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Abstract

With rapid urbanization, ITS (Intelligent Transportation Systems) has been deployed in some
metropolitan areas to relieve traffic congestion and traffic accidents by traffic flow prediction
and optimum traffic control. Due to temporary deployment of sensors, sensor malfunction
and lossy communication systems, data missing problems has drawn significant attention from
both academia and industry. Missing traffic data problem has negative impact on traffic flow
prediction and optimum traffic control because ATIS (Advance Traveler Information Systems)
and ATMS (Advance Traffic Management Systems) both rely on reliable, accurate and con-
sistent traffic data measurements. Furthermore, adaptive traffic control is the most effective
method to relieve traffic congestion and maximize road capacity. In this thesis, an Optimum
Closed Cut (OCC) based spatio-temporal imputation technique was proposed, which can fully
exploit the spatial-temporal correlation and road topological information in urban traffic net-
work. The road topological information and flow conservation law can be explored to further
improve the estimation performance while reducing the number of sensors involved in the
data imputation, hence improving the computational efficiency. Besides, this thesis investiga-
ted the fundamental limits of missing traffic data estimation accuracy in urban networks using
the spatio-temporal random effects (STRE) model. Furthermore, a hybrid dynamical system
was investigated, which incorporates flow swap process, green-time proportion swap process
and flow divergence for a general network with multiple OD pairs and multiple routes. A
novel control policy was proposed to fill the gap by only adjusting the green-time proportion
vector, and a sufficient condition was derived for the existence of equilibrium of the dynamical
system under the mild constraints that (1) the travel cost function and stage pressure function
should be continuous functions; (2) the flow and green-time proportion swap processes project
all flow and green-time proportion vectors on the boundary of the feasible region onto itself.
The condition of unique equilibrium was derived for fixed green-time proportion vector and
it is shown that with varying green-time proportion vector, the set of equilibria is a compact,
non-convex set, and with the same partial derivative of travel cost function with respect to
the flow and green-time proportion vectors. Finally, the stability of the proposed dynamical
system was proved by using Lyapunov stability analysis.





Publication

1. S. Wang and G. Mao, “Missing Data Estimation for Traffic Volume by Searching an Op-
timum Closed Cut in Urban Networks”, IEEE Transactions on Intelligent Transportation
Systems, vol. 20, no. 1, pp. 75-86, Jan. 2019. doi: 10.1109/TITS.2018.2801808.

2. S. Wang and G. Mao, “Fundamental Limits of Missing Traffic Data Estimation in Urban
Networks”, IEEE Transactions on Intelligent Transportation Systems, pp. 1 - 13, April
2019, doi: 10.1109/TITS.2019.2903524

3. S. Wang, G. Mao and J. A. Zhang, “Joint Time of Arrival Estimation for Coherent
UWB Ranging in Multipath Environment with Multi User Interference”, IEEE Tran-
sactions on Signal Processing, vol. 67, no. 14, pp. 3743- 3755, July 15, 2019. doi:
10.1109/TSP.2019.2916016

4. S. Wang, Changle Li, Wenwei Yue, G. Mao, “Network Capacity Maximization Using
Route Choice and Signal Control with Multiple OD Pairs”, IEEE Transactions on Intel-
ligent Transportation Systems, doi: 10.1109/TITS.2019.2909281

5. Peibo Duan, Guoqiang Mao, Bin Zhang, Changsheng Zhang, Shangbo Wang, “STARIMA-
based Traffic Prediction with Time-Varying Lags”, in the 19th IEEE Intelligent Trans-
portation Systems Conference, pp. 1610- 1615, 2016

6. Peibo Duan, Guoqiang Mao, Shangbo Wang, Wenwei Yue, “A Unified Spatio-Temporal
Model for Short-term Traffic Flow Prediction”, 21st International Conference on Intel-
ligent Transportation Systems (ITSC), Maui, HI, 2018, pp. 1652- 1657.

7. Y. Feng, G. Mao, B. Cheng, B. Huang, S. Wang , J. Chen, "MagSpeed: A Novel Method
of Vehicle Speed Estimation Through A Single Magnetic Sensor", accepted to appear in
22nd International Conference on Intelligent Transportation Systems (ITSC), Auckland,
New Zealand





Contents

Contents xiii

List of Figures xv

Nomenclature xvi

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Main Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Outline of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Literature Review 9
2.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Literature Review for Missing Traffic Data Estimation . . . . . . . . . . . . 9
2.3 Literature Review for Optimum Traffic Control . . . . . . . . . . . . . . . . 10
2.4 Gaps in the Literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Novel Missing Data Estimation Strategy in Sensor-Equipped Road Networks 15
3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 OCC based Strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.3.1 Traffic Flow Analysis with a Closed Cut . . . . . . . . . . . . . . . . 16
3.3.2 Novel OCC Search Algorithm . . . . . . . . . . . . . . . . . . . . . 24
3.3.3 OCC Based Novel Estimator . . . . . . . . . . . . . . . . . . . . . . 26

3.4 Experimental Results with Real Traffic Data . . . . . . . . . . . . . . . . . . 30
3.4.1 Data Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.4.2 Generation of Missing Data . . . . . . . . . . . . . . . . . . . . . . 31
3.4.3 Imputation Techniques for Comparison Analysis . . . . . . . . . . . 31
3.4.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 32



xiv Contents

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4 Fundamental Limits of Missing Traffic Data Estimation 37
4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.2 System Model and Error Bound on Missing Data Estimation . . . . . . . . . 38

4.2.1 Network Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.2.2 Error Bound on Missing Data Estimation . . . . . . . . . . . . . . . 39

4.3 Optimal and Iterated Spatial-Temporal Kriging and Performance Analysis . . 49
4.4 Validation using Real Traffic Data . . . . . . . . . . . . . . . . . . . . . . . 57
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5 Optimum Traffic Control in Sensor-Equipped Road Networks 63
5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2 Novel Traffic Assignment Model in a Realistic Network . . . . . . . . . . . . 64

5.2.1 Equilibrium in a Simple Network without Signal Control . . . . . . . 64
5.2.2 Extension to A General Network . . . . . . . . . . . . . . . . . . . . 70
5.2.3 Applying an Optimum Control Policy to the General Network . . . . 73

5.3 A Hybrid Dynamical System . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.3.1 Hybrid Dynamical System for the General Network . . . . . . . . . . 77
5.3.2 The Condition for Existence, Uniqueness and Stability of Equilibrium 80

5.4 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6 Conclusion 97

References 101



List of Figures

1.1 A M route signalized network proposed by Smith. Only one OD pair was
considered . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2 A signalized network with two OD pairs, where each intersection is equipped
with traffic signal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3.1 Illustration of a two-dimensional urban network with sensors . . . . . . . . . 17
3.2 Selected map for experiment: Sydney South Area . . . . . . . . . . . . . . . 30
3.3 MAPE of five different methods in MCR pattern . . . . . . . . . . . . . . . . 33
3.4 RMSE of five different methods in MCR pattern . . . . . . . . . . . . . . . . 34
3.5 MAPE of five different methods in MGRT pattern . . . . . . . . . . . . . . . 34
3.6 RMSE of five different methods in MGRT pattern . . . . . . . . . . . . . . . 35
3.7 MAPE of five different methods in NMR pattern . . . . . . . . . . . . . . . 35
3.8 RMSE of five different methods in NMR pattern . . . . . . . . . . . . . . . . 36

4.1 Selected map for experiment: urban area of Kaohsiung, Taiwan . . . . . . . . 59
4.2 Comparison of the squared root of SFEB, RMSE of the optimal Kriging esti-

mator, KNN and NHA for SNR = 10dB . . . . . . . . . . . . . . . . . . . . 59
4.3 Comparison of the squared root of SFEB, RMSE of the optimal Kriging esti-

mator, KNN and NHA for SNR = 20dB . . . . . . . . . . . . . . . . . . . . 59
4.4 Comparison of the squared root of SFEB, RMSE of the optimal Kriging esti-

mator, KNN and NHA for SNR = 30dB . . . . . . . . . . . . . . . . . . . . 60
4.5 Comparison of the squared root of SFEB, RMSE of the optimal Kriging esti-

mator, KNN and NHA for SNR = 40dB . . . . . . . . . . . . . . . . . . . . 60

5.1 A signalized network with two OD pairs with two routes each. There is traffic
signal at each intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.2 Time evolution of traffic flow using novel control policy . . . . . . . . . . . . 90
5.3 Time evolution of green-time proportion using novel control policy . . . . . . 91
5.4 Time evolution of traffic flow using P0 control policy . . . . . . . . . . . . . 91



xvi List of Figures

5.5 Time evolution of green-time proportion using P0 control policy . . . . . . . 91
5.6 Time evolution of traffic flow using novel control policy; the condition of

existence of equilibrium is NOT fulfilled . . . . . . . . . . . . . . . . . . . . 92
5.7 Time evolution of green-time proportion using novel control policy; the con-

dition of existence of equilibrium is NOT fulfilled . . . . . . . . . . . . . . . 92
5.8 Time evolution of traffic flow using novel control policy on two-OD two-route

network; the condition of existence of equilibrium is fulfilled . . . . . . . . . 93
5.9 Time evolution of green-time proportion using novel control policy on two-

OD two-route network; the condition of existence of equilibrium is fulfilled . 94
5.10 Time evolution of traffic flow using novel control policy on two-OD two-route

network; the condition of existence of equilibrium is NOT fulfilled . . . . . . 94
5.11 Time evolution of green-time proportion using novel control policy on two-

OD two-route network; the condition of existence of equilibrium is NOT fulfilled 95



Chapter 1

Introduction

1.1 Motivation

Transportation systems play an important role in economic growth of all nations. With rapid
urbanization, congestion, accidents, and pollution issues due to transportation are becoming
more severe as a result of the rapid increase in various travel demands. It was reported in [24]
that in the United States, commuters spend approximately 42h a year stuck in traffic, drivers
waste more than 3 billion gallons of fuel per year, having a total nationwide price tag of $160
billion, equivalent to $960 per commuter. Such problems will become worse in the future
because of population growth and the increasing migration to urban areas in many countries
around the world as reported by the United Nations Population Fund [59] and the Popula-
tion Reference Bureau [6]. Furthermore, severe traffic congestion is imminent in metropolitan
areas with growing transportation demand and urbanization trend. Traffic congestion imposes
several adverse effects on urban communities, such as increase of travel time, unproductive
wasted fuel, high possibility of traffic accidents, noise pollution, etc. To relieve traffic con-
gestion in metropolitan areas, high annual budget is spent by local and federal governments
to improve transportation facilities. For instance, the Texas transportation institute estimated
that the cost of congestion in US was more than $120 billion in 2011 [24]. Furthermore, con-
gestion annually costs Europe about 1% of its gross domestic product (GDP) that is projected
to increase by about 50% to nearly 200 billion Euro by 2050 [14]. Therefore, there is a strong
motivation to improve the safety, efficiency, and alleviate traffic congestion in transportation
networks.

To resolve such issues, ITS (Intelligent Transportation Systems) has been deployed in
some metropolitan areas in recent decades, which have the functionality of integrating a broad
range of systems, including sensing, communication, information dissemination, and traffic
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control [55]. The main components of ITS are: data sensing, data transmission and data analy-
sis. Data sensing traditionally utilizes inductive loop detectors or magnetic detectors to detect
the presence of vehicles or the vehicle speed based on the induced current in the loop with
passing vehicles [35, 52]. With development of sensing technology, radar sensors, video ca-
meras and GPS devices are also widely being considered for use in traffic data collection. Data
transmission components of ITSs help transmit the data provided by sensors to operation cen-
ters for analysis and evaluation, and disseminate analyzed results, and/or management/control
strategies to travelers and infrastructures. Data analysis components of ITSs analyze the data
measured by sensors and create various management/control strategies, such as the Advance
Traveler Information Systems (ATIS), which acquire, analyze and present information to assist
travelers navigating from the source to the destination, and the Advance Traffic Management
Systems (ATMS), which integrate various technology to improve road traffic flow and road
safety. For example, analysis of road-condition images from drivers taken automatically from
smartphone applications can be used to determine available roadside parking in real time [73].
Zhou et al. proposed the strategy to predict bus arrival time from information transmitted by
bus passengers through mobile phone signals across different cell towers [80]. Fu and Yang
proposed bus-holding control strategies based on real-time bus location information to regu-
late bus headway at specific stops [23]. Kurkcu et al. proposed an extended virtual sensor
framework by using open data source and social media data for incident detection, which is
the crucial first step of incident-management procedures [30].

To provide accurate travel time, route guidance information and control strategies to tra-
velers and infrastructure, ATIS and ATMS both rely on reliable, accurate and consistent traffic
data provided by deployed sensors [70]. Missing data problem, where some subsets of traffic
data become missing, has greatly hindered the collection and subsequent analysis and eva-
luation. Traffic data may become missing due to temporary deployment of sensors, sensor
malfunction or lossy data transmission systems. Specifically, due to high deployment costs,
permanent traffic sensors may be installed on a subset of roads only [7] and some other roads
may only be equipped with temporary sensors, which can provide traffic data within limited
time periods. Furthermore, failures, caused by sensor malfunction and lossy data transmission
systems, may also result in incomplete traffic data [12, 39]. It was reported in [32] that at
hundreds of detection points within PeMS (Performance Measurement System) traffic flow
database, more than 5% of data are missing. The missing data has severe impacts on many
ITS applications, most of which rely on reliable, accurate and complete data [27, 60, 64]. For
instance, traffic flow prediction relies on the complete historical data and the prediction per-
formance will reduce sharply with incomplete data . Therefore, developing methodologies to
precisely estimate the missing data, i.e. traffic data imputation, is an important task.
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A number of imputation methods have been proposed in recent decades. Existing impu-
tation techniques can be generally classified into three categories: interpolation based, pre-
diction based and statistical learning based methods . Some well-known interpolation based
methods include correlative kNN (k Nearest Neighbor) scheme [8], sectional kNN scheme [56]
and LLS (Local Least Squares) scheme [10]. Prediction based methods have Auto-regressive
Integrated Moving Average (ARIMA) [21, 79], Seasonal ARIMA (SARIMA) [67], Space-
Time ARIMA (ST-ARIMA) [25, 72]. The most frequently used statistical learning methods
are Probabilistic Principal Component Analysis (PPCA) [39], Kernel Probabilistic Principal
Component Analysis (KPPCA) [32] and tensor completion techniques [57]. Most existing
traffic data imputation methods suffer from the following shortcomings: 1) there are few stu-
dies trying to find the optimum subset of sensors before data imputation. It is well known that
choosing all sensor-measurements may improve the accuracy of imputation but significantly
increase the computational complexity, which consequently result in the imputation method
becoming non-scalable; 2) the spatial correlation of the traffic data has not been fully utili-
zed; 3) previous work mostly neglects the road topological information, which can be further
exploited to improve the accuracy of the traffic data imputation.

Vehicles traveling through a specific road during a certain time interval can be classified
into three portions: i) vehicles arriving from some neighboring roads equipped with sensors
(termed measured roads); ii) vehicles coming from some neighboring roads without sensors
(termed unmeasured roads), iii) vehicles coming from sources or traveling to sinks within
some specific sections (termed flow generation or dissipation). The first portion can be read
from the sensors while sum of the second and the third one can be estimated from the em-
pirical data. The road topology gives the sufficient information about on-ramp and off-ramp
of each measured and unmeasured roads and thus can be exploited to alleviate the missing
data problem. Intuitively, when drawing a closed circuit or a closed cut, on a road map, the
total amount of long-term traffic entering into the closed circuit must be equal to the total
amount of long-term outgoing traffic. This implies that traffic on the roads intersected by the
closed circuit must be correlated. Indeed, an equality can be established that relate traffic
on those intersected roads. Motivated by the intuition and the aforementioned shortcomings
of existing data imputation techniques, in this thesis, an Optimum Closed Cut (OCC) based
spatio-temporal imputation technique is proposed, where the OCC satisfies the following con-
ditions: a) the closed cut intersects the target road; and b) traffic on other intersected roads has
the maximum correlation with that on the target road; and c) the number of intersected roads
is minimized. The proposed technique utilizes both the road topological information and the
spatio-temporal correlation among road traffic for imputation, while using a minimum number
of sensor measurements. Therefore, it strikes a fine balance between imputation accuracy and
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computational complexity.

Furthermore, existing research efforts mostly deal with developing certain data-driven or
model-driven methods for data imputation. There is a lack of study on the achievable es-
timation accuracy and the conditions to achieve accurate estimation results. In this thesis,
imputation accuracy is characterized in terms of a performance measure called the Squared
Flow Error Bound (SFEB) and the fundamental limits of missing data estimation is studied.
The Fisher matrix is an important tool for evaluating the accuracy of the parameter estimation
technique. The inverse of the Fisher matrix yields the Cramer-Rao Lower Bound (CRLB),
which provides asymptotically a lower bound for the co-variance matrix of unbiased estima-
tors [29]. The fundamental limits of missing data estimation accuracy is investigated under
different scenarios: the Fisher matrix is a full-rank matrix, which is the sufficient condition
to find an efficient estimator, or a singular matrix, with which an efficient estimator can be
found under certain conditions. It also investigates the impact of relationship between the
number of missing points and rank of the Fisher matrix on the fundamental limits. It shows
the performance optimality of the spatio-temporal Kriging estimator proposed for missing data
estimation.

Almost all proposed historical neighboring imputation methods, interpolation based met-
hods and prediction based methods only dealt with either single missing data imputation or the
case that the number of missing data is not large. The imputation performance of the proposed
methods greatly depend on the surrounding observed data of the missing points. Thus, their
performances suffer when the missing ratio goes high. Although the proposed PPCA/KPPCA
based imputation methods utilize all observed data to fit missing points and theoretically can
cope with multiple detector cases, the aforementioned limitations remain. In a presence of a
large data set with a high missing ratio, some available data may have weak spatio-temporal
correlation with the missing data. PPCA/KPPCA based approaches have dominant overfitting
problem. The adopted interpolation based approaches, i.e., original kNN or correlative kNN,
are not able to work well because a large portion of missing data leads to difficult selection
of nearest neighbors . Intuitively, the missing data physically close to the observed data has
a relatively high correlation and thus can be estimated with relatively high accuracy, then
the estimation results can be considered as additional observed data in the next iteration for
estimating missing data further away. Motivated by the intuition and the aforementioned shor-
tcomings of existing imputation techniques, in this thesis, I propose an iterative multiple-point
spatio-temporal Kriging techinque, which can greatly reduce the computational complexity
when the size of the observed parameter vector becomes large and is proved to be optimal in
estimation accuracy under certain conditions.

On the other hand, ITSs have been implemented in many countries to reduce traffic conge-
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stion by improving traffic flows in transportation networks and managing the demand. How to
economically utilize the spatio-temporal resources of roads and traffic signal settings to maxi-
mize road network capacity becomes an important issue. In the existing literature, capacity of
a transportation network is defined as the maximum link dynamical route flow that the network
can accommodate under a given travel demand. Without consideration of control policies such
as route choice and traffic signal control, the capacity maximization problem becomes a max-
flow min-cut problem that can be directly drawn from network flow and graph theory [1, 5].
In practice, however, the maximum throughput between one pair of OD (Origin-Destination)
nodes may deviate from sum of the flows on the bottlenecks because of traffic signal control
applied on each intersection and drivers’ route choice.

To achieve an optimal throughput, there are some recent research efforts studying the
impact on network capacity posed by optimizing isolated or coordinated traffic signals, and
drivers’ route [31, 49, 51, 71]. They mainly aim at answering the following questions: by
a given traffic assignment model, 1) does the Wardrop equilibrium exist? 2) is the Wardrop
equilibrium unique? 3) is the dynamical system stable? To this end, Smith et al. proposed P0
control policy [50] and proved that by using P0 control policy on a simple network, Wardrop
equilibrium can be found by intentionally constructing bottleneck delay on each link, that
is, the maximum network throughput can be achieved at a quasi-dynamic user equilibrium
[49, 51]. Xiao and Lo investigated the interaction between adaptive traffic control and day-
to-day route choice adjustments of travelers in a dynamical system setting [71]. Yang et al.
modeled the capacity and level of service, and investigated the additional demand tolerance
of urban networks [74]. Le et al proposed a decentralized traffic signal control policy to
optimize the throughput on a very simple one junction network [31]. Smith proposed P0
control policy and showed that under natural conditions a simple network is stable under
this policy, and this policy can achieve capacity maximization [48]. Chen and Kasikitwiwat
proposed two approaches for assessing the value of capacity flexibility based on the concept
of reserve capacity and demand changes, respectively. The authors considered the capacity
flexibility influenced by user’s free choice of routes and destinations [11]. Chiou presented a
new solution that simultaneously maximizes increase in travel demands and minimizes link
capacity expansion investment [13].

To the author’s knowledge, almost all existing research efforts focus on seeking an optimal
control policy to optimize throughput by considering only one OD pair in a simple network,
without consideration of the flow divergence among different OD pairs, i.e., traffic may switch
to another link/route ( Fig. 1.1). P0 control policy proposed by Smith [49–51] has been
verified to outperform other control policies such as equi-saturation policy [66] because it can
maximize capacity at a quasi-dynamic user equilibrium on a simple network, which consists
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of only one OD pair with a group of routes and does not have any flow divergence at each
route. In an urban network, there may be multiple OD pairs, each of which is connected
via multiple routes that may intertwine with those affiliated to different OD pairs (Fig. 1.2).
In the presence of flow divergence among different OD pairs, the route flow swap process
and traffic signal assignment process become much more intricate compared to those for a
simple network because the traffic signal assignment process can also occur between different
OD pairs, rather than just different routes for the same OD pair; the route flow swap process
should take into account each link’s cost on the same route. In summary, no existing work
investigated the conditions for the existence and uniqueness of equilibrium and stability of
the dynamical systems when flow swap process, green-time proportion swap process and flow
divergence among different OD pairs are simultaneously considered.

1.2 Main Contribution

This thesis aims at tackling the problems for traffic data estimation and proposing an opti-
mum traffic control policy for a realistic scenario to maximize the network capacity. Specifi-
cally, the main contributions of this thesis are as follows:

• An Optimum Closed Cut (OCC) based spatio-temporal estimation technique is propo-
sed, which explicitly incorporates road topology information into data imputation while
using a small number of sensor measurements;

• A graph-based technique is developed to select the OCC that achieves an optimum trade-
off between the number of employed sensor measurements and the set of measured roads
whose traffic has maximum correlation with that of the target road;

• The fundamental limits of traffic flow data estimation are investigated, and the Squared
Flow Error Bound (SFEB) is derived for the cases that Fisher matrix is a full-rank and
singular matrix, respectively;

• Optimal and iterated spatial-temporal Kriging estimators are proposed, and the conditi-
ons of optimality for iterated spatial-temporal Kriging estimator are given;

• A novel control policy is proposed for the general network to maximize the network ca-
pacity with a steady demand and vertical queue, and the superiority of the novel control
policy over P0 control policy is shown;

• Based on P0 control policy and the novel control policy, a hybrid traffic assignment
model incorporating the flow swap process, green-time proportion swap process and
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flow divergence is proposed for the general network;

• The conditions for the existence and uniqueness of Wardrop equilibrium, and the cha-
racteristics of the set of equilibria are given and the stability of the dynamical system is
proved by using Lyapunov stability analysis.

2 1 0

...

Route 2

Route M

Route M-1

Origin DestinationSignalRoute 1

Figure 1.1: A M route signalized network proposed by Smith. Only one OD pair was considered

2 1 0

...

Origin 1 Destination 1Signal 1

R1,1

2

1 0 Destination 2

Origin 2

...

Signal 2

Signal

Figure 1.2: A signalized network with two OD pairs, where each intersection is equipped with traffic signal
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1.3 Outline of the Dissertation

This thesis contains six chapters. Chapter 1 introduces the motivation and the main contribu-
tions of this thesis. Chapter 2 reviews the related work. Chapter 3 proposes the novel missing
data estimator utilizing the topological information in senor-equipped road networks. Chap-
ter 4 investigates the fundamental limits of missing traffic data estimation and proposes the
iterated spatio-temporal Kriging estimator. Chapter 5 investigates the optimum traffic control
policy in senor-equipped road networks. Chapter 6 concludes the thesis.



Chapter 2

Literature Review

2.1 Overview

This section is to review the state-of-the-art traffic data estimation technique and traffic control
strategies with the emphasis of their drawbacks.

2.2 Literature Review for Missing Traffic Data Estimation

A number of imputation methods have been proposed in the recent decade. Existing impu-
tation techniques can be generally classified into three categories: interpolation based, pre-
diction based and statistical learning based methods [32]. Some well-known interpolation ba-
sed methods include correlative kNN (k Nearest Neighbor) scheme [8], sectional kNN scheme
[56] and LLS (Local Least Squares) scheme [10]. Prediction based methods only rely on
known traffic prediction methods, e.g., Auto-regressive Integrated Moving Average (ARIMA)
[21, 79], Seasonal ARIMA (SARIMA) [67], Space-Time ARIMA (ST-ARIMA) [25, 72]. The
most frequently used statistical learning methods are Probabilistic Principal Component Ana-
lysis (PPCA) [39], Kernel Probabilistic Principal Component Analysis (KPPCA) [32] and
tensor completion techniques [3, 57].

There are some studies having been carried out in exploiting spatial information to improve
estimation performance. Tak et al. proposed sectional kNN method, which estimates missing
data based on road sections sharing the same traffic property [56]. Cai et al. introduced the
correlative kNN model, which was superior than the original kNN model because it replaces
physical distances by the equivalent distances, which are determined by both the physical dis-
tance and the correlation coefficient between the historical traffic data of the two roads [8]. In
[57] and [3], the authors explored the ability of tensor based method for multi-loop sensor’s
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missing data imputation, which completes the missing data by tensor decomposition. Qu et al.
proposed the PPCA (Probabilistic Principal Component Analysis) based method, which inte-
grated MLE (Maximum Likelihood Estimation) into traditional PCA (Principal Component
Analysis) approach [39]. Li et al. compared PPCA method and KPPCA (Kernel Probabilis-
tic Principal Component Analysis) method, which assumes a nonlinear relationship between
observed samples and latent variables [32]. Wang and Pagageorgiou utilized the macroscopic
traffic flow model and the extended Kalman-filtering (EKF) method to estimate the freeway
traffic state [65]. The considered freeway is subdivided into N segments. Traffic flow at boun-
dary of each segment and some important parameters constitute the state vector. The key
differences from the technique proposed in this thesis are that [65] mainly utilized the time
evolution and measurements to estimate the state vector whereas this thesis focuses on utili-
zing spatial-temporal correlation to estimate the missing data. Ng proposed a strategy, which
aims at determining the smallest subset of links in a traffic network for counting sensor instal-
lation in order to infer flows on all remaining links [37]. Ng presented the condition that all
link flows can be inferred and proposed the inference method. Viti et al. studied the network
sensor location problem (NSLP), which considered the case that the variables are partially
observed [63]. Castillo et al. dealt with the over-specified network observability problem,
which aims at determining link flow based on a subset of observed OD pair and link flows [9].
The key difference between the technique presented in this thesis and those in [9, 37, 63] is
that [9, 37, 63] dealt with network observability problem, which aims at optimizing the sen-
sor location and determining link flow based on a subset of observed OD-pair and link flows,
whereas my technique tries to utilize the spatio-temporal correlation between each crossed
link and the target link to estimate the missing data caused by temporary sensor failure based
on the empirical measured data.

2.3 Literature Review for Optimum Traffic Control

There are some literature dealing with traffic control strategies. Smith et al. presented a more
special dynamical models of day-to-day rerouting and green-time response. They showed that
with responsive P0 control policy, a simple network can achieve the maximum capacity at a
quasi-dynamic user equilibrium, and queues and delays in the simple network remain bounded
in natural dynamical evolution [48, 51]. They showed in [49] that applying P0 control policy
in a simple network, the convergence of stage green-time can be guaranteed in the vertical
queuing case. Xiao and Lo addressed the equilibrium stability and convergence of the propo-
sed joint dynamic traffic system by analyzing the Jacobian matrix associated with each fixed
point in a simple network [71]. Liu and Smith introduced the restrictive proportional adjust-
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ment process (RPAP) for route swaps, which is more restrictive for defining routes compared
to the original proportional adjustment process (PAP) proposed by [47]. Yang et al. adopted
the model of equilibrium trip distribution/assignment with variable destination costs (ETDA-
VDC) to assign the flow on each route when the maximum OD flows are obtained. They
proposed a bi-level optimization model where the upper-level sub-problem aims at maximi-
zing the sum of total trip generations and the lower-level sub-problem is the flow assignment.
They considered the case of multiple OD pairs. However, the signal control and interference
among multiple OD pairs were not considered [74]. Le et al. proposed a decentralized signal
control policy, which adopted the BackPressure scheme [58] to allocate the proportion of the
common cycle length to each phase [31]. The main objective of that paper was to prove the
stability (limited queue length) of the proposed signal control policy. Route was not taken into
account and capacity maximization at equilibrium was not investigated. Chen and Kasikitwi-
wat provided a quantitative assessment of capacity flexibility for the passenger transportation
network using bi-level network capacity model [11]. Variations in demand pattern and volume
were allowed in that paper. The utilized bi-level optimization model was similar to that propo-
sed in [74]. Signal control was not considered. Chiou aimed at optimizing traffic assignment
by minimizing travelers’ delay and maximizing reserve capacity [13] using the TRANSYT
model [62]. Nie proposed a class of bush-based algorithms for the user equilibrium traffic
assignment problem, which is in fact a variant of Beckmann’s seminal formulation [4, 38].
Mounce and Carey proposed the route swap algorithm that the swap rate is proportional to the
flow on the more costly route multiplied by the cost difference between two routes, and proved
that with the proposed route swap algorithm, the dynamical system can converge to a global
equilibrium [36]. The aforementioned review did not investigate the capacity maximization
at equilibrium by simultaneously considering flow swap and green-time proportion swap with
flow divergence among different OD pairs.

2.4 Gaps in the Literature

Most existing traffic data imputation methods suffer from the following shortcomings: 1)
there are few studies trying to find the optimum subset of detectors before imputation. It is
well known that choosing all detector measurements may improve the accuracy of imputation
but significantly increase the computational complexity, which consequently results in the
imputation method becoming non-scalable; 2) the spatial correlation of the traffic data has not
been fully utilized; 3) previous work mostly neglects the road topological information, which
can be further exploited to improve the accuracy of the traffic data imputation. In summary, the
aforementioned literature for missing traffic data estimation reveals that most existing studies
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do not consider the problem of finding the optimum set of sensors for imputation. They either
collected traffic data from all sensors or considered the sensors satisfying some given (often
arbitrarily set) conditions.

Furthermore, almost all proposed historical neighboring imputation methods, interpolation
based methods and prediction based methods only dealt with either single missing data impu-
tation or the case that the number of missing data is not large. The imputing performances of
the proposed methods greatly depend on the surrounding observed data of the missing points.
Thus, their performances suffer when the missing ratio goes high. Although the proposed
PPCA/KPPCA based imputation methods utilize all observed data to fit missing points and
theoretically can cope with multiple detector cases, the aforementioned limitations remain. In
a presence of a large data set with a high missing ratio, some available data may have weak
spatio-temporal correlation with the missing data. PPCA/KPPCA based approaches have do-
minant overfitting problem. The adopted interpolation based approaches, i.e., original kNN
or correlation kNN, are not able to work well because a large portion of missing data leads to
difficult selection of nearest neighbors.

Existing research efforts on traffic data imputation mostly deal with developing certain
data-driven or model-driven methods for missing data estimation. There is a lack of study on
the achievable estimation accuracy and the conditions to achieve accurate estimation results.
CRLB, as a well-known criterion, has been widely used in various applications for perfor-
mance evaluation. For instance, Shen et al. derived the Squared Position Error Bound (SPEB)
via equivalent Fisher information (EFI) for a general framework and cooperative wide-band
localization systems [43, 44]. They introduced the notion of EFI to reduce the matrix dimen-
sions by using Schur complement and investigated the cases that a priori knowledge of the
channel parameters and agent’s position to the agent’s localization information is available
or unavailable. Yu and Dutkiewicz derived CRLB for mobile tracking in non-line-of-sight
(NLoS) environment when measurements of distance, heading angle, and velocity are em-
ployed to estimate the mobile position [76]. The results were only derived for the scenario
where the range bias error is Rayleigh distributed and the heading and velocity errors are
Gaussian distributed. Liang et al. proposed the posterior CRLB for mobile tracking problem
in mixed line of sight (LoS) and NLoS conditions [33]. Rashid et al. derived CRLB for a
general multi-channel spaceborne synthetic aperture radar system for ground moving target
indication, which can be readily applied to an arbitrary antenna switching configuration [40].
Therefore, in this thesis, I characterize estimation accuracy in terms of a performance measure
called the Squared Flow Error Bound (SFEB) and focus on the study of the fundamental limits
of missing data estimation accuracy by using Fisher matrix to derive SFEB. The Fisher matrix
is an important tool for evaluating the accuracy of the parameter estimation technique. The
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inverse of the Fisher matrix yields the Cramer-Rao Lower Bound (CRLB), which provides
asymptotically a lower bound for the covariance matrix of unbiased estimators. I investigate
the fundamental limits of missing data estimation accuracy under different scenarios: the Fis-
her matrix is a full-rank matrix, which is the sufficient condition to find an efficient estimator
or a singular matrix, with which an efficient estimator can be found under certain conditions.
I also investigate the impact of relationship between the number of missing points and rank of
the Fisher matrix on the fundamental limits.

For aforementioned literature for optimum traffic control, almost all existing research ef-
forts focus on seeking on optimal control policy to optimize throughput by considering one or
multiple OD (Origin-Destination) pair, without consideration of the flow divergence among
different OD pairs caused by the turning matrix. Flow divergence is defined by the traffic
switching to another link/route midway in its route when the routes of multiple OD pair inter-
sect each other. P0 control policy proposed by Smith [49–51] has been verified to outperform
other control policies such as equi-saturation policy [66] because it can maximize capacity at
a quasi-dynamic user equilibrium on a simple network, which consists of multiple OD pairs
with a group of routes and does not have any flow divergence at each route. In an urban net-
work, there may be multiple OD pairs, each of which is connected via multiple routes that
may interwine with those affiliated to different OD pairs. In the presence of flow divergence
among different OD pairs, the route flow swap process and traffic signal assignment process
become much more intricate compare to those for a simple network because the traffic signal
assignment process can also occur between different OD pairs, rather than just different routes
for the same OD pair; the route flow swap process should take into account each link’s cost
on the same route. In summary, no existing work investigated the conditions for the existence
and uniqueness of equilibrium and stability of the dynamical systems when flow swap pro-
cess, green-time proportion swap process and flow divergence among different OD pairs are
simultaneously considered.





Chapter 3

Novel Missing Data Estimation Strategy
in Sensor-Equipped Road Networks

3.1 Overview

This chapter introduces the novel missing data estimation strategy, which incorporates to-
pological information to improve the estimation actuary. Firstly, a formal definition of the
problem being considered in this chapter is given. Then, the OCC based spatio-temporal es-
timation technique is proposed and finally, the proposed estimation strategy is evaluated by
comparing to some existing methods. Various missing type and missing ratios are observed in
performance comparison among the estimation strategies in terms of MAPE (Mean Absolute
Percentage Error) and RMSE (Root Mean Squared Error).

3.2 Problem Formulation

Suppose that there is a total of Nl links in a sensor-equipped road network, and there are Nm

roads equipped with permanent or temporary detectors while the rest have no detector. Furt-
hermore, each detector measures the data with the same sampling rate and delivers maximum
M data points each day, and there are K observed days. Then, the traffic data can be vie-
wed as a tensor T ∈ RNm×M×K . Denote the set of missing data in T by Qmiss and let Nmiss

be cardinality of Qmiss. Each element of Qmiss can be represented as qnmk (true value of the
missing data), where the subscripts n, m and k are the n-th road, m-th data point and k-th day,
respectively. The missing data imputation aims at finding a function of the available measured
data fnmk (T\Qmiss) to obtain the most likely estimates of Qmiss to minimize MAPE (Mean
Absolute Percentage Error) and RMSE (Root Mean Squared Error) of the estimates, defined
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by

MAPE =
1

Nmiss
∑

qnmk∈Qmiss

| fnmk (T\Qmiss)−qnmk |
qnmk

(3.1)

RMSE =

√
∑qnmk∈Qmiss

| fnmk (T\Qmiss)−qnmk |2

Nmiss
(3.2)

3.3 OCC based Strategy

Prior to explaining the OCC based strategy, I will firstly review the SRE (Spatial Random
Effects) model, which has been applied in [70] and [26]. Then, the SRE model will be applied
to the OCC search algorithm. Cressi et al. defined the SRE model as a summation of the large-
scale spatial variation, smooth small-scale spatial variation and the measurement error, where
the unknown random variables are fixed in number, statistically independent, and coefficients
of known but not-necessarily-orthogonal spatial basis function [18]. In a traffic network, the
measured traffic flow Z (s) at a finite number of locations s= { s1 · · · sN } can be expressed
by [19, 70]

Z (s) = X (s)T
β +B(s)T

η +ξ (s)+ ε (s) (3.3)

where the product of X (s)T and β can be understood as the weighted sum of the average
traffic flow from the L selected neighboring roads, the length of β represents the number of
selected neighboring roads, B(s)T

η can be interpreted as the fluctuation caused by the varied
traffic flow from the L selected neighboring roads, ξ (s) can be understood as a fine-scale
variability on s due to the nugget effect and flow generation or dissipation within some specific
sections, and ε (s) denotes the measurement error. In geostatistics, nugget effect represents
the discontinuity at the beginning of semivariogram graphs, which is generally caused by
inadequate sampling size [16].

3.3.1 Traffic Flow Analysis with a Closed Cut

Consider a two-dimensional traffic network with Nl single lane bi-directional roads (Fig. 3.1),
which are composed of Nm roads with detectors and Nun roads without detectors, Nl = Nm +

Nun.

The target road is defined as the road, on which the traffic flow should be estimated. The
flow on the target road toward one direction is caused by the flow on its neighboring roads and
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Figure 3.1: Illustration of a two-dimensional urban network with sensors

the flow directly injected to sinks or dissipated from sources within some specific sections. For
instance, the flow on the target road toward north consists of portion of eastbound flow from
road 8, westbound flow from road 2, northbound flow from road 9 and the missing flow, where
the flow from road 2 can be acquired from the detector while the road 8 and road 9 show a
lack of data. To investigate the flow relation between the target road and its neighboring
roads, we propose Theorem 3.1, which gives the mathematical expression for the continuous
flow relation between two roads.

Theorem 3.1. Consider a simple case of two directional roads and define q1 (τ), q2 (τ), µ1 (τ)

and µ2 (τ) as traffic flow and traffic density on the two roads, respectively. Further assume
that traffic flow on road 2 all comes from road 1, the case that traffic from road 1 may divert
to other roads is allowed. Assume that µ1 (τ) and µ2 (τ) are smaller than µm defined by the
limiting density [34]. Then the relation between q1 (τ) and q2 (τ) can be approximated by

q2 (τ)≈ q1 (τ)⊗h12,m (τ, t)

=
∫

τ

0
q1 (t)h12,m (τ − t, t)dt (3.4)

where “⊗” is two-dimensional convolution operation and h12,m (τ, t) is a time-varied corre-
lation coefficient function between two links.
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Proof. Partition the input flow stream on road 1 into N cells, each of which is with a short
distance δx. Thus, the length of input flow stream L1 can be expressed by L1 = Nδx and there
are µ1 (τ)δx vehicles traveling through road 1 at τ-th time slot. For an arbitrarily selected cell,
its length may expand to δx′ when the cell arrives at the sensor 2 because of the speed variation
and difference of the vehicles within the cell. Here we only consider the case that δx′ > δx,
because shrink of the partial stream length can be viewed as overlap of two adjacent expanded
cells. The density within the short distance δx and δx′ are assumed to be constant because δx
and δx′ are small enough. Thus, there are µ1 (τ)δx and µ2 (τ)δx′ vehicles traveling through
the road 1 and 2 at τ-th time slot, respectively. Then, the number of vehicles traveling through
road 2 at τ-th time slot can be expressed by

µ2 (τ)δx′ = ∑
i=1···N

µ1 (τi)δxpi,12,m (τ) (3.5)

where τi is the time slot in which the i-th cell travels through road 1, pi,12,m (τ) is a function
that represents the fraction of vehicles expanding over time zone for the i-th cell arriving at
road 2, and then for each cell, it haspi,12,m (τ) = 0 if the i-th cell is diverted to other links∫

∞

0 pi,12,m (τ) = 1 if the i-th cell arrives at the link 2

When δx,δx′ → 0, (3.5) can be transformed as

µ2 (τ) = limδx,δx′→0

(
∑

i=1···N
µ1 (τi)

δx
δx′

pi,12,m (τ)

)
=
∫

τ

0
µ1 (t)h12,m (τ − t, t)dt (3.6)

where h12,m (τ, t) is a time-varied correlation coefficient function between road 1 and 2. If
µ1 (τ) and µ2 (τ) are smaller than the limiting density, the mean speed will be unaffected and
flow-density curve is closed to linearity [34]. Thus, (3.4) can be obtained via multiplying both
sides of (3.6) with the mean speed at the input and output streams, respectively.

Remark 3.2. It is worth noting that Theorem 3.1 is also valid for the case that the two roads
are not adjacent to each other. In such case, all road segments between the two roads traveled
through by the input stream can be virtualized as an intersection with a delay function. Any
congestion occurring between roads 1 and 2 has no impact on the validity of Theorem 3.1. In
that case, the time delay caused by congestion occurring between the two roads is given by
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the time-varying correlation coefficient function between two roads h12,m (τ, t). In the case
that there is congestion on road 1 or road 2, Theorem 3.1 can be slightly modified to express a
relation in terms of traffic volume between each road, instead of flow:

∫
q2 (τ)dτ =

∫ ∫
τ

0
q1 (t)h12,m (τ − t, t)dtdτ

=
∫

q1 (t)
∫

τ

0
h12,m (τ − t, t)dτdt

= g12,m

∫
q1 (τ)dτ

where g12,m is the correlation coefficient in terms of traffic volume between two roads, and
can be expressed by

g12,m =

∫
q1 (t)

∫
τ

0 h12,m (τ − t, t)dτdt∫
q1 (t)dt

The assumption in Theorem 3.1 is fulfilled because our employed data shows that no con-
gestion occurs on the inspected roads. Suppose the number of selected feeding sources of
the target road is K, which consists of Km measured roads and Kun unmeasured roads. From
Theorem 3.1, the flow on the target road can be expressed by

qT (τ) ≈ q̄T (τ) + CT,i (τ, t)C−1
i,i (t) ⊗V (qi (τ)− q̄i (τ)) + wT (3.7)

where q̄T (τ) is the average flow on the target road at τ-th time slot, wT is the missing flow and
can be modeled as a stationary non-zero mean Gaussian variable, qi (τ) and q̄i (τ) are K × 1
vectors containing the instantaneous and average flow on the K feeding sources, CT,i (τ, t) and
Ci,i (t) are a time-varied 1×K Cross Correlation Matrix (CCM) between qT (τ) and qi (τ), and
a time-varied K×K Auto Correlation Matrix (ACM) of qi (τ), respectively. By the definition,
CT,i (τ, t) and Ci,i(t) can be expressed by

CT,i (τ, t) = E
(
(qT (τ)− q̄T (τ))(qi (t)− q̄i (t))

T
)

Ci,i (t) = E
(
(qi(t)− q̄i (t))(qi (t)− q̄i (t))

T
)

(3.8)

Note that “⊗V” is vector convolution operation. For example, given two vectors a and b with
the elements ai,i=1···N (t) and bi,i=1···N (t), respectively. Then the convolution of two vectors
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can be expressed by

aTb =
[

a1 (t) a2 (t) · · · aN (t)
]
⊗V


b1 (t)
b2 (t)

...
bN (t)

= ∑
i=1···N

ai (t)⊗bi (t)

Remark 3.3. Note that (3.7) is valid no matter whether the corresponding road traffic is statis-
tically independent or correlated. Equation (3.7) gives a general form to express the relation
between the target flow and its neighboring flows for both statistically independent and cor-
related cases. In the case of correlated traffic, C−1

i,i (t) is a K ×K auto correlation matrix,
CT,i (τ, t) is a 1×K vector. It follows that CT,i (τ, t)C−1

i,i (t) is a 1×K vector, each element
of which can be represented as hTl (τ, t). In the case of independent traffic, Ci,i (t) becomes a
diagonal matrix and thus hTl (τ, t) becomes the correlation coefficient.

Then (3.7) can be rewritten as

qT (τ)≈ q̄T (τ)+
Km

∑
l=1

q̃l,m (τ)⊗hTl,m (τ, t)+
Kun

∑
j=1

q̃ j,un (τ)⊗hT j,un (τ, t)+wT −µw (3.9)

where q̃l,m (τ), q̃ j,un (τ), hTl,m (τ, t) and hT j,un (τ, t) are the flow variation on the l-th measu-
red and j-th unmeasured roads, and the time-varied correlation coefficient function between
the target and the l-th measured and j-th unmeasured roads, respectively. The flow variation
q̃l,m (τ) and q̃ j,un (τ) denote the gap between the instantaneous flow and the average flow on
the l-th and j-th roads, wT is a non-zero mean Gaussian variable and wT ∼ N (µw,σw). Note
that ql,m (τ) and q j,un (τ) are stochastic process, which varies day to day at the same time slot.
By the assumption of ql,m (τ) and q j,un (τ) keeping constant over a short time interval, (3.9)
can be rewritten as

qT (τ)≈ q̄T (τ)+
Km

∑
l=1

q̃l,m

∫
τ

0
hTl,m (τ − t, t)dt

+
Kun

∑
j=1

q̃ j,un

∫
τ

0
hT j,un (τ − t, t)dt +wT −µw (3.10)

where q̄T (τ) corresponds to the element of X (s)T
β in (3.3), the sum of the second and the

third terms can be transformed to the element of B(s)T
η via Karhunen-Loeve expansion. Note
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that ε (s) in (3.3) is neglected because the measurement process is assumed to be identical to
the hidden process. For simplicity, we define gTl,m (τ) =

∫
τ

0 hTl,m (τ − t, t)dt and gT j,un (τ) =∫
τ

0 hT j,un (τ − t, t)dt. Then (3.10) can be rewritten as

qT (τ)≈ q̄T (τ)+
Km

∑
l=1

q̃l,mgTl,m (τ)+
Kun

∑
j=1

q̃ j,ungT j,un (τ)+wT −µw (3.11)

where the average target flow q̄T (τ) and gTl,m (τ) can be obtained from the empirical data, q̃l,m

can be acquired by sensor measurements, q̃ j,un, gT j,un (τ) and wT are unknown parameters.
By modeling sum of ∑

Kun
j=1 q̃ j,ungT j,un (τ) and wT −µw as a zero-mean Gaussian variable with

variance of σ2
η , the probability function of qT (τ) by given q̄T (τ) and ∑

Km
l=1 q̃l,mgTl,m (τ) can

be expressed by

Pr

(
qT (τ) |q̄T (τ) ,

Km

∑
l=1

q̃l,mgTl,m (τ)

)
=

1√
2πση

exp

−

(
qT (τ)− q̄T (τ)

−∑
Km
l=1 q̃l,mgTl,m (τ)

)2

2σ2
η


(3.12)

To maximize the conditional probability, the neighboring measured roads should be selected

to minimize E
((

qT (τ)− q̄T (τ)−∑
Km
l=1 q̃l,mgTl,m (τ)

)2
)

, i.e., ESEE (Expected Squared Es-

timation Error), and meanwhile the neighboring unmeasured roads should be selected to mi-
nimize ση . However, ση is an unknown parameter. To tackle the problem, flow conservation
law is utilized to find optimum set of neighboring unmeasured roads. In graph theory, the sum
of flows entering the vertex (or a closed curve) is equal to the sum of flows leaving the vertex
(the closed curve) if the vertex is neither (the closed curve does not contain) a source nor a
sink [20]. Next, the flow conservation law will be applied to the road network depicted in Fig.
3.1.

Fig. 3.1 is modeled as a directed graph G(V,E) with a source set S and a link set T , where
V is the set of vertices and E ∈V ×V is the set of edges (road segments), respectively. A vertex
vi ∈V models a road intersection or an end of a road. An edge e

(
vi,v j

)
, which connects two

vertices, represents a directed network segment. The size of source set and sink set are KS and
KT, respectively. Then, Theorem 3.4 can be obtained as follows:

Theorem 3.4. Let us create an arbitrary closed cut in G(V,E) and define the flow on each
intersected edge (road segment) as fi, i = 1 · · ·KC, where KC is the total number of edges



22 Novel Missing Data Estimation Strategy in Sensor-Equipped Road Networks

intersected by the closed cut. Furthermore, let KT,in and KS,in be the number of sinks and
sources located inside of the closed cut, respectively, and let f (v, tk) and f (sl,u) be a flow
from the vertex v to a sink tk and a flow from a source sl to the vertex u, respectively. Then, the
following equality should hold:

KC,in

∑
k=1

fk −
KC,out

∑
l=1

fl =
KT,in

∑
k=1

∑
v∈V

f (v, tk)−
KS,in

∑
l=1

∑
u∈V

f (sl,u) (3.13)

where KC = KC,in +KC,out and KC,in, KC,out are the number of flows entering the closed cut
and leaving the closed cut, respectively.

Proof. The closed cut C partitions the graph into two disjoint vertex sets, denoted by V1

and V2. By defining a flow function between two sets of vertices X and Y as f (X ,Y ) =

∑x∈X ∑y∈Y f (x,y), the left side of (3.13) can be expressed by f (V1,V2). Reference [20]
shows that for all X ∈ V, f (X ,X) = 0, and for all X ,Y,Z ∈ V with X

⋂
Y = φ , f (X

⋃
Y,Z) =

f (X ,Z)+ f (Y,Z) and f (Z,X
⋃

Y ) = f (Z,X)+ f (Z,Y ) . Hence, it has

f (V1,V2) = f (V1,V )− f (V1,V1)

= f (V1,V ) (3.14)

= f (Sin,V )+ f (Tin,V )+ f (V1\{Sin,Tin} ,V )

From the flow conservation law, f (V1\{Sin,Tin} ,V ) = 0. Hence, (3.13) can be rewritten as

f (V1,V2) = f (Sin,V )+ f (Tin,V )

=
KT,in

∑
k=1

∑
v∈V

f (v, tk)−
KS,in

∑
l=1

∑
u∈V

f (sl,u) (3.15)

Theorem 3.4 is proved.

Remark 3.5. It is worth noting that Theorem 3.4 ignored the storage capacity of roads, i.e.,
vehicles stored in the road segments enclosed by the closed cut. Therefore, strictly speaking,
the relationship depicted in Theorem 3.4 only applies to long-term traffic flows where the
storage capacity is of negligible impact. When Theorem 3.4 is applied to short-term traffic
flows, the equality no longer holds strictly. Moreover, the loop detectors may also create some
uncertainties about the number of the passing vehicles. The mismatch between incoming and
outgoing traffic flows caused by storage capacity and measurement uncertainties caused by
loop detectors can be captured by an error term or can be modeled by a source/sink inside the
closed cut.
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A closed cut (dotted line) is shown in Fig. 3.1 as a dotted line, which intersects the target
road, road 7, road 11, road 10, road 9 and road 2. Applying Theorem 3.4, it has

qT +q7,out +q11,out +q10,out +q9,out +q2,out =

= qT,in +q7,in +q11,in +q10,in +q9,in +q2,in +ws +wt (3.16)

where qT is the missing target flow and ws and wt are the (total) source flow and sink flow
within the closed cut, respectively. Note that each vehicle will spend a different amount of
time traveling from an entrance to an exit of the closed cut. Then for each arbitrary closed cut
crossing the target road, the following relation can be obtained:

qT +
Km

∑
k=1

qk,out +
Kun

∑
l=1

ql,out =
Km

∑
k=1

qk,in +
Kun

∑
l=1

ql,in (3.17)

+ ws +wt

The above equation can be further rewritten in the following form:

qT +
Km

∑
k=1

qk,out −
Km

∑
k=1

qk,in =
Kun

∑
l=1

ql,in −
Kun

∑
l=1

ql,out (3.18)

+ ws +wt

where the right side of (3.18) is unknown and it has strong impact on σ2
η given by (3.12).

Combined with (3.12), the optimization objective function to find the OCC can be expressed
by

Cocc (T) = argmin
C(T)

E


(

qT − q̄T −∑
Km
k=1 q̃k,mgTk,m

)2
+

+
(

qT +∑
Km
k=1 qk,out −∑

Km
k=1 qk,in

)2




= argmin
C(T)



−2∑
Km
k=1 gTk,mrTk,m +gH

T,mRC(T)gT,m

+∑
Km
k=1 rk,out +∑

Km
k=1 ∑

Km
l=1,l ̸=k rkl,out

+2∑
Km
k=1 rTk,out −2∑

Km
k=1 rTk,in−

−2∑
Km
k=1 ∑

Km
l=1 rkl,in,out +∑

Km
k=1 rk,in

+∑
Km
k=1 ∑

Km
l=1,l ̸=k rkl,m


(3.19)
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where the first part of (3.19) is to maximize the conditional probability and the second part is
to minimize the expected squared unknown metrics, rTk,m, RC(T), rk,out, rkl,out, rTk,out, rTk,in,
rkl,in,out, rk,in and rkl,m are co-variance between the target flow and the k-th inflow, co-variance
matrix of the Km input flows, variance of the k-th outflow, co-variance between the k-th and
l-th outflow, co-variance between the target flow and the k-th outflow, co-variance between
the target flow and the k-th inflow, co-variance between the k-th inflow and the l-th outflow,
variance of the k-th inflow and co-variance between the k-th inflow and the l-th inflow, re-
spectively, and can be straightforwardly obtained by the empirical data. Equation (3.19) will
be used in the next sub-chapter to find the OCC.

3.3.2 Novel OCC Search Algorithm

It shows in (3.19) that the optimization procedure is a minimum cut finding problem. Stoer–Wagner
algorithm is a classical recursive algorithm, which can find the minimum cut in an un-directed
graph [53]. Unfortunately, the algorithm cannot be applied in our scenario because we need
find a minimum weighted closed cut in a directed graph. The closed cut should start and end at
the target edge. Brute-force solution is to check all possible neighboring edges and select the
one minimizing (3.19). However, the search complexity will increase exponentially with the
number of edges. To tackle the problem, we propose an iterative searching strategy, which is
a Modified version of Viterbi Algorithm (MVA). VA is a recursive optimal solution to the pro-
blem of estimating the state sequence of a discrete time finite-state Markov process observed
in memory-less noise [41]. The finite-states and transition probabilities in VA are determinis-
tic while MVA has non-deterministic states and transition probabilities for each iteration. Our
computer validation shows that the OCC can be efficiently captured for each target link.

To describe MVA more clearly, I firstly start from the scenario that all edges are equipped
with detectors and the empirical data are available for all roads. Then, I will extend MVA to
the scenario of low density of detectors. For the former scenario, it only aims at minimizing
ESEE given by the first term in (3.19). MVA can be interpreted as an iterative searching
solution initiating from the target edge and try to find the optimal detector at each iteration,
which can minimize ESEE. Let us define the finite-states at the i-th iteration as Si, which
contains Ni neighboring edges of li−1 defined by the selected edge at the i-1-th iteration. The
transition probability from the selected edge li−1 to the si-th state is defined by πli−1si , which
is 1/Ni. The ESEE at the i-th iteration for the ni-th selected neighbor is represented by Vi,ni .
From (3.19), Vi,ni can be determined by
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V1,T = 0

Vi,ni = min
li−1

 Vi−1,li−1 +gTni,mrH
li−1ni

gTli−1,m+

gH
Tli−1,mrli−1nigTni,m+

gTni,mrnig
H
Tni,m −2rTnigTni,m


Rni =

[
Rli−1 rli−1ni

rH
li−1ni

rni

]
gH

Tni,,m =
[

gH
Tli−1,m gTni,m

]
(3.20)

where li−1 contains all selected roads at the i-1 -th iteration, rli−1ni , rni and rTni are the co-
variance vector between li−1 and ni, variance of ni and co-variance between T and ni. Then,
MVA can be described by Algorithm 3.1. In the line 3, a queue is created to store the ESEE
and the selected road at the initial iteration, the “while” loop from the line 13 to line 23 selects
each crossed edge by minimizing the ESEE at each iteration, and the OCC can finally be
determined by tracing each edge back to its parent, which is defined by the selected edge in the
last iteration. For the latter scenario, a number of unmeasured roads appear in the network. The
flow conservation given by (3.19) need to be utilized to improve the estimation performance
because of the lace of sensors. However, Algorithm 3.1 cannot be directly applied to the latter
scenario because the second term in (3.19) cannot be determined unless a cut is pre-given.
It makes impossible for Algorithm 3.1 to iteratively incorporate the flow conservation during
the search procedure. To tackle the problem, an approximation is made for (3.19) aiming
at minimizing the number of crossed unmeasured roads while minimizing the first term in
(3.19). At each iteration, the edge is to be selected to be able to provide the maximum average
Variance of the Hypothetical Means (VHM), which is interpreted as the difference between
the variance and the conditional variance, then divided by the number of crossed roads. From
the law of total variance, the variance of the target flow can be expressed by

var(qT) = Eqm

(
varqT (qT|qm)

)
+ varqm

(
EqT (qT|qm)

)
(3.21)

= ESEE+VHM (3.22)

The dual problem of ESEE minimization is to maximize the VHM at each iteration. The
modified algorithm can be found in Algorithm 3.2.

Remark 3.6. Note that the number of cuts being found for the given area is determined by
the empirical data and topological information. Therefore, the number of determined cuts



26 Novel Missing Data Estimation Strategy in Sensor-Equipped Road Networks

varies with different target road segment. For each target road segment, there is only one
optimal cut, which is used to estimate the missing data. For an example, for the target roads
“Snowy Mountains Highway” and “Monaro Highway”, there are 4 and 18 closed cuts being
determined via the proposed algorithm, respectively.

Algorithm 3.1 MVA for the former scenario
1: Input: target road T, graph G
2: Output: optimum closed cut OCC
3: Initialize an empty OCC, empty edge array Ecell and a new queue Q with the initial

information about T,V1,T = 0;
4: While Q is not empty do
5: Get the ESEE Vi−1 and the crossed edges li−1 at i−1-th iteration, pop Q
6: For nl = 1,2, ...,Li−1 do
7: Find the neighboring edges Si for li−1,nl

8: For ni = 1,2, ..., number of neighboring edges do
9: If Si,ni approaches the target road

10: Then remove Si,ni and continue
11: Else update Vi−1,li−1 to Vi,ni via (3.20)
12: Search the minimum ESEE Vi,ni,min through Q
13: If Vi,ni =Vi,ni,min
14: Then Vi = [Vi−1 Vi,ni ],li = [li−1 Si,ni ]
15: Else remove Si,ni and continue
16: If Si,ni is a new edge
17: Then add the new edge to Ecell
18: End For
19: If li is not empty
20: Then construct a new element info with Vi and li
21: push info into Q
22: End For
23: End While
24: OCC is the concatenation of the parent field of each Ecell element

3.3.3 OCC Based Novel Estimator

This sub-chapter proposes the OCC based Kriging estimator and the OCC based novel estima-
tor, which incorporates the flow conservation law. After that OCC is determined by Algorithm
3.2, the missing data at the target road can be estimated via a Kriging estimator [16]

q̂T,kriging = q̄T +gH
T,m (qm − q̄m) (3.23)
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Algorithm 3.2 MVA for the latter scenario
The following modifications should be made:
line 11: update Vi−1,li−1 to Vi,ni

line 12: Search the maximum expected variance improvement Vi,ni,max through Q
line 13: if Vi,ni =Vi,ni,max
The rest lines are identical to those in algorithm 3.1.

where qm and q̄m contains the instantaneous flow and average flow for each crossed sensors,
the vector gT,m consists of Km scaling factors gTk,m;k=1···Km between the target flow and the
Km measured flows and can be straightforwardly obtained by the empirical data. Then the
conditional expectation E (q̂T|qm) and the conditional variance var(q̂T|qm) can be expressed
by

E (qT|qm) = q̂T,kriging (3.24)

and

var(qT|qm) = var(qT)−gH
T,mRqmgT,m (3.25)

To our known, the conditional PDF (Probability Distribution Function) P(qT|qm) is a Gaussian
function [28]. Thus, the OCC based Kriging estimation can be formulated as

qT|qm = q̂T,kriging +ζ (3.26)

where ζ ∼ N (0,var(qT|qm)). To further reduce the uncertainty, the flow conservation law is
incorporated. Let us define the OCC for the target road T as C (T). From (3.18), qT can be
written as

qT =
Km

∑
k=1

qk,in −
Km

∑
k=1

qk,out +
Kun

∑
l=1

ql,in −
Kun

∑
l=1

ql,out +ws +wt

=
Km

∑
k=1

qk,in −
Km

∑
k=1

qk,out + γ (3.27)

where γ ∼ N

(
∑

Kun
l=1 q̄l,in −∑

Kun
l=1 q̄l,out

∑
Kun
l=1 rl,in +∑

Kun
l=1 rl,out + rs + rt

)
, rl,in, rl,out, rs and rt are the flow variance for

the in and out direction at the l-th crossed edge, and the variance of generation flow and dissi-
pation flow within the closed cut, respectively. Then the conditional expectation E (qT|C (T))
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and the conditional variance var(qT|C (T)) can be expressed by

E (qT|C (T)) =
Km

∑
k=1

qk,in −
Km

∑
k=1

qk,out +
Kun

∑
l=1

q̄l,in −
Kun

∑
l=1

q̄l,out (3.28)

and

var(qT|C (T)) =
Kun

∑
l=1

rl,in +
Kun

∑
l=1

rl,out + rs + rt (3.29)

The better estimation can be obtained by maximizing the joint probability function Pr(qT|qm,C (T)).
With the Bayesian theorem, the objective function can be expressed by

q̂T,ML = argmax
qT

(Pr(qT|qm,C (T)))

= argmax
qT

(
Pr(qm,C (T) |qT)Pr(qT)

Pr(qm,C (T))

)
= argmax

qT

(Pr(qm|qT)Pr(C (T) |qT)Pr(qT))

= argmax
qT

(Pr(qT|qm)Pr(qm)Pr(qT|C (T))/Pr(qT))

= argmax
qT

(
− (qT−E(qT|qm))

2

2var(qT|qm)
+ (qT−q̄T)

2

2var(qT)
− (qT−E(qT|C(T)))2

2var(qT|C(T))

)
(3.30)

By setting the first derivative of (3.30) with regard to qT to zero, q̂T,ML can be expressed by

q̂T,ML =

q̄T
var(qT)

− E(qT|C(T))
var(qT|C(T)) −

E(qT|qm)
var(qT|qm)

1
var(qT)

− 1
var(qT|C(T)) −

1
var(qT|qm)

(3.31)

where E (qT|qm), E (qT|C (T)), var(qT|qm) and var(qT|C (T)) are given by (3.24), (3.28),
(3.25) and (3.29), respectively. and they can be straightforwardly obtained by the empirical
data.

Note that (3.30) and (3.31) are based on the assumption that the traffic flow on the crossed
measured roads and the unmeasured roads are independent i.e. Pr(qm,C (T) |qT)= Pr(qm|qT)Pr(C (T) |qT).
In real scenario, however, it can depict the dependence between them. Thus, the conditional
probability should be rewritten as

Pr(qm,C (T) |qT) = Pr(qm|qT)Pr(C (T) |qm,qT) (3.32)

where the latter term represents the conditional probability of sum of the unmeasured flow
and the missing flow based on input flow and the target flow, while the former term stands for
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the conditional probability of the input flow by giving the target flow. Because of the causal
relationship between flows [2], the crossed flows on the OCC can be classified into causal flow
and effect flow defined by the input and output of the OCC. Recall that γ is a set of unobserved
data and can be modeled as a Gaussian variable, which is sum of the unmeasured input flow,
the unmeasured output flow and the missing flow. The causal relation between qm and γ can
be utilized to obtain a more accurate PDF. Then, the second term of (3.32) can be transformed
to

Pr(C (T) |qm,qT) =
Pr(qT|C (T) ,qm)Pr(C (T) ,qm)

Pr(qm,qT)

=

Pr(C (T) ,qm)exp

−
(

qT −∑
Km
k=1 qk,out +∑

Km
k=1 qk,in −E (C (T) |qm)

)2

2var(C(T)|qm)


Pr(qm)Pr(qT)

√
2πvar(C (T) |qm)

(3.33)

The reason that we write Pr(qm,qT) = Pr(qm)Pr(qT) in (3.33) is the dependence between qm

and qT has been taken into account in the first term of (3.32), and (3.33) only considers the
causal relation between qm and γ , qT and γ . Hence, (3.30) can be improved as

q̂T,ML,improved = argmax
qT

(Pr(qT|qm)Pr(qT|C (T) ,qm)/Pr(qT))

= argmax
qT

 (qT−q̄T)
2

2var(qT)
− (qT−E(qT|qm))

2

2var(qT|qm)
−(

qT−
(

∑
Km
k=1 qk,in−∑

Km
k=1,k ̸=T qk,out

)
−E(C(T)|qm)

)2

2var(C(T)|qm)

 (3.34)

Then, q̂T,ML,improved can be expressed by

q̂T,ML,improved =

q̄T
var(qT)

−
(

∑
Km
k=1 qk,in−∑

Km
k=1,k ̸=T qk,out

)
+E(C(T)|qm)

var(C(T)|qm)
− E(qT|qm)

var(qT|qm)

1
var(qT)

− 1
var(C(T)|qm)

− 1
var(qT|qm)

(3.35)

and
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E (C (T) |qm) = γ̄ +σ γ,qmσ
−1
qm,qm

(qm − q̄m)

var(C (T) |qm) = var(γ)−gH
γ,mRqmgγ,m (3.36)

where σ γ,qm and gγ,m are the co-variance matrix and conditional correlation coefficients bet-
ween γ and qm, respectively, and can be easily obtained by the empirical data

3.4 Experimental Results with Real Traffic Data

In this sub-chapter, the proposed estimation strategies will be evaluated by comparing to ot-
her two imputation methods: NHA (Nearest Historical Average) and kNN. Various missing
type and missing ratio are observed in performance comparison among the three imputation
methods by MAPE and RMSE.

3.4.1 Data Description

Traffic flow data for novel missing data estimation strategies was provided by Sydney RMS
(Roads and Maritime Services). The selected data was collected by loop detectors on the
arterial roads located in Sydney south area over 198 days (Fig. 3.2).

Figure 3.2: Selected map for experiment: Sydney South Area

All measured roads are single-lance bi-directional roads. Each sensor provides the flow
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data of 1-hour interval from 00:00 - 23:00h on each day. Each green node in Fig. 3.2 represents
a sensor. The data can be represented as a tensor T ∈RNm×M×K , where Nm = 10, M = 24 and
K = 181. The number of historical days K is chosen to be 181 instead of 198 because the
weekend and public days are removed due to the different traffic pattern.

3.4.2 Generation of Missing Data

To evaluate the estimation performance of each methods, the missing data are intentionally
generated with different missing ratio that ranges from 20% to 50% at every 10% increment
as usual in the research field ([77, 78]). To verify the robustness of the proposed methods,
three types of missing data in this thesis are considered: 1) Missing Completely at Random
manner (MCR), where the missing points are independently and uniformly distributed over
the spatio-temporal domain. This may occur due to temporary from power or communica-
tion failures [15]. 2) Missing Group Randomly in the Temporal domain (MGRT), where the
missing points appear as a group of fixed length sequential points lost at one road, and the
group is independently and uniformly distributed over the temporal domain. This may occur
due to a prolonged physical damage, malfunction of communication device or temporary sen-
sor deployment. 3) Not Missing Randomly (NMR), where the occurrences of missing data
are scattered and simultaneous over different roads. NMR is often caused by a long time
malfunction of the loop detectors [39].

3.4.3 Imputation Techniques for Comparison Analysis

NHA is the most common method in the data imputation because it shows a stable perfor-
mance regardless of the missing data size with easy implementation [56]. NHA replaces the
missing data by arithmetic average or weighted average of the nearest historical data [15].
NHA does not incorporate the information from neighboring roads at the same day and is ba-
sed on the assumption that traffic pattern at the same sensor at the same time is similar from
day to day. In this study, the missing data is filled with the arithmetic average data of the same
time over 10 historical days.

The second comparison method is kNN method, which has been discussed in [8, 56]. The
original kNN method is to fill the the missing data with arithmetic or weighted average of
data on k neighboring roads. The k neighboring roads are selected by searching for the data
with close physical distances with the target road. In [8], the authors proposed the improved
kNN, which replaced the physical distance with the equivalent distance, which is related to
the physical distance among roads h, connective grade of a road g and correlation coefficient
between the historical time series of two road r. The k neighboring roads are selected by a
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given suitable threshold of the equivalent distance. Then, the missing data on the target road
is estimated by the arithmetic average of the data on the k neighboring roads.

3.4.4 Results and Discussion

In this section, estimation performance of three novel approaches will be examined: OCC ba-
sed Kriging (3.23), OCC based ML (3.31) and improved ML (3.34), and they will be compared
to correlative kNN [15] and NHA [8] in terms of MAPE and RMSE over different missing ra-
tios and three missing patterns. The performance of the proposed approaches was evaluated
with 198 days of the historical data. Missing data in testing were intentionally produced from
the available data sheet and compared with the actual value for the performance evaluation.

Fig. 3.3 and Fig. 3.4 depict MAPE and RMSE of the three novel estimation methods for
MCR pattern, respectively. The accuracy results of estimation represented by MAPE show
that the three novel estimation methods dominantly outperform the correlative kNN and NHA
over the missing ratio from 0.25 to 0.5. By incorporating the flow conservation law introduced
in Theorem 3.4, the estimation performance can be further improved via OCC based ML and
improved ML. Fig. 3.5, 3.6 and Fig. 3.7, 3.8 show the estimation performance for MGRT and
NMR patterns, respectively. As shown in Fig. 3.5, OCC based ML and improved ML depict
better estimation performance than correlative kNN and NHA over almost whole scale of
missing ratios while OCC based Kriging is more appropriate for the missing ratio being lower
than 0.35. Beyond 0.35, OCC based Kriging shows a worse performance than the comparing
methods. For NMR pattern, the three novel approaches slightly outperforms the comparing
methods over almost whole scale of missing ratio.

Comparing the three novel approaches, the improved ML shows the best estimation perfor-
mance for three missing patterns because it incorporates the flow conservation law and takes
into account the dependence between the measured and unmeasured roads.

Comparing the three missing patterns, three novel methods depict the best estimation per-
formance for MCR pattern while the worst performance for NMR.

It is observed in Fig. 3.5 that the performance of OCC based Kriging for MGRT pattern
becomes worse than NHA and correlative kNN when missing ratio is larger than 0.35. This
is mainly because for group missing pattern, the number of the measured neighboring roads
captured by OCC decreases quickly with the increase of the missing ratio and thus the corre-
lation between the measured neighboring and the target roads plays less role compared to the
flow conservation for the missing data estimation.

To summarize, the experimental results show that the three novel approaches perform bet-
ter than the comparing methods in almost all missing pattern, with exception for MGRT for
which the OCC based Kriging performs worse than the two comparing methods for the mis-
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sing ratio between larger than 0.35. The improved ML outperforms all other methods for all
missing patterns and missing ratios.

Figure 3.3: MAPE of five different methods in MCR pattern

Remark 3.7. Although in this thesis, only the non-congested case is considered. Theoretically,
congestion and non-recurrent events pose no impact on the performance of our methods as
long as the sampling period is much larger than the travel time. Because in this case, almost all
traffic flow measured by the target detector originates from the flow measured by its upstream
detectors during the same time slot. In the case that the travel time is much larger than the
sampling period due to congestion or non-recurrent events, the time lag should be considered
to improve the performance.

3.5 Summary

In this chapter, OCC based estimation strategies have been proposed for traffic flow incomple-
teness in urban network. Based on the determination of optimum sensors for imputation via
novel OCC finding algorithm, three different estimators: OCC based Kriging, OCC based ML
(Maximum Likelihood) estimator and improve ML estimator are compared in terms of MAPE
for three missing patterns: MCR, MGRT and NMR. In addition, the novel methods are com-
pared to NHA and correlative kNN. From the experimental results, the following conclusions
can be drawn:
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Figure 3.4: RMSE of five different methods in MCR pattern

Figure 3.5: MAPE of five different methods in MGRT pattern
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Figure 3.6: RMSE of five different methods in MGRT pattern

Figure 3.7: MAPE of five different methods in NMR pattern
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Figure 3.8: RMSE of five different methods in NMR pattern

1. The three novel methods outperforms NHA and kNN for three missing patterns over
almost all missing ratios because the topological information was utilized and a sophi-
sticated OCC finding algorithm was designed to determine the optimum sensors before
imputation.

2. The two ML estimators can deliver a better estimation performance than OCC based
Kriging because the flow conservation law has been incorporated.

3. By consideration of the dependence between the measured and unmeasured roads, the
estimation accuracy can be further improved. Therefore, the improved ML estimator is
the most appropriate imputation scheme for all missing patterns.



Chapter 4

Fundamental Limits of Missing Traffic
Data Estimation

4.1 Overview

Chapter 3 proposed novel missing traffic data estimation strategies, which have been verified
to be superior over two existing methods: NHA (Near Historical Average) and correlative
kNN because the proposed strategies incorporates topological information. So far, the existing
research on missing data estimation has mostly focused on using data-driven or model-driven
models to estimate the missing data, there is a lack of study on the achievable estimation
accuracy and the conditions to achieve accurate missing data estimation.

This chapter investigates the fundamental limits of missing traffic data estimation accu-
racy in urban networks using the spatio-temporal random effects (STRE) model. Firstly, the
Squared Flow Error Bound (SFEB) is derived for the cases of the Fisher matrix being a sin-
gular and non-singular matrix, respectively. Then, the sufficient and necessary conditions of
the existence of an unbiased estimator are shown that the number of missing points is less
than or equal to the rank of the Fisher matrix. For the case that no unbiased estimator can be
found, this chapter derives an inequality for the SFEB and shows that SFEB is readily deter-
mined by the co-variance matrix of the unknown (missing) parameter vector, flow correlation
between the unknown and the available data, and the sensor locations. Finally, an optimal
spatio-temporal Kriging estimator is developed.
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4.2 System Model and Error Bound on Missing Data Esti-
mation

This sub-chapter will firstly propose the urban traffic network model and the spatio-temporal
random effects (STRE) model. Based on the proposed urban traffic network model, it will
derive the SFEB of parameter vector estimation and show the relation among SFEB, the co-
variance matrix of the real flow vector and the co-variance matrix of the observed flow vector.
Furthermore, the relation between rank of the Fisher Information Matrix (FIM) and the number
of missing points will be presented, and the sufficient and necessary conditions of existence
of unbiased estimator will be given.

4.2.1 Network Model

Consider a two-dimensional traffic network with Nl roads, which are composed of Nm roads
with sensors and Nu roads without sensors, Nl = Nm +Nu. At a time instant t, the traffic
flow measured by the well-functioned sensors is represented as q1,w,t,q2,w,t · · ·qM,w,t , while
those flow over the rest Nm −M roads with malfunctioned sensors and Nu unmeasured roads
are represented as q1,m,t,q2,m,t · · ·qNm−M,m,t and q1,u,t ,q2,u,t · · ·qNu,u,t , respectively. The letters
“w”, “m” and “u” denote well-functioned, malfunctioned and unmeasured roads, respectively.
The data structure can be more clearly viewed by formulating the traffic flow on each road over
consecutive time instants into a spatio-temporal matrix (see (4.3)). The task is to estimate the
missing traffic data on the malfunctioned roads and unmeasured roads at each missing time
instant. The set of missing data on all malfunctioned roads and unmeasured roads at all time
instants is denoted by ND =

{
1, 2, · · · ND

}
, NM∪NU, where ND is the total number

of missing points on the malfunctioned roads and unmeasured roads, NM and NU denote
the set of missing points on the malfunctioned roads and the unmeasured roads, respectively.
In this chapter, the traffic process in urban networks is modeled with the spatio-temporal
random effects (STRE) model, by which the observations can be represented as a sum of a
deterministic function, small-scale variation, fine-scale variation caused by the nugget effect
in geostatistics, and measurement error [45, 70], that is

Z (s; t) = µt (s)+St (s)
′
ηt +ξ (s; t)+ ε (s; t) (4.1)

ηt+1 = Ht+1ηt +ζt+1 (4.2)
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G =



q1,w,1 · · · qM,w,1 q1,m,1 · · · qNm−M,m,1 q1,u,1 · · · qNu,u,1
q1,w,2 · · · qM,w,2 q1,m,2 · · · qNm−M,m,2 q1,u,2 · · · qNu,u,2

... . . . ...
... . . . ...

... . . . ...
q1,w,t · · · qM,w,t q1,m,t · · · qNm−M,m,t q1,u,t · · · qNu,u,t

q1,w,t+1 · · · qM,w,t+1 q1,m,t+1 · · · qNm−M,m,t+1 q1,u,t+1 · · · qNu,u,t+1
... . . . ...

... . . . ...
... . . . ...

q1,w,T · · · qM,w,T q1,m,T · · · qNm−M,m,T q1,u,T · · · qNu,u,T


(4.3)

In a traffic network, Z (s; t) represents the traffic flow on a finite number of road segments
s =

{
s1 · · · sN

}
at the time instant of t, µt (s) represents the average flow on s at the t-th

time instant, St (s)
′
ηt can be interpreted as the flow fluctuation caused by the flow variation

from L selected neighboring roads, ξ (s; t) represents the variation on s at time instant t caused
by nugget effect and flow generation or dissipation within some specific sections, ε (s; t) is the
measurement error on s at time instant t, ξ (s; t) and ε (s; t) can be modeled as independent
white Gaussian process with mean zero and variances σ2

ξ
and σ2

ε , respectively, Ht+1 is a first-
order auto-regressive matrix and ζt+1 is a innovation vector. In the next subsection, we will
derive the squared flow error bound (SFEB) based on (4.1) and (4.2).

4.2.2 Error Bound on Missing Data Estimation

Based on (4.1), the traffic flow on each road segment can be expressed by a weighted sum of
flows on its neighboring roads and independent random variations. Note that the neighboring
roads not only include adjacent road segments, but also include the so-called l-th order, where
l represents the spatial order of neighbors. For example, the first-order neighbors are those
links that directly incident to the target road segments, while the second-order neighbors are
indirectly connected to target road segments, via the first-order neighbors [22]. Yang et al.
underlined that positive correlations exist among traffic collected at hundreds of sensors dis-
tributed on the entire road network sparsely, not just the neighborhood surrounding the target
road segments [75].

Let us define an unknown parameter vector θ1 that includes all missing datum on the
Nm −M malfunctioned roads, and an unknown parameter vector θ2 that includes all unmea-
sured data points on Nu unmeasured roads, and a known parameter vector θ3 that includes all
measured data points on Nm −M malfunctioned roads and M measured roads, i.e.,
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θ1 =
[

q1,m q2,m · · · qKm,m

]T

θ2 =
[

q1,u,1 · · · qNu,u,1 · · · q1,u,T · · · qNu,u,T

]T

θ3 =
[

q1,w,1 · · · qM,w,1 · · · q1,w,T · · · qM,w,T

q1,m,av q2,m,av · · · qKav,m,av

]T

where Km and Kav are the number of missing data points caused by temporary failure of
detectors and available data points on the malfunctioned roads, respectively. Let us define R1

and R2 as the data missing ratio and the failure rate of detectors, respectively, then, the relation
between R1 and R2, and Km, Kav can be expressed by

R1 =
Nm +(Nm −M)(1−R2)

Nm +Nu

Km = (Nm −M)R2T

Kav = (Nm −M)(1−R2)T (4.4)

Then, the following theorem can be obtained:

Theorem 4.1. An unbiased estimator of the parameter vector θ =
[

θ T
1 θ T

2 θ T
3

]T
with

finite variance exists iff (if only if) ATR−1
ε A+R†

θ
is a full-rank matrix, where A is the scaling

matrix and Rε is the error co-variance matrix given by (4.8) and (4.9), respectively, Rθ is
the co-variance matrix of the real flow vector, R†

θ
is the Moore-Penrose pseudo-inverse of Rθ .

Based on the given condition, the mean squared error (MSE) matrix of θ̂ by any estimators
satisfies the following inequality

Eqo,θ

{(
θ̂ −θ

)(
θ̂ −θ

)H
}
≽ Rθ −Rθ ATR−1

qo
ARθ

where M1 ≽ M2 means M1 −M2 is positive semi-definite, Rqo is the co-variance matrix of the
observed flow vector.

Proof. For simplicity, we abbreviate the n-th road segment and the t-th time instant as the
(n, t)-th point. Recall that equations (4.1) and (4.2) give us the information that in a traffic
network, traffic flow on each (n, t)-th point can be represented as the summation of a mean
value, variation and error term. The variation is caused by the variation on tis neighboring time
instant and road segments, and evolves with time. By Kriging technique [17], the observed
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traffic flow on the (n, t)-th point can be expressed by

qn,t = qn,t,r +ξ (n; t)+ ε (n; t)

= q̄n,t,r + rT
n,tG

−1
n,t
(
θn,t,r − θ̄n,t,r

)
+ζ (n; t)+ξ (n; t)+ ε (n; t) (4.5)

where qn,t,r and q̄n,t,r are the (n, t)-th instantaneous flow and average flow, respectively, rn,t is
a [(Nm +Nu)T −1]×1 column vector containing the empirical cross correlation between the
(n, t)-th data point and the rest spatial-temporal data points (n′, t ′)= (1 · · ·Nm +Nu,1 · · ·T ) ,(n′, t ′) ̸=
(n, t), Gn,t is a [(Nm +Nu)T −1]× [(Nm +Nu)T −1] empirical co-variance matrix consisting
of co-variance between each pair of spatial-temporal data points in the rest spatial-temporal
data set, θn,t,r is a [(Nm +Nu)T −1]× 1 column vector containing instantaneous flow at all
unmeasured data points and measured data points, θ̄n,t,r is the [(Nm +Nu)T −1]× 1 average
real flow vector, ζ (n; t) is the flow variation introduced by measurement error on rest spatial-
temporal data points and flow generation or dissipation within some specific sections, ξ (n; t)
is the flow variation caused by nugget effect and ε (n; t) is the measurement error for the
(n, t)-th observation. For simplicity, we define a new [MT +Kav −1]×1 column vector θ

(n,t)
3

obtained by removing the (n, t)-th element from θ3. Then, rn,t , Gn,t and θn,t can be expressed
by

θn,t =
[

θ T
1 θ T

2 θ
(n,t)T
3

]T

rn,t = E
[
(qn,t − q̄n,t)

(
θn,t − θ̄n,t

)]
= E

(q̃n,t + εn,t)

 θ̃1 +ξ 1 + ε1

θ̃2 +ξ 2 + ε2

θ̃
(n,t)
3 +ξ 3 + ε

(n,t)
3




=
[

rT
n,t,θ1

rT
n,t,θ2

rT
n,t,θ (n,t)

3

]T

Gn,t = E
[(

θn,t − θ̄n,t
)(

θn,t − θ̄n,t
)T
]
= E


 θ̃1 +ξ 1 + ε1

θ̃2 +ξ 2 + ε2

θ̃
(n,t)
3 +ξ 3 + ε

(n,t)
3


 θ̃1 +ξ 1 + ε1

θ̃2 +ξ 2 + ε2

θ̃
(n,t)
3 +ξ 3 + ε

(n,t)
3


T


= Rθn,t,r +
(

σ
2
ξ
+σ

2
ε

)
I

where rn,t,θ is the flow correlation between the (n, t)-th data point and θ , Rθkθl is the co-
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variance matrix between θk and θl , σ2
ξ

is variance of nugget effect and flow generation or
dissipation, σ2

ε is variance of the measurement error, q̃n,t is the flow variation at the (n, t)-th
data point, θ̃1,θ̃2 and θ̃

(n,t)
3 are the flow variation vectors for θ1,θ2 and θ

(n,t)
3 , respectively.

Note that the co-variance with the data vector on the malfunctioned road segments can be
determined by historical data because of the temporary failure of detectors. The co-variance
with the data vector on the unmeasured road segments can be determined by historical data
measured by temporarily installed detectors on those road segments. In the case that some
unmeasured road segments have no temporary detectors installed previously, θ2 can be consi-

dered as a latent parameter vector, and θn,t becomes
[

θ T
1 θ

(n,t)T
3

]T
.

The variance of the flow variation ζ (n; t) can be determined by

var (ζ (n; t)) = var (qn,t,r)− rT
n,tG

−1
n,t Rθn,t,rG

−T
n,t rn,t

= var (qn,t,r)− rT
n,tUθn,t,rΛθn,t,rU

H
θn,t,r

rn,t

where Rθn,t,r is the co-variance matrix of the real instantaneous flow vector θn,t , Λθn,t,rcontains
non-zero Eigenvalues of λk

λk+σ2
ε

,k = 1 · · ·Kn,t in its diagonal, λk is the non-zero Eigenvalues of
Rθn,t,r , Uθn,t,r is the Eigenspace of Rθn,t,r dedicated to λk,k = 1 · · ·Kn,t . Recall that ξ (n; t) and
ε (n; t) are independent white Gaussian process in space and time with mean zero and variance
σ2

ξ
and σ2

ε , then (4.5) can be rewritten as

qn,t = q̄n,t,r + rT
n,tG

−1
n,t
(
θn,t,r − θ̄n,t,r

)
+ εn,t

= rT
n,tG

−1
n,t θn,t,r + q̄n,t,r − rT

n,tG
−1
n,t θ̄n,t,r + εn,t (4.6)

where εn,t is an i.i.d zero-mean Gaussian process with variance of var (qn,r)−rT
n,tUθn,t,rΛθn,t,rU

H
θn,t,r

rn,t +

σ2
ξ
+σ2

ε . Formulating MT +Kav observations into a system of linear equations (SLE), which
can be expressed by

qo = Aθ +u+ ε (4.7)

where qo is a [MT +Kav]× 1 observation flow vector, θ is a (Nm +Nu)T × 1 instantane-
ous real traffic flow vector containing flow on each road segment at T time instants, A is a
[MT +Kav]× (Nm +Nu)T scaling matrix obtained by rT

n,tG
−1
n,t ,n = 1 · · ·Nm +Nu, t = 1 · · ·T , u

is a [MT +Kav]×1 bias vector and ε is the measurement error vector, that is
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A =
[

Ai A j Aℓ1

]

Ai =

 [G−T
1
]Km

1 r1 · · ·
[
G−T

MT
]Km

1 rMT︸ ︷︷ ︸
MT

· · ·
[
G−T

MT+1
]Km

1
×rMT+1

· · ·

[
G−T

MT+Kav

]Km

1
×rMT+Kav︸ ︷︷ ︸

Kav


T

A j =


[
G−T

1
]Km+NuT

Km+1
×r1

· · ·
[
G−T

MT
]Km+NuT

Km+1
×rMT︸ ︷︷ ︸

MT

· · ·
[
G−T

MT+1
]Km+NuT

Km+1
×rMT+1

· · ·

[
G−T

MT+Kav

]Km+NuT

Km+1
×rMT+Kav︸ ︷︷ ︸

Kav


T

[Aℓ1]
MT+Kav
k=1 =


[
G−T

k

]Km+NuT+k−1
Km+NuT+1 rk

0[
G−T

k

]Km+NuT+MT+Kav−1
Km+NuT+k rk


T

(4.8)

θ =
[

θ T
1,r θ T

2,r θ T
3,r

]T
,ATR−1

ε A+R†
θ

u = q̄r −Aθ̄

ε =
[

ε1 · · · εMT+Kav

]T
, q̄r =

[
q̄1,r · · · q̄MT+Kav,r

]T
(4.9)

where [G]k2
k1 denotes the sub-matrix that extracts [k1 ∼ k2]-th rows of G, θ̄ is the real average

traffic flow vector, Rε is [MT +Kav]× [MT +Kav] diagonal matrix with the n-th element on its
diagonal var (qn,t,r)− rT

n,tUθn,t,rΛθn,t,rU
H
θn,t,r

rn,t +σ2
ξ
+σ2

ε .

Let θ̂ denote an estimate of the vector θ based on observation qo. Then, the mean squared
error (MSE) matrix of θ̂ satisfies the information inequality [61]

Eqo,θ

{(
θ̂ −θ

)(
θ̂ −θ

)H
}
≽ J−1

θ ,r (4.10)

Eqo,θ

{
∥ θ̂ −θ ∥2}≥ tr

(
J−1

θ ,r

)
(4.11)

where Jθ ,r is the Fisher Information Matrix (FIM) for the parameter vector θ , A ≽ B denotes
that the matrix A−B is a positive semi-definite matrix, ∥ � ∥ is the Euclidean norm of its
argument, tr{�}is the trace operation. Note that the parameter vector θ is a random parameter
and Jθ ,r is a Bayesian information matrix that does not depend on any particular θ , but requires
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an average over all possible θ .

Initially, we will give the FIM for deterministic parameter vector θ , then the PDF of para-
meters is incorporated to derive the FIM for random parameter vector. Let us define f (qo|θ)
as the likelihood ratio of the observation vector qo conditioned on θ , then the FIM for a deter-
ministic parameter vector θ is given by [61]

Jθ ,d , Eqo

{[
∂

∂θ
ln f (qo|θ)

][
∂

∂θ
ln f (qo|θ)

]T
}

(4.12)

From (4.7) to (4.9), the likelihood function can be expressed by

f (qo|θ) =
exp
{
−1

2 (qo −Aθ −u)T R−1
ε (qo −Aθ −u)

}
(2π)

(MT+Kav)
2 det

1
2 (Rε)

∝ exp
{
−1

2
(
qT

o−θ
TAT −uT)R−1

ε (qo −Aθ −u)
}

(4.13)

Substituting (4.13) in (4.6), the FIM Jθ ,d can be expressed by

Jθ ,d =−Eqo

−
∂ 2

{ (
qT

o−θ
TAT −uT)

×R−1
ε (qo −Aθ −u)

}
2∂θ 2

 (4.14)

= ATR−1
ε A =

 AT
i R−1

ε Ai AT
i R−1

ε A j AT
i R−1

ε Aℓ1

AT
j R−1

ε Ai AT
j R−1

ε A j AT
j R−1

ε Aℓ1

AT
ℓ1R−1

ε Ai AT
ℓ1R−1

ε A j AT
ℓ1R−1

ε Aℓ1


Then, a lower bound of co-variance matrix of θ̂ can be straightly obtained by (4.10) and (4.11)
when ATR−1

ε A is a full-rank matrix, that is MT +Kav = (Nm +Nu)T . Unfortunately, ATR−1
ε A

is a singular matrix because A is a fat matrix. Thus, an unbiased estimation of the entire
parameter vector is impossible to be found because some components in the parameter vector
may have infinite variance [54]. In such scenario, (4.10) can be rewritten as

Eqo,θ

{(
θ̂ −θ

)(
θ̂ −θ

)H
}
≽ J†

θ ,d

where J†
θ ,d is the Moore-Penrose pseudoinverse of Jθ ,d. There are three approaches coping

with the case of the FIM being a singular matrix, that is, incorporating the PDF of parame-
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ter vector to covert the original deterministic parameter estimation problem into a Bayesian
estimation problem; posing deterministic constrains on the parameter vector to reduce the pa-
rameter dimension; using a biased estimator [54]. This thesis focuses on incorporating the a
priori knowledge of the parameter vector.

Let us define f (θ) as the PDF of parameter vector θ , then the joint PDF of observation
and parameter vector can be expressed by

f (qo,θ) = f (qo|θ) f (θ)

where f (qo|θ) is given by (4.13), and thus the FIM becomes

Jθ ,r = Eθ

(
Jθ ,d + Jθ

)
where Jθ is the FIM for the a priori knowledge of the parameter vector and can be expressed
by

Jθ = Eθ

{[
∂

∂θ
ln f (θ)

][
∂

∂θ
ln f (θ)

]T
}

=−Eθ

{
∂ 2

∂θ
2 ln f (θ)

}
Let us define Rθ as the co-variance matrix of the real flow vector, then the PDF of θ can be
expressed by

f (θ) ∝ exp
{
−1

2
(
θ − θ̄

)
R†

θ

(
θ − θ̄

)T
}

where θ̄ has the same definition as (4.9), R†
θ

is the Moore-Penrose pseudoinverse of Rθ . Note
that Rθ has a possibility of being a singular matrix because of the spatial-temporal correla-
tion between traffic at different road segments and time instants. The rank of Rθ intuitively
represents the number of “sources” in the traffic network. Hence, the FIM for the a priori
knowledge of the parameter vector can be obtained by

Jθ = R†
θ

and the FIM for the joint PDF of observation and parameter vector can be expressed by

Jθ ,r = ATR−1
ε A+R†

θ
(4.15)
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where ATR−1
ε A and R†

θ
are of the rank of MT +Kav and r, respectively. The rank of Jθ ,r has

the following relation

R
(
Jθ ,r
)
≤ R

(
ATR−1

ε A
)
+R

(
R†

θ

)
= MT +Kav + r

= MT +(Nm −M)(1−R2)T + r

Thus, the necessary condition that an unbiased estimator of the entire parameter vector with
finite variance exists is that MT +(Nm −M)(1−R2)T + r ≥ (Nm +Nu)T . In the following
context, the lower error bound will be derived by assuming that Jθ ,r is a full-rank matrix and
a singular matrix, respectively. The former means that there exists an unbiased estimator with
finite variance for the entire parameter vector θ and the latter means that no unbiased esti-
mator can be found and thus parameter transformation or biased estimator should be applied.
Determining the error bound requires inverting the FIM Jθ ,r in (4.15), which can be rewritten
as

Jθ ,r = ATR−1
ε A+R†

θ

With the Woodbury matrix identity, the inverse of Jθ ,r can be expressed by

J−1
θ ,r =

(
R†

θ
+ATR−1

ε A
)−1

= Rθ −Rθ AT (Rε +ARθ AT)−1
ARθ

= Rθ −Rθ ATR−1
qo

ARθ (4.16)

From (4.11), the mean squared error can be obtained from the trace of J−1
θ ,r, that is

Eqo,θ

{
∥ θ̂ −θ ∥2}≥ tr(Rθ )− tr

(
Rθ ATR−1

qo
ARθ

)
(4.17)

Note that A in (4.11) is given by (4.8), which is determined by the flow correlation between
available data and the rest parameter vector (partial available data and entire unknown data)
rn,t , and the co-variance matrix of the rest parameter vector Gn,t . In the case of appropriate
selection of sensor locations so that there is no causal relationship between each pair of avai-
lable data points, A can be directly expressed by a product of cross correlation matrix between
the available data and the unknown parameter vector, and inverse matrix of co-variance matrix
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of the unknown parameter vector. Then, (4.17) can be rewritten as

Eqo,θ

{
∥ θ̂ u −θ u ∥2}≥ tr(Rθu)− tr

(
Rθu,qoR−1

qo
RH

θu,qo

)
(4.18)

where Rθu and Rθu,qo are the co-variance matrix of the unknown parameter vector and cross
correlation matrix between the available data and the unknown parameter vector, respectively.
Then, Theorem 4.1 is proved.

When Jθ ,r is a singular matrix, the following corollary can be obtained:

Corollary 4.2. In the case that Jθ ,r is a singular matrix, an unbiased estimator of the unknown
parameter vector θu exists iff (if only if) the number of missing points is less than or equal to
the rank of Jθ ,r i.e. (Nm +Nu)T −Kav −MT ≤ rJ , where rJ is the rank of Jθ ,r. Based on the
given condition, the variance of θ̂u satisfies the following inequality

varθ

(
θ̂u
)
≽
[

I 0
]

U1Λ
−1
1 UH

1

[
I
0

]
where I is the identity matrix, Λ1 and U1 are the non-zero eigenvalues and the corresponding
eigenspace, respectively. When (Nm +Nu)T −Kav −MT > rJ , no unbiased estimator can be
found and the variance of θ̂u satisfies the following inequality

Huvarθ

(
θ̂u
)

HH
u ≽ HU1Λ

−1
1 UH

1 HH +
(

σ
2
ξ
+σ

2
ε

)(
HaHH

a −2HA†A†HHH
)

where H is an arbitrary scaling matrix whose row space is orthogonal to the eigenspace
dedicated to the zero eigenvalues of Jθ ,r, Hu and Ha are the sub-matrices of H corresponding
to θu and θa, respectively.

Proof. From [28], the general form of CRLB can be expressed by

Eqo,θ

{
(α̂ −E (α̂))×
(α̂ −E (α̂))H

}
≽ ∂E (α̂)

∂θ
J†

θ ,r

(
∂E (α̂)

∂θ

)H

=
∂E (α̂)

∂θ

(
Rθ −Rθ ATR−1

qo
ARθ

)(∂E (α̂)

∂θ

)H

(4.19)

where α = h(θ) and ∂E(α̂)
∂θ

is a (Nm +Nu)T × (Nm +Nu)T matrix. To guarantee the right
side of (4.19) has no unbounded eigenvalue on its diagonal, the row space of ∂E(α̂)

∂θ
must be

orthogonal to the eigenspace dedicated to the zero eigenvalues of Jθ ,r. Assume that h is a
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linear function and α can be expressed by α = Hθ . By unbiased estimation of α , (4.19) can
be rewritten as

Eqo,θ

{
[α̂ −E (α̂)] [α̂ −E (α̂)]H

}
≽ HJ†

θ ,rH
H (4.20)

Let U2 be the eigenspace dedicated to zero eigenvalues of Jθ ,r, then a sufficient condition that
α̂ is a variance-limited unbiased estimator is HU2 = 0. By utilizing the eigenvector/eigenvalue
representation of Jθ ,r

Jθ ,r =
[

U1 U2

][
Λ1 0
0 0

][
UH

1

UH
2

]
the right side of (4.19) can be rewritten as HU1Λ

−1
1 UH

1 HH. By an unbiased estimator α̂ , it has

varθ (α̂)≽ HU1Λ
−1
1 UH

1 HH

and

[
Hu Ha

][
θ̂u

θ̂a

]
= α̂ (4.21)

where θ̂u and θ̂a are the (Nm +Nu)T −Kav −MT ×1 and Kav +MT ×1 vectors representing
the estimated unknown and available parameters, respectively. Let us define the rank of Jθ ,r

as rJ . In the case that (Nm +Nu)T −Kav −MT ≤ rJ , the unbiased estimation of θ̂u can be
obtained by

θ̂u =
(
HH

u Hu
)−1

HH
u [α̂ −Ha (θa +ξ + ε)]

Then,

varθ

(
θ̂u
)
≽
[

I 0
]

U1Λ
−1
1 UH

1

[
I
0

]
=
(
HH

u Hu
)−1

HH
u HU1Λ

−1
1 UH

1 HHHu
(
HH

u Hu
)−1

(4.22)
In the case that (Nm +Nu)T −Kav −MT > rJ , (4.22) does not hold because Hu is no longer
full-rank. Equation (4.22) can be transformed into

Huθ̂u = α̂ −Ha (θa +ξ + ε)



4.3 Optimal and Iterated Spatial-Temporal Kriging and Performance Analysis 49

Then,

Huvarθ

(
θ̂u
)

HH
u ≽ HU1Λ

−1
1 UH

1 HH +
(

σ
2
ξ
+σ

2
ε

)
HaHH

a −2cov[α̂,Ha (ξ + ε)] (4.23)

Note that cov(α̂,Ha (ξ + ε)) depends on Ha and α̂ , i.e., the applied estimator. It is well-known
that a maximum likelihood (ML) estimator is asymptotically efficient [28]. By introducing
α = Hθ to (4.7), it can be transformed to

qo = AH†
α +u+ ε

Then,

α̂ml =
(

AH†
)†

(qo −u)

= α +HA†
ε

and (4.23) can be rewritten as

Huvarθ

(
θ̂u
)

HH
u ≽ HU1Λ

−1
1 UH

1 HH +
(

σ
2
ξ
+σ

2
ε

)(
HaHH

a −2HA†A†HHH
)

(4.24)

Then, Corollary 4.2 is proved.

Note that Theorem 4.1 and Corollary 4.2 indicate that the minimum mean squared error
can be readily determined by covariance of the unknown parameter vector, flow correlation
between the unknown parameter vector and the available data, and the sensor locations. Thus,
Theorem 4.1 and Corollary 4.2 can also be used to optimize the sensor locations in a large
traffic network when the number of available sensors is limited.

4.3 Optimal and Iterated Spatial-Temporal Kriging and Per-
formance Analysis

In this sub-chapter, an optimal spatio-temporal Kriging estimator is proposed and its error
analysis is conducted based on the data structure in (4.3). For simplicity of expression, we
formulate the unknown parameters θ1 and θ2 into a new parameter vector θu, and the observed
parameters into qo. It is often the case that the mean flow value is not constant over space and
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time in a traffic network. Thus, a simple spatio-temproal Kriging estimator proposed in [17]
is employed, which can be expressed by

θ̂u = E(θu|qo)

= θ̄u +Rθu,qoR−1
qo

(
qo − θ̄o

)
(4.25)

= θ̄u +Rθu,qo

[
Rθo +

(
σ2

ξ
+σ2

ε

)
I
]−1 [

θo − θ̄o +ξ + ε

]
(4.26)

where θ̄u and θ̄o are the (Nm +Nu)T −Kav −MT ×1 and Kav +MT ×1 average flow vectors
for the unknown parameters and the observed parameters, respectively, Rθu,qo and Rqo are the
co-variance matrix between θu and qo, and auto correlation matrix of qo, respectively.

Remark 4.3. It is assumed that the number of samples is sufficiently large so that the pertur-
bations can be neglected. In practice, θ̄u, Rθu,qo , Rqo and θ̄o are perturbed by small drifts due
to the possibility of insufficient statistics of the empirical data.

Equation (4.25) shows that spatial-temporal Kriging estimator is biased towards θ̄u, rather
than θu if the dimension of qo is not sufficiently large. The mean squared error (MSE) of
(4.25) is given by

mse
(
θ̂u
)
= tr

{
E
[(

θu − θ̂u
)(

θu − θ̂u
)H
]}

= tr
{

Rθu −Rθu,qo

[
Rθo+

(
σ2

ξ
+σ2

ε

)
I
]−1

RH
θu,qo

}
= tr

(
Rθu −Rθu,qoR−1

qo
RH

θu,qo

)
(4.27)

where Rθu is the auto correlation matrix of θu. Since Rθu,qo

[
Rθo +

(
σ2

ξ
+σ2

ε

)
I
]−1

RH
θu,qo

is

a semi-positive definite matrix, then mse
(
θ̂u
)
≤ tr(Rθu).

Remark 4.4. Note that in (4.26) and (4.27), Moore-Penrose pseudoinverse should be applied
if Rθo +

(
σ2

ξ
+σ2

ε

)
I is a singular matrix.

Then, the following Corollary can be obtained:

Corollary 4.5. Spatial-temporal estimator proposed by (4.26) is efficient for both cases where
causal relationship among available data points exists or does not exist.

Proof. In the case that there is no causal relationship between each pair of available data
points, it is straightforward to show that (4.26) is efficient because (4.27) achieves the CRLB
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proposed by (4.18). In the case that the causal relationship among available points exists and
Jθ ,r is not a singular matrix, the lower bound of MSE of θ̂u can be expressed by

Eqo,θ

{
∥ θ̂ u −θ u ∥2}≥ tr

{[
I 0

](
Rθ −Rθ AHR−1

qo
ARθ

)[ I
0

]}

= tr

{
Rθu −

[
I 0

]
Rθ AHR−1

qo
ARθ

[
I
0

]}
(4.28)

Compared to the MSE in (4.27), it has

tr

 Rθu −Rθu,qoR−1
qo

RH
θu,qo

−Rθu

+
[

I 0
]

Rθ AHR−1
qo

ARθ

[
I
0

] = tr


[

I 0
]

Rθ AHR−1
qo

ARθ

[
I
0

]
−Rθu,qoR−1

qo
RH

θu,qo



= tr


 ARθ

[
I
0

][
I 0

]
Rθ AH

−RH
θu,qo

Rθu,qo

R−1
qo


(4.29)

Equation (4.29) indicates that the spatio-temporal estimator can be shown to be efficient

if ARθ

[
I
0

][
I 0

]
Rθ AH = RH

θu,qo
Rθu,qo can be proved. Recall that A is a MT + Kav ×

(Nm +Nu)T scaling matrix, each row of which is actually a product of a flow correlation vec-
tor, an inverse matrix of a cofactor matrix of Rθ and an insertion matrix. Thus, the row vector
of A can be rewritten as

Al = rT
l R∗−1

θ ,l,lBl (4.30)

where Al stands for the l-th row of A, R∗
θ ,l,l is the (l, l)-th co-factor matrix of Rθ and Bl is the

l-th insertion matrix inserting the (l +(Nm +Nu)T −MT +Kav)-th column of (Nm +Nu)T ×
(Nm +Nu)T identity matrix with zero vector. By substituting (4.30) into (4.29), it is not hard to

see that rT
l R∗−1

θ ,l,lBlRθ

[
I
0

]
is the flow correlation vector between the l-th available point and

the unknown parameter vector, and thus ARθ

[
I
0

]
, RH

θu,qo
and Corollary 4.5 is proved.

Corollary 4.5 reveals that (4.26) is an optimal estimator. Equation (4.27) shows that the
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optimal spatial-temporal estimator requires an inverse operation of the auto correlation ma-
trix of the observed parameter vector, which leads to high computational effort with a large
size of the observed parameter vector. To tackle the problem, I propose a sub-optimal itera-
tive multiple-points spatial-temporal Kriging technique, which iteratively imputes the missing
points via the most appropriate available data. At each iteration, the most appropriate availa-
ble data being used for imputation is selected such that the flow correlation with the missing
points is maximum while the co-variance matrix of the available data is not ill-conditioned.
Note that the available data in the i-th iteration may be the estimated value in the i− 1-th
iteration.

Let us define kav and kim as the constant number of the selected available data and the
missing points being imputed at each iteration, respectively. Let eχ be MSE of the iterated
spatial-temporal Kriging when a specific imputation order χ ∈ Φ is used. The cardinality of
imputation order set Φ is determined by the number of total missing points Km +NuT and the
missing points being imputed at each iteration kim, where

|Φ|=
⌊(Km+NuT )/kim⌋

∏
i=1

(
Km +NuT − ikim

kim

)
Then, eχ can be expressed by

eχ = Eqo,θ

{
I

∑
i=1

∥ θ̂
i,χ
u −θ

i,χ
u ∥2

}

=
L

∑
i=1

Eqo,θ

{
∥ θ̂

i,χ
u −θ

i,χ
u ∥2

}
(4.31)

=
L

∑
i=1

ei,χ (4.32)

where L is the number of iterations, θ̂
i,χ
u and θ

i,χ
u are the estimated and real unknown parameter

vector of the i-th iteration for the order χ . In what follows, the closed form of eχ is given and
the relation between eχ and χ , kav and kim is investigated.

By (4.27), at the i-th iteration for a specific order χ , the ei,χ can be expressed by

ei,χ = tr
(

Ri,χ
θu

)
− tr

(
Ri,χ

θu,qav
R−1,i,χ

qav
RH,i,χ

θu,qav

)
qi,χ

av = argmax
qav∈

{
qi−1,χ

av ∪θ̂
i−1,χ
u

}
[
tr
(

Ri,χ
θu,qav

R−1,i,χ
qav

RH,i,χ
θu,qav

)]
(4.33)



4.3 Optimal and Iterated Spatial-Temporal Kriging and Performance Analysis 53

where Ri,χ
θu

, Ri,χ
qav and Ri,χ

θu,qav
are the kim×kim, kav×kav and kim×kav auto correlation matrix of

the selected unknown parameter vector, available parameter vector and co-variance matrix be-
tween the selected unknown parameter vector and the available parameter vector, respectively.
Note that qi,χ

av in (4.33) is the most appropriate available data at the i-th iteration. Substituting
(4.33) into (4.32), eχ can be rewritten by

eχ = tr(Rθu)−
I

∑
i=1

tr
(

Ri,χ
θu,qav

R−1,i,χ
qav

RH,i,χ
θu,qav

)
(4.34)

Remark 4.6. Note that at the i-th iteration, where i > 1, ei,χ may be slightly different from that
given by (3.34), because there is possibility that some elements of θ̂

i−1,χ
u are selected to be the

available data. In such case, θ̂
i,χ
u should be rewritten by

θ̂
i,χ
u = θ̄

i,χ
u +Ri,χ

θu,qav
R−1,i,χ

qav

(
qi,χ

av − θ̄
i,χ
av
)

= θ̄
i,χ
u +Ri,χ

θu,qav
R−1,i,χ

qav

(
θ

i,χ
av − θ̄

i,χ
av + ε i,χ

)
(4.35)

and

ei,χ = tr
{
E
[(

θ
i,χ
u − θ̂

i,χ
u
)(

θ
i,χ
u − θ̂

i,χ
u
)H
]}

= tr

 E
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θ
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i,χ
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qav

(
θ
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qav

(
θ
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av − θ̄

i,χ
av + ε i,χ

) ]H


= tr

 Ri,χ
θu

−2Ri,χ
θu,qav

R−1,i,χ
qav RH,i,χ

θu,qav
−Ri,χ

θu,ε
R−1,i,χ

qav RH,i,χ
θu,qav

−Ri,χ
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R−1,i,χ
qav RH,i,χ

θu,ε
+

Ri,χ
θu,qav

R−1,i,χ
qav

(
Ri,χ

θav
+

Λ
i,χ
ε

)
R−1,i,χ

qav RH,i,χ
θu,qav


(4.36)

where ε i,χ is the error term of the available data at the i-th iteration for the order χ , Λ
i,χ
ε is the

co-variance matrix of ε i,χ , Ri,χ
θu,ε

is the co-variance matrix between θ
i,χ
u and ε i,χ .

Remark 4.6 shows equation (4.36) reveals the same result as (4.33) when Λ
i,χ
ε =

(
σ2

ξ
+σ2

ε

)
I,

i.e. all selected available data is observed data, rather than containing the available data esti-
mated from the i−1-th iteration, where I is the identity matrix. For i = 1, it is clear that ε i,χ

only consists of the measurement error ξ + ε from the observed data. But for i > 1, ε i,χ may
contain the estimation error delivered in the i−1-th iteration due to the available data selection
in the current iteration. The estimation error can be traced back to the observed data and can
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be classified into two types: measurement error propagation and error caused by insufficient
statistics. The measurement error of the observed data can propagate with the evolution if the
estimated value at the previous iteration is used as the available data at the current iteration.
Error caused by insufficient statistics is attributable to that for some missing points at specific
iterations, the selected available data may not cover all available information relating to the
missing points. For example, in a specific iteration, there are k

′
av + u observed data having

spatial-temporal correlation with the missing points. However, the kav selected available data
can only be traced back to k

′
av related observed data. The rest u observed data is not utilized

and thus leads to additional estimation error.

From (4.36), eχ can be expressed by

eχ = tr(Rθu)−
I

∑
i=1

tr
(

Ri,χ
θu,qav

R−1,i,χ
qav

RH,i,χ
θu,qav

)
−2

I

∑
i=1

tr
(

Ri,χ
θu,ε

R−1,i,χ
qav

RH,i,χ
θu,qav

)
+

I

∑
i=1

tr

{
Ri,χ

θu,qav
R−1,i,χ

qav

[
Λ

i,χ
ε −(

σ2
ξ
+σ2

ε

)
I

]
R−1,i,χ

qav RH,i,χ
θu,qav

}
(4.37)

Then, the following Lemma can be derived:

Lemma 4.7. Iterated spatial-temporal kriging estimator can achieve the CRLB proposed by
(4.17) iff (if only if) the selected available data contain all spatial-temporal information rela-
ting to the missing points at each iteration. In such case, the performance of iterated spatial-
temporal kriging estimator is irrelevant to a specific imputation order χ .

Proof. When the selected available data contain all spatial-temporal information relating to
the missing points at each iteration, Ri,χ

θu,ε
becomes zero, ∑

I
i=1 tr

(
Ri,χ

θu,qav
R−1,i,χ

qav RH,i,χ
θu,qav

)
achie-

ves tr
(

Rθu,qoR−1
qo

RH
θu,qo

)
, and Λ

i,χ
ε only contains the measurement error propagated from the

previous iterations. If the measurement error comes totally from the observed data, it is clear
that Λ

i,χ
ε =

(
σ2

ξ
+σ2

ε

)
I for each iteration and thus the last term in (4.37) disappears. For the

case that the measurement error does not come directly from the observed data, but fully or
partially from the data estimated in the previous iteration, Λ

i,χ
ε can be expressed by
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Λ
i,χ
ε = E





ξ 1 + ε1
...

ξ ko
+ εko

ε
i−1,χ
1

...
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i−1,χ
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ξ 1 + ε1
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ξ ko
+ εko

ε
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1

...
ε

i−1,χ
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H
(4.38)

where ki
av is the number of available data estimated in the previous iteration, the rest kav − ki

av

available data are from the observed data, when ki
av = kav, the available data are fully from the

estimated data. Equation (4.38) can be further derived as

Λ
i,χ
ε =

[ (
σ2

ξ
+σ2

ε

)
I 0

0 Ri,χ
ε

]

where Ri,χ
ε is not necessarily a diagonal matrix because of possibility of cross correlation

among the estimation error at different iterations. To evaluate Λ
i,χ
ε , we need to investigate

how ε i,χ propagates with i. Let us define ε
i,χ
n as the estimation error at the n-th missing point

at the i-th iteration for an arbitrary imputation order, then it can be expressed by

ε
i,χ
n = Ri,χ

θn,qav
R−1,i,χ

qav
ε

i−1,χ =
ki

av

∑
k=1

wi
kε

i−1,χ
k (4.39)

where wi
k,k = 1 · · ·ki

av is the weight vector revealing correlation between ε i−1,χ is the error
vector estimated at the i-1-th iteration. The k-th error term at the i−1-th iteration ε

i−1,χ
k can

be further traced back to the observed data with the same procedure as (4.39), Thus, ε
i,χ
n can

be further expressed by

ε
i,χ
n =

ko

∑
k=1

(
i

∏
ℓ=1

wℓ
k,n

)
(ξ k + εk)

where ∏
i
ℓ=1 wℓ

k is the correlation between the k-th observed data and the n-th missing point at
the i-th iteration, and thus it is the (n,k)-th element of the matrix Ri,χ

θn,qo
R−1,i,χ

qo . Thus, the last
term in (4.37) can be straightforwardly transformed to
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I

∑
i=1

tr
{

Ri,χ
θu,qo

R−1,i,χ
qo

[ (
σ2

ξ
+σ2

ε

)
I −
(

σ2
ξ
+σ2

ε

)
I
]

R−1,i,χ
qo RH,i,χ

θu,qo

}
= 0

Then, Lemma 4.7 is proved.

Remark 4.8. Because the performance is irrelevant to the imputation order when the selected
available data cover all related information, Lemma 4.7 is specially useful when we only
want to estimate partial unknown data. In such case, the benefits of iterated spatial-kriging
technique becomes more dominant because it can greatly lower the computational complexity
without performance degradation. In a traffic network, the available data that cover all infor-
mation relating to the missing points is not hard to be determined because of road topology.

Lemma 4.7 also suggests that there is possibility to simplify a certain form of matrix
multiplication by reducing matrix dimension. From Lemma 4.7, the following corollary can
be easily derived:

Corollary 4.9. For any K′×N′ matrix A and N′×N′ non-singular Hermitian matrix M, where
A and M can be written in their sub-matrices forms

A =
[

A1 A2 · · · AN

]
(4.40)

M =


M11 M12 · · · M1N

MH
12 M22 · · · M2N
...

... . . . ...
MH

1N MH
2N · · · MNN

 (4.41)

, An and MH
mn,m ̸= n are with the size of K′ ×N

′
n and N

′
n ×N

′
m, respectively, if there exists

matrices λn,n = 1 · · ·N that fulfill

Am =
N

∑
n=1

λnMH
nm,m = 1 · · ·N (4.42)

then the following equation can be obtained

AM−1AH =
N

∑
m,n=1

λmMmnλ
H
n (4.43)

Proof. Suppose that we use N′ observed data to impute K′ missing points. The N′ observed
data can be arbitrarily classified into N groups. The matrix M is the co-variance matrix of the
N′ observed data, which can be expressed by the form of (4.41). Each sub-matrix Mmn can
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be considered as cross-correlation between the m-th and n-th group. We assume that the K′

missing points is actually a linear combination of N groups of the observed data with the form:

θu =
N

∑
n=1

λnθ
(n)
o

where θ
(n)
o is the n-th group of the observed data and the definition of λn is the same as that

is given in (4.42). From (4.27), the MSE of estimation error of the K′ missing points can be
determined by

mse(θu|qo) = Rθu −AM−1AH (4.44)

where A is the cross-correlation matrix between θu and θo, and can be expressed by (4.42).
Suppose that there exists K′ available data with the same correlation to the observed data and
covers all information about the missing points, then the MSE of estimation error of the K′

missing points based on the K′ available data can be expressed by

mse(θu|qav) = Rθu −
N

∑
m,n=1

λmMmnλ
H
n (4.45)

From lemma 4.7, it can be known that (4.44) must be identical to (4.45). Then, Corollary 4.9
is proved.

Remark 4.10. Note that Corollary 4.9 can also be verified by matrix operation. It is specially
useful for the large dimension of M, where inverse operation becomes cumbersome. Corollary
4.9 can also be used to support Lemma 4.7.

4.4 Validation using Real Traffic Data

Based on the theoretical analysis proposed in sub-chapters 4.2.2 and 4.3, in this sub-chapter,
the real traffic data provided by the transportation department of Kaohsiung, Taiwan is utilized
to validate our theoretical findings.

The selected flow data was collected by 30 loop detectors on the road segments located in
an urban area of Kaohsiung, Taiwan, over the period of 01/04/2013 to 30/04/2013 (Fig. 4.1).
The black nodes in Fig. represent the deployed sensors. The horizontal and vertical axis repre-
sent the longitude and latitude, respectively. Each sensor provides the flow data of 10-minute
interval from 00:00 to 23:59 for each day. To validate the theoretical findings in this chapter,
the malfunctioned sensor and the unmeasured spatio-temporal points are intentionally gene-
rated with different missing ratios that ranges from 25% to 45% at every 5% increment. We
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consider the Missing Completely at Random manner (MCR), where the malfunctioned sen-
sors and the unmeasured spatio-temporal points are independently and uniformly distributed
over the spatio-temporal domain.

Firstly, the SFEB (Squared Flow Error Bound) is calculated, which is determined by the
co-variance matrix of the real flow vector, scaling matrix and the co-variance matrix of the
observed flow vector. Then, the flow values on the malfunctioned sensors and the unmeasured
spatio-temporal points are estimated by using the optimal spatio-temporal Kriging estimator,
Nearest Historical Average (NHA) and K Nearest Neighbor (KNN) methods, and their perfor-
mance is compared to each other in terms of RMSE (Root Mean Squared Error). The optimal
and iterated spatio-temporal Kriging estimators were proposed in sub-chapter 4.3. NHA is the
most commonly used method in the data estimation because it shows a stable performance re-
gardless of the missing data size with an easy implementation [56]. NHA replaces the missing
data by the arithmetic average or weighted average of the nearest historical data [15]. NHA
does not incorporate the information from neighboring roads at the same day and is based on
the assumption that traffic pattern at the same sensor at the same time instant is similar from
day to day. KNN methods is to fill the missing data with the arithmetic or weighted average
of data on K neighboring sensors, which are selected by searching for the data with close
physical distances or equivalent distances [8].

The experimental results are shown in Fig. 4.2 to Fig. 4.5, which compare the squared
root of SFEB, RMSE of optimal Kriging estimator, KNN and NHA for SNR (Signal to Noise
Ratio) is equal to 10dB, 20dB, 30dB and 40dB, respectively. SNR is this thesis is defined by
the ratio between the variance of real traffic flow data to the variance of measurement noise.
To validate the impact on SFEB by different measurement noise power, measurement noise is
intentionally created with different SNR. As can be seen from Fig. 4.2 to Fig. 4.5, theoretical
RMSE of the Optimal Kriging Estimator (OKE) given by Equation (4.27) coincides with the
squared root of SFEB given by Theorem 4.1 for all missing ratio and all SNRs. The experi-
mental RMSE of the OKE depicts a gap with the squared root of SFEB for SNR = 10dB while
generally coincides with the squared root of SFEB for higher SNR values. The experimental
RMSE of the OKE is obtained by Equation (4.26), which requires to determine the co-variance
matrix between the unmeasured data and the observed data, and the auto-correlation matrix
of the observed data. With larger measurement noise, the determined co-variance matrix and
auto-correlation matrix are subject to perturbation due to insufficient statistics, and thus the
gap is created. RMSE delivered by KNN and NHA is dominantly larger than the squared root
for SFEB and RMSE of OKE for all missing ratios and the all SNR. The results show that per-
formance of any missing points estimators is lowered by SFEB, and the OKE is an efficient
estimator, and thus Theorem 4.1 and Corollary 4.5 are validated. It can be seen that NHA



4.4 Validation using Real Traffic Data 59

indeed shows a general stable performance for different missing ratio and the performance of
KNN degrades with an increasing missing ratio. SFEB increases with an increasing variance
of the measurement noise.

Figure 4.1: Selected map for experiment: urban area of Kaohsiung, Taiwan
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Figure 4.2: Comparison of the squared root of SFEB, RMSE of the optimal Kriging estimator, KNN and NHA
for SNR = 10dB

0.25 0.3 0.35 0.4 0.45

Missing Ratio

0

50

100

150

200

250

300

350

R
M

S
E

Squared Root of SFEB

Theoretical RMSE of OKE

Experimental RMSE of OKE

KNN

NHA

Figure 4.3: Comparison of the squared root of SFEB, RMSE of the optimal Kriging estimator, KNN and NHA
for SNR = 20dB
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Figure 4.4: Comparison of the squared root of SFEB, RMSE of the optimal Kriging estimator, KNN and NHA
for SNR = 30dB
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Figure 4.5: Comparison of the squared root of SFEB, RMSE of the optimal Kriging estimator, KNN and NHA
for SNR = 40dB

4.5 Summary

In this chapter, I analyzed the CRLB of missing traffic data estimation and the sufficient and
necessary condition for the existence of an unbiased estimator for both the cases that Fisher
matrix is a non-singular or a singular matrix, respectively. It showed that the CRLB strongly
relies on the three parameters, viz. co-variance of the unknown parameter vector, flow corre-
lation between the unknown parameter vector and the available data, and the sensor locations.
It showed the importance of relationship between the number of missing points and the ran of
the Fisher matrix, i.e., and unbiased estimator of the unknown parameter vector can be found
if only if the number of missing points is less than or equal to the rank of the Fisher matrix.
I also derived an inequality on the variance of estimation error for the case that the above
mentioned condition is not fulfilled.
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I proved that the spatio-temporal estimator proposed in [17] is optimal for both cases that
causal relationship between available data points exists or not. To overcome high computati-
onal complexity with a large size of the observed parameter vector, I proposed a sub-optimal
iterated multiple-points spatio-temporal Kriging technique . I derived the variance of estimator
error and showed the sufficient and necessary condition with which the iterated multiple-points
spatio-temporal Kriging estimator can achieve the CRLB, i.e. the selected available data co-
vers all information relating to the missing points at each iteration, in such case, estimation
order becomes irrelevant to the performance. I further derived an useful corollary that can
simplify a certain form of matrix multiplication by reducing matrix dimension. This corollary
becomes more significant with a large matrix dimension where inverse operation becomes
cumbersome.

The proposed results in this chapter can be used as a benchmark to evaluate the perfor-
mance of missing data estimators in future work. The performance of any missing data esti-
mators is lower bounded by the proposed SFEB. Corollary 4.2 can be utilized to optimize the
sensor locations and the number of deployed sensors in the network. An application example
is to deploy the sensors on the locations so that FIM is a full-rank matrix. Lemma 4.7 can be
utilized to reduce computational complexity with a large size of the observed parameter vec-
tor. As an example, the missing points can be estimated iteratively with optimal selection of
available data according to Lemma 4.7 at each iteration, rather than using the optimal Kriging
estimator.





Chapter 5

Optimum Traffic Control in
Sensor-Equipped Road Networks

5.1 Overview

Chapter 3 and Chapter 4 investigated how to improve estimation performance using limited
number of sensors and the fundamental limits of traffic data estimation, respectively. High
estimation performance of traffic data estimation is vital for ATMS (Advance Traffic Mana-
gement Systems) to deploy traffic control polices to economically utilize the spatio-temporal
resources of roads and traffic signal settings to maximize road network capacity.

As mentioned in Chapter 1, almost all existing research efforts proposed simple control
policies to optimize throughput by only considering drivers’ route choice or traffic signal
control, and without considering the flow divergence among different OD pairs.

This chapter investigates a hybrid dynamical system, which incorporates flow swap pro-
cess, green-time proportion swap process and flow divergence for a general network with
multiple OD pairs and multiple routes, where flow swap process is specified in which traf-
fic swaps from more costly to less costly input links, green-time proportion swap process is
specified in which green time at each intersection swaps from less pressurized stages to more
pressurized stages. flow may diverge at each intersection from on OD pair to other OD pairs.
Unlike the dynamical system model considered in [49] where bottleneck delays need to be in-
tentionally constructed to yield the equilibrium flow vector and green-time proportion vector,
I propose a novel control policy to fill that gap by only adjusting the green-time proportion
vector. A sufficient condition for the existence of equilibrium of the dynamical system is de-
rived under the mild constraints that (1) the travel cost function and stage pressure function
should be continuous functions; (2) the flow and green-time proportion swap process project
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all flow and green-time proportion vectors on the boundary of the feasible region onto itself.
I derive the condition of unique equilibrium for fixed green-time proportion vector and show
that with varying green-time proportion vector, the set of of equilibrium is a compact, non-
convex set, and with the same partial derivative of travel cost function with respect to the flow
and green-time proportion vectors. Finally, the stability of the proposed dynamical system is
proved by using Lyapunov stability analysis.

5.2 Novel Traffic Assignment Model in a Realistic Network

For simplicity, let us firstly introduce the novel traffic assignment model in a simple network
with only two OD pairs, each of which has two routes. Then, the traffic assignment model will
be extended to a generalized form with multiple OD pairs, each of which has M routes with
M > 2. We use the definition of capacity maximization given in [49], which can be described
as

Definition 5.1. Suppose P is a control policy. “The control policy P maximizes network
capacity” means that: for a network with a rigid or steady demand and traffic signals; if there
is a route-flow vector X, which meets the given inelastic demand and is within the capacity
region of the given network, then there exist a route-flow vector X∗, delay vector b∗, green-
time proportion vector G∗, which meet the given inelastic demand, and is within the capacity
limitations of the given network. Furthermore, X∗, b∗ and G∗ fulfill

1. X∗ is a Wardrop equilibrium when the delay vector, green-time vector is
[

b∗ G∗
]

and

2. G∗ satisfies the control policy P when the delay vector, route-flow vector is
[

b∗ X∗
]
.

We give the definition of reserve capacity at equilibrium by

Definition 5.2. The reserve capacity at equilibrium is defined by the maximum possible incre-
ase in traffic demand that can be accommodated in the network considering (optimum) traffic
signal control at each intersection and drivers’ route choice behavior [68].

5.2.1 Equilibrium in a Simple Network without Signal Control

Consider a simple network with two OD pairs with two routes each in a steady quasi-dynamic
state with vertical queue (Fig. 5.1). The vertical queue assumes an idealized scenario for
analytic purpose that vehicles on a roadway stack up upon one another at the point where
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Figure 5.1: A signalized network with two OD pairs with two routes each. There is traffic signal at each inter-
section.

congestion begins, rather than backing up along the length of roadway. Vertical queue was
used in [36, 49, 51]. The definition of “steady quasi-dynamic” can be found in [49]. The
symbol Rn,m in Fig. 5.1 represents the n-th route of the m-th OD pair, where n,m = 1,2.

Let us define Cn,m, Ln,m, sn,m, Xn,m, bn,m, Gn,m, In,n′ as the free-flow travel cost via Rn,m, the
length of Rn,m, the saturation flow at Rn,m, the flow on Rn,m, the bottleneck delay of Rn,m at the
merging point (Signal 1 and 2 in Fig. 5.1), the green-time proportion assigned to Rn,m at the
merging point and the intersection between the n-th route of OD pair 1 and the n’-th route of
OD pair 2, respectively. Let Gl,In,n′

and bl,In,n′
be the green-time proportion and the bottleneck

delay assigned to the l-th stage of the intersection In,n′ , respectively. The unit of Cn,m, bn,m and
bl,In,n′

are seconds and the unit of sn,m and Xn,m are vehicles per second. The saturation flow
at Rn,m denotes the capacity of Rn,m at the critical density ρc if the green-time proportion of
that stage if one for the traffic signals at all intersections and the merging point. The symbol
Ll,n,m, l = 1,2,3;n,m = 1,2 is defined by the l-th link for the n-th route of the m-th OP pair,
Xl,n,m is defined by the flow on the link Ll,n,m, p(l,n,m),(l′,n′,m′) is defined by turning rate from
Ll,n,m to Ll′,n′,m′ .
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Let us define F , D and S by the feasible, demand and supply sets, respectively, then it has

F =




Gk,m

Gl,In,n′

n,n′ = 1,2
k, l = 1,2
m = 1,2

 :
G1,m +G2,m = 1,

G1,In,n′ +G2,In,n′ = 1,

Gk,m ≥ 0,Gl,In,n′
≥ 0


(5.1)

Suppose for convenience that s2,m > s1,m and C2,m >C1,m for m = 1,2; the other scenarios can
be readily accommodated by our analysis. Let us define T1 and T2 as fixed demands at the
origin 1 and 2, respectively. It assumes that there is no flow divergence at each intersection
and no traffic signal coordination, then, p(l,n,m),(l′,n′,m′) = 1 for l′ = l +1,(n,m) = (n′,m′) and
p(l,n,m),(l′,n′,m′) = 0 for (n,m) ̸= (n′,m′).

Then, D and S can be obtained by

D =

{(
Xn,m

m,n = 1,2

)
:

X1,m +X2,m = Tm

Xn,m ≥ 0

}
(5.2)

and

S =





Xk,m

Gk,m

Gl,In,n′

n,n′ = 1,2
l,m = 1,2
k = 1,2


:

Xk,m ≤

min

(
sk,mGk,m

sk,mGm,Ik,n′

)


(5.3)

From (5.2) and (5.3), the feasible demand set for Tm with m = 1,2 can be determined by

Tm ≤ min

(
s1,mG1,m

s1,mGm,I1,n′

)
+min

(
s2,mG2,m

s2,mGm,I2,n′

)
(5.4)

≤ s1,mG1,m + s2,mG2,m ≤ s2,m

and

T1 +T2 ≤ min

 s2,1 + s2,2

max(s1,1,s1,2)+max(s2,1,s2,2)

max(s1,1,s2,2)+max(s2,1,s1,2)

 (5.5)
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No green-time proportion in F can be found to satisfy the route flow in S if T1 and T2 are not
in the feasible demand set given by (5.4) and (5.5).

By the definition of Wardrop equilibrium that no traveler can reduce his travel cost by
unilaterally changing routes [42], equilibrium flow on each route is obtained by solving the
following equilibrium problem:

min
X ∑

a

∫ Xa

0
ta (X ,G)dX (5.6)

st.(5.1),(5.2),(5.3)

where ta (X ,G) is a strictly monotonically increasing travel cost function on the a-th route by
the given flow vector X and the green-time proportion vector G. Taking first derivative of the
objective function and setting it to zero, the equilibrium flow can be obtained by

t1,m (X∗,G) = t2,m (X∗,G) (5.7)

m = 1,2

which can be rewritten into the following equations:

C1,1 +b1,1 +b1,I1,1 +b1,I1,2 =C2,1 +b2,1 +b1,I2,1 +b1,I2,2

C1,2 +b1,2 +b2,I1,1 +b2,I1,2 =C2,2 +b2,2 +b2,I2,1 +b2,I2,2 (5.8)

In [49], the bottleneck delays within a quasi-dynamic model are given by

b = Q/sG (5.9)

where Q is the expected length of vertical queue at exit of the link and it is an explicit variable
that is determined by the green time and the route flows. However, Q is hard to measure or
estimate. The solution is to express the bottleneck delay as a function of the route flows, the
green-time proportion and the cycle duration of traffic light.

The maximum bottleneck delay can be interpreted as the required time to vacate a queue
caused by red signals. Then, in the simple network proposed in [49] with only one OD pair,
the maximum bottleneck delay at one route fulfills the following relation [69]:

X (1−G)∆T +Xb = sb (5.10)
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It follows that the maximum bottleneck delay can be expressed by

b =
X (1−G)∆T

s−X
(5.11)

where ∆T is the cycle duration. If X = sG, then b = G∆T , which is equal to the green time
duration. An ever-increasing queue will be generated when X > sG. In the network proposed
in Fig. 5.1, the maximum bottleneck delays at signal 1 and 2 can be expressed by

bn,m =
Xn,m (1−Gn,m)∆T

sn,m −Xn,m
;m,n = 1,2 (5.12)

The maximum bottleneck delays at each intersection can be expressed by

bl,In,n′
=

Xn,l

(
1−Gl,In,n′

)
∆T

sn′,l −Xn,l
; l,n,n′ = 1,2 (5.13)

Substituting (5.12) and (5.13) to (5.8), the equilibrium flow X∗
1,1, X∗

2,1, X∗
1,2 and X∗

2,2 can be
determined by

C1,1+
X∗

1,1
[
3−
(
G1,1 +G1,I1,1 +G1,I1,2

)]
∆T

s1,1 −X∗
1,1

=C2,1+
X∗

2,1
[
2+
(
G1,1 −G1,I2,1 −G1,I2,2

)]
∆T

s2,1 −X∗
2,1

C1,2 +
X∗

1,2
[
1−
(
G1,2 −G1,I1,1 −G1,I1,2

)]
∆T

s1,2 −X∗
1,2

= C2,2 +
X∗

2,2
[
G1,2 +G1,I2,1 +G1,I2,2

]
∆T

s2,2 −X∗
2,2

(5.14)

Combining with (5.1), (5.2), (5.3), (5.12) and (5.13), the equilibrium flow and the bottleneck
delays can be expressed by a function of Gn,m, Gl,In,n′

, Cn,m, ∆T , Tm and sn,m, where Cn,m, ∆T
, Tm and sn,m are constants while Gn,m and Gl,In,n′

are adjustable.

When flow divergence is allowed, 0 < p(l,n,m),(l′,n′,m′) < 1 when Ll,n,m and Ll′,n′,m′ are adja-
cent, while p(l,n,m),(l′,n′,m′)= 0 when Ll,n,m and Ll′,n′,m′ are non-adjacent, and ∑l′∈N(l,n,m)

p(l,n,m),l′ =

1, where N(l,n,m) is the set of all downstream neighboring links of Ll,n,m. The supply set S
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should be modified as

S =


 Xl,n,m

Gn,m

Gl,In,n′

 :

X1,2,1 ≤ s2,1G1,I2,2

X1,1,1 ≤ s1,1G1,I1,2
...

X3,2,2 ≤ s2,2G2,I1,2

 (5.15)

where

Xl,n,m = ∑
l′,n′,m′

Xl′,n′,m′ p(l′,n′,m′),(l,n,m) (5.16)

Combining with (5.2), the demand set D can be rewritten by

D =

{
(X ,Ts) :

P′X ≤ S′,X ≥ 0
1TX = Ts

}
(5.17)

where X =
[

X1,1,1 X1,2,1 X1,1,2 X1,2,2

]T
, 1 is all one vector, Ts is the sum of demand, S′

contains the maximum saturation flow at each intersection

S′ =
[

s2,1 s2,2 max(s2,1,s2,2) · · · max(s1,1,s1,2)
]T

(5.18)

P′ is the turning rate matrix that contains the sum of turning rate from each input flow to the
links, which intersect at an intersection, and thus the k-th row and n-th column element of P′

can be expressed by

P
′
k,n = ∑

Ll∈I−k

∏
m=Ln→Ll

pm,m+1 (5.19)

where I−k is the set of incident links at the k-th intersection, Ln is the n-th input link, Ln → Ll

represents the path from the n-th input link to the l-th incident link, pm,m+1 is the turning rate
from the m-th link to the m+1-th downstream neighboring link.

Remark 5.3. Note that the demand set given by (5.17) assumes that there is no flow generated
or dissipated at each intersection or link. When considering the flow generation or dissipation,
S′ should be replaced by S′+W , where W is considered as an error term.

Recall that the maximum bottleneck delay at each exit of a link (intersection) is determined
by the link flow, the saturation flow, the green-time proportion and the cycle duration of traffic
light. We assume that the turning rates, i.e., the proportion of vehicles turn left, right or go
straight etc., at each intersection can be estimated from empirical data. By taking into account
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the turning rates, (5.10) should be reformulated as

pX (1−G)∆T + pXb = psb (5.20)

where the turning rate p appears both on the left and on the right side of (5.20), and thus it
can be neglected. Then, by a given green-time proportion vector G, the maximum bottleneck
delays at signal 1 and 2 can be determined by

bn,m =
X3,n,m (1−Gn,m)∆T

sn,m −X3,n,m
(5.21)

The maximum bottleneck delay at each intersection can be expressed by

bl,In,n′
=

Xm,k,l

(
1−Gl,In,n′

)
∆T

sk,l −Xm,k,l
(5.22)

where k = n or n′, m = 1, 2 or 3. Then, the equilibrium flow X∗
l,n,m, l = 1,2,3;n,m = 1,2 can

be determined by combining (5.8), (5.16), (5.21) and (5.22).

The equilibrium flow solved by (5.8) has a unique solution because ta (X ,G) is a non-
decreasing function of X for a given G. When no solution can be found within the set S, that
means, at least one route flow for each OD pair has approached the boundary of the set S
for the given G, then an ever-increasing queue will be generated on that route because more
vehicles prefer to choose that cheaper route.

Note that S, D and F given by (5.15), (5.17) and (5.1) can be extended to a general network
with multiple OD pairs. I will show in the next sub-chapter how this may be done.

5.2.2 Extension to A General Network

Consider a general network with M OD pairs, each of which has Nm routes. Let us define Rn,m

as the n-th route of the m-th OD pair, NIn,m as the number of intersections for the n-th route of
the m-th OD pair, Xl,n,m as the link flow at the l-th link of the n-th route of the m-th OD pair,
bl,n,m as the maximum bottleneck delay at the l-th link of the n-th route of the m-th OD pair.
Then, the number of intersections in this general network is

NI =
M

∑
m=1

Nm

∑
n=1

NIn,m
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The demand set D of route flow vectors with non-negative components meeting all origin-
destination demands is given by

D =

{
(X I,Ts) :

P′X I ≤ S′,X I ≥ 0
1TXI = Ts

}
(5.23)

where X I is the input flow vector with X I =
[

X1,1,1 X1,2,1 · · · X1,NM ,M

]T
, 1 is an all-one

vector, Ts is the sum of demands, S′ contains the maximum saturated incident flow at NI inter-

sections and M exits of OD pairs with S′ =
[

s1,m s2,m · · · sNI+M,m

]T
, P′ is the turning

rate matrix given by (5.19). The feasible set F contains all feasible green-time proportion
vectors, where the green time proportions at each intersection sum to one, are non-negative
and given by

F =



(
Gn,m

Gm,Inm,n′m′

)
:

∑
Nm
n=1 Gn,m = 1

∑m,m′ Gm,Inm,n′m′ = 1

Gn,m ≥ 0
Gm,Inm,n′m′ ≥ 0

m = 1 · · ·M
n = 1 · · ·Nm


(5.24)

The supply set S contains link flow and green time proportion, for which each link flow is no
greater than the saturation flow multiplied by the link green time proportion, and it is given by

S =


 Xl,n,m

Gn,m

Gm,Inm,n′m′

 :

Xl,n,m ≤ sn,mGm,Inm,n′m′

Xl,n,m ≥ 0
m = 1 · · ·M
n = 1 · · ·Nm

 (5.25)

where the link flow Xl,n,m is the sum of the flows at all incident links multiplied by the re-
spective turning rate between the incident links and the current link.

By putting Xl,n,m into the vector X =
[

X1,1,1 X2,1,1 · · · XLNM ,NM ,M

]T
and bl,n,m into

the vector b =
[

b1,1,1 b2,1,1 · · · bLNM ,NM ,M

]T
, the equilibrium flow on each link can

be determined by finding a link-flow vector X∗ =
[

X∗
1,1,1 X∗

2,1,1 · · · X∗
LNM ,NM ,M

]T
and

a green-time proportion vector G∗ =
[

G∗
1,1 · · · G∗

NM ,M G∗
1,I11,12

· · · G∗
M,INMM,NM′M′

]T
,

which minimize the sum of integrals of the link performance functions over the set of all
[X ,G] ∈ D×F ∩S:
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[X∗,G∗] = min
[X ,G]

M

∑
m=1

Nm

∑
n=1

Ln,m

∑
l=1

∫ Xl,n,m

0
tl,n,m (X ,G)dX (5.26)

st.(5.23) ,(5.24) ,(5.25)

Remark 5.4. Note that D×F represents the Cartesian product of the sets D and F . The symbol
∩ represents the intersection of two sets.

When vertical queue is considered and bottleneck delay is neglected, (5.26) is equivalent
to the weighted total travel time minimization problem [42], which aims at finding a solution
minimizing the sum of product of link flow and link cost:

[X∗,G∗] = min
[X ,G]

M

∑
m=1

Nm

∑
n=1

Ln,m

∑
l=1

tl,n,m (X ,G)Xl,n,m

= min
[X ,G]

tT (X ,G)X (5.27)

The problem (5.27) is equivalent to finding a [X∗,G∗] such that
[
−tT (X∗,G∗) ,0

]
is normal at

[X∗,G∗] to the set D×F ∩S (See [49] for the definition of “normal”).
The reserve capacity can be determined by finding a [X∗,G∗] that maximizes the sum of

input flow over the set of all [X ,G] ∈ D×F ∩S:

RC = max
X∗∈X ∗

∑
M
m=1 Nm

∑
k=1

X∗
k,I −Tc (5.28)

where Tc is the current demand, X ∗ is the set of equilibrium flow vectors corresponding to
the given green-time proportion vectors in the feasible set F :

X ∗ =


[

X∗

G∗

]
:

[
X∗

G∗

]
= min

[X ,G]∈DTs×F∩S
tT (X ,G)X

DTs =
{

XI : 1TXI = Ts
}
,Ts ∈ D

 (5.29)

Note that the set of equilibrium flows and green-time proportion vectors given by (5.29)
are obtained by searching tT (X ,G)X over S and all X satisfying 1TXI = Ts, where Ts ∈ D,
while (5.27) delivers a point by a given Ts. The problems (5.28) and (5.29) are equiva-
lent to firstly determining X ∗, which consists of [X∗,G∗] that lets

[
−tT (X∗,G∗) ,0

]
be nor-

mal at [X∗,G∗] to the set DTs ×F ∩S for each Ts ∈ D, and then finding the X∗ such that



5.2 Novel Traffic Assignment Model in a Realistic Network 73

P =
[

1T
∑

M
m=1 Nm

0T
NL−∑

M
m=1 Nm

]T
is normal at X∗ to the set X ∗, where 1K and 0K are K × 1

all-one vector and all-zero vector, respectively.

Remark 5.5. Note that there is possibility that no [X∗,G∗] can be found for some Ts ∈ D due
to a lack of intersection between DTs and F ∩S. It is also possible for some [X∗,G∗] that they
approach a point at the boundary of DTs ×F ∩S, at which

[
−tT (X∗,G∗) ,0

]
is not normal to

the supporting hyperplane. In these cases, [X∗,G∗] are removed from X ∗.

5.2.3 Applying an Optimum Control Policy to the General Network

Directly solving the equilibrium flow and green-time proportion vector from (5.27) requires
knowing the sum of input flow Ts, which is hard to realize in practice. Smith has proved that
with the P0 control policy and adjustable bottleneck delay, the capacity can be maximized
in a simple network by re-routing and traffic signal assignment without knowing the demand
information. Prior to applying the P0 control policy to the proposed general network, I firstly
introduce the original P0 control policy proposed by Smith and then give the condition, under
which the P0 control policy can be utilized to maximize the network capacity with a steady
demand and the network reserve capacity.

Consider a simple network with just two routes, the original P0 control policy aims at
equalizing the product of saturation flow and bottleneck delay by selecting appropriate green-
time proportion vector, that is, s1b1 = s2b2[49]. If this is not possible, then, the policy should
select green-time proportion vector to guarantee two numbers to be as equal as possible. For
the proposed general network with multiple OD pairs, the P0 control policy aims at equalizing
the stage pressure Pn,m = ∑

Nn,m
l=1 sl,n,mbl,n,m = ∑

Nn,m
l=1 Pl,n,m,n = 1,2 · · ·Nm for M OD pairs by

selecting appropriate green-time proportion vectors. The stage pressure Pn,m is defined by
adding the terms sl,n,mbl,n,m over the links on the n-th route of the m-th OD pair and Pl,n,m is
the pressure at the (l,n,m)-th link.

Because the target of the P0 control policy may not always be achieved or even achievable
although the green-time proportion vector can be slowly adjusted to approach the target [49],
the P0 control policy for the simple network in [49] was stated as

For any X and delay vector b, choose a stage green-time proportion vector G
in F so that the stage pressure vector P(b) is normal at G to F.

Recall that in the proposed general network, there are NIn,m traffic signals at all intersections
for the n-th route of the m-th OD pair and one traffic signal at the merging point, and thus
there are NIn,m + 1 adjustable green-time proportions for the n-th route of the m-th OD pair.
Note that any changes of the green-time proportions at the NIn,m intersections will influence
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the equilibrium flow for other OD pairs because of F given by (5.24). Recall that it assumes
that the cycle duration ∆T for each traffic signal is the same, thus, the P0 control policy for
the general network can be restated as

For any X and delay vector b choose a stage green-time proportion vector G=[
G1,1,1 · · · Gl,n,m · · · GLNM ,NM ,M

]T
in F to maximize ∑

M
m=1 ∑

Nm
n=1 ∑

Nn
l=1

(
sl,n,mbl,n,m

×Gl,n,m

)
,

that is, to let P(b) =
[

P1,1,1 · · · Pl,n,m · · · PLNM ,NM ,M

]T
be normal at G to

F.

The green-time proportion is represented by Gl,n,m instead of Gl,In,n′
occurring in F and S for

the sake of simplicity of expression, Gl,n,m stands for the green-time proportion assigned to
the (l,n,m)-th link.

In what follows, I will give the condition that P0 control policy can maximize the general
network capacity with vertical queue. Recall that the problem (5.27) is to find a [X∗,G∗]

such that
[
−tT (X∗,G∗) ,0

]
is normal at [X∗,G∗] to the set D×F ∩S, the equilibrium travel

cost tT (X∗,G∗) varies with X∗ and G∗ because it consists of the free travel cost C (constant)
and the bottleneck delay b (non-negative function of X∗ and G∗). Suppose that there is a
[X∗,G∗] at which [−C,0] is normal to the set D×F ∩S. Then, a question arises: what is the
condition that lets

[
−tT (X∗,G∗) P(b)

]
be normal at [X∗,G∗] to the set D×F ∩S, where

tT (X∗,G∗) =C+b(X∗,G∗)?
The supply set S is defined by a set of linear inequalities and thus it is the intersection of

a finite number of closed half-spaces. The demand set D and the feasible set F are subset of
an affine space. The three sets are compact and the set D×F ∩S is the intersection of D and
S by given F and thus a subset of an affine space. Now suppose that D×F ∩S ̸= /0 and let the
half spaces of S be Hs1 Hs2 · · · HsL , where L is the number of links for the M OD pairs.
Each half-space Hsl can be expressed by Hsl = {(X ,G) : Xl ≤ slGl}, where Gl is the green-
time proportion assigned to the l-th link. The boundaries of S is perpendicular to each other,

thus, a 2L× 1 vector nsl =
[

0T 1 0T −sl 0T
]T

can be defined, which is non-zero and

normal to the half-space Hsl . The first 0T is a 1× l−1 zero vector, the second 0Tis a 1×L−1
zero vector and the third 0T is a 1×L− l zero vector. The vector nsl is perpendicular to nsl′

for l ̸= l′. Let us define nD×F as a non-zero vector normal to the set D×F . Recall that D×F
is a subset of an affine space, thus, nD×F is normal to D×F at any elements at its boundary.

Because it assumes that [−C,0] is normal at [X∗,G∗] to the set D×F ∩S, then [−C,0] can
be expressed by a non-negative combination of nsl and nD×F , that is, [−C,0] = ∑

L
l=1 wslnsl +

wD×FnD×F , where wsl and wD×F are non-negative weights. From Definition 5.1, the P0
control policy can maximize the general network capacity at [X∗,G∗], which means that
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[−(C+b) ,P(b)] is normal at [X∗,G∗] to D×F , i.e., −(C+b) is normal at X∗ to D and
P(b) is normal at G∗ to F . If [−C,0] is perpendicular to the supporting hyperplane of the
set D×F ∩S at [X∗,G∗], then, [−C,0] is scaled by nD×F and thus wsl = 0 for l = 1 · · ·L.
Thus, the condition for the general network capacity maximization is that H b∗ = k1HC and
G∗ = k2s•b∗, where k1 and k2 are the scaling factors, H is an ∑

M
m=1 Nm × L matrix with[

0(r−1)Lr−1 1Lr 0
]

on its r-th row, s•b∗ represents the point-wise multiplication between
s and b∗.

When [−C,0] is not perpendicular to the supporting hyperplane of the set D×F ∩S at
[X∗,G∗], [X∗,G∗] must be located at the boundary of S and D because the set D×F ∩S is
a subset of an affine space and −C is a constant vector. Then, wsl ̸= 0 and wD×FnD×F =

[−C,0]−∑
L
l=1 wslnsl . Let b∗l be wsl , ∑

L
l=1 wslnsl becomes

[
b∗T −sT •b∗T

]T
and thus the

condition for the general network capacity maximization is that
[
−(C+b∗)T sT •b∗T

]T
=

wD×FnD×F . Note that b∗ is not normal to S if [X∗,G∗] is located at the interior of the half-
spaces Hsl but b∗l is not zero.

The two conditions indicate that by proper construction of b∗, the P0 control policy can
maximize the general network capacity. Recall that the bottleneck delay is a non-linear
function of equilibrium link flow and green-time proportion vector (5.11), b∗ can only be
constructed by adjusting the green-time proportion vector. Then, the following lemma can be
obtained:

Lemma 5.6. If the proposed two conditions are not fulfilled, no b∗ can be found through
adjusting the green-time proportion vector to maximize capacity of the general network using
P0 control policy. By adjusting the green-time proportion vector, the equilibrium flow X∗ can
be maintained as long as − [C+b(X∗,G∗+∆G)]T = wDnD and X∗ is within the set S for the
new green-time vector G∗+∆G.

Proof. The normality of the travel cost vector −(C+b)T to the demand set D can be ensured
by adjusting green-time proportion vector to change b, which is however unable to guarantee
that s•b is normal to the feasible set F . That means, it is possible to find another Gm in F that
lets (s•b)T Gm be larger than (s•b)T (G∗+∆G) and thus [X∗,G∗+∆G] may not be the solu-
tion to maximize capacity of the general network using P0 control policy. From the definition
of D, S and capacity maximization, it is easy to get the condition to keep the equilibrium flow
X∗ unchanged by adjusting the green-time proportion vector.

Lemma 5.6 suggests that network capacity cannot always be maximized with P0 control
policy by adjusting green-time proportion vector. The prerequisite of capacity maximization
is the capability to freely construct bottleneck delay b such as changing the length of queue at
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each link exit, which is consistent with Smith’s statement. To relieve the condition of capacity
maximization by adjusting green-time proportion vector for any [X∗,G∗], at which [−C,0] is
normal to the set D×F ∩S, I propose a novel control policy in this paper, which can be stated
as

For any X and delay vector b, choose a stage green-time proportion vector
G in F to maximize ∑

M
m=1 ∑

Nm
n=1 ∑

Nn
l=1 kl,n,m

(
Cl,n,m +bl,n,m

)
Gl,n,m, that is, to let

P(b) = k• (C+b) be normal at G to F, where k is the scaling vector between the
normal vector nD to D at X and the normal vector nF to F at G, i.e., nF = k •nD.

Because D and F are subset of affine spaces by the definition, nD and nF are constant for any
X and G on D and F , respectively. Then, k is also constant. The following lemma can be
obtained:

Lemma 5.7. For any solution [X∗,G∗], at which [−C,0] is normal to the set D×F ∩S, a
bottleneck delay b∗ = b(X∗,G∗+∆G) can be found by adjusting the green-time proportion
vector G in F so that the solution [X∗,G∗+∆G,b∗] is consistent with the novel control policy
if X∗ is within set S for the new green-time vector G∗+∆G and − [C+b(X∗,G∗+∆G)]T =

wDnD.

Proof. Let us define a 2L× 1 normal vector to the half spaces of S: Hs1 Hs2 · · · HsL by

nsl =
[

0T bl 0T −kl (C+bl) 0T
]T

. By the given condition, [−C,0] is normal to the set

D×F ∩S at [X∗,G∗+∆G] for any ∆G, then, [−C,0] =∑
L
l=1 wslnsl +wD×FnD×F , where nD×F

must be normal at [X∗,G∗+∆G] to D×F and ∑
L
l=1 wslnsl must be normal at [X∗,G∗+∆G]

to S. Then, it has wD×FnD×F = [−C,0]−∑
L
l=1 wslnsl . Let wsl be one, then wD×FnD×F =[

−(C+b(X∗,G∗+∆G))T ,

kT • (C+b(X∗,G∗+∆G))T

]T

. To guarantee that nD×F is normal at [X∗,G∗+∆G] to

D×F , −(C+b(X∗,G∗+∆G))T should be normal at [X∗,G∗+∆G] to D, and kT

(
C+

b(X∗,G∗+∆G)

)T

should be normal at [X∗,G∗+∆G] to F . Because of nF = k • nD and the condition for flow
maintenance proposed by Lemma 5.6, Lemma 5.7 is proved.

Lemma 5.7 indicates that any bottleneck delay b, with which −(C+b)T is normal to D,
fulfills that P(b) is also normal to F .

Now I have shown the superiority of the novel control policy over the P0 control policy
because it relieves the condition for capacity maximization. Note that Lemma 5.7 states a
sufficient condition for determining the equilibrium by adjusting the green-time proportion
vector and fixing the equilibrium flow vector with the novel control policy. In next subsection,
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I propose a dynamical system, which combines flow swap process, green-time proportion
swap process and flow divergence. The proof of the existence, uniqueness and stability of
equilibrium will be given.

5.3 A Hybrid Dynamical System

In this subsection, I firstly describe a dynamical system for the proposed general network and
then given the proof of equilibrium existence, condition of uniqueness and stability.

5.3.1 Hybrid Dynamical System for the General Network

In this thesis, I apply the proportional switch adjustment process introduced by Smith to our
proposed general network. The proportional switch adjustment process (PAP) can be utilized
to change flow vector and green-time proportional vector at each time instant. For the case
where there are several routes joining a single OD pair [49], the flow change on each route at
each time instant can be expressed by

∆XSP = ∑
{(r:s):r<s}

w

{
Xr [Cr (X)−Cs (X)]+∆rs+

Xs [Cs (X)−Cr (X)]+∆sr

}
(5.30)

where r and s represent the r-th and s-th routes for the OD pair, respectively, Xr and Xs

represent the flow on the r-th and s-th route at the current time instant, respectively, X is
the route flow vector, Cr (X) and Cs (X) represent the travel cost on the r-th and s-th routes
with the flow vector X , respectively, [Cr (X)−Cs (X)]+ = max{[Cr (X)−Cs (X)] ,0}, ∆rs =[

0T −1 0T 1 0T
]T

, ∆sr =
[

0T 1 0T −1 0T
]T

, w is a positive scaling factor.

Note that ∆rs and ∆sr are Nm × 1 vectors, the first, second and third 0T are r − 1× 1 vec-
tor, s− r−1×1 vector and Nm − s×1 vector, respectively. Equation (5.30) states that at each
time instant, the flow swapping from a higher cost route to a lower cost route is proportional
to the produce of flow on the higher cost route and the cost difference between the two routes,
the flow swap vector ∆XSP is determined by summing the flow swaps between any pair of
routes.

In the proposed general network, link flow on the links along the same route is different
because of flow diverge at each link exit. The flow swaps between routes denote the input
flow re-assignment between any pair of routes for each OD pair. Recall that Wardrop equili-
brium [X∗,G∗] can be determined by finding a [X∗,G∗] such that

[
−tT (X∗,G∗) ,0

]
is normal

at [X∗,G∗] to the set D×F ∩S (5.27). In the proposed general network, the L× 1 link flow
vector X has the degree of freedom of the number of input links for the M OD pairs, i.e.,
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∑
M
m=1 Nm, and L−∑

M
m=1 Nm elements in X can be determined by the input link flow vector XI

and the turning rates between two adjacent links. Therefore, (5.27) can be rewritten by

[X∗
I ,G

∗] = min
[X ,G]

tT (X ,G)X = min
[XI,G]

tT
I (XI,G)XI (5.31)

where tI (XI,G) is the ∑
M
m=1 Nm dimensional travel cost vector projected from t (X ,G) and can

be expressed by

tI (XI,G) = P′Tt (X ,G)

= P′T(C+b(XI,G))

= P′TC+P′Tb(XI,G) (5.32)

=CI +bI (XI,G)

where P′ is the turning rate matrix given by (5.19), CI and bI (XI,G) are the projected free-
travel cost vector and bottleneck delay vector, respectively. Then, X = P′XI and thus problem
(5.27) becomes finding a [X∗

I ,G
∗] such that

[
−tT

I (X∗
I ,G

∗) ,0
]

is normal at [X∗
I ,G

∗] to the set

D×F ∩S. Thus, the input flow swap vector for M OD pairs ∆Xm,I =
[

∆X1,1,m · · · ∆X1,Nm,m

]T

can be determined by

∆Xm,I = ∑
{(r:s):r<s}

w



X1,r,m

[
tr,m,I (XI,G)−
ts,m,I (XI,G)

]
+

×∆rs +∆sr×

X1,s,m

[
ts,m,I (XI,G)−
tr,m,I (XI,G)

]
+


= ∑

{(r:s):r<s}
w



X1,r,m

 Cr,m,I −Cs,m,I+

br,m,I (XI,G)−
bs,m,I (XI,G)


+

×∆rs +∆sr×

X1,s,m

 Cs,m,I −Cr,m,I+

bs,m,I (XI,G)−
br,m,I (XI,G)


+


(5.33)

where X1,r,m and X1,s,m are respectively the input flow on the r-th and s-th route for the m-th OD
pair, Cr,m,I, Cs,m,I, br,m,I and bs,m,I are respectively the free-travel travel costs and bottleneck
delay on the r-th and s-th input links for the m-th OD pair. Then the link flow swap vector for
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the m-th user can be determined by

∆Xm = AmP′


∆X1,I

∆X2,I
...

∆XM,I

 (5.34)

where Am is the m-th scaling matrix.

To give the green-time proportion adjustment process in the general network, I firstly give
∆GSP for the single OD pair case [49]:

∆GSP = ∑
{(r:s):r<s}

w

{
Gr

[
[sb(X ,G)]s−
[sb(X ,G)] r

]
+

∆rs +Gs

[
[sb(X ,G)]r−
[sb(X ,G)]s

]
+

∆sr

}
(5.35)

where Gr and Gs are green-time proportion vectors on the r-th and s-th route, respectively,
[sb(X ,G)]s and [sb(X ,G)]r are stage pressure on the s-th and r-th routes, respectively. Equa-
tion (5.35) shows that by P0 control policy, green-time proportion swaps from a lower stage-
pressure route to a higher stage-pressure route, and the green-time proportion swap vector is
proportional to the product of green-time proportion on the lower stage-pressure route and
stage pressure difference between the two routes, ∆GSP is determined by summing the green-
time proportion swaps between any pair of routes.

Note that Smith only considered that one signal per route that can be adjusted [49]. In
the proposed general network, each route of an OD pair traverses multiple traffic signals, and
thus adjustment of each signal can affect equilibrium flow and bottleneck delay on that route.
It is hard to directly give the green-time proportion swap vector for each route of each OD
pair by (5.35) because the red-green splits of any signals at intersections have impacts on the
routes for different OD pairs. Recall that P0 control policy aims at equalizing the stage pres-
sure Pn,m = ∑

Nn,m
l=1 sl,n,mbl,n,m on each route, i.e., maximizing ∑

M
m=1 ∑

Nm
n=1 ∑

Nn
l=1 sl,n,mbl,n,mGl,n,m.

From the feasible set defined by (5.24), adjustment of green-time proportions of traffic signal
at different intersections is independent of each other while the green-time proportions for
the links incident to the same intersection must sum to one. Thus, the green-time proportion
adjustment process in the general network can be realized by simultaneously adjusting the
green-time proportion vector for traffic signal at each intersection so that the stage pressure is
normal at the adjusted green-time proportion vector to the set ∑m,m′ Gm,Inm,n′m′ = 1 for traffic
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signal at each intersection:

∆Gi,GP = ∑
{(r:s):r<s}

w

{
Gr,i

[
[P(b(XI,G))]s,i−
[P(b(XI,G))]r,i

]
+

∆rs +Gs,i

[
[P(b(XI,G))]r,i−
[P(b(XI,G))]s,i

]
+

∆sr

}
(5.36)

where i = 1,2, · · · I, r and s are the two links incident to the i-th intersection and they may
be affiliated with different OD pairs, [P(b(XI,G))]s,i and [P(b(XI,G))]r,i are respectively the
stage pressure on the s-th and r-th links incident to the i-th intersection, I is the number of
intersections in the general network. With the novel control policy proposed sub-chapter 5.2.3,
the stage pressure vector P(b(XI,G)) should be changed to k • (C+b(XI,G)), the rest are the
same as those with P0 control policy.

Let us define ∆Xm and ∆Gm as the link flow swap vector and green-time proportion swap
vector for the m-th OD pair obtained by (5.33), (5.34) and (5.36), respectively. Then, the
dynamical system can be obtained by

[Xm,Gm](t +1) = [Xm,Gm](t)+λ (t)∆ [Xm,Gm](t) (5.37)

m = 1 · · ·M

where λ (t) is a positive number that represents the step length at the t-th time instant and it is
supposed to follow the step length rules proposed in [46].

5.3.2 The Condition for Existence, Uniqueness and Stability of Equili-
brium

Let us define the boundary of the set D×F ∩S as B and express the projected travel cost vector
tI (XI,G) by tnm,m,I (XI,G) for nm = 1,2, · · · ,Nm;m = 1,2, · · · ,M. Then, the following lemma
and corollary can be obtained:

Lemma 5.8. The Wardrop equilibrium of the dynamical system given by (5.37) exists when
tnm,m,I (XI,G) and P(b(X I,G)) are continuous functions over the set D×F ∩S for nm = 1,2, · · · ,Nm;
m= 1,2, · · · ,M and for any element Y = [XI,G] on B, it satisfies the condition that Aux,m∆Xm,I ≤ 0,
m = 1,2, · · · ,M and Aug,m∆Gm ≤ 0, m = 1,2, · · · ,M for all elements in Y reaching their upper
boundaries; while Alx,m∆Xm,I ≥ 0,m = 1,2, · · · ,M and Alg,m∆Gm ≥ 0,m = 1,2, · · · ,M for all
elements in Y reaching their lower boundaries, where Aux,m, Aug,m, Alx,m and Alg,m are the sca-
ling matrices for the elements in Y reaching their upper and lower boundaries, respectively.
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Proof. Let us rewrite (5.37) as

[Xm,Gm](t +1) = f ([Xm,Gm] (t) ,λ (t)) (5.38)

m = 1,2, · · · ,M

Let us define Xu,m,I, Gu,m, Xl,m,I and Gl,m as the link flow and green-time proportion vectors
of the m-th OD pair containing all elements in an arbitrary vector Y = [XI,G] on B, which
reach their upper and lower boundary, respectively. The rest elements in Y are defined as Yr.
Then, from (5.37), the updated Xu,m,I and Gu,m will become smaller if Aux,m∆Xm,I ≤ 0 and
Aug,m∆Gm ≤ 0; while the updated Xl,m,I and Gl,m will become larger if Alx,m∆Xm,I ≥ 0 and
Alg,m∆Gm ≥ 0. Because tnm,m,I (XI,G) and P(b(X ,G)) are continuous functions, there exists
a positive number λ that lets the updated Y

Y =


Xu,m,I

Gu,m

Xl,m,I

Gl,m

Yr

+λ


Aux,m∆Xm,I

Aug,m∆Gm

Alx,m∆Xm,I

Alg,m∆Gm

∆Yr

 (5.39)

be located in D×F ∩S. For any vectors on D×F ∩S−B, there exists a positive number λ

that lets the updated Y be still located in D×F ∩S because of the continuity of tnm,m,I (XI,G)

and P(b(X I,G)). That means f : D×F ∩S → D×F ∩S. The set D×F ∩S is a compact and
convex set. Then, from Brouwer’s fixed point theorem, there exists a fixed point [X∗

m,G
∗
m] on

D×F ∩S that lets

[X∗
m,G

∗
m] = f ([X∗

m,G
∗
m]),m = 1,2, · · · ,M (5.40)

which means that ∆ [X∗
m,G

∗
m] = 0, and thus X∗

m is the Wardrop equilibrium.

Remark 5.9. Note that lemma 5.8 gives the sufficient condition for existence of Wardrop equi-
librium, rather than necessary condition. If tnm,m,I (XI,G) and P(b(XI,G)) are not monotone
increasing functions for any link flows, there are possibilities that the Wardrop equilibrium
exists although the condition is not fulfilled. In that case, the dynamical system becomes
unstable in certain regions. The stability will be discussed in the following context.

Corollary 5.10. If tnm,m,I (XI,G) and P(b(XI,G)) are monotone functions of XI for any link
flow and the condition in lemma 5.8 is fulfilled, then X∗

I is unique.

Proof. Suppose that there is an equilibrium [X∗
I ,G

∗] in D×F ∩S, which let the travel cost
on each input link and the stage pressure on each incident link be equal to each other, that
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is, tr,m,I (X∗
I ,G

∗) = ts,m,I (X∗
I ,G

∗) for any r-th and s-th input links of the m-th OD pair, and
[P(b(XI,G))]s,i = [P(b(XI,G))]r,i for any r-th and s-th links incident to the i-th intersection.
For an arbitrary [XI,G] ̸= [X∗

I ,G
∗], it has tr,m,I (XI,G) ̸= ts,m,I (XI,G) and [P(b(XI,G))]s,i ̸=

[P(b(XI,G))]r,i because of monotonicity of tnm,m,I (XI,G) and P(b(XI,G)). Then corollary
5.10 is proved.

Corollary 5.10 gives the condition for uniqueness of the equilibrium for a given G, i.e.,
a given feasible set. In the proposed dynamical system, G and X change over time and thus
there exists a set of equilibria rather than a unique equilibrium even though tnm,m,I (XI,G) and
P(b(XI,G)) are monotone functions. Recall that equation (5.31) aims at finding a solution
minimizing the sum of product of link flow and link cost. Each equilibrium in the set of
equilibria gives a link-flow and link-cost vector, and thus gives different product. Then, the
following lemma can be obtained:

Lemma 5.11. The set of equilibria E is a compact, non-convex set. Any point [X∗
I ,G

∗] in E
satisfies

∂ (K)tk,m,I (X∗
I ,G

∗)

∂XI∂G
=

∂ (K)tℓ,m,I (X∗
I ,G

∗)

∂XI∂G
(5.41)

k ̸= ℓ,m = 1,2, · · · ,M

where K is the number of variables.

Proof. From the definition of Wardrop equilibrium, the vector
[
−tT (X∗

I ,G
∗) ,0

]
is normal at

[X∗
I ,G

∗] to the set D×F ∩S. Recall that D×F ∩S is a subset of an affine space. Thus, for
each G∗, it has

tk,m,I (X∗
I ,G

∗) = tℓ,m,I (X∗
I ,G

∗)

k ̸= ℓ,m = 1,2, · · · ,M (5.42)

Because tk,m,I (XI,G) is a continuous monotone function on D×F ∩S for a given G for k =

1,2, · · · ,Nm, and the adjustment of G is a continuous process, the solution space for (5.42) is
continuous and a subspace of D×F ∩S, and thus it is compact. Suppose that

[
X∗

1,I,G
∗
1

]
and[

X∗
2,I,G

∗
2

]
are any two equilibria in the solution space, then, an arbitrary point on the line seg-

ment between the two points can be expressed by [Xs,I,Gs] = θ1

[
X∗

1,I,G
∗
1

]
+(1−θ1)

[
X∗

2,I,G
∗
2

]
for 0 ≤ θ1 ≤ 1. It is obvious that tk,m,I (Xs,I,Gs) ̸= tℓ,m,I

(
X∗

s,I,G
∗
s
)

for k ̸= ℓ,m = 1,2, · · · ,M
because of non-linearity of tk,m,I (XI,G). Thus, the solution space is a non-convex set.
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The two equilibria
[
X∗

1,I,G
∗
1

]
and

[
X∗

2,I,G
∗
2

]
satisfy

∫ X∗
2,I

X∗
1,I

∫ G∗
2

G∗
1

(
∂ (K)tk,m,I(XI,G)

∂XI∂G − ∂ (K)tℓ,m,I(XI,G)
∂XI∂G

)
dXIdG = 0 (5.43)

k ̸= ℓ,m = 1,2, · · · ,M

where
∫ X∗

2,I
X∗

1,I

∫ G∗
2

G∗
1

represents multiple integrals from
[
X∗

1,I,G
∗
1

]
to
[
X∗

2,I,G
∗
2

]
. Let us define[

X∗
2,I,G

∗
2

]
=
[
X∗

1,I,G
∗
1

]
+[∆XI,∆G1], when [∆XI,∆G1] is close to zero, (5.43) becomes

lim
[∆XI,∆G1]→ 0

∫ X∗
1,I+∆XI

X∗
1,I

∫ G∗
1+∆G1

G∗
1

(
∂ (K)tk,m,I (XI,G)

∂XI∂G
−

∂ (K)tℓ,m,I (XI,G)

∂XI∂G

)
dXIdG = 0

k ̸= ℓ,m = 1,2, · · · ,M

then lemma 5.11 is proved.

From the definition in [47], the dynamic system given by (5.37) is stable if and only if, for
any initial vector [X0,I,G0] ∈ D×F ∩S, the solution of (5.37) with the initial vector [X0,I,G0]

converges as t → ∞, to the set of equilibria E. To prove the stability of the dynamical system,
let us define a function V by

V ([XI,G]) =
M

∑
m=1

VX,m ([XI,G])+
I

∑
i=1

VG,i ([XI,G]) (5.44)

where

VX,m ([XI,G]) =
Nm

∑
r,s=1,r ̸=s

X1,r,m

(
tr,m,I (XI,G)− ts,m,I (XI,G)

)2

+
=CT

d,m,I (XI,G)Xm,I

VG,i ([XI,G]) =
Ni

∑
r,s=1,r ̸=s

Gr,i

(
[P(b(X ,G))]s,i − [P(b(X ,G))]r,i

)2

+
= PT

d,i (X ,G)Gi

where Nm and Ni are respectively the number of routes for the m-th OD pair and the num-

ber of links incident to the i-th intersection, Xm,I =
[

X1,1,m X1,2,m · · · X1,Nm,m

]T
, Gi =[

G1,i G2,i · · · GNi,i

]T
,
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Cd,m,I (XI,G)=

[
∑

Nm
s=2

(
t1,m,I (XI,G)−
ts,m,I (XI,G)

)2

+

· · · ∑
Nm
s=1,s̸=Nm

(
tNm,m,I (XI,G)−

ts,m,I (XI,G)

)2

+

]T

(5.45)

Pd,i (X ,G) =

[
∑

Ni
s=2

(
[P(b(XI,G))]s,i−
[P(b(XI,G))]1,i

)2

+

· · · ∑
Ni
s=1,s̸=Ni

(
[P(b(XI,G))]s,i−
[P(b(XI,G))]Ni,i

)2

+

]T

(5.46)
It is obvious that V ([XI,G])=0 if and only if [XI,G] is an equilibrium and V ([XI,G]) > 0 for
all [XI,G] ∈ D×F ∩S\E, where A\B represents the relative complement of A with respect to
B. Now we investigate monotonicity of V ([XI,G]) with t. The time derivative of V ([XI,G])

can be expressed by

dV ([XI,G])

dt
=

∂V ([XI,G])

∂ [XI,G]

d[XI,G]

dt
=

∂V ([XI,G])

∂XI

dXI

dt
+

∂V ([XI,G])

∂G
dG
dt

=
M

∑
m=1

(
M

∑
n=1

∂VX,n ([XI,G])

∂Xm,I
+

I

∑
i=1

∂VG,i ([XI,G])

∂Xm,I

)
dXm,I

dt

+
I

∑
i=1

(
I

∑
j=1

∂VG, j ([XI,G])

∂Gi
+

M

∑
n=1

∂VX,n ([XI,G])

∂Gi

)
dGi

dt

=
M

∑
m=1

(
CT

d,m,I (XI,G)+
M

∑
n=1

XT
n,I

∂Cd,n,I (XI,G)

∂Xm,I
+

I

∑
i=1

GT
i

∂Pd,i (XI,G)

∂Xm,I

)
dXm,I

dt

+
I

∑
i=1

(
PT

d,i (XI,G)+
M

∑
n=1

XT
n,I

∂CT
d,n,I (XI,G)

∂Gi
+

I

∑
j=1

GT
j
∂Pd, j (XI,G)

∂Gi

)
dGi

dt
(5.47)

By (5.45) and (5.46), XT
n,I

∂Cd,n,I(XI,G)
∂Xm,I

, GT
i

∂Pd,i(XI,G)
∂Xm,I

, XT
n,I

∂CT
d,n,I(XI,G)

∂Gi
and GT

j
∂Pd, j(XI,G)

∂Gi
can be

determined by

XT
n,I

∂Cd,n,I (XI,G)

∂Xm,I
=
[

CXd,1 CXd,2 · · · CXd,Nm

]
=− 2

w
∆XT

n,IJcx,nm
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CXd,nm = 2
Nn

∑
ℓ=1

X1,ℓ,n

Nn

∑
s=1,s̸=ℓ

(
tℓ,n,I (XI,G)− ts,n,I (XI,G)

)
+

(
∂ tℓ,n,I(XI,G)

∂X1,nm,m
− ∂ ts,n,I(XI,G)

∂X1,nm,m

)

GT
i

∂Pd,i (XI,G)

∂Xm,I
=
[

PXd,1 PXd,2 · · · PXd,Nm

]
=

2
w

∆GT
i,GPJpx,im

PXd,nm = 2
Ni

∑
ℓ=1

Gℓ,i

Ni

∑
s=1,s̸=ℓ

(
[P(b(XI,G))]s,i − [P(b(XI,G))]ℓ,i

)
+

 P′ (bs,i (XI,G))
∂bs,i(XI,G)
∂X1,nm,m

−P′ (bℓ,i (XI,G)
) ∂bℓ,i(XI,G)

∂X1,nm,m



XT
m,I

∂CT
d,m,I (XI,G)

∂Gi
=
[

CGd,1 CGd,2 · · · CGd,Ni

]
=− 2

w
∆XT

m,IJcg,mi

CGd,ni = 2
Nm

∑
ℓ=1

X1,ℓ,m

Nm

∑
s=1,s̸=ℓ

(
tℓ,m,I (XI,G)− ts,m,I (XI,G)

)
+

(
∂ tℓ,m,I(XI,G)

∂Gni,i
− ∂ ts,m,I(XI,G)

∂Gni,i

)

GT
j
∂Pd, j (XI,G)

∂Gi
=
[

PGd,1 PGd,2 · · · PGd,Ni

]
=

2
w

∆GT
i,GPJpg, ji

PGd,ni = 2
N j

∑
ℓ=1

Gℓ, j

N j

∑
s=1,s̸=ℓ

(
[P(b(XI,G))]s, j − [P(b(XI,G))]ℓ, j

)
+

 P′ (bs, j (XI,G)
) ∂bs, j(XI,G)

∂Gni,i

−P′ (bℓ, j (XI,G)
) ∂bℓ, j(XI,G)

∂Gni,i


(5.48)

where Jcx,nm, Jpx,im, Jcg,mi and Jpg, ji are the Jacobian matrices of tI,n (XI,G), Pi (b(XI,G)),
tI,m (XI,G) and Pj (b(XI,G)) evaluated at Xm,I, Xm,I, Gi and Gi, respectively. Thus,

(
M

∑
n=1

∂VX,n ([XI,G])

∂Xm,I
+

I

∑
i=1

∂VG,i ([XI,G])

∂Xm,I

)
dXm,I

dt
=− 2

w

M

∑
n=1

∆XT
n,IJcx,nm∆Xm,I+CT

d,m,I (XI,G)∆Xm,I

+
2
w

I

∑
i=1

∆GT
i,GPJpx,im∆Xm,I =CT

d,m,I (XI,G)∆Xm,I −
2
w

∆XT
M

∑
n=1

AT
n,IJcx,nmAm,I∆X

+
2
w

∆GT
I

∑
i=1

BT
i Jpx,imAm,I∆X (5.49)
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and

(
I

∑
j=1

∂VG, j ([XI,G])

∂Gi
+

M

∑
n=1

∂VX,n ([XI,G])

∂Gi

)
dGi

dt
=− 2

w

M

∑
n=1

∆XT
n,IJcg,ni∆Gi,GP+PT

d,i (X ,G)∆Gi,GP

+
2
w

I

∑
j=1

∆GT
j,GPJpg, ji∆Gi,GP = PT

d,i (X ,G)∆Gi,GP −
2
w

∆XT
M

∑
n=1

AT
n,IJcg,niBi∆G

+
2
w

∆GT
I

∑
j=1

BT
j Jpg, jiBi∆G (5.50)

where Am,I and Bi are the scaling matrices for input links of the m-th OD pair and the i-th
intersection, respectively. Combined with (5.49) and (5.50), (5.48) can be rewritten by

dV ([XI,G])

dt
=

M

∑
m=1

CT
d,m,I (XI,G)∆Xm,I +

I

∑
i=1

PT
d,i (XI,G)∆Gi,GP −

2
w

∆XT
M

∑
m=1

M

∑
n=1

AT
n,IJcx,nmAm,I∆X

+
2
w

∆GT
I

∑
i=1

I

∑
j=1

BT
j Jpg, jiBi∆G+

2
w

∆XT
M

∑
n=1

I

∑
i=1

AT
n,I

(
JT

px,in − Jcg,ni

)
Bi∆G

(5.51)

The stage pressure function Pi (b(XI,G)) is a non-increasing monotone function of G, Jpg =

∑
I
i=1 ∑

I
j=1 BT

j Jpg, jiBi is a diagonal matrix, and thus it is a negative semi-definite matrix. The
travel cost function tn,I (XI,G) is non-decreasing monotone function of XI. However, it is
clear that ∑

M
m=1 ∑

M
n=1 AT

n,IJcx,nmAm,I is non-symmetric and thus it is cumbersome to state that

∑
M
m=1 ∑

M
n=1 AT

n,IJcx,nmAm,I is a positive semi-definite matrix. The following theorem is propo-
sed to determine the matrix definiteness.

Theorem 5.12. A square matrix M is positive (or negative) semi-definite over a given com-
pact space S, i.e., xTMx ≥ 0

(
or xTMx ≤ 0

)
for any x ∈ S iff (if and only if) M is a full-rank

matrix and for any element xB ∈ BS, where BS is the boundary of S and satisfies xT
BMxB ≥ 0(

or xT
BMxB ≤ 0

)
.

Proof. Let us define y = xTMx for x ∈ S. Then, the local minimum (or maximum) point xm

can be determined by

∂y
∂x

= xTM = 0

When M is a full-rank matrix, xm = 0 becomes the global minimum (or maximum). Then,
theorem 5.12 can be straightly obtained.
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From (5.32), (5.34) and (5.36), ∆X fulfills 1T
∆Xm,I = 0, −Tm ≤ ∆Xl,m,I ≤ Tm. Let us

define S∆X and S∆G as the compact space for ∆X and ∆G, respectively, B∆X and B∆G as their
boundaries, respectively. Then, with theorem 5.12, the following corollary can be obtained:

Corollary 5.13. The matrix ∑
M
m=1 ∑

M
n=1 AT

n,IJcx,nmAm,I is positive semi-definite over S∆X .

Proof. For simplicity of expression, let us express ∑
M
m=1 ∑

M
n=1 AT

n,IJcx,nmAm,I by Jcx. Then,
∆XTJcx∆X = ∆XT

I Jcx,I∆X I, where Jcx,I is the ∑
M
m=1 Nm ×∑

M
m=1 Nm Jacobian matrix. From

(5.32) and (5.34), it can be known that Jcx,I is a full-rank matrix, and the element on the k-th
row and ℓ-th column can be expressed by

Jkℓ,cx,I =
∂ tk,I (XI,G)

∂Xℓ,I
=

∂

(
P

′T
k C+P

′T
k b(P′XI,G)

)
∂Xℓ,I

= P
′T
k

∂b(P′XI,G)

∂Xℓ,I
(5.52)

The space S∆X is a subset of affine space. The vertices on B∆X are ∑
M
m=1 Nm × 1 vectors[

0 −Tm 0 Tm 0
]T

, where the length of first 0, second 0 and third 0 are respectively

∑
m−1
m′=1 Nm′ + k1,m, k2,m and ∑

M
m′=m+1 Nm′ + k3,m, and Nm = 2+ k1,m + k2,m + k3,m. There are

∑
M
m=1

(
2

Nm

)
vertices on B∆X . Furthermore, for each vertex ∆Xv, it can be shown that

∆XT
v Jcx,I∆Xv ≥ 0 from (5.52) and the fact that tn,I (XI,G) is a non-decreasing monotone

function of XI. Then for each xB ∈ B∆X , it has xT
BMxB ≥ 0, and thus from theorem 5.12,

corollary 5.13 is proved.

Corollary 5.13 shows that the third term in (5.51) is negative, which leads to the following
corollary that shows the summation of last three terms in (5.51) to be also negative. Let us
express ∑

M
n=1 ∑

I
i=1 AT

n,I

(
JT

px,in − Jcg,ni

)
Bi by Jxg, then, the following corollary can be obtained:

Corollary 5.14. The derivative dV ([XI,G])/dt fulfills the following inequality

dV ([XI,G])

dt
≤

M

∑
m=1

CT
d,m,I (XI,G)∆Xm,I +

I

∑
i=1

PT
d,i (XI,G)∆Gi,GP (5.53)

Proof. Equation (5.51) can be rewritten by
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dV ([XI,G])

dt
=

M

∑
m=1

CT
d,m,I (XI,G)∆Xm,I +

I

∑
i=1

PT
d,i (XI,G)∆Gi,GP

− 2
w

(
∆XTJ

′
cx∆X +∆GTJ

′
pg∆G−∆XTJxg∆G

)
(5.54)

where J
′
pg = −Jpg and J

′
cx =

1
2

(
Jcx + JT

cx
)
. Recall that Jpg is a negative semi-definite matrix

and Jcx is a non-symmetric positive semi-definite matrix over S∆X . Thus, J
′
pg and J

′
cx are

positive semi-definite matrices. From Cauchy-Schwarz inequality, it has

|∆XTJxg∆G| ≤
√

∆XTHT
1 H1∆X

√
∆GTHT

2 H2∆G (5.55)

where Jxg = HT
1 H2. Then

(
∆XTJ

′
cx∆X +∆GTJ

′
pg∆G

)2
=
(

∆XTJ
′
cx∆X

)2
+
(

∆GTJ
′
pg∆G

)2
+2∆XTJ

′
cx∆X∆GTJ

′
pg∆G

(5.56)

let H2 = J
′ 1

2
pg, which is a diagonal matrix. Furthermore, HT

1 in (5.55) becomes HT
1 = JxgJ

′− 1
2

pg .
Then, (5.55) can be transformed to(

∆XTJxg∆G
)2

≤ ∆XTJxgJ
′−1
pg JT

xg∆X∆GTJ
′
pg∆G (5.57)

and it has

2∆XTJ
′
cx∆X∆GTJ

′
pg∆G−∆XTJxgJ

′−1
pg JT

xg∆X∆GTJ
′
pg∆G =

Tr
(

∆G∆XT
(

2J
′
cx∆X∆GTJ

′
pg − JxgJ

′−1
pg JT

xg∆X∆GTJ
′
pg

))
=

Tr
(

∆G∆XT
(

2J
′
cx − JxgJ

′−1
pg JT

xg

)
∆X∆GTJ

′
pg

)
(5.58)

The matrix ∆X∆GT in (5.58) is with the rank of one, and from the definition of travel cost
function and stage pressure vector, J

′
pg

(
2J

′
cx − JxgJ

′−1
pg JT

xg

)
can be shown to be a positive semi-

definite matrix, and thus (5.58) is a non-negative number. From (5.55) to (5.58), the last term
in (5.54) is a non-positive number and thus corollary 5.14 is proved.

Then, the following lemma can be obtained:

Lemma 5.15. The derivative dV ([XI,G])
dt < 0 for all [XI,G] ∈ D×F ∩S\E
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Proof. From the definition of the input flow swap vector (5.32) and the green-time proportion
swap vector (5.36), (5.53) can be transformed to

dV ([XI,G])

dt
≤ w

M

∑
m=1

Nm

∑
nm=1

Nm

∑
s=1,s̸=nm

(
tnm,m,I (XI,G)

−ts,m,I (XI,G)

)2

+

(
Nm

∑
s=1,s̸=nm

(−X1,nm,m)

(
tnm,m,I (XI,G)−

ts,m,I (XI,G)

)
+

+X1,s,m

(
ts,m,I (XI,G)−
tnm,m,I (XI,G)

)
+

)
+w

I

∑
i=1

Ni

∑
ni=1

Ni

∑
s=1,s̸=ni

(
[P(b(XI,G))]s,i−
[P(b(XI,G))]ni,i

)2

+

×

(
Ni

∑
s=1,s̸=ni

(−Gni,i)

(
[P(b(XI,G))]s,i

− [P(b(XI,G))]ni,i

)
+

+Gs,i

(
[P(b(XI,G))]ni,i

− [P(b(XI,G))]s,i

)
+

)

Because of

0 ≤
Nm

∑
nm=1

Nm

∑
s=1,s̸=nm

(
tnm,m,I (XI,G)

−ts,m,I (XI,G)

)2

+

Nm

∑
s=1,s̸=nm

X1,s,m

(
ts,m,I (XI,G)−
tnm,m,I (XI,G)

)
+

≤
Nm

∑
nm=1

Nm

∑
s=1,s̸=nm

(
tnm,m,I (XI,G)

−ts,m,I (XI,G)

)2

+

Nm

∑
s=1,s̸=nm

X1,nm,m

(
tnm,m,I (XI,G)−

ts,m,I (XI,G)

)
+

and similarity for the stage pressure function, Lemma 5.15 is proved.

Lemma 5.15 and the fact that V ([XI,G])=0 if and only if [XI,G] is an equilibrium and
V ([XI,G]) > 0 for all [XI,G] ∈ D×F ∩S\E indicate that given any initial vector

[
X0

I ,G
0] ∈

D×F ∩S, the dynamical system given by (5.37) can converge to an equilibrium on E as time
goes to infinity by using the novel control policy, or the P0 control policy if the two conditions
proposed in the subsection ?? are satisfied.

5.4 Numerical Results

The proposed dynamical system given by (5.37) is tested on an one-OD two-route network
illustrated by Fig. 1.1 and a two-OD two-route network illustrated by Fig. 1.2.

In order to validate the superiority of my proposed novel control policy over the P0 control
policy, It starts from an arbitrary feasible point fulfilling the condition given by (5.23), (5.24)
and (5.25), set the stage pressure vector to P(b) = k • (C+b) and P(b) = s • b, respectively,
and observe if the dynamical system can converge to a feasible point as time goes to infinity.
In order to validate the condition of existence of equilibrium point proposed by Lemma 5.8, it
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starts from an arbitrary feasible point for the cases that the boundary condition in Lemma 5.8
is satisfied or not, and compare the output of the dynamical system.

For the one-OD two-route network, the length of two routes and flow of two routes are
set to be 0.5km, 1km and 100 vehicles/h, 150 vehicles/h, respectively. The free speed of both
routes, the total demand and the duration of traffic light cycle are set to be 50km/h, 100 vehi-
cles/h and 120 seconds, respectively. It starts from an arbitrary point XV0 = [ 58.33 41.67 ],

GV0 =
[

0.67 0.33
]

and sets the step length by the rules proposed in [46]. The output of
the dynamical system is illustrated by Fig. 5.2 and Fig. 5.3, which show the time evolution
of traffic flow and green-time proportion on two routes, respectively, when the novel control
policy is used. The dynamical system is stable as the equilibrium point can be approached af-
ter approximately 1000 iterations. Fig. 5.4 and Fig. 5.5 illustrate the output of the dynamical
system by using the P0 control policy. It can be seen that traffic flow and green-time propor-
tion cannot approach a feasible equilibrium point within the first 180 iterations, and after the
180th iteration, the solution of system is no more feasible. Fig. 5.6 and 5.7 show that even
start from a feasible point, no feasible equilibrium can be found if the condition of existence
of equilibrium proposed by Lemma 5.8 is not satisfied.

Figure 5.2: Time evolution of traffic flow using novel control policy
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Figure 5.3: Time evolution of green-time proportion using novel control policy

Figure 5.4: Time evolution of traffic flow using P0 control policy

Figure 5.5: Time evolution of green-time proportion using P0 control policy
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Figure 5.6: Time evolution of traffic flow using novel control policy; the condition of existence of equilibrium is
NOT fulfilled

Figure 5.7: Time evolution of green-time proportion using novel control policy; the condition of existence of
equilibrium is NOT fulfilled

For the two-OD two-route network, the length and saturation flow of two routes of OD1
and OD2 are set to be 1km, 2km, 1km, 2km and 100 vehicles/h, 350 vehicles/h and 100
vehicles/h, 300 vehicles/h, respectively. The turning matrix is set to be
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P′ =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

0.8 0 0.2 0
0.64 0 0.16 0.2
0.04 0.8 0.16 0
0.64 0.64 0.136 0.16
0.2 0 0.8 0

0.16 0.2 0.64 0
0.16 0 0.04 0.8

0.136 0.16 0.064 0.64


The free speed of routes of two OD pairs are set to be 50km/h, the total demand of two OD
pairs are set to be 186.75km/h and 129.43km/h, respectively. Fig. 5.8 and Fig. 5.9 illustrate
the time evolution of traffic flow and green-time proportion by using the novel control policy
on the two-OD two-route network. Under the condition of equilibrium existence, starting
from an arbitrary feasible point, the dynamical system can approach a feasible equilibrium
point after approximately 500 iterations. Fig. 5.10 and Fig. 5.11 show that the traffic flow
and green-time proportion become unfeasible after approximately 100th iteration, that is, no
feasible equilibrium point can be approached even with a feasible initial point if the condition
of equilibrium existence is not fulfilled.

Figure 5.8: Time evolution of traffic flow using novel control policy on two-OD two-route network; the condition
of existence of equilibrium is fulfilled
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Figure 5.9: Time evolution of green-time proportion using novel control policy on two-OD two-route network;
the condition of existence of equilibrium is fulfilled

Figure 5.10: Time evolution of traffic flow using novel control policy on two-OD two-route network; the condi-
tion of existence of equilibrium is NOT fulfilled

5.5 Summary

In this chapter, a hybrid traffic assignment model incorporating the flow swap process, green-
time proportion swap process and flow divergence was proposed for a general network with
multiple OD pairs and multiple routes. I gave two conditions for achieving general network
capacity maximization by using P0 control policy. Then, a novel control policy is proposed
and its superiority over P0 control policy is proved: by using the proposed control policy, the
condition of capacity maximization via intentionally constructing bottleneck delays can be
relieved. I gave the condition for existence of Wardrop equilibrium for the dynamical system,
which is determined by the sign of flow swap and green-time proportion swap for each element
on the boundary of the set D×F ∩S. The condition for uniqueness of Wardrop equilibrium
was also given, that is, for a given green-time proportion vector, the travel cost of function
and stage pressure function must be monotone. I also gave the characteristics of the set of



5.5 Summary 95

Figure 5.11: Time evolution of green-time proportion using novel control policy on two-OD two-route network;
the condition of existence of equilibrium is NOT fulfilled

equilibria when green-time proportion vector changes over time, which is useful to determine
the set of equilibria. Finally, Lyapunov stability analysis was utilized to prove stability of the
dynamical system.

The theoretical results derived in this chapter and the proposed control policy can be app-
lied in real scenario to increase network capacity and reduce travel time in an urban network.
Specifically, when travel costs on some links go high due to incident, network capacity can be
maintained at an equilibrium by applying the proposed control policy.





Chapter 6

Conclusion

This thesis is motivated by the demand to improve the traffic safety, efficiency, and alleviate
traffic congestion in transportation networks. The improvement of traffic safety, efficiency
and alleviation of traffic congestion strongly rely on traffic data analysis. Missing data pro-
blem, where some subsets of traffic data become missing due to certain reasons such as sensor
malfunction or lossy data transmission, has negative impact on accurate results of traffic data
analysis. Furthermore, existing research efforts mostly deal with developing certain data-
driven or model-driven methods for data estimation. There is a lack of study on the achievable
estimation accuracy and the condition to achieve accurate estimation results. Traffic data
analysis provides an understanding of traffic flow on traffic network and thus is a basis of de-
veloping strategy to maximize road network capacity. Almost all existing research work focus
on seeking an optimal control policy to optimize throughput by considering only one OD pair
in a simple network, without consideration of the flow divergence among different OD pairs.
Furthermore, no existing work investigated the conditions for the existence and uniqueness
of equilibrium and stability of the dynamical systems when flow swap process, green-time
proportion swap process and flow divergence among different OD pairs are simultaneously
considered.

To fill the gap, this thesis focuses on answering the following questions: 1) how to improve
the performance of traffic data estimation without increase of computational complexity by in-
corporating the topological information? 2) what is the lower bound of traffic data estimation,
does the optimal estimator exist? 3) is there an optimal control policy, which can maximize
traffic network capacity in a general urban network?

To improve the performance of traffic data estimation, an Optimum Closed Cut (OCC)
based spatio-temporal imputation technique is proposed, which is implemented in two stages:
a) employing graph theory to search OCC in the road network, for which the traffic on roads
intersected by the closed cut has the maximum correlation with that on the target road while
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minimizing the number of intersected roads; b) estimating the missing data on the target road
using OCC based Kriging estimator, incorporating both the road topological information and
flow conservation law to improve the estimation accuracy. Experimental results using traffic
data provided by Sydney RMS (Road Maritime Service) indicate that the OCC searching al-
gorithm can effectively capture the optimum set of neighboring sensors. OCC based estimator
can provide more accurate estimation results compared to NHA (Nearest Historical Average)
and correlative kNN (k Nearest Neighbors) methods. The road topological information and
flow conservation law can be explored to further improved the estimation performance while
reducing the number of sensors involved in the data estimation, hence improving the compu-
tational efficiency.

To answer the second question, I investigate the fundamental limits of missing traffic data
estimation accuracy in sensor-equipped traffic networks, using the spatial-temporal random
effects (STRE) model. I derive Squared Flow Error Bound (SFEB) for the cases of the Fisher
matrix being a singular and non-singular matrix, respectively. I show the sufficient and neces-
sary condition of the existence of an unbiased estimator is that the number of missing points is
less than or equal to the rank of the Fisher matrix. For the case that no unbiased estimator can
be found, I derive an inequality for the SFEB and show that SFEB is readily determined by the
co-variance matrix of the unknown (missing) parameter vector, flow correlation between the
unknown and the available data, and the sensor locations. I develop an optimal spatio-temporal
Kriging estimator, which is efficient in both cases where the causal relationship among avai-
lable data points exists or does not exist. The theoretical analysis is verified using real traffic
data. The proposed theoretical results can be used as a benchmark to evaluate the performance
of missing data estimators as the performance of any missing data estimators is lower bounded
by the proposed SFEB. Corollary 4.2 can be utilized to optimize the sensor locations and the
number of deployed sensors in the network. An application example is to deploy the sensors
on the locations so that FIM is a full-rank matrix. Lemma 4.7 can be utilized to reduce com-
putational complexity with a large size of the observed parameter vector. As an example, the
missing points can be estimated iteratively with optimal selection of available data according
to Lemma 4.7 at each iteration, rather than using the optimal Kriging estimator.

The last question deals with designing an optimal traffic control policy in a general net-
work. I propose a hybrid dynamical system, which incorporates flow swap process, green-time
proportion swap process and flow divergence for a general network. Firstly, I gave two condi-
tions for achieving general network capacity maximization by using P0 control policy. Then,
a novel control policy is proposed and its superiority over P0 control policy is proved. Furt-
hermore, I give the condition for existence of Wardrop equilibrium for the dynamical system,
which is determined by the sign of flow swap and green-time proportion swap for each ele-
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ment on the boundary of the set D×F ∩S. Finally, Lyapunov stability analysis was utilized
to prove stability of the dynamical system.

In summary, OCC based Kriging estimator proposed in this thesis provides a strategy
to better utilize the topological information and spatial correlation between the missing data
points and the measured data points. It provides an optimum trade-off between estimation
accuracy and computational complexity. The investigation of fundamental limits of data es-
timation provides a benchmark for missing traffic data estimator, the derived sufficient and
necessary condition can be used to determine the existence of an unbiased estimator. The pro-
posed optimal traffic control policy in a general network provides a new signal control strategy
with consideration of traffic assignment model.

In this thesis, optimal traffic control policy is only investigated for the case with inelastic
travel demand, vertical queue, and no spatial queue and blocking back are considered. The-
refore, elastic travel demand, spatial queue and blocking back should be considered in the
future work. Besides, this thesis only investigated the traditional traffic network, that is, no
connected and autonomous vehicles. In the future work, the research can be extended to next
generation traffic network with connected and autonomous vehicles.
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