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An improved diameter bound for finite simple groups of Lie type
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ABSTRACT
For a finite group G, let diam(G) denote the maximum diameter of a connected Cayley graph
of G. A well-known conjecture of Babai states that diam(G) is bounded by (log, |G])°™" in case
(G is a non-abelian finite simple group. Let GG be a finite simple group of Lie type of Lie rank
n over the field F,. Babai’s conjecture has been verified in case n is bounded, but it is wide
open in case n is unbounded. Recently, Biswas and Yang proved that diam(G) is bounded by

qO(niog2 nt1og29*) We show that in fact diam(G) < ¢@(nlles2 ™*) holds. Note that our bound
is significantly smaller than the order of G for n large, even if ¢ is large. As an application, we
show that more generally diam(H) < ¢©("(°#2 ™*) holds for any subgroup H of GL(V), where
V' is a vector space of dimension n defined over the field F,.

1. Introduction

Given a finite group G and a set S of generators of GG, the associated Cayley graph I
is defined to have vertex set the elements of G and edge set {{g,gs}:g € G, s € S}. The
diameter diamg(G) of I" is the maximum over g € G of the length of a shortest expression of g
as a product of generators in S and their inverses. The maximum of diamg(G), as S runs over
all possible generating sets of G, is denoted by diam(G).

In 1992, Babai [4] conjectured that diam(G) < (log |G |)O(1) holds for any non-abelian finite
simple group G. (Here and throughout the paper the base of the logarithms will always be
2, unless otherwise stated.) The first class of simple groups for which Babai’s conjecture was
proved [12] were the groups PSL(2,p) where p is prime. Following Helfgott’s paper [12], the
conjecture was verified for finite simple groups of Lie type of bounded rank by Pyber and Szabd
[22] and Breuillard, Green, Tao [7]. In particular, Babai’s conjecture holds for exceptional
simple groups of Lie type. However, the conjecture remains wide open for finite simple groups
of Lie type of large rank, that is, for simple classical groups of large rank.

Babai’s conjecture is open even in the case of alternating groups. Babai and Seress [3] proved
that diam(A,,) < exp(vVnlnn(l + o(1))) and in [4] they showed that the same bound holds for
arbitrary permutation groups of degree n.

The strongest bound to date is diam(A,,) < exp(O(logn)* loglogn) (n > 2), due to Helfgott
and Seress [14]. The same estimate is shown to hold in [14] for arbitrary transitive groups of
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degree n. The inductive proof of Helfgott and Seress relies heavily on the fact that their result
extends to transitive groups. For a greatly simplified argument see [13].

In connection with Babai’s conjecture, we remark that Breuillard and Tointon [8] showed,
without the use of the classification theorem of finite simple groups, that for any € > 0 there
is a constant C, depending only on € such that every non-abelian finite simple group G with a
symmetric generating set S satisfies

. G\
diamg(G) < max { (E> ,C’e}.
Breuillard remarks in his ICM survey [6], that it would be interesting to get non-trivial bounds
for all finite simple groups of Lie type also when the rank grows and see if one can improve the
above “crude bound”.

Let G be a finite simple group of Lie type of Lie rank n defined over F,. Biswas and Yang
[5] proved that diam(G) < ¢@((esn+osa)®) The first result of the present paper provides an
improvement of this bound showing that the exponent need not depend on q.

THEOREM 1.1. If G is a finite si%nple group of Lie type of Lie rank n defined over the field
of size q, then diam(G) < ¢@"(ogn)”)

Let T be a finitely generated group and S a finite set of generators of I'. For a positive
integer n, let vs(n) denote the number of elements in I which may be expressed as a product
of n elements of SUS™'U{1}. The celebrated theorem of Gromov [11] asserts that I is
virtually nilpotent if and only if the function vg is bounded from above by a polynomial in
n. Recently Shalom and Tao [24] obtained a strengthening of this theorem, namely that if
vs(n) < nellegloe™)® for some n > 1/c with ¢ > 0 a sufficiently small absolute constant, then T
is virtually nilpotent.

The Gap Conjecture asserts that if a finitely generated group I' has growth type strictly less
than eV” then it is virtually nilpotent (see [10] for a precise formulation of the conjecture).
As the famous Grigorchuk groups show this would be best possible even within the class of
residually finite p-groups.

The above conjecture was shown to hold for residually nilpotent groups [10], [17]. For T’
a residually solvable group the Gap Conjecture, with /n replaced by n'/7, has been proved
by Wilson [27] (see also [25] and the slides [26] of his talk at the 2010 Ischia Group Theory
Conference). One of the main ingredients of the proof was to establish upper bounds for
diam(G) in case G is a solvable subgroup of GL(V') acting completely reducibly on the finite
vector space V. Wilson shows that in general diam(G) < O(1)|V|. He also points out that this
bound is sharp since G may be taken to be a Singer cycle in GL(V).

Motivated by the above results, we consider the diameters of arbitrary linear groups over
finite vector spaces.

THEOREM 1.2. Let G be a subgroup of GL(V') where V is a vector space of dimension n
defined over the field of size q and characteristic p. Let h = maxg{diam(S)} where S runs over
the (non-abelian) classical composition factors of G defined over fields of characteristic p, if
such exist, otherwise put h = 1. Then

diam(G) < [V|0Wh? < ¢Oleem?),
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Note that Theorem 1.2 may be viewed as an extension of Theorem 1.1. Actually, both results
also extend to directed Cayley graphs by a result of Babai [1].

Theorem 1.2 is deduced from a structure theorem for a finite group acting completely
reducibly on a vector space (see Theorem 3.3).

For G = GL(V) we must have diam(G) > diamg(G) > (¢ — 1)/2 where S is a generating
set of G where all but one element in S has determinant 1. This shows that the diameter
of absolutely irreducible (almost simple) subgroups of GL(n,¢) may be much larger than the
bound predicted by Babai’s conjecture for PSL(n, q).

Kornhauser, Miller and Spirakis [16] asked in 1984 whether or not the diameter of a transitive
group is always polynomially bounded in terms of the degree. A positive answer (which is
supported by the results in [14]) would show that the best possible bound for S,, and for its
transitive subgroups is the same. (As the example of Singer cycles in SL(V') shows, the analogue
of this is unlikely to be true for SL(V') where V is a finite vector space.) Since the minimal
degree of a permutation representation of a simple group of Lie type of rank n over the field
I, is roughly ¢", our Theorem 1.1 also supports a positive answer to the above question.

2. Proof of Theorem 1.1

2.1. A new degree reduction lemma

In this section we prove Theorem 1.1. To achieve this, we prove a new degree reduction
lemma for matrices over finite fields (Lemma 2.2). This is a linear algebraic analogue of the
degree reduction lemma for permutations by Babai and Seress [2, Lemma 3]. It improves
the corresponding one by Biswas and Yang [5, Lemma 4.4 (ii)]. Theorem 1.1 then follows by
combining Lemma 2.2 with the rest of the Biswas-Yang machinery.

We first state our degree reduction lemma, and indicate how Theorem 1.1 follows from this
together with [5]. We then prove this lemma in Section 2.3.

Let us set up some notation. For n € N, let [n] :={1,2,...,n}. Fix a finite field F, of
characteristic p. Let E be the algebraic closure of F,. We use I to denote identity matrices.
Let M(n,q) denote the linear space of n x n matrices over Fy, and GL(n,q) the group of
n x n invertible matrices over F,. For A € M(n, ¢q), we use charpoly(A,x) and minpoly(A, x)
to denote the characteristic polynomial and the minimal polynomial of A in the variable z,
respectively.

DEFINITION 2.1. The degree deg(A) of a matrix A € M(n, q) is the rank of A — I.
We now state the degree reduction lemma, whose proof is postponed to Section 2.3.

LEMMA 2.2. Suppose we are given A € GL(n, q), such that charpoly(A, z) has irreducible
factors f1, ..., f, of degrees p1, ..., p, respectively, where the p; are distinct primes larger than
2 for which the inequality Hie[r] pi > n* holds. Then there exists m € N, such that A™ is a
non-identity matrix of degree at most deg(A)/4. Furthermore, if each f; has a root of order



Page 4 of 14 ZOLTAN HALASI, ATTILA MAROTI, LASZLO PYBER, YOUMING QIAO

qP" — 1 over F,, then there exists m’ € N, such that A™™" has the additional property that 1
is its only eigenvalue Iying in F,.

Note that we do not require pq,...,p, to be the first r odd primes.

_ Note that an irreducible polynomial f; of degree p; over F, has a root of order ¢ — 1 over
F, if and only if f; is the minimal polynomial of some Singer cycle element in GL(p;, ¢). Such
polynomials f; exist for every p; and q.

Compare Lemma 2.2 with [5, Lemma 4.4 (ii)]. The key difference is that Biswas and Yang
required the primes to be coprime with p(q — 1), while we do not have such a restriction. This
leads to the desired improvement, because of the following easy number-theoretic bounds, as
already used in [2, Sec. 3].

By a classical result of Erdés [9], there exist constants y; and s larger than 1 such that for
every number x > 1 we have
w< ] ¢ <
r<p’' <2x
p’prime

For y > 2 let f(y) be the product of all primes no greater than y. For y > 4 we have 7?14/2 .

fy/2) < fly) < 73/2 - f(y/2), and by induction this gives v < f(y) < 5. Let p be a prime.
From f(p) < 2P we get

/

Yo=Y ( p 1ogp’)< 2p ( ) 1ogp’)<2§210g72.

/ ’ " =
p'<p p'<p logp logp p'<p logp

p’ prime p’ prime p’ prime

For a fixed integer n we may take p to be the smallest prime such that v;? > n*. This assures
that the product of all primes no greater than p is larger than n* and also that the sum of all
primes no greater than p is bounded by

2p* log va _ .. og n)*
logp 3 loglogn

for some constant 3 and all n > 3. To see the latter claim note that p = O(logn) by the
Bertrand-Chebyshev theorem.

Compare the above estimates with [5, Lemma 4.4 (i)]. There, because of the coprime with
p(q — 1) condition, the sum over the orders of ¢ in Z/p;Z can only be bounded from above by
O((logn + log q)*), provided that the least common multiple of these orders is larger than n?.

2.2. The Biswas-Yang machinery

A proof of Theorem 1.1 follows by plugging in Lemma 2.2 to the rest of the Biswas-Yang
machinery [5]. We briefly outline the procedure.

In order to prove Theorem 1.1, it is sufficient to assume that G is a finite simple classical
group (of unbounded dimension n), by the fact that Babai’s conjecture is known to hold in
the bounded rank case (see [22] and [7]). Moreover, it is sufficient to establish the estimate
diam(G) < ¢@ (s ™?) for every group G isomorphic to SL(n, q), Sp(n, q), SU(n, q), or Q(n, q),
with n sufficiently large.

Let V be a vector space of dimension n over the field F,. If G is different from SL(V),
we view V as a non-degenerate formed space with a non-degenerate alternating bilinear form
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in the symplectic case, with a non-degenerate Hermitian form in the unitary case, or with a
non-degenerate quadratic form in the orthogonal case.

Let ¢ be a positive integer. Following [5, Definition 2.1], we say that a subset H of GL(V) is
a t-transversal set if, given any embedding X of a subspace W of dimension ¢ into V, there is a
linear transformation in H whose restriction to W is X. If V' is equipped with a non-degenerate
form, we say, following [5, Definition 6.4], that a subset H of G is a singularly t-transversal
set if, for any isometric embedding X of a totally singular subspace W of dimension ¢ into V,
there is an element of H whose restriction to W is X. Given any symmetric generating set
S for G, the set S(*) = Uf:l St is t-transversal if G = SL(V) and t < n (see [5, Corollary 2.4])
and is singularly t-transversal if G # SL(V') and ¢ < (n — 2)/5 (see [5, Corollary 6.8]).

The proof of Theorem 1.1 consists of two steps. The first step is Proposition 2.3, which is
[5, Proposition 5.5] and [5, Proposition 7.7] with different bounds.

PROPOSITION 2.3. There are universal positive constants 4 and ~s such that for any sym-
metric generating set S in G where G is any of the groups SL(n, q), Sp(n, q), SU(n, q), Q(n, q),
with n > 2, there is a non-scalar matrix A in G such that deg(A) < v4((logn)?/loglogn) and
A may be expressed as the product of less than ¢7s™ ((log n)*/loglogn) eloments from S.

Proof. We apply Lemma 2.2 to the argument of Biswas and Yang [5].

Let G = SL(V) = SL(n, q). We may assume that n is sufficiently large. Put 74 = 273 where
3 is as in the previous subsection and assume that d, defined to be the integer part of
v3((logn)?/loglogn), is less than n. Since S is a d-transversal set for 1 < d < n, there
is Ag € S(9 that maps some d-dimensional subspace W to itself, and the restriction of Ay
to W is a diagonal block matrix C, where the blocks are companion matrices of irreducible
polynomials f; of degrees p;, and possibly an identity matrix of an appropriate size, such that
the p; range over all primes from 3 to p as in Section 2.1 and each f; has a root of order ¢Pi — 1
over F,. Then Ay satisfies the condition of Lemma 2.2, and the length of Ay is bounded by
¢™®. By Lemma 2.2, raise Ay to an appropriate power to obtain a non-identity matrix A; of
degree at most deg(Ap)/4 with eigenvalues being either 1 or outside F,. The length of A; is
bounded by ¢"?*" since the order of Ay is bounded by ¢”. If deg(A;) < 2d, then we are done.
Otherwise, we enter the inductive step. The key in the inductive step is to locate a subspace
W1 of dimension d such that A; W3 NW; = 0, whose existence is guaranteed by [5, Lemma
5.3]. Then use the 2d-transversal set S(? to obtain a matrix M; of length at most ¢>"¢ that
fixes A1 W1 pointwise, Wi setwise, and when restricting to W7, realises the diagonal block C
as before. The commutator A} = MlAflelAl then realises C when restricting on Wy, so
it satisfies the condition of Lemma 2.2. Furthermore, deg(A}) < 2deg(A;) by [5, Proposition
5.2]. By Lemma 2.2, raise A} to an appropriate power to get a non-identity matrix A such
that

deg(Az) < deg(A7)/4 < 2deg(A1)/4 = deg(A1)/2.
It can be checked that the length of A5 is bounded by
2(q2nd + qnd+n)qn < q2nd+2(n+2)'
Suppose we have obtained a non-scalar matrix A; with eigenvalues either 1 or outside [, with

deg(A;) <n/27F! and length at most ¢2"@+7("+2)If deg(A;) is not small enough, then we
construct a matrix A; 1 of length at most

2(q2nd + q2nd+j(n+2))qn < q2nd+(j+1)(n+2).

Repeat this by at most logn times to reach the desired matrix A.
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For G # SL(V) the argument is very similar as for SL(V') above. Here Witt’s decomposition
theorem (see [5, Theorem 6.2]) and Witt’s extension lemma (see [5, Lemma 6.5]) are used. The
latter is that G is a singularly ¢-transversal set for any ¢. Moreover, we mention [5, Lemma
7.6]. If A is a matrix in G of degree d such that the eigenvalues of A are either 1 or outside
F,, then there is a totally singular subspace W of V such that W N AW = {0}, W L AW, and
dim W > (d/32) — (7/4). O

Given a non-scalar matrix A of degree d and length ¢, the second step is to show that the
diameter of G with respect to S is bounded by O((¢*™ 4 ¢) - 2) (cf. [5, Proposition 8.3]). This
is due to the following. Firstly, any conjugate of A can be obtained by conjugating by a matrix
of length less than ¢>*¢, as the number of conjugates of A is bounded by such (see [5, Lemma
8.1]). Secondly, by Liebeck and Shalev [18], every element in G is a product of at most O(n/d)
conjugates of A.

We may take d to be less than ~4((logn)®/loglogn) and ¢ to be less than
gqvs v ((log n)?/loglogn) by Proposition 2.3. Then

diamg(G) < O((¢*"* + ¢) - %) < gOtnlogn)?)

This completes the proof of Theorem 1.1 (modulo Lemma 2.2).

We remind the reader that in the above procedure, the exponent with respect to the base ¢
in the length bound of A is always bounded by O(nd). It follows that the log g term does not
appear in the exponent if d = O((logn)?).

2.3. Proof of Lemma 2.2

We first need the following preparations.

Fact 2.4. Let f = f(x) € Fy[z] be an irreducible monic polynomial of degree d. Let Cy €
GL(d, q) be its companion matrix.
(i) For any a € N, sza is similar to the companion matrix of an irreducible polynomial in
F,[x] of degree d.
(ii) Form € N, C’J‘%m;l =1 if and only if d | m.

Proof. (1) First observe that (f(x))pa = f(2*") where f is the polynomial obtained by
raising every coeflicient of f to the p*th power. Then we can verify that charpoly(CjZ ,x) =
f(z).

(2) Recall that minpoly(Cy,z) = charpoly(Cy,z) = f(x), and f(z) | 29 — z if and only if
d | m. The claim then follows. O

THEOREM 2.5 ([20], generalized Jordan normal form). Let F be a perfect field, and A €
M (n,F). Suppose charpoly(A, x) decomposes into a product of irreducible monic polynomials
as fi'-...- fo*, where f; € F[x] is of degree d;. Then A is similar to a block diagonal matrix
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Diag(Jy, ..., J¢), where each J;, called a (generalized) Jordan block, is of the form

Cr,, I 0 ... 0 0]

0 Cp I ... 0 0

A 2.1)
0o 0 0 .. I 0

0 0 0 ... Cp I
L0 0 0 ... 0 Cp

where b; € [k|, I is the identity matrix of size dp,, and 0 is the all-zero matrix of size dp, X dp,.

We are ready to prove Lemma 2.2.

Proof of Lemma 2.2. Suppose charpoly(A4,z) decomposes into a product of irreducible
monic polynomials as

e (= 1)

where t €N, ¢; € Z7T, f; € F[xL is irreducible, monic, and of degree d;, and f; #x — 1 for
i € [k]. Observe that n =t + > | die;. Let fo =« — 1, and s = n — t. Clearly, deg(A) > s. By
the assumption of this lemma, we have that k > r, and deg(f;) = p; for i € [r]. It is possible
that deg(fi) = p; for some r <4’ <k, but this does not concern us and we can order f;,
r < j <k, arbitrarily.

For our purpose, we can replace A with any of its conjugates. Therefore by Theorem 2.5, we
assume A = Diag(Jy, ..., Jy) where each J; is a Jordan block of the form (2.1).

We first raise A to the p*th power, where a is an integer larger than log nn. This operation helps
to eliminate the identity blocks as in Eq. 2.1. That is, for any i € [¢], J/ = Diag(C’fbi b Cfbi)
for some b; € {0,1,...,k}, where fp, is an irreducible polynomial of degree d, by Fact 2.4 (1).
Let A = AP". By arranging the diagonal blocks via conjugation transformations, we can assume
that

A:Diag(cf1""’cf1""’ fk,...,ka, ,...,1),

where the number of C7, is €;, and the number of 1 is ¢. In particular, deg(A4) = s < deg(A).

For j € [s], let ¢; € [k] be such that the jth diagonal position of A is in the diagonal block

CJ;CJ. For example, for 0 < j < dje1, c; = 1. For die; < j < dier +dgea, c; = 2. That is, ¢c; = £

if and only if Zf;ll die; < j < Zle d;e;. We then build a zero-one matrix D of size r X s
as follows. For i € [r] and j € [s], D(i,j) = 1 if p;|d.,, and O otherwise. We then deduce the
following. N

(a) For any j € [s], [Licpy i 7 < do, < s.

(b) For i € [r], let n; = gje[s] D(i,j). We claim that there exists ¢’ € [r], such that n, < s/4.

For this, consider the weighted average W of n; with weights log p;. We have
— Yiep Milogpi _ Xjers) Diey DU 5) logpi
> icir logpi > icir logpi
< ng[s] Zie['r'] D(i, j) log p;

- 4logn

D(i,j
. Zje[s] IOg(Hie[r] p; ( J))

N 4logn
s-logs s
< < -

=~ 4logn ~ 4°

C 1
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In the above, the first < is due to the choice of the p;, namely we have chosen those p; to

satisfy [];eqpi > n*. The second < is due to item (a) we just described. The existence

of such i’ € ﬁ ] satisfying ny < s/4 then follows. In other words, the number of diagonal
posmons in those C with p;s | d; is bounded from above by 8/4

Let ¢’ € [r] be an 1ndex satisfying (b) and let p’ = p;. Let s’ be the lowest common multiple

of these deg(f;) which are coprime to p’. Then A= A1 satisfies the following: Firstly, A

is not identity. This is because the existence of C'z where deg( fir) = ps and Fact 2.4 (2).

Secondly, A is of degree at most s/4 < deg(A)/4. This is because for any C'g, with p;/ { deg( fi),

C’f ~! becomes identity by Fact 2.4 (2), and from (b) we know the sum of the sizes of such
blocks is at least (3s)/4. This shows the existence of m € N as required.

We now prove the statement of the furthermore part in Lemma 2.2. For this, it is sufficient
to show that a (¢ — l)k—power of A, for some integer k, is not the identity matrix. Suppose
otherwise. If the (q — 1)"-power of A is the identity, then, in particular, the (¢* —1)(q — 1)"-
power of the companion matrix C 7, s the identity. Since C' 7, has order ¢? — 1 by the assumption
on the root orders of f; (taking the p®-power of A does not do harm), we must have ¢ -1 |
(qs/ —1)(qg— 1)k. Since p’ t §', the greatest common divisor of ¢’ —1land ¢ —1isq— 1, from
which it follows that ¢*" — 1 | (¢ — 1)k+1. By applying the following Claim 2.6, with p’ in place
of ¢t and noting that p’ > 2, we arrive to a contradiction.

CLAIM 2.6. Let t be a prime and q an integer larger than 1. If ¢t — 1 divides some power
of q—1, then t = 2.

Proof. Notice that the condition qt — 1 divides some power of ¢ — 1 is equivalent to the
condition that every prime divisor of ¢* — 1 divides ¢ — 1.

We claim that L= = ¢* for some integer s > 2. Let r be a prime divisor of (¢* —1)/(¢ — 1).
Then r | g—1 by the condition (¢* —1) | (¢ — 1)* for some z € N and, since ¢*~ 1 +--- + ¢+ 1
is congruent to ¢ modulo ¢ — 1, the primes r and ¢t must be equal. This proves that ‘i;_—_ll =1t°
for some integer s > 1. We also have s > 2 by ¢ > 1.

On the other hand,

qqf_—11:<<q—1q>_+11 :ioq_l

is congruent to (¢ — 1)""" 4+ ¢ modulo 2, as the intermediate terms (N@-1D1 1<k<t,
are divisible by 2 if they do appear. Since t*> does not divide ¢, it cannot divide (g — 1)’571
either. This forces t = 2 as t divides ¢ — 1 by our condition. |

This concludes the proof of Lemma 2.2. ]

3. A structure theorem for completely reducible groups

In this section we will prove Theorem 3.3 which, in the next section, will be used to deduce
Theorem 1.2 (in case the group acts completely reducibly on its module).

Let us fix some notation. Let V' be the vector space of dimension n over F,. Let G be a
subgroup of GL(V) acting completely reducibly on V. The G-module V is the direct sum
Vi®- - &V, of irreducible G-modules V; with 1 <¢ <m. It is natural to write each vector
space V; as a direct sum Wj; @ --- @ Wy, of isomorphic vector spaces W;; with 1 < j <k;
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such that {W;y,..., Wi, } is preserved by the action of G and with k; as large as possible. It
follows that for each pair (4, j) the stabilizer of W;; in G acts irreducibly and primitively (but
not necessarily faithfully) on W;;.

To simplify notation, write the vector space V as a direct sum Wy & --- @ W such that
G preserves Q = {W7,..., Wy}, the stabilizer G; of W; in G acts irreducibly and primitively
on W; for each i with 1 <i <k and k=", k; in the above notation. For each i let the
action of G; on W; be P;. The group G is a subgroup of (P; X - -+ x P) : Sg. Let N denote the
intersection of G with P; X --- X Py, that is, the kernel of the action of G on 2. The factor
group G/N may be viewed as a subgroup of S < S,,.

We continue with a slightly simplified version of [15, Proposition 5.7]. Here a quasisimple
group is a finite perfect group H such that H/Z(H) is simple. The generalized Fitting subgroup
F*(X) of a finite group X is defined to be the product of the Fitting subgroup of X and all
subnormal quasisimple subgroups of X.

THEOREM 3.1 (Jaikin-Zapirain, Pyber; 2011). Let @ be a subgroup of GL(W) with Q
acting irreducibly and primitively on the finite vector space W defined over the prime field F,,.
For the generalized Fitting subgroup F*(Q) of Q let I be the field Z(Endp-qy(W)). There
exists a universal constant g such that whenever |Q| > |[W |, then
(i) there is a tensor product decomposition U’ @z U of W such that dim(U) > dim(U");

(ii) there is a quasisimple normal subgroup R in @ isomorphic to Ay or to a classical group
Cl(d, K) for some K < F and d > 2;

(iii) if R = Ay, then U is the natural Ay,-module, while if R = Cl(d, K), then U is F @k U"
where U" is the natural Cl(d, K)-module;

(i) [Q/R| < [WF.

Let P be a subgroup of GL(W) acting irreducibly and primitively on the finite vector space
W defined over the field F, (possibly different from its prime field F,,). It centralizes a cyclic
subgroup Z of GL(W) isomorphic to F;. According to a claim of Liebeck and Shalev (see [19,
p. 112]) PZ acts irreducibly and primitively on W viewed over the field F,. For the sake of
completeness, we present a proof for this fact. If U is a PZ-invariant subspace of W, then
U must be an Fg-space. Thus PZ acts irreducibly on W. For a contradiction, assume that
W =Wy +---+ W, is an imprimitivity decomposition of the PZ-module W over F, where
t > 1. Let Zy be the stabilizer of W; in Z. Clearly Zy < Z since otherwise the W; are F,-spaces
contradicting the fact that P acts primitively on W viewed over F,. Let z be an element of Z
outside Zy. Without loss of generality, assume that z maps W; to Ws. Since W is an IFp-space,
it follows that z € F,,. In particular, 1 + 2 # 0 and so 1+ z € Z. For a non-zero vector w; in
W1 we have w1 (1 + z) = w1 + wyz € Wi + Wa. Since wq # 0, the element w; (1 + 2) is neither
in Wi nor in W5. This is a contradiction.

As a Corollary to Theorem 3.1 we obtain the surprising fact that primitive linear groups are
not far from being simple groups. To simplify notation, let Cl(d,r) be Cl(d,F,) for any prime
power 7.

THEOREM 3.2. If P is a subgroup of GL(W) with P acting irreducibly and primitively
on the finite vector space W defined over the field F, with |P| > |W|" where ¢ is as in
Theorem 3.1, then there is a quasisimple normal subgroup R in P isomorphic to Ay such that
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¢ < dimg, (W) or to a classical group Cl(d,r) such that d < dimg, (W) with F,. and Fy of the
same characteristic, and |P/R| < |W|°. Moreover, if R is isomorphic to Cl(d, ), then r® < |W|.

Proof. By Theorem 3.1 and the claim of Liebeck and Shalev (see the paragraph after
Theorem 3.1), there is a quasisimple normal subgroup R in PZ isomorphic to A, such that
¢ < dimg, (W) or to a classical group Cl(d,r) such that d < dimg, (W) (the bounds for ¢ and
d follow from the fact that the field F' in Theorem 3.1 contains F,) and F, and F, have the
same characteristic. In the latter case we have 7% < |W| by Theorem 3.1. It also follows that
|PZ/R| < |W\5 Since R is quasisimple, R = [R, R] < [PZ, PZ] < P. This completes the proof
of the theorem. O

We are now in position to prove our structure theorem.

THEOREM 3.3. Let V' be a vector space of dimension n over the field F,. Let G < GL(V)
be a group acting completely reducibly on V.. Write V' as a direct sum Wy @ --- @ Wy, of (non-
trivial) subspaces of V in such a way that G permutes the set Q = {Wi,..., Wy} and the
stabilizer of each W; in G acts primitively on W; for every i with 1 <i <k. Let N be the
kernel of the action of G on ). In particular, G/N may be viewed as a subgroup of S,,. There
exists a constant 7 such that whenever |N| > |V|77,

(i) there is a normal subgroup C of G contained in N such that C = Q1 o --- 0 @Q,, is a central
product of quasisimple groups Q; with w < k;

(ii) each @; has a factor group T; such that for some j € {1,...,k}, T; is an alternating group
Ay, with £; < dimg, (W;), or T; is a classical simple group Cl(d;,r;) such that ¥, and F,
have the same characteristic, d; < dimy, (W}) and T;-lj < |Wjl;

(iii) IN/C| < V[T,

Proof. For each i let the stabilizer of W; in G be G; and let the action of G; on W; be P;.
Let 7 be the maximum of 6 and ~s. Without loss of generality, we may assume that there
is an integer ¢ > 0 such that |P;| > |W;|"" for every ¢ with i <t and |P;| < |W;|"" for every i
with ¢ < i < k. For every ¢ with ¢ < ¢, let R; be the quasisimple normal subgroup of P; whose
existence is assured by Theorem 3.2 (and is R in that notation).

If N denotes the intersection of G with P; X --- x Py, that is, the kernel of the action of G
on , then the factor group G/N may be viewed as a subgroup of Sy < S,,. In order to prove
the theorem, we may assume that [N| > |V|"". In particular, ¢t > 0.

Let M be the normal subgroup of G defined to be the intersection of NV and Ry X - - X Ry.
Since the image M; of the natural projection from M to P; is normal in P;, the group M;
must also be normal in R;. Since R; is quasisimple, M; = R; or M; is central in R;. In the
latter case |M;| < |W;|. Without loss of generality, we may assume that there is a « > 0 such
that M; = R; for every index ¢ at most u and M; is abelian for ¢ > u. Thus the commutator
subgroup M’ may be viewed as a subgroup of Ry x --- X R,, (where u > 0) which projects onto
R; for every i with i < u. Clearly, [N/M’| < |V|"" by Theorem 3.2.

We may thus assume that M’ # 1, that is, v > 1. Now M’'/Z(M’') may be viewed as a
subgroup of Fy x --- x F,, where F; = R;/Z(R;) is a non-abelian simple group for every i with
1 < i < u. Moreover, M'/Z(M') projects onto every F;. It follows, by [23, p. 328, Lemmal, that
M'/Z(M') is a direct product H;”Zl D; of full diagonal subgroups D; of subproducts Hielj F;
where the I; form a partition of {1,...,u}. The preimage in M’ of any simple factor D, of
M'/Z(M') contains a normal quasisimple subgroup of M’ which is subnormal in G. Let C be
the product of all components, that is, all subnormal quasisimple subgroups, of G' contained
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in the group M’. Since any two distinct components in a finite group commute, C' may be
expressed in the form Q4 o --- o0 @, where the @); are components of G contained in M’.

The group C' is normal in G and so (i) is established. Since C' - Z(M') = M’, it is easy to see
that there is a refinement of our previous bound for |N/M’| in the form |N/C| < |V|"". This
is (iii).

Fix an index ¢ at most w. The component Q; projects onto F; for some j at most u. The group
Fj is isomorphic to Ay, such that £; < dimp, (WW;) or to a classical simple group Cl(d;, ;) such
that d; < dimg, (Wj), r;.ij < |Wj|, and F,; and F, have the same characteristic, by Theorem
3.2. Thus Q; has a factor group T; such that T; is Ay, or T; is the classical simple group
Cl(dj,r;). This gives (ii).

This completes the proof of the theorem. |

4. A bound for diam(G) for G a linear group

In this section we prove Theorem 1.2.

A main tool in our argument is Lemma 5.1 of Babai and Seress [4].

LEMMA 4.1 (Babai, Seress; 1992). If N is a non-trivial, proper normal subgroup in a finite
group G, then diam(G) < 4 - diam(N) - diam(G/N).

We also need Theorem 1.3 of [4] mentioned in the third paragraph of the Introduction.

THEOREM 4.2 (Babai, Seress; 1992). If G is a permutation group of degree n, then
diam(G) < exp((nlnn)1/2(1 +o(1))).

Now let G be a subgroup of GL(V) acting on the finite vector space V' of dimension n
over the field of size ¢ and characteristic p. In case h # 1 let S be a classical (non-abelian)
composition factor of G defined over a field of characteristic p such that h = diam(S5).

First assume that G acts completely reducibly on V. In this case we rely on Theorem 3.3 to
prove Theorem 1.2.

We use the notation of Theorem 3.3. Write V' as a direct sum Wy @ - - - @ W}, of (non-trivial)
subspaces of V' in such a way that G permutes the set Q = {W7,...,W;} and the stabilizer
of each W; in G acts primitively on W; for every ¢ with 1 <4 < k. Let N be the kernel of the
action of G on Q. In particular, G/N may be viewed as a subgroup of S,,. First, diam(G/N) is
less than exponential in n by Theorem 4.2. Thus, in order to establish our bound for diam(G),
it is sufficient to show that diam(N) < |V|O(1)h2 < ¢O(logm)®) by emma 4.1. This is certainly
true in case [N| < |V|'" where 77 is as in Theorem 3.3. Thus assume that |[N| > [V|"". Let C
be the normal subgroup of G, as in Theorem 3.3, such that |N/C| < |[V|"". It follows by Lemma
4.1 that it is sufficient to show that

diam(C) < [V|OMn2 < gOnlloam)?) (4.1)
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We claim that h < |V|O(1) or S is a composition factor of C'. For a proof we may assume that
S is a composition factor of G/N. A standard argument using the classical result of Praeger
and Saxl [21] shows that h < |S| < [V|?W).

Since C' is normal in G and the center Z(C) of C is characteristic in C, the group Z(C)
is normal in G. Since G acts completely reducibly on V, so does the abelian group Z(C),
by Clifford’s theorem. By Schur’s lemma and the fact that a finite division ring is a field, an
abelian group A < GL(W) acting irreducibly on a finite vector space W is cyclic and has order
at most |W| — 1. From these it follows that |Z(C)| < |V].

The factor group C'/Z(C) is the direct product of non-abelian simple groups each isomorphic
to an alternating group or to a classical group in characteristic p. Let A be the product of all
factors of C'/Z(C) which are isomorphic to alternating groups, if such exist, otherwise let A = 1.
Let B be the product of all other simple factors of C'/Z(C), that is, C/Z(C) = A x B. In view
of (4.1), the bound Z(C) < |V| and Lemma 4.1, it is sufficient to establish the bound

diam(A x B) < [V]|°Wp2 < qOmlosn)?), (4.2)

We first handle A and B separately as follows. The sum of degrees of all simple factors in
A, if such exist, is at most n by Theorem 3.3. Hence A may be considered as a permutation
group of degree at most n and hence diam(A) < O(1)|V| by Theorem 4.2. We have diam(B) <
20 n® h? < |V|O(1)h2 by [4, Lemma 5.4].

We claim that h = ¢@("Uog ™). We may assume by the above that S is a composition factor
of C' (and a direct factor of B). In this case S is isomorphic to the non-abelian composition
factor .S; of some component Q; of G (normal in C'). The group S; is a sirngple classical group
of dimension d; defined over the field IF,.,, for some j. Thus h = rjo(dj(log 45)7) by Theorem 1.1.

O(d;(log d;)*) _ O (nllogn)?)

Since d; < n and rjj < ¢™, we conclude that T;

Now (4.2) follows by Lemma 4.1 and the previous two paragraphs. This completes the proof
of Theorem 1.2 when G acts completely reducibly on V.

Now let G be an arbitrary subgroup of GL(V). Let O,(G) denote the largest normal p-
subgroup of G. The factor group G/O,(G) may be viewed as a completely reducible linear
group acting on the direct sum of the composition factors of the G-module V. Thus

diam(G/0,(G)) < [V|°Mh? < gOnlosn)?) (4.3)
by the above.

In order to complete the proof of Theorem 1.2, it is sufficient, by Lemma 4.1 and (4.3), to
show that diam(P) < |V|O(1) for every p-subgroup P of GL(V).

Let @ be a p-group and C a normal chain in @ such that every associated factor in the
chain C is elementary abelian. Let ¢(Q,C) be the length of the chain C and let 7(Q,C) be the
maximum rank of the associated factors in C. It is easy to see that

diam(Q) < 4121 (p-r(Q, €)1 4 (4.4)
using Lemma 4.1 and Lemma 5.2 of [4].

Now let P be an arbitrary p-subgroup of GL(V'). This is a subgroup of a Sylow p-subgroup
S of GL(m, q) where m is the smallest power of 2 which is larger than n. We have

diam(P) < 44501 (p.p(S,))" 5 (4.5)

by (4.4), for any chain C of normal subgroups in S such that the associated factor groups are
elementary abelian.
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There exists an elementary abelian normal subgroup A in S such that |[A] = ¢™*/* and S /A
is the direct product of two copies of a Sylow p-subgroup in GL(m/2, q). It follows, by induction
on m, that there is a chain C of normal subgroups in .S such that

(i) the associated factor groups are elementary abelian;

(ii) the first group is A4;
(iii) r(S,C) = (m?/4) -log, q < n*-log, ¢; and
(iv) £(S,C) =1+1ogym < 2+ log, n.

From this and (4.5) it follows that diam(P) < [V|°™).

This completes the proof of Theorem 1.2.
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