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Abstract: This article investigates topology optimization for normal mode analysis using a moving 
iso-surface threshold method. Fundamental natural frequency needs to be calculated for many 
engineering structures and maximizing its value is an interesting topic in topology optimization. 
Optimal design for the maximum fundamental frequency may appear to be a trivial issue or 
impractical design. Reinforcements by introducing non-designable elements and non-structural mass 
or concentrated mass are often used. In this article, these issues will be solved by choosing an 
appropriate  function that is an integral function in the moving iso-surface threshold method. The 
proposed  function is expressed as strain and kinetic energy densities for a series of normal modes. 
By selecting the energy densities of different mode shapes, optimal topologies to maximize structural 
fundamental frequency are studied. 

1. Introduction 

Topology optimization is a broad range of disciplines covering mathematics, multi-field physics, 
computer science and structural engineering. It has attracted considerable interests in a field of 
structural design to achieve marvellous structural performance by optimizing material distributions. 
In structural design, increasing fundamental natural frequency for a given design domain is often 
required to avoid or promote vibration resonance. 
 
Optimal design to maximize the 1st order natural frequency has been studied by a number of authors 
using various topology optimization methods [1-6]. In this paper, a moving iso-surface threshold 
method (MIST) is used. Optimal design to maximize fundamental frequency may be trivial as it could 
be achieved by removing an entire structure [7]. To solve this trifling issue, reinforcements by 
specifying non-designable elements and/or adding non-structural mass can be used [4, 7]. In this 
article, this issue will be attempted by selecting appropriate integral functions used in MIST. 
 
A number of topology optimization methods have been developed for optimal structural designs to 
obtain better structural performance for a specified design objective, such as, a homogenization 
method [8], solid isotropic material with penalisation (SIMP) method [9-11] with optimal criteria 
(OC) and moving asymptotes [12] algorithms, evolutionary structural optimization (ESO) [13] and a 
level set method [11, 14-17]. A moving iso-surface threshold method (MIST) [18, 19] was recently 
proposed for optimal design of minimum structural compliance or maximum stiffness and designs of 
gripping mechanism and pressurized cellular structures. Here, this method will be used to investigate 
an increase of fundamental natural frequency. 

2. A moving iso-surface threshold method for maximum fundamental natural frequency 

2.1 A moving iso-surface threshold method 
In the MIST, a physical response is expressed using the Φ function that is evaluated at nodes in a 
finite element design domain. The level or threshold value of an iso-surface S that depends on 
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constraints is used to intersect the iso-surface S with the function Φ surface to form a contour of the 
structural boundary. This method can be stated as [18, 19]: 
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where )(tf  is the objective function; )(tgr  and )(tgs  are the governing and constraint equations; 

),( txF , ),( txGr  and ),( txGs  are the relevant integral functions; )(x is the response function and t 

denotes the level or threshold; )(xh  is the Heaviside function defined by:  txxxh  )(1)(   or 

 txxxh  )(0)(  . 

2.2 Finite element based normal mode analysis 

Motion equation of a structure with no damping for each mode in finite element formulations can be 
expressed as [20]: 
     ii YMYK 2

i    (i = 1, 2, 3, …)                                                                                                 (2) 

where  K  and  M  are the stiffness and mass matrices; i  (i = 1, 2, 3, …) is the ith order frequency 

and  iY  is its mode shape. In general,  K  and  M  are real symmetrical matrices and thus  iY  (i = 

1, 2, 3 …) are orthogonal each other [20]: 
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where im  and ik  is the generalized mass and stiffness. When an eigenvector for ith mode shape is 

normalized to result in a unit value of generalized mass ( 1im ), one has: 

     ii
T kω  2

iι YKY ;       1iι YMY T                   (i = 1, 2, 3 …)                                         (4) 

 
In this case, total strain and kinetic energies for the ith mode can be calculated by [20]: 
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where iSE )(  and iKE)(  represent the total strain and kinetic energies;  iY  denotes the mode shape 

velocity. By using Eqs. (4), (5a) and (5b), the ith order natural frequency can be calculated by: 

ii SEω )(22   or ii KEω )(22                                                  (i = 1, 2, 3 …)                                      (6a) 




dSEDω ii )(22  or 


dKEDω ii )(22                         (i = 1, 2, 3 …)                                      (6b) 

where iSED )(  and iKED)(  are the strain and kinetic energy densities for the ith order mode. 

2.3 Selection of integral functions to maximize fundamental natural frequency 

It is seen from Eq. (6b) that, the strain or kinetic energy density can be used as the integral function to 
maximize the ith order frequency. The 1st order frequency can be generally expressed as: 
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where K , ls  and lk  are coefficients; 1l . When the ith order frequency is to be maximized, the 

formulation similar to Eq. (7) can be derived accordingly. 

2.4 MIST implementation by using a MatLab program interfaced with commercial software 

On the basis of Eq. (7), the Φ function can be constructed by using a combination of strain and kinetic 
energy densities with different modes. In the present implementation using the MIST, strain and 
kinetic energy densities in element centres are computed by using MSC/NASTRAN and output to 
MatLab; their values at nodes are calculated by the Lagrange interpolation and then the MIST 
iterations similar to those in [18, 19] are conducted. 

3. Numerical results, verification and discussion 

3.1 Numerical results and comparison 
Topology optimization to maximize 1st order frequency of a beam fixed two ends shown in Fugure 1 
was studied in [4] using a SIMP method. Its normalized geometric and material data are: 1a , 

8b , 710E , 3.0ν  and 1ρ , where E , ν  and ρ  represent Young’s modulus, Poisson’s ratio 
and the mass density. 
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Figure 1 A beam-like structure fixed at two ends 
 
By observing strain and kinetic energy distributions for a structure of Figure 1, the Φ function to 
maximize the 1st order frequency in plane stress can be constructed by its strain and kinetic energy 
densities: 

jKjKj KEDSED 11 )())(1(                                                                                                    (8) 

where subscript j denote the node numbers. When K 0 and -0.5, the obtained topologies for a 
volume fraction of 0.5 (mesh: 30×240) are shown in Figure 2. 

 
 
 (a) ( K 0) 

 ( 1f 60.76 Hz) 
 
 
 
  (b) ( K 0.5) 

  ( 1f 63.05 Hz) 
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Figure 2 Optimal topologies for different integral functions 
 
Figure 2 shows that higher fundamental frequency can be achieved by choosing a proper srain and 
kinetic energy density combinations. 
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 A canlitelever square plate with a length of 1 (m) is shown in Fig. 3 (a). 70E  GPa, 3.0ν  and 
2700ρ  (kg/m3). The optimal design for the maximum 1st order frequency of this plate is trifling as 

it can be obtained by removing whole part from the free edge. The enforcement with the 
non-designable elements and/or concentrated mass have been used to obtain non-trivial optimal 
design in [4, 5]. In this paper, the following Φ function is used in iterative computations to obtain the 
practical optimal topology with the maximum fundamental frequency: 

jkjkj KEDSED 2212 )())(1(                                                                                                    (9) 

 
When k2 -0.15, the achieved optimal topology for a volume fraction of 0.5 (mesh: 40×40) is given 

in Figure 3(b) and the frequency variation versus iteration is illustrated in Figure 4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                (a)                                                                              (b)                               
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Figure 3 A cantlever plate (a) a square plate; (b) optimal design for the maximum 1st order frequency  
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Figure 4 Frequency versus iteration for plate vibration (Fi – the ith order frequency) 
 
It is seen from Figure 4 that the frequencies for the 1st – 5th normal modes are almost the same after 
the sixty iterations. The converged 1st frequency is 23.48 (Hz). 
 
3.2 Validation, comparison and soft material effects  
It is noted that optimal topology in Figure 2(a) and 2(b) are similar to those obtained in  [4] and [5], 
where the SIMP method was used. For solid material distributions given in Figures 2(a) and 3(b), 
finite element results output by NASTRAN are illustrated in Figures 5(a) and 5(b). 
 
When the solid material distribution in Figure 2(a) is imported to PATRAN, the 1st order frequency 
computed by NASTRAN is 61.61 (Hz), whis is slightly larger than that (60.76 Hz) with void and soft 
materials for Figure 2(a). That is, soft materials have little influence on frequency of this structure. 
However, the 1st order frequency given in Figure 4 and Figure 5(b) is 23.48 and 15.47 (Hz), 
respectively. Therefore, soft materials can significantly increase fundamental frequency of plate 
vibrations. 
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           (c) 
 
 ( 1f 15.69 Hz) 
 
 
 

 
Figure 5 The 1st mode shape (a) for Figure 2; (b) for Figure 4; (a) predicted by Niu et al. [5] 
 
To obtain optimal design for the maximum fundamental frequency of a plate in Figure 4(a), a 
concentrated mass has been applied to the middle of a free edge in [4, 5] and almost the same 
topology has been obtained in [4] and [5]. Figure 5(c) illustrates the 1st order mode shape predicted by 
using the  solid material distribution given in [5]. The fundamental frequencies given in Figures 5(b) 
and 5(c) are 15.47 and 15.69 (Hz), respectively. Therefore, present topology optimization using the 
MIST to maximize fundamental frequency is verified for plate vibration. It is also seen that topology 
optimization to maximum fundamental frequency can be alternatively achieved by choosing 
appropriate Φ functions rather than using enforcement approaches or adding non-structure masses. 

Concluding remarks 

A moving iso-surface threshold method was used to study optimal design for normal mode analysis. 
Integral functions to maximize fundamental frequency are derived. Numerical results show that the 
fundamental frequency can be significantly increased by selecting better integral functions. 
 
Void and soft materials have little effect on frequency of in-plane vibration but affect out-of-plane 
vibrations of plate structures considerably. Optimization for the selection of integral functions and 
analysis of the soft material influences are to be further investigated. 
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