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Abstract

Topology optimization is an effective method in design of acoustic media. This article presents
optimization for graded damping materials to minimize sound pressure at a reference point or
sound power radiation under harmonic excitation. The Helmholtz integral equation is used to
calculate an acoustic field to satisfy the Sommerfeld conditions. The equation of motion is
solved using a unit dynamic load method. Formulations for the sound pressure or sound power
radiation in an integral form are derived in terms of mutual kinetic and strain energy densities.
These integrals lead to novel physical response functions for solving the proposed optimization
to design graded damping materials. The response function derived for individual frequency is
utilized to solve the multi-objective optimization problem of minimizing sound pressure at the
reference point for excitations with a range of frequencies. Numerical examples are presented

to verify efficiency of the present formulations.

Keywords: Damping design optimization, graded damping materials, sound pressure, sound

power radiation

1. Introduction

Reducing sound pressure and sound power radiation (SPR) in an acoustic medium is of
great interest in environment and engineering applications. This can be achieved by optimal
design of the source (Parmee 1996; Shang and Zhao 2016) or receiver using some sorts of
isolations for the source or the receiver (Silva and Pavanello 2010; Yin et al. 2018; Kook 2019).
It can also be fulfilled by use of a sound barrier covered with a sound absorber or damper.

Topology optimization (Templeman 1997; Duan et al. 2000) is an effective method for optimal
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design of source, receiver or sound barrier to minimize sound pressure level (SPL) at a
reference point or to minimize the SPR.

In topology optimization for acoustic media, some acoustic characteristics such as SPL
and SPR, fluid-structure interactions and dynamic compliance were employed as objective
functions in Marburg (2002), Yoon et al. (2007) and Picelli et al. (2015). The total sound power
radiated to the surrounding media from the surface of a laminated plate under harmonic
excitation was minimized in Niu et al. (2010) using a discrete material optimization method
and the Rayleigh’s integral approximation, leading to optimally designing the fibre angles,
stacking sequence and selection of suitable material for a laminated plate. Minimization of the
SPR was also conducted in Xu et al. (2011) by optimal design of a composite plate placed in
an acoustic medium. Nandy and Jog (2012) showed that minimizing the dynamic compliance
led to considerable reduction in SPR inducing from vibrating structures such as one layer or
multi-layer beam, plate and shell. Topology optimization for the vibrating bi-material elastic
structure to minimize sound pressure at a prescribed reference plane in the acoustic medium
was performed by Du and Olhoff (2010). To calculate the sound pressure in an acoustic domain,
a high frequency boundary integral equation was employed and proportional damping was
considered for the damping layer.

In the above investigations, interaction between solid and fluid or acoustic media was
neglected, a key factor of affecting the SPL at a reference point or surface in acoustic media
and SPR (Akl et al. 2009; Sharma et al. 2019). In the study conducted by Akl et al. (2009), the
topology optimization of a harmonically vibrating plate coupled with a closed acoustic cavity
was attempted to minimize the fluid-structure interactions. In a coupled structural-acoustic
system, the poroelastic materials were used by Yamamoto et al. (2009) in conjunction of a
topology optimization method with Biot’s theory to reduce the SPL inside an acoustic cavity
within the frequency range. Topology optimization of a bi-material model for acoustic-
structural coupled system was investigated by Shang and Zhao (2016) for purpose of
minimizing SPL in the acoustic cavity. In this study, the optimally criteria (OC) and an adjoint
method alongside bi-material model built on the microstructure-based design domain method
(MDDM) were applied to solve the acoustic-structural coupled optimization problem. The
MDDM was also employed by Luo and Gea (2003) to formulate topology optimization
problem of minimizing the norm of acoustic excitation. In the study of Chen et al. (2009), the
structure was considered as a thin composite plate composed of periodic uniform
microstructures and minimizing SPL in the interior acoustic medium was considered as an

objective function.
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Graded materials have found substantial applications in engineering structures because of
certain enhancement performance such as undergoing large elastic-plastic deformation under
impact loading applicable in energy absorption device. Such an ability is derived from their
particular characteristics including low density, different volume fractions and high specific
stiffness and strength. It is rare in the existing literature mentioning use of graded materials to
reduce sound pressure at a prescribed point or sound radiation of a vibrating structure by
topology optimization although such materials are frequently used in research to reduce
vibration of a multi-layer structure by different methods of topology optimization (Pydimarry
2009; Gaynor 2014). In the problem of sound reduction, grading cellular or porous materials
are usually used as vibration absorbers for the acoustic response reduction. In topology
optimization, these grading materials can be described using grading densities.

This paper aims to study topology optimization for graded materials to minimize SPL at a
reference point placed in the acoustic medium and SPR minimization. The harmonically
vibrating structure is a composite structure incorporated the graded damping materials with
multi-volume fractions and constraints. Damping in a form of proportional or hysteretic
property is considered. The Helmholtz boundary integral approach is initially used to derive
structural-acoustic interaction formulation to overcome exterior problem or satisfy
Sommerfeld conditions with neglecting the fluid loading effects (Zhang and Kang 2013). The
motion equation is solved using the unit dynamic virtual load method (Alfouneh and Tong
2018). The modulus amplitudes of the SPL and SPR as objective functions are derived in an
integral form in terms of modal strain and kinetic energy densities which can be captured using
element centre values via FEA commercial software such as ANSYS. Describing objective
functions in integral forms over the design domain gives an opportunity to introduce novel
physical response functions used in a moving iso-surface threshold method (MIST). Multi-
objective topology optimization is also performed to minimize the SPL when a range of
frequencies are applied by using the derived physical response function for individual applied

frequency. Several numerical examples are presented to validate the present approaches.

2. Sound pressure analysis
2.1 Sound pressure at a prescribed reference point
For a steady state time-harmonic linear acoustic system, the governing equation is given

by the classical Helmholtz equation as:

Vp+x’p=0 (1)
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where p is the amplitude of sound pressure; x = @/ ¢ is the wave number; ® and c are the
excitation frequency and the sound speed, respectively. It is obvious that the sound pressure at
a chosen point Y'inside the acoustic domain in Fig. 1 is due to the vibrating multilayer structure
which is discretised by nel elements. It is supposed that the elemental nodes on the surface
observable by the reference point be in coincidence with the points considered on the surface
Q. For an arbitrary point ¢ on the vibrating surface Q, the displacement vector is denoted by u
and the velocity can be written as:
R =nu.(io) ()

where # and n are the normal velocity and unit normal vector of surface Q at this point. The

Neumann boundary condition can be given as:
0
P _Vpn=—i P, ol 3)
on ’

where p, points out to the density of fluid acoustic media. For the proposed point ¥" with a

distance vector r to source point ¢, the sound pressure can be estimated by the simplified

Helmholtz integral as (Du and Olhoff 2010):

p(Y) = Iipfwz&nG(r)[l +ﬂ(i— 1)}19 )

r Kr
in which G(r) =e'*" / (4xr) is the Green’s function and 7 = hr = |Y - q| is the direct distance

between points Y and g. Eq. (4) can be further simplified if it reduces to the classical Rayleigh

integral equation:

pﬂ)=%@@£@cﬂﬂdﬂ (5)

2.2 Sound power flow
The sound pressure radiated from a vibrating structure placed in the acoustic medium can

be related in a simplified case to the normal velocity by:

b=p e (©)
where p is the radiated sound pressure. By using Egs. (2) and (6), the SPR from the flexible

vibrating structure can be expressed as follows (Du and Olhoff 2010; Sharma et al. 2017):

sz‘%pfc "Bl d Q) (7)
Q
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2.3. Integral forms for modulus of the complex sound pressure and SPR
When the plate vibrates due to harmonic loading applied on one of its surface, the motion
equation can be expressed as (Zhang and Kang 2013):

M(x)#x, 7) + C(x)B(x,7) + K(X)y(x,7) = f(z) + LP, (7) (8)
where y(x,7), ¥x,7), ®&x,7z) and x are the global nodal complex amplitude, velocity,
acceleration and design variable vectors; P (7) denotes acoustic pressure on the structural
surface and L stands for the fluid—structural coupling matrix. When light fluid such as air is
considered, the influence of coupling acoustic medium and structure could be neglected.
However, when heavy fluid such as water is considered, the influence of fluid on stiffness and
mass of the structure may not be neglected. In this article, the influence of such fluid will be
appeared in acoustic formulation by changing the density of fluid and sound speed.

Eq. (8) can be used for viscous and hysteretic damping, for hysteretic damping
C(x)=0,K(x) = K(x)(1+in) and C(x)=C(x), K(x)=K(x)for viscous damping; M(x),
C(x) and K(x)are the global mass, damping and stiffness matrices of the structure. For the
viscous damping; C(x) = aM(x) + fK(x) where a and P are the Rayleigh damping coefficients.

1, 1 and f(r)=fe'” are time, a hysteretic loss factor and the applied force vector,

respectively; i = J=1 is the complex symbol. By using the unit dynamic virtual load method
(Alfouneh and Tong 2018), one has:

Su=u=Ue"; y=Ye"”" 9)
where U and Y are the complex vectors of global nodal displacement amplitude of the structure
when subject to a true load and a virtual load with phase shift included.

The true global nodal displacement amplitude of any point or node of the flexible

structure under true harmonic load can be derived as follows:

U= 2{5221 j Iz*(x)dQ+B§i j U:(x)dQJ ~ 2[%[T(x)d9+ﬁj(7(x)dgj (10)
W o=l g, e=l Q, w5 Q
where @ = -0’ +iwa, f =1+iwf for the viscous damping and & = —w”, f =1+in for the
hysteretic damping. In addition; for every element, T(x) and U(x) are the bilinear kinetic and
strain energy density piecewise functions which can be generalized for the entire design domain
and can be rebuilt from the values at element centres, 7, and U’ . For example, patches with
3x3elements are utilized to construct the integrand functions by use of the element centre

values and the 2" order polynomial interpolation scheme (Luo and Tong 2016).
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2.3.1 An integral form of modulus amplitude of SPL at a reference point
The velocity at the point on the vibrating flexible structure by using Egs. (9) and (10) can

be written as:
&= 2ia{%jf(x)d9+ﬁjﬁ(x)dgj (11)
Q Q
By using Eqgs. (5) and (11), the SPL at a reference point in the acoustic media is given by:
p(Y)=—4w’p, (%IG(r)T‘(x)dQ+ BjG (r)U(x)dQ} (12)
Q Q

By considering that in Eq. (12), &, G, T, f and U are the complex values, the modulus

of the complex SPL at point Y"can be derived as:

|p(Y)|:4a)2pr‘(AlﬁRe +4, Py, )dQ (13)
)

where formulations of 4,, 4>, p,. and p, are given in Supplemental Material.

Noteworthy, in a discretized design domain, 7 in G(») can be considered the distance

between the center of the eth element and the reference point Y-

2.3.2: Integral form of modulus amplitude of SPR
By using Eq. (11), Eq. (7) can be written as follows:

=-2pc wz(g—ijfz(x)dg+32j172(x)dg+wzﬁj T_(x)lj(x)de (14)
2 Q Q Q

@
Similar to Eq. (13), the modulus of IT can be written as follows:

0] =2p,c & [ (BT, +B,11,,)dQ (15)
Q

in which formulations of B, B,, I1,, and II,  are presented in Supplemental Material.

3. Optimization problems
In the present study, a multi-layer flexible plate comprised of solid and graded damping

layers is considered. Under harmonic loading, two optimization problems are defined as to find

X={X XX, X, | €Q s0 that:

1. minimize ‘ )% (Y)‘
(16a)
2. minimize ‘H‘
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M(x)#x, )+ C(x)B(x, 7) + K(X)y(x,7) = fe'”"
Vp+xip=0
nel

szxegve <V,
e=1

nel n

2. x P SV Y

e=l ¢=1
e<x,. <1

(16b)

In Eq. (16), the variables and symbols can be expressed as: the average design variable in

each element is x,(e =0,1,2,...,e,...,nel) which is a summation of volume fractions of each

material in element as: x, = Z P:x ;. Therefore, for design domain €2 discretised with nel
&=l

elements, the vector of average element-based design variables can be denoted by x. The design

domain or subdomain of the graded material or property © in element e is defined in f)e ¢ and

the design variable is given by Xpe = J}! dQ/ IQ dQ, (e=1,2,..., nel); the volume fraction in

subdomain éé is denoted by p; (€=0, 1, 2, ..., n) in which n represents the total number of

thresholds needing for forming n+lsub-domains; for the value &=0, x, =&=0.001 is

considered to avoid stiffness matrix singularity in numerical computation, representing the soft

material or the void element; It is assumed that 0< p, < p, < p, <..< p <1 for volume

fractions in different subdomains; in Eq. (16b), the first equilibrium equation is dynamic

equilibrium equation; v,, V

e Vrand V) denote the element volume, volume fraction in sub-

domain O ¢ » the overall volume fraction and the initial total volume or area of the entire design

domain.

For a two layer structure with a base layer (b) and a graded multi material damping layer
(v) with multi-volume fractions and constraints in Fig. 1, the global mass and stiffness matrices
in Eq. (16b) can be written in terms of element stiffness and mass matrices as in Eq. (17) (Zhang
and Kang 2013). It is supposed that elements be collocated through the thickness with same
size of meshing of each layer and each material be isotropic in order to use density as the design
variable. The damping layer is the design domain and the material interpolation scheme similar
to that of the SIMP method with penalty factors p =3 and g =3.

nel n nel n

M=Z(M£+Zp§x£;M2), K=Z(K£+Zp§xigK2) (17)

e=1 &=l e=l1 é=1
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where the element stiffness and mass matrices can be given in a generic form in following

equation.

— SN _ T
M, —é[pN NdQ, K, _JB DBdJQ (18)

in which N is the shape function matrix; D is the material elasticity matrix; B is the strain-

displacement matrix and p is the mass density.

4. Problems solution and algorithm

In this article, the MIST is extended to solve the proposed topology optimization problems.
Based on this extended MIST method, three key steps are supposed: 1. present objective
function and constraint together in the form of an integral over design domain; 2. find a suitable
physical response function @ integrated over design domain; and 3. solve the optimization

problem in a sequential manner using the previous response of the structure.

4.1 Formulation of response function ®

Finding a suitable physical response function ® is very important in the MIST. When it is
determined, an iso-surface threshold level ¢ can be found for the prescribed volume constraint.
An intersection of the @ function surface and the threshold iso-surface separates the design
domain into two parts, namely solid part (® > ¢) and void one (® < ¢). Element totally above ¢
assigns x, =1 and the one totally under # assigns x, = €=0.001. It means that by using the physical
response function @ and iso-surface threshold ¢, it is possible to determine and update
weighting factors or densities of elements in the design domain. By considering Eqs. (13) and
(15), the physical response functions for two optimization problems defined in Eq. (16) can be
written as follows, respectively:

®, = A4 pre + 4, Pin (19a)

@, = By, +B,I1,, (19b)

4.2 Formulation
4.2.1 Single frequency

By employing the chosen physical response function @ derived for each optimization
problem when single driven frequency is considered, the optimization problem presented in

Eq. (16) can be reformulated as a standard MIST topology optimization problem as follows:
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Find x = {x;, x5, ..., X, €Q as design variable vector governed by physical response

function @ and iso-surface threshold 7 (&£=1,2,...,n)as to:

1. minimize [p(Y)] = [ @, 8 (@,t,t,,....¢,)d Q
Q

(20a)
2. minimize [[1|= [ ®, S (@,,t,,t,,....¢,)d Q
Q
M(x)&x,7)+C(x)(x,7) + K(X)y(x,7) = f,e'”
Vp+x’p=0
ey ()dQsV Y (&=12,...,n)
s. t: i b 1€ (20b)

[S@.tt5,0t, )<V, T,
Q

e<x <1 e=12,.,nel,£=12,...n
e

S(D,¢,,t,,...,t,) is a step function stated by:

S(D,1,,5,0nt,) =D P 1) (x)
£=1

where

1 if xeﬁllg
15(”{0 —y

and 7, (& =1,2,..,n)describe the multi-thresholds (assume:?; <t,,) which are employed to

define sub-domain O ¢ (Tong and Luo, 2016).

4.2.2 Multi-objective optimization problem with multiple frequencies

Consider a case of the multi-objective optimization problem in which the aim is to
minimize the sound pressure at a reference point by finding an optimal layout of damping layer
when a range of frequencies are applied in contrast to the previous case when single frequency

is applied. The optimization problem in the MIST format can be written as follows:

Find x = {xl,x preensX s X ) } € as design variable vector governed by physical response
function @ and iso-surface threshold 7 (& =1,2,...,n)so that:

minimize |p(Y)|= [®, S @,,1,,t,,...t,)dQ (21a)
Q
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M(x)&x,7)+ C(X)Rx,7) + KX)y(x,7) =fe' " (j =1,2,3,...nf)
Vzp +K'2p =0

ipg’l&g (x)dQ=V, IV, (¢=12,...n) (21b)

[S(@yt1,t5nt,) <V
Q

£<x,. <1 (e=12,...,nel, &E=1,2,...,n)

If the physical response function for j* individual frequency in optimization problem of

minimizing sound pressure at a reference point, @, ; is considered as @, given in Eq. (19a),

the physical response function for proposed multi-objective optimization problem for a range
of frequencies from 1 to nf, is amalgamated linear weighted form of individual physical

response function @, ; as follows:

nf
D, =D w, @, (22)
j=1
where w; is considered as the user-defined weighted value and nf'is the maximum number of
frequencies in the finite field of frequencies. Our computations show that the higher value of
w; 1s more effective to minimize SPL in the higher frequency-band; for the SPL in the lower

frequency-band, the optimized layout is smoother.

4.3 Algorithm

MIST algorithm has been detailed extensively in (Luo and Tong, 2016). A MIST algorithm
for solving Eq. (16) is illustrated in Fig. 2. Key features of algorithm can be expanded as
follows:
Step 1: in this stage all data which are needed for initialization and do not change during
optimization process such as initial weighting factors, optimization parameters and etc., are
specified;
Step 2: finite element analysis (FEA) is performed for true and virtual dynamic loads using
initial element densities or updated ones and FEA results are extracted;
Step 3: the 3D @ surface is constructed onto 2D design domain using objective function values
based on Eq. (19a) or (19b). Initially the nodal values are computed by interpolation or
extrapolation based on element centre values extracted from the FEA solver using a Lagrange

interpolation scheme and then normalized to [-1,1];
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Step 4: determine 7,($ =1,2,...,n) for each I7f in iteration k by using sorting or bisection

method. The intersection of 7, with each 3D physical response function of each material n=1

or n=2, gives X, ¢ and the element density which needs to update stiffness and mass matrices

can be calculated as follows:

Yoe T¥es TXeen) (23)
Step 5: check convergence of the optimization process in which the difference between element

weighting factors of two consecutive iterations should be less than a certain criterion value.

5. Numerical examples and discussion
In order to show the validity, capability and effectiveness of proposed method and algorithm
developed on reducing the sound pressure at a prescribed reference point or declining the SPR,

several numerical examples are presented.

5.1 Example 1: Validation of bi-material design of a plate-like structure

To verify the present formulations, a bi-layer plate clamped at 4 edges (a=1,b=1,t=
0.02) under uniformly distributed harmonic pressure loading on the top surface is studied. The
reference plane is parallel to the vibrating plate and the distance between the centres of the
reference plane and the plate is r = 2. Initial uniform design with the 15 resonance frequency
of 10000 rad/s is considered and damping is neglected to effectively compare with Du and
Olhoff (2010). The present optimized topology is similar to that in (Du and Olhoff 2010) and
the iterative histories are plotted in Fig. 3, which shows that present results are in agreement

with those in this literature. This validates the developed algorithm.

5.2 Example 2: minimization of the sound pressure at a reference point

This example concerns the topology optimization of a bi-material multi-layer plate like-
structure with four corners clamped to minimize the sound pressure at a reference point in
acoustic media by optimal design of damping layer using physical response function given in

Eq. (19a). The structure consists of an aluminium (Al) base layer with elasticity modulus

E, = 69GPa, Poisson’s ratio v, = 0.3 and mass density p, =2700kg/m’. These values for

covering the damping viscoelastic (VEM) material layer with graded multi-volume fractions

are: E, =4GPa, v, =049, p, =1272kg/m’ and Rayleigh damping coefficients & = 0.4 and

=
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£ =0.001. The rectangular bi-layer plate dimensions are: length /. = 0.4 m, width /, = 0.3 m,

thickness #, =0.0021 m for the base layer and ¢, = 0.0015m for the VEM layer. Each layer

including the design domain is meshed with 30x30 same-sized SOLSH190 ANSYS elements

which are collocated uniformly through the thickness. This structure is placed in the acoustic

media with sound speed ¢=343m/s and specific mass of air p, =1.2kg/m’ and vibrates with
a harmonic, transverse external load f(r)=f,e“" with f,=100N, w=27x S, and
S, =500Hz applied at the centre of the lower surface of the base layer as in Fig. 1. In this

acoustic domain, the reference point Y"is located » = Ar =1m outside the plate observable by
damping layer on a line pointing out vertically from the centre of top surface of the damping
layer in Fig. 1.

In the optimization process, the dynamic move limit scheme is considered, which has ability
to change its previous magnitude to half when oscillations in objective function happen. Its
maximum value is 0.1 and reaches to a minimum threshold value 0.0625 when consecutive

oscillations happen. The filtering radius is 7. = 0.04 m, about three times of the element

length. It is supposed that damping layer is made of graded weak and strong damping materials

with multi-volume fractions n=2: V= 0.3, py =€, p1 = 0.5, V;; = 0.2 (I7fl =04); ;=1 Vp=
0.1(V,,=0.1).

Fig. 4 depicts the total sound pressure at reference point versus iteration number for the case
of covering design layer with standard material, n=1 and graded material with n=2. As it is
seen, the objective functions for both cases decline smoothly from an initial value 581.88Pa
and converge to final design value 241.22Pa for case of damping layer with n=1 and 261.33Pa
for case of multi-volume fraction damping layer with »=2 which states 2.22 times reduction in
sound pressure using optimal layout of damping layer. Though both cases declare a trend of
rapid reduction of objective function in a short optimization course, but the convergence
happens more quickly in the optimization process for the case of the graded material layer with
n=2, which admits effectiveness of using graded cellular materials. In a decibel scale (dB), few
dBs may result, such lower values are owing to applying low force magnitude. When the
applied force is large, nonlinear effects should be considered. The present algorithm could be
extended to nonlinearity and the numerical difficulty needs to be treated as in (Luo and Tong

2016).
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In Figs. 5a-5d, optimal layouts and 3D physical function surfaces for the cases of using
monolithic material with n=1 and using graded material with n=2 are illustrated. As can be
shown in Fig. 5a, damping materials are covered partly in corners and majority in the middle
of plate. This is similar to the covering pattern in Fig. 5b in which both materials with p;=0.5
(green/grey) and p,=1 (blue/black) are seen in corners much lower than materials covered in
the middle of the plate. In the middle of plate, damping material with p;=0.5 distributed
uniformly whereas damping material with p,=1 distributed in a three separate parts in which
the middle part is bigger than others.

Corresponding 3D physical function surfaces are shown in Figs. 5¢ and 5d in which in Fig.
5c for the standard material with n=1, one iso-surface threshold cut the 3D surface while in
Fig. 5d for graded material with n=2, two iso-surface thresholds cut 3D physical response
function surface in which the top iso-surface belongs to material with p,=1 and the lower one
is for material with p;=0.5. Fig. 5a shows that, when the optimization is conducted for the
standard material, there exist cavities in the middle region; this may indicate that porous
materials are required in this region to reduce the sound pressure. When the optimization is
implemented for the graded material, there is no cavity in the middle region as shown Fig. 5b.

Therefore, grading cellular materials have superb performance to reduce the sound pressure.

5.3 Example 3: minimization of the total SPR

Bi-layer plate in Example 2 is reconsidered again; but the four edges are clamped and the
harmonic force with driven frequency f, = 1000 Hz is applied at the same location as that in
Example 2. The aim is to reduce total SPR by optimal design of covering damping layer once
with n=1 and the other time with cellular materials with »=2 using physical response function
in Eq. (19b).

As can be seen from Fig. 6, it displays the evolution of objective function against iteration
number for case of using standard material with n=1 and graded damping material with n=2,
objective functions for both cases reduce from initial value 7.4W to stable final value 2.79W
for the material with n=1 and 2.77W for the damping material with »=2. Those final values
reveal a remarkable reduction around 62 percent, though the objective function value for the
case of material with n=2 is slightly smaller than the case with n=1, which admits more
effectivity using monolithic material.

Fig. 7a displays optimal layout of damping layer with n=1, pp=¢ and p;=1 and Fig. 7b shows
the optimal layout of cellular damping layer consists of weak damping material with p;=0.5

and strong damping material p,=1. Those optimal layouts can be derived from their
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corresponding 3D physical response functions in Figs. 7c and 7d, respectively. In Fig. 7d, two
iso-surface thresholds (upper for material with p,=1 and lower for material with p;=0.5) cut the
3D physical response function.

In order to show the effects of changing parameters such as position of the reference point,
frequency, damping ratio and layer thickness on the objective function and optimized topology

in optimization for reducing the sound pressure, the following examples are presented.

5.4 Example 4: reference point in different locations: frequency fixed

To investigate the influence of position of the reference point on the objective function and
optimum topology for optimization problem of minimizing sound pressure at a reference point,
we again consider Example 2 with the same boundary conditions, force applied and meshing
scheme but with different reference points along of the centerline, i.e. r=hr=0.05m, Ar=0.1m,
hr=0.5m, hr=1m, hr=2m and hr=3m.

Fig. 8 demonstrates objective function variations versus iteration number curves for
different positions of reference point. The objective functions for all positions reduce and
converge smoothly from initial values to final stable values as shown in Table 1.

It is obvious that by changing the position of reference point farther away, the pressure of
sound reduces however this change is not considerable in distances above 1 meter. It can be
justified by optimal layouts presented in Figs. 9a-9f for each location where there are a few
differences between optimal shapes in Figs. 9¢c-9f. Nevertheless, the amount of damping
materials with p,=1 is increased gradually in corners by increasing of r=Ar as seen in Figs. 9a-
9d. It means that the derived optimal layout is sensitive to the location very close to the plate

although the present model takes into account both near and far fields.

5.5 Example 5: influence of different frequencies applied: reference point is fixed

In this example, the topology optimization problem of reducing the sound pressure at a
chosen reference point resulted by vibrating of a structure with different values of frequencies
applied are considered. Here, Example 2 is reconsidered where the position of reference point
is fixed and the harmonic loads with same magnitude but different frequencies 1. e. 10Hz, 30Hz,
200Hz, 500Hz, and 1000Hz are applied; p=0.5.

The objective function against iteration number curves are shown in Fig. 10 which expresses
smooth reduction optimization processes included with converged final values as listed in
Table 2. It seems by increasing the frequency the sound pressure must be increased; however,

after frequency S00Hz, sound pressure decreases. Figs. 11a-11d display the optimal shapes of
14
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the graded damping layer which are different with each other. In addition, it is observed that

by increasing frequencies, the amount of material with p,=1 diminishes continuously in corners.

5.6 Example 6: effects of natural frequency, damping and thickness

In this example, the effects of natural frequency, damping and thickness of the damping
layer on acoustic responses are investigated. Two damping cases of f=0.5 and f=4 and different
damping layer thicknesses of 1, 1.5, 3 and 9 mm are considered. Acoustic response to frequency
in a range of 0-2000 Hz for the two cases of =0.5 and f=4 before and after conducting
optimization are plotted in Fig. 12a. It can be seen that the large values of B results in increasing
the percentage of contribution of strain energy and more reduction in sound pressure at low
frequencies. In contrast, large values of o with less values of B contribute to a greater role of
kinetic energy besides more reduction in sound pressure in higher frequencies. In the case of
thickness variation, by increasing thickness, optimization process is going to be smoother with
lower values of SPL as shown in Fig. 12b. Such reductions in sound pressure mean a moving
away of natural frequencies and no spillover in neighboring frequencies. The shift in frequency
due to change in effective modulus is shown in Table 3, which shows that, by using the cellular
material, the 1% natural frequency is shifted to higher values; by increasing the volume fraction

of strong damping material (n=1), the 1% frequency shifts to that of the full plate.

5.7 Example 7: minimization of the sound pressure in water

Impact of fluid on vibrating structures has been neglected in the above examples. It is

interesting to find the influence of using fluid such as water with density p, =1000kg/m’ and

sound speed ¢=1498m/s. In this case, there exist influences of the sound speed and the

amplitude of sound wave. Example 1 again is used and physical response function derived in
Eq. (19a) is applied for monolithic material with n=1. Fig. 13 depicts the histories of the
objective function during 120 iterations of optimization process. It could conclude that the
optimization process is a smooth process which converges to final value 2.19e5Pa; as compared
to the initial value 4.85e5Pa, substantial reduction is observed. It can be also compared with
results in Example 2 in which the trends of whole process are the same but the objective

functions are much higher than those in Example 2.

5.8 Example 8: multi-objective optimization to minimize the sound pressure
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In Example 5, the force with a single frequency is applied, which is a single objective
optimization problem. In this section, a force with a range of frequencies is considered to
conduct multi-objective optimization to minimize the sound pressure at a reference point. By
using the same geometrical conditions, meshing scheme, boundary conditions and applying
forces as those in Example 2 but with different frequencies to minimize the sound pressure at
a reference point for a range of frequencies: 30Hz, 200Hz, 500Hz, 1000Hz and 2000Hz. The
physical response function in Eq. (22) is employed by assuming the weighting factor for each
frequency equal to one.

Fig. 14 illustrates validity of the multi-objective optimization method in which the objective
function for each frequency is diminished in a smooth manner from initial values to final values
as seen in Table 4. It indicates that this method is more effectual by increment of frequency.
However, the rate of decrement remains the same for high frequencies. Fig. 15a demonstrates
optimal layout of cellular damping layer with weak damping material, p;=0.5 and strong
damping material with p,=1. As can be seen, both damping materials appear in corners beside
the center of plate where there are more weak damping materials in the center of plate. In Fig.
15b, the 3D physical response function surface cut by the top iso-surface threshold belongs to
strong damping material with p;=1 and lower iso-surface threshold for weak damping material

with p,=0.5.

6. Conclusion

Novel formulations for the sound pressure level at a point placed at the acoustic medium
outside the resonance structure and sound power radiation of a vibrating flexible structure are
introduced in terms of kinetic and strain energy densities for individual frequency. By using
the physical response function for individual frequency, a multi-objective optimization strategy
is proposed for a range of frequencies. To show effectiveness of the derived methods and
algorithm, numerical examples are presented for 8 cases. The considerable reduction of the
objective functions in these cases shows that the present approach using graded materials is
effective to obtain optimal design for minimizing SPL and SPR without emerging spillover of
natural frequency phenomena. By placing the reference point farther away, the sound pressure
declines obviously but with no change in the optimized graded damping material layout.
Applying force with high frequency does not necessarily mean an increase in sound pressure.
Using a fluid rather than air such as water indicates of high values of sound pressure at the

reference point but with no alteration in optimal configuration.
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Table 1 Initial and final values of objective functions for different reference point locations.

r=hr(m) Initial objective function ( Pa) | Final objective function (Pa)
0.05 4.76e3 3.82e3

0.1 3.57e3 2.32e3

0.5 1.125¢3 510.47

1 581.93 261.22

2 293.54 131.51

3 19591 87.77

Table 2 Initial and final values of objective function for optimization problem of plate under
different frequencies.

Frequency | Initial objective function (Pa) | Final objective function (Pa)
(Hz)

10 2 0.64

30 37.41 3.01

200 37.88 29.73

500 172.75 65.19

1000 141.87 79.14

Table 3 Changes in the fourth natural frequencies for different model of materials with n=1,
n=2 for bi-layer plate under frequency 200Hz.

Volume | Full n=1 n=2

fraction | structure

0.3 111.09 117.61 | 116.4 | 1;,=0.3,p, =0.5, (V_flz(),4);p2=1, (V_fzzo,l)_
0.5 111.09 117.97 | 11747 | 7;=0.5, p;=0.75, (V_f1 =0.6);p,=1, (V;2 =0.2).
0.7 111.09 | 117.44 | 11591 | 1= 0.7,p,= 0.6, (V,, =0.83); p= 1, (/,, =0.2).
0.9 111.09 114.37 | 116.07 | 1;=0.9, p, =0.5, (V_fl =0.2);p=1, (V_f2 =0.8).

Table 4 Initial and final values for multi-objective optimization.

Frequency | Initial objective function | Final objective function | Reduction
(Hz) (Pa) (Pa) percent (%)
30 37.41 3.26 91

200 38.13 26.91 29

500 173.38 64.05 63

1000 143.53 99.16 30

2000 63.89 16.55 74
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26 Fig. 1 A bi-layer rectangular plate includes of: a solid base layer (b) and a multi-material
damping layer (v) placed in an acoustic domain with a reference point Y located in this domain
and a harmonic force (7).

33 < Initialization >

\

Finite Element Analysis
38 L

40 Extract T,"and U for each element and

construct @ using equations (19a) or (19b)
43 '

45 Determine ¢ p (&=1,2,...,n) and calculate volume fractions

46 for each sub-domain in each element

e '
Using equation (23) to update stiffness and mass matrices for each element

No

Converged?

59 Fig. 2 Flowchart of the MIST method
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| == Du and Olhoff
|| —— Present study

Total sound pressure of refernce polnt

Fig. 3 Variations of the objective function predicted by the present algorithm and by Du and
Olhoff (2010)

Sound Pressure (Pa)

i i i i
20 40 60 80 100 120
lteration

Fig. 4 Objective function evolution versus iteration number for optimization problem of
minimizing sound pressure at a reference point covered once with standard material n=1 and
the other time with graded material with n=2 under harmonic load with frequency f,=500Hz.
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i’ © (d)

Fig. 5 Optimal shapes of the design layer of a bi-layer plate vibrated by a single harmonic load
32 with frequency of f,=500Hz : (a) structure with standard material: n=1, p= ¢, p;=1; (b) structure
33 with graded material layer with two volume fractions: n=2, V3=0.2, Vp=0.1, po= &, p1=0.5,
34 p>=1; (c) the 3D @ surface cut with the single iso-surface threshold for structure with n=1; (d)
35 the 3D @ surface cut with two iso-surface thresholds (lower and upper iso-surfaces represent
36 01=0.5 and p,=1 materials) for the structure with n=2.
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44 55
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35
52 3

2.5

55 lteration

Fig. 6 Objective function evolution during optimization process for the problem of minimizing
59 SPR influenced by vibrational structure with monolithic material »=1 and graded damping
60 material with #»=2 under load with frequency f,=1000Hz.
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Fig. 7 Optimal shapes of VEM layer of two layer structure for the optimization problem of the
SPR minimization: (a) damping layer layout with n=1: py= ¢, p;=1; (b) damping layer topology
with n=2: p1=0.5, p,=1; (c) the 3D ® surface for n=1; (d) the 3D @ surface for n=2 cut by two
1so-surface thresholds in which lower iso-surface is for weak damping material with p;=0.5 and
upper one is for strong damping material with p,=1.
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Fig. 8 Objective function histories for different positions (hr) of reference point using the
cellular material with #=2 under vibrational loading with frequency f,=500Hz.
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26 Fig. 9 Optimal shapes of the VEM layer with n=2: V;;=0.2, V,=0.1, po=¢&, p1=0.5, p,=1 excited
27 by a harmonic load with frequency f,=500Hz for the optimization problem of sound pressure
minimization with different positions of reference points (a) hr=0.05m; (b) hr=0.1m; (c)

30 hr=0.5; (d) hr=1m; (e) hr=2m; (f) hr=3m.
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57 Fig. 10 Objective function histories for the optimisation problem of minimizing sound pressure
58 with different frequencies of applied load: (a) Fre=10Hz; (b) Fre=30Hz; (c¢) Fre=200Hz; (d)
59 Fre=500Hz; and (e) Fre=1000Hz.
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Fig. 11 Optimal shapes of the VEM layer with n=2: V=0.2, V1h=0.1, po= €, p1=0.5, pr=1
excited by a harmonic load with different frequencies and the constant reference point, hr=1m:
(a) Fre=10Hz; (b) Fre=30Hz; (c¢) Fre=200Hz; and (d) Fre=500Hz.
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Fig. 12 (a) acoustic response versus frequency where ‘b1’ stands for case 1, f=0.5 and ‘b2’
stands case 2, f=4; ‘f” and ‘1’ denote final and initial objective functions, (b) sound pressure
versus iteration for different thicknesses of the damping layer where ‘th’ represents thickness
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27 Fig. 13 Variations of an objective function for the acoustic media filled with water hr=I1m, n=1
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56 Fig. 14 The objective function histories for the multi-objective optimization problem
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Fig. 15 Optimal shapes for n=2: p¢= ¢, p1=0.5, p,=1 (a) optimal layout: p;=0.5, p,=1 (b) the
3D physical response function surface of the VEM layer cut by two iso-surface thresholds for
material p1=0.5 and p2=1 for multi-objective topology optimization problem.
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Supplemental Material

The formulations of py., p,., 4;and 4, in Eq. (13) are given by:

_ 1 ,_ = _ = _ = _ =
pRe = ;(aReTReGRe - aRe ImGIm - aImTReGIm - aImTImGRe ) +
( _ReﬁReGRe - _RCUImGIm - _ImUReGIm - _ImUImGRe)
| (S
p_ Im = ?(C_ZReT lmG Re + &ReT ReGlm + &lmT ReG Re 67lmT' lmG Im ) +

m

A= 4 - S2
1 it +s] ’ it +s (S2)

in which

nel 1 _ — _ _
n= Z _(aReTRe(e)GRe(e) — QR T Glm(e) - aImTRe(e)GIm(e) - T GRe(e) ) +
=1

4 a)z e” Im(e) m” Im(e)
(ﬂRcURc(e)GRc(e) - ﬂRcUIm(e)GIm(e) - ﬂImURc(e )GIm(e) - ﬂImUIm(e )GRc(e))
(S3)
nel 1 _ _

2 (aReT Re(e )GIm(e) + oI Re(e)GIm(e) +oy,l Re(e)GRe(e) — O] e )GIm(e) ) +

(IBReU Im(e )G Re(e) + ﬂReU Re(e )G Im(e) + ﬂlmU Re(e )G Re(e) - IBlmU Im(e )G Im(e) )

It is obvious that in Eq. S1-S3, Re and /m denote the real and imaginary part of the complex

values.

The formulations of IT,_, IT, , B; and B in Eq. (15) are:

Re Im >
1 —2 2 —2 2 —2m 2 —2 2 — = T o7
HRC = g(aRcTRc - aRchm - aImTRc + aImTIm - 4aRcaImTRchm) +
n27r72 n2rr2 n2rr2 72 n2 T 1T n n
(ﬁReURe - IBReUIm - IBImURe + UImﬁIm - 4UReUIm Re Im) +

2 _ _ _
E(aReﬂRe ReURe - aReﬂReT lmUlm - aReﬂImT ReUIm - aReﬂlmUReT Im almﬂReT ReUlm - almﬂReUReT Im

- C_le BImT_ReURe + &Im BImT_ImU Im )

M, = % Qag Ty T + 20T o T 1 + 200,00 T = 200 @ T 1) +
AU 2P0+ 2Bl 20 s BB+
@ BT T+ GBI T 4 G BT TG BT
+§ImBReT_ReURe - CYImEReT_ImUIm - a_ImBImT_ReUIm B §ImBImIJ_Ref i)
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(S5)
B, B, in Eq. (15) are calculated as follows:

B=—— By = S6
-5 g2
1 Jr +s2 ’ 5y +s; (56)

in which
[
LS @T @ TR -G TR+ ET R AT o))+

= EZ (aRe Re(e) Oge Im(e) Oy, Re(e) Oy Im(e) 0ROy, Re(e) Im(e))

e=1
nel _ 5 5

2772 22772 2772 a3 o a3 a3 2 n
Z (ﬂReURe(e) - ﬁReUIm(e) - IBImURe(e) +U1m(e)ﬂlm - 4URe(e)UIm(e)ﬂReﬂIm) +
e=l
2 nel _ _ _ _ _ _ _ _
;Z (aReIHReT Re(e)URe(e) » aReIBReT Im(e)UIm(e) B aReﬂImT Re(e )Ulm(e) B aReﬂImURe(e)T Im(e)
e=1

_&lmﬂ ReT Re(e)Ulm(e) - (Ylmﬁ ReU Re(e )T Im(e) - 67lmﬂ lmT Re(e )URe(e) + 67lmﬂ lmT Im(e )U Im(e))

(87)
_ LS @i T @i T e2a,a T -2 @ T )+
S2 _Ez ( aRe Re(e)” Im(e) + aIm Re(e)” Im(e) + CzRecxlm Re(e) - aReaIm Im(e))
e=1
nel _ _ . _ A —, - .
2 2
Z (2IBReURe(e)UIm(e) _zﬂImURe(e)UIm(e) + ZﬂReﬂlmURe(e) _2Ulm(e) Reﬂlm) +
e=l
1 nel _ _ _ _ _ _ _ _
EZ (e fre Re(e)Y m(e) T aReﬂReURe(e) fme) T O Pl Re(e)U Re(e) ~ OBl i) mee)
e=l1
+§ImIBReTRe(e) Re(e) - 67ImﬂReTIm(e)ljlm(e) - 67ImﬂImTRe(e)l]Im(e) - almﬂImURe(e )Tlm(e))
(S8)
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