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DESCRIPTION OF STABILITY FOR LINEAR TIME-INVARIANT SYSTEMS
BASED ON THE FIRST CURVATURE

YUXIN WANG !, HUAFEI SUN 1*, SHOUDONG HUANG 2, AND YANG SONG !

ABsTrACT. This paper focuses on using the first curvature x(t) of trajectory to describe the

stability of linear time-invariant system. We extend the results for two and three-dimensional

systems [Wang, Sun, Song et al., arXiv:1808.00290] to n-dimensional systems. We prove that

for a system 7(t) = Ar(t), (i) if there exists a measurable set whose Lebesgue measure is greater

than zero, such that lim k(t) #0or lim k(t) does not exist for any initial value in this set,
t—+4o00 t—+4o00

then the zero solution of the system is stable; (ii) if the matrix A is invertible, and there exists

a measurable set whose Lebesgue measure is greater than zero, such that . 1121 K(t) = 400 for
— 400
any initial value in this set, then the zero solution of the system is asymptotically stable.

1. INTRODUCTION

It is well known that stability is an important subject in control theory. In 1892, Lyapunov [1]
laid the foundation for stability theory. Nowadays, control theory for linear systems has been
developed by many works, such as [2,3]. Stability is related to the normal operation of the system,
and it plays an important role in many fields, such as dynamical systems [4] and discrete-time
systems [5]. On the other hand, unstable systems are also studied, such as [6].

As we know, curvature is the core concept of differential geometry. We wish to establish a
relationship between the curvatures of state trajectories and the stability of linear systems. In
fact, in [7] the authors gave a description of stability for two and three-dimensional linear time-
invariant systems (t) = Ar(t) based on the curvature and torsion of the curve r(t).

In this paper, we focus on higher dimensional systems and give a geometric description for the
stability. To achieve this goal, the definition of higher curvatures of curves in R™ by Gluck [8]
is used, where the first and second curvature are the generalization of curvature and torsion of
curves in R3, respectively. We will develop the methods arisen in [7], and use the first curvature
to describe the stability of the zero solution of linear time-invariant system 7(t) = Ar(t).

Our main results are as follows.

Theorem 1.1. Suppose that 7(t) = Ar(t) is a linear time-invariant system, where A is an n X n
real matriz, r(t) € R™, and 7(t) is the derivative of r(t). Denote by k(t) the first curvature of
trajectory of a solution r(t). We have
(1) if there exists a measurable set E1 C R™ whose Lebesgue measure is greater than 0, such that
lim k(t) #0 or lim k(t) does not exist for any r(0) € Eq, then the zero solution of the system
t—+oo t——+oo

is stable;
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(2) if A is invertible, and there exists a measurable set Eo C R™ whose Lebesque measure is
greater than 0, such that . 115_11 k(t) = 400 for any r(0) € Es, then the zero solution of the system
— T 00

is asymptotically stable.

The paper is organized as follows. In Section 2, we review some basic concepts and propositions.
In Section 3, we establish a relationship between the curvatures of trajectories of two equivalent
systems. In Section 4, we discuss four types of real Jordan blocks. In Section 5, we consider the
case of real Jordan canonical form, and complete the proof of Theorem 1.1. Several examples are
given in Section 6. Finally, Section 7 concludes the paper.

2. PRELIMINARIES

In this paper, the norm ||z|| denotes the Euclidean norm of = (z1, 29, - - ,xn)T € R™, namely,
llzll = /> i, x7. We shall denote by det A the determinant of matrix A. The eigenvalues of
matrix A are denoted by A;(A) (i =1,2,--- ,n), and the set of eigenvalues of matrix A is denoted
by o(A).

The following concepts and results can be found in [8-13].

2.1. Linear Time-Invariant Systems and Stability.

Definition 2.1 ([9]). The system of ordinary differential equations
(2.1) r(t) = Ar(t)

is called a linear time-invariant system, where A is an n X n real constant matrix, r(t) € R™, and
7(t) is the derivative of r(t).

Proposition 2.2 ([9]). Let A be an n x n real matriz. Then for a given ro € R™, the initial value
problem

22) {f(t) = Ar(t),

has a unique solution given by
(2.3) r(t) = e rg.
The curve r(t) is called the trajectory of the system (2.2) with the initial value ro € R™.

Definition 2.3 ([10,11]). The solution 7(t) = 0 of differential equations (2.1) is called the zero
solution of the linear time-invariant system. If for every constant € > 0, there exists a § = §(g) > 0,
such that [|7(0)| < & implies that ||7(¢)|| < ¢ for all ¢ € [0, +0c), where r(t) = e*4r(0) is a solution
of (2.1), and r(0) is the initial value of r(¢), then we say that the zero solution of system (2.1) is
stable. If the zero solution is not stable, then we say that it is unstable.

Suppose that the zero solution of system (2.1) is stable, and there exists a 1 (0 < d; < §), such
that ||r(0)|| < ¢; implies that t_l>i+moo r(t) = 0, then we say that the zero solution of system (2.1) is

asymptotically stable.

Proposition 2.4 ([10]). The zero solution of system (2.1) is stable if and only if all eigenvalues
of matrixz A have nonpositive real parts and those eigenvalues with zero real parts are simple roots
of the minimal polynomial of A.

The zero solution of system (2.1) is asymptotically stable if and only if all eigenvalues of matriz
A have negative real parts, namely,

Re{\(A) <0 (i=1,2,--,n).
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Proposition 2.5 ([10]). Suppose that A and B are two n x n real matrices, and A is similar to B,
namely, there exists an n X n real invertible matriz P, such that A = P~1BP. For system (2.1),
let v(t) = Pr(t). Then the system after the transformation becomes

(2.4) o(t) = Bu(t).

System (2.4) is said to be equivalent to system (2.1), and v(t) = Pr(t) is called an equivalence
transformation.

Proposition 2.6 ([10]). Let A and B be two n x n real matrices, and A is similar to B. Then the
zero solution of the system 7(t) = Ar(t) is (asymptotically) stable if and only if the zero solution
of the system 0(t) = Bv(t) is (asymptotically) stable.

2.2. Curvatures of Curves in R".

Definition 2.7 ([12]). Let r : [0, +00) — R? be a smooth curve. The functions

[17:(8) < ()]l (7(1), (1), (1))
I (0)1° I (t) x #(t)])”

are called the curvature and torsion of the curve r(t), respectively.

K(t) = , T(t) =

Gluck [8] gave a definition of higher curvatures of curves in R™, which is a generalization of
curvature and torsion. Here we briefly review the results of [8].

Let r : [0,400) — R™ be a smooth curve, and 7(t) # 0 for all ¢ € [0,400). Suppose that for
each ¢ € [0, 4+00), the vectors

(2.5) #(t),7(t), -, r™(t)  (m < n)

are linearly independent, where r(™)(t) denotes the mth derivative of r(t). Applying the Gram-
Schmidt orthonormalization process to (2.5), we obtain the orthogonal vectors

El(t)a EQ(t)a T 7Em(t)7
and an orthonormal set whose elements are

Ql(t)7 Q2(t)’ e 7Qm(t>7

where
(2.6) Eq(t) =7(1),
(F(t), E1 (1))
Eo(t) = #(t) — <E1(t)7E1(t)>E1(t),
_ (m (M), Eih)
Ep(t) =r™(t) - - m&(t),
and
oy - B i = e m
Ql(t) - ||Ez(t)H ( 132, 9 )

Definition 2.8 ([8]). Let r(s) be a smooth curve in R, where s is the arc length parameter, namely,
[7(s)|| = 1 for all s € [0, +00). Suppose that #(s),#(s), - ,7(™ (s) are linearly independent, then
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we have
0 k1(s)
Ql(s) —k1(s) 0 Ka($) Quls)
Q2(s) Q2(s)
= _KZ(S) 0 B . 3
Qmil(s) . . Iimf2(8) Qm(s)
—Kkm—2(s) 0 Km—1(8)
where k1(s), k2(s), -, km—1(s) are called the first, second, - --, (m — 1)th curvature of the curve

r(s), respectively.
Remark 2.1. ki(s) 20fori=1,2,--- ,m— 1.

Remark 2.2. Let 7(s) be a smooth curve in R3, where s is the arc length parameter. Suppose
that 7(s),#(s), 7(s) are linearly independent. Then we have Frenet-Serret formulas (cf. [12]), and

r1(s) = k(s), ra(s) = |7(s)].

Remark 2.3. Gluck [8] gave a formula for each curvature of a curve r(t) in R™. In fact, suppose
that ¢ is the parameter of curve r(t), and 7(t) # 0 for all ¢ € [0,4+00). Let

vitt) = [T IE 01

namely, V;(t) denotes the i-dimensional volume of an i-dimensional parallelotope with vectors 7(¢),
#(t), ---, 7)(t) as edges with the convention that V() = 1. Then we have the following result.

Proposition 2.9 ([8]). The ith curvature of a curve r(t) is

() — | Eiv1(t)]l :Vz‘+1(t)Vi_1(t) . .
il IE OB~ VAtV (i=1,2,---,m—1).

K2

Now, we can give V;(t) by the derivatives of (¢) with respect to ¢, and thus obtain the expression
of ;(t). Suppose that for each ¢ € [0, +00), the vectors #(t),#(t), - ,7*)(t) (k < n) are linearly

, _ : . T
independent, and write () (t) = (rgz)(t),rg) (t),--- i) (t)) , then we have

V() = lF0)]1* = D #F (),

o) ST GCIRCl

1<i<y<n [15(t)  75(F)

) ) - O
() () - )
(2.8) =y . o .

1< <2< <ip <N
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In fact, by the QR factorization of the n x k matrix D(t) = (#(t),#(t), -+ ,r*)(¢)), namely,

Sll(t) Slg(t) Slk(t)
SQQ(t) Sgk(t)

D(t) = Q(t)R(t) = (Q1(t), Q2(t), -+, Qx(t)) _ R
Skk(t)

and the definition of Vj(t), we have
k k k
2 2
Ve = TTIEO17 = T lsm®O@QpdI” = TT 575(1)
p=1 p=1 p=1

= (det R(t))* = det (RT(t)R(t)) = det (DT (t)D(t)) .

Then by Cauchy-Binet formula (cf. [13]), the proof of (2.8) is complete. Of course, the expressions
of V2(t) (i < k) are also proved.

Hence we obtain the expression of each curvature of curve r(¢) in R™ by the coordinates of
derivatives of r(¢). In particular, the first curvature of r(¢) satisfies

ORI
Ligicign |, ;
B0l _ Walt) _ P ()

IE@I* Vi) (o3 (1)°
We denote as x(t) instead of £1(t) the first curvature of r(¢), for simplicity.

(2.9) k(1)

2.3. Singular Value Decomposition.

Definition 2.10 ([13]). Let A be an m x n complex matrix with rank r, and A1, Az, -, A, the
non-zero eigenvalues of AA", where A" denotes the conjugate transpose of A. Then

(Si:\/)\i (i:172,"',T)
are called the singular values of A.
Proposition 2.11 ([13]). Let A be an m x n real matriz with rank v, and 61 > 02 > --- > J, the

singular values of A. Then there exists an m X m orthogonal matriz U and an n x n orthogonal
matriz V, such that

T A0 T
A=UDV —_U(O 0>V,

where A = diag{d1,d2, -+ ,0r}.
2.4. Real Jordan Canonical Form.

Proposition 2.12 ([13]). Let A be an n x n real matriz. Then A is similar to a block diagonal
real matriz

Chr, (a1,b1)
Ch, (a2, b2) 0

Cnp (ap7 bp) )
an+1 ()‘;D+1)




DESCRIPTION OF STABILITY FOR LINEAR TIME-INVARIANT SYSTEMS BASED ON CURVATURE 6

where
(1) for k € {1,2,--- ,p}, \p = ar, +/—1by and \y = ap — V/—1by, (ag,br € R, and by, > 0) are
eigenvalues, and

A Do
Ay I
Ch, (ag,br) = A . ,
P

an X an

1
where Ay, = (al;; Zk> I = (O ?) :
—br  ag

(2) forje{p+1,p+2,---,r}, A\j € R is a real eigenvalue, and
A1
A1
In;(Aj) = Aj

J T XM

3. RELATIONSHIP BETWEEN THE CURVATURES OF TwO EQUIVALENT SYSTEMS

In this section, we establish the relationship between curvatures of trajectories of two equivalent
systems.

Let a curve r(t) be the trajectory of system (2.2), and curve v(t) the trajectory of system
0(t) = Bo(t), v(0) = vg, where A = P~1BP, and vy = Prg. Suppose that for each ¢, the vectors

f(t)7 ig(t)7 T 7r(m) (t)
are linearly independent. Since v (t) = Pr@(t) (i =1,2,--- ,m), we see that the vectors
o(t), 6(t), -+, 0™ (2)

are also linearly independent. Hence, we can define curvatures £, 1(t), £r2(t), -, Kr.m—1(t) of the
curve 7(t), and curvatures fy1(t), fy2(t), -, Ko,m—1(t) of the curve v(t), respectively.
Now, we prove the following theorem.

Theorem 3.1. Suppose that a linear time-invariant system 7(t) = Ar(t) is equivalent to a system
0(t) = Bu(t), where A = P~'BP, and v(t) = Pr(t) is the equivalence transformation. Let k., ;(t)
and K, ;(t) be the ith (i = 1,2,---,m — 1) curvatures of trajectories r(t) and v(t), respectively.
Then we have

lim Ky i(t) =0 < tilgrnoo Kr,i(t) =0,

t—+oo
tl}gloo Ku,i(t) = 400 <= tlggloo Kri(t) = +o0,

Ky,i(t) is a bounded function <= K, ;(t) is a bounded function.

Proof. First, recall that A = P~!BP, where P is an n x n real invertible matrix. Using Proposition
2.11, we obtain a singular value decomposition of P, namely,

P=UAVT,
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where U and V are two nxn orthogonal matrices, and A = diag{d1, 2, -+ ,9,} (we assume that d; >
0o =+ 20, >0). Let

a(t) =VIr(t), bt) = Aa(t) = AVTr(t) = U o(t).
Then we obtain two new linear time-invariant systems
a(t) = Na(t), b(t) = Nb(t),

where N = VTA(WVT)~! and N =U'BU.
Since U,V are n x n orthogonal matrices, we obtain

(3.1) Rri(t) = Kai(t), FKoi(t) =rei(t) (=1,2,---,m—1).

In fact, because a(t) = VTr(t), we have a®(t) = VIr® () (k = 1,2,---,m). Let E,;(t)
and E,;(t) denote the ith vector obtained by Gram-Schmidt orthogonalization (2.6) for vec-
tors a(t),d(t), -~ ,al™(t) and vectors 7(t),#(t),--- ,r™)(t), respectively. Then we have E, ;(t) =
VTE, (t)(i=1,2,--- ,m). Using Proposition 2.9, the ith curvature of curve a(t) satisfies

Kai(t) = | Baini )] _ |[VTE i1 (t)||
T B O Eai O]~ IVTE O IVTE: (0]
|Eris1(8)]

S BB~ re® =12 m=1).

Similarly, we have kp;(t) = K, ;(t) (i =1,2,--- ,m —1).
The task is now to find the relationship between curvatures kq,;(t) and & ;(t).
Noting that b(t) = Aa(t), we have b;(t) = d;a;(t), and derivatives bl(-k)(t) = (5ia§k)(t) (k =

1,2,---,m). Thus, the square of the k-dimensional volume of a k-dimensional parallelotope with
vectors b(t),b(t),--- ,b*)(t) as edges is

2
bi () biy (1) b (t)
) blz (t) biz (t) bgf) (t)
Vi (t) = Z
1< <o << <N
bi (1) bi(t) - o)
. . (k) 1 |2
5i1ai1 (t) 5i1ai1 (t) 5i1ai1 (t)
6i2 aiz (t) 6i2 di2 (t) T 6i2 a‘gf) (t)
1< <o < <ip <N
6ikdik<t) 6ikdik(t) 6ika§f)(t)
2
ai (t) i (t) - ale)
k aiy(t) i (t) -l
-y (1)
1< <@g < <ip<n p=1
iy (8) g (t) - al(t)
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. . UINT
ai, (t)  ag, (t) -+~ aEl ) (t)
o aiy (1) i (t) - alP(e) o
<2 V2 (0.
1<y <ig <+ <ip<n : : .. :
i, (t) g, (t) - agf) (t)

Similarly, we have Vi, (t) > 02FV,2,(t). Hence

(3.2) 5k < %”“8 <& (k=1,2,---,m).
a,k

Due to the convention that V; o(t) = V,0(t) = 1, inequality (3.2) also holds for k£ = 0.
Finally, using Proposition 2.9 and equality (3.1), we have

Roi(t) _ Foa(t) _ Vo () Voim1(t) Van (1) (va,¢<t))2
Kri(t)  Rai(t)  Vait1(t) Vai—1(t) Ve (t) \ Va,i(t)
571‘1+157i;1 5i+16171 _ 57%1 5%1
5163 7 6,62 CEAAR T

<

namely,
521’ 5%1‘ ]
Wﬁr7i(t) < liv’l‘<t) < Wlﬁjni(t) (Z: ].,2,"‘ ,m—].)
1 n
It follows that

lim Hv,i(t) =0 <= lim Hr,i(t) =0,

t——+oo t——+oo
lim ky(t) =400 <= lim K., (t) = o0,
t—+oo t—+o0

Kv,i(t) is a bounded function <= &, ;(t) is a bounded function.

This completes the proof of Theorem 3.1. 0

4. REAL JORDAN BLOCKS

In order to prove Theorem 1.1, we can transform A to its real Jordan canonical form by using
Proposition 2.12 and Theorem 3.1, and focus on the case of real Jordan canonical form.

Assume that A is a matrix in real Jordan canonical form, then A is a block diagonal matrix
with the following four types of real Jordan blocks:

(1) 1 x 1 block with real eigenvalue

(/\)1X1 (A €R),

(2) p x p (p > 1) block with real eigenvalue
Al

(4.1) AT (A €R),

(3) 2 x 2 block with complex eigenvalues

(4.2) (_ab Z) (a,beR, b>0),
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(4) 2m x 2m (m > 1) block with complex eigenvalues

A I
A L
(4.3) A ,
-

2mx2m

0 1

whereAz(ab Z),Ig:(l 0) (a,b € Ryand b > 0).

Remark 4.1. In the remainder of this paper, we call these four types of real Jordan blocks R1, RH,
C2 and CH block for short, respectively.

We examine these four types of blocks in the following subsections.

4.1. R1 Block and Real Diagonal Matrix.
The case of R1 block is trivial. To study the general case, assume that the matrix A is a real
diagonal matrix, namely,

A:diag{/\l,/\g,--- 7>\n} ()\1,)\2,"' ,)\nGR).
Write 7(0) = (r10,720, - - ,Tno)T, where 1,9 # 0 for i = 1,2,--- ,n. Noting that

A? = diag{A2,)2,--- A2}, e = diag{eMt et ... oMt

we have
r(t) = etAr(O) = (e’\ltrlo, eM2lrgg, - - ,eA"trno)T ,
7(t) = Ar(t) = (Ale)‘ltrm, Ape 2lrgg, - - ,)\ne)‘"trno)T ,
7(t) = A2r(t) = (A%e)‘ltrlo, )\ge’\2tr20, e 7Aie)‘”trn0)T ,
and

’I“l(t) = )\ieAitrio, Tl(t) = )\fe’\itrio (Z = 1, 2, s ,n).
By formula (2.9), the square of the first curvature x(t) of r(¢) is

VE(t)  Dicicjn 1INA(A) = Ai)riorjo}” et A)t

(44) 0= Vs (5 O 22ty

(n>2).

Set
A1 = max{o(A)\ {0}}, A= max{o(A4)\ {0, A\1}}.

Remark 4.2. (1) If A = 0,,%», then every trajectory r(t) = e!“7(0) = r(0) is a constant point, and
we have k(t) = 0.

(2) By (4.4), if the eigenvalues of A are only A1 and 0, then x(¢) = 0.

The above two cases do not affect the proof of Theorem 1.1.

We examine the limit of x(t) as ¢ — +o0o by comparing the exponents of e in the numerator
VZ(t) and denominator V(¢) of k?(¢). Let n and 6 denote the maximum values of 4 in the terms
of the form e#! in VZ(t) and V(t), respectively. Then by (4.4), we have

7]22(/\1+/\11), 0 = 6)1.
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It follows that

lim Ii(t)zo — <l <= 2\ > A,

t—+o0
lim Ii(t):C < n=10 <= 2\ = A,
t——+o0
lm k(t) =400 <= n >0 < 2\ < Ap,
t—+oo
where C' > 0 is a constant depending on the initial value r(0) =g (r;o #0 for i = 1,2,--- ,n).

Remark 4.3. We know that the eigenvalues of diagonal matrix A correspond only to the 1 x 1
Jordan blocks. By Proposition 2.4, if A is a diagonal matrix, then the zero solution of the system
(2.1) is stable if and only if Re{\;(A)} <0 (i =1,2,--- ,n).

Remark 4.4. We notice that the initial value 7(0) = (r19, r20," - - ,Tno)T may affect the first cur-
vature k(t) of curve r(t). For simplicity, in the calculations below, we always assume that r;p # 0
fori=1,2,--- ,n. It will be seen later (see subsection 5.6 of Section 5) that this assumption does
not affect the proof of Theorem 1.1.

Remark 4.5. By (4.4), for any given real diagonal matrix A, if for some initial value r(0) € R™
that satisfies [[,—, 70 # 0, we have . ligrn k(t) = 0 (or +o0, or a constant C' > 0, respectively),
—+00

then for an arbitrary r(0) € R™ satisfying [, 70 # 0, we still have . ligrn k(t) =0 (or +o0, or a
——4o00
constant C' > 0, respectively).

There are similar results for the following cases in Section 4 and 5. In fact, we have Theorem
5.7 and Corollary 5.8 in Section 5.

Therefore, we have the following results.
(1) The zero solution of the system is unstable

= A >0= 2\ > A1 < lim k() =0.
t——+o0

Hence, if lim k(f) #0or lim £(¢) does not exist, then the zero solution of the system is stable.
t—+oo t—+oo

(2) The zero solution of the system is not asymptotically stable

<~ I\, =0or I\, >0(:€{1,2,---,n})
< detA=0o0r \; >0
= detA=0or lim k(t)=0.

t——+oo

Hence, if det A # 0, and t£+m k(t) # 0 (or tilgl k(t) does not exist), then the zero solution of

the system is asymptotically stable.
Thus, for the case of A is a real diagonal matrix, we obtain the following result.

Proposition 4.1. Under the assumptions of Theorem 1.1, together with the assumption that A is
a real diagonal matriz, for any given initial value 7(0) € R™, s.t., [[;, rio # 0, we have
(1) if lim k(t) #0 or lim k(t) does not exist, then the zero solution of the system is stable;
t—+4oo t—+4o0

(2) if A is invertible, and lim k(t) #0 or lim k(t) does not exist, then the zero solution of
t—+oco t—+oo

the system is asymptotically stable.

4.2. RH Block.
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Let A be p x p matrix (4.1). Then

2 3 -1
Lt 5 4 T
A2 oA 1 o s
1 t % —5
X2\ ) v
p—3
' 1 t 7(13)!
(4.5) A% = A2 1 , et =M b
2) '
\2 1t
pXp 1

By (2.3) and the expression of ' in (4.5), we have

)\tz Tk+l0 :e)\th(t) (k=1,2,~--,p),

where 74 (t) denotes the kth coordinate of r(t), rxo denotes the kth coordinate of (0), and
p—k

Pk(t) = Z Tk+1,0 t

!
1=0

is a polynomial in ¢, and deg(Px(t)) = p — k.
For convenience, we have conventions that r,11(t) = rp12(t) =0, and Ppy1(t) = Ppia(t) = 0.
Since 7(t) = Ar(t), we have

(4.6) Fe(t) = Arp(t) + 7rg1(t) = M (APL(t) + Prgi (1)) (k=1,2,---,p).

Hence

p
ZT 2)\th )

k=1

where h(t) =Y 7_, (APx(t) + Pyy1(t)) is a polynomial in ¢, and deg(h(t)) = {

Therefore, the denominator of x2(t) is

P 3
@) V() = (Z fi(t)) =),
k=1
where g(t) = h3(t), and
6(p—1), A0,
“8) deg(9(1)) = 3deg(h(1)) = {65 o

From #(t) = A%r(t) and (4.5), we have
(4.9) Fre(t) = N2 (t) + 201 (1) + g2 (t) = e (A2 Py (t) 4+ 2APiy1 (t) + Prga(t))

fork=1,2,---,p
By substituting (4.6) and (4.9) into (2.7), we obtain the numerator of #(t)

(4.10) V2 (t) = Z Fi(t)  7i(t) i _ e4/\tf(t)
i 1<i<i<p |13 () 75(t) ,
P Pua®] PO Puat)] [P Pro®f\

where f(t) =3 i, | A2 +A + is a poly-
Pi(t)  Pjta(t) Pi(t) Pjwa(t)| |Pja(t) Piea(t)

nomial in ¢, whose degree is shown in the following remark.
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Remark 4.6. (1) For p = 2,
(1) )
1 1
VE(t) = = \ri(t) = e4’\t)\4r‘210.
To(t) 7a(t)
(2) For p > 3, if A # 0, then

2

Pi(t) Pyt Pi(t) P()
deg(f(t)) = deg | | A? = 2deg =4(p—2);
Pa(t) Ps(t) Pa(t) Ps(t)
if =0, then
P(t) Pot)| Pyt) Py(t)
deg(f(t)) = deg = 2deg =4(p—3).
Ps(t)  Py(t) Ps(t)  Pa(?)

(If p=3 and A =0, then r4(t) = P4(t) = 0, but this does not affect the above results.)

By (4.7) and (4.10), the square of the first curvature is
VR M) ()

0 = U5y = )~ o)

where the degrees of polynomials f(t) and g(¢) are given in Remark 4.6 and (4.8), respectively.
(1) If A # 0, then

lim x%(t) =

1m =
t4o0 t—+oo e2Mg(t) +o00, A<O.

ft) {0, A >0,

(2) If A=0 and p =2, then k(t) =0; if A =0 and p > 3, then

deg(f(t)) = 4(p — 3) < 6(p — 2) = deg(g(1)),

thus
lim x2(t) = lim () = 0.
t—o00 t—+oo g(t)
In summary,
0, A 20,
lim k(t) =
t—+o0 +00, A<O.

By Proposition 2.4, we obtain the following proposition.

Proposition 4.2. Under the assumptions of Theorem 1.1, together with the assumption that A is
a p x p RH block with eigenvalue X, for any given initial value r(0) € R", s.t., [[%_, rio # 0, we
have

, li+m K(t) =400 <= A <0 <= the zero solution of the system is stable

—+00

<> the zero solution of the system is asymptotically stable;

on the other hand,

lim k(t) =0 < XA >0 <= the zero solution of the system is unstable

t——+oo

<> the zero solution of the system is not asymptotically stable.
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4.3. C2 Block.
Let A be matrix (4.2). Then
a? —b? 2ab cosbt  sinbt
(4.11) A% = , et =edt
—2ab  a® —b? —sinbt cosbt

By (2.3) and the expression of €' in (4.11), we have
1 (t) = e“tTl (t), 7"2(t) = e“tTg (t),

where T (t) = r1g9 cos bt + 9o sinbt, and To(t) = —r1g sin bt + o0 cos bt.
Since 7(t) = Ar(t), we have

(4.12) 71(t) = ary(t) + bra(t) = e (aTy(t) + bTa(t)),
Fo(t) = —bry(t) + ara(t) = e (—=bTy (t) + aTy(t)).
Hence
FH(E) + 73 (1) = € (a? + %) (T + 1)
From #(t) = A?r(t) and (4.11), we have
(4.13) #1(t) = (a® — b?) r1(t) + 2abra(t) = e [(a® — b?) T4 (t) + 2abT(1)]
Fa(t) = —2abri(t) + (a® — b?) ra(t) = e [-2abT1(t) + (a® — b?) Ta(t)] .

For C2 block, Wang et al. [7] has given the relationship between the curvature and stability.

13

Proposition 4.3 ([7]). Under the assumptions of Theorem 1.1, additionally assuming that A is

the C2 block (4.2), for any given r(0) € R2\{0}, we have

lim k(t) =0 <= a >0 <= the zero solution is unstable,

t—+4o0
tli+m k(t)=C <= a=0 <= the zero solution is stable, but not asymptotically stable,
— 400

, ligl K(t) = 400 <= a <0 <= the zero solution is asymptotically stable,

—+00

where C > 0 is a constant depending on the initial value r(0).

4.4. CH Block.
Let A be 2m x 2m matrix (4.3). Then
(4.14)
2 3 m—1
R tR %R %R 7(;_1)!1%
2 2 m—2
AT 20 D R tR LR - A5R
AZ 2A - me
R tR - AR
2 . tA t (m=3)!
A° = A2 S N , e = e® )
2A
2 R tR
A 2mXx2m
R
a?® — b? 2ab cosbt  sinbt
where A? = , and the rotation matrix R =
—2ab  a® —b? —sinbt cosbt

Remark 4.7. det A = (a2 + bz)m > 0.
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Jm(a+by/=T1) 0

Remark 4.8. The matrix A is similar to , where J,,,(\) denotes
0 Im(a —bv/—1)

the m x m Jordan block with eigenvalue A € C. By Proposition 2.4, if a = 0, then the zero solution

of the system (2.1) is unstable. Thus, the zero solution of the system is stable if and only if a < 0.

Write
r(t) = (1 (), r2(t), m3 (), -+ s rom—1(t), r2m ()"
= (r11(t), r12(t), 721 (1), m22(E), -+ T (8), P (£))

T .. . 2
and r(0) = (r11,0, T12,0, 721,05 T22,0, *** » Tm1,0, Tm2,0) Wwhich satisfies [];~, Hj:l rij0 7 0.
By (2.3) and the expression of €' in (4.14), we have

Tij(t):eatTij(t) (i:172"" ) 5 j:1a2)7

where
m—i tk
Til (t) = 7' (T2i+2k—1,0 cos bt + T2i+2k,0 sin bt) ,
k=0
m—i tk
Tio(t) = T (—7T2i42k—1,0 SIN bt + 72,495 o cOSbE)
k=0

and we have a convention that if ¢ > m, then r;;(¢) =0 (j = 1,2). Hence

2(m—i)—1
(4.15) () k() = e (TA() + TH(1) = e [ C2m= 4 S~ B ()t |,
©=0

. 2 2
where C = W > 0 is a constant.

By (2.1), we have
(4.16) i1 (t) = ari () + brio(t) + 1ip1.1(t) = e (aTin (t) + bTia(t) + Tiv1.1(t)),
Fia(t) = —brin(t) + arpa(t) + ri12(t) = e (=0T (t) + aTiz(t) + Tiva,2(t))
fort=1,2,--- ,m. Hence

VE(t) = )i Z t) +755(1))

k=1 1=1

Z {(@T () + 0Tia(t) + Thg1a(6))* + (~VTa (1) + aTa(®) + Ti1 2(1))°}

_ 2at {(a2 +0%) (TR () + T (1) + > _(a® + 6% +1) (T3 (t) + TA(t))

=2

3

+ > [20 (@ (OTis1a(8) + T Tir12() + 26 (T Tira () = Ta(OTis1.2(0) | } .

i=1

Noting that

where Bj; 1) (i=1,2,---,m; j=1,2) are bounded trigonometric functions, we have
2m—3
(4.17) VE(t) = | C2m 2+ Y By(t)tY |,



DESCRIPTION OF STABILITY FOR LINEAR TIME-INVARIANT SYSTEMS BASED ON CURVATURE 15

where C' = (o240 [)(glnli)o]+r7n2 o) > 0 is a constant, and By(t) (¢ = 0,1,---,2m — 3) are bounded

functions.
From #(t) = A%r(t) and (4.14), we have

(4.18) i1 (t) = (a® = b%) 11 (t) + 2abrio(t) + 2ari411(t) + 2bri11,2(t) + rive1(t)
= ot [(a2 _ b2) Ti1(t) + 2abTy2(t) + 2aT5411(t) + 20541 2(t) + Ti+2,1(t)] ’
Fia(t) = —2abrii (t) + (a® — b?) ria(t) — 2brig,1(8) + 2a7i41,2(2) + Tig2,2(t)
e [=2abT;1 (t) + (a® — b*) Tia(t) — 20T541,1(t) + 2aTi41,2(t) + Tigo,2(t)]
for i =1,2,--- ,m. Noticing the expressions of (4.16) and (4.18), write
iy (0) = T 1), Fy(t) = TSV (1)

fori=1,2,--- ,;mand j = 1,2, where both Ti(jl) (t) and Ti(jn) (t) are linear combinations of functions
Ty (k=1,2,--- ,m; 1 =1,2). Thus
2 2
2 Trp(t) Trp(t)] I\ |Pa(t) Fa(t)
(4.19) GUEED DI ASNED ) | =),
1<kai<m p=1 g=1|T1q(t) Tig(t)| =1 |Paa(t)  Tia(t)
2
T () T () D) TR ()
2 2 kp kp m il i1
where f(t) = > 1 crcicm dop=1 2ug=1 M an + 2 ie o an
T, @) T, (1) T () Ty (1)
Remark 4.9. The function f(t) can be expressed in the form of
~ 4m—5 ~
(4.20) f&)=Ct'm=4 4+ 3" B, ()t
©=0
~ 2(q24p2 2 r2 2 2 ~
where € = ° (o240 [)(,75:;)1{]04+ nz.0) > 0is a constant, and B,(t) (¢ =0,1,--- ,4m—5) are bounded

functions.
Proof. By (4.15),
P2 42 2m—3
ri(t) + (1) = o2 {’” RS Bso(t)tw}.
[(m — 1) =0

In (2.7), we can reach the highest power ™% in the expression of f(¢) by takingi = 1 and j = 2.
In fact,

F1(t)  Fi(t)
ra(t)  7a(t)
ary (t) + bra(t) + r3(t) (a? = b%) 71(t) + 2abra(t) + 2ars(t) + 2bry(t) + r5(t)
—bri(t) + ara(t) + ra(t)  —2abry(t) + (a® — b2) ra(t) — 2br3(t) + 2ary(t) + re(t)
ary(t) + bra(t) (a? = b?) r1(t) + 2abr(t) 2m-3

_ 2atZD

—bri(t) +ara(t)  —2abri(t) + (a® — b%) r2(2)
2m—3
:em{_b(az+b2)( 0 +r30) + 3 D }

_ e2at{ —b(a® + %) (rfuo + Tne0) (2m—2 ESH }
[(m — 1)1 = |

(4.21)
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where both D, (t) and Dy (t) (¢ = 0,1,---,2m — 3) are bounded functions. By substituting (4.21)

into (2.7), we obtain (4.20). O
By (4.17), (4.19) and (4.20), we obtain
gy = B0 _ (ot + " Bso(f)”)s __ G Sl B
VP gat (Ct2m72 I Bw@)ﬁb) e2at (C?fﬁm—6 + Z?f;a? Bw(t)t’/’)

where C' > 0 and C = C® > 0 are constants, B,(t) (¢ = 0,1,---,4m — 5) and By(t) (¢ =
0,1,--+,6m — 7) are bounded functions.
Therefore, we have the following results.
(1) For a > 0, we have lim x(¢) = 0.
t—+o0
(2) For a = 0, we have
Ctim=4 L IS B (4)e#

lim w2%(t) = — £=0__
t—>Foo *) CtGm—6+Zg’la7B¢(7§)tw

)

hence lim x(t) =0.
t——+o0
(3) For a < 0, we have lim k(t) = +o0.
t——+oo

In summary, we obtain the following proposition.

Proposition 4.4. Under the assumptions of Theorem 1.1, additionally assuming that A is a
2m x 2m CH block with eigenvalues a = b\/—1, for any given r(0) € R, s.t., sz;nl rio £ 0, we
have

lim k() =400 < a <0 < the zero solution of the system is stable

t——+oo

<=> the zero solution of the system is asymptotically stable;
on the other hand,

lim k(t) =0 <= a >0 <= the zero solution of the system is unstable

t——+o0

<= the zero solution of the system is not asymptotically stable.

5. GENERAL CASE

In this section, we consider the general case, namely, A is an n X n matrix, and prove Theorem
1.1. Since A is similar to its real Jordan canonical form, we only need to focus on the case of real
Jordan canonical form, and prove the following theorem.

Theorem 5.1. Take the assumptions of Theorem 1.1, and additionally assume that A is a matriz
in real Jordan canonical form. For any given initial value r(0) € {(7”10, 790, " ,rno)T e R” H?:1 ri0 7 O},
we have

(1) of tligrnoo k(t) £ 0 or tiiﬂmn(t) does not exist, then the zero solution of the system is stable;

(2) if A is invertible, and . ligrn k(t) = +o0, then the zero solution of the system is asymptotically
—4o00
stable.

5.1. Review of Calculation Results.

Let A be an n x n matrix in real Jordan canonical form, then A is a block diagonal real matrix
whose diagonal consists of R1, RH, C2 and CH blocks. Through the analysis of Section 4, we have
the following results.

(1) For R1 block (A) A € R), we have

1><1(

(5.1) r(t) = eMrg,  #(t) = eMArg, #(t) = eMArg,  #2(t) = PMAE2.
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(2) For p x p (p > 1) RH block (4.1), we have
Tk(t):e)\tpk(t) (k:]-,Qv »p)v

where Py(t) = Y7, y D10 ¢! and we have a convention that 7,41 (t) = rp42(t) = 0. If 1 <k < p,
then deg(Px(t)) =p — k: if kK > p, then Py (t) = 0. Hence

e(t) = Mri(t) + g1 (t) = M (APL(t) + Py (t)),

P P
(5.2) Z i(t) = e Z (APi(t) + Prya(1)* = e*Mh(1),
k=1 k=1
2Ap—1), A0,
where deg(h(t)) = {22 2§ - and we have
p—= ) =Y,

Pe() = N1 (t) + 20k 41 (£) + Trga(t) = e (N2 Py(t) + 2APys1 (t) + Prsa(t)) -
(3) For C2 block (4.2), we have
ri(t) = e™Ty(t), ro(t) = e Th(t),
where T (t) = rig cos bt + rog sinbt, and To(t) = —r1g sin bt + rog cos bt. Hence

T.'l (t) = ari (t) + b?“g (t) = e“t (aTl (t) + bTQ(t)) s

(t) = —br(t) + ara(t) = e (=bT1(t) + aTy(t)),
(5.3) i1 (t) +75(t) = * (a® +b7) (r7y +130)
F1(t) = (a® = b?) ri(t) + 2abra(t) = e [(a® — b*) T4 (t) + 2abT2(t)] ,
Fa(t) = —2abryi (t) + (a® — b%) ra(t) = €™ [—2abT1(t) + (a® — b*) Ta(t)] .

(4) For 2m x 2m (m > 1) CH block (4.3), write

r(t) = (r1a(t), ria(t), raa (), a2 (t), -+, ro1 (8), T2 (£)) T

then
Til(t) = eatTil(t), ’I“ig(t) = eatﬂg(t) (Z = 1, 2, s ,m),
k —q +k .
where Tj1(t) = >0 Ol G (raigak—1,0 08 bt + Toiqor0sinbt), Ti(t) = Y1 %(—r2i+2k,1,0 sin bt +

T2it+2k,0 cos bt), and we have a convention that if ¢ > m, then r;;(t) =0 (j = 1,2). Hence
Fir(t) = ara (t) + brio(t) + rig11(t) = e (aTin (t) + T (t) + Tipa,1 (1))
Ti2(t) = —bri1 () + aria(t) + Ti+1’2(t) = e (=bT;1(t) + aTya(t) + Tiy12(t))

fori=1,2,--- ,m, and
2m 2m—3

(5.4) SRy = [ CPm 24 Y Byt |,
k=1 $=0

(a2+b2)(ril 0+T72n2 0) .
where C' = (CS) - 0 is a constant, and By(t) (¢ =0,1,---,2m — 3) are bounded
functions. Moreover,

71 (t) = (a2 — b2) i1 (t) + 2abria(t) + 2ar;41.1(t) + 2briq1.2(t) + riga,1(2)
=e" [(a® = b%) Ty1(t) + 2abTa(t) + 2aTi41,1(t) + 2bT5412() + Tigo1 (8)]
—2abri (t) + (a2 - b2) Tia(t) — 20ri11.1(t) + 2ar;41,2(t) + riyoo(t)
= e [—2abT1 (t) + (a® — b%) Tio(t) — 2673411 () + 2aTj41,2(t) + Tig22(t)]
fore=1,2,---,m

Fia(t)
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5.2. Denominator of x?(t).

We examine V®(¢), the denominator of x2(t), in this subsection.

Let A be a matrix in real Jordan canonical form whose diagonal consists of ¢ real Jordan blocks,
where the tth block is an n; x n; matrix. Then

q

OIS0

i=1 k=1

where 71 (t) denotes the coordinate of 7(t) corresponding to the kth row of the ith real Jordan
block. By (5.1), (5.2), (5.3) and (5.4), we have

Zr 2Re i)t (t),

where A; is an eigenvalue of the ith block, and the expression of ¢;(t) depends on the type of the
ith real Jordan block. In fact, we have the following results.

(1) For R1 block,
Ca >\1 7& 07
i) = N2 =
g ( ) 7.7'11,0 {07 )\i — 07

where C' > 0 is a constant.
(2) For p x p RH block, g¢;(t) is a polynomial

P
=Y (NP(t) + Pesa (1),
k=1

2(])— 1), )\z 7é 07
and deg(gi(t)) = 2(p—2), A =0.

(3) For C2 block, g;(t) is the constant
gi(t) = (a® + %) (71'21,0 + 7”?2,0) > 0.
(4) For 2m x 2m CH block,

2m—3

gi(t) = C*" 2+ 3~ By (t)t*
=0

where C' > 0 is a constant, and By (t) (¢ =0,1,---,2m — 3) are bounded functions.
Hence the denominator of x%(t) is

3
q
6w=(2km$mm@>.
i=1

We see that g;(t) = 0 if and only if the ith block is an R1 block with A = 0, namely, the ith block is
011, which causes e??¢(A)? of the block to vanish in Vi(t). Let 5(A) denote the set of eigenvalues
of A which excluding the zero eigenvalues in R1 blocks, and

(5.5) M = max{Re(\)|\ € 0(A)}, M = max{Re(\)|\ € 5(A)}.
Then
_ €1
(5.6) VE(t) = M| Ot + > Byt | + R(1),
=0

where C' > 0 is a constant, By(t) (v =0,1,---,& — 1) are bounded functions, and R(t) is a linear
combination of terms in the form of e#*t” B, (t), here u < 6M, and B, (¢) is a bounded function.
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Hence we have
(5.7) 0=6M,
where 6 denotes the maximum value of x in the terms of the form e**t” B, (t) in VI (t).
Remark 5.1. In (5.6), the integer £ > 0, and

§ = max{{g,{c}-

(1) If M # 0, then £ = 6(p — 1), and & = 6(m — 1), where p denotes the maximum order of
R1 or RH blocks with M as eigenvalue, and m denotes half of the maximum order of C2 or CH
blocks with M 4 byv/—1 (b € R) as eigenvalues.

(2) If M = 0, then the definition of &¢ is the same as (1), however, g = 6(p — 2), where p
denotes the maximum order of RH blocks with eigenvalue 0.

Remark 5.2. Suppose that A is a matrix in real Jordan canonical form. By (5.5) and Proposition
2.4, we obtain the following results.

(1) The zero solution of system (2.1) is stable if and only if M < 0 and the real Jordan blocks
whose eigenvalues have zero real parts in the diagonal of A are either R1 or C2.

(2) The zero solution of system (2.1) is asymptotically stable if and only if M < 0.

5.3. Numerator of x*(t).

Now, we examine the numerator VZ(t) of x2(t).

By subsection 5.1, we see that all coordinates of 7(t) and #(¢) of R1, RH, C2 and CH blocks can
be expressed in the form of

Fip(t) = BRI £ (1),
Fir(t) = eReOI F (1),

: . 2 Re(X)t £, Re(A:)t .
ik (L ik (T € flk? t € flk t
(58) ' k( ) ' k( ) = ( ) ( ) = 62{Re()‘i)+Re(Aj)}tF(t)7

t)  F(t) eReQtf, (1) eReGt £ (1)

2

fu) Fa®)|”

where F(t) = . is a linear combination of terms in the form of B, (t)t¥, here B,(t)
fu(@®) - fiu(t)
is a bounded function. By substituting (5.8) into (2.7), we obtain

(5.9) n < 4M,

where 1 denotes the maximum value of 4 in the terms of the form e*'t” B, (t) in VZ(t).

5.4. Proof of Theorem 5.1(1).
In this subsection, we prove Theorem 5.1(1).

Lemma 5.2. Under the assumptions above, if M > 0, then . HI_EI k(t) = 0.
— 400

Proof. Suppose M > 0 in (5.5), then M = M. By (5.7) and (5.9), we have
n<4M < 6M = 6.

It follows that lim k(t) = 0. O

li
t—+o00

Lemma 5.3. Under the assumptions of Theorem 5.1, if M = 0, and there exist RH or CH blocks
whose eigenvalues have zero real parts in the diagonal of A, then . ligrn k(t) = 0.
—+00
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Proof. Suppose M = 0. By the assumption that there exist RH or CH blocks whose eigenvalues
have zero real parts in the diagonal of A, we obtain 6(A) = 0(A), and M = M. Thus we have

n<4AM =0, 0=6M =0.
(1) If n < 0, then n < 0, hence t_l}gl k(t) = 0.
(2) If n = 0, then we compare the highest power of ¢ of terms in the form of e®t” B, (¢) in the
expression of k2(t), where B, (t) is a bounded function. In fact, by Remark 5.1, we have

(5.10) & = max{6(p — 2),6(m —1)}

in V(t), where p denotes the maximum order of RH blocks with eigenvalue 0, and m denotes half
of the maximum order of C2 or CH blocks with £bv/—1 (b € R) as eigenvalues.

In V2(t), the highest power of ¢ of terms in the form of €%#” B,,(t) depends on the orders of RH
or CH blocks whose eigenvalues have zero real parts.

For a p x p RH block with A = 0, the first coordinates of 7(t) and #(t)

r1(t) =1r2(t) = Pa(t), #1(t) =rs(t) = Ps(t)

reach the highest power of ¢ of this block, where

b= 3a p 2 3a
(5.11) deg(P»(t)) =p—2, deg(Ps(t)) =
—0o0, p=2.
Here we have a convention that deg(0) = —oo.
For a 2m x 2m CH block with a = Re(\) = 0, we have
(512) 1 (t) = b’r‘g(t) + T3(t), 71 (t) = —b2’l“1 (t) + 2b’l"4(t) + T5(t),
’f“g(t) = —bry (t) + T4(t), ’Fg(t) = —bQTQ(t) — 2bT3(t) + T‘G(t).
Note that
. m—2
_ Tom-1,0C08bt + 1oy 0sinbt .
(5.13) r(t) = Y Y Gt
©=0
. m—2
—T9m—1,0 Sin bt + rom ocosbt 4 ~
t) = . : tm G, (t)t?
T2( ) (m71)| +;} LP( )

reach the highest power of t of this block, where G (t) and G(t) are bounded functions. By
(5.12), we conclude that 71 (t), i*1(t), 72(t), i"2(t) can all reach the highest power t™~ 1,

Let x denote the maximum value of v in the terms of the form €%t B, (t) in the numerator of
k2(t), then by (2.7), (5.11) and (5.13), we obtain

(5.14) x < max{4(p — 2),4(m — 1)},
where the definitions of p and m are the same as (5.10). From (5.10) and (5.14), we have x < &,
it follows that tlilf k(t) = 0. O

By Lemma 5.2, 5.3, and Remark 5.2, if the zero solution of the system is unstable, then
. ligrn k(t) = 0. Consequently, Theorem 5.1(1) is proved.
—+00

5.5. Proof of Theorem 5.1(2).
Now, we prove Theorem 5.1(2).
By Lemma 5.2, we only need to prove the following result.

Lemma 5.4. Under the assumptions of Theorem 5.1, if det A # 0, and M = 0, then there exists
to > 0, such that k(t) defined for t € [tg, +00) is bounded.
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Proof. Assume that det A # 0, and M = 0. Then A has no eigenvalue 0, and M = M = 0. Thus,
there exist C2 or CH blocks whose eigenvalues have zero real parts in the diagonal of A, and

n<4AM =0, 6=6M =0.
(1) If n < 0, then t_lg_n(><J k(t) = 0.
(2) If n = 0, then we compare the highest power of ¢ of terms in the form of e®*t* B, (t) in the

numerator and denominator of x2(¢), namely, x and &, where B, (t) is a bounded function. In fact,
by Remark 5.1, we have

£=6(m 1),

in V8(t), where m denotes half of the maximum order of C2 or CH blocks with +bv/—1 (b € R) as
eigenvalues.

For V2(t), in a C2 or CH block whose eigenvalues have zero real parts, 71 (t), 71 (t), 72(t), ¥*2(t)
can all reach the highest power ™~ in the block.

By (2.7), we see that the maximum value x of v in the terms of the form €%t B, (t) in the
numerator of x2(t) satisfies

x < 4(m—1).
Therefore,
(A) for m > 1, we have x < &, hence tilgl k(t) = 0;

(B) for m = 1, we have x = £ = 0, thus the real Jordan blocks whose eigenvalues have zero real
parts are all C2 blocks. From (4.12) and (4.13), we see that for ¢, j that satisfy Re(\;) = Re(\;) =0,
the function F(t) in (5.8) is bounded. It follows that (t) is a bounded function.

In summary, 3ty > 0, such that x(¢) defined for ¢ € [tg, +00) is bounded. O

By Lemma 5.2, 5.4, and Remark 5.2, if det A # 0, and the zero solution of the system is not
asymptotically stable, then there exists to > 0, such that x(t) defined for t € [tg, +00) is bounded,
which completes the proof of Theorem 5.1(2), and therefore Theorem 5.1 is proved.

5.6. Proof of Theorem 1.1.
We prove Theorem 1.1 and give several remarks in this subsection.
In what follows, we defind two subsets of R™ that

S = {T‘(O)

S{lem

r(0) = (710, 720, - * ,rnO)T € R",s.t., Hmo # O} ,
i=1

and

v(0) = (v10,v20, " ,vnO)T € R",s.t., H’Uio #+ O} .
i=1

We proved Theorem 5.1 in the previous subsections. Combined with Theorem 3.1, we have the
following proposition.

Proposition 5.5. Take the assumptions of Theorem 3.1, and additionally assume that B is a
matriz in real Jordan canonical form. Denote by k(t) the first curvature of trajectory of a solution
r(t). For an arbitrary initial value r(0) € S, we have
(1) if lim k(t) #0 or lim k(t) does not exist, then the zero solution of the system is stable;
t——+oo t——+oo

(2) if A is invertible and , ligrn k(t) = +o0, then the zero solution of the system is asymptotically
—+ 00
stable.

Noting that the Lebesgue measure of R"\S‘ is zero, we complete the proof of Theorem 1.1.

Remark 5.3. If all eigenvalues of A are real numbers, we can obtain the following proposition.
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Proposition 5.6. Take the assumptions of Theorem 1.1, and additionally assume that A is in-

vertible and all eigenvalues of A are real numbers. If there exists a measurable set E C R™ whose

Lebesgue measure is greater than 0, such that lm k(t) #0 or lim k(t) does not exist for any
t——+oo t—+o0

r(0) € E, then the zero solution of the system is asymptotically stable.
Proof. Under the assumptions of Theorem 5.1, additionally assuming that all eigenvalues of A are
real numbers, if det A # 0, and the zero solution of the system is not asymptotically stable, then
X € o(A) CR, s.t., A >0, namely, M > 0. By Lemma 5.2, we have , ligl k(t) = 0.
—+00
Combined with Theorem 3.1, we complete the proof. O
Remark 5.4. From the expressions of x(t) in all cases, we see that the initial value r(0) € S does

not affect the trend of the first curvature. In fact, a detailed calculation establishes the following
theorem.

Theorem 5.7. Under the assumptions of Theorem 5.1, if for some initial value r(0) € S, we have

, lir+n k(t) =0 (or +00, or a constant C > 0, or k(t) is a bounded function, respectively), then

—+00

for an arbitrary r(0) € S, we still have , lig_n K(t) = 0 (or +00, or a constant C' > 0, or k(t) is a
— 400

bounded function, respectively).
Combined with Theorem 3.1, we have the following corollary.

Corollary 5.8. Under the assumptions of Proposition 5.5, if for some initial value r(0) € S, we
have , li+m k(t) = 0 (or +oo, or k(t) is a bounded function, respectively), then for an arbitrary
— 400
r(0) € S, we still have . ligrn k(t) =0 (or +00, or k(t) is a bounded function, respectively).
—>+00

Moreover, we note that if A is a matrix in real Jordan canonical form whose all eigenvalues are
real numbers, then for any given r(0) € R™, we have , lir+n k(t) =0 or C or +oo, where C' > 0 is
—+o0

a constant.

6. EXAMPLES
In this section, we give two examples, which correspond to each case of Theorem 1.1, respectively.
Example 1 (Theorem 1.1(1)).
Let 7(t) = (r1(t), 7a(t), 73(t), 74(t))" € R*, and
10 —20 20 —15
—-35 20 —45 15
-23 26 -33 21
36 —32 46 -—27

A:

Then (2.1) becomes a four-dimensional linear time-invariant system. If the initial value r(0) =
T .

(7“10,7“20,’)"30,7“40) e R* satisfies V20U30V40 75 0, where vog = —r19 + 2199 + 30 + 3140, Vsg =

710 + 3720 + 730 + 3740, and vy = r19 — 2729 + 30 — 2740, then the square of the first curvature

k(t) of the trajectory r(t) is

5e*0t(59e*0 03, v3,+396e! ! v3 Va0 vao+T756e w3, v], —384e! Voo Ui, vao — 1188 va V30Ul +666v5, 5, )

2(10e20t 03 +22€15t v30v30+102e10t w20 va0+18e100 w3, +132e5t v30v40+27903) )

K2(t) =

)

and we have

. V59 |v3o] V59 |10 + 3ra0 + 130 + 3740
lim «(¢t) = 5 = 5 > 0.
free 2003 20 (=710 + 2720 + 730 + 3740)

By Theorem 1.1(1), the zero solution of the system is stable.

The graph of function x(t) is shown in Figure 6.1, where r(0) = (1,1,1,2)".
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curvature curvature
0.08f
1.5x 1012F
007}
0.06p 1.0x 1012}
0.05f
1L
0.04k 5.0x 10
0.03f ) )
0.5 1.0 15 20 25 3.0 time 5 10 15 20 time
FIGURE 6.1. Example 1 FIGURE 6.2. Example 2

In another way, the eigenvalues of A are —15, —10, —5 and 0, thus by Proposition 2.4, the zero
solution of the system is stable.

Example 2 (Theorem 1.1(2)).
Let 7(t) = (r1(t),r2(1), -~ ,75(t))" € R?, and

-2 -4 -5 -4 -3

Then (2.1) becomes a five-dimensional linear time-invariant system, and det A = —800 # 0. If
r(0) = (r19,720," - ,T50)T € R® satisfies (130 + 740) (140 +750) # 0, then the square of the first
curvature x(t) of the trajectory r(¢) is

et (ét4 +30 Bw(t)tv’)
C(0)18 + 323 By (1)t¥

where C' = 102400 C? > 0 is a constant, B,(t) (¢ = 0,1,2,3), By(t) (¢ = 0,1,---,5) and
C(t) = {200 (5 — 3sin(8t + p))}* € [64000C3,4096 000 C%] are bounded functions, where C' =
(r30 + 7"40)2 + (ra0 + 7“50)2 > 0 and p € R are constants. Hence

KA (t) =

lim k(t) = +o0.

t——+o0

By Theorem 1.1(2), the zero solution of the system is asymptotically stable.

The graph of function (t) is shown in Figure 6.2, where r(0) = (1,1,1,1,1)".

In another way, the eigenvalues of A are Ay = Ao = —2 +4y/—1, A\3 = \y = —2 — 4y/—1 and
A5 = —2, thus by Proposition 2.4, the zero solution of the system is asymptotically stable.

7. CONCLUSION

The main result of this paper, Theorem 1.1, is proved. First, through the analysis of higher
curvatures of trajectories of systems, we give a relationship between curvatures of trajectories of
two equivalent linear time-invariant systems. Second, for each type of real Jordan blocks, we
analyze the relationship between the first curvature and stability. Finally, we prove a result for
any matrix in real Jordan canonical form, which completes the proof of the main theorem.

As Theorem 1.1 shows, two sufficient conditions for stability of the zero solution of linear time-
invariant systems, based on the first curvature, are given. For each case of the theorem, we give
an example to illustrate the result.

Further, we will investigate nonlinear control for the stability by using geometric description.
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