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a b s t r a c t

Causal inference aims to estimate the treatment effect of an intervention on the target outcome variable

and has received great attention across fields ranging from economics and statistics to machine learning.

Observational causal inference is challenging because the pre-treatment variables may influence both the

treatment and the outcome, resulting in confounding bias. The classic inverse propensity weighting (IPW)

estimator is theoretically able to eliminate the confounding bias. However, in observational studies, the

propensity scores used in the IPW estimator must be estimated from finite observational data and may

be subject to extreme values, leading to the problem of highly variable importance weights, which con-

sequently makes the estimated causal effect unstable or even misleading. In this paper, by reframing

the IPW estimator in the importance sampling framework, we propose a Pareto-smoothing method to

tackle this problem. The generalized Pareto distribution (GPD) from extreme value theory is used to fit

the upper tail of the estimated importance weights and to replace them using the order statistics of

the fitted GPD. To validate the performance of the new method, we conducted extensive experiments on

simulated and semi-simulated datasets. Compared with two existing methods for importance weight sta-

bilization, i.e., weight truncation and self-normalization, the proposed method generally achieves better

performance in settings with a small sample size and high-dimensional covariates. Its application on a

real-world heath dataset indicates its utility in estimating causal effects for program evaluation.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction1

Recent advances in data collection and storage technologies2

have made more and more observational data available to re-3

searchers and decision makers. In the face of such a big data chal-4

lenge, automatic machine learning algorithms have been used to5

elicit knowledge from collected data and then make predictions6

on new data. Most existing machine learning algorithms aim to7

achieve high predictive accuracy for a target outcome variable [1].8

However, in order to make scientific conclusions and rational de-9

cisions, we fundamentally need to answer causal questions [2,3],10

understand the causal relationships between variables or events11

[4–6], and estimate the possible changes or difference in outcome12

caused by a particular treatment or policy variable [7,8]. For in-13

stance, in biology, scientists conduct randomized experiments to14

discover and measure the effect of genes on certain genotypes;15
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in healthcare, patients need to know the potential effect on their 16

health to decide whether to take a particular medication; in eco- 17

nomics, policy makers debate the possible effect of job training 18

on employees’ earning; and in marketing, what ad companies are 19

really interested is the causal effect of an online advertisement 20

on customers’ purchasing habits. In the literature, this problem is 21

called causal inference or treatment effect estimation [7,8]. 22

It has been argued that the ability to learn causality from data 23

is a significant component of human-level intelligence [3,9], and 24

causal inference is a central topic for both scientific discovery 25

[10,11] and decision-making [2]. Causal inference is the problem 26

of estimating the treatment effect of an intervention on a tar- 27

get outcome variable, which is usually the difference between the 28

treatment and control groups in a randomized control trial (RCT) 29

[7]. With growing interest in using data to guide decision mak- 30

ing in domains where interventional and counterfactual questions 31

abound, methods for causal inference have attracted considerable 32

research interest [12,13]. RCTs, also known as A/B testing in online 33

learning, ensure the treatment assignment will not be confounded 34

with measured or unmeasured covariates, and thus are the golden 35

standard for estimating treatment effects. However, in many cases 36
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they are expensive, unethical, or even impossible. So we can only37

conduct observational studies using observational data, but iden-38

tifying the true treatment effect from observational data is chal-39

lenging because we can only observe the outcome corresponding40

to the treatment received by an individual, while outcomes un-41

der alternative treatments are unobserved. This is called the fun-42

damental problem of causal inference [14]. Moreover, the treatment43

assignment mechanisms, which are usually dependent on the indi-44

vidual’s characteristics, are neither known nor random. This makes45

observational studies inherently more difficult than studies based46

on RCTs. In clinical medicine, for example, patients receiving dif-47

ferent treatments from one another are likely to exhibit different48

pre-treatment characteristics that may affect outcomes. This cru-49

cial problem in estimating causal effect from observational data is50

called confounding bias [14,15].51

To minimize the confounding bias in observational causal infer-52

ence, Rosenbaum and Rubin [14] introduced the propensity score53

to summarize the information required to control the confounders.54

The propensity score is the conditional probability of an individ-55

ual to be assigned to the treatment group, and its estimation helps56

researchers to better understand the treatment assignment mech-57

anism [16]. Theoretically, we are able to account for the difference58

between the treatment and control groups by directly modelling59

the assignment mechanism with propensity scores, thus making60

the treated and control populations more comparable. In [14], the61

authors show that if the treatment assignment is ignorable given62

the observed covariates, the average treatment effect (ATE) can be63

consistently estimated by adjusting for the propensity scores alone.64

Given this balancing and de-biasing property, propensity score-65

based approaches have been widely used for causal inference from66

observational data [7], complete-case analysis for missing data [17],67

and survey sampling (Thompson 2012). They have also recently68

been adopted by the data mining and machine learning commu-69

nities for de-biasing in recommender systems [18,19], information70

retrieval systems [20] and learning to rank systems [21].71

Despite their popularity and theoretical appeal, a practical72

problem of propensity-based methods is that the true propensity73

scores are intrinsically unknown and must be estimated from fi-74

nite observational data in pure observational studies. Research in-75

dicates that misspecification of the propensity score model can re-76

sult in substantial bias in causal effect estimation. If the estimated77

propensity scores are close to one or zero for a substantial frac-78

tion of the population, the estimated causal effect may be of high79

variability and difficult to estimate precisely[12]. This is a partic-80

ular concern in settings with many covariates, or simply when81

the assignment mechanism is highly skewed. When many of the82

estimated propensity scores are close to zero, the distribution of83

their reciprocals the inverse propensity weights are likely to have84

a heavy right tail, which leads to unstable estimates of treatment85

effects, sometimes with infinite variance.86

To address the problem of variability, two methods for variance87

control in importance sampling, weight truncation and weight self-88

normalization, have been used to stabilize the importance weights-89

based estimators in the causal inference community [7,8]. Re-90

searchers from the sampling and weighting community have pro-91

posed a growing list of techniques for variance reduction. For a92

comprehensive understanding, we refer the reader to Owen [22].93

In this paper, we reframe causal inference using the IPW estima-94

tor in the importance sampling framework and introduce a new95

smoothing method for importance weight stabilization using the96

smoothing property of the generalized Pareto distribution (GPD)97

from the extreme value statistics [23]. Based on the new inter-98

pretation of the IPW estimator and the proposed Pareto-smoothing99

method, we propose two IPW estimators for treatment effect esti-100

mation. The proposed Pareto-smoothing method has the following101

features: Compared with the truncated IPW estimator, our method102

is less biased and more data efficient in that it has a higher ef- 103

fective sample size. Compared with the self-normalized IPW esti- 104

mator, the experiment result shows that they both converge to the 105

true value if there is enough data. A special merit of our method 106

is that it is more stable in small sample size cases, which are com- 107

mon in many real-world observational studies. 108

Our contributions are as follows: (1) We introduce the classic 109

IPW causal estimator from the perspective of importance weighted 110

estimation of expectations using data from a different proposal dis- 111

tribution. To the best of our knowledge, we are the first to for- 112

malize such an interpretation of the IPW estimator, which ren- 113

ders the high variability problem of importance weight-based esti- 114

mators straightforward and easy to understand. (2) Building upon 115

the above importance sampling interpretation of the IPW estima- 116

tor, we analyse the high variability problem of the IPW estimator 117

with estimated propensity scores and conclude two existing sta- 118

bilization methods for importance weight stabilization, i.e., weight 119

truncation and self-normalization. (3) We propose a new Pareto- 120

smoothing method for importance weight stabilization using GPDs 121

and two Pareto-smoothed causal estimators based on the proposed 122

method. We also discuss the selection of related parameters in the 123

proposed method. Comprehensive experiments were conducted us- 124

ing both simulated and real data to demonstrate the practical va- 125

lidity of the proposed method. 126

The remainder of the paper is organized as follows. In Section 2, 127

we introduce notations, formalize the causal inference problem, 128

and discuss the assumptions for identification. In Section 3, we re- 129

frame the classic IPW estimator for causal inference in the impor- 130

tance sampling framework, which leads to a straightforward under- 131

standing of its high variability problem in finite-sample settings. 132

Within this framework, we briefly review two conventional meth- 133

ods for stabilizing the IPW estimator. In Section 4, we introduce 134

the details of our new Pareto-smoothing method and the two pro- 135

posed Pareto-smoothed causal estimators. Experiments on simu- 136

lated data and an application on a real-world health dataset are 137

conducted in Sections 5 and 6. Section 7 concludes the paper and 138

discusses future work. 139

2. Problem formulation 140

Consider a population of n individuals, indexed by i = 1, 2, . . . n. 141

Every individual i is characterized by a d-dimensional vector of fea- 142

tures (also called pre-treatment covariates or attributes), Xi ∈ R
d . 143

Elements of these covariates might include age, gender, race, edu- 144

cation, etc. In this paper, we use Xi and i interchangeably to rep- 145

resent the ith individual, and X to represent a general individual 146

from the population. Each individual makes a decision to choose 147

an action or is assigned to a treatment T; for example, the treat- 148

ment T could be whether to take a particular medicine or whether 149

to receive a certain training program. In this paper, we consider 150

binary treatments and denote the treatment for an individual i 151

as Ti, where Ti = 0 indicates that individual i received the control 152

treatment and Ti = 1 indicates that individual i received the active 153

treatment. Let Y be the outcome variable of interest. For any indi- 154

vidual X, following Rubin’s potential outcome framework [7], there 155

is a pair of potential outcomes YX(0) and YX(1), denoting the out- 156

come value of X if he or she had been in the control group or the 157

treatment group respectively. By the principle of consistency, the 158

observed outcome of individual Xi, denoted as Y obs
Xi

or simply Yi, 159

is the potential outcome corresponding to the received treatment, 160

i.e., Y obs
Xi

= Yi = YXi
(Ti) = Yi(Ti) 161

With these notations, the individual treatment effect for the ith 162

individual is defined as the difference of the two potential out- 163

comes τi = Yi(1) − Yi(0). The conditional average treatment effect 164

is defined as τ (x) = E[τi|Xi = x] and the ATE of treatment T on the 165
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outcome Y is its expectation for this population,166

τATE = E[τ (X )] = E[Y (1)] − E[Y (0)] (1)

Rather than the ATE for the whole population, sometimes we167

may only be concerned about the ATE for the treated individuals,168

i.e., the average treatment effect on the treated (ATT) defined as169

τATT = E[τ (X ) | Ti = 1]. While we can analogously define the aver-170

age treatment effect on the control (ATC), it is seldom of interest171

in practical applications. We formulate the ATE estimation prob-172

lem for concreteness. The estimation of ATT is straightforward and173

is introduced in the Appendix.174

Given the observational data D = {(Xi, Ti,Yi) : i = 1, 2, . . . , n},175

where n is the number of observations. Referring to the individuals176

with Ti = 1 as treated individuals and the individuals Ti = 0 as con-177

trol, we also denote the number of treated as n1 = ∑n
i=1 Ti and the178

number of controls as n0 = ∑n
i=1 (1 − Ti). For each i = 1, 2, . . . , n,179

Yi(Ti) = Yi is the observed factual outcome and Yi(1 − Ti) is the180

counterfactual outcome, i.e., the outcome for individual i had she181

received the treatment (1 − Ti) instead of Ti. If we have access to182

both potential outcomes, ATE can be estimated by183

τATE = E[Y (1)] − E[Y (0)]

= EX [E[YX (1)] − E[YX (0)]] (2)

= 1

n

n∑
i=1

Yi(1) − Yi(0)

The ATE measures the average causal difference of a popula-184

tion if all individuals are treated versus all are untreated, which185

is generally different from the conditional difference between the186

outcomes of the treated group and the control group in the obser-187

vational data. As a baseline, we denote the empirical conditional188

difference calculated in Eq. (3) as a naive ATE estimator,189

τ̂ Naive
ATE = 1

n1

n∑
i=1

TiYi − 1

n0

n∑
i=1

(1 − Ti)Yi (3)

Estimating the ATE from observational data is generally impos-190

sible because of the fundamental problem of causal inference [7]: for191

each individual, only one of the potential outcomes is observed.192

As a result, causal inference from observational data is by nature193

a missing data problem [24]. To ensure the identifiability [25],194

throughout the paper, we assume unconfoundedness (or conditional195

exchangeability) as in Assumption 1.196

Assumption 1 (Unconfoundedness, or conditional exchangeabil-197

ity). Conditional on the observed pre-treatment covariates X, the198

potential outcomes YX(0), YX(1) are independent of the treatment199

T, i.e.,{YX(0), YX(1)}�T|X200

This is to say that all confounders that affect both the treat-201

ment and outcome are observed. Under this assumption, the back-202

door adjustment criterion [25] suggests that we can identify the203

expected potential outcome E[YX (t)] by the conditional mean out-204

come via205

E[YX (t)] = E[Y |X, T = t]

As a result, we can fit two conditional mean outcome mod-206

els E[Y |Xi, Ti = 0] and E[Y |Xi, Ti = 1] from the observational data207

D, and estimate the ATE in Eq. (2) by calculating the average of208

the covariate-stratified differences weighted by the probabilities of209

each stratum. Although feasible in principle, adjusting for all ob-210

served covariates to eliminate confounding bias may not be possi-211

ble, especially when the covariates are continuous. So we need to212

find a lower-dimensional proxy for them that will suffice for re-213

moving the bias associated with imbalance in the pre-treatment214

covariates.215

The propensity score in Definition 1 is such a low-dimensional 216

proxy and plays a key role in many existing propensity score-based 217

causal estimators. 218

Definition 1 (Propensity score [7]). The propensity score, e(X), of 219

an individual X is its conditional probability to be assigned to the 220

treatment group, i.e., e(X ) = p(T = 1 | X ). 221

For any individual, the treatment assignment T is independent 222

of the pre-treatment covariates X conditional on the true propen- 223

sity score e(X). Moreover, the unconfoundedness assumption im- 224

plies that {YX(0), YX(1)}�T|e(X). In practice, to guarantee enough 225

randomness in the data-generating process so that unobserved 226

counterfactuals can be estimated from the observed data, we also 227

make the Positivity assumption. 228

Assumption 2 (Positivity, or overlap). 0 < e(Xi) < 1 for any i = 229

1, . . . , n 230

This assumption means that the treatment assignment is not 231

deterministic. In words from the literature of observational stud- 232

ies, the observations are generated by a probabilistic assignment 233

mechanism [7]. 234

3. Related work 235

As we can see from Eq. (1), a key task for treatment effect esti- 236

mation is to estimate the expected potential outcomes of the pop- 237

ulation, E[Y (0)] and E[Y (1)]. In this section, we introduce impor- 238

tance weighted expectation estimators from the importance sam- 239

pling literature [22]. Within this importance weighting framework, 240

we further introduce the IPW estimator, the truncated and the self- 241

normalized estimators for causal inference. 242

3.1. Estimating expected potential outcomes 243

To explain the deduction, let us first consider treatment ef- 244

fect estimation via RCTs and imagine there is a randomized con- 245

trol experiment in which the treatment propensity p(Ti = 1|Xi) is 246

constant for any i = 1, 2, . . . , n. Using the Bayes rule, we can eas- 247

ily derive that the covariate distribution for the treated group, 248

pt=1
X

:= p(X|T = 1), and the control group, pt=0
X

:= p(X|T = 1), all 249

equals the population distribution, pX := p(X). Thus, we can identify 250

both expected potential outcomes via 251

E[Y (1)] = EX E[Y |X, T = 1] = Ept=1
X

E[Y |X, T = 1] (4)

252

E[Y (0)] = EX E[Y |X, T = 0] = Ept=0
X

E[Y |X, T = 0] (5)

As a result, ATE can be directly identified from the experimental 253

data via 254

τATE = E[Y (1)] − E[Y (0)]

= Ept=1
X

E[Y |X, T = 1] − Ept=0
X

E[Y |X, T = 0]

However, in observational studies, the treatment assignment 255

is generally not random, i.e., pt=1
X

�= pX and pt=0
X

�= pX . Conse- 256

quently, we cannot calculate the population expectations E[Y (1)] 257

and E[Y (0)] from the observed data directly via Eqs. (4) and (5). 258

Importance sampling is one of the most generally applicable proce- 259

dures for computing expectations when it is not possible to sample 260

directly from the target distribution. Denote the target distribution 261

as π (x) and a proposal distribution q(x). The expectation of any 262

function h(x) with respect to the target distribution π (x) can be 263

consistently estimated by the following importance weighting for- 264

mula [22] 265

Eπ [h(x)] =
∫

h(x)π(x)dx =
∫

h(x)q(x)
π(x)

q(x)
dx
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Denote w(x) = π(x)/q(x) and call w(xs) = π(xs)/q(xs) the266

importance weight for the sth sample. If we have S draws267 {
x1, x2, . . . , xS

}
from q(x), then we can approximate Eπ [h(x)] us-268

ing Monte Carlo by269

Eπ [h(x)] =
∫

q(x)h(x)
π(x)

q(x)
dx

= Eq[w(x)h(x)] (6)

= 1

S

S∑
s=1

w(xs)h(xs)

In our causal inference setting, the observational data270

D = {(Xi, Ti,Yi) : i = 1, 2, . . . , n} comes from the propensity model271

p(Ti = 1|Xi) = e(Xi), p(Ti = 0|Xi) = 1 − e(Xi) and the outcome272

model Yi = YXi
(Ti). Knowing that p(Ti = 1) = n1

n , using the above273

importance weighting formula Eq. (6) and the Bayes rule, we274

can consistently estimate the expected treated outcome for the275

population by276

E[Y (1)] = 1

n1

∑
i:Ti=1

p(Xi)

p(Xi|Ti = 1)
Yi

= 1

n1

∑
i:Ti=1

p(Ti = 1)

p(Ti = 1|Xi)
Yi (7)

= 1

n

n∑
i=1

1[Ti = 1]

p(Ti = 1|Xi)
Yi

where 1[Ti = t] is the indicator function. Similarly, the expected277

control outcome for the population can be estimated by278

E[Y (0)] = 1

n

n∑
i=1

1(Ti = 0)

p(Ti = 0|Xi)
Yi (8)

3.2. IPW estimator279

Substituting Eqs. (7) and (8) into the ATE definition in Eq. (2),280

we get the following ATE estimator281

τ̂ATE = E[Y (1)] − E[Y (0)]

= 1

n

n∑
i=1

1[Ti = 1]

p(Ti = 1|Xi)
Yi − 1

n

n∑
i=1

1[Ti = 0]

p(Ti = 0|Xi)
Yi (9)

Define the importance weight, Wi, for individual i in a general form282

as the reciprocal of its probability of receiving the observed treat-283

ment Ti. Formally,284

Wi := 1

p(Ti|Xi)
= 1(Ti = 1)

e(Xi)
+ 1(Ti = 0)

1 − e(Xi)
(10)

Then we can rewrite the estimator in Eq. (9) as the following285

importance weighting estimator286

τ̂ IPW
ATE = 1

n

n∑
i=1

1[Ti = 1]WiYi − 1

n

n∑
i=1

1[Ti = 0]WiYi

= 1

n

∑
i:Ti=1

WiYi − 1

n

∑
i:Ti=0

WiYi (11)

This is called the IPW estimator [26] and is one of the most287

commonly used unbiased estimators for treatment effect estima-288

tion. In observational studies, the propensity score e(Xi) for each289

individual is not available and need to be estimated from data by290

some statistical procedure (for example, Logistic regression). By us-291

ing the estimated propensity scores ê(Xi) directly, the finite-sample292

performance of the IPW estimator τ̂ IPW
ATE

could be poor. The reason293

is that the estimated propensity scores ê(Xi) occur in the denomi-294

nator in the definition of importance weight in Eq. (10), and small295

inaccuracies in ê(Xi) can induce very high inaccuracies in the es- 296

timated ATE, especially when ê(Xi) is close to zero or one. In this 297

case, the importance weights Wi will be of high variability or even 298

have unbounded variance, thus simple substitute estimators based 299

on them may be unstable and misleading. 300

To remedy the high variability of the estimated importance 301

weights, we introduce two existing methods for importance 302

weighting estimator stabilization adopted from the importance 303

sampling literature [8]: weight truncation and weight self- 304

normalization. 305

3.3. Truncated IPW estimator 306

Weight truncation is a common approach for variance reduc- 307

tion in the importance sampling literature [22,27]. For the purpose 308

of causal effect estimation, the truncated IPW estimator is defined 309

as 310

τ̂ Trunc
ATE = 1

n

n∑
i=1

1[Ti = 1]W Trunc
i Yi − 1

n

n∑
i=1

1[Ti = 0]W Trunc
i Yi

= 1

n

∑
i:Ti=1

W Trunc
i Yi − 1

n

∑
i:Ti=0

W Trunc
i Yi (12)

where the truncated importance weight W Trunc
i

is derived by trun- 311

cating the vanilla importance weight Wi by: 312

W Trunc
i :=

⎧⎨
⎩

a, if Wi < a

Wi, if a ≤ Wi ≤ b

b, if Wi > b

(13)

A consequence of weight truncation is the introduction of bias 313

in the truncated importance weights, which in turn causes bias in 314

the importance weight-based estimates. Moreover, the truncation 315

thresholds are usually unknown and choosing them relies on ex- 316

perience or intuition. Crump et al. [28] proposed to keep individ- 317

uals with estimated propensity score within the range [0.1, 0.9]. 318

As a baseline, we follow this heuristic to truncate the importance 319

weights in Eq. (13) by a = 10
9 and b = 10. We denote the truncated 320

IPW estimator with this truncation thresholds as TruncCrump. Re- 321

cently, Yang and Ding [29] proposed to use a smooth weight func- 322

tion to approximate the existing sample truncation. Their method 323

seems theoretically promising. However it requires us to tune the 324

smooth weight function hyper-parameter and no open source code 325

is available for comparison. In addition, Ju et al. [30] proposed 326

a data-adaptive truncation algorithm which adaptively selects the 327

optimal truncation threshold for the estimated propensity scores, 328

but it is especially designed for target maximum likelihood esti- 329

mators [31,32]. In this paper, we will compare our proposed es- 330

timators with the TruncCrump estimator and two other truncated 331

IPW estimators in the experiment sections. 332

3.4. Self-normalized IPW estimator 333

We can also apply the control variates technique [22] for vari- 334

ance reduction and divide the importance weights by their em- 335

pirical mean in each treatment group. Denoting the average im- 336

portance weight for the treated group as Wt := 1
n

∑
i:Ti=1 Wi and 337

the average importance weight for the control group as W c := 338
1
n

∑
i:Ti=0 Wi, the self-normalized importance weight for each indi- 339

vidual is then defined as 340

W Norm
i := 1[Ti = 0]

Wi

W c

+ 1[Ti = 1]
Wi

Wt

By replacing the importance weights Wi in Eq. (11) by the 341

self-normalized importance weights W Norm
i

, we get the following 342
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self-normalized IPW estimator343

τ̂ Norm
ATE = 1

n

n∑
i=1

1[Ti = 1]Wi

Wt

Yi −
n∑

i=1

1[Ti = 0]Wi

W c

Yi

= 1

n

∑
i:Ti=1

W Norm
i Yi − 1

n

∑
i:Ti=0

W Norm
i Yi (14)

In general, the self-normalized IPW estimator τ̂Norm
ATE

has lower344

variance than the original IPW estimator τ̂ IPW
ATE

. In the experimental345

study section, we evaluate the performance of the stabilized IPW346

estimator, which combines our proposed Pareto-smoothing method347

with the self-normalization method.348

4. Pareto-smoothing method for causal inference349

In the previous section, we reframe importance weight-based350

causal estimators from the perspective of importance sampling351

estimation of expectations. A common phenomenon in the im-352

portance sampling literature is that the importance weighting353

estimator for expectations are subject to the instability problem354

in settings with finite samples. To cope with this problem so as355

to establish stable importance weight-based causal estimators, we356

also introduced weight truncation and self-normalization, leading357

to the truncated IPW estimator and the self-normalized estimator.358

As a complementary of these estimator stabilization methods,359

in this section, we introduce our Pareto-smoothing method for360

importance weight stabilization. Based on this method, we further361

propose two ATE estimators: the Pareto-smoothed IPW estimator362

and the Pareto-smoothed self-normalized IPW estimator.363

Our proposed method builds upon results from the extreme364

value theory [23]. In extreme value statistics, if an unknown dis-365

tribution function F (w) lies in the “domain of attraction” of an366

extreme distribution function, then F (w) has a generalized Pareto367

upper tail. As a result, we can approximate its upper tail by a GPD368

if the location μ of the tail can increase as the sample size in-369

creases.370

Within the framework of importance weight-based causal infer-371

ence, we estimate the importance weight for each individual and372

obtain the importance weights {W1,W2, . . . ,Wn}. To remedy the in-373

fluence of extreme weights, rather than truncating the importance374

weights in a brute-force way, we fit a GPD over the upper tails of375

the estimated importance weights and smooth them by the fitted376

GPD. By this smoothing method, we try to stabilize the importance377

weights while retaining the information of their relative order.378

4.1. GPD fitting379

The GPD probability density function for a scalar random vari-380

able W with parameter θ = (μ,σ, κ) is defined as381

f (w) =

⎧⎪⎪⎨
⎪⎪⎩

1/σ

(
1 + κ(w − μ)

σ

)−1/κ−1

, κ �= 0

1/σ e
−

w − μ

σ , κ = 0

(15)

where μ is the location parameter, σ > 0 is the scale, and κ is the382

shape of the distribution. In addition, we will also use the cumula-383

tive density function F (w;μ,σ, κ) defined in Eq. (16) to calculate384

its expected order statistics as the replacement of large importance385

weights386

F (w) =

⎧⎪⎪⎨
⎪⎪⎩

1 −
(

1 + κ(w − μ)

σ

)−1/κ

, κ �= 0

1 − e
−

w − μ

σ , κ = 0

(16)

In this section, we describe the procedure for fitting a 387

GPD over the upper tail of the estimated importance weights 388

{W1,W2, . . . ,Wn}. This includes heuristics for choosing the location 389

parameter μ, estimating the positive scale parameter σ and the 390

shape parameter κ . In general, we only consider fitting the param- 391

eters with κ �= 0. 392

4.1.1. Selecting μ 393

The location parameter μ of a GPD F (w;μ,σ, κ) determines Q2
394

the cut-point of the ordered importance weights and thus how 395

many importance weights will be smoothed. In this section, we re- 396

fer to existing literature and propose to choose it heuristically. 397

In order to obtain asymptotic consistency, Pickands [33] pro- 398

posed that the lower bound parameter μ should be chosen so that 399

the sample size M of to-be-smoothed weights in the tail increases 400

to infinity while M/n goes to zero. In addition, by extensive empir- 401

ical comparisons, Vehtari et al. [34] recommended to choose μ so 402

that the sample size M satisfies 403

M = min(�0.2n�, �3
√

n�) (17)

This is a reasonable heuristic for deciding the location param- 404

eter and the empirical study in [35] shows that the majority of 405

results are not sensitive to the choice of M. In this paper, follow- 406

ing this routine, we first sort W1,W2, . . . ,Wn in an ascending or- 407

der and obtain the order statistics of these importance weights, 408

W[1],W[2], . . . ,W[n] where W[1] ≤ W[2] ≤ · · · ≤ W[n]. Then the loca- 409

tion parameter μ is chosen by 410

μ̂ = W[n−M] (18)

where M is derived according to Eq. (17). 411

4.1.2. Estimating k and σ 412

Having selected the location μ, we now estimate the 413

scale σ and shape k of the GPD over the upper tail 414

{W[n−M+1],W[n−M+2], . . . ,W[n]}. In statistics, for a GPD F (w;μ,σ, κ) 415

over {W[n−M+1],W[n−M+2], . . . ,W[n]}, define 416

Om = W[n−M+m] − μ, m = 1, 2, . . . , M

then {O1, O2, . . . , OM} follow the GPD F (w; 0, σ, κ). 417

There are many methods to estimate k and σ using the M resid- 418

uals {O1, O2, . . . , OM} in the literature [36]. Among these methods, 419

Zhang and Stephens [37] reparametrized the GPD F (w; 0, σ, κ) by 420

two parameters (ρ , κ), where ρ = κ/σ . With this reparameter- 421

ization, we can easily derive the log-likelihood for the samples 422

{O1, O2, . . . , OM} as 423

�(ρ, κ) = M log
ρ

κ
− κ + 1

κ

M∑
i=1

log(1 + ρOi) (19)

Set the gradient over κ to 0, 424

∇κ� = −M

κ
+

∑M
i=1 log(1 + ρOi)

κ2
= 0

We get 425

κ = 1

M

M∑
i=1

log(1 + ρOi) (20)

Substituting Eq. (20) into Eq. (19), we get the following profile 426

log-likelihood function for ρ 427

�(ρ) = M log
ρ

κ
− M(κ + 1) (21)

where κ is a function of ρ as indicated in Eq. (20). Thus, the key 428

is to get an estimate of ρ . Zhang and Stephens [37] proposed to 429

estimate it using the Bayes-flavoured estimation method as 430

ρ̂ =
∫

ρ · π(ρ)L(ρ)dρ/

∫
π(ρ)L(ρ)dρ (22)
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where L(ρ) = e�(ρ) is the profile likelihood function and the prior431

π (ρ) is specified in a way such that the estimates always exist432

and can be expressed as explicit functions of the observations. Its433

derivation is sophisticated and out of the scope of this paper. For434

more details, we refer the readers to Zhang and Stephens [37].435

The estimate has a small bias, is highly efficient, and is simple436

and fast to compute. With an esitmation ρ̂ from Eq. (22), the final437

estimates for κ and σ are given by438

κ̂ = 1

M

M∑
i=1

log
(
1 + ρ̂Oi

)
, σ̂ = κ̂

ρ̂
(23)

4.2. Weight smoothing439

The original importance weights, {Wi, i = 1, . . . , n}, are440

smoothed by replacing the M largest weights with the expected441

values of the order statistics of the fitted GPD F (w; μ̂, σ̂ , κ̂ ), i.e.,442

W[n−M+m] = F−1
(

m − 1/2

M

)
, m = 1, . . . , M (24)

where F−1(·) is the inverse cumulative distribution of the fitted443

F (w; μ̂, σ̂ , κ̂ ). Denote the resulting Pareto-smoothed importance444

weight for Xi as W PS
i

, the above weight replacement procedure is445

equivalent with446

W PS
i :=

⎧⎨
⎩

Wi if Wi ≤ μ̂

F−1

(
mi − n + M − 0.5

M

)
, otherwise

(25)

where mi is the order number of Wi in the ascendingly sorted im-447

portance weights used in the previous section.448

By this procedure, we obtain the Pareto-smoothed importance449

weights {W PS
1

,W PS
2

, . . . ,W PS
n }, which are the basis of the Pareto-450

smoothed IPW estimator (τ̂ PS
ATE

) and the Pareto-smoothed self-451

normalized IPW estimator (τ̂ PSNorm
ATE

) introduced in the following452

section.453

4.3. Estimators454

Given a set of n observations D = {(Xi, Ti,Yi), . . . , (Xn, Tn,Yn)},455

we fit the importance weights by Logistic regression, obtain the456

Pareto-smoothed importance weights {W PS
1

,W PS
2

, . . . ,W PS
n } using457

the above procedures, and estimate the ATE by458

τ̂ PS
ATE = 1

n

n∑
i=1

1[Ti = 1]W PS
i Yi − 1

n

n∑
i=1

1[Ti = 0]W PS
i Yi

= 1

n

∑
i:Ti=1

W PS
i Yi − 1

n

∑
i:Ti=0

W PS
i Yi (26)

The process of ATE estimation by our proposed estimator is459

summarized in Algorithm 1. The corresponding process for ATT es-460

timation is described in the Appendix. In addition, we can also461

make use of the self-normalization trick after weight smoothing462

and estimate the ATE by463

τ̂ PSNorm
ATE = 1

n

( ∑
i:Ti=1

W PS
i

W
PS

t

Yi −
∑

i:Ti=0

W PS
i

W
PS

c

Yi

)
(27)

where W
PS

t = 1
n

∑
i:Ti=1 W PS

i
and W

PS

c = 1
n

∑
i:Ti=0 W PS

i
. This464

Pareto-smoothed self-normalized IPW estimator proceeds as465

Algorithm 1 by estimating the ATE using Eq. (27) in the last step.466

In general, the Pareto-smoothed IPW Estimator τ̂ PS
ATE

stabilizes467

the IPW estimator with a novel weight smoothing trick. The468

self-normalized IPW estimator tries to stabilize the estimate by469

standardizing the importance weights by the average weight in470

each group. The Pareto-smoothed self-normalized IPW estimator471

Algorithm 1 Pareto-smoothed IPW ATE Estimator.

Input: Observation data D = {(Xi, Ti,Yi), . . . , (Xn, Tn,Yn)}
Output: The estimated τ̂ATE

1: Fit the Logistic regression propensity model e(X ) = p(T = 1|X )

from D;

2: Calculate the importance weights for each individual {Wi, i =
1, . . . , n} via Eq. (10);

3: Sort the importance weights {Wi, i = 1, . . . , n} ascendingly to

obtain the sorted importance weights {W[1],W[2], . . . ,W[n]}
4: Choose the location parameter μ̂ by Eq. (18))

5: Estimate the parameters σ and k by Eq. (23))

6: Smooth the importance weights {W1,W2, . . . ,Wn} by Eq.

(25)) to obtain the Pareto-smoothed importance weights

{W PS
1

,W PS
2

, . . . ,W PS
n }

7: Estimate the ATE τ̂ATE via Eq. (26)

(τ̂ PSNorm
ATE

) takes advantage of the self-normalization trick used by 472

τ̂Norm
ATE

and further stabilizes τ̂ PS
ATE

by standardizing the smoothed 473

importance weights. 474

4.4. Asymptotic analysis 475

To analyse the asymptotic property of the propoed estimators 476

using results from existing literature, define the weight function 477

λ(Xi) := 1[Ti = 1]n1

n

W PS
i

W
PS

t

+ 1[Ti = 0]n0

n

W PS
i

W
PS

c

(28)

We can conclude according to Eq. (25) that λi = λ(Xi) is a func- 478

tion of the covariates Xi parameterized by the propensity model 479

parameters and the fitted GPD parameters. With this notation, we 480

can rewrite τ̂ PSNorm
ATE

in Eq. (27) as a standard weighting estimator 481

482

τ̂ PSNorm
ATE = 1

n1

∑
i:Ti=1

λiYi − 1

n0

∑
i:Ti=0

λiYi (29)

where the weights λi satisfy the following two summation 483

restrictions: 484

1

n1

∑
i:Ti=1

λi = 1

n

∑
i:Ti=1

W PS
i

W
PS

t

= 1

and 485

1

n0

∑
i:Ti=0

λi = 1

n

∑
i:Ti=0

W PS
i

W
PS

c

= 1

Define the two conditional variance functions σ 2
0
(x) := 486

V(Y (0)|X = x) and σ 2
1
(x) := V(Y (1)|X = x). According to the re- 487

sults in [28,29] and [7, Chap. 19], if the weighting function λ(Xi) is 488

continuous and differentiable, the estimator τ̂ PSNorm
ATE

is asymptotic 489

linear and its asymptotic variance can be approximated by 490

V(τ̂ PSNorm
ATE

) = 1
n2

1

∑
i:Ti=1 λ2

i
· σ 2

1 (Xi) + 1
n2

0

∑
i:Ti=0 λ2

i
· σ 2

0 (Xi)

However, it is easy to verify that the weighting function λi = 491

λ(Xi) in Eq. (28) is not smooth nor differentiable. In this case, 492

we cannot guarantee the consistency of the proposed estimator 493

τ̂ PSNorm
ATE

. Moreover, the inference of its asymptotic variance is an 494

open problem in the causal inference literature and existing meth- 495

ods are unable to conduct inference to the population [28,29]. 496

Analogously, the Pareto-smoothed IPW estimator τ̂ PS
ATE

is also in- 497

consistent. To quantify the estimation uncertainty of the causal es- 498

timators, in the simulation and experiment sections, we replicate 499

the experiments multiple times and report the empirical standard 500

error of each estimator. 501
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Table 1

Abbrivation (Abbr.) and description of ATE estimators.

Estimator Abbr. Description

τ̂ Naive
ATE

Naive Naive estimator for ATE as in Eq. (3)

τ̂ IPW
ATE IPW IPW estimator for ATE as in Eq. (11)

τ̂ Trunc
ATE

Trunc Truncated IPW estimator for ATE as in Eq. (12) with the truncation thresholds a = 1 and b specified by Eq. (17)

TruncNorm Truncated IPW estimator for ATE by normalizing the truncated importance weights used in the Trunc estimator

TruncCrump Truncated IPW estimator for ATE with weight truncation thresholds a = 10
9

and b = 10 in (13)

τ̂ Norm
ATE

Norm IPW estimator for ATE with weight self-normalization for ATE as in Eq. (14)

τ̂ PS
ATE

(Ours) PS Pareto-smoothed IPW estimator for ATE as in Eq. (26)

τ̂ PSNorm
ATE

(Ours) PSNorm Pareto-smoothed self-normalized IPW estimator for ATE as in Eq. (27)

We summarize this section by comparing the proposed Pareto-502

smoothing method with the weight truncation method for causal503

estimator stabilization. Both methods are biased. while the weight504

truncation method truncate the extreme weights by fixed values,505

our proposed method tries to smooth them and keep their rela-506

tive order. As a result, the proposed Pareto-smoothed estimators507

are expected to be less biased than truncated estimators. This is508

validated by the empirical results in the simulation experiments.509

5. Simulation studies510

Since the ground truth counterfactual outcomes are not avail-511

able in real-world observational datasets, evaluating causal infer-512

ence algorithms is not straightforward. In this section, we validate513

our proposed method using simulated and semi-simulated data,514

where the ground truth is available to us such that we can evaluate515

the performance of different methods. Descriptions of all ATE esti-516

mators used in the paper are listed in Table 1. Specifically, accord-517

ing to the criterion used for choosing the truncation thresholds,518

we specify three variants of the truncated IPW estimator. The first519

truncation estimator, Trunc, uses the same criterion, Eq. (17), to520

specify the truncation thresholds as our Pareto-smoothed estima-521

tors. The second truncation estimator, TruncCrump uses the trun-522

cation threshold in [28] (discussed in Section 3.3). In addition, we523

also use the self-normalization trick used in the proposed Pareto-524

smoothed self-normalized IPW estimator to the Trunc estimator525

and denote the resulting estimator the TruncNorm estimator. In all526

the experiments, we follow most of the literature on propensity527

score estimation and use Logistic regression to fit the propensity528

scores. The R code for implementing all experiments in this pa-529

per is available at https://github.com/dachylong/paretoSmoothing.530

In all simulations, the underlying potential outcomes Yi(0) and531

Yi(1) for each individual are known, so we can calculate the true532

sample ATE empirically by τATE = 1
n

∑n
i=1 (Yi(1) − Yi(0)). For an es-533

timator τ̂ATE , its estimation bias is calculated by534

BiasATE = |τ̂ATE − τATE| =
∣∣∣∣∣τ̂ATE − 1

n

n∑
i=1

(Yi(1) − Yi(0))

∣∣∣∣∣
5.1. Simulated data535

We simulated data in the context of both low dimensional and536

relatively high dimensional covariates.537

5.1.1. Low dimensional covariates538

There are two pre-treatment covariates in the first sim-539

ulation: one binary Xi1|Ti = 0 ∼ Bernoulli (0.4),Xi1|Ti = 1 ∼540

Bernoulli (0.5) and one continuous Xi2|Ti = 0 ∼ N (−1.0, 1),541

Xi2|Ti = 1 ∼ N (1.0, 1). We simulated data with sample542

size n = 100, 200, 300, 500, 1000, 1500, 2000. For each sam-543

ple size, we assigned exactly half of the subjects to the544

Fig. 1. ATE estimation bias and standard error in terms of sample size n over 1000

replicates for the simulated low-dimensional covariate data.

treatment group T = 1, and the other half to the control 545

group T = 0. The potential outcomes for each subject i are 546

adapted from [38] with Yi(0) = 0.85Xi2 + 0.05X2
i2

+ 2 and 547

Yi(1) = 0.25Xi1 + (1 + exp (1 − 0.85Xi2))−1. With this data gen- 548

erating process, the true ATE is approximately −1.52. For each 549

sample size n, we replicated the experiment 1000 times. The 550

result on ATE estimation biases and standard errors is listed in 551

Table 2. To clearly compare the estimation performance, we also 552

illustrate the estimation bias in terms of the sample size in Fig. 1. 553

As we can see from the result, as the sample size increases, 554

all importance weight-based estimators obtain better estimates. 555

In general, estimators based on our proposed Pareto-smoothing 556

method, i.e., the PS estimator and the PSNorm estimator, achieve 557

the best performance in all sample sizes. As two unbiased esti- 558

mators, the IPW estimator and the Norm estimator achieve sim- 559

ilar performance. Among the three weight stabilization methods, 560

weight truncation, self-normalization and Pareto-smoothing, our 561

proposed Pareto-smoothing method is the least biased and is more 562

stable than the self-normalization method. By further comparing 563

TruncNorm and Trunc as well as PSNorm and PS, we find that self- 564

normalization is likely to worsen the estimation when the sample 565

size is small and one weight stabilization strategy has already been 566

used, either truncation or Pareto-smoothing. 567

5.1.2. High dimensional covariates 568

With finite data, the estimated importance weights are more 569

likely to be highly variable in settings with high dimensional 570
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Table 2

Comparison of ATE estimation bias and standard error (SE) averaged over 1000 replicates on the simulated low-dimensional covariate data for different estimators list in

Table 1.

n Naive IPW Trunc TruncNorm TruncCrump Norm PS PSNorm

100 1.194 ± 0.004 0.761 ± 0.042 1.173 ± 0.005 1.494 ± 0.006 0.651 ± 0.008 0.769 ± 0.041 0.608 ± 0.013 0.647 ± 0.013

200 1.194 ± 0.003 0.668 ± 0.033 1.173 ± 0.003 1.491 ± 0.004 0.624 ± 0.006 0.656 ± 0.033 0.515 ± 0.012 0.526 ± 0.012

300 1.198 ± 0.002 0.551 ± 0.030 1.142 ± 0.003 1.439 ± 0.004 0.616 ± 0.005 0.548 ± 0.029 0.449 ± 0.011 0.461 ± 0.010

500 1.197 ± 0.002 0.460 ± 0.023 1.085 ± 0.002 1.354 ± 0.003 0.612 ± 0.004 0.458 ± 0.023 0.390 ± 0.010 0.396 ± 0.010

1000 1.197 ± 0.001 0.430 ± 0.035 0.995 ± 0.002 1.223 ± 0.002 0.609 ± 0.002 0.425 ± 0.035 0.334 ± 0.009 0.333 ± 0.008

1500 1.198 ± 0.002 0.358 ± 0.022 0.946 ± 0.001 1.154 ± 0.002 0.608 ± 0.002 0.358 ± 0.022 0.268 ± 0.006 0.271 ± 0.006

2000 1.196 ± 0.001 0.291 ± 0.012 0.907 ± 0.001 1.100 ± 0.002 0.604 ± 0.002 0.287 ± 0.012 0.247 ± .006 0.246 ± 0.006

Table 3

Comparison of ATE estimation bias and standard error (SE) averaged over 1000 replicates on the simulated high-dimensional covariate data for different estimators list in

Table 1.

n Naive IPW Trunc TruncNorm TruncCrump Norm PS PSNorm

500 1.876 ± 0.014 1.657 ± 0.106 3.869 ± 0.015 2.100 ± 0.012 1.535 ± 0.020 1.774 ± 0.107 1.300 ± 0.035 1.388 ± 0.038

1000 1.892 ± 0.010 1.172 ± 0.047 3.353 ± 0.012 1.908 ± 0.010 1.478 ± 0.015 1.270 ± 0.048 0.990 ± 0.027 1.064 ± 0.029

1500 1.895 ± 0.008 0.968 ± 0.036 3.064 ± 0.010 1.781 ± 0.008 1.435 ± 0.012 1.057 ± 0.038 0.839 ± 0.026 0.907 ± 0.027

2000 1.898 ± 0.007 0.887 ± 0.034 2.887 ± 0.008 1.705 ± 0.007 1.439 ± 0.010 0.965 ± 0.035 0.737 ± 0.018 0.799 ± 0.020

2500 1.910 ± 0.006 0.784 ± 0.026 2.765 ± 0.007 1.653 ± 0.006 1.448 ± 0.009 0.860 ± 0.027 0.697 ± 0.018 0.758 ± 0.019

3000 1.896 ± 0.006 0.764 ± 0.029 2.641 ± 0.007 1.589 ± 0.006 1.431 ± 0.008 0.829 ± 0.030 0.660 ± 0.017 0.713 ± 0.018

covariates. To investigate the performance of the proposed571

Pareto-smoothing method in this setting, we adapt the572

simulation in [38] and generate data by assigning half of573

the samples to the treatment group T = 1, and the other574

half to the control group T = 0. In this simulation, there575

are 10 confounders, 5 binary and 5 continuous. The val-576

ues of the binary confounders are generated by Xi|T =577

0 ∼ Bernoulli(0.4), Xi|T = 1 ∼ Bernoulli(0.45), i ∈ {1, 2, 3, 4, 5}578

and that of the continuous confounders was generated by579

Xi|T = 0 ∼ N (−1, 32), Xi|T = 1 ∼ N (1.25, 32), i ∈ {6, 7, 8, 9, 10}.580

The potential outcomes were generated so that they exhibit581

non-linear trends in the estimated propensity scores. For each in-582

dividual i, the two underlying potential outcomes are generated by583

Yi(0) = 5 + 0.2(Xi1 + Xi2 + Xi3 + Xi4 + Xi5) + (1 + exp(1 − 8Xi5))
−1 +584

Xi7 + Xi8 + Xi9 + Xi10 and Yi(1) = −5 + 0.2(Xi1 + Xi2 + Xi3 + Xi4 +585

Xi5) − 0.5(Xi6 + Xi7 + Xi8 + Xi9 + Xi10)586

We simulate data with sample size n =587

500, 1000, 1500, 2000, 2500, 3000. The treatment propensity588

scores are unknown and are estimated via simple Logistic re-589

gression, which is clearly misspecified. Estimation biases of590

different estimators are listed in Table 3. The estimation biases591

and corresponding standard errors in terms of the sample size592

are illustrated in Fig. 2. The result is similar with that in the593

low-dimensional covariate setting, the proposed PS estimator594

obtains the lowest estimation biases in all sample sizes. The595

proposed PSNorm estimator performs slightly worse than IPW but596

better than the other estimators. Results for this high-dimensional597

covariate setting further validate the superiority of our proposed598

Pareto-smoothing method.599

5.2. Semi-simulated data: IHDP600

In this section, we evaluate the performance of our algorithm601

through the semi-simulated dataset based on the Infant Health and602

Development Program (IHDP) which was introduced in [39] and603

used as a benchmark dataset in the causal inference literature604

[13,40,41]. The IHDP is a real randomized experiment to enhance605

the cognitive and health status of low birth weight, premature in-606

fants through paediatric follow-ups and parent support groups. The607

observed covariates and treatments in the semi-simulated data are608

from the IHDP program, while all outcomes (response surfaces) are609

simulated so that the true treatment effects are known. In total,610

the IHDP dataset consists of 747 individuals (139 treated, 608 con-611

Fig. 2. ATE estimation bias and standard error in terms of sample size n over 1000

replicates for the simulated high-dimensional covariate data.

trol), and 25 covariates measuring the properties of children and 612

their mothers. The binary treatment T indicates whether the child 613

was assigned into a program where both intensive high-quality 614

childcare and home visits from a trained provider are provided. Ex- 615

amples of covariates include the sex and birth weights of the child, 616

and the age and education attainment level of the mother. 617

We conduct experiments on all three response simulation set- 618

tings proposed in [39]. In setting A, the response surfaces are lin- 619

ear and parallel across the two treatment groups and there is no 620

treatment effect heterogeneity. The response surfaces for settings 621

B and C are nonlinear and not parallel across treatment conditions. 622

The outcomes are simulated so that the underlying treatment ef- 623

fects are 4.0. For more details of the three simulation settings, re- 624

fer to Hill [39]. We simulated the outcomes using the NPCI pack- 625

age1 and ran the experiment 1000 times. The boxplot of the ATE 626

1 https://github.com/vdorie/npci .
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Fig. 3. Box plot of ATEs estimated by different estimators for the IHDP data in dif-

ferent settings. The underlying true ATE is 4 (the red dashed line) in all settings.

Table 4

Results for the IHDP dataset. A, B and C stand for three outcome simulation set-

tings. Estimation biases and standard errors (SE) are computed by replicating the

experiment 1000 times.

A B C

Bias SE Bias SE Bias SE

Naive 0.949 (0.048) 0.711 (0.016) 0.491 (0.014)

IPW 0.744 (0.029) 0.652 (0.015) 0.461 (0.014)

Trunc 6.854 (0.178) 4.989 (0.029) 2.744 (0.030)

TruncNorm 0.733 (0.037) 0.542 (0.013) 0.371 (0.010)

TruncCrump 2.104 (0.059) 1.447 (0.019) 0.519 (0.015)

Norm 0.696 (0.036) 0.539 (0.013) 0.432 (0.013)

PS 0.779 (0.030) 0.678 (0.015) 0.456 (0.013)

PSNorm 0.697 (0.036) 0.538 (0.013) 0.428 (0.012)

estimates of different estimators in three settings is illustrated in627

Fig. 3. Results of estimation biases are listed in Table 4.628

As we can see from Fig. 3, the Norm and PSNorm estimators629

perform similarly in all three settings, with estimated ATEs around630

the true ATE. The estimators IPW, Trunc, TruncCrump and PS tend631

to under-estimate the ATE in setting A and B. Furthermore, the re-632

sult in Table 4 indicates that the Norm estimator and the PSNorm633

estimator achieve the lowest bias in settings A and B respectively.634

While in setting C, the TruncNorm estimator performs the best. In635

addition, we find that weight truncation or Pareto-smoothing alone636

deteriorates the ATE estimation performance in settings A and B.637

The reason may be that since the treatment assignments in the638

IHDP data are random, the negative influence of weight truncation639

and Pareto-smoothing proposed for handling extreme importance640

weights surpasses the benefit they bring for this balanced dataset.641

Fortunately, by combining them with weight self-normalization,642

the resulting TruncNorm and PSNorm estimators acheive better es-643

timation than the naive IPW estimator.644

6. Application to the NHEFS data645

The National Health and Nutrition Examination Survey646

(NHANES) is a population survey designed to assess the heath and647

nutritional status of adults and children in the United States. It648

was jointly initiated by the National Center for Health Statistics649

(NCHS), which is part of the Centers for Disease Control and Pre-650

Fig. 4. The mean and standard deviation of weight gains for smoking non-quitters

and quitters in the NHEFS data.

vention, and the National Institute on Aging in collaboration with 651

other agencies of the US Public Health Service. The datasets, with 652

a detailed description and documentation, are publicly available 653

online.2 Under the NHANES, the NHANES I Epidemiologic Follow- 654

up Study (NHEFS) was designed to investigate the relationships 655

between clinical, nutritional and behavioural factors assessed in 656

NHANES I. 657

We use the subset of the NHEFS dataset used in [8] to esti- 658

mate the ATE of smoking cessation on weight gain. There are 1746 659

cigarette smokers in the original data with a baseline visit in the 660

year of 1971–75. After removing missing and censored records, 661

there are 1566 individuals left, aged 25–74 years old and with 662

a follow-up visit in 1982. Individuals who reported having quit 663

smoking before the follow-up visit are classified as treated T = 1, 664

and as untreated T = 0 otherwise. The outcome variable – weight 665

gain Y – of each individual is the body weight at the follow-up 666

visit minus the body weight at the baseline visit, measured in kg. 667

Examples of pre-treatment covariates X include the age, sex, race, 668

baseline weight, and smoking intensity of each individual. 669

Of the selected 1566 individuals, 1163 are non-quitters and the 670

other 403 are quitters. The mean weight gain of non-quitters and 671

quitters is 1.98 kg and 4.53 kg respectively (see Fig. 4), which 672

means that for the studied individuals, quitters experience approx- 673

imately 2.55 kg more weight gain than non-quitters on average. 674

However, as we have discussed, this associational mean difference 675

E[Y |T = 1] − E[Y |T = 0] is not the causal effect E[Y (1)] − E[Y (0)] 676

of quitting smoking because of the existence of confounding bias. 677

For example, in the observational data, older people are more 678

likely to quit smoking and gain less weight than younger people 679

regardless of whether they quit smoking. Moreover, more males 680

quit smoking than females. As a result, naive estimation from the 681

observational data may underestimate the true treatment effects 682

and we need to adjust for these possible confounders for the pur- 683

pose of treatment effect estimation. Following Hernan and Robins 684

[8], we assume unconfoundedness conditional on the observed co- 685

variates. 686

We use the same Logistic regression model used in [8] to fit 687

the treatment propensities and replicate the estimation 1000 times 688

by randomly sampling 70% individuals from each group (quitter 689

and non-quitter) in each replication. The estimated ATE and cor- 690

responding empirical standard errors are listed in Table 5. 691

2 https://wwwn.cdc.gov/nchs/nhanes/nhefs/default.aspx/ .
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Table 5

Estimation results for the NHEFS dataset. The ATE and standard errors (SE) are com-

puted from 1000 replications. The reference estimation in [8] is 3.4 kg with a 95%

confidence interval of 2.4 ∼ 4.5 kg.

ATE SE

Naive 2.534 (0.010)

IPW 3.412 (0.010)

Trunc 2.466 (0.009)

TruncNorm 3.245 (0.010)

TruncCrump 3.354 (0.010)

Norm 3.432 (0.010)

PS 3.412 (0.010)

PSNorm 3.438 (0.010)

As we can see from the result, except for the Naive estimator,692

the Trunc estimator and the TruncNorm estimator, all the other es-693

timators have a similar estimated ATE of about 3.4 kg, i.e., quitting694

smoking increases weight by about 3.4 kg for the investigated pop-695

ulation. This estimate is quite close to that in [8], which is 3.4 kg696

with a 95% confidence interval of 2.4 ∼ 4.5 kg. Though the ground697

truth is unknown, we can conclude from the result that the esti-698

mates of the proposed Pareto-smoothed estimators match existing699

unbiased estimators (the IPW estimator and the self-normalized700

IPW estimator). In addition, by comparing the estimates of differ-701

ent truncated IPW estimators, we find that the estimate of trun-702

cated estimators is sensitive to the selected truncation thresholds.703

7. Conclusion and further study704

In this paper, we reframe the classic IPW estimator for causal705

inference into the framework of expectation estimation using im-706

portance sampling. To handle extreme importance weights com-707

monly existed in importance weight-based estimators using fi-708

nite samples, we take advantage of the smoothing property of the709

GPD from the extreme value statistics and propose a new Pareto-710

smoothing method to stabilize the IPW causal estimator. Based711

on this method, we further propose two Pareto-smoothed causal712

estimators, the Pareto-smoothed IPW estimator and the Pareto-713

smoothed self-normalized IPW estimator. Comprehensive experi-714

ments using both simulated and semi-simulated data indicate that,715

for causal inference from finite observational data, the proposed716

Pareto-smoothed estimators generally achieve lower bias than es-717

timators using weight truncation or weight self-normalization.718

Moreover, they are more stable than the vanilla IPW estimator and719

the self-normalized IPW estimator. We also validate the proposed720

method with a real-world health dataset.721

Note that although we focus on IPW-based estimation of the722

ATE in this paper, the key component of the proposed method is723

in principle to stabilize the estimated importance weights by fit-724

ting a GPD over the tail to smooth the extreme weights. This is725

quite general and can be easily adapted for the estimation of other726

causal estimands (e.g., ATT and ATC) with any other propensity727

score based causal estimators. As a result, one of our future re-728

search undertakings will be to investigate the application of the729

proposed method in other causal estimators such as propensity730

score matching and weighted outcome regression.731

In addition, we assume unconfoundedness and estimate the732

treatment propensities with all the observed pre-treatment covari-733

ates for simplicity in this paper. Many researchers have recently734

noticed that variable selection in propensity score estimation us-735

ing the outcome adaptive LASSO [42] or the highly adaptive LASSO736

[43] can also stabilize the resulting propensity score-based estima-737

tors. We believe this will also be beneficial for our proposed esti-738

mators and leave that item for future study.739
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Appendix A. Estimation of ATT 752

In the main text, we demonstrate the proposed method by fo- 753

cusing on the estimation of ATE. If the estimated of interest is the 754

ATE for the treated, τATT = E[Y (1) − Y (0)|T = 1], the covariate dis- 755

tribution for our target population is then pt=1
X

:= p(X|T = 1). The 756

expected potential outcomes E[Y (0)|T = 1] and E[Y (1)|T = 1] are 757

estimated using importance sampling via 758

E[Y (1)|T = 1] = Ept=1
X

E[Y |X] = 1

n1

∑
i:Ti=1

Yi

759

E[Y (0)|T = 1] = Ept=1
X

E[Y (0)|X]

= Ept=1
X

E[Y |X, T = 0]

= 1

n0

∑
i:Ti=0

p(Xi|Ti = 1)

p(Xi|Ti = 0)
Yi

= 1

n0

∑
i:Ti=0

e(Xi)

1 − e(Xi)
Yi

Apparently, we only need to weight the individuals in the con- 760

trol group to match the treatment group. Define the importance 761

weight for Xi as 762

Wi =

⎧⎨
⎩

1, if Ti = 1

e(Xi)

1 − e(Xi)
, if Ti = 0

(A.1)

After Pareto-smoothing Wi for individuals in the control 763

group, we obtain the Pareto-smoothed importance weights 764

{W PS
1

,W PS
2

, . . . ,W PS
n }, and the Pareto-smoothed IPW estimator for

Algorithm 2 Pareto-smoothed IPW ATT Estimator.

Input: Observation data D = {(Xi, Ti,Yi), . . . , (Xn, Tn,Yn)}
Output: The estimated τ̂ PS

ATT
1: Fit a treatment propensity model e(X ) form D;

2: Calculate the importance weights for each unit by Eq. (A.1) to

obtain {Wi, i = 1, . . . , n}
3: Sort the importance weights {Wi, i = 1, . . . , n} ascendingly to

obtain the sorted importance weights W[1],W[2], . . . ,W[n]

4: Choose the location parameter μ̂ by Eq. (18))

5: Estimate the parameters σ and k by Eq. (23))

6: Smooth the importance weights {W1,W2, . . . ,Wn} by Eq.

(25)) to obtain the Pareto-smoothed importance weights

{W PS
1

,W PS
2

, . . . ,W PS
n }

7: Estimate the ATE τ̂ PS
ATT

via Eq. (A.2)

765
ATT is defined as 766
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τ̂ PS
ATT = 1

n1

∑
i:Ti=1

W PS
i Yi − 1

n0

∑
i:Ti=0

W PS
i Yi

= 1

n1

∑
i:Ti=1

Yi − 1

n0

∑
i:Ti=0

W PS
i Yi (A.2)

The implementation procedure is summarized in Algorithm 2.767

Moreover, in the case of estimating the ATT, the corresponding768

estimation bias is defined as769

BiasATT = |τ̂ATT − τATT | =
∣∣∣∣∣τ̂ATT − 1

n1

∑
ti=1

(Yi(1) − Yi(0))

∣∣∣∣∣
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