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Abstract—Dual-function radar communications (DFRC) is
proposed recently to embed information into radar waveform,
and hence performs data communications by sharing radar aper-
tures and frequency resources. Exploiting a frequency-hopping
(FH) MIMO radar, DFRC can achieve the symbol rate that is
larger than the radar pulse frequency. However, this requires an
accurate channel estimate, which is challenging to achieve due
to the non-cooperative radar transmission and the fast-changing
FH waveform. In this paper, we propose an accurate channel
estimation method for the DFRC based on FH-MIMO radars. We
design a new FH-MIMO radar waveform which incurs no change
to the ranging performance of the radar. The new waveform also
enables a communication receiver to estimate the channel without
knowing the pairing between hopping frequencies and antennas.
We also develop a new angle estimation method at a single-
antenna communication receiver using as few as one symbol, i.e.,
a single hop. Simulations are provided to validate the efficacy of
the proposed channel estimation method. Specifically, the symbol
error rate achieved based on the estimated channel approaches
to that based on the ideal channel.

Index Terms—DFRC, FH, MIMO, waveform, channel estima-
tion, angle estimation

I. INTRODUCTION

There have been increasing demands for systems with both
communications and radar sensing capabilities, on emerging
platforms such as unmanned aerial vehicles and smart cars
[1]–[3]. Instead of having two separate systems, it is possible
to develop joint communications and radar sensing (JCAS)
techniques to integrate the two functions into one by sharing
hardware and signal processing modules, and achieve immedi-
ate benefits of reduced cost, size, weight, and better spectrum
efficiency. Dual-function radar communications (DFRC) is
such an integration which uses the same radar aperture and
frequency resource to transmit communication data [4].

Information embedding into radar waveform is a critical
issue in DFRC. On one hand, a high achievable rate is pursued
for communications; but on the other hand, only little or no
impact is expected on the primary radar detection. The two
design goals generally contradict each other. Some researchers
optimize the beam pattern of a MIMO radar to perform
conventional modulations, such as phase shift keying (PSK)
and amplitude shift keying (ASK), using sidelobes [5], [6].
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Others optimize the MIMO radar waveform to carry out non-
traditional modulations, such as waveform shuffling [7] and
code shift keying (CSK) [8]. These works [5]–[8] generally
embed one symbol per radar pulse and hence the symbol rate
is limited by the pulse repetition frequency (PRF) [4].

Recently, the DFRC based on frequency-hopping (FH)
based MIMO (FH-MIMO) radars has attracted extensive at-
tention [9]–[15], since FH-MIMO radar is able to achieve
the information embedding in fast-time sub-pulses within a
pulse repetition interval (PRI). There are mainly two methods
for information embedding in FH-MIMO radars. The first
method modulates the phases of the radar signals in each
hop to perform PSK [11]–[14]. To decode PSK symbols, a
communication receiver needs an accurate estimate of the
channel response. The second method exploits different com-
binations of hopping frequencies as constellation symbols,
referred to as FH code selection (FHCS) [15], but does not
require channel estimation. The achievable rate of FHCS is
limited by the number of combinations of hopping frequencies.
Nevertheless, the achievable rate of FHCS can be improved,
e.g., by performing PSK simultaneously, given an accurate
channel estimation (as will be illustrated in Section V).

Although an accurate channel estimate plays an important
role in the FH-MIMO radar-based DFRC, how to estimate
channel has not been addressed yet in the literature. Moreover,
it can be challenging to estimate channel in DFRC due
to the following reasons. First, training signals for channel
estimation in DFRC can only be designed by modifying
any given radar waveforms, which potentially leads to an
undesirable performance trade-off between channel estimation
and radar detection. Second, the pairing between hopping
frequencies and antennas is required for channel estimation
(as will be clear in Section II-C); however, how to acquire
the pairing information at a communication receiver is non-
trivial in practice. Moreover, the fast-changing FH-MIMO
radar waveform requires a communication receiver to update
the pairing information on a sub-pulse basis [11], [15].

This paper proposes an accurate method for channel estima-
tion in the FH-MIMO radar-based DFRC by tackling the above
challenges. We design a new FH-MIMO radar waveform,
which on one hand incurs no change to the radar ranging per-
formance, and on the other hand enables the communication
receiver to estimate the channel without acquiring the pairing
between hopping frequencies and antennas. We also propose a



new angle estimation method which can produce an accurate
angle estimation using as few as only a single symbol, i.e., a
single hop. Simulations are provided to validate the efficacy
of the proposed channel estimation method. Specifically, the
symbol error rate achieved based on the estimated channel
approaches to that achieved using the ideal channel.

II. SIGNAL MODEL AND PROBLEM FORMULATION

Consider a DFRC system based on a FH-MIMO radar
which also performs downlink communications for a single-
antenna user terminal. The transmitter and receiver of the
radar are co-located uniform linear arrays with NT and NR

antennas, respectively. Let s(t) ∈ CNT×1 denote the signal
vector radiated out by the MIMO transmitter array at time
t; αg(t) denote the target reflection coefficient; θg denote
the target direction seen by the MIMO radar; and a(θg) and
b(θg) denote the MIMO transmitter and receiver array steering
vectors, respectively1. Here, the variables with subscript (·)g
are associated with the g-th target. The signal vector received
by the MIMO receiver array can be modeled as [12], [15]

x(t) =

Nt−1∑
g=0

αg(t)a
T(θg)s(t)× b(θg) + n(t), (1)

where Nt is the total number of targets and n(t) ∈ CNR×1

is the vector of additive white Gaussian noise (AWGN) at the
MIMO receiver antennas.

A. FH-MIMO Radar

The FH-MIMO radar has the centroid frequency of the
transmitted signal hop multiple times per PRI. With reference
to [15], we divide the frequency band of a MIMO radar evenly
into NSB sub-bands, each having the centroid frequency as
fk = fL + kB

NSB
(k = 0, 1, · · · , NSB − 1), where fL is the

starting frequency of the system frequency band and B is
the radar bandwidth. In the FH-MIMO radar, the centroid
frequency of the h-th hop (h = 0, 1, · · · , H − 1) in the p-
th PRI (p = 0, 1, · · · , P − 1) at antenna m, denoted by f (m)

ph ,
can take fk ∀k with an equal probability, i.e.,

f
(m)
ph ∼ UF , F = {fk ∀k ∈ [0, NSB − 1]}, (2)

where UF denotes the uniform distribution in F .
Let [s(tph)]m denote the transmitted signal from antenna m

in the h-th hop and p-th PRI, where

pT +
hT

H
≤ tph ≤ pT +

(h+ 1)T

H
, (3)

and T denotes the PRI. Exploiting sinusoidal signal as the
FH-MIMO radar waveform in each hop, [s(tph)]m becomes

[s(tph)]m = ej2πf
(m)
ph tph . (4)

To ensure the waveform orthogonality of a MIMO radar, it
is required that the centroid frequencies across antennas are
different at any hop, i.e., f (m)

ph 6= f
(m′)
ph , ∀m 6= m′, ∀h [16].

1As the radar transmitter and receiver are co-located, they “see” the target
from the same direction [15].

B. Information Embedding for Communications

As in the previous works [11]–[16], we consider the line-
of-sight (LoS) communication between the FH-MIMO radar
and a single-antenna communication receiver. Let φ denote
the angle-of-departure (AoD) of the LoS path with respect to
(w.r.t.) the radar transmitter array. The multiple-input-single-
output (MISO) channel vector can be given by β(t)a(φ) with
β(t) and a(φ) denoting the path response and the steering
vector, respectively. Accordingly, the signal received by the
communication receiver is given by

y(t) = β(t)aT(φ)s(t) + ξ(t), (5)

where ξ(t) is a zero-mean AWGN at the communication
receiver with the variance of σ2

ξ .
Two communication constellations, PSK [11]–[14] and

FHCS [15], are available to embed information into s(t). They
are briefly introduced below

a) PSK modulates the phase of [s(tph)]m to convey infor-
mation bits for communications. Specifically, a phase term
Fm(tph) = ejω

(m)
ph is multiplied to [s(tph)]m at the radar

transmitter. Here, ω(m)
ph spans the following PSK constellation

ω
(m)
ph ∈ ΩJ =

{
0,

2π

2J
, · · · , 2π(2J − 1)

2J

}
, (6)

where J denotes the information bits per hop. We see from (5)
that the PSK phases are coupled with the phases of β(t) and
the elements of a(φ) in a multiplicative manner. Therefore, to
decode PSK symbols, we need the following information:

1) the pairing between hopping frequencies and radar trans-
mitter antennas; and

2) the accurate estimations of β(t) and φ to suppress the
phase terms incurred by the channel.

b) FHCS exploits the combination of hopping frequencies to
convey information bits. As seen from (2), we have NSB

available centroid frequencies and only NT(< NSB) frequen-
cies are selected per hop. Thus, there are CNT

NSB
different

combinations of hopping frequencies in overall. In FHCS, each
combination is regarded as a communication symbol. At the
communication receiver, the FHCS symbol can be identified
by only detecting the NT hopping frequencies, which therefore
does not require the pairing and channel information.

Nevertheless, we see from (5) that FHCS can be performed
in combination with PSK to improve communication achiev-
able rate. Since the hopping frequencies can be identified
regardless of the initial phases of the received signals, FHCS
symbols can be decoded unaffected by PSK modulations. With
the hopping frequencies identified, the PSK decoding can be
performed given an accurate channel estimate and the pairing
between hopping frequencies and antennas.

C. Problem Formulation and Practical Challenges

From the above elaborations on PSK and FHCS, we see
that an accurate channel estimation is important to FH-MIMO



radar-based DFRC systems. However, it is challenging to esti-
mate the channel at a single-antenna communication receiver
with a non-cooperative radar transmitter, as analyzed below.

Substituting (4) into (5) and after down-conversion (with
the local oscillator frequency fL) and digitization (with the
sampling interval Ts), y(t) at hop h and PRI p becomes

y(i) = β

NT−1∑
m=0

e−j
2πmd sinφ

λ × e−j2π
k
(m)
ph

B

NSB
iTs + ξ(i), (7)

where i(= 0, 1, · · · , L− 1) is the sample index; β is assumed
fixed in the short period of tph, see (3); e−j

2πmdT sinφ

λ is the

m-th element of a(φ); and
k
(m)
ph B

NSB
= f

(m)
ph −fL is the baseband

frequency. By taking the discrete Fourier transform (DFT) of
y(i), the frequency-domain received signal, denoted by Y (l),
can be calculated as in

Y (l) =

L−1∑
i=0

y(i)e−j
2πil
L

= β

NT−1∑
m=0

e−j
2πmd sinφ

λ ×

[
L−1∑
i=0

e
j2π

k
(m)
ph

B

NSB
iTse−j

2πil
L

]
︸ ︷︷ ︸

A(m)
ph (l)

+ Ξ(l), (8)

where Ξ(l) is the DFT of ξ(i).
According to (8), we can extract the signal from the m-th

antenna by identifying the hopping frequency at antenna m,
i.e., k(m)

ph . However, this requires the pairing between hopping
frequencies and antennas, which may not be available at the
communication receiver. Moreover, FH-MIMO radar changes
the hopping frequencies on the sub-pulse basis [15]. Such a
fast updating of the pairing information at a communication
receiver can be difficult in DFRC, if not impossible.

In communications, the specifically designed training sig-
nals are used for channel estimation and known between a
pair of communication transmitter and receiver. Conversely,
the training signals can only be designed by modifying radar
waveform in DFRC. The waveform modification that is favor-
able for channel estimation can degrade the performance of
the primary radar detection, leading to the performance trade-
off between radar detection and channel estimation. To this
end, the training signals need to be designed holistically with
little or no impact incurred on the primary radar detection.

III. A NOVEL FH-MIMO WAVEFORM FOR CHANNEL
ESTIMATION IN DFRC

In this section, we present a novel FH-MIMO radar wave-
form which is designed by re-ordering the hopping frequencies
of the original FH-MIMO radar in an ascending order2. The
new waveform is give by

[s̃(tph)]m = ej2πf̃
(m)
ph tph , f̃

(0)
ph < f̃

(1)
ph < · · · < f̃

(NT−1)
ph , (9)

2It can be in either ascending or descending order, which does not affect
the channel estimation method to be proposed.

where the same group of hopping frequencies are used as those
in the original radar, i.e.,

{
f̃
(m)
ph ∀m

}
=
{
f
(m)
ph ∀m

}
. Note

that the new waveform [s̃(tph)]m replaces the pairing between
hopping frequencies and antennas with a deterministic order-
ing of the hopping frequencies.

A good property of the new waveform is that it does not
incur any change to the ranging performance of the FH-MIMO
radar, as dictated below.

Proposition 1: The new waveform [s̃(tph)]m has the same
range ambiguity function as the original FH MIMO radar
based on [s(tph)]m given in (4).

Proof: The proof is started by analyzing the range ambi-
guity function of an FH-MIMO radar. With reference to [17,
Eq. (27)], the range ambiguity function, denoted by |χ(τ)|,
can be expressed as

|χ(τ)| =

∣∣∣∣∣∣
NT−1∑
m,m′=0

H−1∑
h,h′=0

κ(τ̃ , ν)ej2πν̃
hT
H︸ ︷︷ ︸

B

e
j2πf

(m′)
ph′ τ︸ ︷︷ ︸
D

∣∣∣∣∣∣ , (10)

where τ̃ = τ − T (h′−h)
H , ν = f

(m)
ph − f

(m′)
ph′ and κ(x, y) is the

ambiguity function of a standard rectangular pulse. According
to [17, Eq. (26)], we have κ(x, y) =

(
T
H − |x|

)
S
(
y
(
T
H −

|x|
))
ejπy(x+

T
H ), if |x| < T

H ; and otherwise κ(x, y) = 0,

where S(α) = sin(πα)
πα is a sinc function; and x and y span

range and Doppler domains, respectively.
From (10), we see that any change of f (m)

ph in hop h has

no impact on f
(m′)
ph′ in hop h′, and vice versa. Thus, the

set of combinations of
(
ν, f

(m′)
ph′

)
remain the same given any

ordering of hopping frequencies in hops h and h′, since the
combination is independent of element orderings [18]. We
also see from (10) that the combinations, (B,D), are uniquely
determined by the combinations of

(
ν, f

(m′)
ph′

)
, since the other

parameters, τ̃ and τ , are independent of m or m′. Thus, we can
conclude that the range ambiguity function, |χ(τ)|, remains the
same given any ordering of hopping frequencies.

Fig. 1 plots the range ambiguity function of an FH-MIMO
radar, where NT = 10, NSB = 20, H = 15, B = 100 MHz,
and the hopping frequencies are randomly generated based
on (2). The original waveform refers to the conventional FH-
MIMO waveform without re-ordering which is widely used
in the previous works [11]–[15]. We see that the ambiguity
function using the new waveform overlaps with that using
the original waveform, which is seen more obviously in the
zoomed-in sub-figure. Thus, Proposition 1 is validated.

IV. PROPOSED CHANNEL ESTIMATION METHOD

We proceed to propose new algorithms to estimate the com-
munication channel using the new FH-MIMO radar waveform.
Seen from (7), the estimation of β can be readily obtained
via a least square (LS) estimator. Therefore, we focus on the
estimation φ in the following. For notation simplicity, we use
[s(tph)]m given in (4) to denote the new waveform whose
hopping frequencies, however, satisfies (9). Since the proposed
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Fig. 1. Comparison of the range ambiguity function of a FH MIMO radar
using the new and original waveforms, as given in (9) and (4), respectively.

method can work using a single hop, we focus on hop h in
PRI p for illustration clarity. Extracting the received signal
from the m-th antenna, we obtain

Ym(l) = βe
−j 2π

NT
muA(m)

ph (l) + Ξm(l), u =
Md sinφ

λ
(11)

where A(m)
ph (l) is the DFT enclosed in the square brackets in

(8), and u is an auxiliary variable. Note that 2πu
NT

is a one-to-
one mapping of φ(∈ [−π2 ,

π
2 ]), since | 2πd sinφλ | ≤ π always

holds for d ≤ λ
2 .

To estimate u exploiting the signal Ym(l), we need to first
suppress A(m)

ph (l). By searching for the NT largest peaks in
|Y (l)|, the NT hopping frequencies in hop h and PRI p can
be identified and then used for calculating A(m)

ph (l). Assume
that |Y (l)| takes peaks at l∗m ∀m which satisfies

0 ≤ l∗0 < l∗1 < · · · < l∗NT−1 ≤ I − 1. (12)

The new waveform ensures that the l∗m-th peak corresponds to
the signal radiated by the m-th antenna of the radar transmitter.
By substituting (12) into (8), the hopping frequency of the m-
th antenna can be identified as

k̂
(m)
ph =

NSBl
∗
m

IBTs
, f̂

(m)
ph = fL +

k̂
(m)
ph B

NSB
. (13)

According to (8), A(m)
ph (l∗m) can be calculated. Dividing both

sides of (11) by A(m)
ph (l∗m) leads to

Ỹ ∗m =
Ym(l∗m)

A(m)
ph (l∗m)

= βe
−j 2π

NT
mu
, m = 0, 1, · · · , NT − 1,

(14)

where the noise term is omitted for now to illustrate the
principle of the proposed method. The noise robustness of our
new method will be shown in Section V.

We see from (14) that u can be regarded as a discrete
frequency of a single-tone signal. By taking the DFT of Ỹ ∗m

(over m), the integer part of u can be identified as the index
of the peak of |Zm′ |, where Zm′ is given by

Zm′ =

NT−1∑
m=0

Ỹ ∗me
−j 2πmm′

NT , m′ = 0, 1, · · · , NT − 1. (15)

Let m̃ denote the index of the peak. Using 2πm̃
NT

as the u
estimate can lead to an estimation error up to the half of a
frequency bin, i.e., π

NT
. To improve the estimation, interpo-

lating DFT coefficients has been suggested in the literature
[19]–[21]. Next, we develop the u estimation method based
on the latest q-shift estimator (QSE), originally designed in
[20] and improved in [21]. The proposed u estimation method
is summarized in Algorithm 1.

Algorithm 1 Estimation of u

1: Input Ỹ ∗m (m = 0, 1 · · · , NT − 1), δ, ε.
2: Take the DFT of Ỹ ∗m and obtain Zm′ , as shown in (15);
3: Identify the index of the peak of the DFT spectral |Zm′ |2,

denoted by m̃;
4: Calculate the interpolated DFT coefficients, Z±, see (17);
5: Construct γ as shown in (18);
6: Update δ and go back to Step 4 up to three times;
7: Calculate the final estimates of u and φ; see (20).

In the input parameters of the algorithm, δ is an intermediate
variable to be updated and δ = 0 initially, and ε is a fractional
interpolation factor, as given by [21, Eq. (23)]

ε ≤ min{NT
− 1

3 , 0.32}. (16)

Step 2 calculates the DFT of Ỹ ∗m followed by peak identifi-
cation in Step 3. Note that the peak can be identified most
reliably compared with any other spectral power responses,
since the SNR of the peak is improved by as large as NT

times after the DFT [22].
In Step 4, the interpolated DFT coefficient Z± is given by

Z± =

NT−1∑
m=0

Ỹ ∗me
−j 2πm(m̃+δ±ε)

NT , (17)

which is in essence the DFT coefficient at the non-integer (i.e.,
m̃+ δ ± ε) frequency bin. In Step 5, γ is constructed by

γ =
z+ − z−
z+ + z−

, (18)

which leads to an update of δ in Step 6 [20],

δ =
ε cos2(πε)

1− πε cot(πε)
×<{γ}+ δ, (19)

where δ in the right-hand side (RHS) of the equality is the old
value, and <{·} takes the real part of a complex number. Note
that the reason that we update δ up to three times is because
the algorithm can generally converge after three iterations [20].

The final estimate of u can be given by û = m̃+ δ, which,
combined with (11), gives the estimate of φ, i.e.,

φ̂ = arcsin
ûλ

Md
, û = (m̃+ δ). (20)



Substituting (20) into (14), we can estimate β as

β̂ =
1

NT

NT−1∑
m=0

Ỹ ∗me
j 2π
NT

mû
. (21)

V. SIMULATION RESULTS

In this section, simulation results are provided to illustrate
the performance of the proposed channel estimation method
and its application in an FH-MIMO radar-based DFRC. Unless
otherwise specified, the following parameters are used in the
simulations: fc = 8 GHz, B = 100 MHz, K = 20, H = 10,
T = 10 µs, NT = 10 and φ = 60◦; and 2× 104 independent
runs are performed to obtain the averaged result in the figures.

Fig. 2 presents the estimation performance of the proposed
Algorithm 1, where the CRLB of û is 6

2π2NTρ
with ρ denoting

the estimation SNR [20]; and the CRLB of sin φ̂ can be
accordingly calculated based on (11). We see from Fig. 2 that
the proposed u estimation can asymptotically approach the
CRLB as the estimation SNR increases. This is consistent with
[20], [21]. We also see that the estimation accuracy achieved
by the proposed algorithm is very high. At the low SNR of
−10 dB, the MSE of sin φ̂ is only 10−3; and at the moderate
SNR of 0 dB, the MSE reduces to below 10−5.

Next, we demonstrate the impact of channel estimation
on the communication performance of an FH-MIMO radar-
based DFRC, where the modulations of BPSK [16] and FHCS
[15] are simulated using the ideal and estimated channels.
Note that PSK and FHCS can be combined for a higher
achievable rate. Their combination, referred to as PFHCS, can
be achieved with the new MIMO waveform and the accurate
channel estimation. Specifically, the new waveform ensures the
suppression of A(m)

ph (l∗m), as done in (14); and the obtained
channel estimates can remove the impact of β and φ to enable
the decoding of ω(m)

ph given in (6). Furthermore, enabled by
the accurate channel estimation, the combinations of hopping
frequencies in FHCS can be replaced with the permutations of
the frequencies. Therefore, we propose another transmission,
referred to as FH permutation selection (FHPS). At the MIMO
transmitter, FHPS pairs the hopping frequencies and antennas
to convey different symbols of information bits. To detect the
pairing at the communication receiver, we can substitute β̂ and
û into (14) to estimate m.

Fig. 3 compares the achievable rates of different modulation
schemes. We see that the proposed PFHCS and FHPS have
much higher achievable rates than the benchmark schemes.
The rate improvement achieved by PFHCS and FHPS can be
as large as 10 Mbps and 21 Mbps, respectively, as compared
to FHCS. Interestingly, we also see that PFHCS has a larger
increasing rate than FHCS given large NT which owes to the
combination with BPSK. It is noteworthy that PFHCS and
FHPS are enabled by the new MIMO radar waveform and the
accurate channel estimation method.

Fig. 4 compares the symbol error rate (SER) of different
transmission schemes, where the channel estimations in Fig. 2
are applied for decoding. Note that the bit energy to noise ratio
(BENR), i.e., Eb

N0
, is considered in the x-axis. This provides
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a fair comparison between the different modulation schemes
since they have drastically different number of bits per symbol



[15]. We see that using the proposed channel estimation
method can produce the same SER as using the ideal channel,
which validates the high accuracy of the proposed method.
We also see that PFHCS achieves the best SER performance
among the schemes owing to the proposed FH-MIMO wave-
form. We further see that FHPS is more prone to channel
estimation errors compared with BPSK and PFHCS, and its
SER performance becomes worse than the other schemes when
BENR, i.e., Eb

N0
, becomes larger −19.5 dB. This is caused by

the larger error probability of identifying an ordered set, as
compared to a non-ordered one [18].

VI. CONCLUSION

This paper develops an accurate channel estimation method
for the FH-MIMO radar-based DFRC. This is achieved by
a new FH-MIMO radar waveform which does not incur any
change to the ranging performance of the radar and enables
the communication receiver to estimate channel without the
pairing between hopping frequencies and antennas. This is also
enabled by an accurate angle estimation method which uses
as few as a single symbol. Simulation results show that the
SER achieved based on the estimated channel approaches to
that using the ideal channel.
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