stored in memory. The objective of
these table is then to demonstrate that estimates of the coefficients using divide and recom-
bine approach are similar to that performing ordinary logistic regression.
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Implementation Notation
SingleMachine. Ordinary logistic regression T1
SingleMachine. Grouped variable T2
SingleMachine. DnR. T3
SingleMachine. DnR Grouped Variable T4
Hadoop. DnR T5
Hadoop. DnR Grouped Variable T6

Table 2.1: Different implementations of logistic regression.

Intercept β̂1 β̂2
Impl. Est. Std.Err Est. Std.Err Est. Std.Err
T1 2.666 0.00662 -0.505 0.00894 -0.717 0.00758
T2 2.666 0.007 -0.505 0.009 -0.717 0.008
T3 2.666 0.00662 -0.505 0.00895 -0.717 0.00759
T4 2.666 0.007 -0.505 0.009 -0.717 0.008
T5 2.667 0.00662 -0.505 0.00895 -0.718 0.00759
T6 2.666 0.007 -0.505 0.009 -0.717 0.008

Table 2.2: Estimate of regression coefficients for 2013 dataset.

β̂3 β̂4 β̂5
Impl. Est. Std.Err Est. Std.Err Est. Std.Err
T1 -1.195 0.00700 -1.465 0.00692 -0.284 0.00346
T2 -1.195 0.007 -1.465 0.007 -0.284 0.003
T3 -1.196 0.00701 -1.465 0.00692 -0.284 0.00346
T4 -1.195 0.007 -1.465 0.007 -0.284 0.003
T5 -1.196 0.00701 -1.466 0.00692 -0.284 0.00346
T6 -1.195 0.007 -1.465 0.007 -0.284 0.003

Table 2.3: Estimate of regression coefficients for 2013 dataset (continued).

2.6.1 Execution Timing for Different Implementations of Logistic Regression

To demonstrate the limitations of using single computer to perform analysis on very large
datasets, we attempt to fit logistic regression with different computation setup using increas-
ingly largedata sizes. Therearefivedatasets in total, startingwithwithNYStateSPARCdataset
from the year 2010 to 2012. To simulate very large data set, the next two datasets consist of
the combined data from year 2010 to 2012 resampled at two and four times.

Figure 2.3 shows the execution times (transformed to log base 10) of fitting two different
logistic regression models on increasingly large data sets. The solid lines ( ) represent the
execution times of implementations that used the grouped variablemethod, likelihood from
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Figure 2.3: Execution timesoffitting logistic regressionwithdifferent computation setupacross increas-
ingly large datasets.

(??). The dotted lines ( ) represent execution times for implementations with likelihood in
the form (??), where calculation is performed over individual observations.

There are some interesting features shown in Figure 2.3. Firstly, fitting logistic regression
using the likelihood form in (??) generally require lower execution times compared to fitting
logistic regression using themodel in (??). By calculating the likelihood over the unique com-
bination of the levels of categorical covariates, the amount of data that is transferred between
the nodes is reduced. In additionwithin each node, the data required for the calculationmay
be small enough to be all stored in memory. Since analysing data that is stored in memory is
faster than analysing data stored in non-memory storage, the execution times are expected
to be lower. An interesting note is that it may be possible to group the levels of categorical
variables to the point where all the data can be analysed on a single computer.

The second interesting feature in Figure 2.3, is the vertical line indicating the data size
limit for the single computer setup. Beyond this data size, the computer we use no longer is
able to fit the regressionmodel. All hope is not lost entirely however.

The third interesting feature is the benefit of computational technique such as swapping
in allowing single computer setup to perform analysis on very large data sets. In Figure 2.3,
the triangle line shows howprocessing large data sets that cannot be stored in thememory of
a single machine is possible with the divide and recombine approach. Since data is divided
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into subsets in the divide and recombine approach, analysis is performed on subsets that
are much smaller than the entire data set. The trade-off however, is performance penalty for
swapping the data of each subset between the memory and disk. In Figure 2.3, this is shown
by long execution times of themodel.

Another feature of note is the appropriate data size when using a distributed computing
system such as Hadoop. Distributed computing systems such as Hadoop was designed to
process very large data sets. As a result, attempting to perform analysis on data sizes that can
be store on a single computer setting can result in performance degradation since the dis-
tributed system need tomove results of Map to Reduce stage. This is shown in the variability
of performance time of Hadoop implementation with smaller data sizes.

2.7 Discussion

In this chapter we show how performing statistical analysis on very large data is possible
through the use of distributed computing systems. New type of distributed computing sys-
tem such as Hadoop which leverages on MapReduce programming abstraction allows soft-
ware to for distributed computing systems to be developed with ease. The divide and recom-
bine paradigm provides a way perform statistical analysis on new distributed systems such
asHadoop viaMapReduce. By dividing a very large data set into smallermanageable subsets,
performing operation on these subsets, then combining their results, divide and recombine
paradigm can be naturally implemented using MapReduce on new distributed computing
systems such as Hadoop. Tomake these ideasmore concrete, we demonstrate different ways
of fitting logistic regression across different computing setup and data sizes.

In our demonstration we show the limit a single computer setup when fitting a regres-
sion model. At a certain data size, the software simply ran out of memory. Nevertheless we
can use the divide and recombine implementation of software such as DeltaRho to fit regres-
sion model on larger data sizes. We demonstrate performing statistical analysis using divide
and recombine approachondistributed computing systemsuchasHadoophavenoproblem
with regards to the data size.

Since divide and recombine is a generic concept, we can leverage existing statistical tech-
niques to perform analysis on large data sets. In our demonstration, by calculating the like-
lihoods based on unique combination of the levels of categorical covariates, we reduced the
original data size which enables faster computation. Since using data that are entirely stored
in a computermemory is faster, and performing computation on a single computer does not
require data transfer across computer networks, we can take the data reduction idea further
by attempting to reduce the large data set to a size where the analysis is entirely possible on a
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single computer. There are a number of advantages to this data reduction approach. Firstly,
the data reduction we have used is fairly to implement on a distributed computing system
since we are obtaining counts of successes and failures for each unique combination of lev-
els of categorical variables. This can be implemented in MapReduce where the Map stage
involves performing the count on each shard of distributed data, and the Reduce stage aggre-
gating the results. The second advantage, apart from computational performance is that by
reducing the data to be able to store on a single computer, we have satisfied the implicit as-
sumptionmadeby existing statistical software that all thedatabeing available at one location.
Hence we are able to usemany existing software.

Thereareexisting statistical techniques thatare similar todivideandrecombineapproach.
One such technique is meta-analysis, where results from many studies are combined to ob-
tain a combined estimate. In Chapter 5, meta-analysis is used to estimate a combined effect,
using data from studies with different covariate characteristics. By regarding the shards of
distributed data as studies, we can apply techniques such as random effect meta-analysis in
the context of distributed computing systems.

2.7.1 Special Divide and Recombine Algorithms

Recently there are statistical techniques that uses the divide and recombine approach to anal-
yse distributed data. Examples of these new techniques are Bags of Little Bootstraps (Kleiner
et al., 2014), andConsensusMonte Carlo (Scott and Blocker, 2013). The first example, Bags of
Little Bootstrap technique attempts to resolve the problem of performing bootstrapping on
very large datasets. The bagging part of this technique creates classification model by aver-
aging (or throughmajority vote) the results frommany classifiers that are trained using boot-
strap samples. Traditionally when generating the bootstrap samples, each set of bootstrap
sample have the same number of observations (denoted n) as the original data set. This ap-
proach is however not feasible when the original data set is very large. The memory and net-
work bandwidth requirements of these large bootstrap samples can become too large. In the
Bags of Little Bootstraps technique, instead of directly bootstrapping from the original data
set, we bootstrap from subsamples of the original data set. This technique effectively divide
the traditional bootstrap procedure into two steps consisting of subsampling and sampling.
Instead of obtaining bootstrap samples from the original data set of sizen, s subsampleswith
size b , where b < n are first obtained. For s th subsample, bootstrapping via sampling with
replacement n times is then performed. The quality assessment of an estimator of interest
is then calculated using these newly bootstrapped samples within s th subsample. Bagging
is then performed on quality assessments from all the subsamples. In a distributed comput-
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ing system that supports MapReduce abstraction, if the data are distributed randomly, we
can treat the shards (units of distributed data) as a subsample. Our Map function then per-
forms the bootstrapping and calculation of the quality assessment for the particular shard
(subsample). The Reduce function than performs bagging procedure by combining the qual-
ity assessments from all the shards (subsamples).

Another example of divide and recombine approach is the ConsensusMonte Carlo (Scott
and Blocker, 2013), where a large data set is first divided into shards. Inference using Monte
Carlo method is then performed on each shard, resulting in posterior distribution for each
shard. Assuming these posterior distributions from the shards are Gaussian, they are them
combined as a weighted average.

2.7.2 Stochastic Gradient Descent with Divide and Recombine

Stochastic gradient descent (SGD) (Kiefer and Wolfowitz, 1952; Robbins and Monro, 1951)
is an optimisation algorithm commonly used in machine learning environments (Dean et
al., 2012). In stochastic gradient descent, gradient of a function is calculated, at a minimum,
with one observation. This is in contrast to traditional gradient calculation based on New-
ton’s method, where all the observations are used to calculate the gradient for a single step.
Even though stochastic gradient descent is used in many areas due to its online nature (on-
line in the sense of processing one observation at a time), with very large data sets, stochas-
tic gradient descent become impractical (Dean et al., 2012). As a result, there have been at-
tempts to apply stochastic gradient descent to distributed data settings. One such example is
Downpour SGD by Google (Dean et al., 2012). In Downpour SGD, each node of a distributed
computing system calculates the gradient for its assigned parameters and data. A centralma-
chine called the Parameter Server receives gradient updates from the nodes and a new iter-
ation of the parameters is calculated. The new parameters are then fetch by the nodes be-
fore they begin their calculation. One notably feature is that the Parameter Server does not
wait for all the nodes to complete their calculations before starting the next iteration of the
algorithm. The major reason for not waiting for all the nodes to complete their calculations
is to avoid the Parameter Server from becoming delayed when the nodes experience a fail-
ure (Dean et al., 2012). This approach is called Asynchronous Stochastic Gradient Descent
(Async-SGD) (Chen et al., 2016). One major downside with asynchronous approach is that
since nodes can complete their calculations at different times, in each iterations, it is possi-
ble for somenodes tobebegin their calculationsbasedonout of dateparameters value (Chen
et al., 2016).

An alternative approach is Synchronous Stochastic Gradient Descent (Sync-SGD) (Chen

2 DIVIDE AND RECOMBINE 29



et al., 2016), where iterations of the parameter updates aremoved forward only after the esti-
mates fromall thenodeshavebeen collectedby a centralmachine. Toovercome theproblem
of node failures, extra nodes are used (with some performing the same calculation as other
nodes), but their results are discarded at each iteration (Chen et al., 2016). The main down
side is the inefficiency due to the use of extra nodes, as well as performance cost resulting
from copying data to the extra nodes.

2.7.3 Apache Spark

In recent years, Apache Spark(The Apache Software Foundation, n.d.[d]) has become the pre-
ferred distributed computing system, chiefly due to its computational performance. Similar
to Hadoop, Apache Spark is a computational engine (Karau et al., 2015, p. 2) that performs
analyses on distributed data. However, unlike Hadoop, the nodes in an Apache Spark clus-
ter can store results of their analyses in memory. In contrast, in a Hadoop cluster, the nodes
store their results into to the hadoop distributed file system. As mentioned in previous sec-
tions, performing analysis on data that are stored in thememory of a computer is faster than
with data that are stored on disk. As a result, iterative algorithms such as stochastic gradient
descent benefits from running on a system like Apache Spark since the parameter estimates
of each iteration can be stored in memory rather than on disks of the distributed file system.
Since stochastic gradient descent is widely used inmachine learning algorithms, distributed
computing systems with high performance stochastic gradient descent are highly desirable.

In addition to computational performance, Apache Spark has native support more mod-
ern computing languages such as R that are data analysis centric. Hadoop in contrast was de-
velopedbeforeRbecamepopular, hence it only support Javanatively. InHadoop,MapReduce
programs written in programming languages other than Java are executed through hadoop
streaming environment. Although hadoop streaming environment is flexible in the sense
that it allows MapReduce programs to be written in many different types of programming
languages, it severely constrains the type of data types represented in the code. For exam-
ple, when working with R, the main data type that holds data is data.frame. Typically in R

programs, data from data source such as comma separated values (CSV) file are first loaded
into a data.frame before analysis is carried out. RMapReduce programswritten for hadoop
streaming environment, on the other hand, does not have a data structure to represent the
shards of the data stored on the node; data are instead treated as a streamof text input, which
theRprogramis expected to read intoadata.frame. Inorder touse some formofabstraction
that represent the shards of data, external libraries such as DeltaRho has to be used. Apache
Spark, on the other hand, natively have data abstraction for languages such as R. As a result,
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Apache Spark ismore accessible to the statistical community. The combined result is that the
analyst can develop algorithms much more easily in Apache Spark compared with Hadoop.
This in turn has lead tomore libraries being developed for Apache Spark. The sparklyr soft-
ware package (Luraschi et al., 2019) for R is such an example.

Regardless, note that since Apache Spark performs analyses on distributed data, analysis
approaches that are applicable to Hadoop, such as divide and recombine, and programming
abstractions such asMapReduce are also applicable to Apache Spark.

2.7.4 Future research

This chapter explores how statistical inference in regressionmodels can be performed on dis-
tributed computing systems via D&R paradigm. Since linear regressionmodel shown in (2.1)
has assumptions with regards to the errors ε, regression diagnostic is typically performed to
check how well the fitted regression model follow the assumptions. A key component of re-
gressiondiagnostic is visual examinationofplots basedon the residualsei = yi −ŷi . Apopular
method of checking homoscedasticity, E(ε) = 0 and var(εi ) = σ

2, for 1 � i � n for n is visual
examination of a residual plot. A residual plot consists of standardised residuals on the y-axis
and fitted values ŷi , on the x-axis. The check for homoscedasticity is performed by visually
examining the spread of the standardised residuals. Although the statistics for the residual
plot can be calculated in a big data setting, theremay be toomany data points on the residual
plot which canmake visual inspection difficult.

Likewise, to check the assumption of the independence of errors terms, or they are uncor-
related, the autocorrelation between the residuals between different lags is calculated and
plotted (Ruppert, Wand, and Carroll, 2003b, Sec 2.3.2). As before, although it is possible to
calculate the autocorrelation for large datasets in a distributed computing system, the auto-
correlation plot may contain toomany data points.

Performing more complex statistical analysis using large datasets remains a challenge,
hence there are many opportunities for further research. One such area is fittingă longitudi-
nal models (sometimes referred to as hierarchical or mixed models) on large datasets. Un-
like the regressionmodel shown in this chapter where the observations yi are independent, a
longitudinal model allows repeated observations of a subject over time. Longitudinal model
also allows for the incorporation of random effects that are specific to the individual subjects.
These random effects are modelled as additional regression coefficients in the longitudinal
model. Other regression coefficients are then considered as fixed effects, which are shared by
all the subjects Fitzmaurice, Laird, andWare, 2011, Sec 1.5. Using existingmethod, assuming
all the data can be stored on thememory of a single computer, the fixed effects are estimated
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using generalised least squares (GLS) method (Fitzmaurice, Laird, and Ware, 2011, Section
4.2; Ruppert, Wand, and Carroll, 2003b, Section 4.5), and the random effects are predicted
using the best unbiased linear predictor (BLUP) (Fitzmaurice, Laird, andWare, 2011, Section
8.6; Ruppert, Wand, and Carroll, 2003b, Section 4.3). The variances are estimated using the
restricted maximum likelihood (REML) method(Ruppert, Wand, and Carroll, 2003b, Section
4.5.4). It can be seen that a dataset that has a large number of subjects and many measure-
ments on each subject, can become quite large, such that it cannot be stored in the memory
of a single computer. For instance, a fitness device company that collects health data such as
heart rate of its users. In this kind of scenario, it is unclear how the methods for parameter
estimation and prediction, such as BLUP, GLS and REML can work when they do not have all
the data. What is also unclear is how these methods can work when the data are distributed,
such as when they are stored in a system such as Hadoop.

One possible method is to utilise the ‘two-stage’ random effects modelling technique, a
variant of it is known as ‘NIH method’(Fitzmaurice, Laird, and Ware, 2011). Although this
technique has some restrictions and was used before the advent of linear mixed model, it
neverthelessprovide away to analysedistributed longitudinal datasets. In the two-stage tech-
nique, the first stage consists of regressing the outcome variable on time-varying covariates
for individual subjects. In the second stage, the subject-specific coefficients (and the inter-
cept term) from the first stage are modelled as random variables. Each subject-specific co-
efficient is then regressed on the time-invariant covariates. We can see how the two-stage
approach can work on distributed data with divide and recombine. For the first stage, we
fist divide the data by subjects, then fit the subject-specific regressionmodel. For the second
stage, we then perform a regression of subject-specific coefficients on time-invariant covari-
ates in divide and recombine fashion.
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Appendix 2.A Introduction to Hadoop Streaming

SinceHadoopwaswritten in the Javaprogramming language,MapReducecodewritten in Java

can seamlesslyworkwithHadoop. However,MapReduce codewritten in other programming
languages such as R or Python has to be written to useHadoop Streaming mode. In Hadoop
Streaming mode, the Map and Reduce functions are treated as command line scripts that
Hadoop will run as part of its workflow. As a result, the Map and Reduce functions have to
interact with the 3 Standard Input/Output (I/O) streams which are communication channels
for command line programs. These three streams are

Input Stream The channel which Map and Reduce functions receive their inputs. For com-
mand line programs, the default input stream is the input from the command line.

Output Stream MapandReduce functionswrite theiroutputs to this channel. Forcommand
line programs, the default output stream is the command line itself.

Error Stream Similar to the Output Stream, the Map and Reduce functions can write error
messages to this channel, although doing so is notmandatory however. Inmany cases,
the default Error Stream is the Output Stream.

Although this sounds complex, by treating non-Java MapReduce functions as command
line scripts, Hadoop can accept code written in many programming languages. An analyst
can also write herMapReduce code in Python, or any other language, including scripting lan-
guages such as Perl, as long as her code are command line programs that can communicate
using three Standard Input/Output (I/O) streams described above.

Appendix 2.B Minimal Map function

Listing3 inAppendix2.E.2 shows theminimal code foraMapfunctionwritten inR, forHadoop
Streaming mode. As mentioned earlier, in Hadoop Streaming mode, the Map and Reduce
functions are treated as command line programs. So we’ll begin by setting up the Map func-
tion as a command line program. Line 1 specifies the Rscript program to be the command
line interpreter. RScript is a program included in default installation of R. It allows R code
to be treated as non-interactive (e.g., no user interactions) command line scripts that can be
executed directly from command line (without needing to launch R) (Smith, 2009). Line 1
indicate that theMap function as a command line program that can be interpreted using (ex-
ecuted by) RScript. Line 4 suppresses warning messages because Hadoop expects the Map
function script to only output key-value pairs.
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After setting up the interpreter for the Map function, we’ll now set up the Standard I/O
streams so that our Map function can read and write data. We’ll accept the default Standard
Output and Standard Error streams, which are the command line itself. That is, any output
from our Map function goes to the command line. For Standard Input Stream, we need to
make our Map function uses it for input because Hadoop will supply the input data through
the Standard Input Stream. Line 8 accomplishes this by creating a connection to the Standard
Input Stream. This set-up is different to traditional R analysis code where we explicitly read
in the data from a file (e.g., using read.csv() function). In the case of Hadoop, instead of
reading all the data in a single operation, the Map function reads lines of text data from the
Standard Input Stream.

After the initialisation of the Map function, we now read data from the Standard Input
Stream read line by line and process them. The Map function expects each line of data from
the Standard Input Stream to be a valid datum. For example, the header line of a CSV dataset
cannot bepassed to theMap function since it doesn’t contain data. Thewhile loop enclosing
line 15 and line 32 performs the data reading. The code between line 27 and line 29 stop
reading the data when there are nomore data left to receive. Analysis on the data begins after
all the data have been received.

After the completion of the analysis, we’ll write out the results to the Standard Output
Stream as shown on line 43. Since the output of the Map function will become input to the
Reduce function, the result is written out as key-value pairs. In this template, the Key and
Values are separated by the TAB character. The Reduce function will use the TAB character to
separate the Key and Value.

Appendix 2.C Minimal Reduce function

Due to the nature of Hadoop Streaming, the Reduce function is more complex compared to
theMap function. Listing 4 inAppendix 2.E.3 shows theminimalR code for aReduce function
written to use Hadoop Streaming.

Just like theMap function, the first few lines (lines 1-5) perform initialisation such as set-
ting Rscript as the interpreter and creating a connection to the Standard Input Stream. Also
like theMap function, the Reduce function also receives data line by line. The code inside the
while loop, starting from line 19performs the data readingprocess. Unlike theMap function,
the Reduce function receives data in Key-Value pair format. In addition, Hadoop have sorted
the intermediate key-value pairs before sending them the Reduce function (Section 2.D).

As a consequence of using Hadoop Streaming, the Reduce function is more complex. In
particular in Hadoop Streaming, the Reduce function receives all the key-value pairs from
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Map functions. Whereas when developing MapReduce function in Hadoop native program-
ming language such as Java, the Reduce function only receives data indexed by a single key.
Since the Reduce function receives all the key-value pairs, it has to decide which key-value
pair to process. Part of this process is performing key boundary detection.

Key boundary detection involves detecting when data from a new key arrives from the
Standard Input Stream. For example, in Figure 2.4, if the Reduce function is only needed to
process data for key_1, it needs to detect the change in the Key starting from the 4th line.

Figure 2.4: Hadoop Streaming Key Boundary Detection

To detect a key boundary, we’ll first store the last key processed in a variable, as shown
on line 10. Later in the Reduce function (line 42), this is compared against the latest key read
from its Standard Input Stream. If the keys arenot the same, thenweassumewehave received
all the data related to the last key. We can then proceed to run our analysis on the data from
last key.

We also need to implement a variation of the key boundary detection process near the
end of the Reduce function. Instead of detecting a new Key, this time the Reduce function
needs to detect the end of input data and then process data for its last key. For example, in
Figure2.4, the key-values forkey_4 constitute thefinal set of inputdata. As a result, the values
collected for key_4, which are (2, 30, 19) need to be processed before the termination of
the Reduce function. If the Reduce function does not perform this, it’ll never process the data
of the last key. The code between lines 73-79 perform this crucial step.
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After we’ve set up the data reading loop, we can proceed to perform analysis on the data
andoutput the results. Theminimal Reduce function in Listing 4outputs lines of textwith the
word result. Unlike the output from the Map function, there are no technical restrictions
on the output format of the Reduce function. However, it is generally a good idea to output
key-value pairs like theMap function because the output might be used as inputs to another
Hadoop job.

It needs to be emphasised that the Reduce function is much more complex because we
are using Hadoop Streaming. We need to use Hadoop Streaming because R is not a native
language of Hadoop. If the Reduce function is written the native language of Hadoop, Java,
tasks such as key boundary detection are not necessary. In addition, the Reduce function
written in Java receives data for a specific Key, as opposed to all the data. This complexity
motivates the use of software libraries such as DeltaRho (The Department of Statistics, n.d.).

Appendix 2.D Combine, shuffle and sort

When writing the Reduce function that we havemade an assumption about the order of key-
value pairs. Specifically, the keys are ordered as illustrated in Figure 2.4. As mentioned in
Section 2.3.2, Hadoop performs two important steps after the execution of the Map func-
tions, Combine, and Shuffle and Sort.

The Combine step performs an additional aggregation after the Map function. The pur-
pose of Combine is to further reduce the amount of data to send to the the Reduce function.
Hadoopdoes allows its users to supply their custom functions to perform this aggregation. In
Figure 2.2, the Amount values for each Key (Cust_Num) are further aggregated in the Combine
stage before being passed to the Reduce function. Shuffle and Sort is a crucial step that the
make sure the Reduce function receives data sorted by Key. In Figure 2.2, the Reduce func-
tion at the bottom left panel processes data for Cust_Num 3, while the other Reduce function
processes data for Cust_Num 4.

Apart frommaking sure that each Reducer obtains the correct data (as discussed earlier,
this is only for MapReduce code written in Java), from Figure 2.2, it can be seen how com-
putational parallelism is achieved due to the distributed nature of the input data. The input
data are divided and stored on 2 different nodes. SinceMap function applies to all the nodes,
Hadoop Hadoop will execute two Map functions in parallel. For the Reduce function, since
there are two unique Keys (Cust_Num 3 and Cust_Num 4), Hadoop will also schedule two Re-
duce functions to execute in parallel.

Note that we only need to write our Map and Reduce functions. The task of scheduling
nodes to execute the MapReduce functions and transfer of outputs from Map functions to
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the Reduce functions, are all handled by Hadoop. The separation and abstraction allows us
to concentrate on our analysis code.

Appendix 2.E Hadoop Streaming Code Listing

2.E.1 Data for Testing

Listing 2: test_data.csv

1 3 , 1 , 324
2 3 , 1 , 1112
3 4 , 2 , 402
4 4 , 1 , 500
5 3 , 2 , 324
6 4 , 1 , 200
7 4 , 2 , 402
8 4 , 3 , 500

2.E.2 Minimal Map Function

Listing 3: min_mapper.R

1 #! /usr/bin/env Rscript
2

3 # Ignore warning messages . The mapper should only output key -value parirs .
4 options (warn =-1)
5

6 # Initialising a variable that can read from Standard Input Stream
7 # Input to mapper will come from the Standard Input stream
8 input <- file("stdin", "r")
9

10 # Variable that stores the number of lines read in the last iteration
11 # of while () loop.
12 # Starting from value of ’1’ to start the loop
13 numLinesReadBefore <- 1
14

15 while ( numLinesReadBefore > 0) {
16 # Reading a line of text from Standard Input Stream
17 currentLine <- readLines (input , n=1, warn=FALSE)
18

19 # Gets the number of lines read
20 numLinesRead <- length ( currentLine )
21
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22 # Keep track of the number of lines that was just read
23 numLinesReadBefore <- numLinesRead
24

25 # If we have read in one line , process it.
26 # Do not process the line if it is end of input.
27 if ( numLinesRead < 1) {
28 break
29 }
30

31 # Perform some processing here.
32 }
33

34 # Completed reading data. Closing the Standard Input Stream .
35 close( input )
36

37 # If you have not perform the analysis , do it here.
38

39

40 # Analysis completed .
41 # Output Key -Value pairs for Reduce .
42 # In this case , Key and Value are separate by a special TAB character
43 cat("key", "\t", "value", "\n", sep="")

2.E.3 Minimal Reduce Function

Listing 4: min_reducer.R

1 #! /usr/bin/env Rscript
2

3 # Initialising a variable to read from Standard Input Stream , just like
4 # the Map function .
5 input <- file("stdin", "r")
6

7 # Variable to track the current ’key ’
8 # Initialsing to a known value that is not used in the data. This allows
9 # the Reduce function to know when it is reading data for a new ’key ’.

10 mapper .key.prev <- -1
11

12 # Loop to process data one line at a time.
13 # We ’ll stop the loop where we read a blank /empty line.
14

15 # Variable that tracks the length of the current line.
16 # It starts from 1 to allow the while () loop below to run once.
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17 numLinesReadBefore <- 1
18

19 while ( numLinesReadBefore > 0) {
20

21 # Reading a line from Standard Input Stream
22 currentLine <- readLines (input , n=1, warn=FALSE)
23

24 # Updating the length of data just read.
25 numLinesRead <- length ( currentLine )
26

27 numLinesReadBefore <- numLinesRead
28

29 if ( numLinesRead < 1) {
30 break
31 }
32

33 # Extracting the ’key ’ and ’value ’ parts of ’currentLine ’.
34 # The Map function separated
35 # the ’key ’ and ’value ’ with a TAB character .
36 inter.kv <- unlist ( strsplit ( currentLine , "\t"))
37 inter.key <- inter.kv [1]
38 inter.val <- inter.kv [2]
39

40 # Performs Reduce function , there are 2 possibilities at this point.
41 # Either the code just read data for a new ’key ’, or it just read
42 # data for an existing ’key ’.
43 if ( identical ( mapper .key.prev , -1) ||
44 identical ( mapper .key.prev , inter.key )) {
45

46 # Collecting data so they can be put into a data structure such as
47 # ’data.frame ’.
48

49 } else {
50

51 # The if() statement returned FALSE , which means data for a new ’key ’
52 # was just read. Executes the Reduce function on data for current
53 # ’key ’, and output the results .
54

55 # Execute Reduce function here ...
56

57 # Output the result .
58 cat(" result ", "\n", sep="")
59

60 # Resetting any variables used for collecting data earlier .
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61

62 }
63

64 # Stores the current key for processing of next line.
65 mapper .key.prev <- inter.key
66

67 }
68

69 # Processing the data for the last ’key ’. This is necessary because the
70 # code above executes the Reduce function only when a new ’key ’ is
71 # detected . Since all the data has been read , there won ’t be any new
72 # ’key ’. As a result , the Reduce function was not executed . The
73 # following code executes the Reduce function for the last ’key ’ that
74 # was read.
75 if(! identical ( mapper .key.prev , -1)) {
76

77 # Execute Reduce function here ...
78

79 # Output the result .
80 cat(" result ", "\n", sep="")
81 }
82

83 # Closeing the Standard Input Stream .
84 close( input )

Appendix 2.F Combining of cost function in federated learning

Instead of combining the estimates of regression coefficientsMcMahan et al. (2017) combine
the score equations from the distributed data. First, recognise that as the name (least square
estimate) suggests, the parameter estimate in matrix notation shown in (2.2), is the solution
that minimises a square loss function. In the non-divide and recombine case, assume there
areN observations. For the i th observation, yi is the outcomevariable for the i th observation.
With a single covariate xi is the covariate for the i th observation. For the linear model yi =

β0 + β1xi , the loss function for the i th observation is

Li {yi , f (xi ; β0, β1)} = {yi − f (xi ; β0, β1)}2 , (2.11)

where f (xi ; β0, β1) = β0 + β1xi . The loss function for N observations is then

L =
1
N

N∑
i=1

Li {yi , f (xi ; β0, β1)} . (2.12)
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The parameters β0, β1 are obtained byminimising (2.12)

argmin
β0,β1

1
N

N∑
i=1

Li {yi , f (xi ; β0, β1)} . (2.13)

IfN observations are then divided into S subsets randomly, with ns observations per s th sub-
set such that

∑
j ∈S nj = N , the loss function for the s th subset is (2.11) and (2.12) applied to

the subset

Ls =
1

ns

ns∑
j=1

Lj {yj , f (xj ; β0,j , β1,j )} (2.14)

=
1

ns

ns∑
j=1

{yj − f (xj ; β0,j , β1,j )}2 .

McMahan et al. (2017) combine the loss functions of the subsets to match the non-D&R loss
function as follows

S∑
k=1

(nk

N
Lk

)
=

S∑
k=1

{nk

N

( 1
nk

nk∑
j=1

Lj
)}

=

S∑
k=1

{ 1
N

nk∑
j=1

Lj

}
=

1
N

S∑
k=1

{ nk∑
j=1

Lj

}
=

1
N

N∑
i=1

Li since
∑

K

nk = N . (2.15)

As a result, the same loss function is minimised, as in (2.13), to obtain the estimates of the
parameters β0, β1. Note that (2.15) is a specific form of weighted combination, a topic that is
discussed later.
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3 Covariate discretisation for the analysis of Big Data8

3.1 Summary

Distributed computing systems are often used to store and process large datasets. By com-
bining the resources of many computers, such systems alleviate the storage and computa-
tional limit of a single computer. Although distributed computing systems such as Hadoop
and Spark allow statistical analysis to be performed on arbitrarily large datasets, the commu-
nication between the computers that make up these systems, called nodes, can become a
source of performance bottleneck. In this work, we outline a novel combination of statistical
and computational techniques that enables logistic regression to be performed using a large
data set on a standard desktop computer. We achieve this firstly by coarsening a large data
set then aggregating the coarsened data so that they are small enough to be used in statistical
analysis on a single desktop computer. However, performing analysis using coarsened data
can introduce biases in the results of the analysis. To address this, we use the Expectation-
Maximisation (EM)algorithmtorecover thecomplete (non-coarsened)datamodel. Ourwork
draws onmethods for the analysis of data involving coarsened covariates using EM bymeth-
ods of weights. We explore different coarsening strategies (e.g., rounding and quintile) and
discusshowourmethodscanscale tovery largedata throughsimulations,wefindourmethod
works especially well when data are coarsened to cover a wide interval, where there aremore
loss of information. Compared with naïvely using the coarsened data, our method is able to
estimate regression coefficients with less bias.

3.2 Introduction

Data that are too large for analysis on a desktop computer are often stored and analysed us-
ing distributed computing systems such as Hadoop (White, 2012). In these systems, data
are divided into smaller data sets, which are then stored on the individual computers that
make up the distributed computing system. Since the data are spread across different com-
puters, performing statistical analysis using existing techniques and software can become a
challenge, because these techniques implicitly assume that the data are available at a single
location (typically in the memory of the computer). Even when using analysis techniques
that work on distributed data such as Divide and Recombine (Guha et al., 2012), there is a
performance bottleneck resulting from the data transfer between the nodes of the computer
system (Scott et al., 2016, p79). To improve the performance time of performing statistical

8 Dr. StephenT.Wright, formerly from theAustralia RedCross Blood service provided advice on the statistical
analysis as part of his research fellow position at UTS.
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analysis ondistributeddata,wepropose a statistical data reductionand information recovery
method based on missing data methods such as coarsening and Expectation Maximisation
(EM) algorithm (Dempster, Laird, and Rubin, 1977). We provide an overview of our method
in this section and defer the details to later sections. We reduce the large data by coarsen-
ing and aggregating the large data set so that the reduced data small enough for regression
analysis to be performed using a desktop computer. However, using the reduced data set can
introduce bias in the estimates of the regression coefficients. To reduce this bias, we use the
EM algorithm to recover the complete data model. Our method is a novel combination of
distributed computing system and statisticalmethods. Computationally, the coarsening and
aggregation operations are not difficult to implement on a distributed computing system. By
performing regression analysis outside of the distributed computing system, we do not need
towrite specialised regression software. Statistically, in our approachwe deliberately coarsen
the data, as opposed to treating coarsened data as a problem. We can do this because we
utilise techniques from the field of missing data, such as EM algorithm, to recover the com-
plete data model. The method in this chapter is applicable to cases where there are many
more observations than the covariates. We assume that data division are based on observa-
tions (row-based), as opposed to division by covariate (column-based) which can occur in
scenarios involving ‘wide-data’.

Heitjan and Rubin (1991) refer to coarsened data as “data are neither entirelymissing nor
perfectly present. Instead, we observe only a subset of the complete-data sample space in
which the true, unobservable data lie” (Heitjan and Rubin, 1991). For example, if we perform
rounding operation on the values of a covariate, we observe the rounded value; the value of
the covariate itself is not missing but we only observe the rounded value. In medical and
health applications, coarsened data is often referred to as interval-censored data (Lipsitz et
al., 2004, p280). An example of interval-censored data is recording the age ranges of subjects
as instead of the actual ages. Similar ideas in computing are bin aggregation in data in visu-
alisation of large data sets (Scheidegger, 2016), and the use of summary data known as syn-
opses in computer database systems (Cormode, 2011; Liu, Jiang, andHeer, 2013). In thiswork,
coarsening refers to the definition by Heitjan and Rubin (1991).

After coarsening, the second part of our data reduction involves aggregating the covari-
ates, which we can perform if the covariates and the outcome variable are all categorical. In
this situation, we can aggregate the data by counting the number of observations belonging
to each unique combination of the observed data and the outcome variable. We can naïvely
use the coarsened (andaggregated)datadirectly inour regressionmodel. Karmel andPolasek
(1970) is an example of a commonapproach to naïvely using the coarseneddata, which treats
themid-points of the coarsened intervals as a proxy to the complete data (as cited byKimand
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Hong (2012)). However, naïvely using the coarsened and aggregated data in statistical analy-
sis such as regression can introduce bias into the estimates of the parameters. Hsiao (1983)
shown that using themid-points of coarsened intervals result in biased estimates (as cited by
KimandHong (2012)). Oneway to avoidusing the coarseneddata directly is to use amethod
such as such as the Expectation Maximisation (EM) algorithm, where we impute the plausi-
ble truedatawithin the coarsened intervals. Byusing theEMalgorithm,we attempt to reduce
the bias in our estimates of the regression coefficients. In this work, our coarsening mecha-
nism is a deterministic function, such as the ceiling function. The general case is where the
coarsening mechanism is stochastic, i.e., where the coarsened values are random variables.
Kim and Hong (2012) show how statistical inference can be performed in the general case.

We present our work in the following way. In Section 3.3 we first outline the notation and
key terminologies. We use a very small sample of NYC Yellow Taxi data from New York City’s
Taxi and Limousine Commission (TLC), to illustrate key operations such as coarsening and
aggregation. The data contain variables related to taxi trips taken inNYC such as pick up date
and time, drop off date and time, trip distance, passenger count, fees and tips received by the
driver. In this work we perform logistic regression with our outcome variable being whether
the driver received a tip or not, and the two covariates are trip distance and the payment type.
The covariate we coarsen is trip distance. We use data for December 2010, which as a CSV
data file, contain 13,819,322 observations and occupies approximately 2.5 GB of disk space.
In addition tonotation, in Section3.3wealsopresent our logistic regressionmodel and the es-
timation of the parameters, beginningwith the complete data case, thenproceeding to coars-
ened and aggregated data. In section 3.4 we show how to estimate the standard errors for the
estimates from the EM algorithm. After the presentation of the logistic regressionmodel, we
perform simulations in Section 3.5. We then apply our method to the NYC taxi data in Sec-
tion 3.6, followed by a discussion in Section 3.7.

3.3 Statistical model

In this work, vectors are column vectors and they are shownwith bold lower case Roman font,
e.g., y . Forour logistic regressionwithn responses (observations)andm predictors (covariates),y
is the n × 1 vector of outcome variables, x is the n × 1 vector for the continuous covariate we
coarsen, andZ is an×p matrix contains all theother covariates thatwedonot coarsen,which
also are not x . The total number of covariates is p + 1 = m.
With the above notation, our large datasetD is

D = {y , x , Z } ,
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with dimension of n × (m + 1). For a single observation of data,

Di = { yi , xi , zi } .

In our work, we use simple random sampling to set aside ns observations from the full
data set D into a sub-sample, denoted as Ds . The role of Ds is explained in a later section.
After setting aside ns observations, we also have Dr , which is all the other data from D that
are not in the sub-sampleDs . Note thatDr has nr = n − ns observations. We assume that n

is very large, while ns is relatively small such thatDs can be easily stored and processed on a
desktop computer.For convenience, we can follow the convention used inmachine learning,
where 20% of the data is used for training, and set aside 20% of the full data as a sub-sample.

We now illustrate the notations relevant to coarsening and aggregation functions using
a very small sample of NYC Yellow Taxi data from The City of New York (New York City’s Taxi
and Limousine Commission (TLC) Trip Record Data), which is shown in Table 3.1.

ReceivedTip TripDistance PaymentType
0 4.13 CRD
0 3.16 CRD
0 3.30 CRD
0 2.16 CRD
0 1.00 CRD
1 0.69 CSH
1 0.80 CSH
0 1.11 CSH
0 1.39 CSH
1 2.33 CRD
1 4.79 CRD
1 2.70 CRD
1 2.50 CRD

Table 3.1: An example of NYC yellow taxi data

Forour logistic regression,weonlyuse threevariables fromthisdata set. WeuseTripDistance
and PaymentType as the covariates, and derive the outcome ReceivedTip from the amount
of tip a driver received. Since we coarsen TripDistance, using our notation, it maps to x .
Likewise, PaymentType corresponds to ournon-coarsen covariate z1. We generate thebinary
outcome ReceivedTip based on whether a driver received a tip. Since this is the outcome
variable in our logistic regressionmodel, it maps to the vector of responses y . We denote the
coarsening function as c such that

c (xi ) = x∗
i
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where x∗
i is the coarsened version of xi . For example, if we coarsen by using the ceiling func-

tion
c (xi ) = �xi � ,

andapply this to thedata inTable3.1,weobtain thecoarsenedvalues inCoarsenedTripDistance
columnas shown inTable3.2. Note that ingeneral,x∗

i is restricted to the rangeof valueswithin
the coarsened domain. For this example, x∗

i ∈ {1, 2, · · · , κ}where κ is the largest value of �x�,
which is κ = 15. The coarsening notation can also apply to the dataset level, i.e.,

ReceivedTip TripDistance PaymentType CoarsenedTripDistance
0 4.13 CRD 5
0 3.16 CRD 4
0 3.30 CRD 4
0 2.16 CRD 3
0 1.00 CRD 1
1 0.69 CSH 1
1 0.80 CSH 1
0 1.11 CSH 2
0 1.39 CSH 2
1 2.33 CRD 3
1 4.79 CRD 5
1 2.70 CRD 3
1 2.50 CRD 3

Table 3.2: Data after coarsening

c (D) = c
({

y , c (x ), Z
})

=
{

y , x ∗, Z
}

= D∗ .

For the aggregation,wedenotea as the aggregation function. Assuming that all the covariates
and the outcome variable are all categorical, the aggregation function counts the number of
observations in each unique combination of the outcome and covariates. This formof count-
ing is possible because the coarsening function c , has restricted the possible values of xi . If
we are performing logistic regressionwhere the outcome variable is binary, whenwe coarsen
then aggregate the dataset not in the sub-sampleD∗

r , we obtain a compressed form of it with
some loss of information:

a(D∗
r ) =

{
nj , yj , x∗

j , Z j

} J

j=1
,

where J is the total number of unique combinations of, x ∗, response y , and Z . In addition,
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nj is the number of observations in the j th unique combination. When we apply our ag-
gregation to the data in Table 3.2, the result would be in the form of Table 3.3, where the
CoarsenedTripDistance columncontains the coarsened covariatex ∗, NumObs columncon-
tains the number of observations within the j th unique combination such that n =

∑ J
j=1 nj ,

and NumSuccesses column contains the number of ‘successes’.

j NumObs NumSuccesses NumFails CoarsenedTripDistance PaymentType
1 1 0 1 1 CRD
2 2 2 0 1 CSH
3 0 0 0 2 CRD
4 2 0 2 2 CSH
5 4 3 1 3 CRD
6 0 0 0 3 CSH
7 2 0 2 4 CRD
8 0 0 0 4 CSH
9 2 1 1 5 CRD

10 0 0 0 5 CSH

Table 3.3: Coarsened and Aggregated Data

Table 3.3 demonstrates the level of data reduction we can achieve through coarsening
and aggregation. Instead of using n observations of D, we scale J observations to n. In this
example, theNYCTaxi data could have observations in the order ofmillionswhereas after we
apply coarsening and aggregation, the dataset we only use J = 10 observations. Althoughwe
coarsen one covariate in our logistic regression, in principle, we can coarsenmultiple covari-
ates.

3.3.1 Complete Data Likelihood

We now proceed to explain the regression model in detail. We begin by modelling the com-
pletedatacasewhere thedataarenotcoarsenedoraggregated. Lipsitzet al. (2004) re-expressed
the joint density of the outcome and the coarsened covariate by conditioning on covariates
that we always observe (i.e., not coarsened). Using Bayes Theorem and Conditional Total
Probability, the jointdensityof thecompletedata canbeexpressedasaproductof twodensity
functions

f (yi , xi | zi ; β,α) = f (yi |xi , zi ; β) f (xi |zi ; α) , (3.1)

where y is the outcome variable, x is the coarsen covariate, z is the covariates that are not
coarsened, and i ∈ {1, 2, . . . ,n} is the index for theobservations. Thefirst density functionon
the right-hand side f (yi |xi , zi ; β), parameterised by β has the outcome as conditional on all
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the covariates, including ones that we are going to coarsen (xi ). The second part on the right-
hand side f (xi |zi ; α), is the density function of the covariate to be coarsened, conditional on
the observed, parameterised by α. In the complete data case, where there are no coarsening,
the second density function adds no additional information. However, when data are coars-
ened, this density is used as part of the EM algorithm to recovery the information lost due to
coarsening.

In a logistic regression, if we assume y is binary, to estimate the parameters β of density
function f (yi |xi , zi ) from (3.1), wemodel yi as

yi ∼ Bern(πi ) ,

where πi is the probability of a success outcome (yi = 1). We then model the relationship
between y to x and z Generalized Linear Models (GLM). The linear predictors for the for i th
observation, η(y )i can be expressed as

η
(y )
i = β0 + βx xi + βz1z1i + . . . + βz p zpi .

Themean of the i th observation, μ(y )
i is modelled as

μ(y )
i = E(yi | xi , zi ) .

Themeanof theobservations relates to the linear terms through the link function, g such that

g (μ(y )
i ) = η

(y )
i .

If g (μ(y )
i ) is the canonical link function, we have

g (μ(y )
i ) = η

(y )
i

logit(μ(y )
i ) = η

(y )
i

μ(y )
i =

exp(η(y )i )

1 + exp(η(y )i )
.
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The vector of GLM score equations, for the i th complete data observation is

s 1i =

⎡⎢⎢⎢⎢⎢⎣
1
xi

zi

⎤⎥⎥⎥⎥⎥⎦
{

yi − μ(y )
i (xi , zi )

}

=

⎡⎢⎢⎢⎢⎢⎣
yi − μ(y )

i (xi , zi )

[yi − μ(y )
i (xi , zi )]xi

[yi − μ(y )
i (xi , zi )]zi

⎤⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎣
s 1i (1)

s 1i (2)

s 1i (3)

⎤⎥⎥⎥⎥⎥⎦ . (3.2)

We solve (3.2) to obtain β̂, the estimates of parameters β.

Wecanmodel the coarsenedcovariatexi withdifferent density functions. In thiswork,we
begin by assuming that xi comes from the Exponential distribution. This choice ismotivated
by theNYCTaxi tripdatawearegoing touse in simulationsection. Asanalternative,wemodel
xi using LogNormal distribution in our application section. From the second part of (3.1), to
estimate the vector of parameters α, we begin bymodelling xi as

xi ∼ Exp(λi ) ,

where λ is the rate parameterisationofExponential distribution. Following theGLMnotation,
the combination of linear predictors is

η
(x)
i = α0 + α1z1i + α2z2i + . . . + αp zpi .

In thiswork, note that theparameters of interest are those in the linear predictor, i.e.,α, and λ
is a nuisanceparameter. To relate themeanof the outcomewith the linear predictors, instead
ofusing thecanonical link (inverse function),weuse the log link functionsince this relaxes the
positivity requirements of the linear predictors η(x)i (which requires η(x)i to be positive since
the mean of the Exponential distribution is positive). We relate μ(x)

i to the linear predictor as
follows

g (μ(x)
i ) = η

(x)
i

ln(μ(x)
i ) = η

(x)
i

μ(x)
i = exp(η(x)i ) .
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The GLM score equations, for the i th complete data observation are

s 2i =

[
1
zi

] { 1
μ(x)

i (zi )

{
xi − μ(x)

i (zi )
}}

=

⎡⎢⎢⎢⎢⎢⎣
xi−μ(x)

i (zi )

μ(x)
i (zi )

zi (xi−μ(x)
i (zi ))

μ(x)
i (zi )

⎤⎥⎥⎥⎥⎥⎦ =
[
s 2i (1)

s 2i (2)

]
(3.3)

More generally, we can also express the Exponential distribution as a Gamma distribution
with shape (k = 1) and scale (v ) parameterisation. We ifmodel using theGammadistribution,
the GLM score equations become

s 2i =

[
1
zi

]
v

μ(x)
i (zi )

{
xi − μ(x)

i (zi )
}
.

Whenweestimate the standarderrors ina later section,wecombine the scoreequations, (3.2)
and (3.3), to form a combined score equation denoted as S.

3.3.2 Estimating from sub-sample

In ourwork, beforewe apply coarsening and aggregation, we divide the complete dataD into
a random sub-sample, denoted asDs , and another data set contains the remaining data, de-
noted asDr . The number of observations in these data sets are ns and nr respectively. Since
the random sub-sampleDs is smaller thanD (e.g., 20% ofD), ns < nr . We coarsen and aggre-
gate the data inDr , but not the random sub-sampleDs because the sub-sample has different
roles in our analysis. The first role is to allow us to estimate the distribution of the coarsened
covariate through exploratory data analysis. For example, by plotting a frequency histogram
of the covariate to coarsen, we gain an understanding of the possible density functions the
covariate can be modelled. Secondly, since Ds has complete data, we can re-incorporate it
into the EM algorithm when estimating the parameters. By doing this, we speed up the con-
vergence of the EM algorithm.

3.3.3 Observed Likelihood

Wenowbegin theprocess ofmodellingusingDr (datanot in the sub-sample), whichwhenwe
coarsenandaggregatebecomesD∗

r . Whenwecoarsena covariate, the joint density of thedata
is no longer in the formof (3.1). To take into account the coarsened covariatex∗, weutilise the
Missing Information Principle (Orchard andWoodbury, 1972) and the EM algorithm (Demp-
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ster, Laird, and Rubin, 1977). In the case of x that is continuous, (3.1) becomes the integral
over all possible value of x that will result in the coarsened value x∗.

f (yi , x∗
i | zi ; β,α) =

∫
x :c (x)=x∗

i

f (yi , x | zi ; β,α) dx

=

∫
x :c (x)=x∗

i

{
f (yi |x , zi ; β) f (x |zi ; α)

}
dx . (3.4)

For instance, if c is the ceiling function andwe observe x∗ = 3, the integration is taken across
2 < x � 3.

Recall thatwe divide the original data setD into a randomsub-sampleDs and the remain-
ing dataDr , and only apply coarsening and aggregation toDr . As a result, our observed data
is a combination of the complete data in Ds , and the coarsened and aggregated data in D∗

r .
That is, the observed data likelihood Lobs is

Lobs =

ns∏
i=1

[
f (yi |xi , zi )f (xi |zi )

]
︸��������������������������︷︷��������������������������︸

likelihood fromDs

n∏
i=ns+1

[ ∫
x :c (x)=x∗

i

{
f (yi |x , zi ) f (x |zi )

}
dx

]
︸�����������������������������������������������︷︷�����������������������������������������������︸

likelihood fromD∗
r

. (3.5)

3.3.4 Estimating the Parameters usingD∗
r

As discussed in the Introduction section, if we use the coarsened data D∗
r directly in our re-

gression, there will be bias to the estimates of the regression coefficients. In addition, naïvely
using the coarsened data this way can underestimate the standard errors, since the coarsen-
ing function collapses observationswithin a coarsen interval into a single value. For example,
if the ceiling coarsening function is applied to values between 2 and 3, all the coarsened val-
ues are 3. Instead of using the coarsened data, we use the plausible values within the coars-
ened interval. We generate these plausible values using the Expectation Maximization (EM)
algorithm (Dempster, Laird, and Rubin, 1977). An example of using the EM algorithm this
way in themedical setting is Brumback, Cook, and Ryan (2000), where the observed data are
interval-censored age data. Lipsitz et al. (2004) also use EM algorithm this way to demon-
strate the general case where x is discrete.

In this work, the E-Step of the EM algorithm involves specifying the conditional expecta-
tion of the vector of combined score equationsS (consisting both s 1 and s 2.), and theM-Step
involves solving these to estimate the parameters. The conditional expectation is taken with
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respect to the the complete data, conditioned on the observed data. Our observed data in this
work isD∗

r , which consists of (yi , x∗
i , z i ). We abbreviate the observeddata as ‘observed’ in a lot

of the equations for brevity. However, in some equations, wewrite out the observed data fully
to aid clarity. Using the notation just outlined, the conditional expectation of the combined
score equation for the i th observation is

Ex |observed[S ] (3.6)

In the M-step of the EM algorithm, we then solve the conditional expectation of these score
equations, to obtain newestimates of the parameters. Thenewestimates are thenused in the
E-Step again. We stop the iterations of the EM algorithm when the estimates of the parame-
ters converge. Expanding the expectations from (3.6) results in integrated score equations:

Ex |observed[S ] =

∫
x :c (x)=x∗

i

S f (x |observed) dx

=

∫
x :c (x)=x∗

i

S f (x |yi , x∗
i , z i ) dx . (3.7)

Importantly, observations with the same observed values of contribute equally to the condi-
tional expectation of the score equations. As such, we can aggregate the conditional expec-
tations over unique combinations of the observed data. Applying the aggregation function
transforms the data as follows

⎧⎪⎪⎪⎨⎪⎪⎪⎩
yi

x∗
i

z i

⎫⎪⎪⎪⎬⎪⎪⎪⎭
n

i=ns+1

−→

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
yj

x∗
j

z j

nj

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

J

j=1

(3.8)

where J is the total number of unique combination of observed values, indexed by j . As such
x∗

j and z j are the values of the covariates, and yj is the outcome, for the j th unique combi-
nation. More formally, consider logistic regression in our work, where we have an outcome
variable that is binary (y ), one covariate that we coarsen (x), and one non-coarsened covari-
ate (z ). If z is categorical, after we coarse x , the outcome variable y and both the covariates
x∗ and z are categorical. We define the set of possible values the outcome and covariates can
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take as

ψ := {0, 1},

φ := {1, 2, . . . , κ},

ω := {1, 2, . . . ,ψ} .

The outcome and covariates belong to the sets as follows

yi ∈ ψ,

x∗
i ∈ φ,

zi ∈ ω .

The result of the cartesian product of the above sets ψ, φ, andω is the set Γ, whose elements
are 3-tuple that contains theunique combinationsof the levels of outcomeand the covariates.
That is

Γ = ψ × φ × ω

=
{
{0, 1, 1}, {0, 1, 2}, . . . , {1, κ,ψ}

}
.

For example, if κ = 2 (the coarsened covariate has 2 levels) and ψ = 2 (the non-coarsened
covariate has 2 levels), then

Γ =
{
{0, 1, 1}, {0, 1, 2}, {0, 2, 1}, {0, 2, 2}, {1, 1, 1}, {1, 1, 2}, {1, 2, 1}, {1, 2, 2}

}
.

We denote the total number of possible combinations as J , which is the cardinality of Γ, i.e.,
J = |Γ |. For the previous example, J = 8. Note that J can also be calculated as 2× κ×ψ. Each
element of the set Γ is indexed by j such that

j ∈ {1, 2, . . . , |Γ|}

= {1, 2, . . . , J }

Since the observations in each j th contribute equally to the score equation, (3.6) can be ag-
gregated as

J∑
j=1

{
nj Ex |yj ,x∗

j ,zj

[
Sj (·)

]}
,

where nj is the number of observations in each j th combination. In this work, we refer to
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covariates and score equations in the context of aggregation, we implicitly use j indexing.

3.3.5 Parameter Estimation using EM algorithm

If we can obtain a closed form solution to the conditional expectations of the score equations
in (3.7), we can solve them in the M-Step. However, obtaining a closed form solution to the
integral is not possible where yi follows a logistic regressionmodel. We can however, approxi-
mate the integralusing techniques suchasnumerical integrationorMonteCarloEM(Ibrahim,
Chen, and Lipsitz, 1999; Wei and Tanner, 1990), where we sample from the distribution of
f (x | observed) = f (x | yi , x∗

i , z i ). In both cases, the approximation to the integral in (3.7)has
a weighted sum form (See Appendix 3.E). The weighted sum formulation has the advantage
that in the M-Step, we can use existing methods such as weighted GLM (Venables and Rip-
ley, 2002) to estimate our parameters. This is the core idea behind EMbymethods of weights
introducedby Ibrahim (1990), and Ibrahim, Chen, and Lipsitz (1999). In thiswork, we use im-
portance sampling, which is a specificMonte Carlo Integration technique to approximate the
integral, and use the importance samples and their normalised weights. As mentioned ear-
lier, Kim and Hong (2012) outline how to perform statistical inference on coarsened data in
the general case, where the coarsening function can be stochastic. In their work, the function
that generates the plausible values of un-coarsened valuesx depends on the coarsening func-
tion. To reduce the computational load when performing MCMC with Metropolis-Hastings
algorithm, Kim andHong (2012) used a technique by Kim (2011), which reduces the function
that generates plausible values of un-coarsened values to aweighted sum formulation. These
weights are different from weights in this work (described a bit later) since they account for
the coarsenmechanism.

The Importance Sample approximation to (3.7) is

1
m

m∑
k=1

f (x = uk | observed)
h(uk )

Sj (uk ) , (3.9)

wherem is thenumberof importance samples (inmost part of thiswork,m = 20unless stated
otherwise),h is the importance function (in this case isUniform)whichwe sample from toob-
tain u1,u2, . . . ,um . Sj () is our combined score equation, with j parameterisation where j is
the j th combination of observed values. The fraction part is also known as the weight com-
ponent of the approximation. For a brief outline of Importance Sampling see Appendix 3.E.

The conditional density f (x = uk | observed) in (3.9) can be can be un-normalised. In
these situations, insteadofusing theweightsdirectly,weuse the selfnormalisingweights. One
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form of self-normalising weights proposed by Robert and Casella (2010) is

wj =
[
f (uk )/g (uk )

]/ m∑
k=1

[
f (uk )/g (uk )

]
. (3.10)

If we incorporate the self normalising weights, the approximation to the integral in (3.7) has
the weighted sum form

m∑
k=1

wk Sj (uk ) . (3.11)

Whenwe implement (3.11), the importance samples are sampled fromauniformdistribution
with its lower and upper bounds corresponding to the coarsened interval of x∗

j . In our work,
we generate these importance samples outside the EM algorithm such that they are repeat-
edly used across all iterations of the EM algorithm.

Recall that we divide the original data setD into a random sub-sampleDs and remaining
data Dr , and the coarsening and aggregation is applied to Dr . To recover the complete data
model, we specify the conditional expectation of D∗

r . Before we solve the score equations in
the M-Step, we re-incorporate the random sub-sampleDs . SinceDs is not coarsened, we re-
incorporate it by assigning weight value of one to the data inDs . As an illustration, table 3.5
contains a small example of data from the sub-sample. When it is incorporated, as shown in
Table3.4, each itemin the sub-samplehasweight valueofone. Inaddition, theyare individual
items in the new table since importance sampling is not applied.

j ReceivedTip TripDistance PaymentType NumSuccesses NumFails ImportanceWeight
4 0 0.11 0 0 1 1
5 1 3.34 0 1 0 1
6 0 0.29 0 0 1 1
7 1 0.60 0 1 0 1

Table 3.4: Sub-sample data transformed to coarsened-data format

ReceivedTip TripDistance PaymentType
0 0.11 0
1 3.34 0
0 0.29 0
1 0.60 0

Table 3.5: An example of a sub-sample

In the M-Step, we solve the score equations using combined data consisting of Ds and
importance samples for D∗

r . Within each iteration of the EM algorithm, we only update the
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weights (and their normalised counterparts)wk . These updatedweights and the importance
samples are then used in GLM to obtain the next set of estimates of the parameters. We stop
the EM iterations when the estimates of the parameters converge.

3.4 Estimating Standard Errors

Inaddition toobtaining theestimatesof theparameters fromtheEMalgorithm,weperformed
additional work to obtain the standard errors of the estimates. We can apply the method
by Louis (1982), which involves adjusting the complete data Information Matrix to take into
account the uncertainty from using the observed (i.e,. not complete) data. However, the
method by Louis (1982) can become tedious because we need to specify all the elements of
the information matrix, as well as their conditional expectations. As an alternative, we can
use the method by Meilijson (1989) which is applicable when the observed data i.i.d. In the
method byMeilijson (1989), we sum the conditional expectations of the outer product of the
score equations for each observation to obtain the empirical Fisher information matrix. We
then obtain the standard errors by taking the inverse of the empirical Fisher informationma-
trix. In our case, the empirical Fisher informationmatrix is calculated as

I =
nobs∑
i=1

{
Ex |observed[Si ] × Ex |observed[Si ]

�
}

, (3.12)

where nobs is the number of observed data (e.g., can be data within the j th combination, or
it can be nr + ns = n), and recall Si is the combined score equation for the i th observation.
Expanding the conditional expectation of the combined score equation by incorporating the
score equations from (3.2) and (3.3), we have

Ex |observed[Si (·)] = Ex |observed

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yi − μ(y )
i (xi , zi )

{yi − μ(y )
i (xi , zi )}xi

{yi − μ(y )
i (xi , zi )}zi

{xi − μ(x)
i (zi )} / {μ(x)

i (zi )}

{zi (xi − μ(x)
i (zi ))} / {μ(x)

i (zi )}

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.13)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yi − Ex |observed(μ
(y )
i (xi , zi ))

Ex |observed
(
{yi − μ(y )

i (xi , zi )} xi
){

yi − Ex |observed
(
μ(y )

i (xi , zi )
)}

zi

1
μ(x)

i (zi )

(
Ex |observed(xi ) − μ(x)

i (zi )

)
zi

μ(x)
i (zi )

(
Ex |observed(xi ) − μ(x)

i (zi )

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Since thecoarsenedcovariatexi
∗ is continuous, theconditional expectations in (3.13)expand

to integrals. For brevity, we show the integral form of the first row of (3.13). Also, we will as-
sume there is only one uncoarsened covariate z1i . The integral form is

Ex |observed
(
yi − μ(y )

i (xi , z1i )
)
= yi − Ex |observed

(
μ(y )

i (xi , z1i )
)

(3.14)

= yi −

∫
χ

μ(y )
i (xi , z1i ) f (xi | observed) dx

= yi −

∫
χ

exp(β0 + β1xi + β2z1i )

1 + exp(β0 + β1xi + β2z1i )
f (xi |observed) dx .

We then approximate the conditional expansion such as (3.14)using importance sampling as
shown in Section 3.3.5. Using (u1,u2, . . . ,um) importance samples, generated from h impor-
tance function, the approximation to the first conditional expectation in (3.13) is

Ex |observed
(
yi − μ(y )

i (xi , z1i )
)
≈ yi −

[
1

m

m∑
k=1

{
μ(y )

i (uk , z1i )
f (x = uk | observed)

h(uk )

}]
(3.15)

Ifwedenotew as thenormalisedweights, as shown inSection3.3.5, theapproximationshown
in (3.15) becomes

Ex |observed
(
yi − μ(y )

i (xi , z1i )
)
= yi − Ex |observed

(
μ(y )

i (xi , z1i )
)

≈ yi −

[ m∑
k=1

{
μ(y )

i (uk , z1i )wk

}]
.

To obtain the empirical Fisher information matrix using technique by Meilijson (1989), we
use the approximations in the form shown above to all the conditional expectation of score
equations in (3.13). Sincewe have aggregate the data, we no longer haven observations from
D, instead we have J blocks of unique combination of the observed values. We incorporate
aggregation by first calculating the vector outer products (3.12) using observed data from the
j th block. Since the data in each j th block block contribute equally to the score equations, we
can scale the outer product by nj , the number of observations in the j th combination. The
empirical Fisher informationmatrix using aggregated data is then

I =
J∑

j=1

[
nj

{
Ex |observed[Sj ] × Ex |observed[Sj ]�

}]
. (3.16)

Since we calculate the standard error when the EM algorithm has converged, in addition to
using the data fromD∗

r , we also use the data from the randomsub-sampleDs . In ourwork, for
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coarsened and aggregated data, we follow the scaling of the outer product as shown in (3.16).
For data from the random sub-sample, we evaluate the conditional expectation of the score
equations without scaling. The empirical Fisher information matrix we use is the combina-
tion of the two. Oncewe have the combined empirical Fisher informationmatrix, we invert it
to obtain the variance-covariance matrix. Taking the square root of it provides the standard
error for the estimates. Appendix 3.C contains details of obtaining the conditional expecta-
tions of the combined score equations. In addition, Appendix 3.D has a simple example that
illustrates the aggregation of vector outer product that is used in (3.16).

3.5 Simulations

To examine the effectiveness of ourmethod, we perform 100 simulations. In each simulation,
we first generate the complete dataD. We then randomly sample 20% ofD to create the sub-
sample Ds ; with the other 80% of data becoming Dr . The number of observations for the
complete data n in each simulation is 20,000. This value is chosen for convenience as it is
large enough for the estimates of the regression coefficients using the complete data to be
stable across simulations, and also not too large that to hinder the computational speed of
the simulation. The values for covariate to coarsenxi are sampled fromthedensity f (xi |zi ;α),
with thenon-coarsen covariate zi generated fromabinomial distribution. After generatingxi ,
wegenerate theoutcomevariable y usingdensity f (yi |xi , zi ; β). Note that β1 is the coefficient
for x and β2 is the coefficient for z . To approximate the condition expectation of the score
equations in the EM algorithm, we used m = 20 importance samples per j th observed value
combination.

3.5.1 Varying the degree of coarsening

Thepanel of boxplots in Figure 3.1 shows the estimated coefficient of the coarsened covariate.
Each boxplot in the panel represents the estimates of the coefficient for the coarsened covari-
ate from 100 simulations. The main purpose is to illustrate how the estimates of the coeffi-
cients are affected by varying the degree of coarsening. The left most panel illustrates coars-
ening x using across 20 frequency intervals (ventile), while at the right hand side, the coars-
ening is done across 3 intervals (tertile). Within each panel, there are 4 boxplots, with each
boxplot showing the estimates of the regression coefficients from different methods across
100 simulations. Oneof thesemethods includenaïvely using themid-points of the coarsened
intervals.

The first feature to note in Figure 3.1 is how using the mid-points of the coarsened inter-
vals consistently have more biased compared to other methods. This is consistent with the
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Figure 3.1: Estimates of coefficients when varying coarseningmethods

reasoningbehindusing theEMalgorithm, asoutlined in the Introduction section. Aswell, the
bias increases as as the coarsen interval becomes larger. The second feature to note is that
since the sub-sample contains random sub-sample of the complete data, we expect its esti-
mate to have less bias. The third feature is when we know the distribution of the coarsened
covariate, the estimates of regression coefficients from ourmethod have less bias, compared
with naïvely using the coarsened interval. In addition, as the coarsening become less fine,
the variation of the co-efficient estimates increase as well.

3.5.2 Varying the Number of Monte Carlo Importance Samples

Another element we vary is the number of importance samples per unique combination of
observed values. Figure 3.2 shows the estimate of the parameter of the coarsened covariate as
we vary the coarsening method and the number of importance samples. As expected, as we
increase the number of importance samples, we obtain better approximation to the density
f (x |observed), which then translates into less biased estimation of the co-efficient.

60



−0.09

−0.06

−0.03

ventile decile quintile quartile tertile
Coarsening Method

C
oe

ffi
ci

en
t E

st
im

at
e

Number of Importance Samples
10
15
20

Coarsened covariate ~ Exponential
Estimated coefficients based on coarsened covariate

Figure 3.2: Estimates of coefficients with varying coarseningmethods and importance samples

3.5.3 Variation in the estimated Standard Errors

Figure 3.3 shows the variation of the standard errors of β̂x . In the cases where complete data
are used, these standard errors are obtained directly from the glm function. In the case of ob-
served data with EM algorithm, the standard errors are calculated using methods described
inSection3.4basedonMeilijson (1989). In this figure,we can see the standarderrors from the
randomsub-samplearehigher compared to standarderrorsobtained fromusingourmethod.
When using the observed data, as the coarsening becomemore coarsen, themedian and the
variation of the standard errors increases; as the coarsen interval becomes wider, more and
more information are lost.

3.6 Application to NYC Taxi Data

We applied our method to one month of NYC Taxi data for December 2010, which we have
described in earlier sections. Our analysiswas performedusing R version 3.3.2 on a computer
thatwith Intel XeonE5-2687Wv2 3.4GHzCPU, and32GBof ECCDDR3memory. Weused the
suite of software packages from tidyverse (version 1.2.1) for a variety of purposes, such as
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Figure 3.3: Standard Errors with varying coarsening

readr (version 1.1.1) to loadCSVfiles, tibble to store our data, dplyr for datamanipulation,
and ggplot for plots. In addition, we used pryr (version 0.1.4) to measure the amount of
memory various data objects in R occupied.

When we restricted the NYC Taxi data to only include observations that have valid trip
distances (those that have values larger than zero), and also restricted the type of payment
to either cash or credit card, there were 13,748,536 observations. The CSV file containing the
data occupied 2.4 GB of disk space on the file system. Whenwe loaded the CSV file into R, the
resulting tibble data structure occupied 1.88 GB inmemory.

The NYC Taxi data has 18 variables in its original form, which we only use three of them
for our logistic regression. These are trip distance, payment type and tip amount. For the
logistic regression, we constructed the binary outcome variable, received tip, from the tip
amount variable. The data we use in the regression, consisting of the outcome variable we
constructed, and the two covariates, occupied 275MB inmemory. Even though thememory
usage of the regression data may seem small, keep in mind that the data contained trips for
a single month. If we wanted to perform the analysis using data for an entire year, we would
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require approximately 2.4 GB × 12 = 28.8 GB of disk space to store the data in their original
form as CSV files. Similarly, we would need 275MB × 12 = 3.3 GB of memory to store the fil-
tered dataset which was tailored for our logistic regression. Since R also keeps data related to
GLM, such as residuals, we expect we would need a lot more computer memory. In addition
to disk space and memory usage, we also need to consider the duration of the analysis. On
our computer, loading the 2010 December CSV file from disk into R took approximately four
minutes (our computer had 2 × 2TB 7,200 RPM SATA III Hard Drives in RAID configuration).
If we assume the data load time increases linearly as more data from additional months are
added, the time required to read one year of data would be 4minutes × 12 = 48minutes. As
for duration the GLM operation, it took approximately approximately 2 minutes. If we again
assume a linear increase in time, this means it would take 24minutes to perform one logistic
regression model using data for a single year (assuming the computer has enough memory
to store both the data and the GLM result). Note that in our case, the logistic regression using
GLMwas performed on a computer that is much powerful than a typical desktop computer;
Intel XeonCPUs are usually found inworkstation class or server class computers, andwe also
have a largememory at 32GB. As a result, in reality, itmay not be even possible to perform the
regression using the complete data.

By coarsening and aggregating, we allow regression to be performed on a large dataset
usingadesktopcomputer ina timelymanner,with the trade-offbeing lossof informationdue
to coarsening. Since the size of the coarsened and aggregated data depend on the the unique
levels of the observed data and outcome variable (the value J discussed in earlier sections),
it is possible to perform regression on a desktop computer. For example, if we coarsened the
data into quintiles (5 levels), the coarsening and aggregation functionswould reduce the data
size to 2× 2× 5 = 20 levels (2 levels for the outcome, 2 levels for the non-coarsened covariate,
and 5 levels for the coarsened covariate) If we use m = 20 importance samples per level, we
only need 20 × 20 = 400 observations to use in EM by weights.

Although it may not be feasible to use the large complete data for regression, it is possi-
ble inmost situations to work with a smaller random sub-sample. For the NYC Taxi data, our
random sub-sample consisted of 20% of the full dataset, which we also perform logistic re-
gression on. Logistic regression using EM by method of weights was then performed on the
coarsened and aggregated data D∗

r . As mentioned before, the covariate that we coarsened
is trip distance and our coarsening method involved a number quantile based methods (i.e.,
diving the data into intervals by frequency). We also perform logistic regression directly us-
ing the coarsened data, which we expect the estimates of the coefficients to have a large bias.
This is shown in Figure 3.4which illustrates the result of using themid-points of coarsened in-
terval, when the covariate was coarsened using quintilemethod. When the coarsened data is
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useddirectly thisway, the data are nowgrouped together in such away thatwhenweperform
regressionmodelling, all the observations belonging to a coarsened interval are now take on
the same value. That is, all the trip distances in the last interval are treated as if there aremany
tripswith the same trip distance. Wealso expect that due to this grouping, the standard errors
will bemuch smaller as well.
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Figure 3.4:Mid-points of coarsened trip distance covariate from NYC Taxi data for 2010 December.
Since the last coarsened interval covers a large range of trip distance, naïvely using themid-
points as data in regression setting will introduce bias to the coefficient estimates.

For the EM algorithm, we approximate the conditional expectation using m = 100 im-
portance samples drawn from a uniform distribution, and their normalised ‘weights’. In ad-
dition, as discussed earlier, in the M-Step, we re-incorporate back our random sub-sample
(with each observation from the sub-sample having weight of one).

The taxi trip data exhibits characteristics that make the application of our method chal-
lenging. The trip distance covariate, which we coarsen, exhibits a long tail (some trips were
recorded to be over 100miles, approximately 160.9 km) withmost of the trips were short dis-
tances. The frequencydistributionof the tripdistances for short trips is notmonotonic either;
they are groups of trip distances that are more frequent as shown in Figure 3.5. The long tail
nature of the data also also posed some challenges when we specify a distribution for the
trip distance covariate for the Expectation step of the EM algorithm. As we did in our simula-
tion, we initially modelled the distribution of trip distances with an exponential distribution.
Figure 3.6 shows the density histogram of the taxi trip data overlaid with density of an expo-
nential distribution. Although the exponential distribution has a high density for very short
trips, it doesnot capture thedistributionof the tripdistances in themiddle (1 to 3miles range)
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Figure 3.5: Histogram of NYC Taxi data 2010 Dec. limited at 12miles.

adequately. To make the exponential distribution more suitable, we shifted the trip distance
data so that the shorter distances have a higher frequency, as shown in Figure 3.7. However,
even with this transformation, the frequency histogram from the exponential distribution at
short distances (up to 1.5 miles) does not match the frequency of the data. In addition, at
the higher trip distances, we have the opposite characteristic where there aremore data from
exponential distribution than the NYC Taxi trip data. The estimates of the coefficient for the
trip distance covariate are shown from Figure 3.8 to Figure 3.12. Each figure illustrates the
estimate of the coefficient trip distance, which we coarsened, and its standard errors. Each
bar illustrates the result of logistic regression using different datasets. The first and second
datasets are self-explanatory. The third bar in each figure is the result of performing regres-
sionusingmid-pointof eachcoarsened interval, and the lastbar is the result fromusingEMby
methodofweights. For thecoefficient estimate fromusingEMbymethodofweights, the stan-
dard error are calculated using method fromMeilijson (1989). Since we have used weighted
importance samples to perform the logistic regression, we need to adjust for the increase in
uncertainty in the estimate. As the coarsen interval widened, from coarsening by ventile (20
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groups) to coarsening by tertile (3 groups), the bias fromusing themid-point, as well as from
EMbymethodofweights increased. Even though the estimate fromEMbymethodofweights
has much less bias compared to using themid-point.

We then used LogNormal distribution to model trip distance covariate. We do this be-
cause the distribution of the natural log of the trip distance covariate resembles the Gaussian
distribution. Figure 3.13 shows the frequency distribution of trip distances overlaid with the
frequency distribution of a LogNormal distribution. As with the case with exponential distri-
bution, the LogNormal distribution cannot perfectly capture the distribution of the trip dis-
tance covariate. In particular, it has a higher density for trips less than 3 miles, but has lower
density for trips after 4 miles. The natural log of trip distance can be modelled with Gaus-
sian distribution by taking the natural log of the LogNormal distribution, but not perfectly, as
illustrated inFigure3.14. Results from logistic regressionusing thismodel are shown fromFig-
ure 3.15 to Figure 3.19. When we used this model, we did not shift the trip distance data, but
only limit it to be less than 10 miles. Similar to the estimates using the exponential distribu-
tion, the coefficient estimates we obtained from EM bymethod of weights did include some
bias. However, when coarsen interval is larger, such as quintile and quartile, the bias was
smaller than compared to using exponential distribution. Even though the estimates from
using EM by method of weights still have some bias, the biases are less than the estimates
from naively using themid-points of the coarsened intervals.
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Figure 3.6:Modelling trip distance covariate with an exponential distribution. The blue histogram
is the density of the trip distance covariate, while the red histogram is the density of ran-
dom samples from an exponential distribution with parameter estimated from the com-
plete data. The areas where the densities overlap are shown in purple like colour. Data gen-
erated fromexponential distribution fail to capture the density of trip between 1 to 2.5miles
of the complete data. In the tail area, exponential distribution generated more data than
what is in NYC taxi data.
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Figure 3.7:Modelling shifted trip distance variable with an exponential distribution. The densities are
asdescribed inFigure 3.6. Anattempt tomatch the tripdistancedensitywithanexponential
distribution is to shift the trip distance variable. Even though there is a better match at the
beginning, the exponential distribution now generates toomany data for the tail area.
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Figure 3.8: Coefficient estimate. Ventile. Exponential.
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Figure 3.9: Coefficient estimate. Decile. Exponential.
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Figure 3.10: Coefficient estimate. Quintile. Exponential.

−0.150

−0.125

−0.100

full_data sub_sample agg_interval_midpts

es
tim

at
e

quartile, n = 9,847,700 and 984,770 in subsample. Impt sampls 20
Trip distance shifted by −1.
Trip distance truncated and limited between 0 (exclusive) and 12 (inclusive) miles.

NYC 2010−12

Figure 3.11: Coefficient estimate. Quartile. Exponential.
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Figure 3.12: Coefficient estimate. Tertile. Exponential.
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Figure 3.15: Coefficient estimate. Ventile. Log Normal.
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Figure 3.16: Coefficient estimate. Decile. Log Normal.
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Figure 3.17: Coefficient estimate. Quintile. Log Normal.
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Figure 3.18: Coefficient estimate. Quartile. Log Normal.
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Figure 3.19: Coefficient estimate. Tertile. Log Normal.

3.7 Discussion

In this chapter, we have outlined how a method of coarsening and aggregating the data, fol-
lowed by application of EM algorithm by the method of weights to allow logistic regression
model to be fitted using large datasets in a timelymanner on a typical desktop computer. We
also show that due to coarsening and aggregation, even with complete data model approxi-
mation through EM algorithm, we expect the coefficient estimates to be biased. As we have
used a relatively simple model to explore the technique, there aremany areas of future work.

The regressionmodel in the simulation is simple in the sense that it only include two co-
variates, including the covariate we coarsen. The regressionmodel is simple in order to allow
us to examine the techniques on a small scale. An obvious extension is to include additional
covariates in the regression model. Changes to the regression model can impact many as-
pects of the work in this chapter from the coarsening to the importance sampling. When we
coarsenmultiple covariates, the the number of unique combination of the coarsened covari-
ates can increase. For instance, supposewe coarsen two covariates into five levels (quintiles).
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With this setup, we will have 5 × 5 = 25 different unique levels. If we coarsen another covari-
ate, the number of unique combination then becomes 5 × 5 × 5 = 125 levels. If we generate
m = 100 importance samples per combination, thenumber of observationsweuse in theEM
algorithmwill increase from 25 × 20 = 500 to 125 × 100 = 12, 500 observations. The number
of coarsened covariates can also impact the convergence of the EM algorithm. As the num-
ber of covariates increases, the conditional expectation with respect to the observed data get
more complicated to derive. We also have seen from the application section that selecting
a correct parametric distribution for the coarsened covariate is quite challenging. Related to
this is the conditional expectation itself. In this work, we only coarsen one covariate that we
coarsen, if we coarsen multiple covariates, the joint density of the coarsened covariates can
become quite complex. For instance if we coarsen two covariates, the conditional density be-
comes f (x ,u |observed) = f (x ,u | x∗,u∗, y , z ). In addition, coarsening multiple covariates
can also introduce computational complexity to the importance sampling. To sample amore
complex integral form of the conditional expectation, we will need to reconsider the use of
Uniform distribution as the importance function.

As for the importance sampling procedure, a future work is to further examine the effect
of the number of importance samples to the convergence of the EM algorithm. Increasing
the the number of importance samples, from 100 used in the application section, may result
in better approximation to the density of the trip distance covariate. We can generate many
more importance sampleswithout encountering issues regarding storage,with the tradeoffof
possibly longer computational time. Another aspect concerning importance sampling is the
importance function. In this chapter, the uniform distribution we have used may not be the
optimal distribution. An optimal importance function is desirable because it can reduce the
variance of the approximation. However, finding the optimal importance function is difficult
in our case because we are also guessing the density of the coarsened covariate (we used the
Exponential and LogNormal distribution). As such if we want an optimal importance func-
tion, we need to find one for each distribution of coarsened covariate that we try.

We can of course improve our approximation to the true density of the coarsened covari-
ate. In this work, we used the Exponential and LogNormal distributions to approximate the
density of coarsened covariate, trip distance. The long tail nature of this covariate means it
wasdifficult toapproximate its truedensity. Similar challengeexists in themedicalfieldwhere
the long tail nature of length of stay in hospitals of patients poses challenges. Similar to this
work, Marazzi et al. (1998) used a parametricmodelling approach by using different distribu-
tions tomodel the distribution of length of stay at hospital. However such approach assumes
that regardless of thediagnoses, all patientshave the similar lengthof stay inhospital (Atienza
et al., 2008). To overcome this assumption, finite mixture of densities are used to model the
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length of stay, such as work by Atienza et al. (2008). In a similar manner, we can also model
along similar lines for the NYC Taxi data used in the application section by not assuming that
all thepassengershave similar tripdistances. Thedownsidesof usingmixturemodels include
complexity of themodel and the increase in the number of parameters to estimate.

Apart from the long tail nature of the distribution, logistic regression using the 2010 De-
cember NYCTaxi trip data set had the issue of separation (Albert and Anderson, 1984), where
the outcomes can be perfectly separated by one or more covariates (Heinze and Schemper,
2002; Zorn, 2005). In our case, from examining the random sub-sample, we find that when
passengersdo tip thedriver, theypredominatelyusedcredit card. Forexample, outof1,639,788
trips where the driver received a tip, only 909 (0.055%) of those were paid by cash. As a re-
sult, the coefficient estimate of cash payment type has an extremely low odds ratio value
(0.0000167017). To see the how separation affects the estimate of coefficients from EM by
method of weights, we simulated a dataset with less extreme proportion of payment types
(e.g., 10% of tips were paid by cash) then applied our method. The results from Figure 3.20
to Figure 3.24 illustrate that when separation do not occur in the logistic regression, the es-
timates of coefficients from our method match closely to their complete data counterparts.
The works by Zorn (2005) and Heinze and Schemper (2002) illustrate the various methods
to address the issue of separation in the areas of social sciences and medicine respectively.
The first option is to remove the covariate from the analysis, which is not always possible,
such as in your application section. The second approach is to perform some data manipu-
lation by adding ‘artificial’ data, but it is inferior to other approaches in dealing with separa-
tion (Zorn, 2005). The third approach, exact logistic regression (Cox and Snell, 1989; Mehta
and Patel, 1995) is only applicable if all the covariates in the regression model are categori-
cal (this methodmight work for ourmodel). Instead of removing or manipulating the covari-
ates, bothZorn (2005) andHeinzeandSchemper (2002) favour apenalized likelihoodmethod
by Firth (1993). In this method, a bias term is added to the likelihood function which coun-
teracts the effect of separation on the likelihood (Zorn, 2005). In GLM context with canonical
link, this bias term has Bayesian interpretation of having a Jeffrey invariant prior (Jeffreys,
1946) in themodel (Heinze and Schemper, 2002; Zorn, 2005). Das, Maiti, and Pradhan (2010)
applied this likelihood penalty method by Firth (1993) to GLM with missing covariate. We
have not applied the likelihood penalty because the issue of separation arises from the spe-
cific data set we used in the application section, rather than a general issue with covariate
discretisation and EM bymethod of weights.

In this chapter, we put aside 20% of the full data as the sub-sample, adopting the con-
vention of in machine learning applications, where 20% of the data is used as training set.
Althoughwe simulated the effect of varying coarsening and importance sample size, we have
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not explored the effect of varying sub-sample size. From our simulation the sub-sample is
important as it reduces the bias in our method, as well as improving convergence of the EM
algorithm. An exploration of changing sample size can potentially show the level of influence
the sub-sample has on the estimates, especially whenmultiple covariates are coarsened. An-
other area of influence of the sub-sample is the effect on the computational speed. The EM
algorithm can be slow to converge in situations where there aremanymissing data. Since we
are using the sub-sample to speed up the convergence, a sensitivity analysis can also show
the level of mitigation on the computation limitation of the EM algorithm.

We can also change the way we obtain the sub-sample Ds , using other techniques other
than random sampling. We can use techniques from sample survey to obtain more repre-
sentative samples of the complete full data. This is useful for two reasons. Firstly, examining
Figure 3.2, we can see that in cases of very fine coarsening, the estimate of the coefficient
obtained from the sub-sample is comparable to that of EM by method of weights; although
there aremore variations. This suggested that in some cases, using data froma representative
sub-sample to perform regression might be enough. E.g., using other sub-sampling scheme
or other sampling technique such as coresets (Campbell and Broderick, 2017), which are a
weighted subset of the data, where the weighted are calculated such that the weighted log-
likelihood approximates the the log-likelihood of the original dataset. Secondly, when the
outcome variablewe are looking for has lowprobability of success, using othermethods than
randomsub-samplingmay becomenecessary because in these cases, randomsamplingmay
fail to capture enough samples with success outcome, whichmeans ourDs become less use-
ful. We can obtain the sub-sample by using sampling techniques from themedical field such
ascasecontrol sampling. Bynot relyingonsimple randomsampling toobtain the sub-sample
Ds , we can perform regression analysis when the outcomes have low probabilities. For exam-
ple, Wright, Ryan, and Pham (2018) use case control sampling to obtain representative sam-
ples with low probability outcomes.
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Figure 3.20: Estimate of coefficient from simulation of 500,000 observations with a less extreme coeffi-
cient for cash payment type. Trip distance covariate is coarsened into ventiles (20 quantile
groups). 10% of simulated trips that resulted in a tip to the driver paid by cash. We ex-
pect with very fine coarseningmethod, the estimate from EM bymethod of weights should
match the estimate from using the complete data.
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Figure 3.21: Estimate of coefficient from simulation of 500,000 observations with a less extreme coeffi-
cient for cash payment type. Trip distance covariate is coarsened into deciles (10 quantile
groups). 10% of simulated trips that resulted in a tip to the driver paid by cash.
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Figure 3.22: Estimate of coefficient from simulation of 500,000 observations with a less extreme coeffi-
cient for cash payment type. Trip distance covariate is coarsened into quintile (5 quantile
groups). 10% of simulated trips that resulted in a tip to the driver paid by cash. Notice
that as the coarsening intervals get wider, more bias can be seen from estimate that use the
mid-point of the coarsened interval.
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Figure 3.23: Estimate of coefficient from simulation of 500,000 observations with a less extreme coeffi-
cient for cash payment type. Trip distance covariate is coarsened into quartile (4 quantile
groups). 10% of simulated trips that resulted in a tip to the driver paid by cash.
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Figure 3.24: Estimate of coefficient from simulation of 500,000 observations with a less extreme coef-
ficient for cash payment type. Trip distance covariate is coarsened into tertile (4 quantile
groups). 10% of simulated trips that resulted in a tip to the driver paid by cash.
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Appendix 3.A Derivation of Score Equations to Estimate β

Themodel forY is
Y ∼ Bern(π) ,

where π is the probability of a success outcome. μi is defined as

E(Yi ) = μ(y )
i

Let the linear term, η, for the i th observation be:

η
(y )
i = β0 + β1xi1 + β2zi1 + . . . + βp zi p

Note that we’ll coarsen x later on, and the intercept term belongs with covariates z. Let g (μi )

be the link function. Using the canonical logit link. We’ll relate μi to the linear terms as fol-
lows:

g (μ(y )
i ) = η

(y )
i

logit(μ(y )
i ) = η

(y )
i

μ(y )
i = g −1(μ(y )

i ) =
exp(η(y )i )

1 + exp(η(y )i )

The general form of the GLM Score Equation for the j th covariate, according to Dobson and
Barnett (2008, p.65) is

Sj =

n∑
i=1

[
yi − μ(y )

i

Var(Yi )
xi j

(∂μ(y )
i

∂η
(y )
i

)]
In the complete data case, we have xi and we’ve shown μi above, so we’ll need Var(Yi ) and(
∂μi

)/ (
∂ηi

)
. From the properties of the Bernoulli Distribution, we have

Var(Yi ) = π(1 − π)

= E(Yi )[1 − E(Yi )]

= μ(y )
i (1 − μ(y )

i )

since

μi =
exp(η(y )i )

1 + exp(η(y )i ))
,
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the variance is

Var(Yi ) = μ(y )
i (1 − μ(y )

i )

=

[ exp(η(y )i )

1 + exp(η(y )i )

] [
1 −

exp(η(y )i )

1 + exp(η(y )i )

]
=

[ exp(η(y )i )

1 + exp(η(y )i )

] [
1

1 + exp(η(y )i )

]
=

exp(η(y )i )[
1 + exp(η(y )i )

]2 .

Also

∂μ(y )
i

∂η
(y )
i

=
exp(η(y )i )[

1 + exp(η(y )i )
]2

= Var(Yi ) ,

which will greatly help when we substitute these into the general Score Equation for the j th
covariate, which takes the form

Sj =

n∑
i=1

[
yi − μ(y )

i

Var(Yi )
xi j

(∂μ(y )
i

∂η
(y )
i

)]
=

n∑
i=1

[
yi − μ(y )

i

Var(Yi )
xi j Var(Yi )

]
=

n∑
i=1

[
(yi − μ(y )

i )xi j

]
.

We have an intercept term and one covariate that we’ll coarsen (x), and one covariate we
won’t coarsen, z1. Sowe’ll have three Score Equations in thismodel, where the xi j term in the
general Score Equation takes on three values

xi ,j=1 = 1

xi ,j=2 = xi

xi ,j=3 = zi1

3 COVARIATE DISCRETISATION FOR THE ANALYSIS OF BIG DATA 83



That is,

S1 =
n∑

i=1

[
(xi − μ(y )

i )

]
,

S2 =
n∑

i=1

[
(xi − μ(y )

i )xi

]
,

and

S3 =
n∑

i=1

[
(xi − μ(y )

i )zi1

]
.

If we factor out the intercept and the covariates, then place them in a vector, the vector of
Score Equations, for the i th observation becomes

Si =

⎡⎢⎢⎢⎢⎢⎣
1
xi

zi1

⎤⎥⎥⎥⎥⎥⎦ {xi − μ(y )
i } .

We can emphasis μ(y )
i as a function of η(y )i :

Si =

⎡⎢⎢⎢⎢⎢⎣
1
xi

zi1

⎤⎥⎥⎥⎥⎥⎦ {xi − μ(y )
i (η

(y )
i )}

Si =

⎡⎢⎢⎢⎢⎢⎣
1
xi

zi1

⎤⎥⎥⎥⎥⎥⎦ {xi − μ(y )
i (xi , zi1)}

Si =

⎡⎢⎢⎢⎢⎢⎣
1
xi

zi1

⎤⎥⎥⎥⎥⎥⎦
{

xi −
[ exp(β0 + β1xi1 + β2zi1)

1 + exp(β0 + β1xi1 + β2z1i )

]}

Appendix 3.B Derivation of Score Equations to Estimate α

Themodel is
X ∼ Exp(λ) ,

where λ is the rate parameter for Exponential Distribution. μ(x)
i is then

E(Xi ) = μ(x)
i

84



We’ll assume there is only one z . Following the GLM notation, the linear term is

η
(x)
i = α0 + α1z1i .

Let g (μ(x)
i ) be the link function. For this model, we’ll not use the canonical link (inverse func-

tion). We’ll use the log link instead. We’ll relate μ(x)
i to the linear terms as follows:

g (μ(x)
i ) = η

(x)
i

ln(μ(x)
i ) = η

(x)
i

μ(x)
i = g −1(μ(x)

i ) = exp(η(x)i )

Note that since μ(x)
i is a function of η(x)i , μ(x)

i is a function of z and α.

The general form of the GLM Score Equation for the j th covariate, according to Dobson
and Barnett (2008, p.65) is

Sj =

n∑
i=1

[
xi − μ(x)

i

Var(Xi )
zi j

(∂μ(x)
i

∂η
(x)
i

)]
In the complete data case, we have zi and we’ve shown μ(x)

i above, so we’ll need Var(Xi ) and(
∂μ(x)

i

)/ (
∂η

(x)
i

)
. Earlier in this section we state that we are modelling X ∼ Exp(λ), where λ

is the rate parameter. Therefore, from the property of the Exponential distribution, we have

Var(Xi ) =
1
λ2

.

Let’s re-express Var(Xi ) using E(Xi ), which hopefully will make the algebra easier later on.
First,

E(Xi ) =
1
λ
.

So,
Var(Xi ) =

1
λ2
= [E(Xi )]

2 = (μ(x)
i )2

We also derived earlier that μ(x)
i = exp(η(x)i ). Therefore

∂μ(x)
i

∂η
(x)
i

= exp(η(x)i )

Let’s put all these together into the general form. We’ll delay substituting the values of the
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covariates (zi ) for now.

Sj =

n∑
i=1

[
xi − μ(x)

i

Var(Xi )
zi j

(∂μ(x)
i

∂η
(x)
i

)]
=

n∑
i=1

[
xi − exp(η(x)i )

[exp(η(x)i )]2
zi j exp(η(x)i )

]
=

n∑
i=1

[
xi − exp(η(x)i )

exp(η(x)i )
zi j

]
=

n∑
i=1

[
xi − μ(x)

i

μ(x)
i

zi j

]
Now we have an intercept term and one covariate (z1), so we’ll have two Score Equations in
this model. So zi ,j=1 = 1 and zi ,j=2 = zi1. That is,

S1 =
n∑

i=1

[
xi − μ(x)

i

μ(x)
i

1
]
,

and

S2 =
n∑

i=1

[
xi − μ(x)

i

μ(x)
i

zi1

]
.

If we factor out the intercept and the covariate and put them into a vector, the vector of Score
Equations, for the i th observation becomes

Si =

[
1

zi1

] {
xi − μ(x)

i

μ(x)
i

}
.

We can emphasis μ(x)
i as a function of η(x)i as follows

Si =

[
1

zi1

] {
xi − μ(x)

i (zi1)

μ(x)
i (zi1)

}
.

3.B.1 GLM Score Equations when x ∼ LogNormal

An alternative to modelling x with Gaussian distribution and log link is to model the natu-
ral log of x with the Gaussian distribution. The estimation of the parameters then become
performing GLM with Gaussian family and identity link. The GLM Score Equation for this
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modelling is

S2(α) =

[
1
zi

] (
1
σ2

{
ln(xi ) − μi (z i ; α)

})
, (3.17)

where μi = α0 + α1zi for the intercept and one z term.

Appendix 3.C Conditional Expectation of GLM Score Equations

3.C.1 Estimation Standard Errors for β

As shown in Section3.3.4, when we estimate the parameters, we use the conditional expecta-
tion of the score equations. The conditional expectation of the vector of the score equations
(Equation 3.2) to estimate β is

Ex |observed(s 1i ) = Exi |obs.

{ ⎡⎢⎢⎢⎢⎢⎣
1
xi

zi1

⎤⎥⎥⎥⎥⎥⎦ (yi − μi (xi , zi1))

}

=

⎡⎢⎢⎢⎢⎢⎣
Exi |obs.

{
yi − μi (xi , zi1)

}
Exi |obs.

{
[yi − μi (xi , zi1)]xi

}
Exi |obs.

{
[yi − μi (xi , zi1)]zi1

}
⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
Exi |obs.{s 1i (1)}

Exi |obs.{s 1i (2)}

Exi |obs.{s 1i (3)}

⎤⎥⎥⎥⎥⎥⎦ . (3.18)

Note that we have abbreviated the word observed with obs.. What is observed in this case
are the outcome yi , coarsened covariate x∗

i and un-coarsened covariates zi . Expanding the
conditional expectations as follows

Ex |observed{s 1i (1)} = yi − Ex |observed{μi (xi , z1i )} , (3.19)

Ex |observed{s 1i (2)} = Ex |observed
{
[yi − μi (xi , z1i )]xi

}
, (3.20)

Ex |observed{s 1i (3)} = Ex |observed
{
[yi − μi (xi , z1i )]z1i

}
= Ex |observed[yi − μi (xi , z1i )] z1i

= { yi − Ex |observed[μi (xi , z1i )]} z1i . (3.21)
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3.C.2 Incorporating Importance Sampling

If we expand the conditional expectations from Equation 3.19 to Equation 3.21, we see that
we need Ex |observed(xi ) and Ex |observed[μi (xi , z1i )]. For example, expanding Equation 3.19

Ex |observed{s 1i (1)} = yi − Ex |observed[μi (xi , z1i )]

= yi −

∫
χ

μi (xi , z1i ) f (xi |observed) dx

= yi −

∫
χ

exp(β0 + β1xi + β2zi1)

1 + exp(β0 + β1xi + β2zi1)
f (xi |observed) dx .

where χ is the support of f (xi |observed). As shown in Section3.3.5, obtaining closed form
solutions to the conditional expectations is impossible. As a result, we use Importance Sam-
pling to approximate Ex |observed[μi (xi , z1i )] such that

Ex |observed[μi (xi , z1i )] ≈

m∑
k=1

μi (xk , zi1)wk ,

where m is the number of importance samples andwk is the k th normalised weight.

3.C.3 Conditional Expectations with Importance Sampling

Incorporating importance sampling, the conditional expectations of the Score Equations in
Equation 3.19 through to Equation 3.21 become

Ex |observed{s 1i (1)} = yi − Ex |observed[μi (xi , z1i )]

≈ yi −

m∑
k=1

[ μi (xik , z1i )wk ] (3.22)

Ex |observed{s 1i (2)} = Ex |observed{[yi − μi (xi , zi1)] xi }

≈

m∑
k=1

[{
[yi − μi (xik , z1i )] xik

}
wk

]
(3.23)

Ex |observed{s 1i (3)} = {yi − Ex |observed[μi (xi , z1i )] }z1i

≈

[
yi −

m∑
k=1

μi (xik , z1i )wk

]
z1i (3.24)
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We use these approximations to obtain the conditional expectations of the vector of Score
Equations s 1.

Appendix 3.D Aggregation of Outer Products of Score Equations

Suppose we have the following vectors:

m j =
1223

aj

bj

cj

4556
Their corresponding outer product (e.g., m j m�

j ) would be:

m j m�
j =

12223
a2

j aj bj aj cj

aj bj b2
j bj cj

aj cj bj cj c2
j

45556
The summation of the outer products can be achieved by multiplying the outer product

of a single summation with the number of summations.

2∑
j=1

(m j m�
j ) =

12223
a2

j aj bj aj cj

aj bj b2
j bj cj

aj cj bj cj c2
j

45556 +
12223

a2
j aj bj aj cj

aj bj b2
j bj cj

aj cj bj cj c2
j

45556
=

12223
2a2

j 2aj bj 2aj cj

2aj bj 2b2
j 2bj cj

2aj cj 2bj cj 2c2
j

45556
= 2

12223
a2

j aj bj aj cj

aj bj b2
j bj cj

aj cj bj cj c2
j

45556
= 2(m j m�

j )

This type of calculation is applicable when we calculate the outer product of the vector
of Score Equations, using unique combination of observed values. We multiply each outer
product by the number of unique combinations we observe.
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Appendix 3.E Monte Carlo Integral

Using thegeneralnotation fromRobert andCasella (2010, p.65),we’ll go throughabriefoverview
of Monte Carlo Integration. Suppose the conditional expectation we wish to evaluate is

Ef [h(X )] =

∫
χ

h(x)f (x) dx .

Where χ is the values the random variable X can take, which is usually the support of f (·).
We approximate this conditional expectation by first generating m samples, (X1,X2, . . . ,Xm)

from f (·). We then substitute these values into h(·), then take an average of the sum. That is,
the approximation is

h̄m =
1

m

m∑
j=1

h(Xj ) .

In our case, f (·) = f (x |observed) and h(·) is the GLM Score Equations, i.e.,h(·) = Si (·)

However, generating samples from f (x |observed) is not simple. One method to generate
these sample is via methods such as rejection sampling (Robert and Casella, 2010, pp.52-57),
(Rubinstein andKroese, 2017, pp.59-71), and importance sampling (Robert andCasella, 2010,
p.69). We used importance sampling technique because rejecting samplingwas inefficient in
sampling from low probability area of f (x |observed).

3.E.1 Incorporating Importance Sampling

With importance sampling, instead of generating samples from f (·), from Equation 3.E, we
change the expectation itself as shown

Ef [h(X )] =

∫
χ

h(x)
f (x)

g (x)
g (x)dx

= Eg

[
h(x)

f (x)

g (x)

]
.

In this re-formulation, g (·) is known as the importance function and it’s a distributionwe can
easily sample from (e.g., Uniform). χ is still the support of the randomvariableX ; it is smaller
than the support of g (·) (Robert andCasella, 2010, p.69). In importance sampling, we sample
from g (·) to obtain where (X1,X2, . . . ,Xm), as opposed to f (·). Theses samples are called im-
portance samples in this context. The approximation then is

1
m

m∑
k=1

h(Xk )
f (Xk )

g (Xk )
→ Ef [h(X )] .
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The fraction f (·)
/

g (·) is also knownasweights. As it is shown in Equation 3.E.1, theseweights
are not normalised; they may not add up to 1. As a result, we’ll normalise the weights as fol-
lows

wj =
[ f (Xk )

g (Xk )

] / [ m∑
k=1

f (Xk )

g (Xk )

]
.

Relating importance sampling back to the integral in Equation 3.7 that we want to approxi-
mate, the h(·) function is our GLM Score Equations Si (·) and f (·) ∝ f (x |observed). The ap-
proximation using importance sampling becomes

1
m

m∑
k=1

Sj (Xk )
f (x = Xj |observed)

g (Xk )
.

If we normalise the weights,
[
f (x = Xk |observed)

] / [
g (Xk )

]
, the approximation is then

m∑
k=1

Sj (Xk )wk .

Equation 3.E.1 can be recognised in the form of weighted GLM. This means for our M-Step,
we can just run a GLM as opposed to specifying other equations tomaximise.

Appendix 3.F Implementation Notes - Estimation Algorithm

The previous sections described the various parts of the algorithms. Now we’ll put it all to-
gether. The algorithm to estimate the parameters using our work is shown in Algorithm 1.
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Algorithm 1 Algorithm to estimate the parameters
Require: N = Ns + Nr

Ds ← Ns samples fromD

Dr ← Nr observations not inDs {has Ns observations}
s 1(·) ←GLM Score Equations for f (y |x , z ; β)
s 2(·) ←GLM Score Equations for f (x |z ;α)
β̂s ← s 1(Ds )

α̂s ← s 2(Ds )

Dr
∗ ← a[c (x ,Dr )] {coarsen and aggregateDr }

Require: Specification of f (x | �z ) also is f (x |observed)
Require: m ← number of Monte Carlo samples
Require: Initialise the augmented data to be used in EM algorithm,DEM
Require: t ← tolerance level for convergence
β̂0 ← β̂s {Initialise parameter for EM}
α̂0 ← α̂s {Initialise parameter for EM}
J ← all unique combinations of (y , z ∗, z )
while ( β̂, α̂) not converged do
for all j in J do

g j ← samples from Uniform distribution within ranges of x∗
j {Obtain m Importance

Samples}
w j ←

f (x |observed)
g j

Wj ← normalisew j

Append g j andWj toDEM
end for
TransformDs into structure ofDEM
Append transformedDs toDprev
β̂new ← s 1(DEM)

α̂new ← s 2(DEM)

β̂diff ← abs[ β̂new − β̂prev]
α̂diff ← abs[α̂new − α̂prev]
if β̂diff ≤ t and α̂diff ≤ t then
( β̂, α̂) converged

end if
end while

92



4 Meta-analysisonstudieswithheterogeneouscovariatesus-
ing propensity scores 9

4.1 Introduction

Meta-analysis is the practice of combining results from many individual studies to form an
overall result (McKenzie, Beller, and Forbes, 2016). It is widely used in many fields of re-
search (Sutton and Higgins, 2008), ranging from public health (Ryan, 2008) to field trials in
agricultural settings (Damesa et al., 2017). In this sense, meta-analysis can be thought of as a
generalisation of the divide and recombine concept discussed in Section 2. Inmeta-analysis,
the results from individual studies and their corresponding uncertainties are calculated for
each study, then combined together to form an estimate of an ‘overall effect’ and its corre-
sponding uncertainty. Theses results from individual studies are often estimates of an under-
lying effect. In one type of meta-analysis, we obtain some form of statistics and their uncer-
tainties from individual studies, and our task is to combine them. In another type of analysis,
called individual participant data(IPD) meta-analysis, we have all the data from all the stud-
ies. This means we not only have to calculate the results for individual studies, we also have
to combine them. We can relatemeta-analysis to distributed data if we treat distributed data
as individual studies in the context ofmeta-analysis. By treating distributed data this way, we
canapplymeta-analysis techniques todistributeddata. Aswe’ll describe later, theDivide and
Recombine paradigmused to perform statistical analysis on distributed data, is equivalent to
one type of meta-analysis (fixed effect meta-analysis).

Since meta-analysis combines data from different studies, a characteristic to taken into
account is the variation across the individual studies known as study to study heterogeneity.
The sources of heterogeneity include different study population, outcome variable, and co-
variate designs (Liu, Liu, and Xie, 2015; Sutton and Higgins, 2008). Heterogeneity is of great
interest because the the differences between the studies can impact the interpretation of the
synthesised result from meta-analysis. McKenzie, Beller, and Forbes (2016) note that in the
presence of substantial heterogeneity, synthesised meta-analysis result such as the average
effect may become at best uninformative.

One particular cause of between study to study heterogeneity is differing covariate struc-
ture. Although the studies in a meta-analysis may look at the effect of a variable of interest
on the same outcome variable, each study may have different design goals in mind. As a re-
sult, these that studies have different covariates (Quartagno and Carpenter, 2016). If we are

9This research used data contributed andmaintained by teammembers of HBGDki project, which is funded
by Bill andMelinda Gates foundation.
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synthesising regression coefficients in a IPD setting, the differing covariate structure means
we have different regression models across the studies, as shown in Table 4.1. One method
of dealing with this problem would be to manually perform variable selection across all the
studies so all the studies have the set of relevant variables. Another technique we can adopt
for IPD meta-analysis is to impute missing covariates so that all the studies have the same
covariates (Quartagno and Carpenter, 2016). In practice, such an approach can be very cum-
bersome and impractical.

In this work, we propose using propensity scores as ameans to adjust for different covari-
ates across the studies of ameta-analysis in an IPD setting. In particular, using the propensity
scores to perform covariate adjustment, to control for covariate effects in regression mod-
els (Elze et al., 2017). Covariate adjustment using propensity score summaries all the char-
acteristics of individual subjects into a single covariate (Elze et al., 2017), which we then use
in our regressionmodel involving the outcome variable. By using propensity scoring, we can
obtain equivalent regressionmodels across all the studies in ameta-analysis.

An additional issue we need to address ismissing data. Themissingness in this context is
about observations not having recorded values for variables, as opposed to studies missing
the covariates directly as in the case above. Since our studies have many covariates, we may
nothave enoughobservations in someof the studies to estimate thepropensity scoresusing a
complete caseanalysis. Asa result, beforewecalculateourpropensity scores,wealsoperform
imputation using MICE (van Buuren and Groothuis-Oudshoorn, 2011). Addressing missing
data issue usingMICE is further explored in a later section.

The structure of this chapter is as follows. Section 4.2.1 provides an overview of the tech-
niques used in this chapter such as meta-analysis and propensity scores. This is followed
by Section 4.3 where we show the application of our methods to child growth data from the
Healthy Birth Growth & Development knowledge integration (HBGDki) project sponsored
by the Bill and Melinda Gates Foundation. We then discuss the result of the analysis in Sec-
tion 4.4, follow by a discussion of future research in Section 4.6.

4.2 Methods used in this chapter

4.2.1 Meta-analysis

Sutton and Higgins (2008) describe meta-analysis as a ‘two-stage’ approach, where analyses
are performed on individual studies, then their results are combined as a weighted average.
Suppose we have k = 1, 2, . . . , κ independent studies. In the first stage, we perform an anal-
ysis on each of the separate studies such that we have {θ1, θ2, . . . , θκ} results. In the second
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stage, we combine our results to obtain an overall estimate θ̂, which is

θ̂ =

∑
wk θk∑

wk
,

wherewk is the weight for k th study. The weights are calculated under two different assump-
tions according to two types of meta-analysis models, fixed effect and random effect meta-
analysis (McKenzie, Beller, and Forbes, 2016; Normand, 1999; Sutton and Higgins, 2008).

In the fixed effect model, the result from each study is assumed to be distributed around
a common result. That is, there is a common result that is shared by all the studies (Normand,
1999). Denoting θ as the common result, estimate from the k th study can be characterised as

yk = θ + εk ,

where εk is the estimation error of the estimator obtained from the k th study, which is the
standard error of the estimate, sk = SE(yk ) (McKenzie, Beller, and Forbes, 2016). We can
further assume that estimates fromeach study yk are realisations fromaGaussiandistributed
population of estimates with the common result θ as themean (Normand, 1999), such that

yk ∼ N(θ, εk ) .

The weights assigned to each study wk is the inverse of the variance of the estimate within
each study, i.e., wk = 1/[SE(yk )]

2 (McKenzie, Beller, and Forbes, 2016). In the fixed-effect
model, only the variation of the result from each study, from the common result is modelled.
That is, the study to study variation is not modelled. As well, statistical inference using the
fixed effectmodel then restricted to the set of κ studies included in the analysis (Viechtbauer,
2010). Note that thewaydivide and recombine technique calculates the common result from
distributed data is the same as the fixed effect model.

Toaccount for study tostudyheterogeneity,weuse the randomeffectmeta-analysismodel,
which models the study specific estimates and the overall result as distributions. The study
specific estimate ismodelled as a sample froma study specificdistributionwithmeanu . That
is, for the k th study, the study specific estimate is

yk = uk + εk ,

under a Gaussian distribution withmeanuk ,

yk ∼ N(uk , ε2k ) .

4 META-ANALYSISWITH PROPENSITY SCORING 95



The interpretation here is that for k th study, there is a ‘true’ effect uk , which is estimated yk ,
with someamountof error εk . In randomeffectsmeta-analysismodel, the ‘true’ effectswithin
individual studies are also considered as samples from aGaussian distribution with the com-
mon result θ as themean, and with variance τ2

uk ∼ N(θ, τ2) .

The inference from random effects model is different from fixed effect model because the
studies are considered to be samples from a hypothetical population of studies that can be
conducted (Viechtbauer, 2010), as opposed tobeing limited to thenumber of studies as in the
fixed effectmodel. Since there are distributions at two levels, wenowhave two sources of vari-
ations, the study to study variation (τ2), and thewithin study variation [SE(yk )]

2. Theweights
assigned to each study during synthesis becomes (McKenzie, Beller, and Forbes, 2016)

wk =
1

(τ2 + [SE(yk )]2)
.

See Normand (1999, Figure 3 and Figure 4) andMcKenzie, Beller, and Forbes (2016, Figure 1)
for illustrations that show these two different models. The incorporation of study to study
heterogeneity allows the the random effectmodel to take into account different study design
characteristics. This makes the random effects meta-analysis model to be suitable for use
with distributed data, since the units of distributed data can have different characteristics. As
a result, in this chapter, we use the random effects meta-analysis.

Note both the fixed effect and random effect meta-analysis assume normality in their
models. Jackson andWhite (2018) discuss the implication and limitation of this normality as-
sumption. Incaseswhere thisassumptiondoesnothold, alternativemethodssuchasBayesian
models can be used. Lee and Thompson (2008) demonstrate the use of Bayesian hierarchy
model to perform random effect meta-analysis on a dataset where the results from some of
the studies are outliers. Instead ofmodelling the random effects as Gaussian distributed, Lee
and Thompson (2008) model the random effects with different distributional assumptions
such as t-distribution, skewed-normal and skewed-t.

4.2.2 Propensity scoring

Randomised controlled trials (RCT) inmedical setting often are designed to determine the ef-
fect of a particular ‘treatment’. Inmany of these trials, the ‘treatment’ is binary in nature. The
comparison of interest is between subjects in ‘treated’ and ‘un-treated’ group, or between
‘treated’ and ‘control’ group. The randomisation of the assignment ‘treatment’ to subjects
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allows an unbiased estimate of the average treatment effect to be calculated. In contrast to
randomised controlled trials, there is no guarantee of randomised treatment assignment to
subjects in observational studies. As a result, there can be systematic difference of the co-
variates between the ‘treated’ and ‘un-treated’ (or ‘control’) group (d’Agostino, 1998). Due
to this systematic difference, when we calculate the average treatment effect, we’ll have bias
in our estimates (Austin, 2011; Gelman and Hill, 2006; d’Agostino, 1998). The technique of
using propensity score, developed by Rosenbaum and Rubin (1983) is a way to address the
challenge of performing statistical inference using observational studies.

In the context of binary ‘treatment’, thepropensity score is the conditional probability of a
subject being ‘treated’ (or ‘exposed’) given the subject’s covariates (d’Agostino, 1998). Specif-
ically, those covariates that are pre-treatment Gelman and Hill (2006). Rosenbaum and Ru-
bin (1983) showed that if the covariates of the subjects are sufficient to control for confound-
ing, then adjusting for the propensity score is also sufficient (Vansteelandt andDaniel, 2014).
Propensity scoring methods allow us to mimic covariate balance of randomised controlled
trials through the propensity score. Subjects with similar propensity score should on average
have the samedistributionof the covariates, regardless of their assignments to the ‘treatment’
or ‘non-treatment’ (‘control’) group (Elze et al., 2017). Traditionally, propensity score meth-
ods use a binary treatment variable. However, recent works such as Imai and Van Dyk (2004)
and Yang et al. (2016) generalise the propensity score methods to allow for multiple levels,
and continuous propensity scores.

The propensity score is a scalar value for each individual subject. To estimate the propen-
sity score, we regress the ‘treatment’ variable on the pre-treatment covariates of the subjects.
For the j th subject, the propensity score model (Austin, 2011) is then

zj = δ0 + δ1x1j + δ2x2j + . . . + δp xp j + εj , (4.1)

where zj is the ‘treatment’, εj ∼ N(0,σ2
ρ) and x1, x2, . . . , xp are the pre-treatment covariates.

For a binary ‘treatment’ (i.e., zj ∈ {0, 1}) (4.1) can be fitted using logistic regression. With re-
gards to pre-treatment covariates to include in (4.1), Elze et al. (2017) recommends including
all the pre-treatment covariates that are related to the outcome and/or ‘treatment’ variable,
but exclude those that are exclusively related to ‘treatment’. The predicted values from (4.1)
then become the estimated propensity scores ρj , i.e., ρj = ẑj .

Somepopularwaysofusingpropensity scoresarepropensity scorematching, inverseprob-
ability of treatment weighting and covariate adjustment using propensity score where the es-
timatedpropensity scores as a covariate in theoutcomemodel (Austin, 2011;Williamsonand
Forbes, 2014; Williamson et al., 2012).
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Propensity scorematching follows the definition of the propensity score closely, whereby
subjects with similar propensity scores have similar distribution of covariates. Using this
definition, subjects with similar propensity scores in the ‘treatment’ and non-treatment (or
‘control’) group (assuming a binary ‘treatment’) arematched. Another way of thinking about
matching is that propensity scorematching discards observations so that the remaining sub-
jectshavesimilar covariatedistributionacross the ‘treatment’ andnon-treatmentgroups (Gel-
man and Hill, 2006). Statistical analysis using these matched subjects mimic analysis that
would have been performed using subjects from a randomised controlled trial.

In the inverse probability of treatment weightingmethod, subjects in the original dataset
areweightedby the inverseof their propensity scores to create apseudo-population, inwhich
the subjects have similar distribution of covariates (Austin, 2011; Pearl, Glymour, and Jewell,
2016). The effect of ‘treatment’ is then estimated directly from this pseudo-population.

Finally, propensity scores can be used as a form of covariate adjustment, with the out-
come variable regress on the ‘treatment’ and the propensity score. The response model for
j th subject is

yj = α0 + α1zj + α2ρj + εj (4.2)

where y is the outcome variable, z is the ‘treatment’ variable, and ρ is the estimated propen-
sity score, and ε ∼ N(0,σ2) is the error term. Using propensity score this way allows the
investigator of a dataset to control formany covariates as possible, which allows for the possi-
bility that any of themare confounding covariates (Gelman andHill, 2006). This is in contrast
to to the traditionalmethod of covariate adjustment, where amultivariate regression the out-
come variable is regressed on all relevant covariates are fitted (Elze et al., 2017; Williamson
and Forbes, 2014), where the relevant covariates are selected with methods such as forward
selection, or comparing somemeasure of the fittedmodel such as the AIC.

One advantage of usingpropensity score in covariate adjustment compared to traditional
multivariate regression is that since the propensity score is scalar, it allows us to use a sim-
pler model for confounding adjustment that might not be possible with high-dimensional
confounders (Vansteelandt and Daniel, 2014). This advantage becomes clear when covari-
ate adjustment needs to be performed for multiple studies. For instance, suppose we have κ
studies with different covariate structures as shown in Table 4.1 (the model structure is in R

formula format to emphasis the covariates in each model). Due to different covariate struc-
ture within each study, the response model (outcomemodel) from individual study are differ-
ent. As such, the studies can be considered as having different models. One way to create
a common model across all the studies is through the use of propensity scores. By perform-
ing covariate adjustment using the propensity score model shown in (4.1), we can create the
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same responsemodel across all the studies as shown in Table 4.2.
There are othermethods for combing regression slopeswithout using propensity scoring.

Liu, Liu, and Xie (2015) combine confidence density functions instead of summary statistics
fromeachstudy inameta-analysis. Confidencedensities are sampledependentdistributions
that provide all aspects of statistical inference for a parameter of interest (Liu, Liu, and Xie,
2015, p.328). Since they containmore information than just a summarymeasure, confidence
density functions can incorporate thevariationsbetweenstudies intometa-analysis. Another
approach taken byBecker andWu (2007) involves using generalised least squaresmethods to
combine the regression slopes across studies, provided the variance-covariancematrix of the
regression slopes of the individual studies are available. These methods however, require ex-
tra calculation such as density of confidence intervals, which can add additional complexity
to themeta-analysis process.

Covariates Model structureStudy Y Z X1 X2 X3 . . . Xp

S1 � � � � � . . . Y = Z + X 1 + X 2 + X 3
S2 � � � � . . . � Y = Z + X 1 + X 3 + Xp

S3 � � � . . . Y = Z + X 2
...

...
...

...
...

...
...

...
...

SK � � � � Y = Z + X 1 + X 2

Table 4.1: An illustration of varying covariate structures across studies. Y is the outcome variable, Z
is the covariate of interest, and X1,X2, . . . ,Xp are other covariates. In order to emphasis the
covariates in each model, the model structure is shown as R formula format. A checkmark
� indicates the presence of the covariate in the study (i.e., not 100% missing). The model
structure shows the dependency of the outcome variable on the other covariates. Different
studies can have different covariate structure due to different study designs.

4.2.3 Imputation via MICE

Before theestimationofpropensity scores the issueofmissingdataneedsbeaddressed. Miss-
ing data in this context refer tomissing values of covariates, which is also known as item non-
response (Lee and Simpson, 2013). We can always perform a complete case analysis by ignor-
ing subjects with item non-responses. However, removing too many subjects with missing
data can introduce bias to our estimates of regression coefficients since the model is fitted
using those subjects with all the covariate measurements (Lee and Simpson, 2013). Another
possible strategy of dealing with missing data is to use likelihood based methods that allows
for missing data such as EM algorithm (van Buuren and Groothuis-Oudshoorn, 2011). How-
ever, such approach is sensitive tomodelmis-specification. Amore robust approachwe take
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Other covariates Model structureStudy Y Z X1 X2 . . . Xp ρ

S1 Y1 Z1 � � . . . � Y1 = Z1 + ρ1
S2 Y2 Z2 � . . . � � Y2 = Z2 + ρ2
S3 Y3 Z3 � . . . � Y3 = Z3 + ρ3
...

...
...

...
...

...
...

...
...

SK YK ZK � � � YK = ZK + ρK

Table 4.2: An illustration of using propensity scoring as covariate adjustment acrossmany studies.Y is
the outcome variable,Z is the ‘treatment’ variable (or variable of interest), andX1,X2, . . . ,Xp

are other covariates. ρ is the estimated propensity score for each study. In order to emphasis
the covariates in eachmodel, themodel structure is shown as R formula format. The propen-
sitymodel allows controlling ofmany covariates in case one of them is a confounder variable.
Using propensity score this waymeans the model of interest for each study is the same.

is multiple imputation approach by Rubin (1987).

In general, there are two approaches to imputing multivariate data, joint modelling (JM)
and fully conditional specification (FCS) (VanBuurenet al., 2006). In jointmodelling,missing
values are drawn from a parametricmultivariate density that relates the data and all parame-
ters (VanBuuren et al., 2006). The jointmodelling approach canbe viewed as imputing all the
missing values simultaneously (Lee and Simpson, 2013). Schafer (1997) outlines the different
multivariate distributions that can be used in joint modelling technique. Multivariate impu-
tation using jointmodelling however, is not flexible in the sense itmay be difficult to perform
imputation with non-standardmultivariate densities.

In the fully conditional specification (FCS) method, instead of specifying a density in-
corporating all the covariates, density models for the individual covariates with missing val-
ues, conditioned on the observed covariates (including the outcome variable) are generated.
One of the most commonly used implementation of fully conditional specification method
is the multi-variate imputation by chained equations (MICE) (van Buuren and Groothuis-
Oudshoorn, 2011). Due to its flexibility and software availability, weuseMICE to imputemiss-
ing values.

Inmultiple imputation techniques, plausiblevalues for themissingdataare sampled from
predictivedistributions (Mitra andReiter, 2016). InMICE, theplausible values formissing val-
ues aremodelled through iterative regressionmodels and Gibbs sampling of the conditional
densities of these regression models. The result of multiple imputation is a set of complete
data that can then be used in analysis. These presence of multiple complete datasets require
additional consideration in in our modelling process.

In the simplest case of fitting a regression model using dataset missing values, as out-

100



lined in van Buuren and Groothuis-Oudshoorn (2011, Section 2.2), we first impute the miss-
ing values using technique such as MICE resulting in a number of imputed datasets (com-
plete datasets). We then fit our regression model using each of the imputed datasets. We
will havemultiple regression coefficients for each of the parameters in themodel frommulti-
ple datasets. We then pool these regression coefficients using Rubin’s Rule (McKenzie, Beller,
and Forbes, 2016). To clarify, suppose we have data from a single study s1 with missing data.
Assume MICE will generates five imputed datasets {s (1)1 , s (2)1 , s (3)1 , s (4)1 , s (5)1 }, where the super-
script indicates the imputation number. Suppose we fit the regressionmodel in (4.2) to each
of the imputed data set, and our coefficient of interest is α1. Since there are five imputed
datasets, we will have five estimates {α̂(1)

1 , α̂(2)
1 , α̂(3)

1 , α̂(4)
1 , α̂(5)

1 }. These estimates, and their
standard errors are then pooled using Rubin’s Rule to obtain an overall estimate and its corre-
sponding uncertainty.

Ourwork differs from the analysis flowdescribed in previous paragraph in two important
ways. Firstly, we havemultiple datasets from different studies in HBGDki, whichmeans after
multiple imputation, we will have multiple imputed datasets per study. Secondly, our goal is
toperformameta-analysis of the regression coefficient for growth velocity, across all the stud-
ies. Since we have multiple imputed datasets per study we have an additional complication
to consider with regards to the order of analysis step.

There are two different paths to performing meta-analysis using imputed datasets from
multiple studies, as shown inBurgess et al. (2013, Figure 1). Oneoption is to apply the conven-
tional method as described above per study, i.e., for each study fit regression models on the
imputed datasets, then pool the estimates. We thenmeta-analyse the pooled regression coef-
ficients across all the studies. QuartagnoandCarpenter (2016) call this approach ‘RR thenMA’
(Rubin’s Rule, then meta-analysis). Using the notation from previous paragraph suppose we
have two studies {s1, s2}withmissing values. AssumingMICEgenerates five imputed sets, we
have2×5 = 10 total numberof imputeddatasets {s (1)1 , s (2)1 , s (3)1 , s (4)1 , s (5)1 , s (1)2 , s (2)2 , s (3)2 , s (4)2 , s (5)2 }.
We then fit our regressionmodel on these imputed datasets, with α as our coefficient of inter-
est, we have {α̂(1)

1 , α̂(2)
1 , α̂(3)

1 , α̂(4)
1 , α̂(5)

1 , α̂(1)
2 , α̂(2)

2 , α̂(3)
2 , α̂(4)

2 , α̂(5)
2 }. In ‘RR thenMA’ approach, the

next step is to pool these estimateswithin each study. Denoting α̂∗
k as the pooled estimate of

α for the k th study, with our example, pooling our estimates will result in {α̂∗
1, α̂

∗
2}. We then

performmeta-analysis over these pooled estimates.
An alternative approach to ‘RR then MA’ is ‘MA then RR’, meta-analysis followed by Ru-

bin’s Rule(Quartagno and Carpenter, 2016). In this alternative approach, we fit regression
models on the imputed datasets as before, but instead of pooling the estimates, we firstmeta-
analysis on the coefficients across imputation order, then pool the combined estimates. To il-
lustrate this alternative approach, using the samenotation as abovewith twodatasets {s1, s2}
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with missing data. Assuming MICE generates five imputed datasets per study so that we
have {s (1)1 , s (2)1 , s (3)1 , s (4)1 , s (5)1 , s (1)2 , s (2)2 , s (3)2 , s (4)2 , s (5)2 } imputed data sets. The major difference
from previous method is that instead of performing analysis on each study, we perform it
on same imputed dataset across studies. As in the previous method, assuming α as our co-
efficient of interest, when we apply regression to these imputed datasets, we have {α̂(1)

1 , α̂(2)
1 ,

α̂
(3)
1 , α̂(4)

1 , α̂(5)
1 , α̂(1)

2 , α̂(2)
2 , α̂(3)

2 , α̂(4)
2 , α̂(5)

2 }. Instead of pooling these estimates within each study,
wemeta-analyse them according to their imputation order. That is, we first group these esti-
matesaccording to their imputationnumber so thatwehave {α̂(1)

1 , α̂(1)
2 }, {α̂(2)

1 , α̂(2)
2 }, {α̂(3)

1 , α̂(3)
2 },

{α̂
(4)
1 , α̂(4)

2 }, {α̂(5)
1 , α̂(5)

2 }. Performing meta-analysis on each group of estimate, we have the
following combined estimates {α̂(1), α̂(2), α̂(3), α̂(4), α̂(5)}. We then pool these combined esti-
mates using Rubin’s Rule.

Burgess et al. (2013) performed a simulation study to examine the characteristics of com-
bining imputation and individual participant data meta-analysis. They recommend the ‘RR
then MA’ approach. The main reason is that the multiple imputation process generates ad-
ditional heterogeneity, which can add to the heterogeneity of the meta-analysis. Therefore,
to separate the study to study heterogeneity from heterogeneity due to multiple imputation,
analysis using the imputed datasets should first be combined with Rubin’s Rule.

4.3 Application to child growth data fromHBGDki

TheHealthyBirth,GrowthandDevelopmentknowledge integration (HBGDki) initiative, spon-
sored by the Bill andMelindaGates Foundation, aims to develop better interventions for chil-
dren with faltering growth (Jumbe, Murray, and Kern, 2016). As part of achieving this goal,
HBGDki has collated child growthdata fromover 100 studies (Anderson et al., 2018)with vary-
ing characteristics. These studies can be longitudinal or cross-sectional, have different ques-
tionof interest, and the subject cohorts are fromdifferent countries. Andersonet al. (2018) de-
scribe21of these studieswith longitudinalmeasuresashaving800,000observations recorded
for over 100,000 subjects. Using the data fromHBGDki, our question of interest is the overall
effect of average physical growth velocity of the subjects with their first year, on their cogni-
tive growths. To explore this question, we apply the methods described in Section 4.2.1 to a
set of longitudinal studies from HBGDki. By combining propensity scoring with random ef-
fectmeta-analysis, we address the challenge of performingdata analysis ondatawith varying
characteristics.

We are interested in the physical growth of children during their first year because linear
growth during these initial periods impacts child development later on life (Kowalski et al.,
2018), such as cognition. One measure of physical growth is the height (length) of the chil-
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dren. Instead of directly using physical measurement in our model, we use their statistical
standardised equivalents. For height, this means using height for age z-score (HAZ) from the
World Health Organisation (WHO) standardised growth charts (Ebrahim, 2010; Onis et al.,
2006). TheWHO standardised growth charts allow physical growth of a child to be quantified
at a particular age, and allow comparison with the population distribution of children at the
same age and sex (Anderson et al., 2018).

There are many types of models that can be used to model child growth, such as poly-
nomial, penalised splines and also techniques such as Super Imposition by Translation And
Rotation (SITAR) by Cole, Donaldson, and Ben-Shlomo (2010) (Anderson et al., 2018). In this
work, wemodel the physical child growth using the broken stickmodel, which is a piecewise
linear spline model (Fitzmaurice, Laird, andWare, 2011). We use the brokenstick model due
to its ease of construction and interpretability. In addition, when Anderson et al. (2018) com-
pared the predictive abilities of various growth modelling techniques on longitudinal child
growth data, the brokenstick model has a high accuracy rate.

To model height for age z-score (HAZ), we construct our brokenstick using first order B-
Spline basis functions placed at five evenly spaced knots across the first year of a child’s age.
Weplace twoof these knots at the birth and at one year of age. In this setup, these two knots at
the beginning and the endof the age of interest are called external knots. The three remaining
knots, are placed at three, six and ninemonths of a child’s age. In our setup, these three knots
are called internal knots. We are aware that there are othermethods of knot placements, such
as using quantiles of the data (Ruppert, Wand, and Carroll, 2003b, Section 5.5.3). We chose
this particular knot placement strategy due to its interpretability aswell as ease of calculating
the growth velocity.

Since the growth pattern can vary from children to children, we are particularly inter-
ested in growth velocity. Growth velocity measurement are particularly useful for modelling
‘stunted’ growth and potential subsequent recovery growth. In this work, the growth velocity
measure we use is the average of the first year growth velocity, which is a single numerical
value for each children in a study.

Once we have constructed growth trajectories for all the subjects in each study, we then
calculate the average growth velocity across the first year of age for those subjects with cogni-
tive outcome measurements. Since we placed the knots uniformly every three months, the
predicted average growth velocity over one year simply becomes the change in predicted
growth over one year. For a child, assuming ĥi to be the value of HAZ at i th measurement
time, ti as the month where measurement was taken, with i ∈ {1, 3, 6, 9, 12}months, the av-
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erage first year growth velocity can be calculated as

1
4
×

[
(ĥ3 − ĥ1)

(t3 − t1)
+
(ĥ6 − ĥ3)

(t6 − t3)
+
(ĥ9 − ĥ6)

(t9 − t6)
+
(ĥ12 − ĥ9)

(t12 − t9)

]
. (4.3)

Since our knots are placed every threemonths, they are equi-distance. That is

(t3 − t1) = (t6 − t3) = (t9 − t6) = (t12 − t9) = 3 .

Substituting the constant month differences into (4.3), the average growth velocity over one
year then simplifies to

1
4
×
1
3
×

[
(ĥ3 − ĥ1) + (ĥ6 − ĥ3) + (ĥ9 − ĥ6) + (ĥ12 − ĥ9)

]
=

ĥ12 − ĥ1

12
,

which is the change of HAZ over one year.

For the cognitive growth of the children, we use results from cognitive tests as the mea-
surement. As with physical growth modelling, there are many types of tests that can be ad-
ministered to measure cognitive growth. In this work, we prefer the global cognitive tests,
which are well known battery of tests that can be tailored to different countries and cultures.
Some example of these global cognitive tests are Bayley Scales of Infant Development (BSID),
Wechsler Intelligence Scale for Children (WISC), and Wechsler Abbreviated Scale of Intelli-
gence (WASI). In our analysis, we use the cognitive test results from either around two or
seven years age. To examine the effect of average first year growth velocity on the cognitive
outcome, we have the following regressionmodel for the j th study

yj = β0 + β1zj + . . . + βp xp + ε j , (4.4)

where yj is thecognitiveoutcome, zj is theaveragegrowthvelocity in thefirst year,x2, x3, . . . , xp

are the subject specific covariates such as sex, and ε j is the error term. Themethods outlined
in Section 4.2.1 are used to address various challenges when attempting the perform meta-
analysis on the estimated coefficients for the average growth velocity in the first year in (4.4)
i.e., β̂1. As described in Section 4.2.1, the goal is to have the samemodel across all the studies
through the use of propensity score, while taking into account themultiple imputed datasets.

Thecovariatesx2, x3, . . . , xp in (4.4)are referred toas subject-specificcovariates since they
are constant throughout the time period in which data was collected. They include covariate
specific to the subject such as sex, birth weight, as well as social-economic covariates such as
parents education level and income. Inmany studies withinHBGDki, these social-economic
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covariates can bemissing, in the sense of item non-response, i.e., values of the covariate not
recorded for some subjects. We can ignore the subjects with missing values and use a com-
plete case analysis, however since there are many social-economic covariates, we will be dis-
carding a lot of subjects. As such, wewill have an inefficientmodelwhenusing complete case
analysis. In addition, themodel will have bias since the data contain only those subjects who
have all the covariates.

In order to use asmany subjects as possible in our analysis, we impute themissing values
using MICE (van Buuren and Groothuis-Oudshoorn, 2011). Not all the missing data should
be imputed however. If there are too many missing values, imputation introduce instability
to the estimation process. In this work, we do not impute variables that have more than 50%
of their values aremissing. In addition, since the plausible values to impute thatMICE gener-
ates depend on the observed values in the variable, we also do not impute those categorical
variables which havemultiple levels, but we only observe one level.

Data from one study
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100 9.000.9 …NA 55.00

…1.5120 70.00NA NA
…1.0 NA100 60.0015.00
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80 0.5 10.00 15.00 … 50.00

25.00 50.001.0 8.00 …60
100 9.000.9 …13.00 55.00

…1.5120 70.0020.00 9.00
…1.0 10.00100 60.0015.00

Y Z X1 X2 … Xp
80 0.5 10.00 15.00 … 50.00

Imputation #1

25.00 50.001.0 8.00 …60
100 9.000.9 …10.00 55.00
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…1.5120 70.0019.00 11.00
…1.0 10.50100 60.0015.00

Y Z X1 X2 … Xp
80 0.5 10.00 15.00 … 50.00

Imputation #3

1.060
100 0.9

1.5120
1.0100

Y Z
80 0.5 2.00

5.00
8.00

3.00
10.00

ρ

1.060
100 0.9

1.5120
1.0100

Y Z
80 0.5 2.50

6.00
8.50

3.00
9.00

ρ

1.060
100 0.9

1.5120
1.0100

Y Z
80 0.5 1.50

5.50
8.30

3.00
9.50

ρ

Estimate propensity scores and
fit outcome regression model

Y = Z + ρ

β̂11

β̂12

β̂13

SE(β̂13)

SE(β̂12)

SE(β̂11)

Figure 4.1: In ‘RR then MA’ approach, the sequence of operation is to first impute using multiple im-
putation, follow by estimation of the propensity scores, and then fit the regressionmodel of
interest. These estimated regression coefficients { β̂11, β̂12, β̂13} are then pooled. Each study
now has a pooled estimate, which we use in our random-effect meta-analysis.

In Section 4.2.1, we describe the two methods of analysis workflow to take into account
multiple imputed datasets generated byMICE, namely ‘RR thenMA’which involves applying
Rubin’s Rule first, then perform meta-analysis, or its alternative ‘MA then RR’ which is the
reverse. In this work we use the ‘RR thenMA’ approach, as illustrated in Figure 4.1.
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Following the ‘RR then MA‘ approach, we first impute the missing values within each
study. The imputation process will generate multiple imputed datasets. We then estimate
the propensity scores using the propensity scoremodel shown in (4.5), where our ‘treatment’
variable is the average of first year growth velocity of the subjects. Assuming we have κ stud-
ies indexed by k ∈ {1, 2, . . . , κ}, and for each study there are M imputed datasets indexed
by m ∈ {1, 2, . . . ,M }, with N number of subjects indexed by j ∈ {1, 2, . . . ,N }. Denoting z

as the average first year growth velocity, and x1, x2, . . . , xp as subject-specific covariates, the
propensity scoremodel for j th subject of mth imputed dataset within k th study is

z(j mk ) = δ0(mk ) + δ1(mk )x1(j mk ) + δ2(mk )x2(j mk ) + . . . + δp(mk )xp(j mk ) + ε(j mk ) , (4.5)

where ε(j mk ) ∼ N(0,σ2
z ). The estimated propensity score, per imputed dataset, per study, de-

noted by ρ(j mk ) is thepredicted values from (4.5), i.e., ρ(j mk ) = ẑ(j mk ). We thenfit our outcome
regression model by regressing the cognitive measurement (y ), on the estimated propensity
score (ρ) and the average first year growth velocity (z ). For the j th subject of mth imputed
dataset within k th study, the outcomemodel is

y(j mk ) = β0(mk ) + β1(mk )z(j mk ) + β2(mk )ρ(j mk ) + ε(j mk ) , (4.6)

where ε(j mk ) ∼ N(0,σ2
c ). For M imputed datasets in k th study, we have { β̂k1, β̂k1, . . . , β̂k M }

as the estimated regression coefficients for average first year growth velocity. We then pool
these for each study using Rubin’s rule (Rubin, 1987). The pooled estimate for k th study is

βk ,MI =
1

m

M∑
m=1

β̂(k m) .

To pool the standard errors, Rubin rule takes into account the variation within the imputed
datasets as well as the variation across the imputed datasets. The pooled standard error for
k th study is

SE(βk ,MI) =

√
Vk + (1 +

1
M

)Bk , (4.7)

whereVk pools the variations within each of the imputed the dataset, calculated as

Vk =
1

M

M∑
j=1

[SE( β̂(k m))]
2 ,
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and B is the variation between the imputed data calculated as

Bk =
1

M − 1

M∑
j=1

(
β̂(k m) − βk ,MI

)2 .

After thecompletionof theaboveprocess foreachstudy,weapply randomeffectmeta-analysis
on thepooled regressionestimates {β1,MI, β2,MI, . . . , βk ,MI} and their corresponding standard
errors across κ studies.

4.4 Results

Study Cognitive
measurement

Number
of subjects

Age of cognitive
measurement

Estimated
coefficient
(βk ,MI)

Standard
error
(SE(βk ,MI))

cvb General IQ 147 8 years ± 6
months

-0.0837 0.356

cph Academic
Attainment

2166 11 years 0.285 0.159

cph General IQ 2252 8.5 to 9 years 0.792 0.323
cppbtn WISC 8676 7 years 0.483 0.192
cpprmd Stanford-Binet 1762 4 years 0.239 0.314
cpprmd WISC 2719 7 years 0.491 0.246
cppbtm Stanford-Binet 2551 4 years 0.802 0.321
cppbtm WISC 2403 7 years 0.806 0.291
cppbfl Stanford-Binet 1471 4 years 0.8 0.585
cppbfl WISC 2077 7 years 0.916 0.433
cppmph Stanford-Binet 1041 4 years -0.378 0.51
cppmph WISC 2815 7 years -0.314 0.324
cppmnp Stanford-Binet 1645 4 years 0.559 0.46
cppmnp WISC 2300 7 years 0.239 0.359
cppnwo Stanford-Binet 1388 4 years 3.3 1.26
cppnwo WISC 2063 7 years 1.14 0.95
cppnwk Stanford-Binet 3030 4 years -0.505 0.395
cppnwk WISC 2792 7 years -0.0604 -1.61
cppphl Stanford-Binet 4570 4 years 0.534 0.27
cppphl WISC 7109 7 years 0.377 0.195
cpppld Stanford-Binet 1713 4 years 0.948 0.357
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Study Cognitive
measurement

Number
of subjects

Age of cognitive
measurement

Estimated
coefficient
(βk ,MI)

Standard
error
(SE(βk ,MI))

cpppld WISC 2407 7 years 0.769 0.277
cpppvd Stanford-Binet 1665 4 years 1.32 0.44
cpppvd WISC 2983 7 years 0.314 0.285
gto Bayley

Cognitive
151 2 years 1.473 1.781

jta Bayley
Cognitive

677 2 years -0.422 0.461

nhb Bayley
Cognitive

398 1-2 years 0.477 0.628

pvd Bayley
Cognitive

421 2 years 0.51 0.322

pvd WPPSI 225 4 years 2.14 0.66
pvd Raven 415 2 years 1.35 0.491
pbt WASI 147 6 years -1.064 2.087
scc General IQ 397 5.5 to 6 years -0.050 1.020

Table 4.3: Estimated regression coefficients and standard errorswhen propensity scores are usedwithin
each study. WISC stands for Weschler Intelligence Scales test. WPPSI stands for Wechsler
Preschool and Primary Scale of Intelligence test. WASI stands forWechsler Abbreviated Scale
of Intelligence test.

Theresultofperforming randomeffectmeta-analysisonregressioncoefficients is summarised
in Table 4.3 and the forest plot is shown in Figure 4.2. Meta-analysis was performed using
metafor (v2.0.0) (Viechtbauer, 2010) software package in R (v3.4.3) (R Core Team, 2017). We
have anonymised the names of the studies during themeta-analysis process. The forest plot
in Figure 4.2 shows that the overall effect of average growth velocity on cognitive outcome
is slightly positive (mean effect size of 0.46 with (95%CI 0.31, 0.61). Figure 4.2 also indicate
that there are considerable variations between the estimates in each study; most of the stud-
ies with positive effects have narrow confidence intervals, while studies with negative effects
have wider confidence intervals. The measure of between study variance, τ2, estimated us-
ing restricted maximum likelihood REML, in τ2 = 0.0439 (95%CI 0.0053, 0.4524). The I 2

statistics, which indicates the percentage of of total variation across studies that are due to
heterogeneity rather than chance (McKenzie, Beller, and Forbes, 2016) is estimated to be
27% (95%CI 4.298%, 79.21%).
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RE Model

cpppvd,WISC
cpppld,WISC
cppphl,WISC
cppnwk,WISC
cppnwo,WISC
cppmnp,WISC
cppmph,WISC
cppbfl,WISC
cppbtm,WISC
cppbtn,WISC
cpprmd,WISC
cpppvd,Stanford−Binet
cpppld,Stanford−Binet
cppphl,Stanford−Binet
cppnwk,Stanford−Binet
cppnwo,Stanford−Binet
cppmnp,Stanford−Binet
cppmph,Stanford−Binet
cppbfl,Stanford−Binet
cppbtm,Stanford−Binet
cpprmd,Stanford−Binet
cvb,General IQ
nhb,Bayley Cognitive
jta,Bayley Cognitive
cph,Academic attainment
cph,General IQ
pbt,WASI
gto,Bayley Cognitive
scc,General IQ
pvd,Raven
pvd,WPPSI
pvd,Bayley Cognitive
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 0.81 [ 0.24, 1.38]
 0.48 [ 0.11, 0.86]
 0.49 [ 0.01, 0.97]
 1.32 [ 0.46, 2.18]
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Figure 4.2: Forestplot fromthe randomeffectmeta-analysis of the estimated regression coefficientswith
covariate adjustment using propensity scores. The vertical dotted line indicates no effect.
There is an overall statistically significant effect of average first year growth velocity on the
cognitive test scores 0.46 (95% CI 0.31, 0.61).

4.5 Random effect one stage analysis model

When we have all the individual level data across all studies, an alternative method of meta-
analysis is to fit a mixed model regression using all the data. This approach of performing
analysis using all the individual level data is known as one-stage individual participant data
(IPD)meta-analysis.
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Within thecontextof IPDmeta-analysis, theapproach toobtain the results above isknown
as two-stage IPD meta-analysis because there are two distinct steps involved in the analysis
process. We first perform our analysis on each of the studies, then combine the results using
a random effect meta-analysis model. Recall our outcome regression model for each study,
shown in (4.6) consists of cognitive score regressed on the average first year growth velocity,
and the estimated propensity score.

To aid the explanation of the two IPD models, we first rewrite the outcome regression
model shown in (4.6) by removing the indexation for imputation. Recall in the outcome re-
gression model, y is the cognitive ability measured by scores in a cognition test, z is the av-
erage first year growth velocity and ρ is the estimated propensity score. The first part of our
two-stage IPDmeta-analysis consist of fitting the following regression model for j th subject
in k th study

yjk = β0 + β1zjk + β2ρjk + ε jk , (4.8)

where ε jk ∼ N(0,σ2
g ), and coefficient of interest is β1. For κ studies, we’ll have κ number of

estimated regression coefficients { β̂11, β̂12, . . . , β̂1κ}. The second step of the two-stage IPD
meta-analysis consists of combining { β̂11, β̂12, . . . , β̂1κ} using a weighted average.

In contrast, the one-stage IPDmeta-analysis fit a mixedmodel using all the data from all
the studies. Covariates that vary from study aremodelled as randomeffects. For themodel in
(4.8), one possible one-stage IPD random effect model for j th subject in k th study is

yjk ∼ N(μjk ,σ2
g ) ,

μjk = β0k + β1k zjk + β2k ρjk ,

β1k ∼ N(β1, τ2) . (4.9)

Inmodel (4.8), tomodel the study to studyvariationof thecoefficientof interest β1,we specify
a random effect by modelling the k th coefficient β1k to be a random sample from a sample
froma distributionwith the true value β1 as it’smean. Model (4.8) also takes into account the
study to study variation (τ2) and within study variation (σ2). Another way to represent (4.9)
is

yjk = β0 + (β1 + a1k )zjk + β2k ρjk + εjk , (4.10)

with εjk ∼ N(0,σ2). and a1 ∼ N(0, τ2).
We have modelled β0, the intercept as a common effect, although it’s possible to model

it on a per study basis as a fixed effect, or model it as another random effect (Debray et al.,
2015). The coefficient for average first year velocity is modelled as a random effect (random
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regression slope). The effect of propensity scoring in (4.10) is modelled as a fixed effect, even
though we know it vary study by study.

Similar to the definition of random effect by Searle, Casella, and McCulloch (1992), we
treat average first year growth velocity covariate as random effect because it is part of a larger
population of growth velocities fromdifferent studies. However, the propensity scores covari-
ate is not suitable to be viewed in this way. In our regression model, the role of propensity
scores is that of covariate adjustment. The propensity scores are not treated as randomeffect
because the randomeffect structure is unclear. That is, it is not clearwhether it can be argued
that the propensity scores are random samples from a larger population of propensity scores
across different studies.

The formula format to pass into lmer function of lme4 package in R for themixedmodel
representation shown in (4.10) is

cog nit ion ∼ velocit ie s + pscor e s × st udy + (0 + velocit ie s |st udy ) (4.11)

In (4.11), we first specify the random effects are based on studies. We then specify the
average first year growth velocity to be a random slope; we do not have any random intercept.
For the propensity score term, tomodel a fixed effect that varies across studies, we specify an
interaction term between the propensity score and studies. Note that again, the interaction
term specification for lmer function is to allow the propensity score covariate to vary study
by study.

We apply this random effects mixed modelling to studies with cpp prefix, which makes
up a majority of the studies used for the results in Figure 4.2, but nevertheless have enough
studies). The IPDmixed model estimated the effect of average growth velocity to be 0.42191
(SE 0.07634), this is in the interval from the random effect model 0.4146 (SE 0.0824).

A question of interest is given that we have individual participants data, and IPD meta-
analysis is considered as gold standard, in what scenarios do we perform two-stage analysis
instead. The first scenario is when all the individual participants data are not available, since
the one-stage analysis requires individual participant data across all studies. The second sce-
nario is when the computation cost tomodel the one-stage becomes too large (Damesa et al.,
2017). In terms of addressing very large datasets and distributed data, the two-stage analy-
sis is more suitable when used in conjunction with approaches to address analysis on large
datasets such as as divide and recombine (described in Section 2). In area of agriculture tri-
als, Damesa et al. (2017) and Piepho et al. (2012) show how statistical models fitted on a per
trial basis can be combined to achieve the same model as fitting a large statistical model us-
ing individual trial data. In terms of missing data, imputation in the context of IPD can be
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much more complicated. As discussed by Quartagno and Carpenter (2016), there are two
forms of missing data in the IPD context. Firstly, data can be missing within individual stud-
ies, and secondly, an entire variable can bemissing because it was not collected for that study.
Quartagno andCarpenter (2016) argue that the second case is quite common since IPDmeta-
analyses are often based on opportunistic gathering of datasets. If we are to perform an IPD
meta-analysis, themissingdata in theHBGDkidatasets fall into the secondcategory since the
studieshavedifferentdesignsandpurposes. The imputationmethodproposedbyQuartagno
and Carpenter (2016) in the context of IPD is to use the jointmodelling approach as opposed
to the fully conditional specificationmethod such asMICE.

4.6 Discussion

We have shown that using propensity scoring allow us to perform meta-analysis on a large
number of studies with varying covariate structure in a systematic and automatic way. By
using propensity scores as a covariate in our regression model, we are able to performmeta-
analysisusingaacommonmodel acrossour studies, asopposed toperformingmeta-analysis
onmeasures that come from different models.

We can abstract the concept of distributed data from from Chapter 2 such that they are
analogous to the studies in ameta-analysis. Thinking of distributed data this way provides us
with another method of performing statistical analysis on distributed computing system. In
this approach, we first divide a large data set by studies, we then perform the statistical proce-
dures outlined in this chapter such as multiple imputation and propensity score estimation
within each study. After that we perform the regression, then finally combine the per study
estimates of regression coefficients using meta-analysis. Applying our work to the work by
McMahan et al. (2017), where mobile phones of people are considered as distributed data,
instead of combining the score function using data from individual mobile phones, we can
perform a random effect meta-analysis over the regression coefficients estimates from the
individual mobile phones. As well, since different mobile phones have different capabilities,
the data from the mobile phones can potentially have different covariate structures. We can
address this kind of issue through the use of propensity scoring. As a result, evenwidely used
method such as meta-analysis has a place in statistical analysis of big data using distributed
computing systems. Wenowoutline several other interestingmatterswith regards to thework
in this chapter.

Firstly, there are many methods to model child growth. On the question of which vari-
ables best represent growth and cognition, in this work we use HAZ as the physical measure
of growth. Although this is choice is not entirely arbitrary, depending on the goal of the analy-
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sis, subject matter experts may prefer other physical growthmeasures such as weight on age
z-score (HAZ) or head circumference size. Similarly, most of the studies we use in the meta-
analysis have global cognitive test scores such as those from Bayley and Wechsler family of
tests. With the involvement of subject matter experts, we may be able to determine other
cognitive tests are also comparable, which can lead to more studies being included in our
analysis.

In the same way as the variables, there are also many growth trajectory models. In this
work, we use brokenstick approach tomodel the first year physical growth. Depending on the
question there are many other growth modelling techniques ranging from quadratic model,
splines to functional principal component analysis (Anderson et al., 2018). Another growth
modelling technique is Superimposition by Translation and Rotation (SITAR) (Cole, Donald-
son, and Ben-Shlomo, 2010), which is more sophisticated in that growth trajectories for indi-
vidual subjects are constructed fromapplying transformations to themean growth trajectory
of the study. Althoughweuse thebrokenstickmodel, with the involvementof a subjectmatter
expert, our physical growthmodel may change.

With regards to the use of propensity scores, within traditional setting of a binary ‘treat-
ment’ variable, techniques such as propensity score matching can be achieved easily. A pop-
ular diagnostic of how similar the covariate distribution of subjects in ‘treatment’ and ‘non-
treatment’ groups is to compare the plot of the distributions of the covariates of the subjects
within these groups. Gelman and Hill (2006, Fig 10.7) and Elze et al. (2017, Figure 1) are ex-
amples of this kind of diagnostic plots. In this work however, our estimated propensity scores
are continuous. As a result, the traditional approach of diagnostic such as histogram may
not be possible. Research do exist for continuous propensity score methods. Imai and Van
Dyk (2004) generalisedpropensity scoremethod tonon-binary ‘treatment’ caseswith thegen-
eralised propensity score (GPS). For example, Yang et al. (2016) show that matching using
propensity scores can be performed for multi-level ‘treatment’. Formal methods of diagnos-
tic for continuous propensity scores are topic of active research (Yang et al., 2014).

In thiswork,wehavea linearpropensitymodel, andassume that it is correct. Even though
there is a possibility of model misspecification, work such as Drake (1993) showed that more
bias to the estimates are introduced when the outcome or response model is misspecified,
compared with amisspecified propensity model.

As shown in Section 4.4 in the HBGDki project, we have access to subject level level from
all the studies, as opposed to just having the regression coefficients and their standard errors
from study investigators. As a result, it is possible to fit a random effect model using all the
individual patient data, as opposed to fitting a randomeffectmeta-analysismodel. With indi-
vidual subject data meta-analysis, there is a more sophisticated method of performing data
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imputation. In this work we impute the missing values first, fit our regression models, com-
bine the regression coefficients, then fit themeta-analysis model. In our imputation process,
we ignore any possible study to study variation. That is, the plausible data imputed are drawn
fromobserved datawithin the study. Amore complex approach suggested byQuartagno and
Carpenter (2016) is touse amultilevel jointmodelling approach,with a randomstudy specific
covariance matrix. Quartagno and Carpenter (2016) claim that their method allows IPD im-
putation to retain the between study heterogeneity. An important difference we need to con-
sider when imputing data this way is the order of analysis. Asmentioned before, in this work,
we perform imputation within studies, then performmeta-analysis (‘RR thenMA’). If we use
the imputationmethodproposed byQuartagno andCarpenter (2016), we have to treat all the
data as one dataset. As a result, when we apply imputation, we perform meta-analysis first,
then applyRubin’s rule. This is illustrated inFigure 4.3wherewe treat data fromall the studies
as a single dataset. With this setup, after imputation using amethod proposed by Quartagno
andCarpenter (2016), for example,wefit our random-effectmeta-analysismodel for each im-
puted dataset. We then combine the estimates from the meta-analysis models using Rubin’s
Rule. This is equivalent to performing regression on each of the imputed data then pooling
them.

Although we apply ‘RR thenMA’ approach, the effect of different sequence of operations
in different context is an interesting area for future research. For example, in the context of
using multiple imputation with only propensity score matching, Mitra and Reiter (2016) ex-
plored how to estimate the treatment effect with twomethods. In the firstmethod, treatment
effect are first estimated using propensity score matching using each of imputed datasets
(which has complete data), then these estimates are averaged. In the secondmethod, the av-
eragepropensity score across all the imputeddataset is first used toperformmatching, follow
by estimating the overall treatment effect. Similar to the ‘RR thenMA’ and ‘MA then RR’, each
of these approach attempt to address how to perform analysis using the multiple imputed
datasets. Unlike the ‘RR then MA’ approach we use in the context of analysis, Mitra and Re-
iter (2016) recommend using their second approach (i.e., using the average propensity score
across the imputed datasets) to performmatching and subsequent estimate of the treatment
effect.
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Figure 4.3: Putting data from all the studies into a single dataset allows, then performing imputation
usingmethod suchas thosebyQuartagnoandCarpenter (2016)allowsus to treat thedataas
if though we have one dataset. Just as we can fit regressionmodels in each imputed dataset
then pool them, we fit our random-effect meta-analysis model for each imputed dataset,
then pool those estimates using Rubin’s Rule. This is in contrast to our work with HBGDki
dataset where we treat the data from each study as a separate data set.
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Appendix 4.A Linearmixedmodel

The starting point of our work is modelling the physical growth of the children within each
study. Wemodel the physical growth using growth trajectories that are constructed using lon-
gitudinal growth measurements. We assume that even though the growth trajectories vary
from child to child, there is an overall trajectory for all the children within a study. With this
assumption, we construct the growth trajectories within a mixed model framework. Ander-
son et al. (2018) outline alternatives to constructing growth trajectories such as SITAR (Cole,
Donaldson, and Ben-Shlomo, 2010). We chose themixedmodel approach due to its simplic-
ity.

The actual measurement of physical growth we are interested in is the height (or length)
of the children. Physical growthmeasurement such as height is influenced by age and gender.
Insteadof explicitly incorporatingageandgender into yourmixedmodel,wemodel ona stan-
dardised heightmeasurement Z-scores developed by theWorld Health Organisation (WHO),
which for height is called height-for-age (HAZ) score (Onis et al., 2006).

Assuming y representsHAZ and t as themeasurement time, in longitudinalmixedmodel
context wemodel the growth of the i th subject at j th measurement point as

yi j = β0 + β1ti j + b0i + b1iti j + εi j , j = 1, . . . ,ni , (4.12)

with ni the number of observations for the i th subject. In this formulation, β0, β1 are fixed
effects, and b0i ,b1i are random effects for the i th subject. The random effects b0i and b1i rep-
resent the deviation of the i th subject from the global intercept β0 and global slope β1 respec-
tively.

The longitudinal mixed model formulation in (4.12)models the growth trajectories as a
straight line. These straight line trajectories fail to capture the variation in the growth pattern
of children. Some child may grow then stun, while other may follow the opposite pattern.
In order to capture the ups and downs of a child’s growth, we extend the longitudinal mixed
model of (4.12) to capture non-linear trajectories.

Since child growth is not entirely linear over the first year of age, we refine (4.12) by using
linear spline model, specifically the brokenstick approach whereby we construct piecewise
linear segments between different time points and join them together. In this form, the time
period to create segments are called knots. This is the most simplest form of spline model, a
later chapter outlinesdetails of the splines. In thiswork,weplace knots at 3months, 6months
and 9months of age and construct line segments from birth to 3months, between the knots,
and 9 moths to 12 months of age. These line segments are truncated line functions which
takes the form (x)+, where (x)+ = x when x is positive and zero otherwise. If we treat k as a

116



single knot, the truncated line function at this knot becomes (ti j − k )+. This means

(ti j − k )+ =

⎧⎪⎪⎨⎪⎪⎩
ti j − k ti j > k

0 ti j ≤ k
.

When we incorporate truncated lines into (4.12), we have

yi j = β0 + β1ti j+

β2(ti j − k1)+ + β3(ti j − k2)+ + β4(ti j − k3)++

b0i + b1iti j+

b2(ti j − k1)+ + b3(ti j − k2)+ + b4(ti j − k3)++

εi j .

To improvenumerical stability,weconstructour truncated linesusingfirstorderB-Spline (De
Boor et al., 1978) with inner knots at 3 months, 6 months and 9months of age and two outer
knots at birth and 12months of age.

The interpretation of the truncated line segments between the knots is growth velocity
every threemonths. Fromthe truncated line segments fromthismodel,wecan thencalculate
the growth velocity. What we are interested is the average growth velocity over one year.
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5 Estimatingsmoothingparameterofderivativesofpenalised
spline

5.1 Introduction

In Chapter 4, we use random effect meta-analysis in conjunction with propensity scoring to
investigate the relationship between first year growth velocity of children and their cognition
growth. In that particular analysis, we are interested not only with the regression function,
but its derivative. The regression function relates the physical growth of a child, measured
in height to age z-score, to a set of covariates such as gender, parent’s income and so on. The
first derivative of the regression function then models the growth velocity of a child (i.e., the
rate of growth) over a time period, such as one year. Likewise, the second derivative of the
regression function models the growth acceleration of a child. For non-linear relationships
in regression models, we can use techniques such as penalized splines. When we model
using penalized splines, we need to estimate the covariates as well as other parameters for
the splines. Estimation using techniques such as penalized splines require the selection of a
smoothing parameter, usually denoted as λ. This parameter determines how smooth the re-
gression functionwill bewhenusedwith thepenalized spline approach. For the estimationof
regression function, λ is usually selected usingmethods such as generalized cross validation
(GCV) or restricted maximum likelihood (REML). However, there are no well agreed-upon
methods to estimate the optimal smoothing parameter for the derivatives of the regression
function, one approach being to naïvely use the same λ to model the derivative.

Inabigdata setting, itmaynotbepossible touseall thedata toestimate the smoothingpa-
rameter. If we store the big data in a distributed computing system such as Hadoop and then
attempt to estimate the smoothing parameter using distributed data. We can then take the
divide and recombine approachby attempting to combinenon-covariate parameters such as
the smoothing parameters. However, we need to investigate whether the smoothing parame-
ters estimated using individual units of distributed data can adequately model derivatives of
regression functions.

In this chapter, we investigate the need for new smoothing parameter selection rules tai-
lormade for the first andderivative of a regression function. Using simulations, weobtain the
extra amount of observationsneeded in adata setwhen thederivatives of the regression func-
tions are naïvely modelled using the smoothing parameter for the regression function. This
calculation is based on the differences of riskmeasurement between the estimatedderivative
functionmodelled using different smoothing parameters.
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5.2 Penalized splines

Webeginbybrieflyexplainingclassicalparametric regression, then transition intonon-parametric
regression using penalized splines. Suppose there is an outcome variable denoted as y . We
canmodel the relationship between it and a set of linear predictors of length p , β0, β1, . . . , βp

such that for an individual i th observation,

yi = β0 + β1x1i + β2x2i + . . . + βp xpi + εi , (5.1)

where εi is known as the error term with the property E(εi ) = 0. The model in (5.1) can also
be represented with themean of the outcome variable as

E(yi | xi ) = β0 + β1x1i + β2x2i + . . . + βp xpi .

In theunivariate casewhere there is onepredictor (p = 1), the simple linear regressionmodel
is

yi = β0 + β1x1i + εi . (5.2)

For example, the relationship between the growth of a child, such as the child’s height and
predictors such as the child’s gender and parents’ income, can bemodelled in classical para-
metric regression as

heighti = β0 + β1genderi + β2parincomei + εi , (5.3)

where gender is the gender of the child and parincome is the income of the parents of the
child. We can also represent the regression equation (5.1) in vector notation such that y is a
n × 1 column vector containing n outcome values (such as the child’s height), X is a n × p

matrix, also known as a designmatrix that contains observed values for p co-variates. Finally,
ε is a n × 1 vector that contains the error terms. That is

y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
y1

y2
...

yn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, β =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
β1

β2
...
βn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

X =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 x11 · · · xp1

1 x12 · · · xp2
...

... . . . ...
1 x1n · · · xpn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, and ε =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ε1

ε2
...
εn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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The regression equation in vector form is then

y = X β + ε .

In regression, whether it be parametric or semi-parametric, what we are interested is esti-
mating the coefficients β. The estimates of the coefficients, β̂ are obtained using technique
such as the least-squares method

minimize
n∑

i=1

[
yi − (β0 + β1x1i )

]2 .
The model in (5.1) and (5.2) are considered as linear because it is linear in the parameters
(β). There are cases where the linearity between the the mean response and the predictors
can not be assumed. An example of a data set where non-linear model is more appropriate
is the LIDAR data from Sigrist, Winefordner, and Kolthoff (1994). In these cases, non-linear
models are required. A scatter plot of the outcome variable logratio against the single pre-
dictor range it is shown in Figure 5.1a. Linear regression for this data-set is not appropriate
because the assumption of linearity of mean response does not hold. In addition, the vari-
ance is not constant around the linear mean response. One way to deal with non-linearity
is by transforming the outcome. However, this process can be delicate and time consuming,
and is not always viable. As an alternative, we can use polynomial models as well. However,
fitted curves based on polynomialmodel can oscillatewildly due to their constraints of being
able to interpolate the data and also to have all the derivatives with respect to the variables
(e.g., the range variable in Figure 5.1a) be continuous(Wood, 2017, Section 4.2.1). These os-
cillations are not the result of the features of the data, but due to the polynomial models, and
they can become problematic when modelling the derivatives (Ruppert, Wand, and Carroll,
2003b, Section 2.7). A better way is to use non-parametric regression techniques which have
the ability to handle the non-linearity automatically as part of of the model (Ruppert, Wand,
and Carroll, 2003a, Chapter 3).

5.3 Non-Parametric regression

We explore non-parametric regression by explaining how to handle non-linearity in the uni-
variate case using scatterplot smoothing. This simple model allows us to introduce notation
and concepts relate to non-parametric regression. When we use non-parametric regression,
themodellingof the relationshipbetween theoutcomeandpredictors isno longer in the form
of (5.2). Instead, themodel nowconsists of a functionof thepredictor term. For theunivariate
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(a) LIDAR data.
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(b) LIDAR data withmean response

Figure 5.1: The LIDAR data (Holst et al., 1996) is an example of a data that is not suitable for linear
models. The assumption of a linear relationship between the mean of the outcome and the
predictors do not hold. In addition, the variance around the mean of the outcome is not
constant.

case, we denote the single predictor as x . Ignoring the intercept term for now, the non-linear
model becomes

yi = f (xi ) + εi , (5.4)

where 1 ≤ i ≤ n, for n observations. The underlying trend of (5.4)would be

E(yi | xi ) = f (xi ) .

In a penalized splinemodel, the function of the predictor term takes the form

f (x) = β0 + β1x +
K∑

k=1
uk zk (x) , (5.5)

where zk are spline basis functions and K is the number of basis functions. In our work, the
spline basis functions zk , are cubic O’Sullivan splines (Wand and Ormerod, 2008). We ex-
plain the reason for usingO’Sullivan spline basis functions in a later section. SinceO’Sullivan
splines are a generalisation of smoothing splines, the parameters β0, β1 and the coefficients
for the spline basis functions uk in (5.5) can be estimated from the solution to the general
optimization problem for smoothing spline

minimize
[ n∑

i=1
{yi − f (xi )}

2 + λ

∫ ∞

−∞

f (r )(x)2 dx

]
, (5.6)
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where r = 2, i.e., f ′′(x)2. The integral
∫ ∞

−∞
f (r )(x)2 dx is known as the roughness penalty, and

λ is known as the smoothing parameter. With r = 2, the solution to (5.6) is the commonly
used cubic smoothing splines. In general, the solution to (5.6) is 2r + 1 degree smoothing
splines. For further details on smoothing spline penalty, refer to Ruppert, Wand, and Car-
roll (2003a, Chapter 3) and Hastie, Tibshirani, and Friedman (2009, Chapter 5). We prefer
O’Sullivan spline basis functions because they allowus to use a smaller number of basis func-
tions compared to smoothing splines. With smoothing splines, thenumber of basis functions
roughly equal the sample size. As a result, as the sample size increases, the computational
cost of fitting will increase as well (Wand and Ormerod, 2008). We instead use O’Sullivan
spline basis functions, which are low-rank approximation of smoothing splines with a rea-
sonable choice ofK in (5.5) (Harezlak, Ruppert, andWand, 2018, Section 2.2) and (Wand and
Ormerod, 2008). Representing (5.5) inmatrix form,wefirst define twonewmatrices as shown
in Harezlak, Ruppert, andWand (2018, Section 2.6)

C =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 x1 z1(x1) . . . zK (x1)

1 x1 z1(x1) . . . zK (x2)
...

...
... · · ·

...
1 xn z1(xn) . . . zK (xn)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
and D =

[
02×2 02×K

0K ×2 IK

]
.

The fitted values using these are then

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
f̂ (x1; λ)
f̂ (x2; λ)

...
f̂ (xn ; λ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
= C (C �C + λD)−1C �y .

Although in (5.6) both the number of basis functions K and the smoothing parameter λ
affect the penalised spline, the smoothing parameter affects the resulting penalised spline
muchmore. If the smoothing parameter is too low the data will be undersmoothed and over-
fittingwill occur. As λ approaches zero, the fitted function is close to interpolation of the data.
Ontheotherhand, if the smoothingparameter is toohigh, thedatawill beoversmoothed (Wood,
2017). As the value of λ becomes higher, the fitted functionwill become the least-squares line
fit, since the spline basis functions have too little influence (Harezlak, Ruppert, and Wand,
2018).

One way to estimate the smoothing parameter is through visual inspection of the fitted
function. However, it ismorepreferable toestimate thesmoothingparameter fromthedata (Hare-
zlak, Ruppert, and Wand, 2018). A widely used data-driven method is generalized cross vali-
dation (GCV), proposed by Craven and Wahba (1978). Details on GCV can be found in Sec-
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tion 2.6 Harezlak, Ruppert, and Wand (2018) and Section 4.2.3 of Wood (2017). The other
methodofestimating thesmoothingparameter is to reformulate (5.5)asamixed-effectmodel,
by specify adistribution foruk anduse restrictedmaximumlikelihood (REML) to estimate the
smoothing parameter. See Section 2.7 of Harezlak, Ruppert, and Wand (2018) and Section
4.2.4 of Wood (2017) for details on using REML to estimate the smoothing parameter.

So far we only have presented the modelling of the regression function. We now present
the a way to model the derivatives of the regression function. We begin by representing (5.5)
usingmatrices, then decompose it into two parts such that

f̂ (x) = X x β̂ + Z xû , (5.7)

where

X x =
[
1 x

]
, β̂ =

[
β̂0

β̂1

]
,

Z x =
[
z1(x) z2(x) . . . zK (x)

]
, and û =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
û1

û2
...

ûk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

We include the derivative level in (5.7) using the notation (r ), such that

f̂ (r )(x) = X (r )
x β̂ + Z (r )

x û . (5.8)

Using thisnotation, r = 0models the the regression function, r = 1models thefirst derivative
of the regression function, and r = 2models the second derivative of the regression function.
The designmatrix in (5.8) at different levels of the derivatives are

X (r )
x =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
[
1 x

]
, r = 0[

0 1
]
, r = 1[

0 0
]
, r = 2

.

Likewise

Z (r )
x =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
[
z1(x) z2(x) . . . zK (x)

]
, r = 0[

z ′
1(x) z ′

2(x) . . . z ′
K (x)

]
, r = 1[

z ′′
1 (x) z ′′

2 (x) . . . z ′′
K (x)

]
, r = 2

,
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andC from Section (5.3) becomes

C (r ) =
[
X (r )

x Z (r )
x

]
.

For the derivative of the fitted function, there are no generally agreed uponmethod such
as GCV or REML to estimate the smoothing parameter. Charnigo, Hall, and Srinivasan (2011)
attempt to estimate the derivative function directly, but the method is computationally ex-
pensive since it require a set of proxy data set to be generated. Simpkin and Newell (2013)
propose applying additional penalty to estimate the derivatives, which then require select-
ing additional smoothing parameters. Simpkin et al. (2018) also outline how to model the
derivative, with the smoothing parameter derived usingmixedmodel representationwith er-
ror terms from the data function. In this chapter, we estimate the smoothing parameter for
the derivative by deriving the smoothing parameter estimationmethod inWand (1999) to the
derivatives. Since the estimation involves the evaluating theperformance criteria of thefitted
function, we now outlines these.

5.4 Performance criteria

Ameasurement of the differences between the fitted function and the true function is neces-
sary to automatically select the smoothing parameters. Ruppert, Wand, and Carroll (2003a)
states that being able tomeasure this difference (also called the error) is a cornerstone of sta-
tistical estimation theory. We denote the estimate of the regression function, which uses a
fixed smoothing parameter (λ) as f̂ (xi ; λ). The first error measurement is themean squared
error (MSE) (Ruppert, Wand, and Carroll, 2003a), which is defined per observation as

MSE(f̂ ) = E
[
{ f̂ (xi ) − f (xi )}

2 ] .
If we are interested in comparing the entire fitted curve, one possible measure is the mean
summed squared error (MSSE) (Ruppert, Wand, and Carroll, 2003a) defined as

MSSE(f̂ ) = E
[ n∑

i=1
{ f̂ (xi ) − f (xi )}

2 ] .
Anothermeasurementacross theentire function is themeanaverage squarederror (MASE) (Wand,
1999) defined as

MASE(f̂ ) =
1
n
MSSE(f̂ ) .
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An advantage of bothMSSE andMASE is that they can be decomposed into bias and variance
terms. MASE can be rewritten as

MASE(f̂ ) =
1
n

n∑
i=1

{E[f̂ (xi )] − f (xi )}
2

︸��������������������������︷︷��������������������������︸
average squared bias

+
1
n

n∑
i=1

var[f̂ (xi )]︸��������������︷︷��������������︸
average variance

.

In this chapter, we will use MASE as our error measurement. The decomposition of the er-
ror term into the bias and variance components demonstrates the concept of bias-variance
tradeoff, where larger values of smoothing parameter λ lead to an increase in bias but a de-
crease in variance. Going the other way, smaller values of λ will result in decrease in bias
but an increase in variance (Ruppert, Wand, and Carroll, 2003a). For known f , the theoretical
optimal smoothing parameter λMASE is

λMASE = argmin MASE(f̂ ) .

We can speed up the numerical search for λMASE by approximating a suitable starting point.
To achieve this, we use Asymptotic MASE (AMASE) fromWand (1999, Equation 5), which is a
good approximation to λMASE, and it can be computed quickly. However, Wand (1999, Equa-
tion 5) is only applicable to the case of regression function. Since we are interested in the
derivatives of the functions, we incorporate the derivative notations from Section (5.3), and
obtain a general form ofWand (1999, Equation 5) for the derivatives such that λ(r )MASE is

λ
(r )
AMASE =

σ2 tr[{G (r )}−1D]

‖C (r ){G (r )}−1D(C (r )�C (r ))−1C (r )�f (r ) ‖2 + σ2 tr
[{
{G (r )}−1D

}2] ,

where
G (r ) = C (r )�C (r ) .

5.5 Efficiency Quantification

As we discussed in Section 5.3, estimation of f (1) and f (2) via penalized splines still requires
choice of smoothing parameters for each estimate. A commonly used naïve approach is to
use the same smoothing parameter chosen for estimation of f , typically using a data-driven
method such GCV or restricted maximum likelihood. However the result of these methods,
λ̂
(0)
GCV is a consistent estimator of the optimal smoothing parameter for λ(0)M ASE (Härdle, Hall,

and Marron, 1988) but there is no such consistency regarding λ(1)M ASE and λ(2)M ASE . This raises
the question: how much we lose by using a sub-optimal λ(0)M ASE estimate compared with an
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estimate that is consistent for λ(r )M ASE when r = 1, 2 ? That is, the information loss resulting
fromusing a sub-optimal smoothingparameterwhen r = 0, tomodel thederivatives, r = 1, 2.
As a prelude to futurework on consistent estimation of λ(r )M ASE , r = 1, 2 wewill, in this section,
study the loss of efficiency in for synthetic data where all optimal smoothing parameters and
MASE computations can be performed exactly.

To quantify this loss, we start with the same number of observations norig, we attempt to
find how many extra observations are needed when we use λ(0)MASE to estimate f (1) and f (2),
that will result in the same MASE value as when we use λ(1)MASE and λ(2)MASE . The simulation
begins by uniformly generating values of xi , the input data to the simulation function, where
1 ≤ i ≤ norig. We then generate four different variations of the of the noise and ‘spatial’
functions fromWand (2000, Table 1) and their derivatives. As the name suggests, the varying
noise functions have varying noise in their data. The ‘spatial‘ functions are not spatial in the
sense of geographical space, but rather varying shape of the function.

The simulation process is as follows

• Select λ(0)MASE,norig to estimate f (0)
norig

• Follow thenaïve approachbyusing λ(0)MASE,norig to estimate thederivative functions f (1)
norig

and f (2)
norig and obtainMASE(1)

naÜive,norig
andMASE(2)

naÜive,norig
.

• Select λ(1)MASE,norig to estimate f (1)
norig, obtainingMASE(1)opt .

• Likewise, select λ(2)MASE,norig to estimate f (2)
norig, obtainingMASE(2)opt .

• Calculate the differences of the MASE values for each derivative function. That is, cal-
culate

– MASE(1)diff,norig = MASE(1)opt −MASE(1)naïve,norig

– MASE(2)diff,norig = MASE(2)opt −MASE(2)naïve,norig

• For each derivative of the function, iterate while MASE(r )opt ≥ MASE(r )naïve,ncurr

– Increase the number of observations such that xi , 1 ≤ i ≤ ncurr .

– Generate f (0)
ncurr and select a new λ

(0)
MASE,ncurr .

– Use λ(0)MASE,ncurr toestimate thederivative function f (1)
ncurr and f (2)

ncurr andobtainMASE(1)naïve,ncurr
andMASE(2)naïve,ncurr .

– Calculate theMASE differenceMASE(r )diff,ncurr = MASE(r )opt −MASE(r )naïve,ncurr

5 ESTIMATINGDERIVATIVE’S SMOOTHING PARAMETER 127



• Obtain the sample size difference, whichwe refer to as the equivalent sample sizen(r )
equiv

for each derivative functions n(r )
equiv = n(r )

curr − norig

Figure5.2 toFigure5.5 showthe result of efficiencyquantification for thefirst derivativeof
varyingnoise level data fromWand (2000, Table 1). Within eachplot, the shapeof the function
f and its derivative f (r ) when nor i g = 400 are shown in the top right and bottom left panels
respectively. The bottom right panel illustrates the efficiency quantification by plotting the
proportion of extra observations against nor i g .

The results for the second derivative of the noise data are shown from Figure 5.6 to Fig-
ure 5.9. Likewise, the resulting efficiency quantification for varying spatial data are shown
from Figure 5.10 to Figure 5.13 for the first derivative, and shown in Figure 5.14 to Figure 5.17
for the second derivative.

The results for modelling the first derivative of the noise data in Figure 5.2 to Figure 5.5,
show that in general, the proportion of the effective sample size increases monotonically as
the starting number of sample size (nor i g ) increases. However, this is not the case when the
data has high level of noise and nor i g is small, as shown in Figure 5.5. In these scenarios, at
certain nor i g such as the minimum point of the graph in bottom right panel of Figure 5.5 ,
there may not be any advantages in using the optimal smoothing parameter, since both the
optimal and naïve smoothing parameters are used tomodel a highly noisy data. Beyond this
nor i g , using the optimal smoothing parameter provides an advantage as the estimated regres-
sion function suddenly captures features of the true regression function. See the discussion
of Figure 6 and Figure 7 ofMarron andWand (1992) for details regarding this subtle character-
istic. Similar argument can be made for the second derivative of the noise data in situations
shown in Figure 5.9.

We also modelled the first and second derivative of simulation data we refer to as spa-
tial variation data, where the shape of the function varies. In the first derivative case, when
the shape of the function is relatively simple (j = 1 and j = 2), the effective sample size de-
creased aswe increasenor i g (Figure 5.10 andFigure 5.11), which is notwhatwe seewith noisy
data. A possible explanation is that the derivatives functions at these j levels have relatively
less features for the model to capture at low values of nor i g . What this means is beyond cer-
tain values of nor i g , there is no advantage in using the optimal smoothing parameter. When
j = 3 and j = 4, however the effective sample sizes increased with nor i g (Figure 5.12 and Fig-
ure 5.13). In those cases, using the optimal smoothing parameter does provide an advantage.
The issue of not having enough features to model is even more pronounced for the second
derivative cases (Figure 5.14 to Figure 5.16). We see that although the proportion of effective
sample increased as we increased nor i g , these proportions are much larger. For example, in
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Figure 5.2: Noise data from Wand (2000) with parameter j = 1. Top right panel shows the regression
function (n = 400). Bottom left panel shows the first derivative of the regression function.
Bottom right shows the effective sample size against log10 of starting sample size, which
ranges from 100 to 6400; each data point is obtained by doubling the starting sample size.
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Figure 5.3: Noise data from Wand (2000) with parameter j = 2. Top right panel shows the regression
function (n = 400). Bottom left panel shows the first derivative of the regression function.
Bottom right shows the effective sample size against log10 of starting sample size.
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Figure 5.4: Noise data from Wand (2000) with parameter j = 3. Top right panel shows the regression
function(n = 400). Bottom left panel shows the first derivative of the regression function.
Bottom right shows the effective sample size against log10 of starting sample size.
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Figure 5.5: Noise data from Wand (2000) with parameter j = 4. Top right panel shows the regression
function(n = 400). Bottom left panel shows the first derivative of the regression function.
Bottom right shows the effective sample size against log10 of starting sample size. The non-
monotonic nature of the effective sample size plot is due to the different shape of the regres-
sion function at low sample sizes.
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Figure 5.6:Modelling the second derivative of noise data fromWand (2000) with parameter j = 1. Top
right panel shows the regression function(n = 400). Bottom left panel shows the second
derivative of the regression function. Bottom right shows the effective sample size against
log10 of starting sample size. Note the large proportion of effective sample size.
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Figure 5.7:Modelling the second derivative of noise data fromWand (2000) with parameter j = 2. Top
right panel shows the regression function(n = 400). Bottom left panel shows the second
derivative of the regression function. Bottom right shows the effective sample size against
log10 of starting sample size.
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Figure 5.8:Modelling the second derivative of noise data fromWand (2000) with parameter j = 3. Top
right panel shows the regression function(n = 400). Bottom left panel shows the second
derivative of the regression function. Bottom right shows the effective sample size against
log10 of starting sample size.
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Figure 5.9:Modelling the second derivative of noise data fromWand (2000) with parameter j = 4. Top
right panel shows the regression function(n = 400). Bottom left panel shows the second
derivative of the regression function. Bottom right shows the effective sample size against
log10 of starting sample size. Note the concave shape of the effective sample graph. Above a
certain nor i g value, the model begins to capture the features of the second derivative of the
regression function.
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Figure 5.10: The first derivative of varying spatial (shape) data fromWand (2000) with parameter j =
1. Top right panel shows the regression function(n = 400). Bottom left panel shows the
second derivative of the regression function. Bottom right shows the effective sample size
against log10 of starting sample size. Note the decreasingnature of the effective sample size.
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Figure 5.11: The first derivative of varying spatial (shape) data fromWand (2000) with parameter j =
2. Top right panel shows the regression function(n = 400). Bottom left panel shows the
second derivative of the regression function. Bottom right shows the effective sample size
against log10 of starting sample size. Note the decreasingnature of the effective sample size.
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Figure 5.12: The first derivative of varying spatial (shape) data fromWand (2000) with parameter j =
3. Top right panel shows the regression function(n = 400). Bottom left panel shows the
second derivative of the regression function. Bottom right shows the effective sample size
against log10 of starting sample size. Effective sample size increases with nnor i g .
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Figure 5.13: The first derivative of varying spatial (shape) data fromWand (2000) with parameter j =
4. Top right panel shows the regression function(n = 400). Bottom left panel shows the
second derivative of the regression function. Bottom right shows the effective sample size
against log10 of starting sample size. Effective sample size increases with nnor i g .
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Figure 5.14: Second derivative of varying spatial (shape) data from Wand (2000) with parameter j =
1. Top right panel shows the regression function(n = 400). Bottom left panel shows the
second derivative of the regression function. Bottom right shows the effective sample size
against log10 of starting sample size. Note the large amount of required effective samples.
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Figure 5.15: Second derivative of varying spatial (shape) data from Wand (2000) with parameter j =
2. Top right panel shows the regression function(n = 400). Bottom left panel shows the
second derivative of the regression function. Bottom right shows the effective sample size
against log10 of starting sample size. Note the large amount of required effective samples.
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Figure 5.16: Second derivative of varying spatial (shape) data from Wand (2000) with parameter j =
3. Top right panel shows the regression function(n = 400). Bottom left panel shows the
second derivative of the regression function. Bottom right shows the effective sample size
against log10 of starting sample size.
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Figure 5.17: Second derivative of varying spatial (shape) data fromWand (2000)with parameter j = 4.
Top right panel shows the regression function(n = 400). Bottom left panel shows the
second derivative of the regression function. Bottom right shows the effective sample size
against log10 of starting sample size. There aremore features tomodel in the secondderiva-
tive regression function.
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Figure 5.18:Modelling 2nd derivative of varying shape data fromWand (2000), parameter j = 2 using
optimalandnaive smoothingparameter. Thefitwithoptimal smoothingparameter result
in an un-smooth fit.

Figure 5.14, the proportion is reaching 14. To investigate this, we plotted the second deriva-
tivemodelling spatial data when j = 2 in Figure 5.18. We can see that even using the optimal
smoothingparameter resulted in a verywiggly fit to the secondderivative. What thismeans is
that to capture simple second derivative cases, we would need very large sample sizes using
the naïve smoothing parameter.

5.6 Discussion

We can see from the results of simulations presented in Section 5.5 that inmany cases it may
not be feasible tomodel the derivatives of the regression functions f (1) and f (2) using the the
smoothing parameter of the data λ(0)MASE. For example, tomodel the first derivative of the data
varied by noise, wemay needmore than 10%of number of observations. In studies where ob-
taining observations is expensive or impossible, such rare outcomes, the extra observations
maynot be feasible to obtain. In the case of the noise variation, data,modelling of the second
derivative requires even more observations. Similar argument can also apply to the spatial
variation data. For their first derivatives, the worse case scenarios required extra 10% of num-
ber of observations. Modelling the second derivative of data with spatial variation, or shape
variation, also requires large number of observations. The noise and shape variations data
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used for the simulations can feature in child growth data. Data collections in child growth
studies are imperfect, resulting inmeasurement errors, data can bemissing, and not all data
may be collected. In addition, children can have different growth pattern, some may suffer
stunting and recover, while others may not.

It is possible to forgo using themodel based approach to estimate the first derivative f (1)

and t the second derivative f (2) by numerically calculating the gradient between data points
of f (0). However, such approach can become computationally time consuming, especially
if there are many subjects in a study. The ideal situation is to be able to select an optimal
smoothing parameter for the derivatives. As this chapter demonstrates using the smooth-
ing parameter of the regression function to model the derivative is not ideal. As a result, a
futurework is amodel based procedure to estimate the optimal smoothing parameter for the
derivative.
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Appendix 5.A Representing f̂

Asummaryofhow thefitted function is a linear functionof thedatay canbe foundatRuppert,
Wand, and Carroll (2003a, Section 3.10, p76). The background information actually starts
from liner regression Ruppert, Wand, and Carroll (2003a, Section 2.3, pp20-21). In particu-
lar, in linear regression the vector of estimated parameters is

β̂ = (X�X)−1X�y ,

where X is the designmatrix. The fitted function,

y = X β̂ + ε

then can be rewritten as

ŷ = X (X�X)−1X�y

= Hy ,

where
H = X(X�X)−1X� .

The matrixH is known as the hat matrix because multiplying it by the data y results in fitted
values ŷ (Ruppert,Wand, andCarroll, 2003a, Sec 2.3). Similarly for penalized splines Ruppert,
Wand, andCarroll (2003a, Section 3.5) has the vector of estimated coefficients, for aparticular
smoothing parameter λ as

β̂λ = (C�C + λD)−1C�y ,

where C and D are defined in Section 5.3. So in Ruppert, Wand, and Carroll (2003a, Section
3.10), the penalized splinemodel is generalized to

ŷ = C β̂λ
= C (C�C + λD)−1C�y

= Sλ y ,

where the smoother matrix is

Sλ = C(C�C + λD)−1C� .
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As a result, (5.3) can be written as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
f̂ (x1; λ)
f̂ (x2; λ)

...
f̂ (xn ; λ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
= S λ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
y1

y2
...

yn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where the dimension of S λ is 2 × 2.

Appendix 5.B MASE expression for estimation of f (r )

Ifwe apply the concept of thehatmatrix (Ruppert,Wand, andCarroll, 2003a, p21) from linear
regression, which converts y to ŷ to penalised splines, we have the smoother matrix such
as (5.A). So the conversion becomes

f̂λ = C (C �C + λD)−1C �y .

Therefore, for the general derivative estimate becomes

f̂ (r )
λ = C (r )(C �C + λD)−1C �y .

MASE can be expressed as the squared bias and variance components. We begin by calculat-
ing the bias term. The bias is

E( f̂ (r )
λ − f (r )

λ ) = C (r )(C �C + λD)−1C �fλ − f (r )
λ

The sum of squared bias contribution is then

1
n
‖C (r )(C �C + λD)−1C �fλ − f (r )

λ ‖2

For the calculation of the covariance term

Cov(f (r )
λ ) = Cov[C (r )(C �C + λD)−1C �y ]

= σ2{C (r )(C �C + λD)−1C �} × {C (r )(C �C + λD)−1C �}�

= σ2 C (r )(C �C + λD)−1C � C (C �C + λD)−1C (r )�
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tr[Cov(f (r )
λ )] = σ2 tr[C (r )(C �C + λD)−1C �C (C �C + λD)−1C (r )�C (r )]

= σ2 tr[M M (r )] ,

where
M = (C �C + λD)−1C �C ,

and
M (r ) = (C �C + λD)−1C (r )�C (r ) .

The contribution from the sum of variances is

σ2 tr[M (r ) M ]
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6 Conclusion

This thesis outlines anumberofways toperformstatistical analysis ondistributedcomputing
systems by applyingmany existing statistical methods in new context.

Webeginwith a scenariowhereby the size of the data becomes a problemduring the anal-
ysis. Specifically when the data is too large to fit into the memory of a single computer. We
first outline a number of techniques to resolve this issue within the single computer context.
When the single computer solution become inadequate, due to every increasing data size,
we explore the use of distributed computing systems, which divide up large data into many
smaller andmanageable data (called shared, subsets or blocks). These shards are then stored
across many computers. By dividing and storing data this way, distributed computing sys-
tems break the implicit assumptionmade bymany statistical algorithms, that all the data are
stored in one location, typically thememory of a single computer.

To analyse distributed data, we first introduce the idea of divide and recombine and how
it can be implemented using programming abstraction such as MapReduce in modern dis-
tributed computing system such as Hadoop and Spark. Divide and recombine is a two step
processwherewefirst performsomeanalysis oneach shardof distributeddata. In the second
step, we combine the results from these analyses. We outline the weighted average method
as amean of performing this recombination. We explainmodern distributed computing sys-
tems such as Hadoop and Spark, and how MapReduce is a powerful abstraction that allows
divide and recombine to applied on distributed computing systems. Our application of di-
vide and recombine regression to a large dataset demonstrate the scalability of distributed
computing systems. In addition, we show that even in a distributed computing setting, we
gain computational performance if we can reduce the amount of data to process.

Chapter3 showsanother interpretationofdivideandrecombine,whereby thedivide stage
consists of coarsening and aggregation operations to reduce the size of the data. The recom-
bine stage then consists of fitting regressionmodel using this compressed dataset. An advan-
tage of this approach is that by reducing a big dataset, we can fit our regression model on a
single standard desktop computer. As well, being able perform statistical analysis on a sin-
gle computer also means we can use many existing software packages and algorithms. To
account for the bias resulting from the coarsening and aggregation process, we use the EM
algorithm to recover the complete data model. If all the non-coarsened covariates are also
categorical, the data can be reduced from individual observations to counts of the number of
unique combination of covariate levels. A follow-on effect is that the regression model than
only need to handle covariates at different levels. In a simulation study, we find that coarsen-
ing andusingEMalgorithmcanapproximate the complete datamodel, althoughourmethod
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is sensitive tomodel misspecification.
In Chapter 4, we explore another existing statistical technique that is similar to perform-

ing divide and recombine, namely meta-analysis. Since traditional meta-analysis involves
combining results from many studies into meta-analysis, we can view distributed data as
data fromdifferent studies. To take into account the varying covariate structure that can exist
across studies, we use propensity score as a method of covariate adjustment. We apply our
work to child growth data from Bill and Melinda Gates Foundation whereby the studies for
meta-analysis has varying covariate structures. We demonstrate that by considering shards
of distributed data as studies in a meta-analysis, we can apply meta-analysis technique in
distributed computing settings as a form of divide and recombine.

Finally in Chapter 5 we explore an issue related to Chapter 4, whereby we need to model
the derivatives of child growth curves for a large number of children using smoothing splines
method. In previous chapters, we assumed that the procedures to estimate quantities such
as regression coefficients are well known and these procedures can also quantify the uncer-
tainties of the estimates, e.g., standard errors. As a result, we can focus our attention on how
to combine these estimates. However, in this chapter, we are uncertain whether one of the
key parameters is optimal when modelling the derivatives of regression functions. One of
the key parameters in smoothing splinemethod is the smoothing parameter. Although there
are well establishedmethods for selecting the smoothing parameter for non-derivative data,
there are no such methods for the derivatives. We examine the effect of naïvely using the
smoothing parameter for the non-derivative to model the derivatives, by exploring the extra
number of samples that would be required. From our simulation using data functions with
varying characteristics, we find that with certain characteristics of the underlying function
and at particular derivatives, there are advantages to using an optimal smoothing parameter
for the derivatives. As a result, whenmodelling the derivatives of a regression function with
a large data set, we should be careful in naïve application of the smoothing parameter.

We show in this thesis how statistical analysis on distribute data of very large data is possi-
ble through different ways of implementing the divide and recombine paradigm. We explore
the various ways in which existing statistical methods such as coarsening, the EM algorithm,
and meta-analysis still are relevant in the context of distributed data in distributed systems.
This thesis alludes to many areas of opportunities for future work. For Chapter 3, involving
coarsening and EM algorithm, future work include application of the method with more co-
variates in the regression model, examining the sensitivity of the sub-sample. For Chapter 4,
we treat the data fromchild growth studies as distributed data and showedhow inference can
be performed using technique such asmeta-analysis. A possible future work is to use amore
obvious form of distributed data, such as data from mobile phones, in a scenario where it
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is not possible to perform the analysis when all the data are combined. The combination of
multiple imputation, propensity score estimation also is a future research area. In particular
investigating the effect of different sequence of operation (e.g., impute then estimate propen-
sity score) in different contexts. For Chapter 5, an obvious future work is develop method to
estimate the optimal smoothing parameter for the derivatives of regression functions. Fol-
low on from that is whether parameters such as smoothing parameters can be combined in
a divide and recombine setting.
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