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Abstract 

It is known that topology optimization is located at the conceptual design phase, which can 

effectively determine the numbers, connectivity and existence of holes in the structural design 

domain and evolve design elements to improve the concerned performance. General speaking, 

topology optimization works as an important tool to seek for the optimal material distribution, 

which has been identified as one of the most promising sub-field of structural optimization 

due to its superior features occurring in the conceptual design stage without prior knowledge 

of the design domain. In the current work, the main intention is to propose a novel numerical 

method for the topology optimization with more effectiveness and efficiency for the single-

material structures and structures with multiple materials. Meanwhile, the proposed topology 

optimization method is also applied to implement the rational design of auxetic metamaterials 

and auxetic composites. In Chapter 1, we provide a brief description for the main intention of 

the current work. In Chapter 2, the comprehensive review about the developments of topology 

optimization, isogeometric topology optimization and the rational design of auxetic materials 

is provided. 

In Chapter 3, a more effective and efficient topology optimization method using isogeometric 

analysis is proposed for continuum structures using an enhanced density distribution function 

(DDF). The construction of the DDF mainly involves two steps: (1) the smoothness of nodal 

densities is improved by the Shepard function; (2) the higher-order NURBS basis functions 

are combined with the smoothed nodal densities to construct the DDF with the continuity. A 

topology optimization formulation to minimize the structural mean compliance is developed 
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using the DDF and isogeometric analysis (IGA) is applied to solve structural responses. An 

integration of the geometry parametrization and numerical analysis offer several benefits for 

the optimization. 

The Chapter 4 intends to develop a Multi-material Isogeometric Topology Optimization (M-

ITO) method. Firstly, a new Multi-material Interpolation model is established with the use of 

NURBS (Non-uniform Rational B-splines), termed by the “N-MMI” model, which mainly 

involves three components: (1) Multiple Fields of Design Variables (DVFs); (2) Multiple 

Fields of Topology Variables (TVFs); (3) Multi-material interpolation. Two different M-ITO 

formulations are developed using the N-MMI model to address the problems with multiple 

volume constraints and the total mass constraint, respectively. The decoupled expression and 

serial evolving of the DVFs and TVFs can effectively eliminate numerical difficulties in the 

multi-material problems. 

In Chapter 5, the proposed ITO method is applied for the systematic design of both 2D and 

3D auxetic metamaterials. An energy-based homogenization method (EBHM) to evaluate the 

macroscopic effective properties is numerically implemented by IGA, with the imposing of 

periodic boundary formulation on material microstructure. An ITO formulation for 2D and 

3D auxetic metamaterials is developed using the DDF, where the objective function is defined 

as a combination of the homogenized elastic tensor. A relaxed optimality criteria (OC) method 

is used to update the design variables, due to the non-monotonic property of the problem. 

In Chapter 6, the proposed M-ITO method is applied for the systematic design of both 2D and 

3D auxetic composites. The homogenization, that evaluates macroscopic effective properties 
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of auxetic composites, is numerically implemented by IGA, with the imposing of the periodic 

boundary formulation on composite microstructures. The developed N-MMI model is applied 

to describe the multi-material topology and evaluate the multi-material properties. A topology 

optimization formulation for the design of both two-dimensional (2D) and three-dimensional 

(3D) auxetic composites is developed. Finite element simulations of auxetic composites are 

discussed using the ANSYS to show different deformation mechanisms. 

Finally, conclusions and prospects are given in Chapter 7.  

Key words: Topology optimization; Isogeometric analysis, Auxetic metamaterials; Auxetic 

composites; Homogenization. 
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Chapter 1 Introduction 

1.1 Overview of the project 

In the last three decades, topology optimization has been accepted extensive discussions about 

not only the research to promote the developments of the theory, but also applications in many 

engineering fields to save the cost of materials, time, money and etc. As we know, topology 

optimization mainly lies in the initial conceptual and preliminary design stage, which aims to 

offer a basic material distribution with the improved structural performance in the prescribed 

design space. Compared to size optimization and shape optimization, topology optimization 

is featured with more challenges in the field of structural optimization, owing to the unknown 

prior knowledge before the optimization. However, the final solutions obtained from topology 

optimization can provide more beneficial information for the latter processing of structures, 

like the detailed design to modify sizes and shapes or the manufacturing. Hence, the extremely 

high requirements of topology optimization facilitate its developments in many engineering 

fields. It is of great importance to develop an efficient and effective numerical framework for 

the implementation of topology optimization. 

Meanwhile, metamaterials, which can be regarded as a kind of artificial materials, has been 

gradually obtained interests among many researchers and engineers. In the viewpoint of the 

engineering, metamaterials consist of a large number of material microstructures, which are 

periodically distributed in metamaterials. In the last three decades, the homogenization theory 

has been proposed to evaluate macroscopic effective properties of porous materials using the 

information from material microstructures, like the constituent material property, the micro-
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architecture and etc. In the recent research works for metamaterials, a critical standpoint that 

macroscopic effective properties of metamaterials mostly depend on the micro-configuration. 

Hence, topology optimization work as an efficient numerical tool to seek for the reasonable 

topology with the expected performance, which has extended to the research area of material 

science for the design of the micro-architecture with the desired properties. Up to now, several 

novel metamaterials with the novel micro-architectures are successfully achieved, for instance 

the electromagnetic metamaterials, acoustic metamaterials, auxetic metamaterials and so on. 

One of which, auxetic metamaterials, was a kind of metamaterials with the Negative Poisson’s 

Ratios (NPRs), which has several positive mechanic behaviors and many superior engineering 

applications, like the enhanced shear resistance, indentation resistance, fracture toughness. 

Hence, the main intention of the current thesis is to propose a novel numerical method for the 

topology optimization with more effectiveness and efficiency not only for the single-material 

structures, but also the structures with multiple materials. Additionally, the currently proposed 

topology optimization method has been employed to implement the rational design of auxetic 

metamaterials and also auxetic composites. In Chapter 2, we firstly offer the literature review 

of several topology optimization methods and discuss the corresponding features of methods, 

also of isogeometric topology optimization and address the existed research works for it, also 

of rational design of auxetic metamaterials and composites with the brief descriptions about 

the multi-material topology optimization. In Chapter 3, the development of a new ITO method 

for the optimization of the classic static compliance problems has been addressed, and several 

positive features are presented. In Chapter 4, an efficient N-MMI model is developed for the 

representation of multiple materials and the computation of the multi-material properties, and 
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then incorporated into the ITO to develop the M-ITO method for the structures with multiple 

materials. In Chapter 5, the ITO method combined with the homogenization implemented in 

the framework of IGA is applied to optimize auxetic metamaterials in both 2D and 3D, and 

several novel and interesting auxetic microstructures can be found. In Chapter 6, the M-ITO 

method is employed to discuss the topology optimization of auxetic composites and the IGA-

based EBHM is applied to evaluate macroscopic effective properties of auxetic composites. 

Finally, it is imperative to notice that the current work is a preliminary research for the ITO 

method with the simple applications on auxetic materials. In the further, the distinct features 

of the ITO method need to be sufficiently discussed, including the positive features of IGA, 

the merits of the DDF to represent the structural topology. Moreover, the further applications 

of the ITO method also should be performed, such as the macro-scale topology optimization 

problems in different physical fields, the micro optimization problems of materials design and 

etc. The utmost important is located at how to implement the ITO method on the engineering 

applications, like the development of the engineering software. 

1.2 Research contribution 

The specific objectives and main contributions are provided as follows: 

(1) A novel Isogeometric Topology Optimization (ITO) method with more effectiveness 

and efficiency is developed. Firstly, a sufficiently smooth and continuity Density Distribution 

Function (DDF) is developed for the representation of the structural topology, which has the 

capability to effectively remove several numerical artifacts in previous works. Secondly, the 

NURBS is innovatively applied to construct the DDF, the structural geometry and numerical 
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solution space in the analysis to calculate the structural responses, and integrated them into a 

same mathematical formula. Finally, IGA is an effective and efficient method to guarantee the 

numerical precision and save the computational cost, which is considered to develop the ITO 

method. 

(2) A novel NURBS-based Multi-Material Interpolation (N-MMI) model is developed 

and then combined with the ITO method to develop an effective and efficient M-ITO method 

for the structures with multiple materials. In the construction of the N-MMI model, two kinds 

of variables are introduced, respectively, namely the Fields of Design Variables (DVFs) and 

the Fields of Topology Variables (TVFs), which are formulated in a manner of the decoupled 

expression and serial evolving, rather than the coupled and parallel manner. The decoupled 

expression and serial evolving of the DVFs and TVFs can make sure all constraint functions 

are separate and linear with respect to TVFs, which can provide more benefits for solving the 

multi-material problems, particularly for the problem with the total mass constraint. 

(3) With the use of ITO method, a myriad of novel and interesting auxetic metamaterials 

with the periodical microstructures are found, particularly in 3D auxetic microstructures.  

(4) With the use of M-ITO method, a series of novel and interesting auxetic composites 

are found and the deformation mechanisms in auxetic composites are presented, including the 

re-entrant and the chiral types, particularly for 3D auxetic composite microstructures. 

1.3 Outline of the thesis 

The thesis consists of 7 chapters, shown as follows: 

Chapter 1: The background and the overview of this thesis are introduced. 
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Chapter 2: A literature review of topology optimization, isogeometric topology optimization 

and auxetic metamaterials is presented in this chapter. 

Chapter 3: The descriptions for the development of ITO method, which aims to optimize the 

DDF with the desired smoothness and continuity, rather than the spatial arrangements of the 

discrete elements, are provided. 

Chapter 4: The N-MMI model for the representation of multiple materials and the calculation 

of multi-material properties is developed and then combined with the ITO method to construct 

the M-ITO method for the structures with multiple materials. 

Chapter 5: The ITO method is combined with the IGA-based EBHM to study the optimization 

of auxetic metamaterials and find a series of novel and interesting auxetic microstructures. 

Chapter 6: The M-ITO method is combined with the IGA-based EBHM to realize the rational 

design of auxetic composites and also address different deformation mechanisms of auxetic 

composite microstructures. 

Chapter 7: Conclusions of this work are given and further recommendations are summarized.  
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Chapter 2 Background and literature review 

2.1 Literature review of topology optimization 

Structural optimization is a discipline that aims to deal with the optimal design of the load-

carrying mechanical structures, which have been considered as a powerful tool to determine 

structural features, such as the connectivity of holes, the shapes of boundaries and the sizes, 

in the past decades. As far as the design stage, three subfields are mainly involved in the field 

of structural optimization, including the topology optimization, shape optimization and size 

optimization, shown in Figure 2-1. Firstly, size optimization intends to optimize the structural 

performance by changing the sizes of structural features, like the width, height and the cross-

sectional scales, under the pre-defined structural topology and shapes. Secondly, the intention 

of shape optimization is to evolve the shapes of structural boundaries, like changing from the 

straight line to a curve of geometry, and then improve the structural performance, where the 

structural topology should be kept unchanged. Finally, topology optimization lies in the stage 

of the conceptual design, which determines the numbers, connectivity and existence of holes 

in the structural domain and advances design elements to improve the concerned performance. 

Overall speaking, topology optimization working as an important tool to seek for the optimal 

material distribution in a prescribed design domain, which has been identified as one of the 

most promising subfield of structural optimization due to its superior features occurring the 

conceptual design stage without prior knowledge of the design domain. Hence, the extreme 

requirements of topology optimization pose more challenges during the solving of several 

different research problems compared to size optimization and shape optimization. 
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Figure 2-1 Three subfields of structural optimization [1] 

Since the seminar work of topology optimization was performed by Bendsøe MP and Kikuchi 

N [2] where a classic homogenization approach is proposed, topology optimization have been 

accepted a myriad of applications ranging from the classic mechanical field to other physical 

disciplines, including the fluids, acoustics, optics and electromagnetics [1,3–5]. As shown in 

Figure 2-2, an engineering case, namely the structural optimization for the chassis of ford car, 

is provided. Before the optimization, a suitable design domain needs to be pre-defined, which 

determines the distribution space of materials. Then, topology optimization, size optimization 

and shape optimization are applied to evolve the corresponding design elements in the design 

space, respectively. We can easily find, topology optimization provides a basic distribution of 

materials including the numbers, connectivity and locations of many holes for the latter size 

and shape optimization. In the stage of topology optimization, the consumptions of materials 

have been reduced extensively, in which the structural performance is still improved and can 

arrive at the basic requirements of the engineering application. 
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Figure 2-2 An engineering case using structural optimization [6] 

As we know, topology optimization is originated from the work in 1904 by Michell [7], where 

the problem of the limits of economy of material in a frame-structures was studied. However, 

as far as structural optimization for continuum structures, the research on seeking for the best 

design of solid elastic plates was addressed by Cheng and Olhoff [8,9], which can be viewed 

as the seminar works in the field of continuum structural optimization and attracts a wide of 

discussions in the later three decades. Until 1988, Bendsøe MP and Kikuchi N [2] proposed 

the homogenization approach based on the theory of porous continuum media distribution, 

where the structural topology was evolved by changing the sizes and orientations of holes in 

the domain. So far, several different topology optimization methods with the unique positive 

features have been developed. In the viewpoint of the topology representation model, several 

topology optimization methods can be mainly divided into two branches. The first branch of 

methods mainly consist of the classic homogenization approach [2], Solid Isotropic Material 
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with Penalization (SIMP) method [10,11] and Evolutionary Structural Optimization (ESO)  

[12] method, where material description models (MDMs) are used to represent the structural 

topology in these methods. In the second branch, boundary description models are applied to 

display the structural topology, and the related methods include the classic Level Set Method 

(LSM) [13–15], the phase field method [16,17] and the recently proposed Moving Morphable 

Components (MMC) method [18,19]. A similar feature of these methods in the second branch 

is that the contour of a high-dimension function is applied to represent structural boundaries. 

In terms of the first branch, these methods are featured with the conceptual clarity and easily 

numerical implementations. The methods of the second branch have the rigorous theoretical 

derivations and smooth structural boundaries of the optimized solutions. Currently, a simple 

formulation of topology optimization for continuum structures can be read as: 

  (2-1) 

where  denotes topology variables, equal to 0 or 1. 0 indicates voids in design domain and 

1 represents solids in space.  is the objective function which is depended on the problem. 

 is the equilibrium equation where structures should be maintained, and  denotes 

the constraint equations that should be considered in the optimization, for example material 

volume constraint. Later, we will provide the details of several different methods, including 

the homogenization method SIMP, ESO, LSM and MMC for a brief and clear descriptions 

about the developments of different topology optimization methods in recent years. Moreover, 

the corresponding basic principle of them is also presented. 
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2.1.1 Homogenization method 

In 1970s, the homogenization method originates from the research field of cellular composites. 

In cellular composites, a large number of microstructures are periodically distributed leading 

to a result that cellular composites are highly heterogeneous. The homogenization theory is 

proposed to evaluate the effective macroscopic properties of cellular composites based on the 

information from material microstructures [20,21]. Hence, in the area of cellular composites, 

the homogenization method has been regarded as an efficient way to predict the macroscopic 

effective properties of porous composites using the micro information. In the light of the area 

of cellular composites, the macroscopic structure can be viewed as a combination of a series 

of material microstructures with the corresponding periodicity. In 1988, Bendsøe and Kikuchi 

employed the specific optimization algorithm to change the spatial directions and geometrical 

sizes of material microstructures and then evolve the material distribution in microstructures, 

so that the macro topology has been evolved with the advancement of the features of material 

microstructures  [2]. As shown in Figure 2-3, the key principle of the homogenization method 

for the topology optimization is given, where the macrostructure with the boundary conditions 

and material microstructure with the features including the shape, sizes and spatial angles are 

contained. The topology optimization of structures to improve the static performance has been 

studied in the first work of the homogenization method by Bendsøe and Kikuchi [2]. Then, 

Suzuki and Kikuchi [22] used the homogenization method to realize the shape and topology 

optimization of structures. In [23], the solutions to shape and topology optimization for the 

eigenvalue problems are studied by the homogenization method, and then Díaaz and Kikuchi 

also employed the homogenization method to address the problem of structures with multiple 
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loading conditions [24]. After that, Hassani and Hinton [25–27] provided a systematic review 

about the homogenization theory, the numerical solutions and how to combine the optimality 

criterion algorithm for address the topology optimization. 

As we know, the homogenization method has the rigorous mathematical derivations to ensure 

the existence and uniqueness of the topology optimization, which has been accepted a wide 

of attention and applications. Meanwhile, it is noticed that the core of the homogenization 

method is to transform the discrete problem of the topology optimization for structures into a 

continuous problem. However, there are also some drawbacks of the homogenization method, 

such as a large number of design variables, the complex theoretical derivations, the optimal 

design with the porous form introducing several difficulties for the latter manufacturing. 

 
Figure 2-3 the basic principle of the homogenization method [2] 

2.1.2 Solid Isotropic Material with Penalization (SIMP) method 

After the development of the homogenization method for the topology optimization, a large 

number of research workers have devoted to solving the numerical difficulties of this method 

and proposing several improvements. Later, the density method with an effective and efficient 

manner has gradually developed by Bendsøe, Rozvany and Sigmund [10,11], for example the 
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well-known Solid Isotropic Material with Penalization (SIMP) method. In the SIMP method, 

a family of artificial continuous element densities within the range [0 1] are introduced and 

then an isotropic material interpolation model is developed with the use of the element density 

to predict material elastic property, which realizes an explicit description between the material 

elastic property and the artificial element densities. Meanwhile, a penalization mechanism is 

developed to enforce element densities to be equal 0 or 1, which aims to reduce the existence 

of intermediate densities in the final design. As we can see, the SIMP method uses the values 

of densities to determine the existence of materials in the design domain, such as 0 (voids) 

and 1 (solids), rather than the features of material microstructures in homogenization method. 

However, it is important to note that several numerical difficulties are existed in the optimized 

designs due to the introducing of the artificial densities, such as the mesh dependency, local 

designs and the checkerboards, which have a significant influence on the effectiveness of the 

SIMP method. Certainly, several numerical techniques have been proposed to address these 

problems, like the filtering mechanism and perimeter control constraint [28–30]. 

As shown in Figure 2-4, the flowchart of the SIMP method for the topology optimization of 

structures is provided, which mainly contains the finite element analysis to solve the unknown 

structural responses, the calculation of sensitivity analysis, the filtering mechanism to element 

densities, the computation of the objective and constraint functions and the evolving of design 

variables using OC algorithm. We can easily see that the zig-zag features are always existed 

in the final topologically optimized designs using the SIMP method. Hence, it is imperative 

to introduce several post-processing mechanisms to smooth the structural boundaries for the 

latter manufacturing. It is known that the clarity concept and easy numerical implementations 
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of the SIMP method have attracted a large number of researchers to perform the research or 

the applications. The SIMP method have been also successfully applied to solve a myriad of 

problems, such as the dynamic [31–33], compliant mechanisms [34,35], the electromagnetic 

[36,37], the acoustic [38,39], the geometrical nonlinearities [40,41], the robust optimization 

[42,43], the piezoelectric systems [44,45] and etc. 

 
Figure 2-4 The flowchart of the SIMP method [11] 

2.1.3 Evolutionary Structural Optimization (ESO) method 

In 1993, Xie and Steven [12] have developed an Evolutionary Structural Optimization (ESO) 

method based on the natural evolution. Compared to the SIMP method, the ESO method also 

introduce the artificial element densities to represent the structural topology. However, there 

are no intermediate element densities, and the densities in the optimization by ESO method 

are equal to 0 (voids) or 1 (Solids). In comparison with the SIMP method, the ESO method 
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has several similar features in the optimization, such as the finite element analysis to discretize 

the design domain into a series of elements, the introducing of densities in any elements acting 

as design variables, the imposing of boundary and load conditions and the computation of the 

objective and constraint functions. However, the utmost important characteristic of the ESO 

method is to develop an appropriate criterion to evaluate the contribution of each element on 

the structural performance, and the contribution of each element will determine its existence 

in the next optimization stage. In the early stage, the ESO method can only remove elements 

with the lowest contribution, namely the hard-killing manner. Later, Huang and Xie [46,47] 

proposed a soft-killing mechanism which cannot only eliminate the elements with the lowest 

contribution, but also adding the elements with the increasing contribution in the optimization, 

namely Bi-directional evolutionary structural optimization (BESO) method. 

Overall speaking, ESO/BESO method is more intuitive to realize the topology optimization 

compared to other methods. Meanwhile, the easy numerical implementations of ESO/BESO 

method also attract several researchers, which also have been gained a myriad of applications 

on several problems with its effectiveness. In 1996, Xie and Steven has successfully addressed 

the effectiveness of the ESO method on the dynamic problems [48]. Liu et al also employed 

the BESO method to realize the sound insulation of the pyramidal lattice sandwich structure 

[49], which can be effectively utilized for designing light-weight load bearing structures for 

ranging from ground to aerospace vehicles. Zhao et al [50] addressed the internal architecture 

of emergent plants using the BESO method, who provided a comprehensive discussion about 

the main reason of the organs in plants living in the same natural environment and evolving 

into a wide variety of geometric architecture. Huang, Radman and etc [51–53] also used the 
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ESO/BESO method to discuss the topology optimization of material microstructures with the 

extreme material properties, like the maximal bulk modulus and maximal shear modulus. Xia 

et al [54–56] realized the multiscale topology optimization for the nonlinear design of material 

microstructures and the macrostructure using the BESO method. Recently, Xia et al also [57] 

provided a systematic and comprehensive review about the BESO method on the topology 

optimization of structures and materials. However, a critical problem that interpret the final 

optimal solution to the manufacturable structure also exists in the ESO/BESO method, mainly 

due to the zigzag structural boundaries. 

2.1.4 Level Set Method (LSM) 

Level set method is known as a numerical technique to track the interface and shape, which 

has been extensively used in the computation of the evolving curve in the Cartesian grid. The 

basic principle of the LSM is to introduce a higher-dimension level set function to represent 

the structure, namely the implicit boundary representation model, where the zero-level set of 

the function is applied to represent the structural boundaries, the negative and positive values 

of the level set function are applied to represent the voids and solids in design domain. Hence, 

the evolving of the zero-level set of the function can describe the advancing of the structural 

boundaries with respect to the time, and the LSM is suitably applied to the problems with the 

considerations of the structural interface, like the descriptions of the image, the modelling of 

the fire in spatial and etc [58,59]. A critical feature that the structural boundaries is gradually 

changed with respect to the time in spatial occurs in the level set method, which provides the 

possibility to advance the structural topology and improve the structural performance during 

the optimization. 
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The first work of the LSM to the topology optimization can be go back to [13], where Sethian 

and Wiegmann employed the level set function to describe the structural topology and used 

the structural stress to construct the evolving mechanism for the changing of the structural 

boundaries. The evolving of the zero-level set of the function realize the representation of the 

advancing of the structural topology with respect to the time and the space. Later, Sethian and 

Wiegmann [60] also employed the LSM to discuss the frequency problem of a two-density 

inhomogeneous drum, where the objective function is defined by the difference between the 

2-order eigenfrequency and the 1-order eigenfrequency. After that, Michael Wang et al [14] 

developed the level-set topology optimization method based on the combination of the shape 

derivatives and the level set method, in which the normal velocities of the structural boundary 

evolving bridge the Hamilton-Jacobi Partial Differential Equations (H-J PDEs) and the shape 

derivatives. In the level-set topology optimization method, the upwind scheme and the finite 

difference method are employed to solve the H-J PDEs to advance the structural boundaries. 

Later, Michael Wang et al [61] also applied the level-set topology optimization method to the 

multi-material problems in structures using a “color” level set mechanism. Allaire et al [15] 

developed a level-set topology optimization method based on a combination of the classical 

shape derivatives and of the level-set method for front propagation, where the velocities are 

obtained by the rigorous derivations of the shape derivatives, and then the proposed level-set 

topology optimization method has been successfully applied to address the problems of the 

structural eigenfrequency [62]. Based on the previously-mentioned works of [14,15], a novel 

framework of the level-set topology optimization method with the solutions of the H-J PDEs 

to advance the structural topology is gradually developed, which attracts many researchers to 

study different topology optimization problems. 
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Based on the proposed level-set topology optimization method using a combination of shape 

derivatives and the LSM for front propagation, several classic problems have been addressed 

successfully, like the static compliance [14,15], the dynamic optimization [62,63], the stress 

minimization [64,65], the compliant mechanisms [66,67] and etc. until now, this method has 

experienced the considerable developments with a wide range of applications including fluid 

mechanics, combustion, computer vision, image processing, material science, and so on. As 

we know, the success of the level-set topology optimization method can be attributed to the 

role of curvature in numerical regulation, which can assure a meaningful vanishing viscosity 

solution. Compared to material distribution models, such as the SIMP method and ESO/BESO, 

the level-set topology optimization is actually a shape optimization method but with a superior 

capability to implement the shape and topology optimization. Hence, the optimized topologies 

will be featured with the smooth boundaries which can provide several benefits for the latter 

manufacturing. In the other viewpoint, the level-set topology optimization method can be also 

viewed as a numerical process of the dynamic implicit interfaces that possesses the positive 

features of both the explicitly boundary-based method and also the material distribution-based 

methods. Hence, several inherent physical merits will be presented by the level-set topology 

optimization method: (1) a smooth and distinct boundary description for the optimized design, 

(2) the shape fidelity and higher topological flexibility during the optimization, (3) the shape 

and topology optimization are performed simultaneously and (4) a physical meaning solution 

of the H-J PDEs. 

However, the level-set topology optimization method also has several numerical difficulties 

during the optimization due to the rigorous mathematical solutions, where the upwind scheme 
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and finite difference method are applied to solve the H-J PDEs to derive the evolving of the 

structural topology during the optimization. In the direct solving the H-J PDEs using the up-

wind scheme, the strict Courant-Friedrichs-Lewy (CFL) condition should be satisfied, where 

the step of the finite difference should be smaller than the time step to ensure the stability of 

the optimization. However, this feature will lead to a large number of iterations occurred in 

the optimization, which causes the computational cost to be increased. On the other side, the 

velocities at the structural boundaries should be extended to a narrow area or the whole design 

domain, which can ensure the reasonably evolving of the structural boundaries. However, the 

extension scheme of the velocities will have a significant effect on the optimization. Finally, 

the most important aspect of the level-set topology optimization is a numerical technique of 

shape optimization, which in actual cannot nucleate the new holes in the optimization due to 

the non-existence of the generation mechanism for holes. So that, the initial design needs to 

be homogeneously filled with several holes which can make sure the advancing of the holes 

to trigger the topologically changes in the optimization. Hence, the effectiveness of the level 

set topology optimization method will be comprised to some extent. In response to numerical 

difficulties in the level-set topology optimization method, several variants have been proposed. 

In [68], a combination of both the level-set topology optimization method and the topological 

derivation is considered to ensure the generation of new holes. Later, Xia et al [69] developed 

a semi-lagrange method for level-set-based structural topology and shape optimization, which 

can effectively eliminate the CFL condition to improve the computational efficiency. One of 

variants termed by the parametric level set method (PLSM) [70,71] has been considered as a 

powerful alternative level set method for the topology optimization, which not only inherits 

the positive merits, but also eliminates the unfavorable features of the standard LSM. In the 
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PLSM, the time-space coupled level set function is interpolated by the Compactly Supported 

Radial Basis Functions (CSRBFs), so that the advancing of structural boundaries is equivalent 

to the evolution of the sizes of expansion coefficients of the CSRBFs. Hence, the complicated 

structural optimization has been transformed into a much easier “size” optimization problem. 

Moreover, many well-established efficient optimization algorithms can be directly cooperated 

into the PLSM to improve the optimization efficiency, like the optimality criteria (OC) [10] 

and method of moving asymptotes (MMA) [72]. After that, many advanced problems have 

been discussed by the PLSM to show its effectiveness, like the manufacturing constraint [73], 

functional graded materials [74,75], multi-materials [76], robust optimization [77], the micro 

optimization to obtain the novel metamaterials [78–80], the multiscale topology optimization 

for porous composites [81–84]. Later, in order to improve the computational efficiency in the 

construction of CSRBFs, a more efficient PLSM was proposed by combing with the discrete 

wavelet transform scheme for the global and local frequency response optimization problems 

[85]. Additionally, the distance regularized scheme is also considered in the PLSM to improve 

the numerical stability in the optimization [86–88]. 

 
Figure 2-5 The level set function to represent the structural topology [83] 



Background and literature review 

 

20 
 

In a word, compared to material distribution models, like the SIMP method and ESO/BESO, 

an important characteristic of the level set method is that the topological changes are triggered 

by the advancing of the structural boundaries during the optimization. The topologies during 

the optimization have the smooth boundaries and clear interfaces all the time. 

2.2 Literature review of isogeometric topology optimization 

2.2.1 Isogeometric analysis (IGA) 

As we know, the period of an engineering structure should experience from the initial design 

using the engineering Software to the last manufacturing. In the period, the initial Computer 

Aided Design (CAD) files should be translated into the analysis-suitable geometries, and then 

meshed, input the engineering analysis software to achieve the Computer Aided Engineering 

(CAE) files. This period is trivial with a prohibitive computational cost, particularly for the 

complex engineering structures. As displayed in Figure 2-6, the estimation of the time costs 

of each component for the engineering structure is provided [89,90]. We can see that the task 

for the CAD takes over 80% of the overall analysis time. Engineering designs are becoming 

increasingly more complex. However, the analysis-suitable models cannot be automatically 

obtained from the meshes of the CAD geometry. The time is consumed to a great extent for 

the preparatory steps involved, and no finite element mesh is no longer enough. Hence, the 

today’s bottleneck in CAD-CAE integration is not only automated mesh generation, it lies 

with efficient creation of appropriate “simulation-specific geometry”. As shown in Figure 2-

6, mesh generation costs 20% of overall analysis time, and the creation of the “simulation-

specific” geometry accounts for about 60% and only 20% of overall time is actually devoted 
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to the analysis. The 80/20 modelling/analysis ratio is a very common industrial experience 

and it is desirable to reverse it. Hence, it is imperative to perform the integration of CAD and 

CAE to save the time cost for engineering structures from the CAD to CAE. Meanwhile, it 

also seems that fundamental changes should take place to fully integrate the engineering 

design and analysis processes, namely the way to construct CAD and CAE. 

On the other side, the conventional finite element method (FEM) is employed to perform the 

numerical analysis to predict the unknown structural responses. The inherent deficiencies of 

the FEM would introduce several numerical difficulties in the latter analysis. The first is that 

the finite element mesh cannot capture the exact structural geometry, which will considerably 

lower the numerical precision [89,90]. The second is the lower-order (C0) continuity between 

the neighboring finite elements, also existed in the higher-order elements. The final drawback 

is the low efficiency of the FEA in achieving a high quality of the finite element mesh. It can 

be easily observed that the above shortcomings significantly affect the numerical precision. 

 
Figure 2-6 Estimation of time costs of each component for engineering structure [89] 
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The isogeometric analysis (IGA) proposed by Hughes and his co-workers [89,90] might be 

viewed as a logical extension and generalization method to perform the numerical analysis. 

The central idea is that the basis functions employed to construct the structural geometry are 

simultaneously applied to develop the finite dimensional solution space in numerical analysis, 

so that the geometrical model and the numerical analysis model can be consistent. In the IGA, 

several different B-splines techniques can be employed, for example the initial B-splines basis 

functions [89,90]. Although the B-splines are flexible for modeling many geometries, some 

important shapes can not be exactly presented, like the circles and ellipsoids. Hence, non-

uniform Rational B-splines (NURBS) working as a generalization of B-splines is introduced, 

where the NURBS basis functions are formed by assigning a positive weight to each B-spline 

basis functions [91,92]. Recently, other candidate computational geometry technologies have 

been applied into IGA, like the T-splines [93]. In terms of the B-splines, they possess several 

useful mathematical properties, such as the ability to be refined by knot insertion, the higher-

order continuity for the geometry and analysis, the variation diminishing to remove the local 

oscillatory and the convex hull properties. 

 
Figure 2-7 Comparisons between FEA and IGA [89] 

As shown in Figure 2-7, an example for the sliding contact using the finite element analysis 

and isogeometric analysis is presented. It can be easily seen that the nodes in the finite element 



Background and literature review 

 

23 
 

analysis are not located at the structural boundaries, which cannot exactly represent structural 

geometry. However, in the isogeometric analysis, the constructed geometry can have a perfect 

coincidence compared with the initial structural geometry.  

2.2.2 Methods of isogeometric topology optimization (ITO) 

Since IGA was proposed by Hughes and his co-workers [89,90] to integrate CAD and CAE 

in a mathematical model and remove several numerical difficulties in the conventional finite 

element analysis, several researchers have devoted to developing new topology optimization 

methods using IGA, rather than the finite element methods. As previously pointed out in the 

above paragraphs, three drawbacks of the finite element methods will significantly affect the 

effectiveness of the topology optimization for structures. The first work introducing IGA into 

topology optimization might go back to [94], where the trimmed spline surfaces were applied 

to present the boundaries in an isogeometric topology optimization framework. Later, we aim 

to provide an extensive discussion about the application of IGA into topology optimization, 

which will be mainly divided into two branches, including material description models and 

boundary description models. 

In terms of material description models, the SIMP method is a known numerical technique to 

search for the optimal material distribution in the prescribed structural design domain, subject 

to the pre-defined boundary and load conditions. The earlier work to introduce IGA into the 

SIMP method can be track to [95], where the control point-based SIMP method is developed 

and material density is considered as a continuous function approximated by the NURBS in 

the design domain. Later, Qian [96] also developed a B-spline space for topology optimization 

on the basis of the SIMP method and simultaneously provided a detailed discussion for the 
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B-spline filter to remove the numerical difficulties. Yin et al [97] developed an isogeometric 

bi-directional evolutionary structural optimization method for the topology optimization of 

structures using ESO/BESO method. It should be noticed that the intrinsic feature of material 

description models is inherited in previously mentioned works, where densities works as the 

design variables to represent the structural topology. 

As we know, the SIMP method and its most variants assign the densities to all finite elements 

to discretize the domain, where element densities are gradually evolved, and the densities will 

be piecewise constant in each element. Hence, the key purpose to search for the continuous 

material distribution in the space is fully converted into the spatial arrangement of the element 

densities. An alternative variant that the nodal design variables have been introduced in the 

optimization formulations, is developed to eliminate the numerical difficulties and generate 

the distinct material interfaces. Matsui and Terada [98] proposed a CAMD (the continuous 

approximation of material distribution) method to emphasis the material density field in the 

structural design domain. A Q4/Q4 numerical implementation to maintain the C0 continuity 

of the design variables in the SIMP-based model is presented to suppress the checkerboard 

pattern [99]. However, an important numerical issue, the ‘islanding’ or ‘layering’ structures, 

is occurred in the optimized solutions. After that, Paulino et al [100] rearranged the design 

variables points in Q4 elements to avoid the ‘islanding’ phenomenon by the internal averaging 

technique. Guest et al [101] introduced the nodal design variables and a projection scheme to 

control the minimum length. Kang and Wang [102,103] developed the interpolation scheme 

by the Shepard function to avoid the ‘islanding’ or ‘layering’ structures and addressed the 

physical meanings of the nodal design variables. Later, Luo et al [104] developed a dual-level 
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density interpolation by the Shepard function within the framework of the meshless Galerkin 

method. As we can conclude, the density distribution function in previous works is developed 

by the interpolation schemes using the Lagrange polynomials. However, the oscillatory of the 

Lagrange polynomials might lower the smoothness and continuity of the DDF. In the IGA-

based SIMP methods, the similar feature is that densities are both defined at all control points, 

and then the density of each IGA element is approximately defined by the central point. Later, 

Gao et al [105] also developed an isogeometric topology optimization for structures using a 

Density Distribution Function (DDF) with the desired smoothness and continuity to represent 

the structural topology, where densities at Gauss quadrature points are evaluated to compute 

the IGA stiffness matrix. 

As shown in Figure 2-8, some numerical results of the IGA-based material description models 

are provided, where the results of Figure 2-8 (A) are from [95], the results of Figure 2-8 (B) 

are from [96] and the results of Figure 2-8 (C) are from [105]. As we can easily see, the results 

in Figure 2-8 (C) are featured with the smooth structural boundaries and the distinct interfaces 

between solids and voids, due to the sufficiently smooth and continuous DDF to represent the 

structural topology. However, the structural boundaries of two previous results displayed in 

Figure 2-8 (A and B) are still zig-zag and also wavy. 
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Figure 2- 8 Some results of the IGA-based material description models 

In IGA, it is known that NURBS are applied to construct the structural geometry, which have 

some similar features compared to the level set function. Hence, the IGA has been extensively 

discussed in boundary description models. The earlier work uses the trimmed spline surface 

to present the structural boundaries [94]. Later, Dedè et al. also [106] developed a phase field 

model with the IGA to solve the mean compliance problem. After that, the level-set topology 

optimization combined with the IGA has been extensively studied, where a higher-dimension 

level set function was constructed by the NURBS basis functions with the values of the level 
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set function defined at the control points. In [107,108], a parametrized LSM-based structural 

topology using the IGA is studied, where the NURBS-based level set function is interpolated 

by the NURBS basis functions. Later, Kang et al. [109] also performed the IGA-based level-

set topology optimization but for shell structures with the use of the trimmed NURBS surfaces. 

In [110], the IGA-based level-set topology optimization for flexoelectric materials was also 

addressed. Later, Jahangiry et al [43] discussed the IGA-based LSM topology optimization 

framework for stress optimization problems. After that, a new IGA-based moving morphable 

component (MMC) topology optimization method was developed based on R-functions and 

collocation schemes [111], and the IGA-based MMC topology optimization method was also 

studied by Hou et al [112].  

 
Figure 2-9 Some results of the IGA-based boundary description models 



Background and literature review 

 

28 
 

As displayed in Figure 2-9, we provide some results of the IGA-based boundary description 

models, mainly including the level-set topology optimization method and the MMC method. 

The results of Figure 2-9 (A) from [107,108] and of Figure 2-9 (B) from [43] are presented, 

where the level-set topology optimization method is considered. The results of Figure 2-9 (C) 

from [112] are performed on the basis of the MMC method. As we can see, a similar feature 

of the results is that the optimized designs are featured with the smooth structural boundaries 

and distinct interfaces between solids and voids, which shows a perfect connection between 

the boundary description models and IGA. 

2.2.3 Applications of isogeometric topology optimization (ITO) 

In the above discussions about the methods of ITO, we can find that the combination of the 

conventional topology optimization methods and IGA have been discussed sufficiently, from 

the material description models to boundary description models. Here, we will provide a brief 

description about the applications of ITO methods.  

Firstly, with the discussions of the combination of several topology optimization methods and 

IGA, the static problems with the maximization of the stiffness performance are considered 

in the IGA-based topology optimization, such as the IGA-based material description models 

[95,96,105] and the IGA-based boundary description models [106–108,110–114]. After that, 

the dynamic problems considering the optimal eigenfrequencies or free vibration have been 

studied by Taheri et al [115,116]. The IGA-based level-set topology optimization have been 

applied to different objects, such as the optimization of shell structures [109] and flexoelectric 

materials [110]. The multiresolution topology optimization and then  application to the design 

of multiple materials in the design domain have been addressed by the IGA-based material 
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description models, respectively in [117] and [118]. [119] have performed the size and shape 

optimization of multidirectional functionally graded plates using an isogeometric multi-mesh 

design approach. Later, the isogeometric approach to topology optimization of the multi-

material distribution and functional graded materials is studied by Taheri and Suresh [120]. 

The geometrical constraints was also discussed in the topology optimization of structures on 

the basis of the IGA-based material description models [121]. Additionally, the stress-related 

topology optimization problems were also discussed by the IGA-based material description 

models [122] and the IGA-based boundary description models [114]. The IGA-based level-

set topology optimization method was also applied to the realization of shape optimization 

using the dual evolution [123]. As we can see, most of the existed works using IGA are only 

performed for the macro-scale topology optimization problems. Although the IGA-based 

shape optimization has already been studied in the applications of the smoothed petal auxetic 

structures [124], only a limited number of works are devoted to the optimization of 2D and 

3D auxetic metamaterials using the IGA-based material description models [125]. Wang et al 

[126] addressed the multiscale topology optimization for lattice materials using an IGA-based 

SIMP method, where lattice materials with uniform and graded relative density are considered 

and mechanical properties are expressed by a function of the relative density of the unit cell. 

Hence, we can find that the discussions of the IGA-based topology optimization on different 

applications are also performed in a great number, not only in the conventional macro-scale 

topology optimization problems, but also considering the micro optimization in the design of 

auxetic metamaterials and lattice materials, shown in Figure 2-10. 
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Figure 2-10 Applications of ITO methods 

2.3 Literature review of auxetic metamaterials 

Auxetic metamaterials are a kind of rationally artificial materials with the Negative Poisson’s 

Ratio (NPR), which exhibit the counterintuitive dilatational behavior. As shown in Figure 2-

11, the NPR behavior of auxetic metamaterials is presented. In terms of the nature materials, 

if we expand materials along one normal direction, and materials will be contracted in other 

normal directions. As far as auxetic metamaterials, the structural deformation is completely 

different compared to nature materials, that is expanding laterally if stretched and contracting 

laterally when compressed. The first of auxetic behavior was firstly found in foam structures 

by Lake [127]. After that, auxetic metamaterials have gained a wide range of applications in 

engineering, due to their enhanced shear resistance, indentation resistance, fracture toughness 

and etc [128]. 

As already noted in the definition of the rationally designed artificial materials [127,129], it 

is well-known that the effective macroscopic properties of auxetic metamaterials are mainly 
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dependent on the architecture of the microstructure that are periodically distributed in the bulk 

material, rather than the constituent properties of the base material. Hence, many works have 

devoted to adjusting the geometrical configuration of material microstructures to achieve the 

artificial materials with the NPRs behavior, including the sizes and shapes of microstructures 

[130–133]. Up to now, many auxetic metamaterials with different deformation mechanisms 

are provided, such as the re-entrant structures [130,134], the chiral mechanism [131,135,136], 

the rotating-type structure [137]. A comprehensive review for the state-of-the-art of auxetic 

metamaterials with different deformation mechanisms can refer to [128,138,139]. As we can 

see, the earlier analytical, numerical or experimental methods are developed on the basis of 

the human intuition and insight to derive the evolution of the structural sizes or shapes in the 

design of auxetic materials, which might be a limitation to constrain the further findings of 

auxetic materials. Topology optimization [1], which is a mathematical programming method, 

has great promise to enable the finding of the optimal material distribution with the expected 

concerned performance in the domain. Meanwhile, Since the homogenization method [20] is 

developed to evaluate macroscopic effective properties of porous composites, an inverse 

homogenization procedure is proposed to realize the optimization of a base material cell with 

the prescribed negative Poisson ratio -1 [140] using topology optimization. 

 
Figure 2-11 The NPR behavior of auxetic metamaterials [127] 
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Figure 2-12 Several 2D and 3D auxetic metamaterials 

Later, this work is inspired and extended to the topology optimization of rationally artificial 

materials with the extreme or novel properties [141], particularly for auxetic metamaterials 

with the NPRs behavior. By now, there are a great number of research works for the topology 

optimization of material microstructures with the auxetic behavior, e.g. [142–149]. The earlier 

work to find auxetic materials using topology optimization might go back to [150], where an 
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3D optimized auxetic microstructure was achieved. After that, several works were performed 

to optimize 2D auxetic materials with auxetic behavior [146,151,152] using many methods. 

In [144,148,153], the nonlinear properties were also considered in the optimization of material 

microstructures with the programmable Poisson’s ratios, and a subsequent shape optimization 

was applied to achieve any given Poisson’s ratio in 3D auxetic microstructures [148]. Zong 

et al [149] developed a two-step design process for microstructures with the desired Poisson’s 

ratios, where material optimization method was firstly used to generate a preliminary solution 

and then boundary evolvement optimization was applied to refine the quality of the structural 

surfaces for the manufacturing. The PLSM was also used to optimize auxetic microstructures 

[143]. The polygonal finite elements were employed to realize the topology optimization of 

auxetic structures with the used of compliant mechanisms [152]. Topology optimization has 

been applied to implement 3D auxetic microstructures, but it still keeps challenging when the 

iterative efficiency comes into the picture. For instance, in [142], a highly dense finite element 

mesh (1003) to ensure the numerical precision was used in the optimization of 3D material 

microstructures with the auxetic behavior, but with a large number of iterations (overall 3000), 

which might limit the further applications of most topology optimization methods in finding 

the novel auxetic microstructures. An alternative strategy, that the geometric symmetries are 

pre-imposed on material microstructures, is discussed to reduce the design freedoms to a great 

extent [148,149]. However, the reduced design space might lower the possibility to search for 

the novel auxetic microstructures. Hence, a more effective and efficient topology optimization 

method for designing 3D auxetic metamaterials is still in demand. As shown in Figure 2-11, 

several auxetic metamaterials with the NPR microstructures in both 2D and 3D are provided. 

In the first red box of Figure 2-11, a series of 2D auxetic metamaterials are presented, where 
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the corresponding auxetic microstructures are optimized by topology optimization methods 

on the basis of material description models and boundary description models. In the second 

red box of Figure 2-11, 3D auxetic metamaterials with the re-entrant deformation mechanism 

and the chiral deformation mechanism are also provided, where material description models 

and boundary description models are both employed. 

Additionally, a composite material, which is made from two or more constituent materials, 

has significantly or preferably physical, chemical or mechanical properties [154] if compared 

to traditional materials, like stronger, lighter or less expensive. Recently, the applications of 

the composites have made great progress in some engineering fields. It is known that one of 

the main limitations of auxetic materials is too porous to afford structural loads in the designs 

(not stiff enough) [127–129,135]. Hence, the auxetic composites with the multiple functionals 

has become more and more important in the engineering. [155] proposed a concept to develop 

composite structures with isotropic NPR behavior, and the fabrication of a 3D double-arrow-

head auxetic structures was also discussed in [156]. Hybrid materials with spherical and cubic 

inclusions were addressed in [157]. As far as topology optimization for auxetic composites, a 

reconciled level set method was employed to optimize the bi-material microstructures with 

the NPRs [158], where a series of 2D re-entrant auxetic composite microstructures and only 

a 3D case were found. Topology optimization for the chiral auxetic composites with the bi-

material microstructures in 2D were also studied [151], where the specific initial designs with 

the chiral features were defined to ensure the generation of the chiral deformation mechanism 

in final designs. As we can conclude, only a few numbers of works have been performed for 

auxetic composites, particularly in 3D, which constrains their further engineering applications. 
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Moreover, a unified topology optimization formulation for the re-entrant and chiral auxetic 

composites is still in demand. Hence, we can easily see that a rational design and realization 

for 2D and 3D auxetic composites is still in demand. It is an important and meaningful attempt 

to develop the IGA-based topology optimization methods for the rational design of material 

microstructures with the auxetic behavior. 

2.4 The framework of the thesis 

Firstly, as far as topology optimization methods, the material description models with several 

positive features have been widely employed to solve many engineering problems, as already 

discussed in the previous sections. However, the previous works that topology optimization 

methods are developed using the IGA-based material description models, still have several 

challenges, like the unfavorable designs, numerical issues to affect the optimization stability, 

and so on. The advantages of IGA cannot be sufficiently considered in the developments of 

topology optimization methods using material description models. Hence, in the current work, 

the main intention is to develop a new isogeometric topology optimization method based on 

material description models, which can naturally inherit the positive features of IGA and also 

material description models. The developed ITO method can offer more benefits for the latter 

researches to solve many optimization problems. 

Secondly, as far as the topology optimization for auxetic materials, including metamaterials 

and composites, the previous works still encounter several numerical difficulties, such as the 

high computational cost of 3D problems to find the novel topologies of auxetic metamaterials, 

the rational discussions about how to obtain auxetic metamaterials with different deformation 

mechanisms, including the chiral-type and re-entrant features. Hence, in the current work, the 
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key intention is to find a series of novel and interesting auxetic metamaterials and composites 

using the proposed ITO method, which can be also applied to demonstrate its superior abilities 

on the problem of metamaterials design. 

As shown in Figure 2-13, a basic framework of the current work with the logical relationship 

is provided. In Chapter 3, the ITO method with the superior features is firstly proposed, and 

its efficiency and efficacy are validated. Chapter 4 presents a new multi-material interpolation 

model and then which is considered in the ITO method to develop the M-ITO method for the 

optimization of multiple materials. In Chapter 5, the ITO is combined with an energy-based 

homogenization method to develop materials design formulation for auxetic metamaterials 

with a series of novel and interesting topologies in both 2D and 3D. In Chapter 6, the designs 

of auxetic composites are also studied using M-ITO method combined with the energy-based 

homogenization method, where a family of novel and interesting auxetic composites can be 

also found in not only 2D, but also 3D. Finally, Chapter 7 shows the summary and prospects. 

 

Figure 2-13 The framework of the current work with the logical relationship  
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Chapter 3 An ITO method using density distribution 

function (DDF)  

In this chapter, we aim to develop a new Isogeometric Topology Optimization (ITO) method 

using an enhanced Density Distribution Function (DDF) with the sufficient smoothness and 

continuity, that will be more effective and efficient. It should be noted that the work in this 

chapter comes from the published paper [105]. In the DDF, the Shepard function is firstly 

applied to improve the overall smoothness of nodal densities at control points, and the DDF 

is constructed by NURBS basis functions linearly with the smoothed nodal densities. The IGA 

and DDF are further employed to develop the ITO formulation for minimizing the structural 

mean compliance. The ITO method will be applied to optimize not only 2D structures with 

the rectangle, curved and complex design domains, but also the 3D scenario. Meanwhile, the 

SLS technique is used to fabricate the optimized 3D designs, which demonstrates the benefits 

of the additive manufacture for the realization of topologically optimized results. 

3.1 NURBS-based IGA 

It is known that the key intention of IGA is to keep the geometry exact using the same NURBS 

basis functions for CAD and CAE models, and the basis functions used to exactly model the 

geometry serve as the basis for the solution space in numerical methods, like the Galerkin’s 

method [159]. Currently, a large number of candidate computational geometry technologies 

can be applied into IGA, where NURBS work as the industry standard because of the major 

strengths to exactly model a wide array of objects [92]. 
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3.1.1 NURBS basis functions 

A knot vector with an ordered set of increasing parameters is introduced for the definition of 

the B-spline curve, written , where  is the  

knot,  is the number of basis functions to build the B-spline curve and  is the polynomial 

order. The knot vector partitions the parametric space into a series of sub intervals, generally 

referred to knot spans. The interval  is called a patch in the parametric space. The 

B-spline basis functions are defined recursively by the Cox-de-Boor formula, starting with 

piecewise constants ( ): 

  (3-1) 

For , the basis functions are defined by 

  (3-2) 

In the above equation, the fractions with the form 0/0 are defined as zero. It can be observed 

that the basis functions with  defined in Eqs. (3-1) and (3-2) are same as the standard 

piecewise constant and the linear finite element functions. The B-spline basis functions with 

the high order are completely different. Some important properties are listed as follows: 

 (1) Nonnegativity: . 

2) Local support: the support of each basis function  is contained in the interval 

. Also, at most  number of B-spline basis functions are nonzero in the given 

knot span , namely the . 
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(3) Partition of unity: For an arbitrary knot span, . 

(4) Continuity:  where  is the multiplicity of the knots. 

Although B-splines are flexible for modeling many geometries, some important shapes are 

not be exactly described, like circles and ellipsoids. Hence, NURBS acting as a generalization 

form of B-splines is introduced, and the NURBS basis functions are expressed by the B-spline 

basis functions with a positive weight , expressed as: 

  (3-3) 

In two and three dimensions, NURBS basis functions can be constructed as: 

  (3-4) 

where  and  are the B-spline basis functions in other two parametric directions, using 

knot vectors  and  .  are the polynomial 

orders in two parametric directions, respectively. 

3.1.2 Geometrical model and spatial discretization 

As shown in Figure 3-1 for the representation of a 3D Bridge-type structure, the 3D NURBS 

basis functions with a set of control points are employed. The structural design domain, the 

NURBS solid and the discretized IGA mesh are displayed in Figure 3-1 (a), Figure 3-1 (b), 
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and Figure 3-1 (c), respectively. The NURBS basis functions in three parametric directions 

are respectively listed in Figure 3-1 (d), (e) and (f). Given a control lattice , a tensor 

product NURBS solid  is defined in mathematical form, as: 

  (3-5) 

 
Figure 3-1 NURBS-based IGA for 3D Bridge-type structure 

, , 
; ; . 

As already pointed outed in [89,90], NURBS has some important properties, namely 1) Strong 

convex hull property; 2) Differentiability; 3) Local modification; 4) Variation diminishing 

property. The properties are important for the later construction of the DDF. In Figure 3-1 (a), 

it can be seen that the structure can be exactly represented by the NURBS basis functions with 

control points. The knot vectors partition the whole patch in the parametric space into an array 

of knot spans, called elements. In order to distinguish the elements in FEM, the knot spans 

are named by “IGA elements”. The IGA mesh is also presented Figure 3-1 (c). As displayed 
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in Figure 3-1 (b) and (c), the control points do not coincide with the nodes in IGA elements. 

The IGA mesh model is consistent with the geometrical model of the 3D Bridge-type structure. 

3.1.3 Galerkin’s Formulation for elastostatics 

As an example of application of the NURBS-based IGA, the linear elasticity is considered 

only for the sake of numerical simplicity but without losing any generality. A strong form of 

the boundary value problem for a design domain  bounded by the boundary  is formally 

stated. Given , , and , find  such that 

  (3-6) 

where  is stress tensor,  is the body force, and  is the prescribed boundary displacement 

on the Dirichlet boundary .  is the boundary traction on the Neumann boundary .  

is the unit normal vector to . Defining a trial solution space  and a weight 

space by , where each trial solution  satisfies the Dirichlet condition 

 on  and each weight function  is equal to 0 on the Dirichlet boundary . 

Given ,  and , find  such that for all , 

  (3-7) 

where  corresponds to the strain matrix,  is the elastic tensor matrix. In the Galerkin’s 

method, the finite-dimensional approximants of the spaces  and  are constructed by the 

NURBS basis functions, denoted by  and , which includes all linear combinations of 

the NURBS basis functions. The finite-dimensional nature of the function converts the weak 

form of the problem into a system of linear algebraic equations, and stated as a form: 
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  (3-8) 

Introducing a set containing all NURBS basis functions, denoted by , and a sub set 

containing the basis functions that are equal to 0 on the Dirichlet boundary , symbolled by 

 ( ). The trial solution  and weight  can be stated as a function of 

the basis functions with control variables: 

  (3-9) 

where  is the arbitrary to hold for all . Substituting Eq. (3-9) into Eq. (3-8), the 

Galerkin form is transformed into the next equation, given as: 

 

  (3-10) 
Proceeding to define 

  (3-11) 

Hence, Eq. (3-10) can be expanded a more compact matrix form, as: 

  (3-12) 

where, 

  (3-13) 

In IGA, the NURBS basis functions is firstly applied to model the exact geometry, and then 

discretize the structural geometry into a series of IGA elements, as well as serving as the basis 
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functions to construct the solution space and weight space. Hence, the NURBS basis functions 

can integrate the geometry construction, spatial discretization and numerical analysis into a 

framework. 

3.2 Density distribution function (DDF) 

It is known that the problem of the material distribution has been transformed to the spatial 

arrangement of finite elements in several previous works. The structural topology is expressed 

by the spatial arrangement of finite elements. Two basic requirements must be satisfied to 

ensure a justified density distribution [102–104]: 1) The nonnegativity of element densities; 

2) The strict bounds of element densities, namely [0, 1]. In this subsection, the main focus is 

the construction of the  enhanced DDF with the sufficient smoothness and continuity. Firstly, 

the Shepard function is applied to enhance the smoothness of nodal densities at control points. 

Secondly, the NURBS basis functions are combined with the preciously smoothed nodal 

densities to construct the DDF. In this way, The DDF can be regarded as a response surface 

with a higher dimension with respect to the nodal densities, which is used to represent the 

density distribution for the design domain. 

3.2.1 Smooth nodal densities using the Shepard function 

As shown in Figure 3-2, the cross-sectional view of the IGA mesh for the 3D Bridge-type 

structure is given, including the Gauss quadrature points plotted with the black, the control 

points shown by the red and green dots and the IGA elements bounded by black lines. In the 

NURBS solid, each control point is assigned by a nodal density, and a lattice of nodal densities 

at control points is defined. In the DDF, the overall smoothness of nodal densities should be 

improved to make sure the sufficient smoothness of the DDF. The basic principle is that each 
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nodal density is equal to the mean value of all nodal densities located at the local support area 

of the current nodal density, as shown by the purple circular area in Figure 3-2 (a), as: 

  (3-14) 

where  is the smoothed nodal density assigned to the  control point, and 

 is the initial defined nodal density which should maintain the nonnegative and the range-

bounded by 0 and 1.  and  are the numbers of the nodal densities located at the local 

support area of the current nodal density in three parametric directions respectively.  

is the value of Shepard function [160] at the  nodal density, and expressed as: 

  (3-15) 

where  is the weight function of the  nodal density, and the function can be 

constructed by many functions, such as the widely used inverse distance weighting function, 

the exponential cubic spline, quartic spline functions and radial basis functions (RBFs) [161]. 

The compactly supported RBFs (CSRBFs) with C4 continuity are used due to the compactly 

supported, the high-order continuity and the nonnegativity, by: 

  (3-16) 

where , and  is the Euclidean distance between the current nodal density and the 

other nodal density located at the local support domain.  is the radius of the local support 

domain which reflects the scale of the local support domain, as shown in Figure 3-2 (a). The 

symbol  denotes the choice of the values larger than 0. It can be seen that the smoothed 
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nodal densities assigned to the control lattice by the Shepard function can meet the necessary 

conditions for a physically meaningful material density. 

3.2.2 NURBS for the construction of the DDF 

In this section, the NURBS basis functions are linearly combined with the nodal densities of 

control points with the enhanced smoothness to construct a function for the material density. 

Assuming that the DDF in the structural design domain is denoted by , given as: 

  (3-17) 

It can be easily seen that Eq. (3-17) for the DDF has the same mathematical formulation for 

NURBS solid in Eq. (3-5). The main difference lies in the physical meanings of the control 

coefficients. Here, the initial NURBS-based geometrical model for 3D structure has been 

converted into a representation of the 3D DDF. As already pointed out in Section 3.1.1, the 

NURBS basis functions have the local support property. The global form of the DDF can be 

expanded as a local form depended on the local support domain of the current knot 

 , that 

  (3-18) 

It can be seen that the properties 1 to 3 of the NURBS basis functions can ensure the DDF 

with two properties: 1) the Nonnegativity; 2) Strict bounds. Hence, the DDF in Eq. (3-18) can 

be featured with the strict physical meanings in the optimization formulation. It is important 

to note that the NURBS basis functions do not satisfy the interpolation property, which has 

no effect on the DDF. The main reason is that control points are not necessary on the design 
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domain. The nodal densities only work as control coefficients in the combination with the 

NURBS basis functions to construct the DDF. This is the key difference compared to the 

previous works where material density functions are developed by Lagrange polynomials 

[98–104]. Moreover, the variation diminishing property of NURBS removes the oscillatory 

of Lagrange polynomials [89,90], which ensure the sufficient smoothness and continuity of 

the DDF. In the Galerkin IGA formulation, the system stiffness matrix and load vector are 

achieved by assembling the local stiffness matrix and load vector, respectively. The design 

domain is discretized by a series of IGA elements. The evaluation of the IGA element stiffness 

matrix is performed by the Gauss quadrature. In the physical space, the IGA element stiffness 

matrix and force vector are calculated by: 

  (3-19) 

where  is the physical domain of the IGA element, as displayed in Figure 3-2,  is the 

Neumann boundary condition of the IGA element and  is the Dirichlet boundary condition 

of the IGA element.  is the strain-displacement matrix calculated by the partial derivatives 

of the NURBS basis functions with respect to the parametric coordinates, as defined by Eq. 

(3-11). The isoparametric formulation has been employed in evaluating the element stiffness 

matrix. As shown in Figure 3-2, a mapping  from the parametric space to the 

physical space and an affine mapping  from the bi-unit parent element to the 

element in the parametric space are introduced. The integral for the IGA element stiffness 

matrix is pulled back first onto the parametric element and then onto the bi-unit parent element, 

which involves the inverses of the two mappings. The detailed form is given by: 
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  (3-20) 

 
Figure 3-2 Cross-sectional view of the IGA mesh for the 3D Bridge-type structure 

where  and  are the Jacobi matrices of the two mappings, respectively. All the Gauss 

quadrature points in the IGA mesh and a  of the Gauss quadrature points in each IGA 

element are shown in Figure 3-2. The detailed numerical computation is given by: 

  (3-21) 

where  and  are the corresponding quadrature weights. In the material description 

model, the elasticity property of the isotropic material is assumed to be a power function of 

the density with a penalty parameter. Hence, IGA element stiffness matrix can be expressed 

as a function of the material densities of the Gauss points, rather than the constant element 

density [98–103], as follows: 

  (3-22) 

where  is the density of the  Gauss quadrature point, and  denotes 

the penalization parameter.  is the elastic tensor matrix for the solid density. 
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3.3 Isogeometric topology optimization (ITO) 

3.3.1 ITO formulation to minimize static compliance 

In this Section, the DDF is adopted to develop the ITO formulation, with the IGA applied to 

calculate the related structural responses. Hence, the ITO formulation will iteratively optimize 

the density distribution represented by the DDF in the design domain, until the topology has 

the optimal stiffness performance. Here, nodal densities work as design variables at here to 

evolve the DDF during the optimization, given as: 

  (3-23) 

where  is the initial defined nodal densities to the control points.  is the objective.  

is the volume constraint, in which  is the maximum material consumption and  is the 

volume fraction of the solid material.  is the DDF.  is the displacement field within the 

structural design domain , and  is the prescribed displacement vector on the Dirichlet 

boundary .  is the virtual displacement field defined in the Sobolev space .  

and  are the bilinear energy and the linear load functions, defined as:  

  (3-24) 

where  is the body force and  is the boundary traction on the Neumann boundary . 
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3.3.2 Design sensitivity analysis 

The sensitivities of the objective and constraint functions with respect to the design variables 

are required to evolve the structural topology. In Eq. (3-23), the design variables are the nodal 

densities, and the derivative of the objective with respect to the DDF can be derived as: 

  (3-25) 

where  is the first-order of the displacement field with respect to the DDF. Performing the 

derivative on both sides of the equilibrium state equation given in Eq. (3-24), given by: 

  (3-26) 

where  is the first-order derivative of the virtual displacement field with respect to the 

DDF. Considering that , the equilibrium state equation is given as: 

  (3-27) 

Substituting Eq. (3-27)into Eq. (3-26) and removing all the terms containing , and a much 

more compact form of Eq. (3-26) can be obtained, as: 

  (3-28) 

As we know, the static compliance problems are self-adjoint [1]. Eq. (3-28) can be expanded 

as a form: 
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  (3-29) 

Substituting Eq. (3-29) into Eq. (3-25). The first-order sensitivity of the structural compliance 

with respect to the DDF is gained, explicitly as: 

  (3-30) 

It can be easily seen that the final form of the sensitivity of the optimized objective can be 

directly gained by calculating the first-order derivative of the elastic tensor with respect to the 

DDF. As given in Eq. (3-22), the elastic tensor of the isotropic material is assumed to be an 

exponential function of the DDF. Eq. (3-30) can be expanded as a new form, by: 

  (3-31) 

where  is the penalty parameter, equal to 3, and  is the material constitutive elastic tensor. 

The first-order derivative of the volume constraint is given as: 

  (3-32) 

As described in Section 3.2, the DDF is developed by the NURBS basis functions with the 

smoothed nodal densities of the control points. The smoothed nodal densities of the control 

points are developed by the Shepard function. Firstly, the sensitivity analysis of the DDF with 

respect to the smoothed nodal densities of the control points are derived by: 

  (3-33) 
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where  denotes the NURBS basis function at the computational point . 

The derivatives of the smoothed nodal densities with respect to nodal densities are given as: 

  (3-34) 

where  is the value of the Shepard function at the current control point . It is 

important to note that the above computational point  is different from the control 

point . The control points are not on the structural design domain and only work as the 

control coefficients to construct the DDF. However, the computational points are located at 

the design domain. In the current formulation, the computational points correspond to the 

Gauss quadrature points. The first-order derivatives of the objective and constraint functions 

with respect to the nodal densities are derived based on the chain rule, and the final detailed 

form of the first-order derivatives is explicitly described by: 

  (3-35) 

It can be easily seen that the first-order derivatives of the objective are negative due to the 

nonnegativity of the NURBS basis functions and the Shepard function. 
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3.4 Numerical implementations 

The OC method [162] is applied to solve the formulation due to its superior characteristic for 

the optimization problems with a large number of design variables and only a few constraints. 

An efficient heuristic updating scheme is given and the detailed formulation can refer to 

[79,83,163], as: 

  (3-36) 

where  are the move limit and the damping factor, respectively.  is the updating 

factor for the  design variable at the  iteration step. 

  (3-37) 

 is a very small positive constant to avoid the zero term in the denominator.  is the 

Lagrange multiplier at the  iteration step, which is updated by a bi-sectioning algorithm  

[1]. The flowchart of the current developed ITO framework is shown in Figure 3-3. The main 

parts are given within red boxes, namely: (1) The geometrical model constructed by NURBS; 

(2) The development of the numerical analysis model (the IGA mesh); (3) The improvement 

of the smoothness of the nodal densities by the Shepard function; (4) The construction of the 

DDF using NURBS for 2D and 3D; (5) The evaluation of the unknown structural responses 

by the NURBS-based IGA; (6) The evolving of the DDF. 
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Figure 3-3 The flowchart of the ITO method 

According to the flowchart of the ITO method, the NURBS basis functions bridge the density 

distribution function and IGA to solve the unknown structural responses. In the DDF, NURBS 

basis functions are applied to construct the NURBS to represent material density, and which 

are then employed to construct the solution space. Hence, the geometrical model and analysis 

model can be integrated into a same mathematical formula, namely the IGA. Additionally, the 

current isogeometric topology optimization formulation intends to optimize the DDF with the 

improvement of structural performance, rather than seeking for an appropriate distribution of 

an array of discrete element densities. 

3.5 Numerical examples 

In this section, several numerical examples in 2D and 3D are provided to demonstrate the 

effectiveness and efficiency of the ITO method. In all examples, the Young’s moduli for solid 

materials are set as 1. The Poisson’s ratio is set to be 0.3. The imposed point load magnitude 

is defined as 1. The Gauss quadrature points with 3×3 (2D) or 3×3×3 (3D) are chosen in each 
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IGA element. Meanwhile, it is noted that no filtering schemes are contained in the current 

work. The initial nodal densities assigned to the control points are all defined to be 1, and the 

penalty factor  for all examples is defined to be 3. The terminal criterion is that the  

norm of the difference of the nodal densities between two consecutive iterations is less than 

1% or the maximum 150 iteration steps are reached. 

3.5.1 Cantilever beam 

The structural design domain of the cantilever beam with the loads and boundary conditions 

is defined in Figure 3-4 (a), and two indices L and H are defined as 10 and 5, respectively. 

The NURBS surface to model the cantilever beam with the control net of points is displayed 

in Figure 3-4 (b) and the IGA mesh to discrete the design domain with Gauss quadrature 

points is shown in Figure 3-4 (c). The related modeling details are attached below Figure 3-

4. The allowable material volume fraction 𝑉0 is set as 30%. As shown in Figure 3-5 (a), an 

initial set of the nodal densities is provided, and all values are equal to 1. The corresponding 

densities at Gauss quadrature Points are given in Figure 3-5 (b), and the DDF of the cantilever 

beam is displayed in Figure 3-5 (c). 

 
Figure 3-4 The details of the Cantilever beam 
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; ,

; ; ; 

 
Figure 3-5 The initial design of cantilever beam 

 
Figure 3-6 The optimized results of cantilever beam 

 
Figure 3-7 The intermediate DDFs 
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As shown in Figure 3-6, the optimized results are given, including the optimized distribution 

of nodal densities at the control points in Figure 3-6 (a), densities at Gauss quadrature points 

in Figure 3-6 (b) and the DDF in Figure 3-6 (c). As we can see, the optimized response surface 

of the DDF is featured with the sufficient smoothness and continuity, which will be beneficial 

to represent the structural topology. As already pointed out in Section 3.2, it mainly originates 

from the Shepard function and NURBS basis functions. The former can guarantee the overall 

smoothness of nodal densities at control points. The latter assure the high-order continuity of 

the DDF, considerably depended on the orders of NURBS basis functions. Meanwhile, the 

intermediate results of the DDF during the optimization from iterations 1 to 85 are also shown 

in Figure 3-7. As we can see, the updating of the DDF in the optimization is very stable. 

As displayed in Figure 3-6, the optimized densities in the DDF mostly approach the lower or 

upper bounds, namely 0 or 1. In order to achieve an appropriate architecture of the cantilever 

beam, a heuristic criterion is introduced to define the structural topology using the optimized 

DDF. The corresponding mathematical model is expressed in Eq. (3-38), as: 

  (3-38) 

where  is a constant. Hence, structural boundaries of the optimized topology are expressed 

by the iso-contour of the response surface expressed by the DDF. The densities smaller than 

 of the DDF denote voids in the optimized topology and the DDF with the densities larger 

than  describe the solids. It can be seen that the heuristic scheme to define the structural 

topology using the DDF is similar to the LSM [13–15]. However, the proposed ITO method 
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for the optimization of continuum structures is not developed in a framework of the Hamilton-

Jacobi partial differential equation. The mechanism in Eq. (3-38) can be just viewed as a post-

processing scheme to define the topology. The core of the ITO method is the optimization of 

the sufficiently smooth and continuous DDF. In this work,  is a suitable value to 

define the topology using the DDF, owing to the optimized densities of the DDF are mostly 

distributed nearly 0 or 1. The final topology of the cantilever beam is provided in the second 

column of Table 3-1, and densities at Gauss quadrature points with the values larger than 0.5 

in a 2D view are given in Table 3-1. As we can see, the 2D view with  is similar to 

the topology. A minor difference is that the topology is featured with the sufficiently smooth 

boundaries and clear interfaces between the solids and voids. The optimized objective value 

and the total iterative step are also given. A limited number of the iterations to arrive at the 

convergent condition shows the efficiency of the ITO method. 

Table 3-1 The optimized results of the cantilever beam 
The 2D-view DGQP Topology Obj Num 

  

129.88 85 

Finally, the iterative curves for the objective function and volume fraction are displayed in 

Figure 3-8, with the red curve to represent the evolving of the objective function and the blue 

curve to show the variation of the volume fraction. It can be easily seen that the convergent 

curves are featured with a clear, smooth and fast convergence, which shows the effectiveness 

and efficiency of the ITO method. The intermediate results of the topology are also provided 

in Figure 3-8. 
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Figure 3-8 Convergent histories 

3.5.1.1 Discussions of mesh dependency 

In this subsection, we discuss the influence of the IGA mesh on the optimization. The knot 

vectors in three cases are listed in Table 3-2, and the corresponding IGA meshes have 80×40, 

120×60 and 140×70 elements in cases 1, 2 and 3, respectively. The numbers of control points 

are 83×43, 123×63 and 143×73, respectively. The maximum volume fraction is set as 30%. 

Table 3-2 Knot vectors in three cases 
Case Knot vectors 

1 
, 

. 

2 
, 

. 

3 
, 

. 

The initial values of nodal densities at control points are still defined to be 1. The optimized 

results of three cases are shown in Figure 3-9, including densities at Gauss quadrature points, 
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the 2D view of the densities with the values larger than 0.5, the DDF and the topology. The 

corresponding numerical results in three cases, consisting of the optimized objective function, 

the total iterations, the volume fraction of the topology are listed in Table 3-3, respectively. 

As we can see, the optimized DDFs and topologies in three cases are mostly identical, which 

demonstrates the ability of the ITO method to eliminate the mesh dependency. The main cause 

is that the NURBS for the representation of the DDF has the intrinsic filter [96]. As discussed 

in [96], the filter scale is dependent on the orders of NURBS basis functions and knot spans 

in all parametric directions. Moreover, the topology in Case 3 with the finest IGA mesh has 

the best performance, and volume fraction is also closest to the prescribed maximum material 

consumption 30%, and more iterations are required to meet the convergent criterion owing to 

the increasing of design variables. In terms of choosing the IGA mesh in the optimization, it 

is also a trade-off between the computational cost and numerical precision. In general, a mesh 

with 100×50 is a great choice. 

 
Figure 3-9 The optimized results in three cases 

Table 3-3 The numerical results in three cases 
Case 1 with a mesh 80×40 Case 2 with a mesh 120×60 Case 3 with a mesh 140×70 

Obj Num Vol Obj Num Vol Obj Num Vol 
144.33 67 30.56% 122.08 86 30.16% 117.01 101 30.07% 
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3.5.1.2 Discussions of the Shepard function 

In this subsection, two numerical cases are performed to address the influence of the Shepard 

function on the optimization, where the construction of the DDF does not employ the Shepard 

function to improve the smoothness of nodal densities. Two cases have different orders of 

NURBS basis functions, namely the 1-order basis functions in Case 1 and 3-order in Case 2. 

Other parameters are consistent with the first example, and the initial design of the cantilever 

beam in Figure 3-5 is utilized in two cases. 

Table 3-4 The optimized results in two cases 
Case 1 with 1-order 

DDF Topology Obj Num Vol 

  

111.86 None 30.88% 

Case 2 with 3-order 

  

119.45 None 30.49% 

The optimized results of two cases are provided in Table 3-4, including the DDF, the topology, 

the objective function, the total steps, and the volume fraction of the topology. It can be seen 

that the optimized results in Case 1 are featured with “islanding” or “layering” structures, 

“zig-zag” or wavy structural boundaries. However, the numerical issue of the “islanding” or 

“layering” structures is removed in the final topology of Case 2. In order to show the influence 

of the Shepard function and the order of basis functions on the “islanding” and “layering” 

numerical artifact in detail, the intermediate topologies in Cases 1 and 2 are presented in 

Figure 3-10, respectively. As we can see, the “islanding” and “layering” structures are easily 
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occurred during the optimization in Case 1, as shown in Figure 3-10 (ac), (ad) (ae) and (af). 

The NURBS filter is inactive in the elimination of the numerical issue, if the order is equal to 

1 [96]. Elevating the order of the NURBS basis functions can increase the filter scale. As 

shown in Figure 3-10 (bd), the formed “islanding” and “layering” structures in Case 2 can be 

removed in the final topology. 

 
Figure 3-10 Intermediate topologies 

As given in Table 3-4, the “zig-zag” or wavy structural boundaries are existed in the optimized 

topologies of Cases 1 and 2, which introduce some difficulties for the latter manufacturing. 

Similar to some results in [95] where densities at control points are applied to represent the 

structural topology, the wavy and blurry structural boundaries are also occurred, due to a fact 

that the overall smoothness of nodal densities is not improved. Meanwhile, the optimizations 

in two cases are not stable, and the final change of nodal densities between consecutive steps 

cannot satisfy the defined criterion. Hence, we can confirm that it is imperative to consider 

the Shepard function in the construction of the DDF, not only ensure the sufficient smoothness 

and continuity, but also improve the stability of the optimization. 
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3.5.1.3 Discussions of the initial design 

In this subsection, the influence of the initial design on the optimization will be investigated 

in three cases, where three different initial designs of nodal densities are employed, as shown 

in Figure 3-11. As we can see, nodal densities are homogenously distributed and equal to 0.5 

and 0.3, respectively. In the initial design 3, the definition of nodal densities is not uniformly 

configured in the structural design domain, with a part of nodal densities equal to 0. Other 

design parameters keep consistent with the first example, shown in Figure 3-4. The maximum 

material consumptions in three cases are equal to 30%. 

 
Figure 3-11 Nodal densities at control points in three cases 

The optimized designs in three cases are displayed in Figure 3-12, including the optimized 

densities at Gauss points, the DDF and the topology. It can be easily seen that the optimized 

topologies are mostly identical in three cases, and only the topology in case 3 has the minor 

difference. The related numerical results of three cases are listed in Table 3-5, containing the 

optimized objective values, the total convergent steps and the volume fraction of the topology. 

As we can see, the objective functions in three cases are mostly identical, and only Case 3 has 

a larger structural mean compliance, namely 131.32. We can confirm that the initial design 

of nodal densities in a homogenous distribution has a negligible effect on the optimization, as 

shown in Table 3-1 and Figure 3-12. Moreover, the homogenous nodal densities are beneficial 

to the latter optimization of structures, and the non-uniform distributed nodal densities might 

lead to a local optimum. 
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Table 3-5 The numerical results in three cases 
Case 1 with the initial design 1 Case 2 with the initial design 2 Case 3 with the initial design 3 

Obj Num Vol Obj Num Vol Obj Num Vol 
130.15 72 30.12% 130.08 71 30.12% 131.32 82 30.54% 

 
Figure 3-12 The optimized designs in three cases 

3.5.2 Quarter annulus 

In this subsection, a quarter annulus with the loads and boundary conditions is defined Figure 

3-13 (a), and two indices r and R are set as 5 and 10, respectively. The NURBS surface with 

control points and the IGA mesh with Gauss quadrature points are shown in Figure 3-13 (b) 

and (c), respectively. The maximum material volume fraction is set as 40%. The initial design 

of the quarter annulus is shown in Figure 3-14. 

 
Figure 3-13 Quarter annulus 
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, ; 
; 

The optimized designs, including the densities at Gauss quadrature points, the 2D view of 

densities larger than 0.5, the DDF and topology, are shown in Figure 3-15. Similar to Section 

6.1, the optimized topology is featured with the smooth structural boundaries and the distinct 

interfaces between solids and voids. Meanwhile, the DDF is also featured with the sufficient 

smoothness and continuity, and the intermediate DDFs during the optimization are also shown 

in Figure 3-16. As we can see, the evolving of the DDF is featured with the high stability and 

can quickly reach the defined convergent criterion, which can demonstrate the effectiveness 

and efficiency of the proposed ITO method. 

 
Figure 3-14 The initial design of quarter annulus 

 
Figure 3-15 The optimized results of quarter annulus 

Meanwhile, the iterative histories of the objective function and volume fraction of the DDF 

are also shown in Figure 3-17. It can be easily seen that the volume fraction of the DDF can 

quickly arrives at the prescribed maximum material consumption. Then, the DDF is gradually 

advanced to improve the structural stiffness performance. The major structural features are 

formed in the former iterations (nearly 30 steps) and more iterations are spent to slightly adjust 

the geometric details until the optimal design is found. Moreover, the intermediate topologies 
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are also attached with the display of the iterative curves, shown in Figure 3-17. The volume 

fraction of the final topology is also re-calculated, equal to 40.41%. Hence, we can confirm 

that the scheme to define the structural topology using the DDF is relatively applicable. 

 
Figure 3-16 The intermediate DDFs 

 
Figure 3-17 Convergent histories 
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3.5.2.1 Discussions of the order of NURBS basis functions 

This subsection aims to address the influence of the order of NURBS basis functions on the 

optimization of the curved structures. The order of the NURBS basis functions is defined in 

three cases, namely 2, 3 and 4. The corresponding knot vectors are defined in Table 3-6. The 

maximum material consumptions in three cases are all defined as 40%. The initial values of 

nodal densities in three cases are all equal to 1. 

Table 3-6 Knot vectors in three cases 
Case Knot vectors 

1 , . 

2 , . 

3 
, 

. 

The optimized designs, including densities at Gauss quadrature points, 2D view of densities 

larger than 0.5, the DDF and topology in three cases are shown in Figure 3-18. The numerical 

results of three cases are all listed in Table 3-7, consisting of the optimized objective function, 

the total iterations and volume fraction of the final topology. It can be easily to find that the 

optimized topologies in three cases are nearly identical. As given in Table 3-7, the optimized 

objective functions in three cases increase with the elevation of the order of the NURBS basis 

functions, owing to the fact that the high-order IGA elements are usually softer than the lower-

order ones [159]. Meanwhile, it is important to note that the total iterative steps are gradually 

decreased if the order is elevated. The reason is that the high-order NURBS basis functions 

cannot only exactly capture the geometry, but also ensure the computational precision, which 

can be beneficial to enhance the stability of the optimization. The iteration can quickly arrive 

at the convergent criterion. Additionally, the volume fractions of the optimized topologies in 

three cases are nearly equal to 40%. 
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Table 3-7 The numerical results in three cases 
Case 1 with 2-order Case 2 with 3-order Case 3 with 4-order 

Obj Num Vol Obj Num Vol Obj Num Vol 
108.23 112 40.47% 110.39 97 40.41% 114.07 72 40.12% 

 
Figure 3-18 The optimized designs in three cases 

3.5.3 Complex structure 

In this section, we present the ability of the developed ITO method to optimize the complex 

structure. It is difficult to use a single IGA patch to parametrize the geometry, and multiple 

patches are required. As shown in Figure 3-19 (a), a complex structure with the loads and 

boundary conditions is defined. The structural sizes are defined as: L=9, H=5 and 2r=3.75. 

The corresponding IGA mesh with four patches is also displayed in Figure 3-19 (b). The 

maximum volume fraction is set to be 30%. The initial nodal densities at control points are 

defined to be 1. The details of the parametrization are listed below Figure 3-19. 

 
Figure 3-19 The details of the complex structure 
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; ,

; ; 

 
Figure 3-20 The optimized designs 

 
Figure 3-21 Convergent histories 

As shown in Figure 3-20, the optimized designs are provided, including densities at Gauss 

quadrature points, the 2D view of densities larger than 0.5, the DDF and the final topology. 

The DDF is featured with the sufficiently smoothness and continuity, and the final topology 

has the smooth structural boundaries and distinct interfaces between the solids and voids. 

Meanwhile, the iterative histories of the objective and constraint functions are displayed in 

Figure 3-21. It can be easily found that the optimized topology with the maximum stiffness 

performance can be quickly found by the ITO method in 75 iterations. Hence, the ITO method 

for the structure parametrized by multiple patches is also featured with the high efficiency 
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and perfect stability. Additionally, the volume fraction of the topology is equal to 30.36%, 

also nearly equal to the prescribed value 30%, which displays the reasonability of the scheme 

in Eq. (3-38). 

3.5.4 3D Michell structure 

In this section, the ITO method is applied to optimize 3D structures to demonstrate its utility. 

As shown in Figure 3-22 (a), a 3D Michell structure with the loads and boundary conditions 

is defined, and the corresponding NURBS solid and the refined IGA mesh are displayed in 

Figure 3-22 (b) and (c), respectively. The maximum volume fraction 𝑉0 is set as 15%, and the 

initial values of nodal densities are also defined to be 1. 

 

Figure 3-22 The details of 3D Michell structure 
; ; ,

, . 

The optimized results of the 3D Michell structure are provided in Table 3-8. The 3D view of 

the densities at Gauss quadrature points with the values larger than 0.5 is given in the first 

column, and the optimized 3D topology is displayed in the second column. In order to display 

the interior details of the topology, a cross-sectional view of the optimized 3D topology is 

presented in the final column. It is easily to see the optimized 3D topology is still featured 

with the smooth structural boundaries and distinct interfaces between the solids and voids. 
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The iterative curves of the objective function, the volume fraction and the change are all 

shown in Figure 3-23. As we can see, the total iterations are equal to 34, which demonstrate 

the superior efficiency of the ITO method to seek the optimized 3D topology. Meanwhile, the 

advancing of the change of nodal densities between two consecutive iterations is very stable. 

The intermediate topologies of the 3D Michell structure are also presented in Figure 3-24. 

Additionally, the volume fraction of the final 3D topology is also calculated, equal to 15.31% 

(nearly 15%), which also shows the post-definition scheme is appropriate. 

Table 3-8 The optimized results of 3D Michell structure 
3D view of densities Topology Cross-sectional view 

   

 
Figure 3-23 Convergent histories 

Finally, the optimized topology of the 3D Michell structure can be directly outputted in a 

“STL.file” format and then additively fabricated by the STL technique. The 3D prototypes in 
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three different views are shown in Figure 3-25. Hence, a systematic procedure for continuum 

structures with the optimized stiffness performance from the conceptual design stage to the 

manufacturing phase is realized. 

 
Figure 3-24 The intermediate topologies 

 
Figure 3-25 3D printing prototype of the 3D Michell structure 
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3.6 Conclusions 

In this chapter, a more effective and efficient ITO method with the enhanced DDF that has 

desired smoothness and continuity is proposed for the design of continuum structures. Two 

procedures are mainly involved in the construction of the DDF, namely the improvement of 

the smoothness of nodal densities and the NURBS parametrization. The ITO formulation is 

developed for the minimization of the structural mean compliance. 

Several numerical examples in 2D and 3D are tested to show the effectiveness and efficiency 

of the proposed ITO method. It can be found that the DDF with the desired smoothness and 

continuity has a significant influence on the optimization of 2D and 3D structures with the 

rectangular design domain, the curved shape and the complex geometry. Meanwhile, the final 

topologies are featured with smooth boundaries and distinct interfaces between the solids and 

voids. The optimization of 3D structures presents the effectiveness of the ITO method and the 

topologically optimized 3D designs are prototyped using the SLS technique. 
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Chapter 4 A multi-material ITO (M-ITO) method using a 

NURBS-based Multi-material Interpolation (N-MMI) 

Overall speaking, the multi-material topology optimization problems pose more challenges 

than the single-material designs. The first work might go back to [164], which employed the 

homogenization technique to design a structure with one or two materials. A mixture rule for 

the interpolation of three-phase material properties was proposed in the framework of the 

SIMP method to design composites with extreme thermal expansion [165] and extreme bulk 

modulus [166], which has been applied to the optimization design of multiphysics actuators 

[167] and reinforced concrete structures [168]. Stegmann and Lund [169] proposed a discrete 

material optimization (DMO) to optimize composite laminate shell structures. Then, Gao and 

Zhang [170] extended the mixture rule and DMO to multi-material problems with the total 

mass constraint, where the recursive multiphase materials interpolation (RMMI) model and 

uniform multiphase materials interpolation (UMMI) model were studied. Later, many multi-

material topology optimization methods were developed, like the peak function to decrease 

design variables [171], the ordered SIMP interpolation [172], and the alternating active-phase 

algorithm [173] to split the multi-material optimization into an array of the binary designs. 

[174] also developed a continuum topology optimization framework for the multi-material 

compliance minimization considering arbitrary volume and mass constraints. The LSMs also 

have been applied to solve several multi-material problems, such as a “color” level set [61] 

and the MM-LS topology description model [76] in a parametric LSM [175]. In the multi-

material topology optimization, a critical ingredient lies in how to develop an effective multi-
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material interpolation model. Several challenges will be involved: (1) How to exactly capture 

each distinct material in a designable element or point; (2) No overlaps: a designable element 

or point only has a unique phase; (3) No redundant phases: the design domain is occupied by 

all materials and the void phase. However, the developed multi-material interpolation models 

in the previously-mentioned works might not be effective in some problems. For instance, the 

RMMI model has no capability to ensure the multi-material optimization can seek the optimal 

design subject to the total mass constraint [170], where a set of design variables is defined to 

determine the existence of all materials and other sets work as topology variables to determine 

the selection of materials. In the UMMI model, each set of design variables can be regarded 

as the set of topology variables to determine the distribution of a unique material. In the above 

developed multi-material interpolation models, including the earlier mixture rule, the DMO 

scheme, the RMMI and UMMI models, a similar feature is existed, where the design variables 

and topology variables are expressed in coupled manner and evolved in a parallel mechanism 

in the optimization. The coupled expression and parallel evolving cause several numerical 

troubles in solving multi-material problems, like the unrealistic designs with the “mixed” 

material or a local optimal design [120,170]. Hence, we can find that numerical troubles of 

the multi-material interpolation models still affect the effectiveness of the optimization to 

some extent. It is of great importance to develop a more effective multi-material ITO method 

with the superior capability to seek the optimal layouts of multiple materials. 

In this chapter, we intend to propose a Multi-Material Interpolation model using NURBS (N-

MMI), and then apply it to develop a new multi-material isogeometric topology optimization 

(M-ITO) method, which has more effectiveness on solving the multi-material problems with 

both multiple volume constraints and total mass constraint. In the N-MMI model, two kinds 
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of variables are introduced, respectively, namely the Fields of Design Variables (DVFs) and 

Fields of Topology Variables (TVFs), which are formulated in a manner of the decoupled 

expression and serial evolving, rather than the coupled and parallel manner. The decoupled 

expression and serial evolving of the DVFs and TVFs can make sure all constraint functions 

are separate and linear with respect to TVFs, which can be beneficial to solve multi-material 

problems, particularly for the problem with the total mass constraint. 

4.1 NURBS-based Multi-Material Interpolation (N-MMI) 

The earlier works have developed many different multi-material interpolation models for 

solving problems, such as the mixture rule [165,166] and the DMO scheme [169]. The design 

variables and topology variables are coupled in a mathematical symbol, like 𝐱, which makes 

design variables and topology variables to be evolved in the parallel mechanism. In the current 

work, the main intention of the proposed N-MMI model is to decouple the design variables 

and topology variables, which will be advanced in a serial manner. 

In terms of the multi-material topology optimization problem, it is assumed that  distinct 

materials need to be distributed in the structural domain. we need to introduce  Fields of 

Topology Variables (TVFs) , each of field determines the distribution 

of a unique material. In order to define the TVFs,  Fields of Design Variables (DVFs)  

 are introduced in the structural design domain, and each TVF is defined by 

a combination of all DVFs. 

4.1.1 The Field of Design Variables (DVF) 

The DVFs are used to construct the TVFs, and two basic requirements should be maintained 

to ensure the justified topology variables: 1) Nonnegativity; 2) Strict bounds. we can see that 
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two conditions are same as the introducing of the nodal densities to define the topology in 

some previous works, e.g. [98,100,102,104]. The construction of the DVF inherits the 

principle of NURBS, where the NURBS basis functions are linearly combined with the nodal 

design variables and each control point is assigned by a nodal design variable. As shown in 

Figure 4-1 (a), the control points are plotted by the red color. The nodal design variables 

assigned to control points are varied in a bound [0, 1], displayed in Figure 4-1 (b), and the 

corresponding DVF for the design domain is shown in Figure 4-1 (c). 

 
Figure 4-1 The construction of the DVF 

4.1.1.1 Smooth nodal design variables using Shepard function 

As discussed in [105,125], the smoothness mechanism of the DVF plays a significant but 

different role in the optimization compared to the filtering, such as the density and sensitivity 

filter [29]. The smoothness of the nodal design variables should be enhanced to ensure the 

DVF with the desired smoothness. The principle is that each nodal design variable is equal to 

the mean value of all design variables in the local support area of the current design variable, 

as shown in the circular area of Figure 4-1 (a), explicitly expressed as: 

  (4-1) 
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where  is the smoothed nodal design variable at the  control point, and  is 

the design variable which need to satisfy the nonnegative and range-bounded by 0 and 1. 

 are the numbers of design variables located at the local support area of the current 

 design variable in two parametric directions, respectively.  is the value of the 

Shepard function [160] at the  design variable, and expressed by: 

  (4-2) 

where  is the weight function of the  design variable. It can be defined by many 

functions, such as the inverse distance weighting function [160], the exponential cubic spline 

and radial basis functions (RBFs) [175]. Here, the CSRBFs with the C4 continuity are used 

due to the compactly supported, high-order continuity and nonnegativity, as: 

  (4-3) 

where , and  is the Euclidean distance between the current design variable and the 

other nodal design variable in the local support area.  is the radius of the local domain. 

4.1.1.2 Construction of the DVF 

Based on the smoothed nodal design variables, the DVF is constructed by the linear 

combination of the NURBS basis functions with the smoothed nodal design variables. It is 

assumed that the DVF in the structural domain is denoted by , and the mathematical 

form is defined as: 

  (4-4) 
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We can find that Eq. (4-4) for the DVF has the same form of NURBS surface. The difference 

lies in the physical meanings of control coefficients. The NURBS surface for the structure is 

transformed into the definition of the DVF for the design domain, and the properties 1 to 3 of 

NURBS basis functions can guarantee the DVF with the nonnegativity and Strict bounds from 

0 to 1. The most important aspect is that the variation diminishing property of NURBS can 

ensure the non-oscillatory of the DVF [89,90]. 

4.1.2 The Field of Topology Variables (TVF) 

As already pointed out, each TVS  is formulated by a summation of all 

 DVFs , which is applied to represent the layout of a unique material in the design 

domain, expressed as: 

  (4-5) 

As the examples of , the detailed forms in three cases are clearly defined as: 

  (4-6) 

A brief representation is shown in Figure 4-2, in which  DVFs are combined together to 

describe the distributions of  materials (  phases: including void phase) in the design 

domain, and each unique material is plotted with a distinct color, namely material 1 with the 

black, material 2 with the red and material 3 with the green. Hence, each TVS for the distinct 

material is related to all the DVFs. we only need to change the values of a DVF every time to 

display the variation of the phase. 
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Figure 4-2 Multi-material topology description in the N-MMI model 

 
Figure 4-3 The expression and evolving mechanisms of design variables and topology 

variables 

As shown in Figure 4-3, two different mechanisms of design variables and topology variables 

are given, namely the coupled expression and parallel mechanism, the decoupled expression 

and serial mechanism. The first mechanism has been extensively studied in many previous 

works [90,120,165,166,170]. Although the mathematical formula is simplified to describe 

design variables and topology variables, several numerical troubles are introduced in solving 

the multi-material topology optimization problems. Currently, the decoupled expression and 
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serial mechanism is constructed for two kinds of variables, which can lower the complexity 

of the numerical computations and offer more benefits for the multi-material optimization. 

4.1.3 Multi-material interpolation 

As already given in [105,125], the densities at Gauss quadrature points with a penalization 

parameter to form a power function are interpolated with material constitutive elastic tensor 

to compute the IGA element stiffness matrix. In the current construction of the TVFs for all 

materials, the TVFs with densities at any points in the design domain are iteratively evolved 

during the optimization. Based on material interpolation schemes [11], the Multi-Material 

Interpolation is expressed by a summation of all the interpolated functions of TVFs with the 

corresponding physical properties of materials, given by: 

  (4-7) 

where  is the elastic tensor matrix of the  distinct material.  is the penalty parameter. 

As we can see, the developed N-MMI model has the similar mathematical form of the UMMI 

model in the viewpoint of the TVSs. Meanwhile, considering the DVFs, the mathematical 

equation of the N-MMI model is also analogous to the RMMI model. However, the most 

ingredient of the N-MMI model is the introducing of two mathematical forms for two kinds 

of variables in a decoupled expression. Here, the N-MMI model can exhibit the advantages: 

(1) A topology description model to exactly capture a distinct material; (2) No overlaps 

between multiple materials; (3) No redundant phases in the design domain; (4) No introducing 

a large number of additional constraints to ensure properties (1), (2) and (3); (5) An explicit 

mathematical form to ease the sensitivity analysis. 
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4.2 Multi-material Isogeometric topology optimization (M-ITO) 

4.2.1 M-ITO formulation to minimize the structural mean compliance 

The minimization of the structural mean compliance for the linearly elastic structures will be 

studied to show the effectiveness of the proposed N-MMI model, and the M-ITO formulation 

for the problem with multiple volume constraints can be stated as: 

  (4-8) 

where  is the  nodal design variable for the  DVF.  is the objective function. 

 is the volume constraint for the  unique material, and  is the 

corresponding maximum consumption and  is the volume fraction of the solid. We can find 

that all the volume constraints have the separable and linear form with respect to the 

corresponding TVS .  is the TVS to represent the distribution of the  material.  

is the displacement field in the domain , and  is the prescribed displacement vector on 

, and  is the virtual displacement field belonging to the space .  and  are the 

bilinear energy and linear load functions, given as: 

  (4-9) 
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where  is the body force and  is the boundary traction on . In order to demonstrate the 

ability of the proposed M-ITO method to seek the optimum, a more practical problem with 

the total mass constraint should be studied, and the alternative formulation is written as: 

  (4-10) 

where  is the mass density of the  unique material and  is the maximal value of the 

structural mass in the constraint . Similar to volume constraints, the total mass constraint 

is also featured with a separable-linear form of the corresponding TVS . As we can see, 

the formulation 2 in Eq. (4-10) can simultaneously consider the influence of volume fractions 

and structural mass on the selection of materials in the optimization. It should be noticed that 

multiple mass constraints are physically equivalent compared to the formulation 1 defined in 

Eq. (4-8), due to the fact that the volume constraint for each distinct material is separable and 

linear with respect to the TVS  of the  material. Multiple volume constraints can be 

directly converted into mass constraints by multiplying the corresponding mass density on 

both sides. This positive feature can lower the numerical troubles in the optimization to a 

great extent, particularly for the formulation with the total mass constraint. 

4.2.2 Sensitivity analysis of the objective function 

In Eqs. (4-8) and (4-10), the objective function is the structural compliance. The first-order 

derivative of the structural compliance with respect to the TVS  can be derived as: 
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  (4-11) 

where  is the first-order derivative of the displacement field with respect to the TVS . 

Performing the first-order derivatives on both sides of the equilibrium state equation in Eq. 

(4-9), expressed by: 

  (4-12) 

where  is the derivative of the virtual displacement field with respect to the TVS , 

Considering that , the equilibrium state equation is given as: 

  (4-13) 

Substituting Eq. (4-13) into Eq. (4-12) and removing all the terms containing , and a much 

more compact form of Eq. (4-12) can be obtained, as: 

  (4-14) 

It is known that the static compliance problem is self-adjoint, and a new form is given by: 

  (4-15) 

Substituting Eq. (4-15) into Eq. (4-11). The derivatives of the compliance with respect to the 

TVS  is obtained, explicitly expressed as: 
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  (4-16) 

Hence, the sensitivity of the objective function can be achieved by calculating the first-order 

derivative of the elastic tensor with respect to the VTS . According to the N-MMI model, 

the sensitivity analysis of the multi-material elastic tensor can be directly obtained, and a new 

form of Eq. (4-16) is given as: 

  (4-17) 

In Section 4.1, the VTS  to display the layout of the  unique material is expressed as a 

combination of all DVFs, and each DVF is developed by NURBS basis functions with the 

nodal design variables . we can firstly derive the derivative of the VTS  with respect 

to the DVF , given as: 

  (4-18) 

Then, the derivative of the DVF with respect to the nodal design variables can be obtained by 

consecutively differentiating Eq. (4-4) and (4-1), given as: 

  (4-19) 

where  is the NURBS basis function at the computational point .  is 

the Shepard function at the current control point . It is important to note that the above 

computational point  is different from control point . The computational points are 

Gauss quadrature points. The derivative of the structural compliance with respect to the nodal 

design variables can be derived, and the final form is given as: 



A multi-material ITO (M-ITO) method using a NURBS-based Multi-material Interpolation (N-MMI) 

 

85 
 

 

  (4-20) 

In Eq. (4-20), we can see that the sensitivity analysis of the objective function with respect to 

the nodal design variables consist of the DVFs, elastic tensors, NURBS basis functions and 

Shepard function. The NURBS basis functions keep unchanged and the Shepard function only 

depends on the spatial locations of the control points. They can be pre-stored without using 

additional storage space, so that the sensitivity analysis is also cost-effective. 

4.2.3 Sensitivity analysis of constraint functions 

In formulations 1 and 2, two different constraints are defined, containing multiple volume 

fractions and the total mass constraint. As far as multiple volume constraints, the derivatives 

of all volume constraints with respect to the nodal design variables can be derived, as: 

  (4-21) 

The first-order derivative of the total mass constraint in formulation 2 can be derived by the 

summation of all the derivatives of multiple volume constraints with mass densities, given as: 
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 (4-22) 

Hereto, the sensitivity analysis for two formulations, including the objective and constraint 

functions, are derived in detail from Eqs. (4-11) to (4-22). In the M-ITO method, the nodal 

design variables will be optimized with a gradient-based optimization algorithm to solve the 

multi-material optimization formulations, and the method of moving asymptotes (MMA) [72] 

is used in the next numerical examples. 

4.3 Numerical Examples 

In this section, several numerical examples are performed to demonstrate the effectiveness of 

the proposed M-ITO method. All structures with the linear elasticity are considered, and 2D 

structures will be discretized with the IGA elements with unit edge thickness. In all examples, 

the magnitude of the loaded force is equal to unit, and 3×3 (2D) or 3×3×3 (3D) Gauss 

quadrature points are chosen in solving the IGA element stiffness matrix. All the nodal design 

variables  are defined as 0.5, and the penalty factor  is set to be 3. The 

convergence will be terminated when the maximum change of the DVFs is lower than 1% 

within 300 iterations. Four “virtual” isotropic solid materials will be considered in examples, 

and the details are listed in Table 4-1, including the Young’s modulus, Poisson’s ratio, Mass 

density and the stiffness-to-mass ratio. 

Table 4-1 Four “virtual” isotropic solid materials 

 Materials Young’s modulus:  Poisson’s ratio  
Mass density: 

 
Stiffness-to-mass ratio: 
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1 M1 10 0.3 2 5 
2 M2 10 0.3 5 2 
3 M3 5 0.3 2 2.5 
4 M4 3 0.3 2 1.5 

4.3.1 Messerschmitt-Bolkow-Blohm (MBB) beam 

The formulation 1 with multiple volume constraints is applied to optimize the MBB beam in 

this example. In Figure 4-4, the MBB beam with the loads and boundary conditions is defined, 

and two indices L and H are set as 18 and 3, respectively. The NURBS is used to parameterize 

the MBB beam. The details are listed below Figure 4-4, where the quadratic NURBS basis 

functions are used. 

 
Figure 4-4 The details of MBB beam 

; ,

; ; ; 

4.3.1.1 Two-material design 

In this case, two distinct materials (M2 and M3) are available in the optimization of the MBB 

beam. Two TVFs need to be defined for M2 and M3 materials, respectively, denoted by 

𝜙1 𝑎𝑛𝑑 𝜙2. In Eq. (14), the allowable material volume fractions for M2 and M3 are defined 

as 20% and 8%, respectively. As discussed in Section 4.1, the Gauss quadrature points work 

as the computational points in solving the stiffness matrix. In numerical results, we firstly 

show the TVFs at the Gauss quadrature points (GQPs) and then display the TVFs of the design 

domain. As defined in Section 3.1, the DVF corresponds to a NURBS surface with the strict 

physical meanings (densities) for the design domain, and each TVF is a combination of all 

DVFs. Hence, a TVF can be viewed as a DDF to represent the distribution of each distinct 



A multi-material ITO (M-ITO) method using a NURBS-based Multi-material Interpolation (N-MMI) 

 

88 
 

material in the design domain. Currently, the initial nodal densities are equal to 0.5, and the 

corresponding initial designs of the TVFs for two materials are shown in Figure 4-5, including 

the TVFs at the Gauss quadrature points and the TVFs in the design domain. It can be found 

that the TVFs at the Gauss quadrature points are the discretized distribution of densities, and 

the TVFs in the design domain are the continuous form of the density distribution. 

 
Figure 4-5 Initial design of the MBB beam 

 
Figure 4-6 The optimized design of the MBB beam 
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As displayed in Figure 4-6, the optimized design of the MBB beam with two distinct materials 

(M2 and M3) is provided, including the TVFs at the Gauss quadrature points and in the design 

domain. As we can see, the TVFs are featured with the sufficient smoothness and continuity, 

mainly resulting from the construction of DVFs using NURBS basis functions and Shepard 

function. The former can make sure the continuity, and the latter guarantees the smoothness. 

Moreover, it can easily be seen that the densities of the optimized TVFs in the design domain 

are mostly distributed nearly the lower and upper bounds. 

Based on the optimized design of the MBB beam shown in Figure 4-6, a simple but efficient 

heuristic scheme is introduced to define the topology, and the corresponding mathematical 

model is defined in Eq. (4-23), where 𝝓𝑐 is a constant. As we can see, the structural boundary 

of the MBB beam is expressed by the iso-contour of 𝝓. 𝝓 with the values higher than 𝝓𝑐 

represents the solids in the design domain, and the values lower than 𝝓𝑐  describes voids. 

Hence, this scheme is very analogous to the implicit representation model in the LSM [13–

15]. However, it is important to note that the heuristic scheme is just a post-definition criterion 

to obtain the structural topology from the optimized TVFs. 

  (4-23) 

As discussed in [105,125] for the optimization of the single-material problems, the constant 

equal to 0.5 can ensure that the final volume fraction of the obtained topology is mostly 

identical to the prescribed allowable material consumption. In [105], the extensive discussions 

about the definition of the constant are performed. Here, the post-definition scheme is applied 

to define the topology for the multi-material problems from the TVFs. The constant should 
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be equal to 0.5 to guarantee no overlaps between different materials and no redundant phases 

in the N-MMI model. For example, if the constant 𝝓𝑐  is equal to 0.2, it means that the 

densities at the structural boundaries of M2 and M3 materials are both equal to 0.2, and the 

summation of them is equal to 0.4, which cannot satisfy the summation of the densities of all 

materials in each designable point is equal to 1. Hence, the constant 𝝓𝑐 must be equal to 0.5 

to guarantee the reasonable physical meanings of the N-MMI model. As listed in Table 4-2, 

the optimized results of the MBB beam with two materials are provided, including the 2D-

view of the TVF 𝜙1 with the higher values than 𝝓𝑐 at the Gauss Quadrature Points (GQPs), 

and the corresponding topology of M2 material, the 2D-view of the TVF 𝜙2 with the higher 

values than 𝝓𝑐 at the GQPs, the topology of M3 material, the TVFs 𝜙1 𝑎𝑛𝑑 𝜙2 at the GQPs 

and in the design domain, the 2D-view of the TVFs 𝜙1 𝑎𝑛𝑑 𝜙2 at the GQPs, and the topology 

of two materials in the design domain. The volume fraction of the topology of M2 material is 

equal to 19.7% (nearly 20%), and the volume fraction of the topology of M3 material is equal 

to 7.8% (nearly 8%). Hence, the volume fraction of the topology of two materials in the MBB 

beam is equal to 27.5% (also nearly 28%). 

Table 4-2 The optimized results of the MBB beam with two materials 

M2 
material 

2D-view of the TVS  at GQPs The optimized topology 

  

M3 
material 

2D-view of the TVS  at GQPs The optimized topology 

  
The TVSs  at GQPs The TVSs  in the design domain 
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2D-view of the TVSs  at GQPs The optimized topology 

  

 
Figure 4-7 Convergent histories 

Additionally, each distinct material in the final two-material design can form the independent 

load-bearing structural members, as displayed in Table 4-2, owing to a fact that the Young’s 

modulus is comparable between two materials (M2 with 𝐸0
2 = 10 and M3 with 𝐸0

3 = 5), also 

given in [1,76]. To this end, the optimized design in this example can present the effectiveness 

of the developed M-ITO method in seeking the overall distribution of multiple materials in 

the design domain. Moreover, a pure design that each point only has one phase demonstrates 

the effectiveness of the proposed N-MMI model. Finally, the iterative curves for the objective 

function and two volume fractions are shown in Figure 4-7, which shows the stable iteration 

to arrive at the final design, and the volume fraction of each distinct material can be preserved. 

Moreover, it should be noted that the volume fractions in the iterative curves correspond to 
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the variations of the TVFs 𝜙1 𝑎𝑛𝑑 𝜙2 for two materials. However, the volume fractions in 

Table 4-2 of the topologies for two materials are defined by TVFs with a slight modification, 

namely 𝝓 ← 1 (𝑖𝑓 𝝓 ≥ 𝝓𝑐) and 𝝓 ← 0 (𝑖𝑓 𝝓 < 𝝓𝑐). 

4.3.1.2 Three-material design 

This case will consider the three-material topology optimization for the MBB beam, and M2, 

M3 and M4 materials will be available, and the corresponding volume fractions for three 

materials are set as 20%, 12% and 3%, respectively. The initial designs of the TVFs for M2, 

M3 and M4 materials are illustrated in Figure 4-8, including the TVFs at the GQPs and in the 

design domain. 

 
Figure 4-8 Initial design of the MBB beam 

The optimized designs of the TVFs for three materials are displayed in Figure 4-9, consisting 

of the discretized distributions of the TVFs at the GQPs, and the continuous distributions of 

the TVFs in the design domain. It can be easily seen that three continuous distributions of the 



A multi-material ITO (M-ITO) method using a NURBS-based Multi-material Interpolation (N-MMI) 

 

93 
 

TVFs are featured with the enough continuity and smoothness. The heuristic scheme in Eq. 

(29) is employed here to define the structural topology of the MBB beam with three materials 

from the optimized TVFs shown in Figure 4-9, and the constant 𝝓𝑐 is still defined as 0.5. The 

numerical results of three materials in the MBB beam are listed in Table 4-3, including the 

2D-views of the TVFs at the GQPs with the values higher than 0.5, and the topologies of three 

materials in the design domain. We can easily see that the three-material topology of the MBB 

beam is characterized with the distinct interfaces between multiple materials and voids. The 

necessary requirements studied in Section 3 can be perfectly maintained in the final three-

material topology, like no overlaps, no redundant phases and so on. Hence, the effectiveness 

of the proposed N-MMI model in the optimization can be demonstrated clearly. Moreover, 

each distinct material is formed into the independent members to afford the load transmission 

in the design domain, due to the comparable values of the Young’s modulus of three materials. 

Additionally, the convergent histories of the objective function and volume fractions for three 

materials are displayed in Figure 4-10. It can be easily seen that all the iterative curves are 

very smooth and the optimization for three materials is featured with the high stability. The 

volume fractions of three TVFs can quickly arrive at the prescribed values, namely 20%, 12% 

and 3%. The corresponding volume fractions of the achieved topologies in Table 4-3 are equal 

to 20.13%, 11.5% and 2.98%, respectively. Hence, we can confirm that the M-ITO method 

has the capability to seek the optimized distributions of three materials. 

Table 4-3 The optimized results of the MBB beam with three materials 

M2 
material 

2D-view of the TVS  at GQPs The optimized topology 

  
2D-view of the TVS  at GQPs The optimized topology 
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M3 
material   

M4 
material 

2D-view of the TVS  at GQPs The optimized topology 

  
The TVSs  at GQPs The TVSs  in the design domain 

  
2D-view of the TVSs  at GQPs The optimized topology 

  

 
Figure 4-9 The optimized design of the MBB beam 
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Figure 4-10 Convergent histories 

4.3.2 Cantilever beam 

In this section, the cantilever beam is optimized by formulation 2 to study the effectiveness 

of the N-MMI model on the multi-material problem with the mass constraint. The structural 

design domain with the loads and boundary conditions is defined in Figure 4-11, where the 

scales in two directions are 10 (L) and 5 (H), respectively. The beam is parametrized by the 

NURBS surface, and the corresponding numerical details are listed below Figure 4-11. 

 
Figure 4-11 The details of Cantilever beam 

; ,

; ; ; 
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4.3.2.1 Two-material design 

Two distinct materials (M2 and M3) will be considered in the optimization of the cantilever 

beam. As defined in Table 4-1, M2 material has the larger Young’s modulus , but 

with a lower Stiffness-to-mass ratio , compared with M3 material with  and 

 presented in Table 4-1. In formulation 2, the maximum consumption of the total 

mass  is set to be 30. Similar to Section 5.2, two different colors (the black and red) are 

used to describe the overall distributions of M2 and M3 materials within the optimized design, 

respectively. Meanwhile, the initial designs of TVSs for two materials has the same densities 

in the initial designs shown in Figure 4-5. 

 
Figure 4-12 Convergent histories 

The optimized results of the cantilever beam with M2 and M3 materials are listed in Table 4-

4. Firstly, the discretized and continuous distributions of the TVFs at the GQPs and in the 

design domain are illustrated in the second and sixth rows of Table 4-4, respectively. Similar 

to the above example in Section 4.3.1 for MBB beam, the distributions of the TVFs are also 

featured with the sufficient smoothness and continuity, which are beneficial to the latter 

definition of the structural topology. The heuristic scheme defined in Eq. (29) is applied to 
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define the structural topology for multiple materials, where the constant is still set as 0.5. 

Hence, the 2D-views of the TVFs at the GQPs with values higher than 0.5 are displayed in 

the fourth row of Table 4-4, and the topologies for two materials are listed in the last row of 

Table 4-4. As shown in the last row and column of Table 4-4 for the optimized topology of 

multiple materials in the cantilever beam, we can observe that the optimized distributions for 

two materials have the distinct interfaces and smooth boundaries between the solids and voids. 

Hence, we can confirm that the N-MMI model is effective on the optimization of multi-

material structures with the total mass constraint. 

Meanwhile, M2 and M3 materials are formed into different structural members in the final 

topology to afford the loads, such as the black part filled with the strong M2 material and the 

color area occupied by the weak M3 material. Moreover, M2 material is mainly filled in the 

areas having the stress concentration, in order to provide the higher stiffness for the beam. 

However, the weak material M3 is dominant in the overall distribution, because the material 

has a larger stiffness-to-mass ratio. Hence, the formulation 2 with the total mass constraint 

improves the structural performance considering two components, namely the stiffness and 

mass, simultaneously. Finally, the iterative histories of the structural compliance, the total 

mass and mass of each material are shown in Figure 4-12 (a). Meanwhile, the iterative curves 

of the total volume fraction and the volume fraction for each material are displayed in Figure 

4-12 (b). It can be easily seen that the optimization with the total mass constraint for multiple 

materials is featured with the superior stability to seek the distributions of multiple materials 

in the design domain. Moreover, the mass of each material has been gradually adjusted during 

the optimization to enhance the structural performance as much as possible, rather than in a 

monotonous way of the single-material optimization. 



A multi-material ITO (M-ITO) method using a NURBS-based Multi-material Interpolation (N-MMI) 

 

98 
 

Table 4-4 The optimized results of cantilever beam with two materials 

 at GQPs  at GQPs  at GQPs 

   
2D-view of  at GQPs 2D-view of  at GQPs 2D-view of  at GQPs 

   

 in the design domain  in the design domain  in the design 
domain 

   
The topology of M2 material The topology of M3 material The topology of cantilever beam 

   

4.3.2.2 Influence of the stiffness-to-mass ratio 

In order to present the effect of the stiffness-to-mass ratio on the multi-material optimization, 

M1 and M3 materials are available in this case. The Young’s modulus  and stiffness-

to-mass ratio  of M1 material are both larger than M3 material having  and 

. The total mass consumption is same as Section 4.1.1, namely . M1 and 

M3 materials are respectively plotted with the black and red. The initial designs of the TVSs 

for M1 and M3 materials are also consistent with Section 4.1.1, and with same densities 

shown in Figure 4-5. 
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Table 4-5 The optimized results of cantilever beam with two materials 
 at GQPs  at GQPs  at GQPs 

   
2D-view of  at GQPs 2D-view of  at GQPs 2D-view of  at GQPs 

   

 in the design domain  in the design domain  in the design 
domain 

   
The topology of M1 material The topology of M3 material The topology of cantilever beam 

   

As listed in Table 4-5, the optimized results of the cantilever beam with M1 and M3 materials 

are provided, also including the TVSs at the GQPs and in the design domain in the second 

and sixth rows, respectively, the 2D-views of the TVSs at the GQPs with the higher values 

than 0.5 in the fourth row, and the topologies of M1, M3 materials and the cantilever beam 

obtained by the heuristic scheme with the constant 0.5. As we can see, the optimized topology 

of the cantilever beam with M1 and M3 materials is completely different from the design in 

Section 4.3.1. In the current design, the cantilever beam only consists of M1 material, even if 

M3 material is available during the optimization. As clearly shown in the convergent curves 

in Figure 4-13, the mass of M3 material gradually decreases within the optimization, until it 
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arrives at zero. Meanwhile, the mass of M1 material is equal to the total mass, and their 

convergent curves coincide together. Hence, we can confirm that the multi-material topology 

optimization formulation with the total mass constraint is more prone to choose the material 

with both the larger Young’s modulus and stiffness-to-mass ratio, to improve the structural 

performance. Meanwhile, it also reveals that the developed M-ITO method with the N-MMI 

model has the capability to find the design only with one material, if the Young’s modulus 

and stiffness-to-mass ratio are both larger compared with other available materials. In the 

viewpoint of the authors’, the main reason is that the total mass constraint in formulation 2 is 

separate and linear with respect to topology variables, which can be beneficial to lower the 

numerical difficulties to find the design solution with the optimized performance. Moreover, 

the designs of the cantilever beam in above examples, including Figure 4-9, Table 4-2 to 4-5, 

do not have the “mixture” materials, namely unrealistic designs. 

 
Figure 4-13 Convergent histories 

4.3.2.3 Three-material design 

In this sub section, we will present the effectiveness of the formulation 2 to seek the three-

material design of the cantilever beam (M2, M3 and M4). In Table 4-1, M2 material has the 
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larger Young’s modulus and a larger Stiffness-to-mass ratio is featured by M3 material. Three 

materials (M2, M3 and M4) will be plotted with different colors, namely the black, red and 

green colors, respectively, in the optimized distributions. The maximum value of the total 

mass constraint is defined as 35. The initial designs of the TVFs for three materials have the 

same densities of the TVFs shown in Figure 4-9. 

 
Figure 4-14 Convergent histories 

The optimized results of the cantilever beam with three materials considering the total mass 

constraint are provided in Table 4-6. Similar to Sections 4.3.1 and 4.3.2, the optimized layouts 

of the TVFs at GQPs are listed in the second row of Table 4-6, and the corresponding 2D-

views of the TVFs at GQPs with the higher values than 0.5 are given in the fourth row of 

Table 4-6. The continuous distributions of the TVFs in the design domain are provided in the 

sixth row of Table 4-6. Based on the heuristic scheme in Eq. (4-23), the topologies of three 

materials and the topology of the cantilever beam with three materials are provided in the last 

row of Table 4-6. It can be easily seen that the optimized topology of the cantilever beam is 

featured with the smooth boundaries and distinct interfaces between solids and voids. Each 

material can constitute the independent structural members in the optimized design to afford 
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the imposed loads and boundary conditions, which can reveal the effectiveness of the M-ITO 

method on solving the multi-material problems with the total mass constraint. M2 material is 

also mainly filled in some regions with the occurrence of the stress concentration. 

Finally, the iterative histories of the objective function, the total mass and mass of each 

material are shown in Figure 4-14 (a), and Figure 4-14 (b) displays the iterations for the total 

volume fraction and the volume fraction of each distinct material. We can find that the masses 

for M2, M3 and M3 materials are equal to 13.6, 8.2 and 13.2, respectively. Observed from 

the iterative curves, all the masses and volume fractions for three materials are changed in a 

non-monotonous manner, and each of them is evolved to seek for an appropriate value in the 

optimization process, until the objective function arrives at 𝐽 = 34.73. 
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Table 4-6 The optimized results of cantilever beam with three materials 

 at GQPs  at GQPs  at GQPs  at GQPs 

    

2D-view of  at GQPs 2D-view of  at GQPs 2D-view of  at GQPs 2D-view of  at 
GQPs 

    

 in the design domain  in the design domain  in the design domain  in the design 
domain 

    
The topology of M2 material The topology of M3 material The topology of M4 material The topology of cantilever beam 
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4.3.3 Quarter annulus 

In this section, we intend to show the utility of the M-ITO formulation with multiple volume 

constraints on the optimization of the curved structures. As clearly illustrated in Figure 4-15, 

a quarter annulus with the loads and boundary conditions is defined, and two indices r and R 

are defined as 5 and 10, respectively. NURBS is used to construct the geometrical model and 

numerical analysis model of the quarter annulus. The detailed information is listed below 

Figure 4-15. It should be noted that this example employs the cubic NURBS basis functions 

to model the structural geometry and construct the solution space in the finite element analysis, 

which is more beneficial to improve the numerical precision during the optimization [105]. 

In term of the design domain with the rectangular shape, like Sections 5.1 and 5.2, the NURBS 

basis functions with the quadratic are enough to ensure the numerical precision and save the 

computational cost in the optimization [105]. Meanwhile, this example will be studied in two 

cases. Case 1 performs the two-material design (M2 and M3) and case 2 considers three 

materials (M2, M3 and M4). In case 1, the maximum volume fractions for M2 and M3 

materials are defined as 25% and 12%, respectively. In case 2, the maximum consumptions 

of M2, M3 and M4 materials are respectively set to be 25%, 10% and 5%. Three materials 

are plotted with the black, red and green colors, respectively, in the optimized designs. The 

initial designs of cases 1 and 2 have the same densities of the TVFs shown in Figure 4-5 and 

Figure 4-8, respectively. 

The optimized results of the quarter annulus with M2 and M3 materials in case 1 are listed in 

Table 4-7, and Table 4-8 provides the optimized results of the quarter annulus with M2, M3 

and M4 materials. which both include the distributions of the TVFs for multiple materials at 
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the GQPs and in the design domain, the 2D-views of the TVFs at the GQPs, and the topologies 

for multiple materials and the quarter annulus. As we can see, the optimized topologies of the 

quarter annulus in cases 1 and 2 are both featured with the smooth structural boundaries and 

distinct interfaces between solids and voids. No overlaps between these materials are occurred 

in the optimized topologies of the quarter annulus, which presents the effectiveness of the N-

MMI model. Additionally, multiple materials can be formed into the independent parts of the 

topologies to play the respective roles to afford the imposed loads. The appropriate layouts of 

the distinct materials can demonstrate the effectiveness and utility of the developed M-ITO 

method on the optimization of the curved structures with multiple materials. 

 
Figure 4-15 The details of quarter annulus 

; ,

; ; 

Table 4-7 The optimized results of quarter annulus with M2 and M3 materials 

 at GQPs 2D-view of   in the design domain The topology of 
M2 

 
 

 
 

 at GQPs 2D-view of   in the design domain The topology of 
M3 
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 at GQPs 2D-view  The topology 

 
 

 
 

Table 4-8 The optimized results of quarter annulus with M2, M3 and M4 materials 

 at GQPs 2D-view of   in the design domain The topology of 
M2 

 
 

 
 

 at GQPs 2D-view of   in the design domain The topology of 
M3 

 
 

 
 

 at GQPs 2D-view of   in the design domain The topology of 
M4 

 
 

 
 

 at GQPs 2D-view  The topology 
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4.3.4 3D Michell structure 

This section will discuss the effectiveness of the M-ITO method on the optimization of 3D 

structures with multiple materials. As displayed in Figure 4-16, a 3D Michell structure with 

the loads and boundary conditions is defined. The quadratic NURBS basis functions are used 

to construct the NURBS solid and the numerical analysis model for the 3D Michell structure. 

The knot vectors and IGA elements are listed below Figure 4-16. Meanwhile, this example 

will be also studied in two cases, in which case 1 considers the optimization of two materials 

(M2 and M3 materials are available) in the design domain and case 2 intends to optimize the 

3D Michell structure with M2, M3 and M4 materials. In case 1, the allowable material volume 

fractions for M2 and M3 are defined as 14% and 6%, respectively. The maximum volume 

fractions of M2, M3 and M4 materials in case 2 are set as 16%, 3.5% and 2.5%, respectively. 

M2, M3 and M4 materials are also shown with the black, red and green colors, respectively. 

Additionally, the initial designs of cases 1 and 2 have the same densities of the TVFs shown 

in Figure 4-5 and Figure 4-8, respectively. 

 
Figure 4-16 The details of 3D Michell structure 

; ; 
,
, 
. 
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In Table 4-9, the optimized results of the 3D Michell structure with M2 and M3 materials are 

provided, and the optimized results of the 3D Michell structure with three materials (M2, M3 

and M4) are provided in Table 4-10 As far as the 3D optimization, the DVFs and the TVFs 

correspond to the 4D functions, and it is hard to display the 4D data in a figure. Hence, we 

present the 3D-view of the TVFs with the higher values than the constant 0.5 at the GQPs for 

three materials, and the corresponding topologies of M2, M3 and M4 materials. It can be 

easily seen that the optimized topologies of the 3D Michell structure with two materials and 

three materials are both featured with the smooth structural boundaries and distinct interfaces 

between different materials and void phases. Meanwhile, the appropriate distributions of M2, 

M3 and M4 materials can be beneficial to afford the imposed loads and boundary conditions, 

which constitute the independent structural members in the design domain. Additionally, we 

also provided different views for the optimized topologies in two cases to more clearly present 

the geometrical features. 

Table 4-9 The optimized results of 3D Michell structure with M2 and M3 materials 
3D-view of 𝜙1 at GQPs 3D-view of 𝜙2 3D-view of 𝜙1 𝑎𝑛𝑑 𝜙2 

 
 

 
M2 material M3 material The topology 
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View 1 of the topology View 2 of the topology View 3 of the topology 

 

 

 

Table 4-10 The optimized results of 3D Michell structure with M2, M3 and M4 
materials 

3D-view of 𝜙1 at GQPs 3D-view of 𝜙2 3D-view of 𝜙3 3D-view of 𝜙1, 𝜙2 𝑎𝑛𝑑 𝜙3 

 

 
 

 
M2 material M3 material M4 material The topology 

 

 
 

 
View 1 of the topology View 2 of the topology View 3 of the topology 
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4.4 Conclusions 

In this chapter, a more effective M-ITO method with a N-MMI model is proposed for the 

optimization of multiple materials in structures. Firstly, the N-MMI model with the decoupled 

expression and serial evolving for the design variables and topology variables is developed 

using NURBS, mainly involving three components, including the DVFs, the TVFs and the 

multi-material interpolation. Secondly, two M-ITO formulations are developed using the N-

MMI model for both multiple volume constraints and the total mass constraint, respectively, 

where IGA is applied to solve the structural responses. 

Several numerical examples are performed to demonstrate the effectiveness of the M-ITO 

method with the N-MMI model. Firstly, the formulation 1 with multiple volume constraints 

is studied on the optimization of MBB beam with two materials and three materials. Later, 

the formulation 2 with the total mass constraint is discussed for the effectiveness of the M-

ITO method on the multi-material optimization, and the effect of the properties of materials 

is also addressed. Finally, the effectiveness and utility of the M-ITO method on the curved 

structures and 3D structures is also presented. Additionally, the effectiveness of the decoupled 

expression and evolving mechanism of the DVFs and TVFs on removing the numerical 

troubles can also be demonstrated. 
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Chapter 5 Rational design of auxetic metamaterials using 

ITO method 

In this chapter, the main intention is to develop a more effective and efficient isogeometric 

topology optimization (ITO) method for the design of auxetic metamaterials, particularly 3D 

material microstructures. It should be noted that the current work in this chapter comes from 

the published paper [125]. In the proposed ITO method, a DDF with the sufficient smoothness 

and continuity is firstly constructed to represent the evolving of the structural topology. Later, 

the homogenization is numerically implemented by the IGA to evaluate macroscopic effective 

properties, with the imposing of the periodic boundary formulation. An ITO formulation for 

2D and 3D auxetic metamaterials is developed using the DDF, and the homogenized elastic 

tensor is applied to develop the objective function. 

5.1 IGA-based EBHM 

The principle of the homogenization is that the macroscopic effective properties of the bulk 

material are determined by using the information from material microstructure [20]. There 

are two basic requirements to be maintained in the homogenization: (1) the dimensions of the 

microstructure are much smaller than that of the bulk material, and (2) material microstructure 

needs to be periodically distributed in the bulk material. An example of the bulk material with 

only a kind of material microstructure is displayed in Figure 5-1, in which the microstructure 

is described in the coordinate system 𝐲. 

Considering the linear elasticity, the displacement field   at the bulk material can be 

characterized by the asymptotic expansion theory, expressed as: 
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  (5-1) 

 
Figure 5-1 The bulk material composed of a kind of material microstructure 

where  is the aspect ratio between the scales of the microstructure and the bulk material, 

which is far less than 1. For numerical simplicity, only the first-order variation term with 

respect to the parameter expansion  is considered. The effective elastic tensor of the bulk 

material  can be computed as: 

  (5-2) 

where  is the area (2D) or volume (3D) of the microstructure, and  is the locally 

varying elastic property.  is the linearly independent unit test strain field, containing three 

components in 2D and six in 3D.   denotes the unknown strain field in the 

microstructure, which is solved by the following linear elasticity equilibrium equation with 

y-periodic boundary conditions (PBCs): 

  (5-3) 

where   is the virtual displacement in the microstructure belonging to the admissible 

displacement space  with y-periodicity, and  is the dimension of the microstructure. The 
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homogenization is performed numerically by discretizing and solving Eq. (5-3) using the 

finite element method (FEM), namely numerical homogenization [176], where the utmost 

importance is the imposing of the PBCs on the microstructure. As an alternative method, the 

energy-based homogenization (EBHM) with the simplified periodic boundary formulation 

[79,140,146] is developed. In this study, the numerical analysis of material microstructure is 

performed by IGA, with the use of the periodic boundary formulation developed in the EBHM. 

In IGA, the displacement field in material microstructure is approximately expressed by a 

combination of the NURBS basis functions with the displacements at control points: 

  (5-4) 

where  denote the displacements of the  control point. As we can see, NURBS 

basis functions are employed to approximate the displacement field in material microstructure 

by linearly combing with nodal displacements. In the application of the EBHM to predict the 

macroscopic effective properties of the microstructure, the displacement field in material 

microstructure needs to satisfy the PBCs, and a general form is expressed as: 

  (5-5) 

where  is the normal direction of the structural boundary.  indicate the displacements of 

points at the structural boundary with the normal direction , and the normal direction is in 

the positive direction of the coordinate axis.  correspond to the displacements of points at 

the opposite structural boundary.   is the scale of the material microstructure along the 

direction of . The expressions of the boundary constraint equations in PBCs in detail can 

refer to [146] for 2D and [79] for 3D. 
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5.2 Isogeometric topology optimization (ITO) 

As already pointed out in Section 2, the physical coordinates of control points act as control 

coefficients in parametrizing of the structural geometry. If each control point is assigned to a 

nodal density, the NURBS response corresponds to a field of density in the structural domain, 

namely density distribution function (DDF). The topology optimization formulation to obtain 

auxetic metamaterials can be developed with the use of the DDF, where IGA is applied to 

solve structural responses in material microstructure. 

5.2.1 Density distribution function (DDF) 

Before developing the DDF, the definition of nodal densities assigned to control points needs 

to satisfy two basic conditions [98,100,103,104]: (1) non-negativity; and (2) the strict bounds 

ranging from 0 to 1. Meanwhile, the Shepard function is firstly used to improve the overall 

smoothness of nodal densities, to make sure the smoothness of the DDF. The corresponding 

mathematical model is given as: 

  (5-6) 

where  is the smoothed nodal density assigned to the  control point, and  

is the initial defined nodal density.  are the numbers of the nodal densities located 

at the local support area of the current nodal density in two parametric directions respectively, 

as shown in the sub area bounded by the blue circle in Figure 5-2. Hence, the key idea of the 

current smoothing scheme for the nodal densities is that each nodal density is equal to the 

mean value of all the nodal densities in the local area of the current nodal density.  is 

the Shepard function [160] of the  nodal density.  is the weight function of the 
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nodal density of the  control point. The CSRBFs with the C4 continuity [161] are used 

in this work due to the compactly supported, the high-order continuity and the nonnegativity 

over the local domain, by: 

  (5-7) 

where , and  is the Euclidean distance between the current nodal density and the 

other nodal density in the support domain.  is the radius of this domain shown in Figure 5-

2. It can be seen that the smoothed nodal densities can still maintain the necessary conditions 

for a physically meaningful material density [98,100,101,103,104]. Assuming that the DDF 

in the structural domain is denoted by , the DDF is constructed by the NURBS basis 

functions with a linear combination of the smoothed nodal densities, given as: 

  (5-8) 

It can be seen that Eq. (5-9) for the DDF has the same mathematical formula for NURBS. The 

key difference is the physical meaning of control coefficients. The initial NURBS-based 

geometrical model for the domain has been converted into a representation of the DDF. Eq. 

(5-9) is the global form, which can be expanded as a local form depended on the local area of 

, that 

  (5-9) 

By virtue of the properties of NURBS, the current developed DDF is also featured with the 

non-negativity and strict-bounds. Hence, the DDF can guarantee the strict physical meaning 

of the material density for structural domain in the next optimization formulation. The non-

interpolant of NURBS has no influence on the DDF, originating from that the control points 
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are not necessarily on the structural domain. Moreover, the variation diminishing property of 

NURBS can make sure the non-oscillatory of the DDF, even if the higher-order NURBS basis 

functions are used [89,90]. 

 
Figure 5-2 Nodal densities assigned to control points 

5.2.2 ITO formulation for auxetic metamaterials 

The Poisson’s ratio of materials is equal to the aspect ratio of the transverse contraction strain 

to longitudinal extension strain in the direction of stretching force. Considering the material 

elastic tensor, Poisson’s ratios in two directions of 2D materials can be defined by 𝜐12 =

𝐷1122 𝐷1111⁄  and 𝜐21 = 𝐷1122 𝐷2222⁄ . In order to generate materials with the NPR property, 

several different objective functions are developed, such as the minimization of the weighted 

square difference between the expected elastic tensor and the evaluated elastic tensor [142–

144,149], the minimization of the difference between the predicted NPR and its target [147], 

minimizing the combination of the elastic tensor [75,146] and so on [148]. 

Here, the objective function of the optimization of auxetic metamaterials is expressed by a 

combination of the homogenized elastic tensor. It is known that the occurrence of the auxetic 

behavior is highly related to the rotating effect of mechanisms in microstructures [75,140]. 

As defined in Eq. (16), minimizing the term ∑ 𝐷�̂��̂��̂��̂�
𝐻𝑑

�̂�,�̂�=1,�̂�=�̂�  can guarantee the generation of 
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the mechanism-type layouts, which is beneficial to facilitate microstructures with the auxetic 

behavior. Meanwhile, the term ∑ 𝐷�̂��̂��̂��̂�
𝐻𝑑

�̂�,�̂�=1,�̂�≠�̂�  can prevent mechanism-type topologies when 

its value is smaller than 0. In the defined optimization formulation, the optimizer tends to 

maximize the second term ∑ 𝐷�̂��̂��̂��̂�
𝐻𝑑

�̂�,�̂�=1,�̂�=�̂�  and minimize the first term ∑ 𝐷�̂��̂��̂��̂�
𝐻𝑑

�̂�,�̂�=1,�̂�≠�̂� , so that 

the objective function can be gradually minimized and materials can be featured with the 

auxetic behavior in all directions. 

  (5-10) 

where  denote the nodal densities assigned to the control points, working as the design 

variables.  is the objective function. As we can see, the optimization formulation intends to 

minimize  and maximize  simultaneously, which can facilitate the 

generation of materials with the NPR in all directions. Hence, the objective function can be 

applicable not only for the isotropic, but also for the orthotropic materials.  is a weighting 

parameter to claim the importance of the corresponding terms.  is the spatial dimension of 

materials.  is the volume constraint, in which  is the maximum value and  is the 

volume fraction of the solid.  is the DDF in Eq. (5-9).  is the displacement field in the 

material microstructure, which have to satisfy the PBCs given in Eq. (5-5).  is the virtual 

displacement field belonging to the admissible displacement space  with y-periodicity, 

which is calculated by the elastic equilibrium equation.  and  are the bilinear energy and 
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linear load functions, as: 

  (5-11) 

It should be noted that the elastic tensor is assumed to be an exponential function with respect 

to the DDF, and  is the penalization parameter.  is the constitutive elastic tensor of the 

basic material. 

5.2.3 Design Sensitivity analysis 

In Eq. (5-11), the ITO formulation for auxetics are developed using the DDF, and which is 

expressed by the linear combination of the nodal densities and NURBS basis functions. 

Moreover, the nodal densities are the design variables. Hence, we firstly derive the first-order 

derivative of the objective function with respect to the DDF before obtaining the sensitivity 

analysis with respect to the design variables, as: 

  (5-12) 

As we can see, the core of the derivative of the objective function with respect to the DDF is 

located at the computation of the derivative of the homogenized elastic tensor . The 

derivations for the first-order derivative of the homogenized stiffness tensor in detail can refer 

to [75,79,143,151], and the final form is given by: 

  (5-13) 

As pointed out in Section 5.2.1, the DDF is constructed by a linear combination of the NURBS 

basis functions with the smoothed nodal densities, and which are obtained by the Shepard 
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function to process the nodal densities. The first-order derivatives of the DDF with respect to 

the nodal densities of the control points can be derived by: 

  (5-14) 

where  is the NURBS basis function at the computational point .  is 

the value of the Shepard function at the control point . It is important to note that the 

above computational point  is different from the control point . In Eq. (5-11), the 

computational points are Gauss quadrature points. According to the chain rule, the final form 

of the derivative of the homogenized elastic tensor with respect to the initial nodal densities 

can be computed by: 

  (5-15) 

Hence, the first-order derivative of the objective function  with respect to design variables 

can be obtained based on Eq. (5-16). Similarly, the derivatives of the volume constraint with 

respect to the design variables are given by: 

  (5-16) 

According to Eqs. (5-13), (5-16) and (5-17), the first-order derivatives of the objective and 

constraint functions are strongly dependent on NURBS basis functions at Gauss quadrature 

points and Shepard function at the control points. In the optimization process, the NURBS 

basis functions and Shepard function keep unchanged, and they can be pre-stored. Hence, the 

sensitivity analysis can save the computational cost in the optimization. Meanwhile, it should 

be noted that the above derivations are developed for 2D materials, which can be directly 
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extended to 3D scenario. 

5.3 A relaxed OC method 

It is known that the OC method [162] has been widely employed in structural optimization 

problems [1] in which a large number of design variables but only with a single constraint. 

Moreover, the objective and constraint functions should satisfy the monotonicity properties. 

However, the positive and negative sensitivities of the objective function with respect to the 

design variables can appear in the optimization of auxetic metamaterials considering the 

above formulation. In previous works [146], the damping factor has been eliminated, leading 

to a result that the volume fraction is inactive in the optimization process. Here, a relaxed OC 

method [177] is applied to update the design variables, and the corresponding update scheme 

is expressed as: 

  (5-17) 

where  are the move limit and the damping factor, respectively. The Lagrange multiplier 

 at the  iteration step can be advanced by a bi-sectioning algorithm [1]. The updating 

factor  for the  design variable at the  iteration step can be defined as: 

  (5-18) 

where  is a small positive constant to avoid the fraction with a form of . The updating 
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factor  can be positive in the optimization, by choosing an appropriate value of the shift 

parameter , namely: 

  (5-19) 

A systematic flowchart of the ITO formulation for auxetic metamaterials is shown in Figure 

5-3, and the detailed steps are listed as follows: 

Step 01: Input initial parameters: structural sizes, NURBS basis functions; knot vector 

and so on; 

Step 02: Construct geometrical model (CAD) of the structure by NURBS; 

Step 03: Construct numerical analysis model (CAE) of the structure, namely IGA 

mesh; 

Step 04: Construct the initial DDF by NURBS basis functions and Shepard function; 

Step 05: Impose PBCs on the microstructure and apply IGA to solve the displacement 

field; 

Step 06: IGA-based EBHM to evaluate the homogenized elastic tensor; 

Step 07: Calculate the objective function and volume fraction; 

Step 08: Calculate the derivatives of the objective and constraint functions; 

Step 09: Update the design variables and DDF by the relaxed OC method; 

Step 10: Check convergence; if not, go back to Step 05; if yes, go to Step 11; 

Step 11: End and Output auxetic metamaterials. 
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Figure 5-3 The flowchart of the ITO formulation for auxetic metamaterials 

5.4 Numerical Examples 

In this section, several numerical examples are provided to demonstrate the effectiveness and 

merits of the ITO formulation for auxetic metamaterials. Only the linearly elastic materials 

are considered, and 2D microstructures will be discretized with the plane stress elements. In 

all example, the Young’s moduli  and Poisson’s ratio  for the basis material are defined 

as 1 and 0.3, respectively. In the numerical analysis, 3×3 (2D) or 3×3×3 (3D) Gauss 

quadrature points are chosen in each IGA element. For numerical simplicity, the dimensions 

of material microstructures in all directions are set to be 1. The penalty parameter in Section 

4.2 is set as 3. The constant parameter  in all numerical examples is set as 0.003. The 

terminal criterion is that the  norm of the difference of the nodal densities between two 

consecutive iterations is less than 1% or the maximum 100 iteration steps are reached. 
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5.4.1 2D auxetic metamaterials 

Considering 2D materials, the structural design domain is a square with 1×1, shown in Figure 

5-4 (a). Here, NURBS surface is used to parametrize the design domain, where the quadratic 

NURBS are chosen and the knot vectors are: Ξ = ℋ = {0,0,0,0.01,⋯ ,0.99,1,1,1}. The IGA 

mesh for the design domain has 100×100 elements, and 101×101 (10202) control points are 

contained in the NURBS surface. The maximum material consumption 𝑉0 is defined as 30%. 

The weight parameter 𝛽 is equal to 0.03. As already described in Section 5.2, the developed 

ITO method aims to optimize the densities in the DDF to represent the evolving of the 

structural topology, until auxetic microstructures can be achieved. As given in Eq. (5-9), the 

DDF is constructed by the NURBS, which can be viewed as a density response surface in 

space for nodal densities. The initial design of material microstructure is displayed in Figure 

5-4, including the nodal densities at control points in Figure 5-4 (a), densities at Gauss 

quadrature points in Figure 5-4 (b) and the density response surface of the DDF in Figure 5-

4 (c). It should be noted that the height direction denotes the density value in Figure 5-4. It 

can be found that the initial design of material microstructure is homogenously occupied with 

some holes to avoid the uniformly distributed sensitivity field, owing to the imposing of the 

periodic boundary conditions on material microstructure. 

As displayed in Figure 5-5, the optimized designs of material microstructure are provided, 

including the optimized densities at Gauss quadrature points in Figure 5-5 (a) and the density 

response surface of the DDF in Figure 5-5 (b). It can be found that the optimized densities at 

Gauss quadrature points and the optimized density response are featured with the sufficient 

smoothness and continuity. The main cause is that the Shepard function and NURBS basis 
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functions are considered in the DDF. The former can guarantee the smoothness of the DDF 

by improving the overall smoothness of nodal densities, and the latter ensure its continuity. 

In order to show the details of the optimization of the DDF, we provide a series of intermediate 

density response surfaces of the DDF during the process. As shown in Figure 5-4 (c) and 

Figure 5-6 (a), the initial density response surface has a break from 0 to 1. In the optimization, 

the smoothness is gradually improved with the consideration of the Shepard function in the 

construction of the DDF, explicitly represented by the transition part of the surface from 0 to 

1. Additionally, the optimized densities of the DDF in material microstructure are distributed 

nearly 0 and 1, due to the penalty parameter, and the key principle of the penalty mechanism 

in topology optimization can refer to [11]. 

 
Figure 5-4 The initial design of material microstructure 

As shown in Figure 5-6, the advancing of the DDF represent the topological changes in the 

optimization. In order to obtain an appropriate configuration of material microstructure using 

the DDF, a heuristic scheme is introduced to define the structure topology. The mathematical 

model is defined in Eq. (5-21), where  is a constant, expressed as: 
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  (5-20) 

 
Figure 5-5 The optimized designs of material microstructure 

 
Figure 5-6 Intermediate density response surfaces of the DDF 

As we can see, the structural boundaries of material microstructure are expressed by the iso-

contour of the DDF. The DDF with the densities higher than  describes solids in the 

structural design domain, and the densities lower than  is used to present voids. We can 

find that the current scheme to define the structural topology using the DDF is analogous to 
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the implicit boundary representation model in the LSM [13–15]. However, it is important to 

notice that the ITO method for auxetic metamaterials is not developed in a framework of the 

Hamilton-Jacobi partial differential equation to track the advancing of the structural boundary. 

Eq. (5-20) can be just viewed as a post-processing mechanism to define the topology using 

the DDF, and the key of the ITO method for auxetic metamaterials is the optimization of the 

DDF to represent the topological changes. 

Table 5-1 The optimized 2D auxetic metamaterial 
DGQP Topology    

  

   

In the work, the constant  is set to be 0.5. According to Figure 5-5, we can see that the 0.5 

is a relatively suitable value to define the topology, due to a phenomenon that most densities 

are distributed nearly 0 or 1 ([0, 0.2] and [0.8, 1]). The corresponding numerical results of 

material microstructure are listed in Table 5-1, including the 2D view of densities at Gauss 

quadrature points but with only higher than 0.5, the optimized topology, the homogenized 

elastic tensor 𝐃𝐻 , the corresponding negative Poisson’s ratio 𝜐 = −0.61 and the volume 

fraction of the optimized topology 𝑉𝑓 = 29.88%. The volume fraction of the final topology 

is mostly close to the prescribed volume fraction 30%, which shows the appropriateness of 

the threshold value 0.5 to define the topology using the DDF. The topologically-optimized 

design of microstructure with the negative Poisson ratio -0.61 shows the effectiveness of the 
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current ITO method on seeking for 2D auxetic metamaterials. 

 
Figure 5-7 Rotating mechanisms in the optimized 2D auxetic metamaterial 

 
Figure 5-8 Iterative curves of 2D auxetic metamaterial 

Additionally, it can be easily found that the optimized topology is featured with the smooth 

boundaries and clear interfaces between solids and voids owing to the DDF with the sufficient 

smoothness and continuity, which can be beneficial to lower the difficulties for the latter 

manufacturing. Although the ITO method for auxetic metamaterials is developed on the basis 

of the conception of material densities, the key intention of the ITO formulation is to seek for 

the optimal DDF with the auxetic characteristic. Finally, the iterative curves of the objective 
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function and volume fraction of the DDF are shown in Figure 5-8, with the intermediate 

topologies of 2D auxetic microstructure. It can be easily found that the iterative histories are 

very smooth, and the optimization can quickly arrive at the prescribed convergent condition 

within 38 steps, which presents the perfect stability of the proposed ITO method on the 

optimization of 2D auxetics. 

5.4.2 Discussions of the weight parameter 

In this section, we study the effect of the weight parameter 𝛽 in the objective function on the 

optimization of auxetic metamaterials. The weight parameter 𝛽 will be discussed with 15 

cases, namely 0.03 (Section 6.1), 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.10, 0.15, 0.20, 0.25, 0.30, 

0.0001, 0.0005, 0.02. The related design parameters are consistent with Section 6.1, like the 

NURBS details, the maximum material consumption, the initial design and etc. 

 
Figure 5-9 Numerical results of the former twelve cases 
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As shown in Figure 5-9, the corresponding numerical results of the former twelve cases from 

0.03 to 0.30 are firstly provided. It can be found that the values of the Poisson’s ratio in twelve 

cases are increased with the increasing of the weight parameter. The corresponding auxetic 

microstructures in twelve cases are shown in Figure 5-10. The auxetic behavior is becoming 

smaller and smaller with the increasing of the weight parameter. When the weight parameter 

is equal to 0.3, the optimized microstructure is not featured with the negative Poisson’s ratio. 

Meanwhile, the first case with the weight parameter 0.03 can obtain auxetic microstructure 

with the negative Poisson’s ratio -0.614 in the similar iterative steps when compared to other 

cases. Three numerical cases with the weight parameter equal to 0.02, 0.005 and 0.0001, 

respectively, are provided in Table 5-2. If the weight parameter is decreased, the optimizer 

intends to minimize the negative Poisson’s ratio in one direction. As listed in the third row of 

Table 5-2, namely 𝛽 = 0.0005, the 𝜐21 is smaller than the 𝜐12, and the auxetic microstructure 

is the orthotropic. However, if the weight parameter is very small, equal to 0.0001, the final 

auxetic metamaterial is the anisotropic. The auxetic behavior of the design results from the 

chiral deformation mechanism. The above phenomenon mainly stems from a fact that the 

weight parameter controls the influence degree of the term ∑ 𝐷�̂��̂��̂��̂�
𝐻𝑑

�̂�,�̂�=1,�̂�=�̂�  in the objective 

function. Additionally, as provided in the last column of Table 5-2, we can confirm that an 

increasing number of iterations are required to arrive at the convergent criterion, with the 

decreasing of the weight parameter. Hence, as far as finding auxetic microstructures with the 

identical negative Poisson’s ratios in two directions, the weight parameter 0.03 is a relatively 

appropriate value for the ITO method. It should be noted that the discussion for the weight 

parameter is just suitable for the current ITO method. 
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Figure 5-10 Auxetic microstructures in twelve cases 

Table 5-2 Numerical results of three cases 
𝛽 Topology Homogenized elastic tensor 𝐃𝐻 𝜐 Iterations 

0.02 

 

[
0.0762 −0.038 0
−0.038 0.0702 0

0 0 0.0008
] {

𝜐12 = −0.498
𝜐21 = −0.541

 117 

0.0005 

 

[
0.1204 −0.053 0
−0.053 0.0392 0

0 0 0.0011
] {

𝜐12 = −0.442
𝜐21 = −1.352

 101 

0.0001 

 

[
0.084 −0.057 0.013

−0.057 0.085 −0.013
0.013 −0.013 0.0028

] {
𝜐12 = −0.678
𝜐21 = −0.671

 157 

5.4.3 3D auxetic metamaterials 

In this section, the optimization of 3D auxetic metamaterials is studied to present the superior 

effectiveness of the developed ITO method. As far as 3D material microstructure, the design 

domain is a cubic with 1×1×1, as shown in Figure 5-11 (a). The structural design domain 

is parameterized by the NURBS solid, where the quadratic NURBS basis functions are used 

and knot vectors in parametric directions are Ξ = ℋ = 𝒵 = {0,0,0,0.0417,⋯ ,0.9583,1,1,1}. 
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The NURBS solid and the IGA mesh for the design domain are displayed in Figure 5-11 (b) 

and (c), respectively. The IGA mesh has 24×24×24 elements, and 26×26×26 control points 

are included in the NURBS solid. The total number of design variables is equal to 26×26×

26. An IGA element contains 3×3×3 Gauss quadrature points, and the total number of Gauss 

quadrature points is equal to 72×72×72. In this section, four different initial designs of 3D 

material microstructure are defined and four causes will be dicussed. As far as 3D material 

microstructure, it is difficult to plot the 4D density response surface. We only display the 

correponding iso-contours of four initial material microstructures, as given in Figure 5-12, 

where 𝒳𝑐 is still set to be 0.5. 

 
Figure 5-11 3D material microstructure 

 
Figure 5-12 Four initial designs for 3D material microstructure 

The initial design 1 shown in Figure 5-11 (a) is considered in Case 1, where the maximum 

material consumption is set to be 30%. As clearly displayed in Figure 5-12 (a), the optimized 



Rational design of auxetic metamaterials using ITO method 

 

132 
 

topology of 3D material microstructure with the auxetic behavior is provided. In order to 

observe the interior configuration of the optimized design, the middle cross-sectional view of 

3D auxetic microstructure is shown in Figure 5-12 (b). Meanwhile, a 3D auxetic metamaterial 

with 3×3×3 repetitive microstructures is shown in Figure 5-12 (c). It can be easily seen that 

the optimized 3D auxetic microstructure is characterized with the smooth boundaries and 

distinct interfaces between the solids and voids, originating from the constructed DDF with 

the desired smoothness and continuity. Meanwhile, it can be observed that the 3D material 

microstructure shown in Figure 5-12 (a) can exhibit the counterintuitive dilatational behavior, 

when a load is imposed on one direction of this structure. As provided in Table 5-3, the 

homogenized elastic tensor of the 3D material microstructure in Figure 5-12 (a) is given and 

the corresponding Poisson’s ratio is equal to -0.047. Hence, the auxetic behavior of the 3D 

microstructure 1 can be confirmed from not only the qualitative analysis, but also quantitative 

calculation. 

 
Figure 5-13 3D auxetic microstructure No. 1 

Similarly, Case 2 is performed with the maximum volume fraction 30%, starting from the 

initial design 2, shown in Figure 5-11 (b). The initial design 3, illustrated in Figure 5-11 (c), 
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is considered in Case 3 with the maximum material consumption 30%, and Case 4 optimizes 

the 3D microstructure starting from the initial design 4 displayed in Figure 5-11 (d), but with 

the maximum volume fraction 24%. The optimized results in Cases 2, 3 and 4 are displayed 

in Figure 5-13, 5-14 and 5-15, respectively, also including the optimized topology, the cross-

sectional view of the topology to illustrate the interior information and 3×3×3 repetitive 

distributed microstructures. The homogenized elastic tensors of 3D auxetic microstructures 2, 

3 and 4 are listed in Table 5-3, where the corresponding Poisson’s ratio are also computed, 

namely -0.082, -0.12, -0.11. Thereby, the capability of the ITO method to seek for 3D auxetic 

metamaterials can be presented. 

 
Figure 5-14 3D auxetic microstructure No. 2 

 
Figure 5-15 3D auxetic microstructure No. 3 
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Figure 5-16 3D auxetic microstructure No. 4 

Table 5-3 The homogenized elastic tensors of four 3D auxetic microstructures 
3D auxetic microstructure 1 3D auxetic microstructure 2 

 

 

 

 
3D auxetic microstructure 3 3D auxetic microstructure 4 

 

 

 

 

 
Figure 5-17 The 2D-views for four auxetic microstructures 
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As shown in Figure 5-17, the 2D views of the optimized 3D auxetic microstructures are 

provided, which are analogous to the reported 2D auxetic microstructures in previous works 

[143,146]. However, it is not straight to extend the optimization for 2D auxetic metamaterials 

to 3D scenario. The convergent curves of the objective function, the volume fraction of the 

DDF and the topological change between two adjacent iterations in Cases 1 and 2 are shown 

in Figure 5-18. It can be easily found that the iterative histories in two cases are very smooth 

and quickly arrive at the prescribed convergent criterion, only 34 steps in Case 1 and 51 steps 

in Case 2. The intermediate topologies of the 3D auxetic microstructures in Case 1 and 2 are 

also displayed in Figure 5-19 and 5-20, respectively. Hence, the effectiveness and efficiency 

of the ITO method on the optimization of 3D auxetic metamaterials can be demonstrated. 

Meanwhile, the pre-defined geometrical symmetries are not considered in the optimization to 

allow more freedoms to seek for the novel 3D auxetic microstructures. As shown in Figure 5-

13 to 5-14, a series of interesting 3D auxetic microstructures can be achieved in the current 

work. However, the negative Poisson’s ratios of the optimized 3D auxetic microstructures are 

larger than the reported designs [142,148,149]. The negative Poisson’s ratio of the auxetic 

microstructure strongly depends on the objective function. In Eq. (16), the objective function 

is expressed by a combination of the homogenized elastic tensor, which can only provide a 

reasonable search direction for the optimizer to find auxetic metamaterials. It is difficult to 

arrive at the expected negative Poisson’s ratio. It should be noted that this phenomenon has a 

negligible influence on the latter applications of the ITO method, owing to the fact that the 

proposed ITO method can achieve topological design of auxetic metamaterials in a more 

effective and efficient manner. Based on the skeleton of the current topologically optimized 

designs (Figure 5-13 to 5-14), the auxetic metamaterials with any given negative Poisson’s 
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ratio can be achieved by further using shape optimization, similar to [148]. 

 
Figure 5-18 Convergent histories of Cases 1 and 2 

 
Figure 5-19 Intermediate results of Case 1 

According to the discussion about the weight parameter in Section 6.2, two different cases 

with 𝛽 = 0.02 and 0.0001 for 3D auxetic metamaterials are discussed, respectively. The 

optimized 3D auxetic designs in two cases are shown in Figure 5-21, including the optimized 

topologies and the cross-sectional views of the topologies. It can be seen that the 3D auxetic 

microstructure 5 in Figure 5-21 (a) is similar to the reported microstructure in [149]. The 3D 
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auxetic microstructure No. 6 with the anisotropic is a new finding with the chiral deformation 

mechanism to form the auxetic behavior. The homogenized elastic tensors of two 3D auxetic 

microstructures are listed in Table 5-4, and the minimum Poisson’s ratios of two cases are 

equal to -0.257 and -0.188, respectively. 

 
Figure 5-20 Intermediate results of Case 2 

 
Figure 5-21 3D auxetic microstructures No. 5 and No.6 

Table 5-4 Homogenized elastic tensors of 3D auxetic microstructures No. 5 and 6 

3D auxetic microstructure 5 3D auxetic microstructure 6 
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[
 
 
 
 
 

0.0483 −0.0124 −0.0049 0 0 0
−0.0124 0.0633 −0.0122 0 0 0
−0.0049 −0.0122 0.0505 0 0 0

0 0 0 0.0047 0 0
0 0 0 0 0.0048 0
0 0 0 0 0 0.0047]

 
 
 
 
 

 

𝜐𝑚𝑖𝑛 = −0.257 
[
 
 
 
 
 

0.0457 −0.0028 −0.008 0.0031 0.0009 0.0067
−0.0028 0.0426 −0.0062 −0.0032 −0.0062 −0.0004
−0.008 −0.0062 0.053 −0.0003 0.0045 −0.0053
0.0031 −0.0032 −0.0003 0.004 −0.0002 −0.0002
0.0009 −0.0062 0.0045 −0.0002 0.0038 0.0004
0.0067 −0.0004 −0.0053 −0.0002 0.0004 0.0038 ]

 
 
 
 
 

 

𝜐𝑚𝑖𝑛 = −0.188 

5.4.4 Simulating validation based on ANSYS 

In this section, the numerical verification of the above optimized auxetic microstructures is 

performed using ANSYS, and the auxetic microstructure No. 1 is considered. The “STL” file 

of the auxetic microstructure No. 1, as displayed in Figure 5-22 (a), is firstly exported from 

Matlab and then imported into ANSYS. The “STL” file needs to be slightly modified in the 

SpaceClaim of ANSYS and converted into the solid geometry with 1cm×1cm×1cm, given in 

Figure 5-22 (b). The volume fraction of the “STL” file for 3D auxetic microstructure 1 is 

equal to 29.65% (nearly 30%) and the volume fraction 29.73% of the modified solid geometry 

is also mostly identical to 30%. In order to test the negative Poisson’s ratio with a much higher 

accuracy, an auxetic metamaterial with 5×5×5 auxetic microstructures No. 1 is considered in 

the latter simulation, as shown in Figure 5-23 (a), and the corresponding mesh is also shown 

in Figure 5-23 (b) with 19763500 finite elements. 

 
Figure 5-22 3D auxetic microstructure No. 1 
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Figure 5-23 Auxetic metamaterial and its finite element mesh 

 
Figure 5-24 Boundary conditions imposed on the auxetic metamaterial 

 
Figure 5-25 Displacement responses of auxetic metamaterial 

In Figure 5-24, three boundary conditions are imposed on the auxetic metamaterial. Condition 

1, shown in Figure 5-24 (a), fixes the Z-direction displacements of the surface A with the 

normal direction Z-. In the Condition 2, two points at the middle of the surface A are fixed to 

avoid the rotation of the auxetic metamaterial, given in Figure 5-24 (b). As shown in Figure 
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5-24 (c), a displacement with 1 mm in Z direction is homogenously imposed on the surface 

C with the normal direction Z+ in Condition 3. It should be noted that the surfaces A and C 

are opposite along Z direction. The deformations of the top and bottom surfaces in X direction 

of the auxetic metamaterial are displayed in Figure 5-25. In order to obtain a more accurate 

value, the difference of the average displacements on the top and bottom surfaces is viewed 

as the deformation degree of auxetic metamaterial 1 in the X direction. The displacement 

mean on the top surface is equal to 0.0239 mm, and the mean on the bottom surface is -0.0227 

mm. The deformation of auxetic metamaterial in X direction is equal to ∆𝑥 = 0.0466mm. 

The negative Poisson’s ratio is defined by 𝜐 = −∆𝑥 ∆𝑧⁄ = −0.0466. We consider different 

displacements imposed on the Surface C, ranging from 0.1mm to 1mm, and the corresponding 

negative Poisson’s ratios in different cases are all equal to -0.0466, shown in Figure 5-26. The 

simulated values are mostly identical to the result calculated by the homogenization. 

 
Figure 5-26 Mechanical responses of auxetic metamaterial 

Finally, all 3D printing prototypes for the topologically optimized 3D auxetic microstructures 

No. 1 to 6 are fabricated using the SLS technique, displayed in Figure 5-27, respectively. 
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Figure 5-27 3D printing samples for six auxetic microstructures 
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5.5 Conclusions 

In this chapter, we present an effective and efficient ITO method for the optimization of 2D 

and 3D auxetic metamaterials, where an enough smooth and continuous DDF is constructed 

to represent the structural topology and IGA is applied to solve the displacement responses in 

microstructures. The homogenization to predict the effective material properties is numerical 

implemented by IGA. A relaxed form of the OC method is employed to derive the advancing 

of the structural topology. 

In numerical examples, 2D and 3D auxetic microstructures are discussed to demonstrate the 

effectiveness and efficiency of the ITO method. As we can see, the key characteristic of the 

current method is to optimize the DDF for material microstructures with the auxetic behavior, 

rather than the spatial arrangements of element densities. Moreover, the optimized topologies 

of auxetics have smooth boundaries and distinct interfaces, which is beneficial to the latter 

manufacturing. Additionally, the ITO method is featured with the higher efficiency for the 

optimization of 3D auxetic microstructures, only 37 steps for the auxetic microstructure No.1 

and 52 iterations for the auxetic microstructure No.2. A series of new and interesting auxetic 

microstructures can be achieved. The proposed ITO method is general, and in the future, it 

can be extended to other more advanced topological design problems, like the nonlinear and 

multifunctional material microstructures. 
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Chapter 6 Rational design of auxetic composites using M-

ITO method 

In this chapter, the main intention is to develop an effective and efficient ITO method for the 

systematic design and realization of auxetic composites with not only the negative Poisson’s 

ratio, but also the improving stiffness to some extent. Firstly, the homogenization to evaluate 

macroscopic effective properties is numerically implemented by IGA, with the imposing of a 

rational periodic boundary formulation on microstructures. Secondly, a NURBS-based multi-

material interpolation (N-MMI) model is developed, where two kinds of variables are defined, 

namely design variables and topology variables, to represent the advancing of multiple phases 

in the design domain. The field of design variables is constructed by the non-uniform rational 

B-splines (NURBS) and Shepard function to enhance the overall smoothness of nodal design 

variables. Multiple sets of topology variables are defined by a combination of all fields of 

design variables, and each of them is applied to represent the evolvement of one material in 

the optimization. Thirdly, the ITO formulation for the design of 2D and 3D auxetic composites 

is developed using the homogenization and the N-MMI model, in which IGA is adopted to 

solve the structural responses and the objective function is expressed by a combination of the 

effective elastic tensor. We can see that NURBS integrates the N-MMI model and IGA into a 

unified mathematical formula for the topology optimization of auxetic composites. 

Finally, a series of novel and interesting auxetic composites can be achieved in numerical 

examples to demonstrate the effectiveness of the proposed ITO method. 
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6.1 IGA-based Homogenization 

The homogenization [20] is applied to predict macroscopic effective properties of materials 

considering the micro information. Noting that two basic requirements should be maintained 

in the homogenization: (1) the scales of microstructures are much smaller than that of the bulk 

material, and (2) material microstructure, working as a unit cell, is periodically distributed in 

the bulk material. As displayed in Figure 6-1, the bulk material is configured by an identical 

material microstructure with two materials (three phases), where material cell is depicted in 

the coordinate system . 

 
Figure 6-1 The bulk material composed of a kind of material microstructure 

For the linearly elastic material, the displacement field   at the bulk material can be 

characterized by the asymptotic expansion theory, expressed as: 

  (6-1) 

where  is the aspect ratio between the scales of the microstructure and the bulk material, 

which is far less than 1. For numerical simplicity, only the first-order variation term. The 

macroscopic effective tensor of the bulk material  can be expressed by: 
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  (6-2) 

where  is the area (2D) or volume (3D) of the microstructure, and  is the locally 

varying elastic property.   is the linearly independent unit test strain field, containing 

three components in 2D and six in 3D.   denotes the unknown strain field in the 

microstructure, which is solved by the following linear elasticity equilibrium equation with 

y-periodic boundary conditions: 

  (6-3) 

where  is the virtual displacement in material microstructure belonging to the admissible 

displacement space  with y-periodicity, and  denotes the dimension of microstructure. 

In IGA, the NURBS basis functions are firstly applied to parametrize the structural geometry, 

and then construct the approximate space for the unknown structural response. For the latter, 

the key principle is that the continuous solution space is developed by a linear combination 

of the NURBS basis functions with structural responses on control points. The mathematical 

formula of the solution space is consistent with the geometrical model, but control coefficients 

are the responses of control points, for example nodal displacements, rather than the physical 

coordinates for the geometrical model, given as: 

  (6-4) 

where  is the field of the structural responses in design domain, and  are the responses 

on control points. Considering the linear elasticity in the IGA, the system stiffness matrix is 

assembled by the element stiffness matrices. The IGA element stiffness matrix is solved by 
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the Gauss quadrature method, and the iso-parametric formulation is applied to calculate the 

element stiffness matrix: 

  (6-5) 

where  is the material elastic tensor, and  denotes the chosen Gauss quadrature 

point. In the current work, 3×3×3 Gauss quadrature points in each IGA element are adopted 

to calculate stiffness matrix.  are the weights for the Gauss quadrature point 

 in three parametric directions, respectively.  is the strain-displacement matrix 

calculated by the partial derivatives of the NURBS basis functions with respect to the 

parametric coordinates. In the iso-parametric formulation, two mappings have to be defined. 

As shown in Figure 6-2 for a cross-sectional view of the cubic in  direction,  

is the mapping from the parametric space to the physical space; and  maps the 

bi-unit parent element into the parametric element.  and  are the Jacobi matrices of two 

mappings, respectively. The details for the derivations of them can refer to [89]. 

In the numerical implementation of the homogenization to evaluate the homogenized elastic 

tensor , IGA is employed to calculate the structural responses. Meanwhile, the periodic 

boundary conditions should be imposed on material microstructure in order to guarantee two 

basic requirements. In the implementation, an energy-based homogenization method (EBHM) 

[79,140,146] with a simple periodic boundary formulation is developed. Hence, the numerical 

analysis of material microstructure is implemented by IGA, with the imposing of the periodic 

boundary formulation developed in the EBHM. In Eq. (6-4), the displacement field in material 

microstructure is approximately constructed by the nodal displacements on control points 
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with NURBS basis functions. Moreover, the displacement field needs to satisfy the periodic 

boundary conditions, and a general form is expressed by: 

  (6-6) 

 
Figure 6-2 IGA mesh with Gauss quadrature points 

where  denotes the normal direction of boundary, and  indicates the displacements of 

points at the structural boundary with the normal direction , and the normal direction is in 

the positive direction of the coordinate axis.  corresponds to the displacements of points at 

the opposite structural boundary.  is the scale of material microstructure in the normal 

direction . Hence, control points at structural boundary should be appropriately classified to 

develop periodic boundary conditions. The details can refer to [146] for 2D and [79] for 3D. 

6.2 Isogeometric topology optimization (ITO) for auxetic 

composites 

6.2.1 ITO formulation 

It is known that the physical meaning of the Poisson’s ratio corresponds to the deformation 
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mechanism of the bulk material, which is defined by the aspect ratio of the transverse 

contraction strain to the longitudinal extension strain in the direction of stretching force. In 

the existed works for the design of auxetic materials, several objective functions are defined 

to generate material microstructures with the auxetic behavior, such as the minimization of 

the weighted square difference between the effective elastic tensor and the expected elastic 

[143,150], or the minimization of the combination of the effective elastic tensor [75,146]. 

Comparatively speaking, the latter form of the definition is more stable and efficient in the 

optimization of auxetic materials with the negative Poisson’s ratio [75,146]. 

The current work aims to develop a systematic design method for the optimization of auxetic 

composites with not only the negative Poisson’s ratio, but also a stiffer structure, by virtue of 

the superior features of the composites with the enhanced properties from different materials. 

The combination of the homogenized elastic tensor of the composite microstructure works as 

the objective function of the optimization, and the ITO formulation can be expressed by: 

  (6-7) 

where  denotes the design variables of the  set, including  for the 2D and  for 

the 3D.  is the objective function, defined by the combination of the effective elastic tensor, 
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where the first term is beneficial to the generation of the mechanism-type structures to form 

the auxetic behavior and the second term can prevent the generation of the mechanism-type 

topologies. It can be easily seen that the current objective function cannot only facilitate the 

generation of composites with the negative Poisson’s ratio, but also keep a reasonable 

topology during the optimization.  is a weighting parameter to claim the importance of the 

corresponding terms.  is the spatial dimension of composites.  is the volume constraint 

for the  distinct material, where  is the maximum material consumption and  is the 

volume fraction of the solids. We can find that all the volume constraints have the separable 

and linear form with respect to the topology variables.  is the set of the topology variables 

to represent  unique material.  is the displacement field in material microstructure, 

which should meet the periodic boundary conditions.  denotes the virtual displacement 

field belonging to the admissible space  with y-periodicity, which is calculated by the 

linearly elastic equilibrium equation.  and  correspond to the bilinear energy function and 

the linear load function, respectively, given as: 

  (6-8) 

where  is the constituent elastic tensor of composites defined by the N-MMI model. 

6.2.2 Design Sensitivity analysis 

In Eq. (6-7), the ITO formulation is developed for the optimization of auxetic composites, 

with the design variable . Firstly, we derive the first-order derivative of the objective 

function with respect to the set of topology variables , expressed by: 
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  (6-9) 

It can be easily seen that the core of the first-order derivative of the objective function with 

respect to the set of topology variables is located at the calculation of the derivatives of the 

effective elastic tensor  with respect to the set of topology variables . The detailed 

derivations for the derivatives of the effective stiffness tensor can refer to [75,143,151], and 

the final form is expressed by: 

  (6-10) 

As already defined,  to represent the distribution of the  unique material is defined by a 

combination of all the fields of design variables. Each field of design variables is constructed 

by NURBS basis functions with the nodal design variables . we can derive the first-order 

derivative of the set of topology variables  with respect to the field of design variables 

, given as: 

  (6-11) 

Then, the derivative of the field of design variables with respect to the nodal design variables 

 can be achieved by consecutively differentiating them, and a detailed form for the 3D 

composites with the nodal design variables  is expressed by: 

  (6-12) 

where  denotes the NURBS basis function at the computational point . 
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 is the Shepard function at the current control point . It is important to notice 

that the above computational point  is different from the control point . The 

former corresponds to the Gauss quadrature points, which is located at the structural domain. 

However, the lattice of the control points forms a polygon in spatial which contain the 

structural geometry, and the control points might not on the structural geometry.  Finally, the 

derivatives of the homogenized elastic tensor with respect to the nodal design variables can 

be derived, and the final form is explicitly expressed as: 

  (6-13) 

Hence, the sensitivity analysis of the objective function with respect to the design variables 

can be obtained. Similarly, the derivatives of the volume constraint with respect to the design 

variables can be expressed by: 

 

  (6-14) 
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It can be seen that the first-order derivatives of the objective and constraint functions are 

strongly dependent on the NURBS basis functions at the Gauss quadrature points and the 

Shepard function at the control points. The NURBS basis functions and Shepard function only 

depend on the spatial locations of the corresponding points and keep unchanged during the 

optimization. Hence, they can be pre-stored without using additional storage space, and the 

sensitivity analysis of the objective is cost-effective. The method of moving asymptotes 

(MMA) [72] is used to evolve design variables in the next numerical examples. 

6.3 Numerical implementations 

 
Figure 6-3 The flowchart of the ITO formulation for auxetic composites 

As shown in Figure 6-3, a flowchart in detail of the ITO formulation for the optimization of 

auxetic composites is provided, and the key steps of the optimization are involved into the 
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following components: the geometry parametrization and then discretization, respectively, 

the construction of the fields of design variables and the sets of topology variables for multiple 

materials, the imposing of the periodic boundary conditions and the homogenization to predict 

the effective elastic tensor, the calculation of the objective function and volume fractions of 

all materials, the design sensitivity analysis and the evolving of design and topology variables. 

6.4 Numerical Examples 

In this section, several numerical examples are provided to demonstrate the effectiveness and 

efficiency of the ITO method for auxetic composites. Firstly, the discussions of 2D auxetic 

composites with two different materials are performed to show the basic features of the ITO 

method. Secondly, the ITO method is applied to optimize 2D auxetic composites with three 

distinct materials to demonstrate its superior effectiveness on the problem with multiple 

materials. Thirdly, the optimization of 3D auxetic composites are performed by the current 

ITO method to seek the novel 3D auxetic composite microstructures. Finally, the optimized 

2D and 3D auxetic composites are simulated in the software ANSYS to show their auxetic 

behavior. In the numerical analysis, 3×3 (2D) or 3×3×3 (3D) Gauss quadrature points are 

chosen in each IGA element. The dimensions of material microstructures in all directions are 

set to be 1. The penalty parameter  is set to be 3. The constant parameter  in all numerical 

examples is equal to 0.03. Three “virtual” isotropic solid materials will be considered in next 

examples, and the related details are defined in Table 6-1. 

Table 6-1 Three “virtual” isotropic solid materials 
 Materials Young’s modulus:  Poisson’s ratio  

1 M1 10 0.3 
2 M2 5 0.3 
3 M3 3 0.3 
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6.4.1 2D auxetic composites 

2D auxetic composites with two-material and three-material microstructures are considered, 

respectively. In the optimization of 2D auxetic composites, the design domain is a square with 

1×1. The NURBS surface is applied to parametrize the design domain, where the quadratic 

NURBS are chosen and the knot vectors are: . The 

corresponding IGA mesh for the design domain has 100×100 elements, and 101×101 (10202) 

control points are contained in the NURBS surface. 

6.4.1.1 Auxetic composite microstructure with two materials 

In this case, two distinct materials (M1 and M2) are considered in the optimization of auxetic 

composites. The allowable volume fractions  for M1 and M2 materials are 

defined as 20% and 20%, respectively. Two kinds of variables should be defined in the N-

MMI model, namely design variables  and topology variables . 

It can be seen that each field of design variables is constructed by NURBS basis functions 

with the nodal design variables, which can be viewed as a response surface for nodal design 

variables in the domain. Moreover, a set of topology variables is expressed by a combination 

of all fields of design variables, which corresponds to a combination of all response surfaces. 

As shown in Figure 6-4 (a1) and (a2), the initial designs of the nodal design variables for two 

fields are defined, respectively, and the height direction shows the value of the nodal design 

variables. That is,  at the control points. Based on the initial definition of the 

nodal design variables, the topology variables for two materials (M1 and M2) at the Gauss 

quadrature points are shown in Figure 6-4 (b1) and (b2), respectively, namely  

at the Gauss quadrature points. As already pointed out in the above section, the set of topology 
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variables is expressed by a combination of all response surfaces of the nodal design variables, 

and the corresponding surfaces of the sets of topology variables for two materials (M1 and 

M2) are shown in Figure 6-4 (c1) and (c2), respectively, namely  in the design 

domain. It should be noticed that the height direction in Figure 6-4 indicates the value of the 

corresponding variables. 

 
Figure 6-4 Initial design of the two-material microstructure 

As shown in Figure 6-5, the optimized designs of  for the overall layouts of M1 

and M2 materials in the design domain are provided, including  ( ) at the Gauss 

quadrature points in Figure 6-5 (a1) and (a2), respectively, and  ( ) in the design 

domain shown in Figure 6-5 (b1) and (b2), respectively. It can be easily seen that the 
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optimized distributions of  ( ) in the design domain are characterized with the 

desired smoothness and continuity, which offers more benefits to represent the evolution of 

the topologies for two materials. Meanwhile, it can be easily seen that the optimized values 

in the overall layouts of  ( ) in the design domain are mostly identical to 0 or 1. 

 
Figure 6-5 The optimized designs 

According to the optimized distributions of  ( ) in the design domain shown in 

Figure 6-5 (b1) and (b2), a simple but efficient heuristic criterion is introduced to define the 

structural topology. The mathematical formula is defined, where  is a constant. As we can 

see, the current heuristic scheme inherited the basic idea of the implicit boundary description 

model in LSM [14,15]. The structural boundary of the optimized composite microstructure is 

expressed by the iso-contour  of .  with the values higher than  denotes the 

solids in the topology, and the values smaller than  describes the voids. However, it should 

be noted that the current heuristic criterion is just a post-definition scheme to define the 

topology for the composite microstructure using the optimized distributions of  
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( ). The core of the proposed ITO method for auxetic composites is to seek the 

optimized  in the design domain, so that the composite microstructure can be featured 

with the auxetic behavior. Moreover,  ( ) represents the distributions of materials 

in the design domain, which has the strict physical meanings in the optimization. This is the 

key difference between the current ITO method and the LSM. 

  (6-15) 

In the current work, the constant  is set as 0.5, due to a basic fact that the values of  

( ) in the design domain are mostly identical to 0 or 1, nearly ranging in two intervals 

. The optimized results of the auxetic composite microstructure are 

listed in Table 6-2, including the layouts of M1 and M2 materials, respectively, the topology 

of the auxetic composite microstructure, the effective elastic tensor, the corresponding 

volume fractions of M1, M2 materials and the final topology and the final negative Poisson’s 

ratio. As we can see, the total volume fraction of the topology is equal to 39.4%, almost nearly 

40%. Hence, 0.5 is a relatively appropriate value to determine the topology of the auxetic 

composite microstructure. Meanwhile, the corresponding Poisson’s ratio is equal to -0.606. 

As also clearly shown by the topology, the re-entrant mechanism is existed and formed by 

M1 and M2 materials, which can generate the auxetic behavior with the imposing of a load 

on the composite microstructure. Meanwhile, M1 material with the larger Young’s modulus 

can guarantee the auxetic composite microstructure with the much stiffer to afford the load. 

Hence, the auxetic composite can be featured with the multi-functional properties, which can 

offer more benefits for the applications in the engineering. 
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Table 6-2 The optimized 2D auxetic composite microstructure 
M1 material M2 material The topology  

   

 

    

    

 
Figure 6-6 The optimized auxetic composite with two materials 

Additionally, a systematic representation for the auxetic composite is also shown in Figure 6-

6, where the  repetitive auxetic composite microstructures briefly describe the bulk 

auxetic composite. According to the auxetic composite in Figure 6-6 (d), the axial bars can 

be formed by M1 and M2 materials, which coincide with the initial observation of the auxetic 

composite with the more stiffness to afford the imposed force. Hence, we can confirm the 

superior effectiveness of the proposed ITO on seeking for auxetic composites. 

Finally, the topology of the auxetic composite microstructure in Figure 6-6 has the smooth 
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structural boundaries and distinct interfaces between solids and voids, which might lower the 

numerical difficulties for the latter manufacturing phase. Moreover, several intermediate 

results of a combined distribution of  ( ) in the design domain are shown in Figure 

6-7. It can be easily seen that the proposed ITO method with the great effectiveness and 

efficiency to find the 2D auxetic composites with two materials. Meanwhile, the convergent 

histories of the objective function and volume fractions of two materials are shown in Figure 

6-8, which shows the high stability and superior efficiency to find the optimized design. 

 
Figure 6-7 Intermediate results of the combined distributions 
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Figure 6-8 Convergent histories of the objective function and volume fractions 

6.4.1.2 Auxetic composite microstructure with three materials 

In this case, three distinct materials (M1, M2 and M3) are considered in the optimization to 

show the ability of the proposed ITO method for auxetic composites with multiple materials, 

where the allowable volume fractions  ( ) are defined as 15%, 15% and 10%, 

respectively. Three fields of design variables  and three sets of topology 

variables  for M1, M2 and M3 materials should be introduced, where the 

initial designs of the nodal design variables for M1, M2 and M3 materials are consistent with 

Figure 6-4 (a1 and a2). M3 material will be plotted with the green color in the final design. 

The optimized designs of  ( ) to represent the overall distributions of M1, 

M2 and M3 materials are displayed in Figure 6-9, including  ( ) at the 

Gauss quadrature points and the surface of  ( ) in the design domain, 

where the height direction denotes the values of the topology variables. Similarly, the overall 

distributions of  ( ) are both featured with the sufficient smoothness and 
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continuity, which can provide more benefits for representing the topology in the latter and 

lower the numerical difficulties for the latter simulation. Moreover, the values of the topology 

variables are mostly distributed the lower and upper bounds, nearly 0 and 1. 

 
Figure 6-9 The optimized designs 

The heuristic scheme to define the topology using the optimized designs of , 

given in Eq. (6-15), is also used here, where the iso-value of the surface  in 

the design domain is still set to be 0.5. As clearly listed in Table 6-3, the final topologies of 

M1, M2, M3 materials and the design domain are included, and also the corresponding 

volume fractions are also provided. It can be easily found that the volume fractions of M1, 

M2, M3 materials and the topology are mostly identical to the prescribed volume constraint, 

which presents the appropriateness of the choice for the constant . Meanwhile, the 
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effective elastic tensor of the final topology with three materials is given, and the negative 

Poisson’s ratio is equal to -0.65. We can easily see that the auxetic composite with three 

materials in Table 6-3 has the lower negative Poisson ratio, and the composite will have the 

stronger auxetic behavior. According to the details of M1, M2, M3 materials given in Table 

6-1, M3 material has the smallest Young’s modulus, and it is much softer than both M1 and 

M2 materials. Introducing the softer material in the design of auxetic composites can be 

beneficial to improve the degree of the auxetic behavior. However, the stiffness performance 

of the auxetic design will be reduced to some extent, directly observing from the homogenized 

elastic tensor (the elements in diagonal are smaller than the corresponding value in Table 6-

2: 0.534 < 0.66). The overall layouts of M1, M2, M3 materials in the final topology can also 

display this characteristic, where the axial bars to mainly afford the load have the M3 material 

compared to the auxetic composite in Figure 6-6. Additionally, it can be easily seen that the 

final topology of the auxetic composite microstructure has the smooth structural boundaries 

and distinct interfaces between solids and voids. Hence, we can confirm that the ITO method 

has the superior capability to optimize the auxetic composites with multiple materials. 

Moreover, we also provide a systematic description about the auxetic composite, shown in 

Figure 6-10, where the  repetitive auxetic microstructures briefly represent the auxetic 

composite. Based on the periodic layout of the auxetic composite microstructure shown in 

Figure 6-10 (c), we can randomly extract any types of auxetic composite microstructures with 

different topologies, shown in Figure 6-10 (e). It is noted that all extracted microstructures 

have the same effective elastic tensor of the auxetic composite microstructure, displayed in 

Figure 6-10 (c). 
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Table 6-3 The optimized 2D auxetic composite with three materials 
M1 material M2 material M3 material Topology 

    
      

      

 
Figure 6-10 The optimized auxetic composite with three materials 

 
Figure 6-11 Iterative curves of objective function and volume fractions 



Robust topology optimization for cellular composites based on dimension reduction methods 

 

164 
 

 
Figure 6-12 Intermediate results of the combined distributions 

Additionally, the convergent histories of the objective function and volume fractions of three 

materials are shown in Figure 6-11, and the intermediate results of the combined distribution 

of all  ( ) are also provided to shows the details of the convergence. As we 

can see, the optimization for the auxetic composite with three materials is very stable and 

smooth, the optimized distributions of  for M1, M2 and M3 materials can be quickly found 

using the proposed ITO method, which can demonstrate its superior effectiveness and 

efficiency on the optimization of auxetic composites. 

6.4.2 3D auxetic composite 

In this section, the optimization of 3D auxetic composites with two materials is considered 

using the ITO method, where M1 and M2 distinct materials are available in the current 
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example. The allowable volume fractions of M1 and M2 materials are defined to be 25% and 

20%, respectively. As far as 3D microstructure, the design domain is a cubic with the size 1

×1×1, as shown in Figure 6-13 (a). The NURBS solid is used to parametrize the design 

domain, and the quadratic NURBS basis functions are adopted, and the knot vectors in three 

parametric directions are defined as . The 

solid and IGA mesh are shown in Figure 6-13 (b) and (c), respectively. The IGA mesh for the 

design domain has 24×24×24 elements, and 26×26×26 control points are included in the 

NURBS solid. In the IGA, an element will contain 3×3×3 Gauss quadrature points, and the 

total number of the Gauss quadrature points is equal to 72×72×72. It is hard to display the 

4D reponse surface of  ( ) in spatial. Currently, we only display the 

corresponding iso-surfaces, and the iso-value  is still equal to 0.5. The initial nodal 

densities  are all defined as 0.5, and with a series of homogeneously distributed holes in 

the design domain. 

 
Figure 6-13 The 3D material microstructure 

As shown in Figure 6-14, a 3D auxetic composite microstructure with M1 and M2 materials 

is provided, where the topologies of M1 and M2 materials, the corresponding cross-sectional 

views of them, the final topology of the 3D auxetic composite microstructure and its 
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corresponding cross-sectional view. As we can see, the optimized topology of the 3D auxetic 

composite microstructure is characterized with the smooth structural boundaries and distinct 

interfaces between the solids and voids, also existed in different phases. Meanwhile, the 

3×3×3 material microstructures briefly represent a 3D auxetic composite with the periodicity 

of material microstructures. In order to show the interior information, its cross-sectional view 

is also displayed in Figure 6-15, with the smooth and continuous boundaries. Based on the 

details to represent the 3D auxetic composite microstructure in Figure 6-14 and Figure 6-15, 

an auxetic deformation mechanism is formed by the distribution of M1 material (red color in 

Figure 6-14 and Figure 6-15), and the M2 material provides the stiffness for the whole 3D 

auxetic composite microstructure. Based on the qualitative analysis, a 3D auxetic composite 

with the negative Poisson’s ratio and stiffness can be effectively obtained by the ITO method. 

 
Figure 6-14 The optimized topology of 3D auxetic composite 1 with two materials 
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Figure 6-15 The details of the 3D auxetic composite No.1 with 3×3×3 microstructures 

 
Figure 6-16 Iterative curves of the objective function and volume fractions of two 

materials 

Meanwhile, we also provide the convergent histories of the objective function and volume 

fractions of two materials, shown in Figure 6-16. As we can see, the optimization of the 3D 

auxetic composite microstructure is much more difficult than 2D optimization, particularly in 

the former iterations, mainly due to an increasing number of design freedoms for 3D problem. 

It can be easily seen that the former iterations (nearly 40 steps) intends to find a 3D auxetic 
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microstructure, but cannot maintain the prescribed volume constraint. After the 3D auxetic 

composite microstructure is obtained, the volume constraints of two materials quickly reach 

the prescribed values (25% and 20%), respectively, and the latter process of the objective and 

constraint functions is very stable. Hence, we can confirm that the proposed ITO method is 

effective and efficient on the optimization of the 3D auxetic composite with two materials. 

The homogenized elastic tensor of the 3D auxetic composite microstructure is listed in the 

second row and the first column of Table 6-4, and its corresponding negative Poisson’s ratio 

is equal to -0.0852. Hence, the optimized 3D composite microstructure shown in Figure 6-14 

and Figure 6-15 is featured with the auxetic behavior based on the quantitative computation. 

Additionally, it is known that the micro-structured materials design is extensively dependent 

on the design parameters, like the initial design of the parameters in the optimization and etc., 

due to the non-uniqueness of the micro-architected materials design [79,140,146]. Here, in 

order to seek for many novel 3D auxetic composites, we have performed other three cases. 

As shown in Figure 6-17 to Figure 6-22, the optimized auxetic composites No.2 to No. 4 are 

provided, respectively, where the auxetic composite No. 2 is shown in Figure 6-17 and Figure 

6-18, and the auxetic composite No. 3 is given in Figure 6-19 and Figure 6-20, and the auxetic 

composite No. 4 is presented in Figure 6-21 and Figure 6-22. In all numerical results, the 

topologies of all materials and their cross-sectional views, the topology of the 3D auxetic 

composite microstructure and its cross-sectional view, the topology of 3D auxetic composite 

with 3×3×3 microstructures and its cross-sectional view are all provided. The corresponding 

homogenized elastic tensors of four auxetic composites are also listed in Table 6-4, where the 

Poisson’s ratio of the 3D auxetic composites No.3 and No.4 are equal to -0.078 and -0.076, 

respectively. The auxetic composite No. 3 is periodically generated by an anisotropic material 



Robust topology optimization for cellular composites based on dimension reduction methods 

 

169 
 

microstructure, where the auxetic composite microstructure has different negative Poisson’s 

ratio in different axial directions. Hence, a series of novel auxetic composites can be achieved 

using the proposed ITO method, which can perfectly present its effectiveness and efficiency 

on solving the 3D problem to seek for 3D auxetic composite microstructures. 

 
Figure 6-17 The optimized topology of 3D auxetic composite 2 with two materials 
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Figure 6-18 The details of the 3D auxetic composite No.2 with 3×3×3 microstructures 

 
Figure 6-19 The optimized topology of 3D auxetic composite No.3 with two materials 
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Figure 6-20 The details of the 3D auxetic composite No.3 with 3×3×3 microstructures 

 
Figure 6-21 The optimized topology of 3D auxetic composite No.4 with two materials 
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Figure 6-22 The details of the 3D auxetic composite No.4 with 3×3×3 microstructures 

Table 6-4 Homogenized elastic tensors of four auxetic composites 
3D Auxetic composite No. 1 3D Auxetic composite No. 2 

  

3D Auxetic composite No. 3 3D Auxetic composite No. 4 
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Figure 6-23 The deformation mechanisms of four auxetic composites 

Finally, the deformation mechanisms of four 3D auxetic composites from No.1 to No. 4 are 

displayed in Figure 6-23. As we can see, the auxetic composites No. 1, No. 3 and No.4 can 

be classified into a same branch, where the auxetic behavior originates from the re-entrant 

deformation. However, the 3D auxetic composite has two different deformation mechanisms, 

shown in Figure 6-23 (b) and (c), respectively. The auxetic behavior is a combination of two 

deformation mechanisms, namely the re-entrant and chiral mechanisms. Moreover, the re-

entrant type of deformation mechanism is formed by M1 material and M2 material forms the 

chiral deformation mechanism. The combination of both M1 and M2 materials can realize a 

reasonable loading transmission path in the topology of 3D auxetic composite No. 3. Hence, 

the effectiveness and efficiency of the proposed ITO method on the optimization of auxetic 

composites can be perfectly demonstrated. 
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6.4.3 Simulating validation based on ANSYS 

In this section, the optimized auxetic composites in 2D and 3D are both simulated to validate 

the negative Poisson’s ratio characteristic using the software ANSYS. 

6.4.3.1 Simulation for 2D Auxetic composite 

The optimized 2D auxetic composite with two materials, shown in Figure 6-6, is considered 

in this example. In Figure 6-24, the “STL.file” of the 2D auxetic composite microstructure in 

Figure 6-6 is firstly outputted from the Matlab software and then imported into the software 

ANSYS, which is converted into the solid geometry with the size of 10cm×10cm×0.1cm in 

the modeling module of ANSYS “SpaceClaim” and then distributed in spatial with a 5×5 

periodicity. The periodic repetitive composite microstructures act as the auxetic composite in 

the latter simulation. The corresponding finite element mesh of the auxetic composite with 

the local view is also shown in Figure 6-24 (c). 

As shown in Figure 6-25, four different boundary conditions are imposed on the 2D auxetic 

composite, namely Conditions 1 to 4. In Condition 1, the X-direction and Z-direction 

displacements of the left edge are fixed, respectively, namely the displacements equal to 0, 

shown in Figure 6-25 (a). Figure 6-25 (b) fixes the displacements of two points (plotted with 

the yellow color) located at the middle of the auxetic composite in all directions, which 

intends to avoid the rotation of the 2D auxetic composite with the imposing of the load. 

Condition 3 controls the displacements of the 2D auxetic composite in Z-direction, equal to 

0, in order to make sure the deformation will be generated in the X-Y plane, shown in Figure 

6-25 (c). Condition 4 is defined in Figure 6-25 (d), where a displacement 1mm along X+-

direction is homogeneously imposed on the right edge. 
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Figure 6-24 The details of the 2D auxetic composite 

As displayed in Figure 6-26 (a) and (b), the displacements of the top and bottom edges are 

represented, respectively. The different of the average displacements on the top and bottom 

edges represents the deformation degree of the 2D auxetic composite, when a homogenous 

displacement is imposed on the edge. The mean value of the displacements on the top edge is 

equal to 0.302mm, and the average displacement of the bottom edge is equal to -0.302. Hence, 

the deformation of the 2D auxetic composite in Y direction is equal to 0.604mm. Based on 

the definition of the Poisson’s ratio, and the Poisson’s ratio of the 2D auxetic composite is 

equal to -0.604, which is identical to the value predicted by the IGA-based homogenization 

(-0.606). Meanwhile, the total deformation of the 2D auxetic composite is shown in Figure 6-

26 (c), and the final view of the deformed auxetic composite is also displayed in Figure 6-26 

(d), which can show the auxetic behavior of the optimized 2D auxetic composite. 
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Figure 6-25 Boundary conditions imposed on the 2D auxetic composite 

 
Figure 6-26 Displacement responses of the 2D auxetic composite 
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6.4.3.2 Simulation for the 3D Auxetic composite No.1 

In this section, the numerical verification is performed for the 3D auxetic composite No.1 

shown in Figure 6-15 using ANSYS platform. Based on the optimized result in Section 6.2, 

the STL files of the auxetic composite microstructure 1 is firstly outputted from the Matlab 

software, shown in Figure 6-27 (a) and then imported into the commercial software ANSYS. 

The STL files for the 3D auxetic composite microstructure 1 should be slightly modified in 

the modeling software SpaceClaim of ANSYS and converted into the solid geometries with 

10×10×10cm, displayed in Figure 6-27 (b). The 3D auxetic composite No.1 with the 3×3×3 

repetitive material microstructures will be considered in the simulation, and the corresponding 

solid geometry is shown in Figure 6-28 (a), and its finite element mesh with an enlarged view 

is given in Figure 6-28 (b). 

 
Figure 6-27 3D auxetic composite microstructure No.1 

In the simulation, three different boundary conditions are imposed on 3D auxetic composite 

No.1. As shown in Figure 6-29 (a), the displacements of the surface A along Z-direction are 

fixed, and Condition 2 fixed two points located at the middle of the surface A to avoid the 

rotation of the auxetic composite No.1, given in Figure 6-29 (b). The displacement with 1mm 
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along Z direction is homogeneously imposed on the surface C in Condition 3, shown in Figure 

6-29 (c). It should be noted that Surfaces A and C are opposite along Z direction. As shown 

in Figure 6-30, the displacements of the top and bottom surfaces in X direction are both 

provided. The difference of the average displacements at the top and bottom surfaces can be 

viewed as the deformation degree of the 3D auxetic composite No.1 in X direction. The 

average displacement on the bottom surface is equal to -0.0458mm, and the mean value of 

the displacements on the top surface is equal to +0.0379mm. Hence, the deformation of the 

auxetic composite No.1 in X direction is 0.0837. According to the definition of the Poisson’s 

ratio, the value is equal to -0.0837. Hence, the simulated negative Poisson’s ratio is mostly 

identical to the value evaluated by the IGA-based homogenization. 

 
Figure 6-28 Auxetic composite No.1 and its finite element mesh with an enlarged view 

 
Figure 6-29 Boundary conditions imposed on the 3D auxetic composite No.1 
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Figure 6-30 Displacement responses of the 3D auxetic composite No.1 
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6.5 Conclusions 

In this chapter, an effective and efficient isogeometric topology optimization (ITO) method is 

proposed for the systematic design of auxetic composites, including 2D and 3D composite 

microstructures. In ITO method, an IGA-based EBHM is firstly developed, with the imposing 

of the periodic boundary formulation. Secondly, a N-MMI model is established to represent 

the evolving of multi-material topology. Finally, an ITO formulation is developed to optimize 

auxetic composites, where the objective is expressed as a combination of the homogenized 

elastic tensor. Several numerical examples are tested to show the effectiveness and efficiency 

of the ITO method. Firstly, a series of novel and interesting auxetic composites with properties 

in 2D and 3D can be achieved, which can present the superior capability of the ITO method. 

Secondly, the optimized auxetic composites are simulated in the software ANSYS to test the 

negative Poisson’s ratio and show the auxetic behavior resulting from the re-entrant and chiral 

deformation mechanisms, respectively. Finally, the ITO method with the superior features 

might be naturally extended to other advanced problems, like micro-architected composites 

with multi-physical properties and novel findings in creating novel properties for artificial 

materials. 
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Chapter 7 Summary and prospects 

7.1 Summary 

In the current work, a novel Isogeometric Topology Optimization (ITO) method is proposed 

for the single-material structures with the more effectiveness and efficiency, and then a new 

Multi-material Isogeometric Topology Optimization (M-ITO) method with the effective N-

MMI model is developed for the multi-material structures. Meanwhile, the currently proposed 

ITO and M-ITO methods are used to implement the rational design of auxetic metamaterials 

and auxetic composites, respectively. 

In Chapter 2, we firstly provide a comprehensive review of several topology optimization 

methods and discuss the corresponding features of methods, also of the isogeometric topology 

optimization and address the existed research works for it, also of the ration design of auxetic 

metamaterials and composites with the brief descriptions about the multi-material topology 

optimization. The review shows that there are some important problems not well solved. For 

example, (1) several numerical artifacts are still existed in the current topology optimization 

works, like the zigzag and wavy boundaries, checkerboards, the local optimal designs and etc. 

These numerical issues will introduce several problems in the optimization and also the latter 

manufacturing; (2) The positive features of IGA has not been sufficiently used in material 

description models, like the representation of structural topology; (3) the lack of an effective 

topology optimization method for the rational design of auxetic metamaterials; (4) the lack of 

an effective topology optimization method for the rational design and realization of auxetic 

composites in 2D and 3D. 
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In Chapter 3, the development of a new ITO method for the optimization of the classic static 

compliance problems has been addressed, and several positive features are presented. several 

numerical examples in 2D and 3D are tested to demonstrate the effectiveness and efficiency 

of the proposed ITO method. It can be easily found that the DDF with the desired smoothness 

and continuity has a significant influence on the optimization of 2D and 3D structures with 

the rectangular design domain, the curved shape and the complex geometry. Meanwhile, the 

final topologies in all numerical examples are featured with smooth boundaries and distinct 

interfaces between solids and voids. The example for 3D structures can show the effectiveness 

of the ITO method and the topologically optimized 3D designs are prototyped using the SLS 

technique. 

In Chapter 4, an efficient N-MMI model is developed for the representation of multiple 

materials and the computation of the multi-material properties, and then incorporated into the 

ITO to develop the M-ITO method for the structures with multiple materials. Several 2D and 

3D numerical examples are performed to demonstrate the effectiveness of the M-ITO method 

with the N-MMI model. The formulation with multiple volume constraints is studied on the 

optimization of MBB beam with two materials and three materials. The formulation with the 

total mass constraint is studied to show the effectiveness of the M-ITO method on the multi-

material optimization, and the effect of the properties of materials is also addressed. Finally, 

the effectiveness and utility of the M-ITO method on the curved structures and 3D structures 

is also presented. 

In Chapter 5, the ITO method combined with the homogenization numerically implemented 

in the framework of IGA is employed to optimize auxetic metamaterials in both 2D and 3D, 
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and several novel and interesting auxetic microstructures can be found. As we can see, the 

key feature of the method is to optimize the DDF for microstructures with auxetic behavior, 

rather than the spatial arrangements of element densities. The optimized auxetics have smooth 

boundaries and distinct interfaces, which is beneficial to the manufacturing. Additionally, the 

ITO method is featured with the higher efficiency for 3D auxetic microstructures. A series of 

new and interesting auxetic microstructures can be achieved. 

In Chapter 6, the M-ITO method is employed to discuss the topology optimization of auxetic 

composites and the IGA-based EBHM is applied to evaluate macroscopic effective properties 

of auxetic composites. A series of new and interesting auxetic composites microstructures in 

2D and 3D can be achieved, which can present the superior capability of the ITO method. 

Secondly, the topologically optimized auxetic composites are simulated in the ANSYS to test 

the negative Poisson’s ratio and show the auxetic behavior resulting from the re-entrant and 

chiral deformation mechanisms. 

7.2 Prospects in future works 

The future works need to be studied are outlined as follows: 

Firstly, the effectiveness of the ITO method is discussed on the conventional static problems, 

namely the minimization of the structural mean compliance. The static compliance is an easy 

but classic problem to present the effectiveness of the ITO method. In the future works, the 

effectiveness of the ITO method on several different problems should be discussed, like the 

dynamic problems with the considerations of the frequency responses, the thermal problems, 

the nonlinear geometries, the nonlinear mechanics, the acoustics, the electromagnetics, also 

the fluids, and etc. 
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Secondly, IGA has more positive features in several problems, like the analysis of structural 

interface, the contact problem. Hence, it is more meaningful to apply for the ITO method to 

discuss the topology optimization considering the structural interface behaviors, and also the 

contact topology optimization problems. Additionally, the fracture resistance is also a critical 

problem and the ITO method might have several positive features on this problem. 

Thirdly, additive manufacturing has obtained great promotion in recent years, due to its merits 

on solving the existed problems that conventional manufacturing cannot solved. On the other 

side, the technology of additive manufacturing also introduces some problems, for instance 

the overhang angles in the pre-printed structures, the minimum sizes of the structures and etc. 

Hence, how to consider the additive manufacturing constraints in the ITO method is also an 

important problem in the future work. 

Finally, materials design is not only located at auxetic metamaterials. The current ITO method 

should be extended to other physical fields, such as the electromagnetic metamaterials, the 

acoustic metamaterials and also mechanical metamaterials. The capability of the ITO method 

on other metamaterials should be also addressed.  
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