Towards Realistic Transfer Learning
Methods: Theory and Algorithms

A thesis submitted in fulfilment of the requirements
for the degree of

Doctor of Philosophy

in
Computer Science

by
Feng Liu

to

School of Computer Science
Faculty of Engineering and Information Technology
Australian Artificial Intelligence Institute

University of Technology Sydney
NSW - 2007, Australia
2020



© 2020 by Feng Liu
All Rights Reserved


https://fengliu90.github.io/

, Feng Liu, declare that this th'eaié'-ié-i bmi

of the requirements for the award of Do tor of

the School of Computer Science at the Faculty of E

and Information Technology at the University of Technolog;

Lt

eferen

This thesis is wholly my own work unless otherwise

acknowledged. In addition, I certify that all information sources and

L
Rad

literature used are indicated in the thesis.

v
e

This document has not been submitted for qualifications at any h .

academic institution.

3 -

This research is supported by the Australian Government Research b
Ha

Training Program.

Production Note:

SIGNATURE:

Signature removed prior to publication.

DATE: Dg ; SE’P*; 2. P




ABSTRACT

ransfer learning aims to leverage knowledge from domains with abun-

dant labels (i.e., source domains) to help train a classifier or predictor

for the domain with insufficient labels (i.e., target domain). The trained
classifier or predictor is expected to have better performance (e.g., higher accu-
racy) than classifiers only trained with data in the target domain.

Although recent research of transfer learning has shown a decent ability to
transfer knowledge from a source domain to a target domain, most research
require certain assumptions to ensure their efficacy. These assumptions are
probably not realistic, which means that existing transfer learning methods still
face several unsolved and challenging problems in real world.

This thesis aims to address four orthogonal problems faced by existing trans-
fer learning methods: 1) How to test if feature spaces of two domains are from
different distributions; 2) How to transfer knowledge when labels in the source
domain cannot be perfectly annotated (i.e., the source domain contains noisy
labels); 3) How to transfer knowledge when source and target domains have differ-
ent dimensions (i.e., heterogeneous scenario); and 4) How to transfer knowledge
across multiple source domains and a different-dimension target domain.

To address Problem 1), this thesis presents two new two-sample tests to test
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if the feature spaces of source domains and target domain are from different
distributions. One is suitable for low-dimension data (Chapter 3) and another for
high-dimension data (Chapter 4). If feature spaces of domains are statistically
different, we need to use transfer learning methods on these domains. More-
over, the test statistics used in the proposed tests can be used to measure the
distributional discrepancy between two domains.

To address Problem 2), this thesis presents a theoretical bound to show that
existing transfer learning methods cannot work well when a source domain con-
tain noisy labels. Then, a novel transfer learning approach is proposed to transfer
knowledge across a source domain (with noisy labels) and a target domain. Fi-
nally, a generalization bound is proved to explain why the proposed method can
reliably transfer knowledge across domains in noisy scenario (Chapter 5).

To address Problem 3), the most challenging problem in the field of domain
adaptation, Chapter 6 presents a theorem to show when we can reliably transfer
knowledge across two different-dimension (i.e., heterogeneous) domains and
propose a solution to this problem. Since methods in Chapter 6 assume that
the number of samples in two domains must be the same (i.e., two balanced
domains), Chapter 7 presents a novel fuzzy-relation based method to transfer
knowledge across two imbalanced domains.

To address Problem 4), Chapter 8 presents a novel fuzzy-relation neural
network to transfer knowledge from multiple source domains to a target domain,
where any of two domains are heterogeneous (i.e., feature spaces of any of two
domains have different dimensions).

To conclude, this thesis not only propose a set of effective methods for realistic

transfer learning, but also contribute to theory of transfer learning.
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CHAPTER

INTRODUCTION

1.1 Background

One important goal for artificial intelligence is to use computers to recognize new
data patterns based on existing knowledge. Early on in the field’s development,
researchers used existing data to train a classifier to predict the labels of future
samples. This approach is now commonly regarded as conventional machine
learning. However, conventional machine learning methods share a common
assumption: training data and testing data are from the same distribution. If
training data and testing data are from different distributions, the negative
influence that has on the testing set was revealed [Ben-David and Blitzer, 2006].
Hence, transfer learning methods were proposed to minimize this divergence
and learn a classifier with stronger generalization-ability for both sets. These

transfer learning methods attracted significant attention [Ganin et al., 2016a;
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Long et al., 2018; Pan and Yang, 2010], and their training sets and testing sets
were extended to more general concepts: source domains and target domains
[Liu et al., 2018b; Lu et al., 2015].

Subsequently, researchers considered how to leverage the knowledge in a
source domain to help predict the labels in a target domain. For example, the
knowledge gained from recognizing cars could be used to help recognize trucks,
value predictions for US real estate could help predict real estate values in
Australia, or knowledge learned by classifying English documents could be used
to help classify Spanish documents. As such, transfer learning methods are
widely used in many applications [Chalmers et al., 2018; Liu et al., 2019; Zhao
et al., 2017, 2014; Zhuo and Yang, 2014].

Of the proposed transfer learning methods, domain adaptation methods have
demonstrated good success in various practical applications in recent years
[Courty et al., 2017; Ghifary et al., 2017; Gong et al., 2019]. Most domain adapta-
tion methods focus on homogeneous unsupervised domain adaptation (HoUDA);
that is, where the source and target domains have similar, same-dimensionality
feature spaces and there are no labeled samples in the target domain [Ben-David
et al., 2010a]. Nevertheless, given the time and cost associated with human
labeling, target domains are heterogeneous'. Thus, heterogeneous domain adap-
tation methods are proposed to transfer knowledge from a source domain to a

heterogeneous target domain.

In the field of domain adaptation, “heterogeneity” often represents that 1) dimensionality of
source and target domains are different and 2) features of two domains are disjoint.
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1.2 Motivation

Since the data volume tends to be very large in the current era, it is impossible
for us to annotate every sample we have seen. As a result, most datasets only
contain very few labels or no labels. To classify samples in these datasets, we
are encouraged to use transfer learning methods to leverage knowledge from
labeled datasets to help train a classifier on few-labeled or unlabeled datasets.
However, most transfer learning methods require certain assumptions to ensure
their efficacy. These assumptions are probably not realistic. For example, 1)
the homogeneous unsupervised domain adaptation methods assume that all
labels in the source domain must be true labels and 2) the heterogeneous domain
adaptation methods assume that the target domain must have few labels or have
paired samples with the source domain. These assumptions greatly limit us to
apply existing transfer learning methods in real-world scenarios.

To remove the assumptions in existing transfer learning methods and move
forward to realistic transfer learning, this thesis concludes four unsolved chal-
lenges faced by existing methods and proposes corresponding theory and methods
to address the four challenges. The four challenges are 1) how to reliably test
if the feature spaces of two domains are from different distributions; 2) how
to reliably transfer knowledge from a source domain to a target domain when
source domain contains noisy labels, 3) how to reliably transfer knowledge from a
source domain to a heterogeneous target domain where there are no labeled sam-
ples available and 4) how to reliably transfer knowledge from multiple source
domains to a heterogeneous and unlabeled target domain. This thesis gives

comprehensive analysis and solutions to all the above-mentioned challenges.



CHAPTER 1. INTRODUCTION

1.3 Research Questions and Objectives

This thesis aims to develop a set of theory and methods towards realistic transfer
learning and will answer the following research questions:

RESEARCH QUESTION 1 (RQ1): how to reliably test if the feature spaces
of two domains are from different distributions?

Determining if two sets of samples are from the same distribution is the
prerequisites of using transfer learning methods. If both are from different distri-
butions, we need to use transfer learning methods to eliminate the distributional
discrepancy between them. If not, there is no need to consider transfer learning
methods. To do so, researchers directly adopt existing two-sample tests to show
when we need transfer learning methods [Ben-David et al., 2010b; Pan and Yang,
2010]. However, most existing two-sample tests focus on simple scenarios, such
as two sets of samples from Gaussian distributions, or have strong assumptions,
which are not applicable to various complex domains [Chen and Friedman, 2017;
Gretton et al., 2012]. Such complex domains include RGB images, videos and
high-sparse data. Thus, it is necessary to propose new two-sample tests for mod-
ern machine-learning datasets. Moreover, the test statistics in two-sample tests
can also be used to measure the discrepancy between two domains.

RESEARCH QUESTION 2 (RQ2): how to reliably transfer knowledge from
a source domain to a target domain when labels in the source domain cannot be
perfectly annotated (i.e., the source domain contains noisy labels)?

In the wild, the data volume of source domain tends to be large [Tan et al.,
2014]. To avoid the expensive labeling cost, labeled data in source domain nor-

mally come from amateur annotators or the Internet [Lee et al., 2018; Schroff
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et al., 2011; Tommasi and Tuytelaars, 2014]. Unfortunately, existing HoUDA
methods share an implicit assumption that there are no noisy source data [Shu
et al., 2019; Yu et al., 2017]. Therefore, existing methods cannot well handle
HoUDA in the noisy scenario. To validate this fact, we empirically reveal the
deficiency of existing HoUDA methods (Figure 5.2, e.g., DAN [Long et al., 2015]
and DANN [Ganin et al., 2016a]).

RESEARCH QUESTION 3 (RQ3): how to reliably transfer knowledge from
a source domain to a heterogeneous and unlabeled target domain?

Since unlabeled data in target domain can be easily obtained, considering
heterogeneous unsupervised domain adaptation (HeUDA) setting has the greatest
potential in real world [Saito et al., 2018]. Although existing HeUDA methods
can transfer knowledge from a source domain to a heterogeneous target domain,
they still need parallel sets to bridge two heterogeneous domains, which is not
realistic. For example, credit assessment data are confidential and private, and
the information of each sample cannot be accessed. Thus, we cannot find similar
instances between two credit-assessment domains. Namely, parallel sets (needed
by existing HeUDA methods) do not often exist. To the best of our knowledge,
little theoretical discussion has taken place in regard to the absence of a parallel
set in the HeUDA. This limits HeUDA methods to be used in more scenarios.

RESEARCH QUESTION 4 (RQ4): how to reliably transfer knowledge from
maultiple source domains to a heterogeneous and unlabeled target domain?

For existing HOUDA methods, they assume that source data come from the
single source domain (i.e., single-source scenario [Long et al., 2019]) or from
multiple source domains whose feature spaces have the same dimension (i.e.,

multi-homogeneous-source scenario [Hoffman et al., 2018a]). Namely, we can only
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use labeled data from single source domain or from multiple homogeneous source
domains to train a classifier for unlabeled data in target domain. However, in
real world, given a target domain, we probably have multiple different-dimension
(heterogeneous) source domains, which does not satisfy the assumption of existing
HoUDA methods.

For example, assume that our task is to assess Japanese (J) credit using 15
features (a target domain only containing unlabeled data), where the meanings of
these features are masked to protect private information. Furthermore, we have
German (G) and Australian (A) credit assessment datasets (two source domains
containing labeled data), where the number of features in G and A are 24 and
14, respectively. Then, we want to train a classifier with data from G, A and J to
assess Japanese credit (a UDA problem). However, existing UDA methods can
only use knowledge from G or A rather than G and A. This results in a serious
problem: we can only use part of labeled data to help assess Japanese credit
and we must abandon the other part. Thus, it is necessary to investigate how to
reliably transfer knowledge from multiple source domains to a heterogeneous
and unlabeled target domain.

This thesis aims to achieve the following objectives, which are expected to
answer the above research questions:

RESEARCH OBJECTIVE 1 (RO1): To propose new nonparametric two-
sample tests for modern machine-learning datasets. (aims to answer RQ1)

There are two main types of two-sample tests: parametric and nonparametric.
Parametric tests are based on the assumption that two distributions have a
known form, e.g., a normal distribution. However, it is difficult to confirm whether

one sample has a specific form of distribution, parametric tests have limited
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applications in real world [Chen and Friedman, 2017].

In contrast, nonparametric tests allow for a direct comparison between two
distributions without making any assumptions (see [Gibbons and Chakraborti,
2011] for a survey). For this reason, nonparametric tests have attracted the atten-
tion of many machine-learning researchers over the last decade. Nonparametric
tests can be included in three main categories: f-divergence-based tests [Nguyen
et al., 2010], function-based tests [Jitkrittum et al., 2016] and subset-based tests
[Lu et al., 2016].

To propose new two-sample tests for modern machine-learning datasets,
we will address key problems faced by function-based tests and subset-based
tests. As a result, we will propose one subset-based two sample test for low-
dimension data and one function-based two sample test for high-dimension data.
Corresponding theories will also be proved to ensure their efficacy. Note that,
since f-divergence-based tests are mostly used on one-dimension data, this study
does not focus on f-divergence-based tests.

RESEARCH OBJECTIVE 2 (RO2): To build the theoretical foundation and
propose a new method for HOUDA under noisy scenario. (aims to answer RQ2)

Since the foundation of HoOUDA methods is all based on [Ben-David et al.,
2010b] that assumes that source domain only contains clean labels, we will first,
in theory, to propose a new theoretical bound for HoUDA problem under noisy
scenario. This new bound will reveal why existing HoOUDA methods do not work
well under noisy scenario. Guided by the new bound, we will propose a solution to
HoUDA problem under noisy scenario and validate it using real-world datasets.

RESEARCH OBJECTIVE 3 (RO3): To build the theoretical foundation and

propose new methods for heterogeneous unsupervised domain adaptation. (aims
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to answer RQ3)

Due to the lack of theoretical foundations for heterogeneous unsupervised
domain adaptation (HeUDA) problem, HeUDA methods assume the existence of
parallel sets that can bridge two heterogeneous domains, which is not realistic.
To remove this assumption, we will first build the theoretical foundation to show
when and how we can transfer transfer knowledge from a source domain to a
heterogeneous and unlabeled target domain. The theory will help us prevent the
negative transfer and reliably transfer knowledge across two domains. Based on
the proposed theory, we will propose valid HeUDA methods and evaluate these
methods using real-world datasets.

RESEARCH OBJECTIVE 4 (RO4): To develop a new method to transfer
knowledge from multiple source domains to a heterogeneous target domain where
there are no labeled samples available. (aims to answer RQ4)

In real world, given a target domain, we probably have multiple different-
dimension (heterogeneous) source domains. Thus, to step towards realistic trans-
fer learning, we will consider to extend the HeUDA problem to multi-source
HeUDA (MsHeUDA) problem. After formalizing MsHeUDA problem, we will
propose a valid method to address this problem and use real-world datasets to

evaluate its efficacy.

1.4 Research Innovation and Contributions

This thesis aims to step forwards realistic transfer learning by addressing key
problems faced by existing transfer learning methods. The main contributions of

this study are summarised as follows:
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1.4.1 Research Innovation

Innovation 1. This study is the first to propose a continuous and differentiable
subset-based nonparametric two-sample test statistic. Compared to existing
subset-based test statistics, DDS can be used to derive gradients, which is useful

for many machine learning problems, e.g., domain adaptation.

Innovation 2. This study is the first to construct a valid deep kernel to help
test if two sets of samples are from the same distribution. Since the proposed deep
kernel is a non-translation-invariant kernel, it overcomes many drawbacks of
translation-invariant kernels (e.g., Gaussian kernel). Due to the non-translation-
invariant property, the deep-kernel-based nonparametric two-sample test is more
suitable for complex and high-dimension data, e.g., RGB images (common type

of data in real world).

Innovation 3. This study is the first to formalize the wildly unsupervised
domain adaptation (WUDA) problem, where classifiers for the target domain
have to be trained with noisy labeled data from source domain and unlabeled
data from target domain. WUDA is a new, more realistic and more challenging
problem setting than unsupervised domain adaptation problem, a new theoretical

bound is proved to build a theoretical foundation for WUDA.

Innovation 4. This study is the first to build a theoretical foundation for
HeUDA problem and propose a theoretical-guaranteed HeUDA method. An
unsupervised knowledge transfer theorem is proved in this study. This theorem

can help prevents negative transfer for HeUDA methods. We empirically shows
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that existing deep domain adaptation methods will cause extreme negative

transfer if taking no care of conditions of the theorem.

Innovation 5. This study is the first to formalize the multi-source HeUDA
(MsHeUDA) problem. Compared to existing problem settings in the field of
domain adaptation, MsHeUDA is more realistic and difficult and cannot be

solved using existing methods.

1.4.2 Research Contributions

Contribution 1. A new subset-based two-sample test, called DDS, is proposed
for low-dimension machine-learning datasets.

1) This study proves the following properties of DDS: (a) its empirical form
is unbiased; (b) the convergence rate of its empirical form benefits from the
dimensionality of the samples; and (c) it is semimetric in a space consisting only
of Borel probability measures.

2) This study proves asymptotic behavior of the empirical DDS, which pro-
vides a solid foundation for DDS-based two-sample test. A DDS-based domain
adaptation bound is proved, which highlights that generalization performance in

unsupervised domain adaptation problem is controlled by the empirical DDS.

Contribution 2. A new function-based two-sample test, called MMD-D, is
proposed for high dimension machine-learning datasets.

1) This study provides the first proof of consistency for the proposed test,
which applies both to kernels on deep features and to simpler radial basis kernels

or multiple kernel learning.
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2) This study evaluates the proposed test on several simulated and real-world
datasets, including complex synthetic distributions, high-energy physics data,

and RGB images.

Contribution 3. A novel method, called Butterfly-Net, is proposed to address
wildly unsupervised domain adaptation (WUDA) problem.

1) This study theoretically proves that WUDA ruins all UDA methods if
taking no care of label noise in source domain. An upper bound of target-domain
risk is also proved for WUDA problem.

2) This study presents a principle-guided Butterfly framework, a powerful

and efficient solution to WUDA.

Contribution 4. This study presents a theoretical-guaranteed HeUDA method,
called GLG.

1) This study presents an effective heterogeneous unsupervised domain adap-
tation method, called GLG. GLG is able to transfer knowledge from a source
domain to an unlabeled target domain in settings where both domains have
heterogeneous feature spaces and are free of parallel sets.

2) This study presents a new principal angle based metric to show the extent
to which homogeneous representations have preserved the geometric distance
between the original domains. The proposed metric also reveals the relationship

between two heterogeneous feature spaces.

Contribution 5. This study presents a method, called F-HeUDA, to address

HeUDA problem when two domains are imbalanced.
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1) This study presents a novel F-HeUDA method, using n-dimensional fuzzy
geometry and fuzzy equivalence relations to address HeUDA problem. Both fuzzy
technologies successfully overcome the drawbacks of CCA and the Granssmann
manifold (two domains must have the same number of instances).

2) This study investigated two important properties of fuzzy equivalence
relations, which are the theoretical guarantees of the proposed method and key

parts of the proposed method.

Contribution 6. This study presents an effective solution, called SFERNN, to
solve the Multi-source HeUDA problem.

1) This study presents a SFERNN method to solve the multi-source HeUDA
problem. SFERNN is based on a novel fuzzy equivalence relation, called multi-
source shared fuzzy equivalence relations (MsSFER). Compared to traditional
fuzzy equivalence relations and shared fuzzy equivalence relations, MsSFER can
extract shared fuzzy information contained in multiple heterogeneous domains.

2) The proposed method, SFERNN, is the first method that has the ability to
extract the shared fuzzy information of multiple heterogeneous domains. Previ-
ous methods can only extract the shared information of multiply homogeneous

domains or two heterogeneous domains.

1.5 Research Significance

The theoretical and practical significance of this thesis is summarised as follows:

Theoretical significance: This thesis investigates two two-sample tests and

proves their theoretical properties and builds theoretical foundations for three
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new research directions in the field of unsupervised domain adaptation. These
theoretical results have the greatest potential to guide future researchers to
develop more realistic transfer learning methods.

Researchers can follow the proposal of DDS to convert statistics of more
subset-based two-sample tests to be continuous and differentiable, which will
enable these statistics to be applied to address more machine learning problems.
Meanwhile, using the proof skills that are used to prove properties of DDS,
researchers can also prove properties of statistics of other subset-based two-
sample tests.

Since it is the first time that deep kernel is constructed to solve two-sample
test problem and we provides the first proof of consistency for the proposed test,
the proofs skills used in this thesis can greatly help researchers develop more
deep kernels with theoretical guarantees. The proof of the consistency can apply
to kernels on deep features and to simpler radial basis kernels or multiple kernel
learning.

This thesis opens a new research direction for the field of domain adap-
tation: wildly unsupervised domain adaptation, which is more realistic than
unsupervised domain adaptation. It has been theoretically shown that existing
unsupervised domain adaptation methods cannot address this new problem.
New theoretical bounds are also provided to help better understanding the
new problem. Based on these theoretical bounds, in the future, researchers can
develop more methods to address this new problem and prove their methods’
generalization bound and estimation error bound using proof skills in this thesis.

This thesis is the first to to build a theoretical foundation for heterogeneous

unsupervised domain adaptation problems (including multi-source scenario). The
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theoretical results show that existing unsupervised domain adaptation methods
will suffer from the issue of negative transfer if they do not take care the condi-
tions of the proposed theorem. Based on the theoretical results presented in this
thesis, in the future, researchers can develop more methods to address heteroge-

neous unsupervised domain adaptation problem under theoretical guarantees.

Practical significance: The findings of this research contribute to the benefit
of society given the increasing demand of cross-domain classification in modern
life. This study presents two two-sample tests for modern machine-learning
datasets and four methods to transfer knowledge across source and target do-
mains. All of these tests and methods are validated by real-world datasets, which
means practitioners can directly use the proposed ones to solve real-world prob-
lems. The findings help resolve the real-world problems of transfer learning.
There is potential of many other applications that could benefit from this study,

such as computer vision, natural language processing and recommender systems.

1.6 Thesis Structure

The structure of the thesis is shown in Figure 1.1 and the chapters are organised

as follows:

e CHAPTER 2 presents the literature of transfer learning, two-sample test

and domain adaptation, thereby revealing limitations of current research.

e CHAPTER 3 presents a novel subset-based statistic, called DDS, that is
continuous, differentiable, and able to automatically confirm the size of each

subset. The proposed statistic naturally has advantages of subset-based
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statistics and is beneficial for solving two important problems: two-sample
test problem and unsupervised domain adaptation problem. This chapter

addresses RQ1 to achieve RO1 when facing low-dimension data.

CHAPTER 4 presents a class of kernel-based two-sample tests, which
aim to determine whether two sets of samples are drawn from the same
distribution. Our tests are constructed from kernels parameterized by deep
neural nets, trained to maximize test power. These tests adapt to variations
in distribution smoothness and shape over space, and are especially suited
to high dimensions and complex data. This chapter addresses RQ1 to

achieve RO1 when facing high-dimension and complex data.

CHAPTER 5 presents a new, more realistic and more challenging problem
setting, where classifiers have to be trained with noisy labeled data from
source domain and unlabeled data from target domain—we name it wildly
unsupervised domain adaptation (WUDA). We show that WUDA ruins all
UDA methods if taking no care of label noise in source domain, and to this
end, we propose a Butterfly framework, a powerful and efficient solution to

WUDA. This chapter addresses RQ2 to achieve RO2.

CHAPTER 6 presents: 1) an unsupervised knowledge transfer theorem that
guarantees the correctness of transferring knowledge; and 2) a principal
angle-based metric to measure the distance between two pairs of domains:
one pair comprises the original source and target domains and the other
pair comprises two homogeneous representations of two domains. The
theorem and the metric have been implemented in an innovative transfer

method, called a Grassmann-Linear monotonic maps-geodesic flow kernel
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(GLG), that is specifically designed for heterogeneous unsupervised domain
adaptation (HeUDA). This chapter addresses RQ3 to achieve RO3 when

two domains are balanced.

CHAPTER 7 proposes a novel F-HeUDA method, adopting n-dimensional
fuzzy geometry and fuzzy equivalence relations to address heterogeneous
domain adaptation issues. Both fuzzy technologies successfully overcome
the drawbacks of canonical correlation analysis and the Granssmann man-
ifold (two domains must have the same number of instances). As a result,
the proposed method can transfer more knowledge from a source domain to
a target domain than existing methods when there are very few instances
in the target domain. This chapter addresses RQ3 to achieve RO3 when

two domains are imbalanced.

CHAPTER 8 presents a shared-fuzzy-equivalence-relations neural network
(SFERNN) for addressing multi-source heterogeneous unsupervised do-
main adaptation problem. SFERNN is a five-layer neural network con-
taining ¢ source branches and one target branch. The network struc-
ture of SFERNN is first confirmed by a novel fuzzy relation called multi-
source shared fuzzy equivalence relations. Then, we optimize parameters
of SFERNN via minimizing cross-entropy loss on ¢ source branches and
the distributional discrepancy between each source branch and the target

branch. This chapter addresses RQ4 to achieve RO4.

CHAPTER 9 summarises the findings of this thesis and points to directions

for future work.
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CHAPTER

LITERATURE REVIEW

In this chapter, we review recent papers related to this thesis, which includes

three main parts: transfer learning, two-sample test and domain adaptation.

2.1 Transfer Learning

Since transfer learning methods can help leverage knowledge in a source domain
to help train a classifier or predictor for the target domain. They are widely used
to address many problems, such as object recognition [Luo et al., 2018], face
recognition [Long et al., 2013], Al planning [Zhuo and Yang, 2014], reinforcement
learning [A. C. Bianchi et al., 2015; Nguyen et al., 2017], recommender systems
[Zhao et al., 2017], and natural language processing [Zhao et al., 2014].

Since most prior methods have not simultaneously reduced the difference in

both the marginal distribution and conditional distribution between domains,
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Long et al. [2013] proposed a method to jointly adapt both the marginal dis-
tribution and conditional distribution in a principled dimensionality reduction
procedure, and construct new feature representation that is effective and robust
for substantial distribution difference. Due to the merits of adversarial-training
strategy, conditional domain adaptation network is proposed to use outer product
to generate better feature representations of domains [Long et al., 2018]. The
proposed methods are successfully used to recognize objects and faces across two
domains.

In the filed of Al planing, a novel algorithm framework, called TRAMP, is
proposed by Zhuo and Yang [2014]. The proposed method can learn action models
with limited training data in a target domain, via transferring as much of the
available information from source domains. TRAMP is evaluated in different
settings to see their advantages and disadvantages in six planning domains,
including four international planning competition domains.

To apply transfer learning method to the field of reinforcement learning,
a scalable methodology is introduced to learn and transfer knowledge of the
transition (and reward) methods for model-based reinforcement learning in a
complex world [Nguyen et al., 2017]. Recently, Gamrian and Goldberg [2019]
demonstrate that a trained agent fails completely when facing small visual
changes, and that fine-tuning—the common transfer learning paradigm—fails to
adapt to these changes, to the extent that it is faster to re-train the model from
scratch. To propose a better method, Gamrian and Goldberg [2019] separated
the visual transfer task from the control policy and then achieved substantially
better sample efficiency and transfer behavior. It allows an agent trained on the

source task to transfer well to the target tasks.
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A novel transfer learning framework for recommender systems is proposed
in [Zhao et al., 2017], which can facilitate flexible knowledge transfer across
different systems with low cost by using an active learning principle to construct
entity correspondences across systems. Since many recommender systems suffer
from cold-start problems due to a lack of sufficient preference data. Cross-domain
recommender systems have been proposed as one possible solution [Zhang et al.,
2017]. The proposed solution outperforms five benchmarks and increases the
accuracy of recommendations in the target domain, especially with sparse data
[Zhang et al., 2017].

A novel machine learning framework called online transfer learning is pro-
posed by Zhao et al. [2014], which aims to attack an online learning task on a
target domain by transferring knowledge from some source domain. They pro-
posed effective algorithms to solve online classification tasks, and validated their
algorithms using natural language processing tasks. Huang and Paul [2019]
describes two complementary ways to adapt classifiers to shifts across time. First,
they present a simple method for constructing the diachronic word embeddings.
Second, They propose a time-driven neural classification model inspired by meth-
ods for domain adaptation. Experiments on six corpora show how these methods
can make classifiers more robust over time.

Although recent research of transfer learning has shown a decent ability to
transfer knowledge from a source domain to a target domain, most research
require certain assumptions to ensure their efficacy. These assumptions are
probably not realistic, which means that existing transfer learning methods still
face several unsolved and challenging problems in real world. These problems

are closely related to 1) two-sample test and 2) domain adaptation, which are
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reviewed in the following sections in this chapter.

2.2 Two-sample Test

Two-sample test is a fundamental task in both statistical data processing [Chen
and Friedman, 2017; Ghoshdastidar et al., 2017; Gibbons and Chakraborti, 2011]
and machine learning [Ghifary et al., 2017; Lu et al., 2016; Pan et al., 2011].
It is a hypothesis test aiming to determine whether two sets of samples are
drawn from the same distribution. The statistic used in testing is an useful tool
in these tasks across a wide range of research topics, such as two-sample tests
[Chwialkowski et al., 2015; Gretton et al., 2012; Jitkrittum et al., 2016], domain
adaptation [Hoffman et al., 2013; Long et al., 2017; Yamada et al., 2011] and
concept drift [Lu et al., 2016, 2014; Reis et al., 2016].

There are two main types of two-sample tests: parametric and nonparametric.
Parametric tests are based on the assumption that two distributions have a
known form, e.g., a normal distribution. The power of parametric tests, however,
quickly decrease as dimensionality increases unless strong assumptions are
made when attempting to estimate a large number of parameters, such as a
covariance matrix [Chen and Friedman, 2017]. Additionally, since it is difficult
to confirm whether one sample has a specific form of distribution, parametric
tests have limited applications in the real world.

In contrast, nonparametric tests allow for a direct comparison between two
distributions without making any assumptions about the probability density
functions (pdf) of the two distributions. Some well-known examples include the

Kolmogorov-Smirnov test, the Wilcoxon test, the Wald-Wolfowitz run test (see
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[Gibbons and Chakraborti, 2011] for a survey). For this reason, nonparametric
tests have attracted the attention of many machine-learning researchers over

the last decade. The definition of Nonparametric tests is demonstrated as follows.

Definition 2.1 (Nonparametric two-sample test). Let x1 and x9 be multivari-
ate random variables defined on a topological space X < R%, with respective
p and q € P(X), where x1 : X — X, x2 : X — X, P(X) consists of all Borel
probability measures on X. Given i.i.d. observations X1 := {x11,...,X1,,} and
Xo = {x91,...,%2n,} from p and q, respectively, can we decide whether p # q

through X, and Xo?

Nonparametric tests can be included in three main categories: f-divergence-
based tests [Kanamori et al., 2009; Nguyen et al., 2010; Sugiyama et al., 2008],
function-based tests [Gretton et al., 2012; Jitkrittum et al., 2016] and subset-

based tests [Liu et al., 2018a; Lu et al., 2016, 2014].

2.2.1 F-divergence based Non-parametric Two-sample

Tests

f-divergence-based nonparametric statistics are also known as Ali-Silvey-Csiszdr
divergences. Some well-known examples include Kullback-Leibler (KL) diver-
gence and Pearson (PE) divergence. Benefiting from the development of kernel
density estimation, the ratio of two distributions is estimated without knowing
the pdfs of the distributions [Nguyen et al., 2010; Sugiyama et al., 2008]. Us-
ing the estimations, KL divergence and PE divergence [Kanamori et al., 2009;

Yamada et al., 2011, 2013] calculate the distance between two distributions.
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However, f-divergence-based statistics assume that the two probability mea-
sures are absolutely continuous, which indicates that the support sets for the
two distributions are the same. Without this assumption, density-ratios may
diverge to infinity even in rather simple settings [Cortes et al., 2010]. In [Yamada
et al., 2011], Yamada et al. proposed a relative density-ratio estimation method
to overcome the drawback of f-divergence-based nonparametric statistics but a

hyperparameter is needed to confirm weights of two distributions.

2.2.2 Function based Non-parametric Two-sample Tests

Function-based statistics (also known as integral probability metrics [Sripe-
rumbudur et al., 2010]) are based on Lemma 9.3.2 in [Dudley, 2002], which
indicates that two distributions can be compared via their images of a series of
functions. These functions map two distributions onto other spaces, and their
images of these functions are regarded as features of two distributions. Two types
of functions can be used as a basis for function-based nonparametric statistics: i)

reproducing kernel functions and ii) g-Lipschitz functions.

2.2.2.1 Reproducing kernel functions

A popular class of function based non-parametric two-sample tests is based on
kernel methods [Smola and Scholkopf, 2001]: such tests construct a kernel mean
embedding [Berlinet and Thomas-Agnan, 2004; Muandet et al., 2017] for each
distribution, and measure the difference in these embeddings.

For any characteristic kernel, two distributions are the same if and only if

their mean embeddings are the same; the distance between mean embeddings is
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the maximum mean discrepancy (MMD) [Gretton et al., 2012]. There are also
several closely related methods, including tests based on checking for differences
in mean embeddings evaluated at specific locations [Chwialkowski et al., 2015;
Jitkrittum et al., 2016] and kernel Fisher discriminant analysis [Harchaoui et al.,
2007]. These tests all work well for samples from simple distributions when

using appropriate kernels.

2.2.2.2 Lipschitz functions

With the exception of reproducing kernels, g-Lipschitz functions are used to
construct features to compare two distributions. Wasserstein statistic and earth-
mover statistic [Arjovsky et al., 2017] are representative examples of statistics
that are built on ¢-Lipschitz functions. The Lipschitz semi-norm of this kind of
functions is less than or equal to q.

Function-based statistics have been widely used in machine learning prob-
lems, e.g., domain adaptation [Ghifary et al., 2017; Pan et al., 2011] and gener-
ative adversarial networks [Arjovsky et al., 2017]. The estimators of function-
based statistics can be found in [Sriperumbudur et al., 2010]; the paper [Sripe-
rumbudur et al., 2010] also highlights function-based statistics are more suitable
for comparing two distributions than f-divergence-based statistics in general

cases, say, where two distributions have a disjointed support set.

2.2.2.3 Limitations

However if distributions are with complex structure, simple kernels will often
map distinct distributions to nearby (and hence hard to distinguish) mean em-

beddings. Figure 4.1a shows an example of a multimodal dataset, where the
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overall modes align but the sub-mode structure varies differently at each mode. A
translation-invariant Gaussian kernel only “looks at” the data uniformly within
each mode (see Figure 4.1b), requiring many samples to correctly distinguish
the two distributions. The distributions can be distinguished more effectively
if we understand the structure of each mode, as with the more complex kernel

illustrated in Figure 4.1c.

2.2.3 Subset based Non-parametric Two-sample Tests

Subset-based tests measure two probability distributions by discovering repre-
sentative subsets (regions) in the sample space and then comparing the number
of observations drawn from each of the distributions within each subset. These
tests are based on the definition of probability density: if two distribution are the
same, the number of observations drawn from two distributions will be the same
within each subset of the sample space. Existing subset-based nonparametric

tests are divided into two types: nearest neighbor and space partitioning.

2.2.3.1 Nearest neighbor based tests

Schilling [1986] proposed a multivariate two-sample test based on the possibly
weighted proportion of all 2-nearest neighbor comparisons in which observations
and their neighbors belong to the same sample. Asymptotic null distributions are
explicitly determined and shown to involve certain nearest neighbor interaction
probabilities.

Henze [1988] used a similar k-nearest neighbor-based approach. Subse-

quently, Rosenbaum [2005] considered a k-nearest neighbor-based multivariate
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two-sample test from the interpoint distance perspective. Interpoint distances
are used to construct an optimal non-bipartite matching, i.e., a matching of the
observations into disjoint pairs to minimize the total distance within pairs. The
resulting cross-match statistic is the number of pairs containing one observation

from the first distribution and one from the second.

2.2.3.2 Space partitioning based tests

Biau and Gyorfi [2005] proposed a non-parametric test based on the ¢; distance
between the two empirical distributions restricted to a finite partition. How-
ever, the authors conclude that choosing a perfect partition is difficult. Hence,
subsequent researchers proposed space partitioning from a competence model
perspective, where the partition is constructed in terms of related closure and
related sets [Lu et al., 2016, 2014]. The distance is then defined based on the
total variation.

Liu et al. [2018a] proposed a nearest neighbor-based partitioning scheme at
the instance level with an accompanying partition optimization method along
with proof that the proposed distance follows a normal distribution. Another topic
of recent interest was studied by Lhéritier and Cazals [2018], who developed a
generic sequential nonparametric testing framework in which the sample size
does not need to be fixed in advance. This means the test is in effect a sequential
non-parametric multivariate two-sample test, and the combination of nearest
neighbor regressors and Bayesian mixtures with switching distributions yields

automatic scale selection with competitive results.
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2.2.3.3 Limitations

However, subset-based statistics are usually discrete functions [Lu et al., 2016,
2014; Schilling, 1986], which means the machine learning problems it can solve
are limited. In the field of domain adaptation, subset-based statistics cannot be
minimized with a gradient descent algorithm, so they cannot be easily used as a
regularizer in the loss function to measure the distance between two distributions.
In contrast, MMD can be used and, therefore, have become one of the most

common function-based test statistics [Rozantsev et al., 2019].

2.3 Domain Adaptation

Of the proposed transfer learning methods, domain adaptation methods have
demonstrated good success in various practical applications in recent years
[Courty et al., 2017; Ghifary et al., 2017]. Most domain adaptation methods focus
on homogeneous unsupervised domain adaptation (HoUDA); that is, where the
source and target domains have similar, same-dimensionality feature spaces
and there are no labeled instances the target domain [Ben-David et al., 2010a].
Nevertheless, given the time and cost associated with human labeling, target
domains are heterogeneous! and unlabeled, which means most existing HoUDA
methods do not perform well on the majority of target domains. Thus, heteroge-
neous domain adaptation methods are proposed to handle the situation where

target domain is heterogeneous.

Tn the field of domain adaptation, “heterogeneity” often represents that 1) dimensionality of
source and target domains are different and 2) features of two domains are disjoint.
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2.3.1 Homogeneous Unsupervised Domain Adaptation

We first present the definition of homogeneous unsupervised domain adaptation.

Definition 2.2 (Homogeneous unsupervised domain adaptation). Let x5 and x;
be multivariate random variables defined on a topological space X < R%, with
respective p and q € P(X), where x5 : X — X, x4 : X — X, P(X) consists of all
Borel probability measures on X. Given i.i.d. observations X; := {x1,...,%sn,},
X =A{x¢1,....%m,} from p and q, respectively and Yg :={ys1,..., Ysn,} are ground-
truth labels corresponding to X, where yg; € Y =1{1,2,...,C}. Dy = (X;,Ys) is
denoted by a source domain and D; = (X;) is denoted by a target domain. We aim
to train a classifier with Dg and D; to accurately label each instance i.i.d. drawn

from q.

To address HOUDA problem, there are four main techniques: the Grassmann
manifold [Fernando et al., 2013; Gong et al., 2014; Gopalan et al., 2014], the
integral probability metric [Cao et al., 2018; Gong et al., 2016; Long et al.,
2016a,b; Rozantsev et al., 2019], the adversarial-training strategy [Ganin et al.,
2016a; Hoffman et al., 2018b; Li et al., 2018c; Saito et al., 2018; Tzeng et al.,
2017], and the pseudo-labeling strategy [Behbood et al., 2015; Long et al., 2013;

Saito et al., 2017].

2.3.1.1 Grassmann-manifold-based methods

The geodesic flow kernel (GFK) method, as a Grassmann-manifold-based method,
seeks the best of all subspaces between the source and target domains, using the
geodesic flow of a Grassmann manifold to find latent spaces through integration

[Gong et al., 2014]. Gopalan et al. [2014] utilized the underlying geometry of
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the space of these subspaces, the Grassmann manifold, to obtain a “shortest”
geodesic path between the two domains. Then they sampled points along the
geodesic to obtain intermediate cross-domain data representations, using which
a discriminative classifier is learnt to estimate the labels of the target-domain

data.

2.3.1.2 Integral-probability-metric-based methods

For the integral-probability-metric-based methods, the first one is transfer com-
ponent analysis (TCA) method which [Pan et al., 2011] applies MMD ([Gretton
et al., 2012], an integral probability metric) to measure the distance between the
source and target feature spaces, and optimizes this distance to make sure the
two domains are closer than before.

The joint distribution adaptation (JDA) method [Long et al., 2013] improves
TCA by jointly matching marginal distributions and conditional distributions.
Scatter component analysis [Ghifary et al., 2017] extends TCA and JDA methods,
and considers the between and within class scatter. [Wang et al., 2019] exploits
intra-domain information to get a non-parametric feature and the classifier.

The correlation alignment (CORAL) method [Sun et al., 2016] aligns second-
order statistics of source and target domain to minimize domain divergence.
Manifold embedded distribution alignment [Wang et al., 2018] performs a dy-
namic distribution alignment in a Grassmann manifold subspace.

The wasserstein distance guided representation learning method [Shen et al.,
2018] minimizes the distribution discrepancy by employing Wasserstein Distance
in neural networks. Deep adaptation networks (DAN) [Long et al., 2019] and joint

adaptation networks (JAN) [Long et al., 2017] employ MMD and deep neural
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networks to learn the best domain-invariant representations of two domains.
Deep CORAL Correlation is the extension of shallow method CORAL in deep

neural network.

2.3.1.3 Adversarial-training-based methods

For the adversarial-training-based methods, representive works are domain-
adversarial training of neural networks (DANN) [Ganin et al., 2016a] and condi-
tional adversarial domain adaptation (CDAN) [Long et al., 2018].

DANN is directly inspired by the theory on domain adaptation, suggesting
that predictions must be made based on features that cannot discriminate be-
tween the training (source) and test (target) domains. DANN employs a domain
discriminator to recognize which domain data come from and deceives the do-
main discriminator by changing feature such that a invariant representation
can be learn during the adversarial procession. Furthermore, CDAN utilizes the
tensor product between feature and classifier predict to grasp the multimodal

information and a entropy condition to control the uncertainty of classifier.

2.3.1.4 Pseudo-labeling-based method

Asymmetric Tri-training domain adaptation [Saito et al., 2017], as a pseudo-
labeling-based method, is trained with labeled instances from a source domain

and a pseudo-labeled target domain.

2.3.1.5 Limitations

However, in the wild, the data volume of source domain tends to be large [Tan

et al., 2014]. To avoid the expensive labeling cost, labeled data in source domain
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normally come from amateur annotators or the Internet [Lee et al., 2018; Schroff
et al., 2011; Tommasi and Tuytelaars, 2014]. Unfortunately, existing HoUDA
methods share an implicit assumption that there are no noisy source data [Shu
et al., 2019; Yu et al., 2017]. Namely, these methods focus on transferring knowl-
edge from clean source data to unlabeled target data. Therefore, these methods
cannot well handle HoUDA in the noisy scenario. To validate this fact, we empir-
ically reveal the deficiency of existing HoUDA methods (Figure 5.2, e.g., DAN

[Long et al., 2015] and DANN [Ganin et al., 2016a]).

2.3.2 Heterogeneous Domain Adaptation

There are three types of heterogeneous domain adaptation methods: seteroge-
neous supervised domain adaptation (HeSDA), heterogeneous semi-supervised
domain adaptation (HeSSDA), and heterogeneous unsupervised domain adapta-
tion (HeUDA). Following Li et al. [2014] and Xiao and Guo [2015], “heterogeneity"
in the domain adaptation field often represents the source and target features as
having different dimensionality and being disjoint. For example, if 1) German
credit record has 24 features and Australian credit record has 14 features and
2) features from German credit record and Australian credit record are disjoint,
then we say that that German credit record and Australian credit record are
heterogeneous.

HeSDA/HeSSDA aims to transfer knowledge from a source domain to a
heterogeneous target domain, in which dimensions of two domains are different
Duan et al. [2012a,b]. There is less literature on this setting than there is for

homogeneous situations. The main methods are heterogeneous spectral mapping
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(HeMap) [Shi et al., 2013], manifold alignment (MA) [Wang and Mahadevan,
20111, asymmetric regularized cross-domain transformation (ARC-t) [Kulis et al.,
2011], heterogeneous feature augmentation (HFA) [Li et al., 2014], co-regularized
online transfer learning [Zhao et al., 2014], semi-supervised kernel matching
for domain adaptation (SSKMDA) [Xiao and Guo, 2015], the DASH-N method
[Nguyen et al., 2015], Discriminative correlation subspace method [Yan et al.,
2017] and semi-supervised entropic Gromov-Wasserstein discrepancy [Yan et al.,

2018].

2.3.2.1 Heterogeneous supervised domain adaptation

We first present the definition of heterogeneous supervised domain adaptation.

Definition 2.3 (Heterogeneous supervised domain adaptation). Let x5 be multi-
variate random variables defined on a topological space X = R? with respective
p € P(X), and and x; be multivariate random variables defined on a topologi-
cal space X' <R¥ with respective q € P'(X"), where d # d'. P(X) consists of all
Borel probability measures on X, and P'(X') consists of all Borel probability
measures on X'. Given i.i.d. observations Xs := {xs1,...,%sn,}, Xt = {Xs1, .0, Xtn,}
from p and q, respectively, and Y :={ys1,..., ysn,} are ground-truth labels corre-
sponding to X, and Y; :={ys1,..., Yin,} are ground-truth labels corresponding to
Xi, where ysi,y;; € Y =1{1,2,...,C}. Dy =(X,Y5) is denoted by a source domain
and D; =(X;,Y;) is denoted by a target domain. We aim to train a classifier with

D, and D; to accurately label each instance i.i.d. drawn from q.

ARC-t, HFA and co-regularized online transfer learning are representative

HeSDA methods. ARC-t learns an asymmetric transformation metric between
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different feature spaces by exploiting labeled data from both domains [Kulis et al.,
2011]. HFA first maps the data from the two domains into a common subspace in
a way that allows the similarity between instances across the different domains
to be measured. Then two feature transforming functions are derived, one for
each domain, to augment the transformed source and the target instances with
their original features and padding zeroes [Li et al., 2014]. Co-regularized online
transfer learning aims to transfer knowledge from several source domains to an

online learning task in a target domain [Zhao et al., 2014].

2.3.2.2 Heterogeneous semi-supervised domain adaptation

We first present the definition of heterogeneous semi-supervised domain adapta-

tion, and then some representative methods are introduced.

Definition 2.4 (Heterogeneous semi-supervised domain adaptation). Let xg be
multivariate random variables defined on a topological space X < R% with re-
spective p € P(X), and and x; be multivariate random variables defined on a
topological space X' €RY with respective q € P'(X'), where d #d'. P(X) consists
of all Borel probability measures on X, and P'(X') consists of all Borel probabil-
ity measures on X'. Given i.i.d. observations X := {Xs1,...,Xsn ), Xt = {%¢1,.-., Xen,}
from p and q, respectively, and Y := {ys1,...,¥sn,} are ground-truth labels cor-
responding to X, and Y, :={y:1,..., Yin } are ground-truth labels corresponding
t0 X| = {%11,.... Xy}, where ysi,yi; €V =1{1,2,...,Ch. Dy = (X, Yy) is denoted by a
source domain and D; = (X;)U(X},Y]) is denoted by a target domain. We aim to
train a classifier with D and D; to accurately label each instance i.i.d. drawn

from q.
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HeMap works by using spectral embedding to unify different feature spaces
across the target and source domains, even when the feature spaces are com-
pletely different [Shi et al., 2013]. Manifold alignment derives its mapping by
dividing the mapped instances into different categories according to the original
observations [Wang and Mahadevan, 2011]. SSKMDA maps the target domain
points to similar source domain points by matching the target kernel matrix to a
submatrix of the source kernel matrix based on a Hilbert Schmidt Independence
Criterion [Xiao and Guo, 2015].

DASH-N is proposed to jointly learn a hierarchy of features combined with
transformations that rectify any mismatches between the domains and has
been successful in object recognition [Xiao and Guo, 2015]. A discriminative
correlation subspace method is proposed to find the optimal discriminative
correlation subspace for the source and target domain.

Yan et al. [2018] presents a novel HeSSDA method by exploiting the theory
of optimal transport, a powerful tool originally designed for aligning two differ-
ent distributions. Progressive alignment (PA) [Li et al., 2019b] is implemented
to learn representations of two heterogeneous domains with an unsupervised
algorithm, but it still needs labeled instances from the target domain to train a
final classifier which can handle possible negative transfer situations.

Soft transfer network [Yao et al., 2019], which jointly learns a domain-shared
classifier and a domain-invariant subspace in an end-to-end manner, for address-
ing the HeSSDA problem. The proposed method not only aligns the discrimina-
tive directions of domains but also matches both the marginal and conditional

distributions across domains.
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2.3.2.3 Heterogeneous unsupervised domain adaptation

Unsupervised domain adaptation methods based on homogeneous feature spaces
have been widely researched. However, HeUDA methods are rarely studied due
to two shortcomings of current domain adaptation methods: the feature spaces
must be homogeneous, and there must be at least some labeled instances in the
target domain (or there must be a parallel set in both domains). The detailed

definition of HeUDA is expressed below.

Definition 2.5 (Heterogeneous unsupervised domain adaptation). Let x; be mul-
tivariate random variables defined on a topological space X < R® with respective
p € P(X), and and x; be multivariate random variables defined on a topological
space X' < RY with respective q € P'(X'), where d # d'. P(X) consists of all Borel
probability measures on X, and P'(X’) consists of all Borel probability measures
on X'. Given i.i.d. observations X := {xs1,...,%sn,}, Xt = {X¢1,...,%n,} from p and
q, respectively, and Yy := {ys1, ..., Ysn,} are ground-truth labels corresponding to
X, where y5; €Y ={1,2,...,C}. Ds =(X;,Ys) is denoted by a source domain and
D; = (X;) is denoted by a target domain. We aim to train a classifier with Ds and

Dy to accurately label each instance i.i.d. drawn from q.

The hybrid heterogeneous transfer learning method [Zhou et al., 2014] uses
the information of the parallel set of both domains to transfer knowledge across
domains. The domain specific feature transfer [Wei et al., 2019] method is de-
signed to address the HeUDA problem when two domains have common features.
The kernel canonical correlation analysis (KCCA) [Yeh et al., 2014] method

was proposed to address HeUDA problems when there are paired instances in
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the source and target domains, but KCCA is not valid when paired instances

unavailable.

2.3.2.4 Limitations

Although existing HeUDA methods can address HeUDA problem, they still need
parallel sets to bridge two heterogeneous domains, i.e., there are very similar
instances in both heterogeneous domains, which is not realistic. For example,
credit assessment data are confidential and private, and the information of each
sample cannot be accessed. Thus, we cannot find similar instances between two
credit-assessment domains. Namely, parallel sets (needed by existing HeUDA
methods) do not often exist. To the best of our knowledge, little theoretical
discussion has taken place in regard to the absence of a parallel set in the

HeUDA. This limits HeUDA methods to be used in more scenarios.
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CHAPTER

DISCREPANCY OF DIVERSE SUBSETS: A

NON-PARAMETRIC TWO-SAMPLE TEST FOR

LOW-DIMENSION DATA

3.1 Introduction

As introduced in Section 2.2, all function-based tests suffer from a common
issue: their performance depends on the kernel width used [Gretton et al., 2012;
Lhéritier and Cazals, 2018]. This issue results in that function-based tests
are more difficult to detect local density changes than subset-based tests are
[Liu et al., 2018a]. The main reason is that statistic of the subset-based test
presented in [Liu et al., 2018a] automatically confirms size of each subset and
compares two distributions within each subset. Despite this advantage, statistics

of subset-based tests are usually discrete functions [Lu et al., 2014; Schilling,
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1986], which means such statistics are hard to help solve machine learning
problems. In the field of domain adaptation, statistics of subset-based tests
cannot be minimized with a gradient descent algorithm, so they cannot be easily
used as a regularizer in the loss function to measure the distance between two
distributions. In contrast, maximum mean discrepancy (MMD) can be used and,
therefore, have become one of the most common function-based tests [Rozantsev
et al., 2019].

Yet the ability of subset-based tests to detect local density changes in dis-
tributions is enticing, and if their other shortcomings could be overcome, many
fields might benefit. To this end, we propose a novel subset-based statistic, called
discrepancy of diverse subsets (DDS), that is continuous, differentiable, and able
to automatically confirm the size of each subset. The proposed statistic naturally
has advantages of statistics of subset-based tests and is beneficial for solving
two important problems: two-sample test problem and unsupervised domain
adaptation problem.

DDS is a nonparametric test statistic to compare two multivariate distri-
butions using two samples drawn from the two distributions. It is based on a
corollary of the Radon-Nikodym theorem (see the theorem in chapter 4 of [Cohn,
2013]). That is, within any measurable subset of a topological space X, if the
integrations of two measurable functions p and g are the same, then p = g almost
everywhere (see this corollary in Appendix A.1).

It is difficult to directly apply this corollary to measure the discrepancy be-
tween two distributions as a result of two critical issues: 1) finding representative
subsets of X and 2) defining the discrepancy between two distributions within

these subsets. Therefore, we propose f-level diverse subsets to address the first
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issue and local impact random variables to address the second issue. Each g-
level diverse subset is constructed with the help of an amplification function to
determine where two distributions should be compared. The amplification func-
tion ensures DDS to be a continuous and differentiable statistic. § controls the
size of the subsets and is automatically selected using conditional probabilities
between observations. Then, DDS is established to measure discrepancy between
two distributions by comparing the total impact of two samples on each f-level
subset, where the total impact of one sample (e.g., the sample drawn from p) on
one subset is the integration of local impact random variables on this subset.
The large value of DDS indicates there is a high probability that p and g are not
the same within at least one f-level subset.

In this chapter, we prove that, regardless of whether or not p = ¢, this empir-
ical DDS converges to its population value, which indicates that the empirical
DDS is a consistent estimator. We also reveal that using the same f3 to construct
these diverse subsets ensures that the convergence rate of the empirical DDS
is independent with the dimension of samples. We then prove that, under a
certain condition, 1) DDS(p,q) = 0 if and only if p = ¢ and 2) DDS(p,q) is a
semimetric defined on P(X’) that consists of all Borel probability measures on X.
These properties guarantee that DDS is able to distinguish between two different
distributions without any prior knowledge on the distributions (e.g., pdfs of two
distributions).

To evaluate the performance of DDS when comparing two distributions, we
tested it with two types of problems: two-sample test and unsupervised domain
adaptation. With the two-sample test problem, we investigated the asymptotic

null distribution of DDS, which indicates that the empirical DDS has a normal
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behavior when the number of observations goes to infinity. The corresponding
DDS-based two-sample test ascertains whether two distributions are the same
based on this asymptotic null distribution.

With the unsupervised domain adaptation problem, we investigated a DDS-
based generalization bound. This generalization bound highlights that the empir-
ical DDS controls generalization performance in unsupervised domain adaptation
problems. Consequently, we propose an unsupervised domain adaptation method
based on neural networks and the empirical DDS for transferring knowledge
between source and target domains when the target domain does not contain
any labeled instances.

The main contributions of this chapter are summarized as follows.

1) A new nonparametric statistic, named DDS, is proposed to measure the
discrepancy between two distributions based on subsets of the sample space.
Compared to the statistics of current subset-based tests, DDS is continuous and
differentiable. These properties mean DDS can be used to derive gradients, which
is useful for some machine learning problems, e.g., domain adaptation problems.

2) DDS is more capable of capturing local density discrepancy between two
distributions than function-based test statistics. This nature of DDS makes
it perform better than common statistics for solving two important problems:
two-sample test and unsupervised domain adaptation.

3) The following properties of DDS are proved: a) its empirical form is a
consistent estimator and b) it is semimetric in a space consisting only of Borel
probability measures.

4) Asymptotic behavior of the empirical DDS is proved, which provides a solid

foundation for DDS-based two-sample test. A DDS-based generalization bound

40



CHAPTER 3. DISCREPANCY OF DIVERSE SUBSETS: A NON-PARAMETRIC
TWO-SAMPLE TEST FOR LOW-DIMENSION DATA

is proved, which highlights that generalization performance in unsupervised

domain adaptation problems is controlled by the empirical DDS.

3.2 Problem Setting

We first restate the two-sample test problem as follows.

Problem 1. Let x; and x5 be multivariate random variables defined on a
topological space X < R?, with respective p and g € P(X), where x1: X — X,
x9: X — X, P(X) consists of all Borel probability measures on X'. Given i.i.d.
observations X1 :={x11,...,X1,,} and X := {x21,....,x9,,} from p and g, respectively,

can we decide whether p # q through X; and X5?

3.3 Discrepancy of Diverse Subsets

This section presents the definition of DDS and the empirical form of DDS.
We prove that empirical DDS is a consistent estimator of DDS and DDS is a

semimetric in a space consisting of Borel probability measures.

3.3.1 Population Form of DDS

This subsection presents how to construct representative subsets of X and how
to evaluate the discrepancy between two distributions within each subset. In the
following, we use Ey, ~,(x1) and oy, ~,(x1) to denote the expectation and standard
deviation with respect to p, and Ey,~4(x2) and 0,-4(x2) to denote the expectation
and standard deviation with respect to g. We denote x| as an independent copy

of x; with the distribution p, and x’2 as an independent copy of xo with the
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distribution q. Given w € X, although there are only four random variables, x1,
x’l, x9 and x’2, we have many observations drawn from them, i.e., x1(w), x’l(a)),
x2(w) and x45(w). In following, we use x1, x|, x2 and x,, to represent the images of
random variables x1(w), x’l(a)), x9(w) and x'z(w) for short. Four random variables,

called distance random variables, are defined as follows.

(3.1) Dy, (x}) = [ §p(x1) = px)I1?, D, () = llplac1) — placy)|I?,

(3.2) D, (%)) = lp(x2) — px))N1%, Dy () = llplac2) — plach) |2,

where ¢(-) is the function belonging to the reproducing kernel Hilbert space.

Below, we introduce the random variable radius with respect to x; and x».

3.3) Ty, = g(Ux’1~p(Dx1(x,1)) + Ux/2~q(Dx1(x'2))),

(3.4) _ g(ax,1 D)+ 0y Doy,

where f§ is a positive real number and controls the values of r,, and ry,. ry,/f
shows the deviation of the distance between x; and other observations. To decide
whether the values of x] or x; belong to the same subset, we introduce the

amplification function f as follows.
(3.5) £(D,r=e"""€l0,1],

where D corresponds to the images of the distance random variables defined in
Eq. (3.1) and Eq. (3.2) and r corresponds to the images of r,, and r,, defined in
Eq. (3.3) and Eq. (3.4). L is a large integer that amplifies the divergence between
D over r and D below r. If L is set to a large number, f(D,r) will reach 0 when

D >r and reach 1 when D < r.
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Next, the indicator random variables are introduced, which show the proxim-

ity of x1 to x (or to x,) as follows.

Ly (6) = f(Dy (1), 75y, Ly (19) = f (Do (x5),71y),

Ixz(x&) = f(sz(x&), rxz),Ixz(xlz) = f(sz(x/z), rxz)-

If the images of I, (x}) and I, (x3) are close to 1, then x] and x;, are close to
x1. According to these indicator random variables, the S-level subsets of X" are

constructed as follows.
S(X)= {le,Sx2| Vx1,x2 € X},
where

Sy = (%)L, (x]) > €0} Uy | L, () > €0l

Sy = (%] 1Ly (x]) > €0} U ) L, () > €0l

and € is a very small positive real number (we set ¢g = 1074 in this chapter).
Each x; (or x2) can form a subset Sy, containing x| and x/. If I; (x}) and I, (x5)
are over ¢g, then x’1 and x’2 have an impact on S,, and are contained in S,;.
If I.;,(x}) is equal to I, (x5), then x] and x, have the same impact on Sy,. The
construction of each subset is based on the same  but the size varies according
to the distance between observations.

After constructing these subsets of X', we then consider how to evaluate the
discrepancy between x| and x,, within one subset. Although we could use the
indicator random variables to show whether x’l and x’2 have the same impact on
Sy,, they ignore the impact that x} or x;, has on other subsets. If x| or x}, belongs

to several subsets, its local impact on S,, should be equally divided. For example,
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if x| appears in three subsets, its local impact on each subset is 1/3. Motivated
by this, we define the local impact random variables to show how many impacts

/ /
x7 and x, have on subsets Sy, and S,,.

I, (x}) I, (%))
(3.6) L, ()= ‘1, L Ly (xh)= ‘1, 2
x xy
I.(x") I, (x5)
.1 LuG)= =55 L) = =5,
X1 Xg
where

Vx’1 = Y(flm(x,l)dpm +‘[Ix2(x,1)dqx2) ’

foz = Y(f le(x'z)dpxl +fIxz(x,2)de2)'

Here, dp,, = p(x1)dx; and fle(x'l)dpx1 is the volume of x; € {xllle(x’l) > 0}
according to the measure p. y is the dimension-free factor for ensuring that the
convergence rate of the empirical DDS is independent wtih the dimensionality of
X (we show its significance in Remarks 3.1 and 3.2). We set y = max{)fx/1 ’Yx’z} =1

where
maxy, {Ux’1~p (Dxl(x'l)), Ux/2~q(Dx1(xI2))}

= =1,
Yxl nlinxl,x2 {O-x,1~p(Dx1(xll))’ O'x’INP(DxQ(xll))}

maxy, {UxIZNQ(DxZ(xé)), Ux’1~p(sz(x11))}

>
2y ~q Dy (x5)), 041 (D, ()}

Y, =

ming, {0,
Using local impact random variables, DDS with respect to p (DDS,) and DDS

with respect to g (DDS,) are proposed as follows.

DDS,(p, )= [ L G)dp, - [ Lty

DDSq(p’Q):[Ex2~q(|‘[Lx2(x&)dpx’l _‘[sz(xlz)de'2|)
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JLx,(x})dp, is the total local impact x} has on the subset Sy, (due to o
is very small, so we use [ Lxl(x'l)dpx/1 to approximate folel(x'l)dpx/1 ), and
J L, (x5)dq; is the total local impact x;, has on the subset S,. If [ Ly, (x})dp,; =
J Ly (x5)d s, x| and x; have the same total local impact on S,,, which indicates
that there is no discrepancy between x’1 and x’2 within this subset. The final

statistic is the sum of DDS, and DDS,,.
(3.8) DDS(p,q) =DDS,(p,q) + DDS4(p, q).
Using notations from measure theory, DDS is expressed as follows.

39) DDS(p,0) = [ | [ Lu)dp - g0]dpa-+ ).

In Eq. 3.9), [Ly(x")dq, is equal to fo(x’z)dqxé of Eq. (3.8). When p = gq,
DDS(p, q) is equal to 0. Based on the definitions of the indicator random variables
and the local impact random variables, DDS is sensitive to local-area changes
and global-area changes. If I xl(x’l) =1land][ x1(x’2) =0 (local-area changes), we
reach the conclusion that x} and x;, are different on S,,. However, if [ I, (x})dp <,
= [ I, (x5)d 9y, but erl # foz (global-area changes), we reach the conclusion that
x’l and x’2 are different on other subsets (except S,). This means that DDS(p, q)

has the capability to detect many differences between p and q.

3.3.2 Empirical DDS

This subsection introduces the empirical form of DDS, DDS(X 1,X2). D(x1;,%1/),
D(x1i,x2;), D(x2;,%1;) and D(x2;,x2;) refer to the four random variables defined

in Eq. (3.1) and Eq. (3.2) (x1; refers to x1, x1; refers to x’l, and likewise for x9;
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and xg;). Then, r,, and r,, have the following estimated form:

B

Py = 5(5x1j(D(x1i,x1j)) + Gy (D (x11,%25))),

’A‘JC2i = g(a’xlj(D(JCQi,.’)C]_j)) + 6x2j(D(x2i,x2j))),

where 6 y,;(D(x1;,%1;)) is the unbiased empirical estimator of the standard de-
viation of D, (x}) with respect to x}. Using the amplification function f, I(x1;,
x1;), I(x1;,%25), I(x2;,%1;) and I(xg;,x2;) can be obtained. We now have n1 +ng of
p-level subsets. Using empirical estimates of standard deviation, y,,; and yx,,
can be calculated according to Y, and Yl Next, y = max;, j, {Yx, ;> Yo, b where
J1=1,..,n1 and jo =1,...,n92. The estimators of erl and Vx’2 are expressed as

follows.
A 1o 1 22
Vx1j =y —Zl(xli,xlj)'F_ZI(in,xlj) )
ni; nz2i-1

) 1 m 1 n2
Vi, =7 | — 2 T(x1i,22)) + — ) I(xgi,%2)) |
n1i=1 n2i=1

L(x1;,x15),L(x1;,x2;), L(x2;,%1;) and L(xg;,x2;) can thus be easily computed through
Eq. (3.6) and Eq. (3.7). Estimators of DDS, and DDS, then are given as follows.
R 1 ni 1 ni 1 ng
DDSx, =—)_ (I— Y Lxyi,x1))—— ) L(xli,xzj)l),
n1=1" "1 j=1 n2 j=1

1

n 1 ng 1 ni 1 ng
DDSx, = — > (I— Y L(xgi,x1;)— — ZL(XQi,xzj)l),
2i=1" 11 ;=1 n2 ;=1

thus DDS(X 1,X9) = D]A)SX1 + DﬁSXz. D]A)SX1 measures the discrepancy between
two samples within subsets generated by instances in X; and D]A)SX2 measures
the discrepancy between two samples within subsets generated by instances in

X2. The summation of both measures total discrepancy between two samples.
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3.3.3 Automatic Selection of Beta

According to r,, and ry,, § controls the size of the subsets. If 8 is too big, all the
subsets will be the same; if § is too small, there will be no overlap of any of the
subsets, so the intersection between them will be empty, which is not considered
in our case. In other words, f is a subset divergence controller for the empirical
DDS.

To select the best  value, we want to have the maximum average divergence
of the subsets. Intuitively, we consider that the higher the average divergence
of the subsets, the greater the sensitivity of the distribution discrepancy that
will be captured. For example, if two observations x1;, x9; are always observed
together in subsets, it is impossible to capture the density discrepancy between
them. Therefore, we consider the average conditional probability of observing
a subset S,,, giving a subset S,,; as an indicator to quantify the diversity of
subsets. According to the definition of S-level subsets, we have the conditional

probability of Sy ; given Sy,; as follows.

Ile N lei |
P(lejlsxli) = W:
where |{-}| is the cardinality of a set {-}. We can compute P(Sy,|Sx,;), P(Sy;|Sx,,)
and P(Sy,;|Sy,;) in a similar way. The diversity factor of Sy,; in terms of f-level

subsets can then be defined as:

11 o 1
Dp(Sy.)=1—= P(Sy,.|Sx;)+——— ) P(Sy, .Sy
ﬁ( xh) 2(n,1(xll); ( xlj| xll)+ n’z(xll); ( xzj| xh)),

where n}(x1;) = X jsign(P(Sy;;1Sxy;) > 0) and ny(x1;) = ¥ jsign(P(Sy,;1Sx;) > 0).
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Algorithm 3.1 Beta Selection

1: Input: The amplified distance matrix, M é, p grid search range (default B =
[0.02,20] with 1000 values)
2: Initialize M = -1, Dg‘ax =0
for fin B do
3: Compute Dg with § and ML
if Dg > Dglax then

4: Assign 7 = §3;

5: Assign D’g‘ax =Dg;

>

end
end
6: Output: S ax.

The average diversity of the f-level subsets is defined as follows.
ni n2

(3.10) Dp(SX) =n7t Y Dp(Say) +n5" Y Dp(Siy)-
i=1 i=1

Therefore, the value of f§ is selected via mﬁax{Dﬁ(S (X))}. B-level diverse subsets of
X are constructed using the best . Algorithm 3.1 presents the implementation
details of how to select the p for calculating the DDS statistics for a given
amplified distance matrix M é Line 2 initialize the f™®* and Dglax. Line 3-5 for
loop the predefined B grid search range to find the ™ so that Dg reaches the
maximum. The Dg is computed by Eq (3.10). At last, line 6 return the best

value according to the grid search.

3.3.4 Consistency of the empirical DDS

This subsection shows that regardless of whether p = q, the empirical DDS is a

consistent estimator. First, let

gx1) = ‘ f Lo, ()dpy - f L, (h)da,

b

and we give the upper bound of g(x1) as follows.
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Lemma 3.1. Given p,q,X1,X2 defined in Problem 1 and assuming ax/INP(Dxl(x'l)),
Oyl ~ p(sz(x’l)) and Ux/2~q(Dx1(x’2)) are finite, the upper bound of g(x1) is expressed
as

!/ ! d
pmaxy {0, - p(Dx,(x7)), 04 (D, (x5))} _ Mpq/Yd,

)<\ By min{oy _,(Dn @0y oD@

where d is the dimension of x1 and Mg = max{|pllec, ¢ llco}-

Proof. Without loss of generality, we assume that [ Ly, (x])dp, — [ Ly, (x5)dq . >
0. When x’2 is not in any subset containing x1, g(x1) has an upper bound (since
L, (x})>0),

glxy) < f Ly, (x})dpy < Mpg f Ly, (x})dx},
where M, = max{||pllco, 9 lloo}. Recall the definition of Vx’l , fol means the volume

consists of x1 and xg, where both S, and S, contain x'1 In terms of r,, and r,,,

we know

s (ﬁyminxl’xz{axrfp(Dx1 (x'l)),er1~p(Dx2(x'1))})

r'(¢+1)

(3.11) Vi >

Inequality (3.11) is based on the d-dimensional volume of a Euclidean ball. We

denote the right part of Inequality (3.11) as V,,,;,, and we have

1

xl(x/1)>0 Vmin

gx1) < Mg fI dx,.

Then, we need to estimate the maximum volume consisting of x’l, where x’1 is

included in Sy, . In terms of r,,, we know

d
g _ 78 (Bmaxe, (0, -y (D, (1)), 0,41 (D, (e}

Mpq r(%+1) Vmin
Thus, based on the definition of y, g(x1) < M,,/y?. [
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Remark 3.1. Lemma 3.1 indicates that f and y are significant in keeping con-
vergence rate of the empirical DDS benefit from the dimensionality of x1 (shown
in Theorem 3.1). If B is not the same for different x1, g(x1) may have a infinite
upper bound when increasing the dimensionality of observations. Similarly, if
we do not introduce vy, the upper bound of g(x1) approaches infinity when the

dimensionality of observations increases.

The uniform convergence bound for the empirical DDS is given in the follow-

ing theorem.

Theorem 3.1. Given p,q,X1,Xo defined in Problem 1 and assuming that val-
ues of 01 (D (%)), 01 -, (Diy(x))), 01 (D, (x5)) and 0y (D, (x3)) are finite,

then Ye > 0 we have

N _1 —€2Y2dn1n2
Prx, x,{IDDS(p,q) —DDS(X1,X2)| —O(n"2) > €} < 2exp ,

2M2,(n1+n9)
where Prx, x, denotes the probability over the ni-sample X1 and na-sample Xo,

and Mpq = max{|plleo, 1 qlloo}-

The completed proof is provided in the Appendix A.1. The basic idea is to use

McDiarmid’s inequality and Lemma 3.1.

Remark 3.2. Theorem 3.1 shows that the empirical DDS approaches its popula-
tion value at rate O(M pq(nzl + n;l)l/ 2/y%). This rate benefits from the dimension-

ality of x1 and xo.

3.3.5 DDS as a Semimetric in P(X)

This subsection presents two important properties of DDS(p, q): when L — +o0,

1) DDS(p,q) = 0, if and only if p = ¢; and 2) it can be proved that DDS(p, q) is
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a semimetric defined on P(X), where L is the parameter of the amplification

function defined in Eq. (3.5). Formally, we have following theorems.

Theorem 3.2. Given p,q € P(X)and L — +oo, then p = q if and only if DDS(p, q)

= 0.

The completed proof is provided in the Appendix A.1. The basic idea is to
use properties of indicator functions. Theorem 3.2 shows that DDS(p, q) is a fine
measurement for two Borel probability measures. If the DDS(p, q) is close to 0,
p and q are also probably close to each other. At the end of this subsection, we

show that DDS(p, ¢) is a semimetric defined on P(X).

Theorem 3.3. Given p,q € P(X)and L — +oo, DDS(p,q) is a semimetric defined
on P(X).

Proof. Vp,q € P(X), we know 1) DDS(p,q) = 0; 2) DDS(p,q) = DDS(q, p) and
3) DDS(p, q) = 0 if and only if p = ¢q. This means that DDS(p, ¢) is a semimetric
defined on P(X). [ |

3.4 DDS for Two-sample Test

This section introduces how to apply DDS to decide whether two samples come
from the same distribution. To obtain a DDS based two-sample test, we study

the asymptotic behavior of DDS in the following subsection.

3.4.1 Asymptotic Distribution of DDS

Asymptotic behavior is an important property of the test statistics, because it

precisely demonstrates the behavior of a statistic when obtaining infinite observa-
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tions. For example, MMD has a Normal asymptotic behavior [Gretton et al., 2012],
while ME has a chi-square asymptotic behavior [Jitkrittum et al., 2016]. This sub-
section shows that the permutation null distribution of DDS(X1,X3s) approaches
a normal distribution when n{ — oo, ng — oo and n1/(n1+ng) — A1 €(0,1). Before
stating the theorem, we define a new random variable z with observations z; in

which
(3.12) 23 :xli,i = 1,...,n1, Zj+ny :xzj,j = 1,...,n2.

Let n =n1+ no. In the null hypothesis test, we assume that p = ¢q. The estimates
of ry, and r,, are thus expressed as follows. f?fl‘l’ = 6 ,;(D(x1i,2;)) and foQ? =

ﬁa-ZJ(D(x2lsz))

First, we state the following lemma.

Lemma 3.2. Given X1 and X9 defined in Problem 2 and z defined in (3.12), when

n — oo, under the permutation null,

1 1 X 1 & D
— Y L(xy;,%1;)— — Y_ L(x1;,%2;) | = N(0,1),
N10x; \ N1 j=1 n2 ;=1
where 11 =lim,,_.ooni/n, Ao =lim, .o, nao/n, 032%_ = n12(11n12+)tgn52)2}l=1L(xli,2J~)2

and D is "converges in distribution”.

The completed proof is provided in the Appendix A.1. To prove this lemma,

the basic idea is to construct a new random variable as follows.
P(bJ = nilL(xli,zj)) = /11,P(b] = _nglL(xli,Zj)) = Ao,

where P means the probability and A; + 19 = 1. Under the permutation null

(p = q), we know

ni
-1 -1
ni Y L(xy,x1)—ngy
=1

ng
Y Lx1i,x2)) =
J= =1

J

n
3. b;.
=1

J
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Applying Lyapunov’s central limit theorem to Z;.L: 1 bj, this theorem is proved.

According to Lemma 3.1, we know n 2 2 L(xli,Zj)2 x O(1/n), which means

that o,,, converges to zero at a rate of O[l/\/)tilnil(ﬂtlnzz +Aan3?)). Next, we

state the main theorem for this section.

Theorem 3.4. Given X1 and X9 defined in Problem 2, when n — oo, under the
permutation null,
nDDSy, — Y2y
1 X1~ Uz &i=19
\/(1 - %) 27:11 09261i

= nzz(/llniz + /12n§2)Z;.‘:lL(x1i,zj)2 and D is "converges in distribu-

X1 D

= N(0,1),

2

where 07 .

tion”.

The completed proof is provided in the Appendix A.1. To prove this theorem,

the basic idea is to construct a new random variable ay,; as per the following.

= (LS L) - — Y Lisiiyxo)
Axy; = —|— X15,%X15) — — x15,%27)].
“ ni‘ni =y b n2 =1 p

So, we know D]A)SX1 = Y.;lax,;|. Applying Lyapunov’s central limit theorem to
> ilay,;|, this theorem is proved.

The following corollaries are obtained according to Theorem 3.4.

Corollary 3.1. Given X7 and X5 defined in Problem 2 and z defined in (3.12),
when n — oo, under the permutation null,
1,
n3DDSx, - 23y o
\/(1 N %) Z?:zl 092%'

where 092% = n§2(/11n12 + Agngz)Z?ZIL(xgi,Zj)z.

X2 D

- N(0,1),
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Corollary 3.2. Given X1 and Xo defined in Problem 2 and z defined in (3.12),

when n — oo, under the permutation null,

1 A
2DDS —
(3.13) 2R N, D,
o
where
V2 1n1 _1n2
=— (A 2) 04, v A2 ) 04 ],
g \/5( gt z:zi le)

Oy,; 18 defined in Lemma 3.2 and 0y,, is defined in Corollary 3.1.

From Corollary 3.2, we know that empirical DDS has Normal behavior when

obtaining infinite observations.

3.4.2 Two Hypothesis Tests based on DDS

This subsection introduces two hypothesis tests based on DDS. The first one is
based on Theorem 3.1 and the second one is based on Corollary 3.2.
Test I. A consistent statistical test is obtained by using the uniform conver-

gence bound in Theorem 3.1,

Corollary 3.3. A hypothesis test of level a for the null hypothesis Ho: p = q has

the acceptance region DDS(Xl,Xz) < Mpqy_d \/(2n11 + 2n§1)ln(a_1).

The hypothesis testing in Corollary 3.3 is easily computed (O(1)) but M, is
hard to estimate. The another drawback of Test I is that it does not involve the
asymptotic behavior of DDS(X1, X5).

Test I1. Corollary 3.4 gives the second hypothesis test based on the asymptotic
distribution of DDS(X1, X5).
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Corollary 3.4. A hypothesis test of level « for the null hypothesis Ho: p = q has
the acceptance region DDS(X1,X9) < n_%(u+ oV 2erf 1(1-2a)), where erf(:) is the

error function in statistics, 1 and o2 are defined in Formula (3.13).

According to convergence rates of o,, and o,,,, we know that the expectation
value and the standard deviation of DDS(X 1,X92) converge to zero at a rate of
O©2v2¢/\/A1Aanm) and O(C/n), respectively (assuming 11 < Ag), where ¢ is a

constant depending on how rapidly n=2L(x1;,z2 j)2 or n 2L(xs;, 2 J-)2 converge to

zero and C = c\/ 1- 2/71)(&{%5 24 AI2}L§ 1), In experiments, we show that sample
sizes in the hundreds are large enough to use the approximated acceptance

threshold based on the asymptotic distribution.

3.5 DDS for Unsupervised Domain Adaptation

This section introduces how to apply DDS to help transfer knowledge from a
source domain, which has sufficient labeled instances, to a target domain, which
has no labeled instance. We restate the unsupervised domain adaptation problem
first:

Problem 2. Let x; and x; be multivariate random variables defined on a
topological space X < R?, with respective p and g € P(X), where x5 : X — X,
x;: X — X, P(X) consists of all Borel probability measures on X'. Given i.i.d.
observations X := {xs1,...,%sn,}, Xt = {%¢1,...,%4p,} from p and g, respectively and
Y, :={ys1,...,¥sn,} are ground-truth labels corresponding to X, where y;; € Y =
{1,2,...,C}. D; = (X,,Ys) is denoted by a source domain and D; = (X;) is denoted
by a target domain. Can we use knowledge from D; to label each instance x;; in

D,?
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We begin by studying the generalization bound for DDS based unsupervised
domain adaptation and then show how to use DDS to transfer knowledge across

two domains.

3.5.1 Generalization Bound for DDS based Unsupervised

Domain Adaption

We denote the labeling functions of the source and target domains as by f,(x)
and f,(x;), respectively. It is clear that the dissimilarity between f},(xs) and f4(x;)
need to be small for adaptation to be possible.

We denote ¢ :) x) — R* a loss function defined over pairs of labels and
Ly(f,g) the expected loss for any two functions f, g: X, — Y, which can be
expressed by L,(f,8) = Ex,~p(¢(f(xs),8(xs))). The domain adaptation problem
consists of selecting a hypothesis & out of a hypothesis set H with a small
expected loss according to the distribution g, L4(k,f) [Mansour et al., 2009].
Let h}, = argming,cg Lp(h, fp), hy = argming, g Ly(h, ;) and we assume the loss

function ¢ is symmetric and obeys the triangle inequality. Then, we have, VA € H

Lo(h,f) < Lg(h,By)+Lo(hy, k) + Lok, fo)

p'tq
(3.14) < Eq(h;,fq) + I,Cq(h,h;) - Ep(h,h;)l + Cp(h,h;) + £q(h;,h;).
In Inequality (3.14), [L4(h,h})— Ly(h,h})| represents the discrepancy between
p and q if we give h and h},, which can be bounded by DDS if the following

assumption exists.

Assumption (discrepancy assumption). If p # g, then Vx,x" € {x|p(x) # q(x),x €

X}, 3e>1s.t. yl [, Lo(x)dpy = [ Li(x")dqw] 2 1/c >0, where c is a finite real
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number and S, c X is a subset derived by x.

If p # q, then we have DDS(p, q) # 0, meaning that there should be some sub-
sets in which two samples have different local impacts. This assumption indicates:
if p # q, then there is a discrepancy between [g L.(x)dp, and [g Ly(x)dq,
within every subset of the set {x|p(x) # q(x),x € X'} (the support set of p(x)— g(x).
We could decrease § to satisfy this assumption. In the empirical DDS, the dis-

crepancy assumption means that Vxq;,

ni n2
ylng! Y L(xq;,%1/) — nyt Y L(x1;,x2)| = /e > 0.
j=1 j=1

Let U = {x| Vx' € Sy, p(x') > g(x"} ufx| Vx' €Sy, p(x) < q(x")} and Xgypp =
{x|p(x)—q(x) #0,x € X}. If £ is bounded by a finite real number M > 0, based on

the definition of £,(h,h}) and the discrepancy assumption, we have

Lq(hyh5) = Lp(h, K5 = [Erymp (), B 5(16) = Exmg (L2, 2 ()]

- f[(h(x’),h;(x/))d(px/ —qy)

L@ s+ g
fle(x')d(px +qyx)

:Yf(fo(x’)g(h(x,),h*(x,))d(px/—qx,))d(px+qx)

O(h(x"), Ry (NP — q)

S)/f’fo(x’)f(h(x’),h*(x’))d(px/ —g)|d(pr+qy)

<y [ | [ Lahdpe - au|dos+ a2

ey [ | [ Lo - a|dtpara)

XSupp

(3.15) =My((c-1)8+1)-DDS(p,q),
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where 6 = foupp/U | [Ly(x")d(py—qx)ld(px+q)/DDS(p ,q) € (0,1]. Thus, we have

(3.16)
Loy f) = Lo(h, fo) < Lplh,hE)+ Lo(h G, hE) + My((c — 1)6 + )DDS(p, ).

p’rq

Because p and g are continuous functions, smaller f indicates smaller 6§ and
smaller upper bound in Inequality (3.16). Before we stating the generaliza-
tion bound for DDS based unsupervised domain adaptation, we introduce the
Rademacher complexity [Bartlett and Mendelson, 2002] which measures the
degree to which a class of functions can fit random noise. This measure is the

basis of bounding the empirical loss and expected loss.

Definition 3.1 (Rademacher Complexity). Let H be a set of real-valued func-
tions defined over X. Given a sample X ={x1,...,x}, the empirical Rademacher
complexity of H is defined as follows.

iaih(xli)))-

N 2
Rx(H) = —[E(sup
i=1

molpeH

The expectation is taken over 0 =(01,...,0,,) Where o;s are independent uniform
random variables taking values in {-1,+1}. The Rademacher complexity of a

hypothesis set H is defined as the expectation of Rx(H) over all samples of size m:
Ron (H) = E(Rx (HD ||| = m).

Based on Rademacher complexity and Theorem 2 in [Mansour et al., 2009],
with probability at least 1 -6 over X; of size ng drawn from p, upper bound of
Ly(h,h;) can be expressed as follows.

2
logg
2ng

(3.17) Ly(h,h%)< L,(h,h%)+Rx,(€)+3M
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where /g = {x — ((h(x), h;‘,(x))lh € H} and /fp(h,h;) is the empirical loss in the
source domain. According to Theorem 3.1 and Inequalities (3.15), (3.16) and
(3.17), the generalization bound for DDS based unsupervised domain adaptation

is stated as follows.

Theorem 3.5 (Adaptation bound with DDS). Let H be a family of functions
mappings from X to R. Given X,,X;, p,q defined in Problem 3 and loss function
¢:YxY —R", if discrepancy assumption is satisfied and ¢ is symmetric, bounded
by a positive finite real number M and obeys the triangle inequality, for any

hypothesis h € H, with probability at least 1 — 26, the following adaptation bound
holds:

R A log2
Lo(h,fq)— Eq(h;,fq) <Lp(h,hy)+Rx,(£)+3M7\| o 0 +£q(h;,h;)

M

nsnyg

. M,, [2(ns+n)log2
(3.18) + Myp (DDS(XS,Xt)+ Zq\/ (s + 10008 | hin-d)
%

where p = (c—1)0+1, ¢ is defined in the discrepancy assumption, 0 is de-
fined in Inequality (3.15), Ef%Xs(fH) is defined in Inequality (3.17) and M,, =

max{||plloo, 1 lloo}-
Proof. Recall Inequality (3.14):

Lo, f) <Lq(h,hy)+Lo(hy,hy)+ Ly(hy, fo)

<Lk, )+ |Lglh k) = Lolh, ) + Lp(h,BE) + Lo(h, hE).

Due to Theorem 3.1, we know

DDS(p, q) < |IDDS(p,q) - DDS(X,, X,)| + DDS(X,, X;)

2(ns +n)log(3)

. My, _1
(3.19) <DDS(X,,X;) + 7 +O(n"2).
Y XUT
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Combining Inequalities (3.14), (3.15), (3.17) and (3.19), this theorem is proved.

As discussed in [Mansour et al., 2009], SA%XS(Z g) in Inequality (3.18) has different
upper bounds if a different ¢ is selected. If ¢ is a g-Lipschitz function, ﬁxs(ﬂ o)<
2qRx,(H); if ¢ is 0-1 loss, Rx,(¢r) < 2Rx (H).

The significance of Theorem 3.5 is twofold. First, it highlights that the
DDS(X,,X;) controls generalization performance in domain adaptation. Second,
the bound shows a direct connection between DDS and the domain adaptation

theory proposed in [Mansour et al., 2009].

3.5.2 DDS based Unsupervised Domain Adaption

This subsection presents an unsupervised domain adaptation method based on
DDS, called diverse subsets adaptation (DSA). Since this chapter focuses on
statistics to compare two distributions, DSA mainly focuses on finding a map
T and a hypothesis A such that DDS(T'(X;), T(X,)) and ((W(T(X,)), (X)) ap-
proach zero, indicating that the aim of DSA is to solve the following optimization

problem.
(3.20) 1\7’{1}{1 (T (X5)), fp(Xs)) + ADDS(T(X,), T(X,)),

where 1 is the penalty parameter of DDS(T'(X;), T(X)). Because neural networks
(NN) have a strong ability to find domain representations, we use an NN to find
the map T and the hypothesis 42 in Formula (3.20). Thus, T and h has the

following expressions.
T(xs;) = Woa(Wixs; +b1)+ bg,
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h(T(xs;)) = WsT'(xs;) + b3,

where a(-) is a rectifier linear unit (ReLU) function, a(x) = max(0,x), W7 is a
d-by-d matrix, Wy is a d,¢p-by-d matrix, W3 is a C-by-d ., matrix, b1 is a d-by-1
vector, by is a d,.p-by-1 vector, b3 is a C-by-1 vector. d,.p is a parameter that
we need to select for different datasets. The cross-entropy loss function for the

softmax regression is selected as ¢:
C
Co(M(T(x47)), ¥5i) = — ) 1y,,= jlog(h j(xs;)),
j=1

where % j(xs;) = h j(T(xs))/ 3 h j(T(x4;)) is the softmax function that computes
the probability of predicting sample x; for the j** class [Long et al., 2016a]. The
solution of Formula (3.20) is obtained using Adam gradient decent algorithm:

{Wl.*}?:1 and {b;‘}?zl. Thus, we predict labels for D¢ using
e = argmax{(Wy (Wy a(Wy x,; +b7) +b3) +b3) 1,
J

where j=1,...,C. Figure 3.1 shows the DSA procedures. It is clear that DSA is a
four-layer neural network with a regularizer in the third layer. The discrepancy
between distributions of two domains in the third layer is minimized because
DDS(T*(X,), T*(X,)) approaches zero, where T (xs;) = Wy a(Wxs; +b])+b5 and
T*(x4) = Wy a(Wxy; +b7) + b3 Thus, T*(X;) and T*(X;) can be seen as repre-
sentations of two domains and other classifiers trained on 7*(X;) can be used
to predict the labels of D¢. In the Experiments section, we also report the classi-
fication performance of 7" (X;) combined with 1-nearest neighbors (1NN) and

support vector machine (SVM).
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C nodes h(T(xs)) - h(T(x1) C nodes
Supervised |
Loss

Figure 3.1: The proposed DDS based unsupervised domain adaptation (DSA).
Red circles with the solid line represent the features of both domains, and blue
circles with solid line represent in-sample (source domain) outputs of DSA, and
blue circles with dash line represent out-sample (target domain) outputs of
DSA. Other circles represent hidden neurons of DSA. In the third layer of DSA,
representations of instances of both domains are obtained: T'X,) and T'X,).

3.6 Experiments

This section presents the experiments that applied DDS to solve two problems:

two-sample test and unsupervised domain adaptation.

3.6.1 Evaluation of DDS for Two-sample Test

In our experiments, we first compared the Type I and Type II errors for DDS
against other state-of-the-art tests on three artificial data sets, and then evalu-
ated all four on one benchmark dataset.

3.6.1.1 Datasets

Following Gretton et al. [2012]; Jitkrittum et al. [2016]; Zaremba et al. [2013],

we use Gaussian and Gaussian mixture distributions to construct our synthetic
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data.

Syn-1. Synthetic data set I (Gaussian data with a drifting mean): In this
experiment, we evaluated the power of DDS on a 2D Gaussian data with a co-
variance of 0. Drift severity was controlled by a predefined drift margin, denoted
as A ={0,0.2,0.4}, in which |u, — pql = A.

Syn-II. Synthetic data set II (mixture Gaussian data with a drifting mean):
To make the distribution more complicated, we generated data from the 2D
mixture Gaussian distributions with u; =[0,0], ug = [0,10]. To simulate the
mean drift, we added a margin A ={0,0.2,0.4} to both uj, ug, so that the total
mean drift was controlled by A.

Higgs data. Similar to [Chwialkowski et al., 2015; Lhéritier and Cazals,
2018], we evaluated DDS on the Higgs data set. The objective is to distinguish the
signature of processes producing Higgs bosons from those background processes
that do not. We use four low-level features, azimuthal angular momenta ¢ for
four particle jets, as described in [Chwialkowski et al., 2015; Lhéritier and Cazals,
2018], which means the distributions are on R*. We denote the jet ¢ momenta
distribution of the background process as P, and the process that produces
Higgs bosons as Q. The total sample size of mixed P and @ is 1.1 x 107, we
randomly selected 1000 samples with replacement from each distribution for
data integration. There are three types of data integration: Real-I where both
two sample sets are drawn from P; Real-II, where both two sample sets are

drawn from @; and Real-III, where one sample is drawn from P and one from Q.

3.6.1.2 Experiments setup
The comparison tests and configurations are described below:
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Compared tests. Maximum mean discrepancy (MMD) [Gretton et al., 2012]:
We compared DDS with MMD (biased) using a bootstrap approach to calculate
the rejection region with a median heuristic to determine the kernel bandwidth®.
For a fair comparison, the DDS threshold was also chosen via bootstrap. Kernel
optimized MMD (OPT) [Gretton et al., 2012]: OPT selects the kernel bandwidth
and types of kernels according to the datasets. In this experiment the kernels
used were Gaussian with an automatically selected bandwidth. The test step
used MMD with this combination of kernels?. Low variance kernel two-sample
tests (B-tests) [Zaremba et al., 2013]: B-tests also belongs to the family of
MMD kernel two-sample tests®. As suggested in [Zaremba et al., 2013], we
set B =y/n1. Smooth characteristic functions (SCF) and mean embedding (ME)
[Chwialkowski et al., 2015; Jitkrittum et al., 2016]%: SCF and ME build a distance
between distributions based on characteristic functions at J random Fourier
frequencies. As suggested in [Lhéritier and Cazals, 2018] and [Chwialkowski
et al., 2015], we set J = 10, except in situations where the number of observations
was less than 100, o = 10 causes high Type I errors; thus, we set J =1 (J =1
was selected in [Jitkrittum et al., 2016]).

Configurations. A Common configuration is a significance level of @ = 0.05
and 200 bootstrap sampling times. First, we generated several toy examples
to evaluate the performance of DDS. For each test, we evaluated two samples
X1~ p and Xy ~ q, and defined the null hypothesis Hy : p = q. To evaluate

the power of the test with a different sample size, we changed the sample size

IThe source code of MMD is available at http:/www.gatsby.ucl.ac.uk/ gretton/mmd/mmd.htm.

2The Matlab implementation provided at http:/www.gatsbyucl.acuk/ gret-
ton/adaptMMD/adaptMMD.htm.

3The Matlab implementation of B-tests is available at https:/github.com/wojzaremba/btest.

4The source code of SCF tests is available at https:/github.com/wittawatj/interpretable-test.
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m = {50,100,500}, where n1 = ng = m. We ran the test 150 times for each data
type. L in the amplification function f defined in Eq. (3.5) is set to 20. § was
selected from the range [0.001,20] by a grid search to maximize the average

diversity of B-level subsets, as defined in (3.10).

3.6.1.3 Experimental results

This subsection presents the Type I and Type II errors for DDS and the other
two-sample tests and shows how parameter L in amplification f influences the
performance of DDS in the two-sample test task.

According to the results shown in Table 3.1, DDS achieved similar results
to MMD on Gaussian mean drifting data and performed better on the other
two types of distribution drift. We consider the main reason for the failure of
MMD on the SynlI data set was the choice of the kernel bandwidth. Evidence
for this is that OPT and SCF outperformed MMD on this data set, both of which
have kernel bandwidth selection advantage over MMD. However, the available
combinations of kernel and kernel bandwidth may not be enough to cover all
circumstances. The SCF test performed the better than MMD, OPT and B-test
on Syn-II, which indicates that the optimized random Fourier features could
help improve the testing performance. Table 3.2 and Table 3.3 report the average
errors of DDS and the other two sample tests. Looking at both tables, MMD has
the lowest Type I error, and DDS has the lowest Type II error among these tests.
The average number of Type I errors for OPT and ME was greater than 5% (the
threshold a), which means that both may not be qualified tests in three synthetic
datasets. Comparing averages for Type II errors, DDS outperformed other tests,

especially on Syn-II, indicating that DDS has more ability to handle complex

65



CHAPTER 3. DISCREPANCY OF DIVERSE SUBSETS: A NON-PARAMETRIC
TWO-SAMPLE TEST FOR LOW-DIMENSION DATA

situations, such as mixture distributions. Table 3.4 shows the performance of
these tests on real data. The results show that DDS performed better in terms of
both Type I and Type II errors, but took more time than OPT, B-Test, ME and
SCF. DDS is faster than MMD (DDS only needs 53% running time of MMD).

If parameter L were to be increased, DDS would have more power to distin-
guish between two distributions. Hence, we conducted an experiment to show
how the test power of DDS changes when L is set to "20, 40, 60, 80". The average
for the Type I errors changed from 4.813 (L = 20), 4.667 (L = 40), 4.741 (L = 60),
to 4.593 (L = 80). The average for the Type II errors changed from 59.259 (L = 20),
59.370 (L =40), 59.222 (L = 60), to 59.259 (L = 80). It is clear that increasing L
slightly reduced the Type I error but did not significantly influence the Type II

errors for DDS.
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Table 3.1: Synthetic data set results (%). The null hypothesis Hy is p = q. The H 1Ai indicates the percentage of the
test reject the null hypothesis, while the magnitude between p and q is A;. Since A; is equal to 0, H 1A1 is the Type I

error (the lower the better), while H 1A2 and H 1A3 are the Type II error (the lower the better). Bold values represent the
lowest error.

Ay Ag Ag
Hl Hl Hl

mi ma2 m3 mi ma2 ms3 m1 ma2 ms3

DDS 7.33 4.00 3.33 84.00  70.00 6.67 32.67 12.00 0.00
MMD 5.33 4.67 4.67 83.33  70.00 3.33 30.67  10.00 0.00
Syn-I  OPT 7.33 6.67 4.00 94.67 92.00 90.67 89.33 82.00 66.00
B-test  9.33 11.33 6.67 90.67 86.67  68.67 74.67  61.33 4.67
ME 3.33 6.67 5.33 81.33 85.33 10.00  30.00 18.67 1.33
SCF 2.67 7.33 6.00 82.67  72.67 8.67 48.00  22.00 1.33

DDS 2.00 1.33 5.33 96.00 85.33 22.00 78.67 33.33 0.00
MMD 0.00 0.00 0.00 100 100.00 100.00 100.00 100.00 79.33
Syn-II  OPT 2.67 4.00 2.00 98.00 9533 94.00 96.00 92.00 66.00
B-test 7.33 4.67 3.33 94.00 96.00 89.33 90.00 84.67 54.00
ME 2.67 7.33 4.00 96.00 7733 33.33 80.67  46.67 1.33
SCF 0.67 0.00 2.67 92.00 86.00 36.00 80.67 49.33 0.67
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89

Table 3.2: Average Type I error (%) and corresponding rankings. This table shows the average Type I error for each
test and the average values of Type I errors obtained under m 1, mg, mg (see Table 3.1). Bold values represent the
lowest error.

Datasets Criterion DDS MMD OoPT B-test ME SCF

Syn-I TypeIerror 4.887(1) 4.890(2) 6.000(5) 9.110(6) 5.110(3) 5.333(4)
Syn-II  Typelerror 4.887(4) 4.013(2) 4.890(5) 5.110(6) 4.667(3) 3.993(1)

Table 3.3: Average Type II error (%) and corresponding rankings. This table shows the average Type II error for each
test and the average values of Type II errors obtained under m1, mg, mg (see Table 3.1). Bold values represent the
lowest error.

Datasets Criterion DDS MMD OPT B-test ME SCF

Syn-I Type Il error 34.223 (2) 32.888 (1) 85.778(6) 64.447(5) 37.777(3) 39.223 (4)
Syn-I  Type Il error 52.555 (1) 96.555(6) 90.222 (5) 84.667 (4) 55.888(2) 57.445 (3)

VILVA NOISNHNIA-MOT 404 LSHL H'TdINVS-OM.L
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Table 3.4: Higgs data set results (%) and corresponding rankings. Real-I has both
two-sample sets drawn from P distribution. Real-II has bath two sample sets
drawn from @ distribution. Real-III has one sample set drawn from P and the
other drawn from . Bold values represent the lowest error and lowest running
time.

Real-I (TypeI) Real-II (TypeI) Real-III (Type II) Average Time (s)

DDS 2.67 (1) 2.67 (1) 82.00 (1) 3.631 (5)
MMD 6.00 (4) 5.33 (3) 90.00 (4) 6.840 (6)
OPT 6.67 (6) 5.33 (3) 91.33 (5) 0.084 (4)
B-test 4.67 (3) 8.00 (6) 92.67 (6) 0.038 (3)
ME 2.67 (1) 3.33(2) 85.33 (3) 0.016 (1)
SCF 6.00 (4) 5.33 (3) 83.33 (2) 0.016 (1)

3.6.2 Evaluation of DDS for Unsupervised Domain

Adaptation

We compared the DSA method to competitive test statistics used in unsupervised

domain adaptation on three benchmark datasets.

3.6.2.1 Datasets

COIL20, PIE, and Office31 are three benchmark datasets widely adopted to
evaluate domain adaptation methods.

COIL20 contains 20 objects with 1440 images. The images of each object
were taken 5 degrees apart as the object is rotated on a turntable and each
object has 72 images. Following [Long et al., 2013], COIL20 was separated
into two subsets COIL1 and COIL2: COIL1 and COILZ2 contains images taken
in different directions. In this way, subsets COIL1 and COIL2 follow relatively
different distributions. One dataset COIL1 vs COIL2 was constructed by selecting

all 720 images in COIL1 to form the source data, and all 720 images in COIL2 to
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form the target data. We switched the source/target to create another dataset
COIL2 vs COIL1.

PIE, which stands for “Pose, Illumination, Expression", is a benchmark face
database [Long et al., 2013]. Following [Long et al., 2013], we selected PIE1
(CO05, left pose), PIE2 (C07, upward pose), PIE3 (C09, downward pose), PIE4
(C27, frontal pose) and PIE5 (C29, right pose). In each subset (pose), all the
face images were taken under different lighting, illumination and expression
conditions. We can construct 20 domain adaptation tasks, e.g., PIE1 vs PIE2,
PIE1 vs PIES, ..., PIE5 vs PIE4. In this way, the source and target data were
constructed using face images from different poses, and, thus, follow significantly
different distributions.

Office-31 contains three object domains, i.e., Amazon (images downloaded
from online merchants), webcam (low-resolution images by a web camera), and
DSLR (high-resolution images by a digital SLR camera). It consists of 4,652
images with 31 categories. Specifically, we have three domains, A (Amazon), W
(webcam) and D (DSLR). By randomly selecting two different domains as the
source domain and the target domain, we constructed 3x2=6 cross-domain object
data sets, e g, A—-W,A—D, ..., D — W. We used DeCAF; features for the
Office-31 dataset.

The characteristics of each dataset is summarized in Table 3.5.

Table 3.5: Real-world datasets for transfer learning

Dataset #Instances #Attributes #Class Description

COTL20 1,440 1,024 20 COIL1, COTL2
Office31 4,652 4,096 31 A, W,D
PIE 11,554 1,024 68 PIEL, ..., PIE5
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3.6.2.2 Experiments setup

The compared domain adaptation methods and configurations are described
below:

Compared test statistics. Maximum mean discrepancy (MMD) [Gretton
et al., 2012] is the most common statistic used in the domain adaptation field
[Ghifary et al., 2017; Long et al., 2015, 2016a, 2017; Pan et al., 2011]. It was
proposed to test whether two samples come from the same distribution [Gretton
et al., 2012] and has similar properties to DDS including consistency [Gret-
ton et al., 2012], semimetric/metric [Gretton et al., 2012], asymptotic behavior
[Gretton et al., 2012], and a generalization bound for domain adaptation (un-
der a specific hypothesis set) [Ghifary et al., 2017]. Thus, our main comparator
was MMD. To fairly compare DDS to MMD in the domain adaptation tasks,
“MMD+NN" was implemented to minimize discrepancies between two domains
(via MMD) for transferring knowledge. “MMD+NN" aims to solve the following

optimization problem.
(3.21) 1\141;? ((W(T(X5)), fp(Xs) + AMMD(T(X;), T'(X,)),

where ¢, T and h are the same as ¢, T' and A of “DDS+NN" (DSA). Adam gra-
dient decent algorithm is applied to solve Formula (3.21). Comparing DSA to
“MMD+NN" demonstrates that DDS outperforms MMD in domain adaptation
tasks. Similar to DSA, “MMD+NN” also constructs representations of two do-
mains. Combining the constructed representations with 1-NN and SVM forms
other competitive methods. 1 nearest neighbor (1-NN) and SVM are two non-
transfer methods that show the effectiveness of domain adaptation methods. We

also compared DSA to common domain adaptation methods, including geodesic
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flow kernel (GFK) [Gong et al., 2014], transfer component analysis (TCA) [Pan
et al., 2011], domain invariant projection (DIP-CC) [Baktashmotlagh et al., 2013],
correlation alignment (CORAL) [Sun et al., 2016], deep domain confusion (DDC)
[Tzeng et al., 20141, joint adaptation networks (JAN) [Long et al., 2017] and
domain adversarial neural networks (DANN) [Ganin et al., 2016b].
Configurations. For all datasets, L was set to 4 for DSA. We used Adam
gradient decent algorithm with full batches and set the parameter ¢ = 1078 and
the exponential decay rates for the moment estimates 81 = 0.5, B2 = 0.9. Since the
target domains do not contain any labeled data, it was impossible to automatically
tune the optimal parameters for the target classifier using cross-validation. Thus,
we evaluated all methods by empirically searching the parameter space for the
optimal parameter settings, and report the best results for each method and
task. We used grid-search to tune the free parameters for DSA and “MMD+NN".
We searched A from {0.01,0,1,1,5,10,30,50} and the learning rate n of Adam
algorithm from {1075,1.5x 107%,2x 1075,...,10 x 105}. We selected B for DSA
from {0.5 x Bpest, 0.6 X Bpest, -2 X Bpest}, Where Bpess = argmaxg{Dg(S(X))} as
demonstrated in Section 3.3.3. We did not calculate y in every loop. y was set to 2
in domain adaptation tasks, which is large enough for all involved datasets. d.p
for COIL20 dataset is set to 1024 and for the other two datasets is set to 2000.
Following [Li et al., 2014; Pan et al., 2011; Pan and Yang, 2010; Xiao and
Guo, 2015], SVM was trained on the representations (7" (xs;)) of the source do-
main, then tested on the unlabeled target domain. We used LIBSVM’s default
parameters for all classification tasks: the bandwidth of the radial basis func-
tion kernel was set to 1/d,.p; the cost C was set to 1; and the tolerance of the

termination criterion was set to 0.001. Similar to SVM, 1-NN was trained on
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the representations (T (x;)) of the source domain, then tested on the unlabeled
target domain. Accuracy was used as the test metric as it has been widely
adopted in the literature [Ghifary et al., 2017; Li et al., 2014; Pan et al., 2011].

The definition follows.

lx € Xy h(x) = y(x)|
lx € X4l ’

Accuracy =

where y(x) is the ground truth label of x, while A(x) is the label predicted by

domain adaptation methods.

3.6.2.3 Experimental results

The average accuracy for each method is reported in Table 3.6. From this table,
it is clear that DDS performed better than MMD in most tasks. In tasks W — A
and PIE5 vs PIE1, MMD outperformed DDS when the NN classifier was selected.
DDS had much better performance in face recognition transfer tasks, such as
PIE2 vs PIE 3 (improved around 25%), PIE2 vs PIE 3 (improved around 18%),
PIE5 vs PIE2 (improved around 15%) and PIE5 vs PIE3 (improved around
14%). This may be because there are many local differences in face images and
DDS are more suitable for measuring distributions discrepancy than MMD. In
general, 1) the NN classifier outperformed the 1-NN and SVM classifiers no
matter which statistic was used to measure distance between two distributions;
2) the domain adaptation methods outperformed 1-NN, SVM and NN, which
shows that reducing the distribution discrepancy is key to domain adaptation.
We also compare DSA to common unsupervised domain adaptation methods.
The following results were observed: 1) “MMD+NN” performed better than TCA

and DIP-CC, indicating that neural networks were more suitable for finding
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T'(x) than linear or kernel maps; 2) DSA outperformed the methods that only
consider minimizing the marginal distribution discrepancy, which indicates that
classification performance in the target domain benefits more from minimizing
DDS than from minimizing other statistics; 3) methods that consider aligning
joint distributions of two domains performed better than DSA because aligning
joint distributions may reduce L4(h,,h;) in Inequality (3.18) with the current
benchmark datasets; 4) end-to-end methods (deep domain adaptation methods)
had much better performance than shadow methods (including DSA). In the
future, we will develop an unsupervised domain adaptation method based on

minimizing DDS within end-to-end domain adaptation structure.

3.7 Summary

This chapter presents a test statistic called discrepancy of diverse subsets (DDS)
to compare two multivariate distributions. The DDS autonomously constructs
B-level subsets on a topological space X for two samples drawn from two dis-
tributions, then compares the total impact that the two samples have on each
B-level subset to result in the final discrepancy between two samples. DDS is a
nonparametric test statistic and the results of the experiments demonstrate its
performance on two problems: 1) two-sample test and 2) unsupervised domain
adaptation. Several properties of DDS are proved: 1) the empirical DDS is a
consistent estimator; 2) DDS is a semimetric for two probability measures; 3) the
asymptotic null distribution of the empirical DDS is a Normal distribution; and
4) DDS controls generalization performance in domain adaptation, i.e., the DDS-

based generalization bound is proved. These properties theoretically guarantee
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Table 3.6: Classification accuracy for DDS-based domain adaptation and MMD-
based domain adaptation on 28 transfer recognition tasks (object recognition
(the first 8 rows) and face recognition (the other rows)). The results show that
DDS outperformed MMD in 26 transfer tasks. Bold values represent the highest
accuracy. Please note that 1-NN means the 1 nearest neighbor and NN means
the neural network.

MMD+NN DDS+NN (DSA)
1-NN SVM NN 1I-NN SVM NN

COIL1vs COIL2 83.33 8194 80.83 982 9564 9777 99.31 98.75 95.69
COIL2 vs COIL1 84.72 82.64 7597 95.69 98.19 95.69 98.33 9778 9431

Tasks 1-NN SVM NN

W-A 38.41 41.68 44.98 42,56 4764 50.51 41.56 45.12 49.7
A-W 43.65 54.72 5748 62.77 64.66 64.15 55.09 64.53 65.03
W-D 96.59 97.79 9598 76.561 9598 97.39 9257 97.79 98.59
D-Ww 87.55 89.94 93.08 9258 9233 93.96 85.79 91.07 94.21
A—-D 54.01 59.64 6245 62.65 6526 63.45 59.64 64.85 67.27
D—-A 37.88 4295 44.3 44.48 4547 4771 40.65 44.55 49.2

PIE1 vs PIE 2 30.82 26.21 2523 3481 345 38.12 45 39.04 44.44
PIE1 vs PIE 3 33.88 28.74 42.89 3732 37.13 43.87 37.93 37.99 4491
PIE1 vs PIE 4 37.73 29.95 258 69 62.06 64.58 74.07 64.16 68.46
PIE1 vs PIE 5 13.11 16.05 16.48 22.18 1942 24.69 29.63 21.14 37.93
PIE2 vs PIE 1 26.05 2154 2131 35.56 39.14 39.05 4094 39.56 41.18
PIE2 vs PIE 3 53.86 35.48 23.53 3585 36.39 39.09 64.46 5098 50.37
PIE2 vs PIE 4 49.71 4995 36.5 5227 52.27 575 58.4 54.88 59.65
PIE2 vs PIE 5 31.07 2347 19 25.67 2249 23.6 36.72 31.25 36.58
PIE3 vs PIE 1 22.69 23.83 20.53 37.64 39.17 45.68 35.65 40.52 46.31
PIE3 vs PIE 2 36.96 345 29.65 36.16 39.47 41.62 5991 46.78 52.12
PIE3 vs PIE 4 46.26 44.61 46.8 5148 58.72 60.65 62.06 64.31 68.91
PIE3 vs PIE 5 20.89 21.81 25.06 29.29 28.86 30.7 33.02 27.63 34.5

PIE4 vs PIE 1 319 3932 43.61 6762 63.75 69.63 7197 6444 68.13
PIE4 vs PIE 2 69.49 59.91 5451 5451 68.02 71.15 67.22 71.88 73.11
PIE4 vs PIE 3 78.49 6281 5453 70.21 70.28 7218 178.61 70.96 75.98
PIE4 vs PIE 5 38.17 41.48 3596 3523 36.09 40.77 39.15 47.79 51.72
PIE5 vs PIE 1 14.2 24.78 2758 35.32 4235 46.61 3739 4394 46.21
PIE5 vs PIE 2 2959 299 2744 3499 3947 4143 56.35 44.63 48.43
PIE5 vs PIE 3 32.41 29.29 28.62 3597 4081 43.26 56.92 53.49 53.93
PIE5 vs PIE 4 26.73 31.72 44.85 3881 4337 50.86 44.15 4896 51.15

Average 44.65 43.81 43.03 5055 52.82 5556 57.19 56.03 59.57

good performance when using DDS to help solve above two problems.
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CHAPTER

MAXIMUM MEAN DISCREPANCY WITH LEARNED
DEEP KERNELS: A NON-PARAMETRIC

TWO-SAMPLE TEST FOR HIGH-DIMENSION DATA

4.1 Introduction

A popular class of non-parametric two-sample tests is based on kernel methods
[Smola and Scholkopf, 2001]: such tests construct a kernel mean embedding
[Berlinet and Thomas-Agnan, 2004; Muandet et al., 2017] for each distribution,
and measure the difference in these embeddings. For any characteristic kernel,
two distributions are the same if and only if their mean embeddings are the
same; the distance between mean embeddings is the maximum mean discrepancy
(MMD) [Gretton et al., 2012]. There are also several closely related methods,

including tests based on checking for differences in mean embeddings evaluated
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at specific locations [Chwialkowski et al., 2015; Jitkrittum et al., 2016] and

kernel Fisher discriminant analysis [Harchaoui et al., 2007]. These tests all work
well for samples from simple distributions when using appropriate kernels.

Problems that we care about, however, often involve distributions with com-
plex structure, where simple kernels will often map distinct distributions to
nearby (and hence hard to distinguish) mean embeddings. Figure 4.1a shows
an example of a multimodal dataset, where the overall modes align but the sub-
mode structure varies differently at each mode. A translation-invariant Gaussian
kernel only “looks at” the data uniformly within each mode (see Figure 4.1b),
requiring many samples to correctly distinguish the two distributions. The dis-
tributions can be distinguished more effectively if we understand the structure
of each mode, as with the more complex kernel illustrated in Figure 4.1c.

To model these complex functions, we adopt a deep kernel approach [Jean
et al., 2018; Li et al., 2017; Sutherland et al., 2017; Wenliang et al., 2019; Wilson

et al., 2016], building a kernel with a deep network. In this chapter, we use

4.1) ko(x,y) =[(1—e)x(p,(x), Ppu(y)) +€lg(x, y),

where the deep neural network ¢, extracts features of samples, and « is a simple
kernel (e.g., a Gaussian) on those features, while g is a simple characteristic
kernel (e.g. Gaussian) on the input space. With an appropriate choice of ¢,
this allows for extremely flexible kernels which can learn complex behavior
very different in different parts of space. This choice is discussed further in
Section 4.5.

These complex kernels, though, cannot feasibly be specified by hand or simple

heuristics, as is typical practice in kernel methods. We select the parameters
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Figure 4.1: Blob dataset (a), with contours of Gaussian kernel (b) and deep kernel
(c) evaluated at 9 locations (contour values are 0.7,0.8 and 0.9). Each distribution
has 9 modes; the central modes have the same shape, but Q has a different
shape at each other mode. A Gaussian kernel (b) compares points isotropically
throughout the space; contours show k(x, ) for each mode u. A deep kernel
(c) learned by our methods compares points differently in different locations,
allowing better identification of differences between P and Q.
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w by maximizing the ratio of the MMD to its variance, which maximizes test

power at large sample sizes. This procedure was proposed by Sutherland et al.
[2017], but we establish for the first time that it gives consistent selection of the
best kernel in the class, whether optimizing our deep kernels with hundreds of
thousands of parameters or simply choosing lengthscales of a Gaussian as did
in Sutherland et al. [2017]. Previously, there were no guarantees this procedure
would yield a kernel which generalized at all from the training set to a test set.

Another way to compare distributions is to train a classifier between them,
and evaluate its accuracy [Lopez-Paz and Oquab, 2017]. We show, perhaps
surprisingly, that our framework encompasses this approach, but deep kernels
allow for more general model classes which can use the data more efficiently.
We also train representations directly to maximize test power, rather than a
cross-entropy surrogate.

We test our method on several simulated and real-world datasets, including
complex synthetic distributions, high-energy physics data, and challenging image
problems. We find convincingly that learned deep kernels outperform simple
shallow methods, and learning by maximizing test power outperforms learning

through a cross-entropy surrogate loss.

4.2 Concepts and Notations

Two-sample test. Let X be a separable metric space — in this chapter, typ-
ically a subset of R? — and P, Q be Borel probability measures on X. We ob-
serve independent identically distributed (i.i.d.) samples Sp = {x;}_, ~P" and

Sg = {yj};.":1 ~ Q™. We wish to know whether Sp and Sg come from the same
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distribution: does P = ?

We use the null hypothesis testing framework, where the null hypothesis
Hj :P =Q is tested against the alternative hypothesis H : P # Q. We perform
a two-sample test in four steps: select a significance level a € [0,1]; compute a
test statistic #(Sp,Sg); compute the p-value p = Pry, (T > ), the probability of
the two-sample test returning a statistic as large as ¢ when Hj is true; finally,

reject Hy if p < a.

Maximum mean discrepancy (MMD). We will base our two-sample test
statistic on an estimate of a distance between distributions. Our metric, the

MMD, is defined in terms of a kernel & giving point-level “similarities” on X.

Definition 4.1 (Gretton et al., 2012). Let k : X x X — R be the kernel of a repro-
ducing kernel Hilbert space H}, with feature maps k(-,x) € Hy. Let X, X' ~P
and Y,Y' ~ Q, and define the kernel mean embeddings up := E[k(-,X)] and
po :=E[k(-,Y)]. Under mild integrability conditions,

MMD(P,Q;Hz):= sup |E[f(X)]1-E[f(Y)]|
FEHNf 3, <1

= ke — polly, = VEIRX, XN +R(Y,Y) - 2k(X,Y)].

For characteristic kernels, up = ug implies P = Q, hence MMD(P,Q; Hy) = 0 if and

only if P =Q.

The first form shows that the MMD is an integral probability metric [Miiller,
1997], along with such popular distances as the Wasserstein and total variation.
There are several natural estimators of the MMD from samples. We will

assume n = m and use the U-statistic estimator, which is unbiased for MMD?
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and has nearly minimal variance among unbiased estimators [Gretton et al.,

2012]:

1
——— ) Hij

(4.2) MMD.(Sp,Sq; k) =
H;j=k(X;,X;))+k(Y,,Y;)-k(X;,Y;)-k(Y;,X;).

The similar mg = %Zi Hij is the squared MMD between the empirical

distributions of Sp and S @.1

Testing with the MMD. It can be shown that under Hy, nl\Tl\ﬁ)i converges

to a distribution depending on P and %k; we thus use this as our test statistic.

Proposition 4.1 (Asymptotics of M@i ). Under the null hypothesis, Hy:P = Q,

we have if Z; ~ N (0, \/52),
nMMD. % ¥ 1,(Z2 - 2);
i

here A; are the eigenvalues of the P-covariance operator of the centered kernel
[Gretton et al., 2012, Theorem 12].
Under the alternative, H1 : P # Q, a standard central limit theorem holds

[Serfling, 1980, Section 5.5.1]:
VA(MMD, - MMD?) £ A(0,0%.)
‘7125{1 := 4 (E[H12H13]1 - E[H121?).

Although it is possible to construct a test based on directly estimating this

null distribution [Gretton et al., 2009], it is both simpler and, if implemented

ncluding k(X;,Y;) terms in mu gives the minimal variance unbiased estimator, and
allows m # n. The U-statistic is more convenient for analysis and for efficient permutations; in

our settings it behaves similarly to the MVUE and m\ﬁ)i
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carefully, faster [Sutherland et al., 2017] to instead use a permutation test. This

general method [Alba Fernandez et al., 2008; Dwass, 1957] observes that under
Hy, the samples from PP and Q are interchangeable; we can therefore estimate
the null distribution of our test statistic by repeatedly re-computing it with the

samples randomly re-assigned to Sp or Sg.

Test power. The main measure of efficacy of a null hypothesis test is its
power: the probability that, for a particular P # Q and n, we correctly reject Hy.
Proposition 4.1 implies, where @ is the standard normal CDF, that

vnMMD? ro)
OH, \/ﬁUH1 ’

Prp, (nl\fMT)i > r) - q)(

we can find the approximate test power by using the rejection threshold, found
via (e.g.) permutation testing, as . We also know via Proposition 4.1 that this r
will converge to a constant, and MMD, oy, are also constants. For reasonably
large n, the power is dominated by the first term, and the kernel yielding the

most powerful test will approximately maximize [Sutherland et al., 2017]

(4.3) J(P,Q;k) := MMD*(P, Q; k)/o g, (P, Q; k).

Selecting a kernel. The criterion J(P,Q;%) depends on the particular P and
Q at hand, and thus we typically will neither be able to choose a kernel a priori,

nor exactly evaluate J given samples. We can, however, estimate it with

MMD. (Sp,Sg;k)
6m,,0(Sp,Sq;k)

(4.4) J1(Sp,Sq;k) =
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~9 . . . 2 . 2
where 6 T isa regularized estimator of o 77, given by

2 2
4 I n 4 [n n
4.5) _SZ(ZHLJ) ——4(2 ZHij) +A.
nei=1\j=1 n

i= i=1;=1

Given Sp and Sg, we could construct a test by choosing k£ to maximize
j/l(Sn:D,S@;k), then using a test statistic based on m(Sp,S@;k). This sample
re-use, however, violates the conditions of Proposition 4.1, and permutation
testing would require repeatedly re-training £ with permuted labels.

Thus we split the data, get k" ~ argmax, J A(SE,S g ;k), then compute the
test statistic and permutation threshold on S%¢, Sg using k£'". This procedure
was proposed for M’I\/IT)i by Sutherland et al. [2017], but the same technique
works for a variety of tests [Gretton et al., 2012; Jitkrittum et al., 2016, 2017;
Lopez-Paz and Oquab, 2017]. Our paper adopts this framework (Section 4.5) and
studies it further.

MMD-GANSs [Binkowski et al., 2018] seek a model Qy to matches a target
P according to a kernel optimized to distinguish the two. For instance, if Qg
is quite far from P, an MMD-GAN requires a “weak” kernel for Qy to find a
path for improvement [Arbel et al., 2018], while our ideal kernel is one which
perfectly distinguishes P and Qy and would likely give no signal for improvement.
Our algorithm, theoretical guarantees, and empirical evaluations thus all differ

significantly from those for MMD-GANSs.

2This estimator, as a V-statistic, is biased even when A = 0 (although this bias is only O(1/N);
see Lemma A.3). Although Sutherland [2019]; Sutherland et al. [2017] give a quadratic-time
estimator unbiased for 0?{1, it is much more complicated to implement and analyze, likely has
higher variance, and (being unbiased) can be negative, especially e.g. when the kernel is poor.
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4.3 Limits of Simple Kernels

We can use the criterion J, of (4.4) even to select parameters among a simple
family, such as the lengthscale of a Gaussian kernel. Doing so on the Blob problem
of Figure 4.1 illustrates the limitations of using MMD with these kernels.

In Figure 4.2¢, we show how the maximal value of J changes as we see more
samples from P and Q, for both a family of Gaussian kernels (green dashed line)
and a family (4.1) of deep kernels (red line). The optimal o is always higher
for the deep kernels; as expected, the empirical test power (Figure 4.2a) is also
higher for deep kernels.

Most simple kernels used for MMD tests, whether the Gaussian we use
here or Laplace, inverse multiquadric, even automatic relevance determination
kernels, are all translation invariant: k(x,y) = k(x — ¢,y — ¢) for any ¢ € R%. (All
kernels used by Sutherland et al. [2017], for instance, were of this type.) Hence
the kernel behaves the same way across space, as in Figure 4.1b. This means
that for distributions whose behavior varies through space, whether because
principal directions change (as in Figure 4.1) so the shape should be different,
or because some regions are much denser than others and so need a smaller
lengthscale [e.g. Wenliang et al., 2019, Figures 1 and 2], any single global choice
is suboptimal.

Kernels which are not translation invariant, such as the deep kernels (4.1)
shown in Figure 4.1c, can adapt to the different shapes necessary in different

areas.
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Figure 4.2: Results on Blob-S and Blob-D given a = 0.05; see Section 4.7 for
details. ny is the number of samples at each mode, so n; = 100 means drawing
900 samples from each of P and Q. We report, when increasing n, (a) average
test power, (b) standard deviation of test power, (c¢) the value of J;, and (d)
average type-I error. (a), (b) and (c) are on Blob-D, and (d) is on Blob-S. Shaded
regions show standard errors for the mean, and the black line shows «a.

4.4 Relationship to Classifier-Based Tests

Another popular method for conducting two-sample tests is to train a classifier
between Sut:,r and Sg , then assess its performance on S%, Sq’i:f. If P =Q, the
classification problem is impossible and performance will be at chance.

The most common performance metric is the accuracy [Lopez-Paz and Oquab,

2017]; this scheme is fairly common among practitioners, and Ramdas et al.
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[2016] showed it to be rate-optimal in one extremely limited setting (linear

discriminant analysis between high-dimensional Gaussians with identical co-
variances). We will call this approach a Classifier Two-Sample Test based on
Sign, C2ST-S. Letting f : X — R output classification scores, the C2ST-S statistic

is acc(Sp,Sq; f) given by

1 1
— ) l(f(Xi)>0)+2— > WY <0).

21 x'csp nY'eSq
Let ace(P,Q; f) := %Pr(f(X) >0)+ %Pr(f(Y) < 0); acc is unbiased for acc and has
a simple asymptotically normal null distribution.
Although it is perhaps not immediately obvious this is the case, C2ST-S is

almost a special case of the MMD. Let

S) 1
(4.6) ke (x,y) = 1 1(f(x) > 0) L(f (y) > 0).
A C2ST-S with f is equivalent to an MMD test with k;S):
Proposition 4.2. It holds that

MMD(®, Q; &) =

1
acc(l]m,@,f)—é’

VTS N
MMD,(Sp, Sg; k%) =

1
aE(Se, Soi f) - 5‘.

Proof. The mean embedding up under k;s) is simply % EL(f(X)>0)= %Pr( f(X)>

0), so the MMD is
1 1
5| Pr(Fx)> 00— Pr(r(v) > 0)] = | ace(®,Q; /) - 5|
Moreover, acc is acc on empirical distributions. [ |

The C2ST-S, however, selects f to maximize cross-entropy (approximately max-

imizing acc), while we maximize Jy (4.4). Although k;S) is not differentiable,
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maximizing (4.3) would exactly maximize acc and hence maximize test power

[Lopez-Paz and Oquab, 2017, Theorem 1].

Accessing f only through its sign allows for a simple null distribution, but it
ignores f’s measure of confidence: a highly confident output extremely far from
the decision boundary is treated the same as a very uncertain one lying in an
area of high overlap between P and Y, dramatically increasing the variance of

the statistic. A scheme we call C2ST-L instead tests difference in means of f on

P and Q [Cheng and Cloninger, 2019]. Let

(4.7) FP @3 = FEF ().
A C2ST-L is equivalent to an MMD test with kch):

Proposition 4.3. It holds that

MMD(P,@;k;D) = |[Ef(X)-Ef(Y)

I 1 1
MMD(Sp,So;ky ) =|= Y. f(X)-= Y f¥).
" x,eSp nyeSo

Proof. This kernel’s feature map is k(;“)(x, )= f(x). [ ]

Now maximizing accuracy (or a cross-entropy proxy) no longer directly maximizes
power. This kernel is differentiable, so we can directly compare the merits of
maximizing (4.4) to maximizing cross-entropy; we will see in Section 4.7.2 that
our more direct approach is empirically superior.

Compared to using k;[‘), however, Section 4.7.2 shows that learned MMD
tests also obtain better performance using kernels like (4.1). This is analogous to
a similar phenomenon observed in other problems by Binkowski et al. [2018] and

Wenliang et al. [2019]: C2STs learn a full discriminator function on the training
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set, and then apply only that function to the test set. Learning a deep kernel like

(4.1) corresponds to learning only a powerful representation on the training set,
and then still learning f itself from the test set — in a closed form that makes
permutation testing simple.

One advantage of classifier-based methods is that they have computational
cost linear in the sample size, rather than quadratic as for MMD. This problem,
though, is less severe than it might appear: on a mini-batch we would use on a
GPU anyway, the (quadratic) cost of J; given ¢ is typically trivial compared to
the (linear) cost of computing featurizations. Estimating the MMD with mini-
batches corresponds to the block estimator approach of Zaremba et al. [2013]. In
our experiments (Section 4.7), there is very little difference in the runtime of our

methods from C2STs.

4.5 Learning Deep Kernels

Choice of kernel architecture Most previous work on deep kernels has
used a kernel « directly on the output of a featurization network ¢,,, &, (x,y) =
k(¢ (x), Py (). This is certainly also an option for us. Any such %, however, is
characteristic if and only if ¢, is injective. If we select our kernel well, this is
not really a concern.? Even so, it would be reassuring to know that, even if the
optimization goes awry, the resulting test will still be at least consistent. More
importantly, it can be helpful in optimization to add a “safeguard” preventing the

learned kernel from considering extremely far-away inputs as too similar. We

3A characteristic kernel on top of even ¢, (x) = o' x with a random w will be almost surely

consistent [Heller and Heller, 2016], and in general the existence of even one good ¢, for
a particular P, Q pair is enough that a perfect optimizer would be able to distinguish the
distributions [Arbel et al., 2018, Proposition 1].
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can achieve these goals with the form (4.1), repeated here for reference:

ko(x,y) =[(1-e)x(Py(x),Ppu(y)) +€lg(x,y).

Here ¢, is a deep network (with parameters w) that extracts features, and «
is a kernel on those features; we use a Gaussian with lengthscale o, x(a,b) =

exp (—ﬁ la—b ||2). We choose 0 <e <1 and g a Gaussian with lengthscale o.

Proposition 4.4. Let k, be of the form (4.1) with € > 0 and q characteristic. Then

ky is characteristic.

Learning the deep kernel The kernel optimization and testing procedure
is summarized in Algorithm 4.1. For larger datasets, or when n # m, we use
minibatches in the training procedure; for smaller datasets, we use full batches.
We use the Adam optimizer [Kingma and Ba, 2015]. Note that the parameters ¢,
04, and o4 are included in w, all parameterized in log-space (i.e. we optimize €'

where € = exp(¢')).

4.6 Theoretical Analysis

We now show that optimizing the regularized test power criterion based on a
finite number of samples works: as n increases, our estimates converge uniformly
over a ball in parameter space, and therefore if there is a unique best kernel,
we converge to it. Sutherland et al. [2017] gave no such guarantees; this result
allows us to trust that, at least for reasonably large n and if our optimization
process succeeds, we will find a kernel that generalizes nearly optimally rather

than just overfitting to S¥.
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Algorithm 4.1 Testing with a learned deep kernel
1: Input: Sp, Sg, various hyperparameters used below;
2: Initialize w — wo; A — 1078;

3: Split the data as Sp =S5 USE and Sg = Sg USg;

# Phase 1: train the kernel parameters w on S Ht{ and Sg
forT=1,2,...,Tha do

4: Fetch X — mini-batch from S [fj,r ;
5: Fetch Y — mini-batch from S gf ;
6: Update %, — kernel function with parameters w; /l As in (4.1)
7: Compute M(w) — MMD- (X, Y ;k,); /| Using (4.2)
8: Compute Vy(w) — 6H1’/1(X,Y;kw); // Using (4.5)
9: Compute J)(0) — M(w)/y/Vi(0); / As in (4.4)
10: Update v — w+ nVAdamJ,l(w); /l Maximize J1(w)
end

# Phase 2: permutation test with k., on S['ff and Sg
11: Compute est — mi(sg,sg;kw)

fori=1,2,...,nperm do
12: Shuffle iy U Sa@ into X and Y

13: Compute perm; — I\T@i(X,Y;kw)
end

1 anerm

14: Output: %, est, p-value o1 L(perm; = est).

Nperm

Theorem 4.1 ([Liu et al., 2020a]). Take k, as in Section 4.5, with ¢, a fully-
connected ReLU network with A layers and D total parameters. Let () be a set
of kernel parameters for which U%{l([@,@;kw) > s2 > 0, and the operator norms of
each weight matrix and Lo norms of each bias vector are at most Rq. Suppose

each x € X has |x|| < Rx. Take A =n~Y3. Then, using Op to suppress logarithmic

factors,
J 7 1 _Rx+1
sup|JA(SP,S@;kw)—J(P,@;kw)|:(’)P(m L, Vb+arA1Ex )
weQ) s2n s Ud,

If there is a unique best kernel w*, the maximizer of J), converges in probability

to w* as n — oo.

A more general version of the result, including explicit constants and detailed
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assumptions, is in Appendix A.2. Our main results (Theorem A.2 and Corol-

lary A.2) allow for any kernel which changes smoothly with its parameterization
in a Banach space, based on uniform convergence of the MMD and variance
estimators using an e-net argument.

Proposition A.4 establishes the result above for deep kernels.* Our results
also apply to other kernel learning settings: Proposition A.3 gives the rate
Op (3_2 n B 1+ R X)) for choosing the lengthscale of a single Gaussian, while
Proposition A.5 gives the rate Op (s‘z n B 1+vD )) for learning a linear com-
bination of D fixed base kernels.

The dependence on s is somewhat unfortunate, but the ratio structure of /
means that otherwise, errors in very small variances can hurt us arbitrarily.
Despite this, “near-perfect” kernels (with reasonably large MMD and very small
variance) will likely still be chosen as the maximizer of the regularized criterion,
even if we do not estimate the (extremely large) ratio accurately. Likewise, near-
constant kernels (with very small variance but still small /) will generally have
their J underestimated, and so are unlikely to be selected when a better kernel
is available. The eq component in (4.1) may also help avoid extremely small
variances.

Given N data points, this result also gives insight into how many we should
use to train the kernel and how many to test. With perfect optimization, Corol-
lary A.4 shows a bound on the asymptotic power of the test is maximized by

3
training on © ((N V01ogN ) 4) points, and testing on the remainder.

4Although Theorem 4.1 is for fully-connected networks, Remark A.2 establishes the same
result for convolutional networks. Arbitrary Lipschitz activations also work as long as g(0) = 0.
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Figure 4.3: Results on HDGM-S and HDGM-D for a = 0.05 (black line). Left:
average test power (a) and Type I error (b) when increasing the number of
samples N, keeping d = 10. Right: average test power (c) and Type I error
(d) when increasing the dimension d, keeping N =4000. Shaded regions show
standard errors for the mean.

4.7 Experimental Results

In this section, we compare our method with several baselines on two simulated
and three real-world datasets, including complex synthetic distributions, high-

energy physics data, and challenging image data.

4.7.1 Comparison on Benchmark Datasets

Baselines. We compare the following tests in this chapter:
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MMD-D: MMD with a deep kernel; our method described in Section 4.5.

MMD-O: MMD with a Gaussian kernel whose lengthscale is optimized as

in Section 4.5. This gives better results than standard heuristics.

Mean embedding (ME): a state-of-the-art test [Chwialkowski et al., 2015;
Jitkrittum et al., 2016] based on differences in Gaussian kernel mean

embeddings at a set of optimized points.

Smooth characteristic functions (SCF): a state-of-the-art test [Chwialkowski
et al., 2015; Jitkrittum et al., 2016] based on differences in Gaussian mean

embeddings at a set of optimized frequencies.

Classifier two-sample tests, including C2STS-S [Lopez-Paz and Oquab,
2017] and C2ST-L [Cheng and Cloninger, 2019] as described in Section 4.4.

We set the test thresholds via permutation for both.

All of these tests are evaluated on five datasets: Blob, HDGM, Higgs, MNIST

and CIFAR-10, where HDGM, Higgs, MNIST and CIFAR-10 are high-dimension

datasets.

Evaluation Procedures. For synthetic datasets, we take a single sample set

for S[ﬁ,’ and S g and learn a kernel/test locations/etc once for each method on

that training set. We then evaluate its rejection rate on 100 new sample sets

S Utf, Sg from the same distribution. For real datasets, we select a subset of the

available data for S [’f{ and S g and train on that; we then evaluate on 100 random

subsets, disjoint from the training set, of the remaining data. We repeat this full

process 10 times, and report the mean rejection rate of each test. Table 4.8 shows

significance tests.
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Configurations. We implement all methods on Python 3.7 (Pytorch 1.1) with

a NIVIDIA Titan V GPU. We run ME and SCF using the official code [Jitkrittum
et al., 2016], and implement C2ST-S, C2ST-L,, MMD-D and MMD-O by ourselves.
We use permutation test to compute p-values of C2ST-S and C2ST-L, MMD-D,
MMD-O and tests in Table 4.7. Following Sutherland et al. [2017], we set a = 0.05
for all experiments. Following Lopez-Paz and Oquab [2017], we use a deep neural
network F' as the classifier in C2ST-S and C2ST-L, and train the F' by minimizing
cross entropy. To fairly compare MMD-D with C2ST-S and C2ST-L, the network
¢» in MMD-D has the same architecture with feature extractor in F. Namely,
F = go¢,, where g is a two-layer fully-connected network. The network g is
a simple binary classifier that takes extracted features (through ¢,) as input.
For test methods shown in Table 4.7, the network ¢,, in them also has the same
architecture with that in MMD-D.

For Blob, HDGM and Higgs, ¢,, is a five-layer fully-connected neural network.
The number of neurons in hidden and output layers of ¢, are set to 50 for Blob,
3 x d for HDGM and 20 for Higgs, where d is the dimension of samples. These
neurons are with softplus activation function, i.e., log(1 + exp(x)). For MNIST
and CIFAR, ¢,, is a convolutional neural network (CNN) that contains four con-
volutional layers and one fully-connected layer. The structure of the CNN follows
the structure of the feature extractor in the discriminator of DCGAN [Radford
et al., 2016] (see Figures 4.4 and 4.6 for the structure of ¢, in MMD-D, and
Figures 4.5 and 4.7 for the structure of classifier F' in C2ST-S and C2ST-L). The
link of DCGAN code is https://github.com/eriklindernoren/PyTorch-GAN/
blob/master/implementations/dcgan/dcgan.py.

We use Adam optimizer [Kingma and Ba, 2015] to optimize 1) parameters of F
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Figure 4.4: The structure of ¢, in MMD-D on MNIST. The kernel size of each
convolutional layer is 3; stride (S) is set to 2; padding (P) is set to 1. We do not
use dropout. Best viewed zoomed in.
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Figure 4.5: The structure of classifier F in C2ST-S and C2ST-L. on MNIST. The
kernel size of each convolutional layer is 3; stride (S) is set to 2; padding (P) is set
to 1. We do not use dropout. In the first layer, we will convert the CIFAR images
from 32 x 32 x 3 to 64 x 64 x 3. Best viewed zoomed in.
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Figure 4.6: The structure of ¢, in MMD-D on CIFAR. The kernel size of each
convolutional layer is 3; stride (S) is set to 2; padding (P) is set to 1. We do not
use dropout in all layers. In the first layer, we will convert the CIFAR images
from 32 x 32 x 3 to 64 x 64 x 3. Best viewed zoomed in.

3x3x16; conv: 3x3x32; Batcl conv: 3x3x64; Batch
S= 1 N

h
—»| Norm |—>

3 conv: 3x3x128; Batch FC 2048
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Figure 4.7: The structure of classifier F in C2ST-S and C2ST-L on CIFAR. The
kernel size of each convolutional layer is 3; stride (S) is set to 2; padding (P) is
set to 1. We do not use dropout. Best viewed zoomed in.

in C2ST-S and C2ST-L, 2) parameters of ¢, in MMD-D and 3) kernel lengthscale
in MMD-O. We set drop-out rate to zero when training C2ST-S, C2ST-L and

MMD-D on all datasets.

Parameters Settings. Except for learning rate of Adam optimizer, we use
default parameters of Adam optimizer provided by Pytorch. We use one validation
set (with the same size of training set) to roughly search these parameters. Using
these parameters, we compute test power of each test method on 100 test sets

(with the same size of training set).
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For ME and SCF, we follow Chwialkowski et al. [2015] and set J = 10 for

Higgs. For other datasets, we set J = 5.

For C2ST-S and C2ST-L, we set batchsize to min{2 x ny,128)} for Blob, 128
for HDGM and Higgs, and 100 for MNIST and CIFAR. We set the number of
epochs to 500 x 18 x ny/batchsize for Blob, 1,000 for HDGM, Higgs and CIFAR,
and 2,000 for MNIST. We set learning rate to 0.001 for Blob, HDGM and Higgs,
and 0.0002 for MNIST and CIFAR (following Radford et al. [2016]).

For MMD-O, we use full batch (i.e., all samples) to train MMD-O. we set the
number of epochs to 1,000 for Blob, HDGM, Higgs and CIFAR, and 2,000 for
MNIST. We set learning rate to 0.0005 for Blob, MNIST and CIFAR, and 0.001
for HDGM.

For MMD-D, we use full batch (i.e., all samples) to train MMD-D with samples
from Blob, HDGM and Higgs. We use mini-batch (batchsize is 100) to train MMD-
D with samples from MNIST and CIFAR. We set the number of epochs to 1,000
for Blob, HDGM, Higgs and CIFAR, and 2,000 for MNIST. We set learning rate
to 0.0005 for Blob and Higgs, 1075 for HDGM, 0.001 for MNIST and 0.0002 for
and CIFAR (following Radford et al. [2016]).

Blob dataset. Blob-D is the dataset shown in Figure 4.1; Blob-S has Q also
equal to the distribution shown in Figure 4.1a, so that the null hypothesis holds.
Details are given in Table 4.1. Results are shown in Figure 4.2. MMD-D and
C2ST-L are the clear winners in power, with MMD-D better in the higher-sample
regime, and MMD-D is more reliable than C2STs. Figure 4.2c shows that /
is higher for MMD-D than MMD-O, in addition to the actual test power being

better, as discussed in Section 4.3. All methods have expected Type I error rates.
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Table 4.1: Specifications of P and @ of synthetic datasets. ull’ = [0,0], ,ug =
[o, 11, ub = 10,2],...,u% = [2,1],u§ = [2,2] (same with Figure 4.1a). u? = 04,
,u2 0.5x 14, I; is an identity matrix with size d. Ab —-0.02-0.002 x (i —1) if
i <5and A® =0.02+0.002 x (i —6) if i > 5. if i =5, A? = 0 (same with Figure 4.1a).
A’ll and Ah are set to 0.5 and —0.5, respectively.

Datasets P Q

Blob-S YO, IN(u0,0.03x15) Y9 IN(u?,0.03x15)

0.03 A®?
1
Blob-D ¥ sN(ub,0.03x13) ¥9_ 19/\/( Ab 0.63])
HDGM-S Zl 12-/\/'(” Id) Zl 12,/\/(,“ Id)
1 A" 0
HDGM-D Y7  sN(ut1q) i N | ulk %ﬁl 1 04,
0,5 055 la-2

Table 4.2: Higgs (a = 0.05): average test power+standard error for N samples.
Bold represents the highest mean per row.

N ‘ ME SCF C2S8T-S C2ST-L MMD-O MMD-D
1000 | 0.120+0.007 0.095+0.022 0.082+0.015 0.097+0.014 0.132+0.005 0.113+0.013
2000 | 0.165+0.019 0.130+0.026 0.183+0.032 0.232+0.017 0.291+0.012 0.304+0.035
3000 | 0.197+0.012 0.142+0.025 0.257+0.049 0.399+0.058 0.376+0.022 0.403+0.050
5000 | 0.410+0.041 0.261+0.044 0.592+0.037 0.447+0.045 0.659+0.018 0.699+0.047
8000 | 0.691+0.067 0.467+0.038 0.892+0.029 0.878+0.020 0.923+0.013 0.952+0.024

10000 | 0.786+0.041 0.603+£0.066 0.974+0.007 0.985+0.005 1.000+0.000 1.000+0.000
Avg. ‘ 0.395 0.283 0.497 0.506 0.564 0.579

High-dimensional Gaussian mixtures. Here we study bimodal Gaussian
mixtures in increasing dimension. Each distribution has two Gaussian compo-
nents; in HDGM-S, P and Q are the same, while in HDGM-D, P and Q differ
in the covariance of a single dimension pair but are otherwise the same. We
consider both increasing N while keeping d = 10 and increasing d while keeping

N =4000, with results shown in Figure 4.3. Again, MMD-D has generally the

best test power across a range of problem settings, with reasonable type I error.
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Table 4.3: Results on Higgs (a = 0.05). We report average Type I error on Higgs
dataset when increasing number of samples (N). Note that, in Higgs, we have
two types of Type I errors: 1) Type I error when two samples drawn from P (no
Higgs bosons) and 2) Type I error when two samples drawn from Q (having Higgs
bosons). Type I reported here is the average value of 1) and 2). Since Type I error
reported here is the average value of two average Type I errors, we do not report
standard errors of the average Type I error in this table.

N ‘ ME SCF C2ST-S C2ST-L MMD-O MMD-D
1000 | 0.048 0.040 0.043 0.048 0.059 0.037
2000 | 0.043 0.032 0.060 0.056 0.055 0.053
3000 | 0.049 0.043 0.046 0.053 0.051 0.069
5000 | 0.056 0.035 0.052 0.065 0.049 0.062
8000 | 0.050 0.034 0.065 0.067 0.056 0.037
10000 | 0.059 0.032  0.057 0.058 0.045 0.048
Avg. ‘ 0.051 0.036 0.054 0.058 0.050 0.051

Table 4.4: MNIST (a = 0.05): average test powerxstandard error for comparing
N real images to N DCGAN samples.

N |

ME

SCF

C2S8T-S

C2ST-L

MMD-O

MMD-D

200
400
600
800
1000

0.414+0.050
0.921+0.032
1.000+0.000
1.000+0.000
1.000+0.000

0.107+0.018
0.152+0.021
0.294+0.008
0.317+0.017
0.346+0.019

0.193+0.037
0.646+0.039
1.000+0.000
1.000+0.000
1.000+0.000

0.234+0.031
0.706+0.047
0.977+0.012
1.000+0.000
1.000+0.000

0.188+0.010
0.363+0.017
0.619+0.021
0.797+0.015
0.894+0.016

0.555+0.044
0.996+0.004
1.000+0.000
1.000+0.000
1.000+0.000

Avg. ‘

0.867

0.243

0.768

0.783

0.572

0.910

Table 4.5: Results on MNIST given a = 0.05. We report average Type I
error+standard errors on real-MNIST vs. real-MNIST when increasing number
of samples (N).

N | ME SCF C2ST-S C2STL  MMD-O  MMD-D
200 | 0.076x0.011 0.075:0.010 0.035:0.006 0.045:0.005 0.068:0.004 0.056+0.003
400 | 0.062:0.010 0.056+0.007 0.044:0.006 0.040+0.004 0.053+0.005 0.056:+0.005
600 | 0.051:0.003 0.049:0.009 0.039+0.005 0.054:0.007 0.066+0.008 0.056+0.008
800 | 0.054+0.006 0.046:0.006 0.043+0.005 0.042:0.007 0.051+0.005 0.054:0.007
1000 | 0.047+0.006 0.045:0.010 0.038+0.006 0.046:0.005 0.041+0.007 0.0620.006
Avg. | 0.058 0.054 0.040 0.045 0.056 0.057
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Higgs dataset [Baldi et al., 2014]. We compare the jet ¢-momenta distri-

bution (d = 4) of the background process, P, which lacks Higgs bosons, to the
corresponding distribution @ for the process that produces Higgs bosons, fol-
lowing Chwialkowski et al. [2015]. Higgs dataset can be downloaded from UCI
Machine Learning Repository. The link is https://archive.ics.uci.edu/ml/
datasets/HIGGS. As discussed in these previous works, ¢»-momenta carry very
little discriminating information for recognizing whether Higgs bosons were
produced. We consider a series of tests with increased number of samples N.
We report average test power (comparing P to Q) in Table 4.2, and average
type-I error (comparing P to P or Q to Q) in Table 4.3. As before, MMD-D generally
performs the best; although the improvement over MMD-O here is not dramatic,
MMD-D does notably outperform C2ST. All methods maintain reasonable Type I

errors.

MNIST generative model. The MNIST dataset contains 70000 handwritten
digit images [LeCun et al., 1998]. We compare true MNIST data samples P to
samples Q from a pretrained deep convolutional generative adversarial network
(DCGAN) [Radford et al., 2016]. MNIST dataset can be downloaded via Pytorch.
See the code in https://github.com/eriklindernoren/PyTorch-GAN/blob/
master/implementations/dcgan/dcgan.py.

We consider tests for increasing numbers of samples N, and report average
test power (for ® to Q) in Table 4.4 and average Type I error (P to ) in Table 4.5.
MMD-D substantially outperforms its competitors in test power, with the desired
Type I error. ME also does well in this case: it is perhaps particularly suited

to this problem, since it is capable of identifying either modes dropped by the
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generative model or spurious modes it inserts.

CIFAR-10 vs CIFAR-10.1. CIFAR-10.1 [Recht et al., 2019] is an attempt
to collect a new test set for the very popular CIFAR-10 image classification
dataset [Krizhevsky, 2009]. CIFAR-10.1 is available from https://github.com/
modestyachts/CIFAR-10.1/tree/master/datasets®. This new testing set con-
tains 2,031 images from TinyImages [Torralba et al., 2008]. Normally, when
evaluating a supervised model, we consider the test set an independent sample
from the training distribution, ideally never-before-seen by the training algo-
rithm. But modern computer vision model architectures and training procedures
have been developed based on repeatedly evaluating on the CIFAR-10 test set (P),
so it is possible that current models themselves are dependent on P. CIFAR-10.1
(Q) is an attempt at an independent sample from this distribution, collected after
the models were trained, so that they are truly independent of Q. These models
do obtain substantially lower accuracies on Q than on [P — but this drop is surpris-
ingly consistent across models, which seems unlikely to be due to the expected
overfitting. The main potential explanation proposed by Recht et al. [2019] is
dataset shift, but their attempt (in their Appendix C.2.8) at what amounts to a
C2ST-S did not reject H,.5

We train on 1000 images from each dataset and test on 1031, so that we use
the entirety of CIFAR-10.1 each time, and average over ten repetitions. These
tests provide strong evidence (Table 4.6) that images in the CIFAR-10.1 test

set are statistically different from the CIFAR-10 test set, with MMD-D again

5

we use cifar10.1_v4_data.npy.

6 Assuming pretrained classifiers are independent of I°, Figure 1 of Recht et al. [2019] indicates
that the joint (images, labels) distribution certainly differs between CIFAR-10 and CIFAR-10.1.
We test here whether the marginal image distribution differs.
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Table 4.6: CIFAR-10.1 (a = 0.05): mean rejection rates.

ME SCF  C2ST-S C2ST-L. MMD-O MMD-D
0.588 0.171 0.452 0.529 0.316 0.744

strongest and ME still performing well. In [Recht et al., 2019], they also provide
a new ImageNetV2 test set for the ImageNet dataset, with similar properties;

we defer this more challenging problem to future work.

4.7.2 Ablation Study

We now study in more detail the difference between MMD-D and closely related
methods. Recall from Section 4.4 that there are two main differences between
MMD-D and C2STs: first, using a “full” kernel (4.1) rather than the sign-based
kernel (4.6) or the intermediate linear kernel (4.7). Second, training to maximize
J, (4.4) rather than a cross-entry surrogate. MMD-D uses a full kernel (4.1)
trained for test power; C2ST-S effectively uses the sign kernel (4.6) trained for
cross entropy.

In this section, we consider the performance of several intermediate models
empirically, demonstrating that both factors help in testing. All are based on the
same feature extraction architecture ¢, ; some models add a classification layer

with new parameters w and b,
fu®) =W Py(x)+,

which is treated as outputting classification logits. The model variants we con-
sider are
S A kernel 1(f,(x)> 0)1(f,(y) > 0); corresponds to a test statistic of the accuracy

of f (Proposition 4.2).
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L A kernel f,,(x)f,(y); corresponds to a test statistic comparing the mean value

of f (Proposition 4.3).

G A Gaussian kernel (¢ (x), pu(¥)).

D The deep kernel (4.1) based on ¢,,.

We combine these model variants with a suffix describing the optimization

objective:

J Choose w, including possibly w and b, to optimize the approximate test power
(4.4).

M Choose w, including possibly w and b, to maximize the value of the empirical
MMD between two samples.”

C Choose w, including w and b, to optimize cross-entropy using the classifier
that specifies the probability of x belonging to I’ as 1/(1 + exp(—f,(x))).8

Table 4.7 presents results for all of these methods (except for S+J, which
is non-differentiable and hence difficult to optimize). Performance generally

improves as we move from S to L to G to D, and from C to J.

4.7.3 Interpretability on CIFAR-10 vs CIFAR-10.1

In Section 4.7.1, we have shown that images in CIFAR-10 and CIFAR-10.1 are
not from the same distribution. Thus, it is interesting to try to understand the
major difference between the datasets. Mean Embedding tests [Chwialkowski

et al., 2015] compare the mean embeddings up and ug at test locations v1,...,vr,

"If a deep kernel is unbounded, directly maximizing MMD will make optimized para-
meters of ¢, be infinite. Thus, for L+M, we consider a normalized linear deep kernel:
tanh(f,(x)/|Slp)tanh(f,(y)/ISllr), where S = [Sp;Sgl and | - |F is the Frobenius norm.

8G+C and D+C take the fixed ¢, embeddings, then find the optimal lengthscale/etc by
optimizing Jy.
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Table 4.7: Mean test power on Blob (ny, =40), HDGM (N =4000,d = 10), Higgs

(N =3000) and MNIST (N =400) for a = 0.05. See Section 4.7.2 for the naming

scheme; S+C corresponds to C2ST-S, L+C to C2ST-L, and D+J to MMD-D. L+M
is the method proposed by Kirchler et al. [2019].

S+C L+C G+C D+C L+M G+M D+M L+d G+d D+dJ

Blob 0.835 0.942 0.901 0900 0.851 0.960 0.906 0.952 0.966 0.985
HDGM 0472 0.585 0.287 0.302 0.494 0.223 0.539 0.635 0.604 0.659
Higgs 0.257 0.399 0.353 0.384 0.321 0.254 0.379 0.295 0.364 0.403
MNIST 0.646 0.706 0.784 0.803 0.845 0.680 0.760 0.935 0.976 0.996

Avg. 0.553 0.658 0.681 0.597 0.628 0.529 0.646 0.704 0.727 0.761

Table 4.8: Paired t-test results (a = 0.05) for the results of Section 4.7.1. For
HDGM, we fix d = 10 (corresponding to Figure 4.3a). v/ indicates MMD-D
achieved statistically significantly higher mean test power than the other method,
x that it did not.

Dataset ‘ ME SCF C2ST-S C2ST-L. MMD-O

Blob v v v X X
HDGM v v v v v
Higgs N v v X x
MNIST | v v v v v

rather than through their overall norm. The test statistic is

(2; =2 )zi — 2)7,

1
Sn:—

n
1=

where

A

1. _ 12
A:ng;';s lzn, zi:(k(xi,vj)—k(yi,vj))leEIRL, zn:;Zzi;
i=1

the asymptotic null distribution of A is )(%, and the estimator is computable in
linear time rather than MMDy/’s quadratic time.

In Jitkrittum et al. [2017], they jointly learn the parameters v; and kernel
parameters to optimize test power. The best such test locations (L = 1) for a
Gaussian kernel (with learned bandwidth) are shown in Figure 4.8. We could

also try optimizing a deep kernel (4.1) and the test locations together; this
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Figure 4.8: The best test locations (learned by an ME test with L = 1) from 10
experiments on CIFAR-10 vs CIFAR-10.1. Average rejection rate is 0.415.

procedure, however, failed to find a useful test. We can find a better test, though,
with a two-stage scheme: first, learn a deep kernel to maximize J), then choose
v; to maximize A with that kernel fixed. Results are shown in Figure 4.9.
Although these approaches give nontrivial test power, it is hard to interpret
either set of images, as the test locations have moved far outside the set of
natural images. We can instead constrain v; € Sp USgq, simply picking the single
point from the dataset which maximizes A (shown in Figure 4.10). This achieves
similar test power, but lets us see that the difference might lie in images with

smaller objects of interest than the mean for CIFAR-10.

4.8 Summary

The test power of MMD is limited by simple kernels (e.g., Gaussian kernel) when
facing complex-structured distributions, but we can address this problem by
proposing richer deep kernels. This chapter shows that optimizing the parameters

of these kernels to maximize the test power, as proposed by Sutherland et al.
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Figure 4.9: The best test locations (learned by an ME test, L = 1, with a deep
kernel optimized for an MMD test) from 10 experiments on CIFAR-10 vs CIFAR-
10.1. Average rejection rate is 0.637.

Figure 4.10: The best test locations (selected among existing images with our
learned deep kernel, L = 1) from 10 experiments on CIFAR-10 vs CIFAR-10.1.
Average rejection rate is 0.653.

[2017], outperforms state-of-the-art alternatives even when considering large,
deep kernels with hundreds of thousands of parameters, rather than the simple
shallow kernels they considered. This chapter provides theoretical guarantees
that this process is reasonable to conduct on finite samples, and asymptotically
selects the most powerful kernel. This chapter also gives deeper insight into the
relationship between this approach and classifier two-sample tests [Lopez-Paz

and Oquab, 2017], explaining why this approach outperforms that one.
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CHAPTER

BUTTERFLY: A ONE-STEP APPROACH TOWARDS

WILDLY UNSUPERVISED DOMAIN ADAPTATION

5.1 Introduction

The homogeneous unsupervised domain adaptation (HoUDA) methods train with
clean labeled data in source domain (i.e., clean source data) and unlabeled data
in target domain (i.e., unlabeled target data) to obtain classifiers for the target
domain (TD), which mainly consist of three orthogonal techniques: integral
probability metrics IPM) [Yu et al., 20171, adversarial training [Gong et al.,
2018; Saito et al., 2018] and pseudo labeling [Saito et al., 2017]. Compared to
IPM- and adversarial-training-based methods, the pseudo-labeling-based method
(i.e., asymmetric tri-training domain adaptation (ATDA) [Saito et al., 2017])
can construct a high-quality target-specific representation, providing a better

classification performance.
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One-step approach: Butterfly
( Label corruption
%
{

o,

Figure 5.1: Wildly unsupervised domain adaptation (WUDA). The blue line de-
notes that HOUDA transfers knowledge from clean source data (Pg) to unlabeled
target data (P,,). However, perfectly clean data is hard to acquire. This brings
wildly unsupervised domain adaptation (WUDA), namely transferring knowl-
edge from noisy source data (P,) to unlabeled target data (Py,). Note that label
corruption process (black dash line) is unknown in practice. To handle WUDA,
a compromise solution is a two-step approach (green line), which sequentially
combines label-noise algorithms (P, — Pq, label correction) and existing HoUDA
Py — P,,). This chapter proposes a robust one-step approach called Butterfly
(red line, P, — P,, directly), which eliminates noise effects from p..

However, in the wild, the data volume of source domain tends to be large
[Tan et al., 2014]. To avoid the expensive labeling cost, labeled data in source
domain normally come from amateur annotators or the Internet [Lee et al., 2018;
Schroff et al., 2011; Tommasi and Tuytelaars, 2014]. This brings us a new, more
realistic and more challenging problem, wildly unsupervised domain adaptation
(abbreviated as WUDA, Figure 5.1). This adaptation aims to transfer knowledge
from noisy labeled data in source domain (P, i.e., noisy source data) to unlabeled
target data (P,,). Unfortunately, existing HOUDA methods share an implicit
assumption that there are no noisy source data [Shu et al., 2019; Yu et al., 2017].
Namely, these methods focus on transferring knowledge from clean source data

(Ps) to unlabeled target data (P,,). Therefore, these methods cannot well handle
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Figure 5.2: WUDA ruins representative HoUDA methods. Representative
HoUDA methods includes deep adaptation network (DAN, a IPM based method
[Long et al., 2015]), domain-adversarial neural network (DANN, a adversarial
training based method [Ganin et al., 2016al), asymmetric tri-training domain
adaptation (ATDA, a pseudo-label based method [Saito et al., 2017]) and trans-
ferable curriculum learning (TCL, a robust HOUDA method [Shu et al., 2019]).
B-Net is our proposed WUDA method. We report target-domain accuracy of
all methods when the noise rate of source domain changes (a) from 5% to 70%
(symmetry-flip noise) and (b) from 5% to 45% (pair-flip noise). Clearly, when the
noise rate of source domain increases, target-domain accuracy of representative
HoUDA methods drops quickly while that of B-Net keeps stable consistently.
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WUDA.

To validate this fact, we empirically reveal the deficiency of existing HoUDA
methods (Figure 5.2, e.g., deep adaptation network (DAN) [Long et al., 2015] and
domain-adversarial neural network (DANN) [Ganin et al., 2016a]). To improve
these methods, a straightforward solution is a two-step approach (shown in
Figure 5.1). Namely, we can first use label-noise algorithms to train a classifier
on noisy source data, then leverage this trained classifier to assign pseudo labels
for noisy source data. Via HoUDA methods, we can transfer knowledge from
pseudo-labeled source data (P,) to unlabeled target data (P,,). Nonetheless,
pseudo-labeled source data are still noisy, and such two-step approach may not
eliminate noise effects.

To circumvent the issue of the two-step approach (see green lines in Fig-
ure 5.1), we present a robust one-step approach called Butterfly. In high level,
Butterfly directly transfers knowledge from P, to P,,, and uses the transferred
knowledge to construct target-specific representations. In low level, Butterfly
maintains four networks dividing two branches (Figure 5.3): Two networks in
Branch-I are jointly trained on noisy source data and pseudo-labeled target data
(data in mixture domain (MD)); while two networks in Branch-II are trained on
pseudo-labeled target data. Our ablation study (see Section 5.7.8) confirms the
network design of Butterfly (see Section 5.3) is the optimal.

The reason why Butterfly can be robust takes root in the dual-checking
principle (DCP): Butterfly checks high-correctness data out, from not only the
data in MD but also the pseudo-labeled target data. After cross-propagating
these high-correctness data, Butterfly can obtain high-quality domain-invariant

representations (DIR) and target-specific representations (TSR) simultaneously in
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an iterative manner. If we only check data in MD (i.e., B-Net-M in Section 5.7.8),
the error existed in pseudo-labeled target data will accumulate, leading to low-
quality DIR and TSR.

We conduct experiments on simulated WUDA tasks, including 4 MNIST-to-
SYND tasks, 4 SYND-to-MNIST tasks and 24 human-sentiment tasks. Besides,
we conduct experiments on 3 real-world WUDA tasks. Empirical results demon-
strate that Butterfly can robustly transfer knowledge from noisy source data to
unlabeled target data. Meanwhile, Butterfly performs much better than existing

HoUDA methods when source domain (SD) suffers the extreme (e.g., 45%) noise.

5.2 Wildly Unsupervised Domain Adaptation

In this section, we first define a new, more realistic and more challenging problem
setting called wildly unsupervised domain adaptation (WUDA), and explain
the nature of WUDA. Then, we empirically show that representative HoUDA
methods cannot handle WUDA well, which motivates us to propose Butterfly

(see Section 5.3).

Definition 5.1 (Wildly Unsupervised Domain Adaptation). Let X; be a multivari-
ate random variable defined on the space X with respective a probability density
Dx,» (X5,Ys) be a multivariate random variable defined on the space X x Y with
respective a probability density ps, where ) ={1,...,K}. Let p,  be the marginal
density of ps. Given i.i.d. data D = {(xs;, 350} and Dy = {xy;}" | drawn from P
and Py,, in wildly unsupervised domain adaptation, we aim to train with D; and

D; to accurately annotate data drawn from P,,, where py  # px,.
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Figure 5.3: Butterfly Framework. Two networks (¥; and F3) in Branch-I are
jointly trained on noisy source data and pseudo-labeled target data (mixture do-
main). Two networks in Branch-II (F;; and F9) are trained on pseudo-labeled tar-
get data. By using dual-checking principle, Butterfly checks high-correctness data
out from both mixture and pseudo-labeled target data. After cross-propagating
checked data, Butterfly can obtain high-quality domain-invariant representations
(DIR) and target-specific representations (TSR) simultaneously in an iterative
manner. Note that the interaction between DIR and TSR happens via the shared
CNN. Besides, in the first training epoch, since we do not have any pseudo-labeled
target data, we need to use noisy source data as the pseudo-labeled target data,
which follows [Saito et al., 2017].

Remark 5.1. In Definition 5.1, Dy is noisy source data, D, is unlabeled target

data, and P and P,, are two probability measures corresponding to densities

Ds(xs,¥s) and py, (x;).

5.2.1 Nature of WUDA

Specifically, there are five distributions involved in WUDA setting: 1) a marginal
distribution on source data, i.e., py, in Definition 5.1; 2) a marginal distribution

on target data, i.e., p,, in Definition 5.1; 3) an incorrect conditional distribution
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of label given x;, q(ys|xs); 4) a correct conditional distribution of label given xg,
p(yslxs) and 5) a correct conditional distribution of label given x;, p(ylx:).
Based on Definition 5.1 and Appendix A.3.1.2, noisy source data D, are drawn
from ps(xs,ys) = px, (xs)(1 = p)p(yslxs) + pg(yslxs)), where p is the noise rate in
source data. Namely, source data D, are mixture of correct source data from
DPx,(x:)p(yslxs) and incorrect data from p, (x5)q(yslxs). Target data D; are drawn
from p,,. In WUDA setting, we aim to train a classifier with D, and D;. This
classifier is expected to accurately annotate data from p,,, i.e., to accurately

simulate distribution 5).

5.2.2 WUDA ruins HoUDA Methods

We take a simple example to illustrate the phenomenon that WUDA ruins
representative HoOUDA methods. In Section 5.5.1, we theoretically analyze the
reason of this phenomenon.

We corrupt source data using symmetry flipping [Patrini et al., 2017] and pair
flipping [Han et al., 2018] (see Eq. (5.18) and Eq. (5.19)). Namely, the corrupted
source data (D, in Definition 5.1) are drawn from P, whose probability density is
Ds(xs,¥s) = pa, (x:)(1 = p)p(yslxs) + pg(yslxs)). We draw the target data D, from
P,, whose probability density is p,,. To instantiate source and target data, we
leverage MNIST and SYND (see Figure 5.4), respectively.

Thus, we first construct two WUDA tasks with symmetry-flip noise: corrupted
SYND—MNIST (S—M) and corrupted MNIST—SYND (M —S). In Figure 5.2 (a),
we report accuracy of representative HoOUDA methods on unlabeled target data,

when the noise rate p of SD changes from 5% to 70%. It is clear that target-
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domain accuracy of these representative HOUDA methods drops quickly when p
increases. This means that WUDA ruins representative HoOUDA methods. Then,
we construct another two WUDA tasks with pair-flip noise. In Figure 5.2 (b), we
report target-domain accuracy, when the noise rate p of SD changes from 5% to
45%. Again, WUDA still ruins representative HoUDA methods. Note that, in
practice, pair-flip noise is much harder than symmetry-flip noise, the noise rate
of pair-flip noise cannot be over 50% [Han et al., 2018].

However, the proposed Butterfly network (abbreviated as B-Net, Figure 5.3)
performs robustly when p increases (blue lines in Figure 5.2). In Section 5.3, we
will introduce Butterfly framework, and explain why Butterfly achieves better

target-domain accuracy consistently in Section 5.4 and Section 5.5.

5.3 Butterfly: Towards Robust One-step
Approach

To realize a robust WUDA approach, we propose a Butterfly framework (a one-
step approach, Algorithm 5.1), which trains four networks dividing into two
branches (Figure 5.3). By using DCP, Branch-I checks which data is correct
in MD; while Branch-II checks which pseudo-labeled target data is correct. To
ensure these checked data highly-correct, we apply the small-loss trick based on
memorization effects of deep learning [Arpit et al., 2017]. After cross-propagating
these checked data [Bengio, 2014], Butterfly can obtain high-quality DIR and

TSR simultaneously in an iterative manner.
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5.3.1 Loss Function in Butterfly

Four networks trained by Butterfly share the same loss function but with differ-

ent inputs.

1 n
2 uil(F(x;),9),
i=1%ii=1

(5.1) L(0,u;F,D) =

where n is the batch size (i.e., n = |D|), and F represents a network (e.g.,
F1,Fy,Fy and Fig). D = {(x;, y;)}!_; is a mini-batch for training a network, where
{x;,yi}}_ could be data in MD or TD (Figure 5.3), and 0 represents parameters
of F and u=[ui,...,u,l’ is an n-by-1 vector whose elements equal 0 or 1. For
two networks in Branch-I, following [Saito et al., 2017], we also add a regularizer
|9?110f21| in their loss functions, where 011 and 0791 are weights of the first
fully-connect layer of F'; and Fy. With this regularizer, F'; and Fy will learn from
different features.

Nature of the loss L. In loss function £, we have n instances: {(x;, Y-
For the i*" instance, we will compute its cross-entropy loss (i.e., £(F(x;),y;)),
and we will denote this instance as “selected” if u; = 1. Thus, the nature of £
is actually the average value of cross-entropy loss of these “selected” instances.

Note that, we need to set a constrain to prevent . , u; =0 in £, which means

that we should select at least one instance to compute L.

5.3.2 Training Procedure of Butterfly

For two networks in each branch, they will first check high-correctness data out
and then cross update their parameters using these data.
Based on loss function defined in Eq. (5.1), entire training procedures of

Butterfly are shown in Algorithm 5.1. First, we initialize training data for two
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branches (D for Branch-I and D~i for Branch-II), four networks (¥1,F9,F;1 and
F5) and the number of pseudo labels (line 2). In the first epoch (T = 1), following
[Saito et al., 2017], f)i is the same with D; (i.e., we use noisy source data as
pseudo-labeled target data), since we cannot annotate pseudo labels for target
data when T = 1. After mini-batch D is fetched from D (line 4), F1 and Fs check
high-correctness data out and update their parameters (lines 5) using Algorithm
5.2. Using similar procedures, F;1 and F;o also update their parameters using
Algorithm 5.2 (lines 6-7).

In each epoch, after N,,,, mini-batch updating, we randomly select nlt un-
labeled target data and assign them pseudo labels using F{ and Fy (lines 8).
Following [Saito et al., 2017], the Labeling function in Algorithm 5.1 (line 8)
assigns pseudo labels for unlabeled target data, when predictions of F'; and F
agree and at least one of them is confident about their predictions (probability
above 0.9 or 0.95). Using this function, we can obtain the pseudo-labeled target
data D~i for training Branch-II in the next epoch. Then, we merge D~§ and D; to
be D for training Branch-I in the next epoch (line 9). Finally, we update ni, R(T)
and R4(T) in lines 10-11 according to [Saito et al., 2017] and [Han et al., 2018].
Note that R(T) is a piecewise-defined linear function. Namely, when T = T},
R(T)=1-1;whenT<T},, R(T)=1-T/T} x 7.

In Algorithm 5.1, we use 7 to represent the noise rate (i.e., the ratio of data
with incorrect labels) in MD and use 7, to represent the noise rate in TD. However,
in WUDA, we cannot obtain the ground-truth 7 and 7;. Thus, we regard 7 and 1;
as hyper-parameters.

Checking process in Butterfly. In Algorithm 5.2, we first obtain four in-

puts: 1) networks F; and Fg, and 2) a mini-batch D, and 3) learning rate n
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and 4) remember rate a (line 1). Then, we will obtain the best u; by solving a
minimization problem (line 2). £ represents the loss function defined in Eq. (5.1).
01 represents the parameters of the network F'i. Similarly we will obtain the
best ug (line 3). O represents the parameters of the network Fy. Next, 601 and 6,
are updated using gradient descent, where the gradients are computed using a
given optimizer (lines 4-5). Finally, we substitute the updated 0; into F'; and the
updated 09 into Fy and output F1 and Fy (line 6).

Solution to minimization problems in Algorithm 5.2. In line 2 or 3 in Al-
gorithm 5.2, we need to solve a minimization problem: miny.1y'>qp| £(6,u; F,D)
and return the best u’ as u (uj in line 2 and uy in line 3). In this paragraph, we
will show how to quickly solve this problem using a sorting algorithm. Recall the
nature of the loss £, we know L is the average value of cross-entropy losses of
“selected” instances, and 1u’ is the number of these “selected” instances. Thus
this minimization problem is equivalent to “given a fixed F' (F; or F3) and n
instances in D, how to select at least k& instances such that £ is minimized”,
where k& = [a|D]|]. To solve this problem, we first use a sorting algorithm (top_k
function in TensorFlow) to sort these n instances according to their cross-entropy
losses /(F1(x;),y;). Then, we select & instance with the smallest cross-entropy
losses. Finally, let u; of these k& instances be 1 and u; of the other instances be 0,
and we can get the best u =[u1,...,u,]. The average value of cross-entropy losses
of these k& instances is the minimized value of £(0,u’;F,D) under the constrain

1u’' > a|D|.
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Algorithm 5.1 Butterfly Framework: quadruple training for WUDA problem

1: Input Dy, D;, learning rate 0, fixed 7, fixed 7;, epoch T, and T,q, iteration Npqyx, #
of pseudo-labeled target data n;,;;, max of n;,;; nlt,max;

2: Initial Fy, Fo, Fy1, Fi9, D' =Dy, D =Dy, nl = njpis;

for T=1,2,...,Thax do

3: Shuffle training set D; // Noisy dataset
for N=1,...,Ny, do

4: Fetch mini-batch D from D;

5: Update Branch-I: F1,Fy = Checking(F1,Fs,D,n,R(T)); // Check data in MD
using Algorithm 5.2

6: Fetch mini-batch D, from ﬁi;

7: Update Branch-II: Fy1,F;o = Checking(Ftl,th,ﬁt,n,Rt(T)); // Check data in
TD using Algorithm 5.2

end
8: Obtain ]jﬁ = Labeling(Fl,Fz,Dt,ni); // Label D;, following [Saito et al., 2017]
9: Obtain D =D, U DNi; // Update MD

10: Update nlt =min{7/20 x* nt,nlt,max};

11: Update R(T) = 1 - min{7-7,7}, R(T) = 1 - min{7-7¢,7/};
end

12: Output Fy; and Fye

Algorithm 5.2 Checking(F'y, Fo, D, 1, @)

1: Input networks F1, Fo, mini-batch D, learning rate 1, remember rate a;

2: Obtain u; = argming .1u/>a|D| L(01,u);F1,D); // Check high-correctness data
3: Obtain up = argminy .1y;>qp| £(02,5;F2,D); // Check high-correctness data
4: Update 01 =01 —nVL(01,ug;F1,D); // Update 6,
5: Update 03 =02 —nVL(02,u1;F9,D); // Update 69

6: Output F'; and Fs

5.4 Butterfly vs. Two-step Approach

In this section, we analyzes why Butterfly is better than two-step approach using
theoretical results in Section 5.5. Following [Ben-David et al., 2010b], we derive
an upper bound of target-domain risk for WUDA (see Theorem 5.2). Compared to
existing HoUDA bounds, the WUDA bound has two extra terms (see Eq. (5.4)): A
(noise effect from source data), and A; (noise effects from pseudo-labeled target

data). We will use A; and A; to show why Butterfly (a one-step approach) can
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eliminate noise effects while two-step methods cannot.

5.4.1 Two-step Approach (A Compromise Solution)

To reduce noise effects, a straightforward solution is two-step approach. In the
first step, we can train a classifier with noisy source data using Co-teaching [Han
et al., 2018] and use this classifier to annotate pseudo labels for source data.
In the second step, we use existing HoOUDA methods (e.g., ATDA [Saito et al.,
2017]) to train a target-domain classifier with pseudo-labeled-source data and
pseudo-labeled target data.

However, two-step approach may not reduce noise effects A; (i.e., not alleviat-
ing noise effects from source data). In two-step approach, after using Co-teaching,
As will become pseudo-labeled-source effects Al (see Eq. (5.5)). The first part of
AL may be less than that of A; due to Co-teaching, but the second term of A/,
may be higher than that of A; since Co-teaching does not consider to minimize it.
Thus, it is hard to say whether A < A;. This means that, the two-step approach
may not really reduce noise effects A;. Besides, two-step approach does not take
care of eliminating A; explicitly. Thus, we can find that a two-step approach
cannot eliminate A; and A;. Our empirical study also confirms the deficiency of

two-step approach (see Section 5.7).

5.4.2 Omne-step Approach (Butterfly)

To eliminate noise effects A = A; + A;, Butterfly aims to select correct data
simultaneously from noisy source data and pseudo-labeled target data (see

Section 5.3). Let pg; be the probability that incorrect data is selected from noisy
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source data, and 961 be the probability that incorrect data is selected from
pseudo-labeled target data. Theorem 5.3 shows that A — 0 if p§;, — 0 and 961 — 0.
Since Butterfly can select correct data with a high probability (i.e., pj; — 0 and

961 — 0), noise effects will be eliminated (A — 0).

5.5 Theoretical Analysis

This section presents theoretical findings related to WUDA problem and But-
terfly!. Practitioner may safely skip it. We use the following notations in this

section:
* aspace X c R? and Y ={1,2,...,K} as a label set;

e f(x;) and f;(x;) represent the ground-truth and pseudo labeling function

of the target domain, where f;,f;: X —);

o A ={x:fi(x)# fix)} and B = X/A represent the area where f;(x) # f(x)

(the set A) and the area where f;(x) = fi(x) (the set B);

* ps(xs,¥s), ps(xs,ys) and gs(xs, ys) represent probability densities of noisy,
correct and incorrect multivariate random variables (m.r.v.) defined on
X x ), respectively?, and Dx (x5), px (xs) and g, (xs) are their marginal

densities;

* p.,(x;) represents the probability density of m.r.v. X; defined on &’;

IPlease note that, all proofs are demonstrated in Appendix A.3.2.
2There are two common ways to express the probability density of noisy m.r.v. (see Ap-
pendix A.3.1). One way is to use a mixture of densities of correct and incorrect m.r.v..
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* qy,(x) = py,(x)1a(x)/Py,(A) represents the probability density of X; re-

stricted in A;

o p;t(xt) = px,(x¢)1p(x;)/Py,(B) represents the probability density of X; re-

stricted in B;
e 7 is the class of arbitrary decision functions h: X — RX;

e ¢:RE x) — R, is the loss function. ¢(t,y) means the loss incurred by

predicting an output ¢ (e.g., h(x)) when the ground truth is y;

* Ly ={l(h(x),y)lheH,xe X, yeV}is the class of loss functions associated
with H;

¢ expected risks on the noisy m.r.v. and correct m.r.v.:

Rs(h) = Eﬁs(xs,ys)[[(h(xs)>ys)],

Rs(h) = [Eps(xs,ys)[g(h(xs)>ys)];

* expected discrepancy (associated with ¢) between an arbitrary decision
function A and a ground-truth or pseudo labeling function f (f could be f;

or f;) under different marginal densities:

Ry(h,f)=Ep, (xll(R(xs), fx5))],
RS(h9 f) = [prs(xs)[g(h(xs), f(xs))L

Ri(h, ) = Ep, opl € (xe), F )],
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5.5.1 WUDA ruins HoUDA Methods

Theoretically, we show that existing HoOUDA methods cannot transfer useful
knowledge from D, to D, directly. We first present the relation between R(h)
and R,(h).

Theorem 5.1. If p(xs,¥s) is generated by a transition matrix @ as demonstrated

in Appendix A.3.1.1, we have
(5.2) Rs(h) = Ry(R)+Ep, e [17 ()@ — DE(R(x5)),

where €(h(x;)) = [£(h(xs),1), ..., 0(h(xs), K)IT and n(xs) = [py, x,(11%s), ..., Y, 1x, (K |2)]7.
If ps(xs,¥s) is generated by sample selection as described in in Appendix A.3.1.2,

we have
(5.3) Ry(h) = (1- p)Rs(h) + pEq, (x)[Nq" (s)0 ()],

where ng(xs) = [qy, x,(1|xs), ...,qys|Xs(K|xS)]T.

Remark 5.2. In Eq. (5.3), [qus(xs)[an(xs)é(h(xs))] represents the expected risk
on the incorrect m.r.v.. To ensure to obtain useful knowledge from Pj, we need to
avoid Rs(h) = g, (xs) [an(xs)«,”(h(xs))]. Specifically, we assume: there is a constant

0 < M, < oo such that Eq, (x,)[nq” (xs)0(h(xs))] < Rg(h) + M.

Theorem 5.1 shows that R(%) only equals Rs(h) when two cases happen: 1)
€ =1 and p =0 and 2) some special combinations (e.g., special p,_, q9«,, @, 1 and
¢) to make the second term in Eq. (5.2) equal zero or to make the second term
in Eq. (5.3) equal pR(h). Case 1) means that source data are clean, which is
not real in the wild. Case 2) almost never happens, since it is hard to find such

special combinations when p,_, q,, @ and n are unknown. Thus, Rs(h) has an
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essential difference with R¢(h). Then, following proof skills in [Ben-David et al.,

2010b], we derive the upper bound of R;(h) as follows.

Theorem 5.2. For any h € H, we have

Ry(h,fy) < Ri(h) + IRi(h, fr)— Ry(h, fo)l
S~—— ~ ~~ -
(i) noisy-data risk (ii) discrepancy between distributions

+  |Rs(h,f)-Rs(R)|

(iit) domain dissimilarity

+ [Rs(h) = Rs(h)| +|Rs(h, f) — Rs(h, f1)]

-
(iv) noise effects from source Ag

(5.4) +  |Rih,f)-Ruh, f)|

(v) noise effects from target \;

Remark 5.3. To ensure that we can gain useful knowledge from Fi(x;), we
assume: there is a constant 0 < M; < oo such that [quS(x)[f(h(x), ft(x))] < Rs(h,ft)+

M; and Eq, oL£(h(x), fi(x)] < Re(h, f) + M.

It is clear that the upper bound of R(A, f;), shown in Eq. (5.4), has 5 terms.
However, existing HOUDA methods only focus on minimizing (i) + (i7) [Ganin
et al., 2016a; Ghifary et al., 2017; Long et al., 2015] or (i) + (ii) + (ii7) [Saito
et al., 2017], which ignores terms (iv) and (v) (i.e., A = Ag + A;). Thus, existing
HoUDA methods cannot handle WUDA well.

5.5.2 Two-step Approach is a Compromise Solution

To reduce noise effects, a straightforward solution is two-step approach. For
example, in the first step, we can train a classifier with noisy source data using
Co-teaching [Han et al., 2018] and use this classifier to annotate pseudo labels

for source data. In the second step, we use ATDA [Saito et al., 2017] to train
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a target-domain classifier with pseudo-labeled-source data and pseudo-labeled
target data.

Nonetheless, the pseudo-labeled source data are still noisy. Let labels of noisy
source data js be replaced with pseudo labels j. after using Co-teaching. Noise

effects A will become pseudo-label effects A, as follows.

(5.5) Ap = IRy(h) = Ry(W)| +|R(h, f) = Rs(h, f)l +As,

pseudo-labeled-source effects A,

where R/(h) and R.(h, f;) correspond to Rs(h) and Ry(h, f;) in A,. It is clear that
the difference between A, and A is A} — A,. The first term in A} may be less than
that in As due to a label-noise algorithm (e.g., Co-teaching [Han et al., 2018]),
but the second term in A, may be higher than that in A; since a label-noise
algorithm (e.g., Co-teaching) does not consider to minimize it. Thus, it is hard to
say whether A} < A, (i.e., A, <A). This means that two-step approach may not

really reduce noise effects.

5.5.3 Why does Butterfly Eliminate Noise Effect?

To eliminate noise effects A, we aim to select correct data simultaneously from
noisy source data and pseudo-labeled target data. In theory, we prove that noise
effects will be eliminated if we can select correct data with a high probability. Let
po; represent the probability that incorrect data is selected from noisy source
data, and :061 represent the probability that incorrect data is selected from
pseudo-labeled target data. Theorem 5.3 shows that A — 0 if pj; — 0 and pfn -0
and presents a new upper bound of R;(h, f;). Before stating Theorem 5.3, we first

present two m.r.v.s below.
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* (X,,Y,,V;) defined on X x ) x V with a probability density p5°(xs, vs,Vs),

where V ={0,1};

* (X;,V;) defined on X x )V with a probability density p?o(xt,vt), where V =

{0,1}. p?,?(vt) is the marginal density ofp?‘)(xt,vt).

Vs and V; are perfect-selection random variables. Data drawn from the dis-
tribution of (X,Y,Vs) can be regarded as a pool that mixes the correct (v =1)
and incorrect (vs = 0) source data. Data drawn from the distribution of (X;,V;)
can be regarded as a pool that mixes the correct (v; = 1) and incorrect (v; = 0)
pseudo-labeled target data. Namely, 1) (X;,Y,|Vs =1) is the correct m.r.v. defined
at the beginning of Section 5.5, and 2) V; = 1 means f;(x;) = ft(xt) and V; =0
means f;(x;) # fi(x;). It is clear that, higher value of p%?(Vt =1) means that f;
is more like f;. In following, we use p,, to represent pl‘),(;(vt =0). Note that both
perfect-selection random variables Vs and V; cannot be observed and we can only

observe following m.r.v.s.
* (X,,Y,,Us) defined on X x Y x V with a probability density pb°(xs,ys, us);

* (X;,U;) defined on X xV with a probability density ﬁ?o(xt,ut). ﬁll)](;(ut) is

the marginal density of ﬁ?o(xt, Ug).

U, and U, are algorithm-selection random variables. Data drawn from the
distribution of (X, Ys,Us) can be regarded as a pool that mixes the selected (us =
1) and unselected (us = 0) noisy source data. Data drawn from the distribution of
(X:,Uy) can be regarded as a pool that mixes the selected (u; = 1) and unselected
(uy = 0) pseudo-labeled target data. We can obtain observations of (X;,Ys,Us)

and (X;,U;) using Algorithm 5.2. Namely, after executing Algorithm 5.2, we
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can obtain observations {xs;, Jsi, usi}.2; and {xs;,u}; . Based on (X;,Y,Us) and

(X:,U;), we can define the following expected risks.

RY(h,us) = (1= pu,) g [ws £ (xs), y5)l,

(xs,ys5us)
R?O(h, ft; u)=(1- Put)_lEﬁg’O(xt,ut)[uté(h(xt),}Et(xt))],

RY°(h, Frous) = (1= pu) "By, g les€(R(xs), Filxs))).

(xs 7y85

where p,, = ﬁll)](:(us =0) and py, :ﬁ?](;(ut = 0). Since we can observe (X;,Y,,Us)
and (X;,U;), the empirical estimators of these three risks can be easily computed
using the loss function defined in Eq. (5.1). Then, we define following probabil-
ities to describe the relation between perfect-selection random variables and

algorithm-selection random variables, where i, =0, 1.

. pj.i =Pr(V, = j|Us = i) represents the probability of the event: Vs = j given
Us = i’

. pj.i =Pr(V; = j|U; = i) represents the probability of the event: V; = j given
Ut = l

Remark 5.4. Based on above definitions, we know that 1) pj; is the probability
that incorrect data is selected from noisy source data, and 2) 961 is the probability

that incorrect data is selected from pseudo-labeled target data.

Using pj.i and pj.i, we can show 1) relation between probability densities of
(Xs,Y51Vy) and (X,,Y5|Us), 2) relation between probability densities of (X;|V;)

and (X;|U;) using pj.i and p?i as follows.

~Ppo N S po s po
pXS,YS|US(xS7yS|l)_ p()ist’Yslvs(x‘s’ydO)+p1ist,YS|VS(xs,ys|1),

By, (xeli) = pf)ipgglvt(xtIOHp’iip‘;glvt(xtll).
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Since
po
st’Ys|Vs(xs’ySI1) = ps(x87ys)5
pgfos,YSIVS(xs’ysm) =qs(xs,¥s),
P, e10) = P (2 LA/ Pr(A) = g, (x2),
p§g|Vt(xt|1) = pxt(xt)].B(xt)/th(B) :p;t(xt),
we have
(5.6) BY. v 1, s s1) = 03,0, ¥6) + 3P, ¥,
6.7) ﬁggwt(xt'i) = 00;qx, (1) + pY; D%, (x1)-

Remark 5.5. Eq. (5.6) and Eq. (5.7) show that, if pj; — 0 and p(t)l — 0, we have

D ﬁg{i,YgUs(xS’ysu) — ps(xs,ys) and 2) ﬁ‘)}"tlUt(xtu) — p},(x¢). Please note that we

cannot prove Theorem 5.3 by directly using 1) and 2).
Next, we present a lemma to show relation between R °(h,u,) and R(h).

Lemma 5.1. Given the m.rv. (X, Y5, Us) with the probability density p5° (xs, ys,Us)
and Eq. (5.6), we have

(5.8) IRY (R, us) — Rs(h)| < pgy max{Eq,(x, y,) [€(h(xs), y5)], Rs(h)}.
Similar with Lemma 5.1, we can obtain
(5.9)  |RY(h, fr,us) —Ry(h, fo)l < pjy max{Eq, (x,)[0(h(xs), filxs)],Ry(h, f1)}.

Then, we give another lemma to show relation between Rfo(h, feoup) and Ry(h, fy).
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Lemma 5.2. Given the m.rv. (X;,U;) with the probability density p-°(x;,u;) and
Eq. (5.7), if [Ep&t(xt)[é(h(xt),ft(xt))] <R(h,f)+p}; M, then we have

(5.10)

|R?O(h, ft, ut) = Ry(h, fo)l < 961 max{[qut(xt)[Z(h(xt), ft(xt))],Rt(ha for+ ptnpSlMt.

Remark 5.6. In Lemma 5.2, [Ep;t(xt)[ﬁ(h(xt),ft(xt))] < Ry(h, f1) + pj;M; means
that the expected risk restricted in B (i.e., [Ep;%(xt)[é(h(xt), f+(x:))]) can represent
the true risk R;(h,f;) when pj; is small. In Butterfly, it is equivalent to that
pseudo-labeled target data are more useful if we can select more correct data
from noisy source data. If this assumption fails, we cannot gain useful knowledge
from f; even when we can perfectly select correct data from pseudo-labeled target

data (p§, = 0).

Inequalities (5.8), (5.9) and (5.10) show that if we can perfectly avoid anno-
tating incorrect data as “correct” (i.e., p(s)1 =0 and 961 =0), we have REO(h, Ug) =
Ry(h), RY(h, fi,us) = Ry(h, fy) and RY°(h, fi,uy) = Ry(h, f;). Nonetheless, p$, and
pg; never equal zero, and values of Eg,(x, ) [£(A(x), )], Eq, ) [€(R(xs), fi(xs)] and
[qut(xt)[f(h(xt), JAED)) may equal +oo for some 4 € H. Namely, even when pj; and
961 are very small, RY°(h,u;) is probably far away from R,(h). Thus, without
proper assumptions,it is useless to use (X, Y, Us) to represent (X, Y|V =1).

In Theorem 5.3, we prove that, under assumptions in Remarks 5.2, 5.3
and Lemma 5.2, RY°(h,us) — Rs(h), RY°(h, fr,us) — Rs(h, f) and RY°(h, fi,uy) —
Ry(h, fy) if pg; — 0 and /o(t)1 — 0. Moreover, we give a new upper bound of R;(h, f).

In the new upper bound, we show that: A — 0 if pj; — 0 and pf)l — 0.

Theorem 5.3. Given two m.r.v.s (X;,Y,Us) defined on X xY xV and (X;,U;) de-

fined on X xV, under the assumptions in Remark 5.2, Remark 5.3 and Lemma 5.2,
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Ve €(0,1), there are 65 and by, if py; <65 and 961 < 0y, for any h € H, we will have
(5.11) \RE°(h, fr,us) — Ry(h, fo)l + |RE (R, ug) — Ry(h)| < 2e.
Moreover, we will have

Rt(h7ft)s R{;O(hﬂus) + |-R~?O(h7f~t7ut)_-R~Isjo(h,ft7us)l
—— ~ ”

(i) noisy-data risk  (ii) discrepancy between distributions
(5.12) +  |Rs(h,f)—-Rs(h) + 2 + 2
N Y Ny Ny’

(iii) domain‘:iissimilarity (iv) noise effects As; (iv) noise effects A;

Theorem 5.3 shows that if selected data have a high probability to be correct
ones (p3; — 0 and p61 — 0), then A; and A; approach zero, meaning that noise
effects are eliminated. This motivates us to find a reliable way to select correct
data from noisy source data and pseudo-labeled target data and propose the

butterfly to WUDA problem.

5.5.4 Principle-guided Butterfly

Guided by Theorem 5.3, a robust approach should check high-correctness data
out (meaning pg; — 0 and 961 — 0). This checking process will make (iv) and (v),
2¢ + 2¢, become 0. Then, we can obtain gradients of RE°(h, u,), Rs(h,fi,us) and
Rfo(h, fi,us) w.r.t. parameters of 4 and use these gradients to minimize them,
which minimizes (i) and (ii) as (i) + (ii) < RS°(h,us) + Rs(h, fi,us) + RY°(h, fi,uy).
Note that (ii7) cannot be directly minimized since we cannot pinpoint clean source
data. However, following [Saito et al., 2017], we can indirectly minimize (iii)
via minimizing RY°(h,us) + RE°(h, fi,us), as (iii) < Rs(h, f) + Rs(h) < RE°(h,us) +
R2(h, f;,us) + 2¢, where the last inequality follows Eq. (5.11). This means that a
robust approach guided by Theorem 5.3 can minimize all terms in the right side

of inequality in Eq. (5.12).
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To realize this robust approach, we propose a Butterfly framework (Algorithm
5.1), which trains four networks dividing into two branches (Figure 5.3). By using
dual-checking principle, Branch-I checks which data is correct in the mixture
domain; while Branch-II checks which pseudo-labeled target data is correct. To
ensure these checked data highly-correct, we apply the small-loss trick based on
memorization effects of deep learning [Arpit et al., 2017]. After cross-propagating
these checked data [Bengio, 2014], Butterfly can obtain high-quality DIR and
TSR simultaneously in an iterative manner. Theoretically, Branch-I minimizes
(1)+(i1)+(iii)+(iv); while Branch-II minimizes (ii)+(v). This means that Butterfly

can minimize all terms in the right side of inequality in Eq. (5.12).

5.5.5 A Generalization Bound for WUDA

In this subsection, we prove a generalization bound for WUDA problem using the
loss function Eq. (5.1) and Theorem 5.32. First, we introduce the Rademacher
complexity of a class of vector-valued functions [Bartlett and Mendelson, 2002;
Li et al., 2019a, 2018b; Mansour et al., 2009; Maurer, 2016; Zhang et al., 2019],
which measures the degree to which a class can fit random noise. Rademacher

Complexity of H is defined as follows.

Definition 5.2 (Rademacher Complexity of H). Given a sample S ={(x;)}}_, t

empirical Rademacher complexity of the set H is defined as follows.

Re(H) = — (}slug Z Z oirhr(x; )
Erni=1k=

3Please note that this is a generalization bound for WUDA problem rather than Butterfly. In
Butterfly, we essentially have four classifiers (F1,F9,F}1,F;2), which is very difficult to analyze it.
We will develop a generalization and estimation error bound for Butterfly in the future.
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where hy(-) is the k™" component of function h € H and the o}, are n x K matrix of
independent Rademacher variables [Maurer, 2016]. The Rademacher complexity

of the set H is defined as the expectation of R (H) over all samples of size n:
Ra(H) = E[Rs(H)|1S1 = n).

Then, using the Rademacher complexity, we can prove an upper bound
of RP°(h,us) to show the relation between RY°(h,u,) and the loss function
Eq. (5.1). As a common practice [Kiryo et al., 2017; Mohri et al., 2018], we
assume that, 1) there are Cj, > 0 and Cr, > 0 such that sup,cy |2llco < Cp and
sup|¢|..<C, Maxy l(t,y) <Cp, and 2) ¢(¢,y) is Lipschitz continuous in ||¢|s < Cp,

with a Lipschitz constant L.

Lemma 5.3. Given a sample S = {(ocsi,yg,usi)}f:1 drawn from the probability
density ph’(xs,ys,Us), with the probability of at least 1— 0 over samples S of size
n drawn from p’(xs,vs,us), the following inequality holds.

\/QLng(H)+ 3C; [Ing
1-14 1-7,V 2n°

(5.13) RY(h,ug)< LO,h;u,, DY)+

where L is defined in Eq. (5.1), D" = {xsi, ysi}] 1, Dy = {xsi}]_, us = [wst,..., usn]?

and Ts=py, =1-37 jug/n.
Finally, we prove the generalization bound for WUDA problem as follows.

Theorem 5.4 (Generalization Bound for WUDA). Given S = {(xsi, ysi, usi)}?zsl
drawn from the probability density po°(xs,vs,us) and S; = {(xti,uti)}?:tl drawn
from the probability density p’fo(xt,ut), under the assumptions in Remark 5.2,

Remark 5.3 and Lemma 5.2, if pf)l <1/v/nsT and pf)l < 1/\/n;T, then, with the
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probability of at least 1— 36, for any h € H, the following inequality holds.

4\/§L£§f€0§(7—[)

1-14

Ry(h,f?) 52(5(9,h;us,D§y) + L(Q,h;us,D;fy)) +£(9,h;ut,D’;y)+

(5.14) +

VeLefp;(#) 12¢, [Ing 3Cp [Inf oM +M, M,
2n; vnsT \/ntT,

where L is defined in Eq. (5.1), T is the number of training epochs, D3> =

1-1; 1 Ts | 2ng 1—‘L't

{xsuysz}L 1; P {xszyft(xsz)}L 1, P {xtuft(xtl)} {xsz}l 1: = (x4} ie 1,
— T — — — — —
us—[usla---ausns] > Ts = Puy —1_Zi=slusi/ns: ut_[utly"'7utnt] and Tt = Pu; =

ng
1- Zi=1 uti/nt.

Theorem 5.4 shows the empirical upper bound of the target risk (i.e., R;:(h, f3)).
Based on this bound, we can obtain the estimation error bound of R;(h, f;) as

follows. First, let
(5.15)  RE(h,S,Sp) = 2(£(e,h;us,D§y)+L(e,h;us,D;fy)) + L0, h;u;, D),

where D", D7” and D’;y are defined in Theorem 5.4, and & = argminy ey R5(h,S5,S;)
means the empirical minimizer of Rf(h,Ss,St), and A" = argminyecy Ri(h, f3)
means the true risk minimizer of R;(A, f;), and H' = {hIR'C(h Ss,S;) <¢€}. Then,

we have

Ry, f)—Rsh*,f) = Rih,f)—RE(M,Ss,S:) +RE(R,S,,S1)— Ry, f2)
+Rt£(h*,Ss,St) —Rf(h*,SS,St)

Ri(h,f)—RE(h,S,,8:) + RE(W*,S,,8,) - Ry(h*, f2)

+RE(R,Ss,8) - RE(R™,S,,Sy)

(5.16)

IA

sup(Ry(h, f)—RE(h,S,,8:) +€e+0,
heH'
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where R%(h,S;,S;) < RE(h*,S;,S,) due to the definition of &. If all conditions in
Theorem 5.4 are satisfied, with the probability of at least 1 —36, for any h € H,
we have

4V2LRp:(H) V2LRp:(H) 12¢; [Ind
+ +

1-14 1-14 1-15\ 2n,

3C; [Ind oM,+1M, 3M
(5.17) + L 2 2T M L te.
1-14V 2n, vnsT vnT

Eq. (5.17) ensures that learning with Rf(ﬁ,SS,St) is consistent: as ng,n; — 0o

Ry(h,f1)—Ry(h*,fy) <

and € — 0, Rt(ﬁ, 1) — Ri(h*, ;). For linear-in-parameter model with a bounded
norm, Rp:(H) = O(1/y/n;) and Rpx(H) = O(1/y/nz) and thus Ry(h, f) — Ry(h*, f,)

in O(1/\/5 + 1//70).

5.6 Comparison to Related Works

In this section, we compare Butterfly with related works and show why related
works cannot handle WUDA problem.

Relations to Co-teaching. As Butterfly is related to Co-teaching, we discuss
their major differences here. Although Co-teaching [Han et al., 2018] applies the
small-loss trick and the cross-update technique to train deep networks against
noisy data, it can only deal with one-domain problem instead cross-domain
problem. Besides, we argue that Butterfly is not a simple mixtrue of Co-teaching
and ATDA for two reasons.

First, network structure of Butterfly is different with that of ATDA and Co-
teaching: Butterfly maintains four networks; while ATDA maintains three and
Co-teaching maintains two. We cannot simply combine ADTA and Co-teaching

to derive Butterfly. Second, we have justified that the sequential mixture of
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Co-teaching and ATDA (i.e., two-step method) cannot eliminate noise effects
caused by noisy source data (see Section 5.4). Specifically, two-step methods only
take care of part of noise effects but Butterfly takes care of the whole noise effects.
Thus, Butterfly is the first method to eliminate noise effects rather than alleviate
it.

Relations to TCL. Recently, transferable curriculum learning (TCL) is a
robust HoOUDA method to handle noise [Shu et al., 2019]. TCL uses small-loss
trick to train the domain-adversarial neural network (DANN) [Ganin et al.,
2016a]. However, TCL can only minimize (i) + (i7) + (iv), while Butterfly can

minimize all terms in the right side of Eq. (5.12).

5.7 Experiments

We conduct experiments on 32 simulated WUDA tasks and 3 real-world WUDA

tasks to verify the efficacy of Butterfly in this section.

5.7.1 Simulated WUDA Tasks

We verify the effectiveness of our approach on three benchmark datasets (vision
and text), including MNIST, SYN-DIGITS (SYND)* and human-sentiment anal-
ysis (i.e., Amazon products reviews on book, dvd, electronics and kitchen) °. They
are used to construct 14 basic tasks: MNIST—SYND (M—S), SYND—MNIST

(S—M), book—dvd (B—D), book—electronics (B—E), ..., and kitchen — electron-

4Digit datasets (MNIST and SYN Digit) can be downloaded from official code of ATDA. The
link is https://github.com/ksaito-ut/atda.

5Sentiment datasets (Amazon products reviews) can be downloaded from the official code
of marginalized Stacked Denoising Autoencoder. The link is https://wuw.cse.wustl.edu/
“mchen/code/mSDA. tar.
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ics (K—E). These tasks are often used for evaluation of HOUDA methods [Ganin
et al., 2016a; Saito et al., 2017, 2018]. Figure 5.4 shows datasets MNIST and
SYND.

Since all source datasets are clean, we corrupt source data using symmetry
flipping [Patrini et al., 2017] and pair flipping [Han et al., 2018] with noise rate
p chosen from {0.2,0.45}. Precise definitions of Symmetry flipping (@ s) and Pair

flipping (@ p) are presented below, where p is the noise rate and K is the number

of labels.
1-p g1 - #1 #a
Lo1op 2 L L
(5.18) Qs=1] : co
I% I% 1-p I%
& # e 1)
1-p »p 0
0 1-p p 0
(5.19) Qpr =
0 I-p p
[y o ... 0 1-p

So, for each basic task, we have four kinds of noisy source data: Pair-45% (P45),
Pair-20% (P20), Symmetry-45% (S45), Symmetry-20% (S20). Following [Han et al.,
2018; Jiang et al., 2018], we can corrupt clean-label datasets manually using
the noise transition matrix Qg and @p. Namely, we evaluate the performance
of each method using 32 simulated WUDA tasks: 8 digit tasks and 24 human-

sentiment tasks. Note that the human-sentiment task is a binary classification
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01/123/%|51¢[7/6 7 |0
01113435672 7L

(a) MNIST (b) SYND

Figure 5.4: Visualization of MNIST and SYND.

problem, so pair flipping is equal to symmetry flipping. Thus, we only have 24

human-sentiment tasks.

5.7.2 Real-world WUDA Tasks

We also verify the efficacy of our approach on “cross-dataset benchmark” including
Bing, Caltech256, Imagenet and SUN [Tommasi and Tuytelaars, 2014] 6. In this
benchmark, Bing, Caltech256, Imagenet and SUN contain common 40 classes.
Since Bing dataset was formed by collecting images retrieved by Bing image
search, it contains rich noisy data, with presence of multiple objects in the same
image and caricaturization [Tommasi and Tuytelaars, 2014]. We use Bing as
noisy source data, and Caltech256, Imagenet and SUN as unlabeled target data,
which can form three real-world WUDA tasks. Figure 5.5 shows datasets Bing,

Caltech256, Imagenet and SUN (taking “horse” as the common class).

6Real-world datasets (BCIS) can be downloaded from the website of the project “A Testbed
for Cross-Dataset Analysis™ https://sites.google.com/site/crossdataset/home/files
("setup DENSE decaf7", 1.3GB, decaf7 features).
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(a) Bing provided by [Bergamo and Tor-(b) Caltech256 provided by [Griffin
resani, 2010] et al., 2007]

(c) ImageNet provided by [Deng et al.,(d) SUN provided by [Xiao et al., 2010]
2009]

Figure 5.5: Visualization of Bing, Caltech256, ImageNet and SUN (taking “horse”
as the common class).

5.7.3 Baselines

We realize Butterfly using four networks (abbreviated as B-Net) and compare

B-Net with following baselines: 1) ATDA: representative pseudo-labeling-based

HoUDA method [Saito et al., 2017]; 2) deep adaptation networks (DAN): represen-

tative IPM-based HoUDA method [Long et al., 2015]; 3) DANN: representative

adversarial-training-based HoUDA method [Ganin et al., 2016a]; 4) TCL: an

existing robust HOUDA method; 5) Co teaching+ATDA (Co+ATDA): a two-step

method (see Section 5.4); 6) Co teaching+TCL (Co+TCL): a two-step method.
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DIR

FC 2048 FC 10 units

units —>|  softmax | F!
RelLU
CNN DIR }Branch—l

FC 2048 FC 10 units

units —
ReLU

Softmax

conv conv

conv FC 3072
max-pool 3x3 max-pool 3x3 9
Sx6x64 || T, 5 stride —>| 5x5x64 | —> 2x2 stride —>| 5x5x128 —> units

RelLU RelLU RelLU RelLU

FC 2048 FC 10 units

units —>|  softmax | F!

RelLU

TSR Branch-II
FC 2048 FC 10 units

units > softmax | F
RelLU

TSR

Figure 5.6: The architecture of B-Net for digit WUDA tasks SYND — MNIST.
We added BN layer in the last convolution layer in CNN and FC layers in F; and
Fy. We also used dropout in the last convolution layer in CNN and FC layers in
F., Fy, F;1 and F;o (dropout probability is set to 0.5).

5.7.4 Network Structure and Optimizer

We implement all methods on Python 3.6 with a NIVIDIA P100 GPU. We use
MomentumSGD for optimization in digit and real-world tasks, and set the
momentum as 0.9. We use Adagrad for optimization in human-sentiment tasks
because of sparsity of review data [Saito et al., 2017]. F1, Fo, Fy; and Fy are
6-layer CNN (3 convolutional and 3 fully-connected layers) for digit tasks; and
are 3-layer neural networks (3 fully-connected layers) for human-sentiment
tasks; and are 4-layer neural networks (4 fully-connected layers) for real-world
tasks. The ReLU active function is used as avtivation function of these networks.
Besides, dropout and batch normalization are also used. The network topology is
shown in Figures 5.6 and 5.7. As deep networks are highly nonconvex, even with
the same network and optimization method, different initializations can lead to
different local optimal. Thus, following [Malach and Shalev-Shwartz, 2017], we
take four networks with the same architecture but different initialization as four

classifiers.

138



CHAPTER 5. BUTTERFLY: A ONE-STEP APPROACH TOWARDS WILDLY
UNSUPERVISED DOMAIN ADAPTATION

DIR
FC 50 FC 2 units
units —>| Softmax Fi
ReLU
Branch-1
DIR
FC 50 FC 2 units
units —> Softmax F2
ReLU
Input 5000
units
FC 50 FC 2 units
units —>| Ssoftmax | Fu
ReLU
TSR Branch-I1
FC 50 FC 2 units
units >|  Softmax | Fr

ReLU
TSR

(a) Human-sentiment

DIR

FC 1024 FC 128 FC 40 units
units units —>|  Softmax | I
ReLU ReLU

DIR Branch-1

FC 1024 FC 128 FC 40 uni
units | > units gof?,:ax(s
ReLU RelLU
Input 4096
units.

FC 1024 FC 128 FC 40 units
units — units x | Fu
ReLU ReLU

TSR Branch-II

oftma:

FC 1024 FC 128 FC 40 units
units | =—>| wnis || Softmax | F
ReLU ReLU

TSR

(b) Real-world

Figure 5.7: The architecture of B-Net for (a) human-sentiment WUDA tasks and
(b) real-world WUDA tasks. We added BN layer in the first FC layers in F; and
Fy. We also used dropout in the first FC layers in F'1, Fg, F;; and Fye (dropout
probability is set to 0.5).

5.7.5 Experimental Setup

For all 35 WUDA tasks, T is set to 5, and T4, is set to 30, and ¢(-,-) is the
cross-entropy loss function. Learning rate is set to 0.01 for simulated tasks and
0.05 for real-world WUDA tasks, 7; is set to 0.05 for simulated tasks and 0.02
for real-world WUDA tasks. Confidence level of labeling function in line 8 of
Algorithm 5.1 is set to 0.95 for 8 digit tasks, and 0.9 for 24 human-sentiment

tasks and 0.8 for real-world WUDA tasks. 7 is set to 0.4 for digit tasks, 0.1 for
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Table 5.1: Target-domain accuracy on 8 digit WUDA tasks (SYND—MNIST).
Bold value represents the highest accuracy in each row.

Tasks Type DAN DANN ATDA TCL Co+TCL  Co+ATDA B-Net

P20 90.17% 179.06% 55.95% 80.81% 88.56%  95.37%  95.29%
P45 67.00% 55.34% 53.66% 55.97% 73.27% 75.43%  90.21%
S—M 820 90.74% 175.19% 89.87% 80.23% 85.88% 95.22%  95.88%
S45  89.31% 65.87% 87.53% 68.54% 715.69% 92.03%  94.97%

P20  40.82% 58.78% 33.74% 58.88% 59.08% 58.02%  60.36%
P45  28.41% 43.70% 19.50% 45.31% 47.15%  46.80%  56.62%
M-S 3820 30.62% 53.52% 49.80% 56.74% 56.91% 56.64%  57.05%
S45 28.21% 43.76% 17.20% 49.91% 51.22% 54.29%  56.18%

Average 58.16% 58.01% 50.91% 62.05% 67.22% 71.73%  75.82%

human-sentiment tasks, 0.2 for real-world WUDA tasks. ni’max is set to 15,000
for digit tasks, 500 for human-sentiment tasks and 4000 for real-world WUDA
tasks. N,qx is set to 1000 for digit tasks, and 200 for human-sentiment and real-
world tasks. Batch size is set to 128 for digit, real-world WUDA tasks, and 24
for human-sentiment tasks. Penalty parameter is set to 0.01 for digit, real-world
WUDA tasks, and 0.001 for human-sentiment tasks.

To fairly compare all methods, they have the same network structure. Namely,
ATDA, DAN, DANN, TCL and B-Net adopt the same network structure for each
dataset. Note that DANN and TCL use the same structure for their discriminate
networks. All experiments are repeated 10 times and we report the average accu-

racy values and standard deviation (STD) of accuracy values of 10 experiments.

5.7.6 Results on Simulated WUDA Tasks

This subsection presents accuracy on unlabled target data (i.e., target-domain

accuracy) in 32 simulated WUDA tasks.
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Figure 5.8: Target-domain accuracy vs. number of epochs on four SYND—MNIST
WUDA tasks.

5.7.6.1 Results on digits WUDA tasks

Table 5.1 reports the target-domain accuracy in 8 digit tasks. As can be seen,
average target-domain accuracy of B-Net is higher than those of all baselines.
On S20 case (the easiest case), most methods work well. ATDA has a satisfactory
performance although it does not consider the noise effects explicitly. Then, when
facing harder cases (i.e., P20 and P45), ATDA fails to transfer useful knowledge
from noisy source data to unlabeled target data. When facing the hardest cases
(i.e., M—S with P45 and S45), DANN has higher accuracy than DAN and ATDA
have. However, when facing the easiest cases (i.e., S—M with P20 and S20), the
performance of DANN is worse than that of DAN and ATDA.

Although two-step method Co+ATDA (or Co+TCL) outperforms ATDA (or
TCL) in all 8 tasks, it cannot beat one-step method: B-Net in terms of average
target-domain accuracy. This result is an evidence for the claim in Section 5.4.
In the task S—M with P20, Co+ATDA outperforms all methods (slightly higher
than B-Net), since pseudo-labeled source data are almost correct.

Figures 5.8 and 5.9 show the target-domain accuracy vs. number of epochs
among ATDA, Co+ATDA and B-Net. Besides, we show the accuracy of ATDA

trained with clean source data (ATDA-TCS) as a reference point. When accuracy
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Figure 5.9: Target-domain accuracy vs. number of epochs on four MNIST—SYND
WUDA tasks.

of one method is close to that of ATDA-TCS (red dash line), this method suc-
cessfully eliminates noise effects. From our observations, it is clear that B-Net
is very close to ATDA-TCS in 7 out of 8 tasks (except for S—M task with P45,
Figure 5.8-(d)), which is an evidence that Butterfly can eliminate noise effects.
Since P45 case is the hardest one, it is reasonable that B-Net cannot perfectly
eliminate noise effects. An interesting phenomenon is that, B-Net outperforms
ATDA-TCS in 2 M—S tasks (Figure 5.9-(a), (c)). This means that B-Net transfers
more useful knowledge (from noisy source data to unlabeled target data) even

than ATDA-TCS (from clean source data to unlabeled target data).

5.7.6.2 Results on human sentiment WUDA tasks

Tables 5.2 and 5.3 report the target-domain accuracy of each method in 24
human-sentiment WUDA tasks. For these tasks, B-Net has the highest average
target-domain accuracy. It should be noted that two-step method does not always
perform better than existing HoOUDA methods, such as for 20%-noise situation.
The reason is that Co-teaching performs poorly when pinpointing clean source
data from noisy source data. Another observation is that noise effects is not

eliminated like target-domain accuracy in 8 digit WUDA tasks. The reason is
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Table 5.2: Target-domain accuracy on 12 human-sentiment WUDA tasks with
the 20% noise rate. Bold values mean the highest values in each row.

Tasks DAN DANN ATDA TCL Co+TCL  Co+ATDA B-Net

B—-D 68.28% 68.08% 70.31% 71.40% 67.81% 66.70% 71.84%
B—E 63.78% 63.53% 72.79% 65.08% 60.54% 68.89% 75.92%
B—-K 65.48% 64.63% 71.79% 66.80% 61.23% 66.51% 76.32%
D—B 64.63% 64.52% 70.25% 67.33% 65.22% 68.04% 70.56%
D—E 65.33% 65.16% 69.99% 66.74% 64.55% 67.32% 73.73%
D—K 65.68% 66.28% 74.53% 68.82% 67.98% 72.20% 77.97%
E—-B 60.41% 60.15% 63.89% 63.13% 61.18% 61.08% 62.22%
E-D 62.35% 61.67% 62.30% 62.93% 60.81% 59.77% 63.53%
E—-K 72.06% 71.51% 74.00% 75.36% 72.65% 70.85% 78.96%
K—-B 59.94% 59.40% 63.53% 62.77% 60.71% 61.22% 63.36%
K—D 61.46% 61.51% 64.66% 64.16% 64.15% 64.94% 66.98%
K—E 70.60% 72.23% 74.75% 74.14% 68.95% 69.69% 76.96%

Average 65.00% 64.89% 69.40% 67.39% 64.65% 66.43% 71.53%

Table 5.3: Target-domain accuracy on 12 human-sentiment WUDA tasks with
the 45% noise rate. Bold values mean the highest values in each row.

Tasks DAN DANN ATDA TCL Co+TCL  Co+ATDA B-Net

B—-D 52.43% 52.98% 53.56% 54.44% 53.21% 54.32% 56.59%
B—E 52.17% 53.50% 55.14% 54.14% 53.98% 57.34% 55.74%
B—-K 52.89% 51.84% 51.14% 53.32% 51.77% 53.28% 57.00%
D—-B 53.11% 53.04% 54.48% 53.27% 54.85% 55.95% 55.15%
D—E 51.30% 53.04% 54.21% 53.77% 55.63% 56.08% 58.91%
D—K 52.15% 53.17% 57.99% 52.45% 58.10% 59.94% 66.20%
E—-B 51.38% 51.08% 52.54% 52.14% 54.88% 53.30% 54.93%
E-D 52.83% 51.24% 49.02% 52.57% 50.03% 49.62% 52.88%
E-K 54.21% 53.58% 51.66% 55.04% 56.15% 52.10% 56.12%
K—B 50.44% 51.77% 51.96% 51.50% 53.81% 52.59% 51.39%
K—-D 52.20% 51.45% 52.86% 53.19% 55.69% 54.52% 53.53%
K—E 54.72% 53.33% 52.11% 53.46% 51.26% 52.62% 53.71%

Average 52.49% 5250% 53.656% 53.27% 54.11% 54.31% 56.01%

that these datasets provide fixed features and we cannot extract better features
in the training process. However, in digit WUDA tasks, we gradually obtains

better features of each domain and finally eliminate noise effects.
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Table 5.4: Target-domain accuracy on 3 real-world WUDA tasks. The source
domain is the Bing dataset that contains noisy information from the Internet.
Bold value represents the highest accuracy in each row.

Target DAN DANN ATDA TCL Co+TCL  Co+ATDA B-Net

Caltech256 77.83% 78.00% 80.84% 79.35% 179.27% 79.89% 81.71%
Imagenet 70.29% 72.16% 74.89% 72.53% 72.33% 74.73% 75.00%
SUN 24.56% 26.80% 26.26% 28.80% 29.15% 26.31% 30.54%

Average 57.56% 58.99% 60.66% 60.23% 60.25% 60.31% 62.42%

5.7.7 Results on Real-world WUDA Tasks

Table 5.4 reports the target-domain accuracy in 3 tasks. B-Net enjoys the
best performance on all tasks. It should be noted that, in Bing—Caltech256
and Bing—ImageNet tasks, ATDA is slightly worse than B-Net. However, in
Bing—SUN task, ATDA is much worse than B-Net. The reason is that the DIR
between Bing and SUN are more affected by noisy source data. This is also
observed when comparing DANN and TCL. Compared to Co+ATDA, ATDA is
slightly better than Co+ATDA. This abnormal phenomenon can be explained
using A (see Section 5.4), after using Co-teaching to assign pseudo labels for
noisy source data, the second term in A; may increase, which results in that A
increases, i.e., noise effects actually increase. This phenomenon is an evidence

that a two-step method may not really reduce noise effects.

5.7.8 Ablation Study

Finally, we conduct thorough experiments to show the contribution of individual
components in B-Net. We report average target-domain accuracy on 32 simulated
WUDA tasks (8 digit and 24 human-sentiment WUDA tasks) and 3 real-world

WUDA tasks. We consider following baselines:
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¢ Tri-C-Net: triply check data in SD, MD and TD. Compared to B-Net, Tri-
C-Net has another branch (denoted by Branch-III) to check data in SD.
Namely, Tri-C-Net has three branches (i.e., six networks). Parameters of

CNN of the Branch-IIT are the same with that of Branch-I and Branch-II.

* B w/o C: train B-Net by Algorithm 5.1, without adding |0?116f21| into the

loss function of B-Net.

¢ DCP-D: realize DCP via Decoupling [Malach and Shalev-Shwartz, 2017] to

check data in MD and TD.

¢ DCP-M: realize DCP via MentorNet [Jiang et al., 2018] to check data in

MD and TD.
* B-Net-S: train B-Net where the check is turned on for Source data in MD.
* B-Net-T: train B-Net where the check is turned on for Target data in TD.

¢ B-Net-ST: train B-Net where the checks are turned on for Source data in

MD and Target data in TD.

* B-Net-M: train B-Net where the check is turned on for all data in MD.

Note that in the full B-Net, the checks are turned on for all data in MD and
TD. Comparing B-Net with Tri-C-Net shows whether two branches (i.e., four
networks) are the optimal design. Comparing B-Net with B w/o C reveals if the
constraint |0?119f21| takes effects. Comparing B-Net with DCP-D and DCP-M

shows whether realizing DCP via Co-teaching is the optimal way. Comparing

B-Net with B-Net-S, B-Net-T, B-Net-ST and B-Net-M reveals if DCP is necessary.
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Table 5.5 reports average target-domain accuracy of above baselines and
B-Net. As can be seen, 1) maintaining 4 networks (like B-Net) is better than
maintaining 6 networks (like Tri-C-Net) since B-Net outperforms Tri-C-Net in
terms of average target-domain accuracy; 2) B-Net benefits from adding the
constraint to the loss function £; 3) realizing DCP by Co-teaching is better than
using Decoupling or MentorNet; and 4) DCP is necessary since accuracy of B-Net

is higher than those of B-Net-S, B-Net-T, B-Net-ST and B-Net-M.
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Table 5.5: Results of ablation study. Average target-domain accuracy on 8 simulated digit WUDA tasks (Digit),

24 simulated human-sentiment WUDA tasks (Sentiment) and 3 real-world WUDA tasks (Real-world). Bold value
represents the highest accuracy in each row.

Datasets Tri-C-Net Bw/oC DCP-D DCP-M B-Net-S B-Net-T B-Net-ST B-Net-M B-Net

Digit 59.80% 7452% 59.19% 70.85% 71.93% 52.00% 72.27% 73.89% 75.82%
Sentiment 61.25% 63.57% 61.37% 63.39% 61.49% 61.12% 61.73% 62.21% 63.77%
Real-world 61.50% 62.27% 59.82% 62.34% 61.91% 60.87% 62.24% 62.17% 62.42%
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5.8 Summary

This chapter opens a new problem called wildly unsupervised domain adaptation
(WUDA), and theoretically and empirically shows that existing methods cannot
handle WUDA. To address this problem, a robust one-step approach called
Butterfly is proposed. Butterfly maintains four deep networks simultaneously:
Two take care of all adaptations; while the other two can focus on classification
in target domain. We compare Butterfly with existing HoOUDA methods on 32
simulated and 3 real-world WUDA tasks. Empirical results demonstrate that
Butterfly can robustly transfer knowledge from noisy source data to unlabeled

target data.
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CHAPTER

HETEROGENEOUS DOMAIN ADAPTATION: AN

UNSUPERVISED APPROACH AND ITS

THEORETICAL GUARANTEES

6.1 Introduction

Given the time and cost associated with human labeling, many domains (datasets)
are unlabeled in current era, which means the existing (semi-)supervised het-
erogeneous domain adaptation methods do not perform well on the majority
of target domains. Namely, developing a valid heterogeneous unsupervised do-
main adaptation (HeUDA) method is very important in the field of domain
adaptation. The aim of this chapter is to establish a theoretical foundation for
HeUDA methods that predict labels for a heterogeneous and unlabeled target

domain without parallel sets. We are motivated by the observation that two
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heterogeneous domains may come from one domain. Namely, features of two
heterogeneous domains could be outputs of heterogeneous projections of features
of the one domain (see Figure 6.1). In the following two paragraphs, we present

two examples to describe this observation.

Example 1. Sentences written in Latin can be translated into sentences writ-
ten in French and Spanish. The French and Spanish sentences have different
representations but share a similar meaning. If the Latin sentences are labeled
as “positive"”, then the French and Spanish sentences are probably labeled as
“positive”. In this example, we can construct a Latin domain using Latin sen-
tences and the task (labeling sentences as “positive" or “negative"). Then, French
domain and Spanish domain come from one domain: Latin domain, where French
and Spanish domains consist of French and Spanish sentences (translated from

Latin sentences) and the task (labeling sentences as “positive" or “negative").

Example 2. Taking another example in real-world scenarios: human senti-
ment, as an underlying domain (to analyze whether a person is happy), is difficult
to record accurately. We can only obtain its projection or representation on real
events, such as Amazon product reviews and Rotten Tomatoes movie reviews.
The Amazon product reviews and the Rotten Tomatoes movie reviews are two
heterogeneous domains but come from an underlying domain: human sentiment.

Based on this observation, we propose two key factors, V and D, to reveal the

similarity between two heterogeneous domains:

* the variation (V') between the conditional probability density functions of

both domains;
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* the distance (D) between the feature spaces of the two heterogeneous

domains.

In general, small V means that two domains have similar ground-truth labeling
functions and small D means that two feature spaces are close.

This chapter aims to construct homogeneous representations to preserve the
original similarity (evaluated by V and D) between two heterogeneous domains,
while allowing knowledge to be transferred. We denote V., Vy,, Dg. and Dy,
by values of V and D of the original heterogeneous (He) domains and the Ao-
mogeneous (Ho) representations. The basic assumption of unsupervised domain
adaptation methods is that two domains have similar ground-truth labeling
functions. Hence, the constructed homogeneous representations must make
Viro < Vie. Similarly, Dy, < Dy, is expected, indicating that the distance be-
tween two feature spaces of the homogeneous representations is small. We mainly
focus on how to construct the homogeneous representations where Vy, = Vi,
and Dy, = Dy, (the exact homogeneous representations of two heterogeneous
domains).

To ensure the efficacy of the homogeneous representations, this chapter
presents: 1) an unsupervised knowledge transfer theorem that guarantees the cor-
rectness of transferring knowledge (to make Vg, = V.); and 2) a principal angle-
based metric to measure the distance between two pairs of domains: one pair
comprises the original source and target domains and the other pair comprises
two homogeneous representations of two domains (to help make Dy, = Dpy.).
Based on the constructed exact homogeneous representations of two heteroge-

neous domains, HoUDA methods can be applied to transfer knowledge across
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the representations.

The unsupervised knowledge transfer theorem sets out the transfer conditions
necessary to prevent negative transfer (to make Vy, = Vy,). Linear monotonic
maps (LMMs) meet the transfer conditions of the theorem and are therefore used
to construct the homogeneous representations. Rather than directly measuring
the distance between two heterogeneous feature spaces, the distance between two
feature subspaces of different dimensions is measured using the principal angles
of Grassmann manifold. This new distance metric reflects the extent to which
the homogeneous representations have preserved the geometric relationship
between the original heterogeneous domains (to make Dy, = Dgy,.). It is defined
on two pairs of subspace sets; one pair of subspace sets reflects the original
domains, the other reflects the homogeneous representations.

Homogeneous representations of the heterogeneous domains are constructed
by minimizing the distance metric based on the constraints associated with
LMMs, i.e., minimize |Dg,—DHe,ll ¢, under the constraints Vg, = Vg.. Knowledge
is transferred between the domains through the homogeneous representations
via a geodesic flow kernel (GFK) [Gong et al., 2014]. The complete proposed
HeUDA method incorporates all these elements and is called the Grassmann-
LMM-GFK method - GLG for short. Figure 6.1 illustrates the process of GLG.

To validate the efficacy of GLG, five public datasets were reorganized into
ten tasks across three applications: cancer detection, credit assessment, and text
classification. The experimental results reveal that the proposed method can
reliably transfer knowledge across two heterogeneous domains when the target
domain is unlabeled and there are no parallel sets. The main contributions of

this chapter are:
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Figure 6.1: The progress of the GLG method. The original source and target
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or analyzing human sentiment). However, the underlying domain is hard to
observe and we can only observe its projection/representation on two (or more)
domains, e.g., two heterogeneous domains in this figure.
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1) An effective heterogeneous unsupervised domain adaptation method, called
GLG, is proposed to transfer knowledge from a source domain to an unlabeled
target domain in settings where both domains have heterogeneous feature spaces
and are free of parallel sets.

2) An unsupervised knowledge transfer theorem that prevents negative
transfer for HeUDA methods is proved.

3) A new principal angle based metric is proposed to show the extent to which
homogeneous representations have preserved the geometric distance between
the original domains. This new metric also reveals the relationship between two
heterogeneous (different-dimensionality) feature spaces.

Proofs of lemmas and theorems can be found in the Appendix A.4.

6.2 Problem Setting and Notations

Following our motivation (two heterogeneous domains may come from one do-
main), we first give a distribution P over a multivariate random variable X
defined on an instance set X', X: X — R* and a labeling function f : R* — [0,1].
The value of f(X) corresponds to the probability that the label of X is 1. In this
chapter, we use w to represent a subset of X, i.e. w € X, and use P(Y = 1|X) to
represent f(X), where Y is the label of X and the value of Y is —1 or 1. The
multivariate random variables corresponding to features of two heterogeneous

domains are images of X:
(6.1) Xs = Rs(X), Xt = Rt(X)7

where R, : RF — R™, R, : R* — R*, Xg ~ P, and X; ~ P;. In the heterogeneous

unsupervised domain adaptation setting, m # n and we can observe a source
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N

domain Dg = {(xg;, ysi)}zi\i , and a target domain D¢ = {Ceidl;2 s

where x; € R™,
x;; € R"™ are observations of the multivariate random variables Xg and X;, res-
pectively, and y,;, taking value from {—1,1}, is the label of x;;. X = {(xsi)}?i 1
builds up a feature space of Dg and X; = {(xti)}é\; , builds up a feature space of
Diand Y, = {(ysi)}f\i 1 builds up of a label space of Ds. In the following section,
Dg = (X;,Y;) and D¢ = (X;) for short. The HeUDA problem is how to use Dg and
Dy to label each x;; in Dy.

In the Example 1 (see Section 6.1), X represents sentences written in Latin
and w is a subset to collect some Latin sentences from X. X is a multivariate
random variable and represents the Latin representations of sentences in .
Since we consider that French and Spanish sentences are translated from Latin
sentences, X is the French representations of sentences in X and Xy be the Span-
ish representations of sentences in X. It should be noted that, in general, Latin
sentences and French (or Spanish) sentences are disjoint. However, in this exam-
ple, French (or Spanish) sentences are translated from Latin sentences, which

means that French (or Spanish) sentences and Latin sentences are associated.

6.3 Heterogeneous Unsupervised domain
adaptation

Our HeUDA method, called GLG, is built around an unsupervised knowledge
transfer theorem that avoids negative transfer through a variation factor V that
measures the difference between the conditional probability density functions

in both domains. The unsupervised knowledge transfer theorem guarantees
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linear monotonic maps (LMMs) against negative transfer once used to construct
homogeneous representations of the heterogeneous domains (because Vi, = V).
A metric, which reflects the distance between the original domains and the
homogeneous representations, ensures that the distance factor Dy, between the
original domains is preserved (i.e., Dy, = Dpg.). Thus, the central premise of the
GLG method is to find the best LMM such that the distance between the original

domains is preserved.

6.3.1 Unsupervised Knowledge Transfer Theorem for

HeUDA

This subsection first presents the relationships between P(Y = 1|X) and P(Y =
11Xs) (or P(Y = 1/X¢)) and then gives the definition of the variation factor (V')
between P(Y = 1|Xs) and P(Y = 1/X;). Based on V, we propose the unsupervised
knowledge transfer theorem for HeUDA.

Given a measurable subset w € X', we can obtain the probability c(w) = P(Y =
1/ X(w)). We expect that the probability P(Y = 1|R;(X(w))) and P(Y = 1|R;(X(w)))
will be around c(w). If w is regarded as the Latin sentences mentioned in Sec-
tion 6.1, X; = R;(X(w)) and X; = R;(X(w)) are French and Spanish representations
of the Latin sentences. If the Latin sentences are labeled as “positive" (Y = 1),
we of course expect that the French and Spanish sentences will have a high
probability of being labeled as “positive". To ensure this, Vo c X', we assume the

following equality holds.

PY=1X;w)) _ PN =1X,(w)) _
Bs(Y=1,Xs(w)) p(Y=1ZXs(w))

(6.2) c(w),
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where B:(Y = 1,X(w)) and B(Y = 1,X;(w)) are two real-value functions. Since two
heterogeneous domains have a similar task (i.e., labeling sentences as “positive"
or “negative"), we know Bs(Y = 1,X(w)) and (Y = 1,X;(w)) should be around 1

and have following properties for any w.

1 —
BY = LK () # 1)
c(w)
1-c(w)
(6.3) or (Y =1,X:w)) # )
c(w)

The properties described in (6.3) ensure that it is beneficial to transfer knowl-
edge from the source domain to the target domain. If we do not have both
properties described in (6.3), i.e., Bs(Y = 1,X(w)) = (1 — c(w))/c(w), we will have
P(Y = 1Xs(w)) = 1-c(w) = P(Y = —-1|X(w)), indicating that positive Latin sen-
tences are represented by negative French sentences. Based on (6.2), we define

the variation factor Vi (P(Y = 1| X(w)), P(Y = 1|X;(w))) as follows.

Vize(P(Y = 11X(0)), P(Y = 11Xy(w))) = |P(Y = 1[X,(w)) - P(Y = 11 Xs(w))|

(6.4) = c(w)|,Bs(Y =1,Xs(w)) - (Y = l,Xt(w))|.

To study how to correctly transfer knowledge across two heterogeneous do-
mains, we first give a definition of extreme negative transfer to show the worst

case.

Definition 6.1 (Extreme negative transfer). Given Xg ~ P, X¢ ~ P; and Eq. (6.2),

if, Vo c X, f{(Xg) :R™ - R" and fy(Xy) :R" — R” satisfy
P(Y = 1|fsXs(w)) = P(Y = -1|f;(X;(w)),
then we call that [(Xs) and [+(Xy) cause extreme negative transfer.
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Based on Definition 6.1, if extreme negative transfer happens, we will transfer
incorrect knowledge across two domains. In experiments, we can use target-
domain classification accuracy to quantify extreme negative transfer: lower
accuracy means that extremer negative transfer happens. Section 6.5.3 shows
the consequence caused by extreme negative transfer.

However, we cannot quantify extreme negative transfer without presence
of labeled data in target domain. Thus, to avoid the extreme negative transfer
in advance, we present the heterogeneous unsupervised domain adaptation
condition as follows. Satisfying this condition means that the knowledge will be

transferred in expected way.

Definition 6.2 (HeUDA condition). Given Xg ~ Ps, X¢ ~ P; and the Eq. (6.2), if
there are two maps [(Xs) and [1(Xy), then, Vo c X, the heterogeneous unsuper-

vised domain adaptation condition can be expressed by the following equation.

PY =1IfsXs()) _ PY =1/ Xs(w)) _ ()
Bs(Y = 1,X;(w)) B(Y = 1,Xy(w)) ’

(6.5)

where w is a measurable set.

If this condition is satisfied, it is clear that
P(Y =1|f;Xs(w)) # P(Y = -1|f:(X;(w)),
and

Vizo(P(Y = 1|fs(Xs(w)), P(Y = 1| f1Xy(w))) = c(@)| Bs(Y = 1,Xs(w)) — B(Y = 1,Xs(w))

K

indicating that fs and f; will not cause extreme negative transfer and Vg, = Vi,.
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Remark 6.1. The HeUDA condition defined in Definition 6.2 is a sufficient con-
dition to correctly transfer knowledge across two heterogeneous domains, but it
is not a necessary condition. Although we could define more HeUDA conditions
(sufficient conditions) to correctly transfer knowledge across two heterogeneous do-
mains, we cannot find maps to satisfy every condition. In this chapter, the HeUDA
condition described in Definition 6.2 can be satisfied by the proposed mapping
function: linear monotonic map (defined in Section 6.3.3), which means that we
find a practical way to correctly transfer knowledge across two heterogeneous

domains.

Although Definition 6.2 provides the basic transfer condition in HeUDA
scenario, we still need to determine which kinds of map (i.e., f; and f;) satisfy

this condition. To explore one such map, we propose monotonic maps as follows:

Definition 6.3 (monotonic map). If a map f : R™ — R” satisfies the following

condition
x; <xj= flx;) < flxj),

where (x;,<) and (f(x;),<) are binary relations and “<” is a strict partial order

over R™ and f(R™), then the map f is a monotonic map.

The proposed unsupervised knowledge transfer theorem follows, based on

Definition 6.3.

Theorem 6.1 (unsupervised knowledge transfer theorem). Given Xg ~ Ps, X¢ ~
P; and the Eq. (6.2), if there are two maps f(Xs) : R™ — R" and f;(X¢) : R* — R"
satisfy that

1) f(Xs) and f;(X¢) are monotonic maps;
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2) £7Uf(Xs) =Xs and f71(F:(Xp) =Xy
then fs(Xs) and f(Xy) satisfy the heterogeneous unsupervised domain adaptation

conditions.

Based on Theorem 6.1, we demonstrate a choice f5(Xs) and f;(X;) to satisfy
the heterogeneous unsupervised domain adaptation condition, and highlight the
sufficient conditions for reliable unsupervised knowledge transfer. If a mapping
function from heterogeneous domains to homogeneous representations satisfies
two conditions in Theorem 6.1, it can transfer knowledge across domains with

theoretical reliability.

6.3.2 Principal Angle-based Measurement between

Heterogeneous Feature Spaces

In this subsection, the method for measuring the distance between two subspaces
is introduced. On a Grassmann manifold Gy, (or Gy ), subspaces with m (or
n) dimensions of RY are regarded as points in Gy, (or Gy ,). This means that
measuring the distance between two subspaces can be calculated by the distance
between those two points on the Grassmann manifold. First, the subspaces
spanned by X and X; are confirmed using singular value decomposition (SVD).
The distance between the spanned subspaces A = span(X;) and B = span(X;)
can then be calculated in terms of the corresponding points on the Grassmann
manifold.

There are two HoUDA methods that use a Grassmann manifold in this way:
DAGM and GFK. DAGM was proposed by Gopalan et al. [Gopalan et al., 2014].

GFK was proposed by Gong and Grauman [Gong et al., 2014]. Both have one
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shortcoming: the source domain and the target domain must have feature spaces
of the same dimension, mainly due to the lack of geodesic flow on Gy ,, and Gy,
(m #n). In [Ye and Lim, 2016], Ye and Lim successfully proposed the principal
angles between two different dimensional subspaces, which helps measure the
distance between two heterogeneous feature spaces consisting of X; and X;.

Principal angles for heterogeneous subspaces are defined as follows.

Definition 6.4 (principal angles for heterogeneous subspaces [Ye and Lim,
2016)]). Given two subspaces A € Gy, and B € Gy, (m # n), which form the
matrixes A € RN*™ and B € RN*", the it" principal vectors (pi,q;), i =1,...,r, are

defined as solutions for the optimization problem (r = min(n,m)):

max plq
(6.6) s.t. peA, pTp1=..=pTpi_1, Ipl =1,
q€B, ¢Tq1=..=q"qi_1, llgll =1,

Then, the principal angles for heterogeneous subspaces are defined as
cos0; :pLTqi, i1=1,..,r.

Ye and Lim [Ye and Lim, 2016] proved that the optimization solution to (6.6)
can be computed using SVD. Thus, we can calculate the principal angles between
two different-dimensionality subspaces, and this idea forms the distance factor
D mentioned in Section 6.1. To perfectly define distances between subspaces of
different dimensions, Ye and Lim used two Schubert varieties to prove that all
the defined distances in subspaces of the same dimensions are also correct when
the dimensionalities differ. This means we can calculate a distance between two

subspaces of different dimensions using the principal angles defined in Definition
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6.4. Given A = span(X;) and B = span(X;), the distance vector between X and
X; is defined as a vector containing principal angles between A and B, which

has the following expression.
Dpe(Xs, X)) =arccos((01(A"B),02(A"B),...,0 (AT B))),

where r = min(n,m), 0;(ATB) is the i?* singular value of AT B computed by SVD
(the i*" principal angles 6; = arccos(g;(ATB))).
If we can find two maps fs and f; that satisfy the conditions of Theorem 6.1,

we can obtain the Dy, as follows.

DHo(fs(Xs), ft(Xt))

= arccos([o1(CTD),09(CTD),...,a.(CTD))),

where C = span(fs;(X;)) and D = span(f:(X;)). Hence, we can measure the dis-

tance between Dy, and Dy, via these singular values of matrix ATB and CTD.

Remark 6.2. The distance Dy.(Xs,X;) defined in this subsection aims to describe
a geometric relationship between X and X;. Compared to KL divergence, which
estimates the distance between probability distributions, Dyg.(Xs,X;) has the
following differences.

a) Dy1.(Xs,X;) is a vector that contains principal angles between a subspace
spanned by X and a subspace spanned by X;, which means that it describes a
geometric relationship between X and X;. However, KL divergence is a real num-
ber to describe a relationship between X, and X; from a probability perspective,
so, Dg.(Xs,X:) and KL divergence have different aims.

b) Dy.(Xs,X;) is able to describe a geometric relationship between X and

X; when X and X; have different dimensionalities (e.g., the dimensionality
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of X is 24 and the dimensionality of X; is 14). However, KL divergence can
only be computed when X; and X; have the same dimensionalities (e.g., the
dimensionality of X, is 14 and the dimensionality of X; is 14). This is why it
is necessary to define a new distance to describe the relationship between two
heterogeneous feature spaces from two heterogeneous domains. To the best of our
knowledge, there is little discussion about the relationship between two different-

dimensionality distributions.

6.3.3 GLG: The Proposed HeUDA Method

With the unsupervised knowledge transfer theorem that ensures the reliability
of heterogeneous unsupervised domain adaptation, and with the principal angles
of Grassmann manifolds explained, we now turn to the proposed method, GLG.
The optimization solution for GLG is outlined in Section 6.4.

A common idea for finding the homogeneous representations of heterogeneous
domains is to find maps that can project feature spaces of different dimensions
(heterogeneous domains) onto feature spaces with same dimensions. However,
most heterogeneous domain adaptation methods require at least some labeled
instances or paired instances in the target domain to maintain the relationship
between the source and target domains. Thus, the key to a HeUDA method is to
find a few properties that can be maintained between the original domains and
the homogeneous representations.

Here, these two factors are the variation factor (V. and Vg, defined in Sec-
tion 6.3.1) and the distance factor (Dg, and Dp, defined in Section 6.3.2). Theo-

rem 6.1 determines the properties the maps should satisfy to make Vi, = Vg,
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and principal angles shows the distance between two heterogeneous (or homo-
geneous) feature spaces (Dg,. and Dp,). However, there are still two concerns:
1) which type of mapping function is suitable for Theorem 6.1; and 2) which
properties should the map maintain between the original domains and the ho-
mogeneous representations. The first concern with the unsupervised knowledge

transfer theorem is addressed by selecting LMMs as the map of choice.

Lemma 6.1 (linear monotonic map). Given a map f :R™ — R" with form f(x) =
xUT, f(x) is @ monotonic map if and only if U >0 or U < 0, where x € R™ and

UeR™™,

Since the defined map in Lemma 6.1 only uses U and according to the gener-
alized inverse of a matrix, the matrix f(X;) satisfies f1(f(X;)) = X;. Therefore,

we can prove that LMMs satisfy the conditions in Theorem 6.2.

Theorem 6.2 (LMM for HeUDA). Given Xg ~ Ps, X; ~P; and Eq. (6.2), if there
are two maps [s(Xg) : R™ — R" and f;(X¢) : R" — R" are LMMs, then fs(Xs) and

f+(Xy) satisfy the HeUDA condition.

Remark 6.3. From this theorem and the nature of LMMs, we know this positive
map can better handle datasets that have many monotonic samples because the
probabilities in these monotonic samples can be preserved without any loss. The
existence of these samples offers the greatest probability of preventing negative

transfers.

Theorem 6.2 addresses the first concern and provides a suitable map, such
as the map in Lemma 6.1, to project two heterogeneous feature spaces onto the

same dimensional feature space. It is worthwhile showing that an LMM is just
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one among many suitable maps for Theorem 3.1. A nonlinear map can also be
used to construct the map, as long as the map is monotonic. In future work, we
intend to explore additional maps suitable for other HeUDA methods.

This brings us to the second concern: which properties can be maintained
during the mapping process between the original domains and the homogeneous
representations? As mentioned above, the principal angles play a significant
role in defining the distance between two subspaces on a Grassmann manifold,
and in explaining the projection between them [Wong, 1967]. Ensuring the
principal angles remain unchanged is thus one option for maintaining some
useful properties.

Specifically, for any two pairs of subspaces (A,B) and (C, D), if the principal
angles of (A,B) and (C,D) are the same (implying that min{dim(A), dim(B)} =
min{dim(C), dim(D)}, dim(A) represents the dimension of A), then the relation-
ship between A and B can be regarded as similar to the relationship between C
and D. Based on this idea, the definition of measurement D, which describes the

relationships between two pairs of subspaces, follows.

Definition 6.5 (measurement between subspace pairs). Given two pairs of sub-
spaces (A,B) and (C,D), the measurement D((A,B), (C,D)) between (A,B) and
(C,D) is defined as

(6.7) D((A,B),(C,D)) =Y |0:(ATB)-0;(CTD)),

i=1

where A,B,C and D are subspaces in RN, r=min{dim(A), dim(B), dim(C), dim(D)}
and 0;(ATB) is the i*" singular value of mairix ATB and represents the cosine

value of the it" principal angle between A and B.
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Remark 6.4. The measurement D is defined on two pairs of two subspaces (e.g.,
pair 1: (A,B) and pair 2: (C,D), where A,B,C and D are subspaces) rather
than two distributions. This distance describes the distance between two pairs of
subspaces (e.g., relationships between (A,B) and (C,D)), which is different with

distance between probability distributions, such as KL divergence.

Measurement D defined on G}C, . X GN « is actually a metric, as proven in the

following theorem.

Theorem 6.3. (D,G]:C, . XGN «) is a metric space, where G « ={A|A€eGpn,;, i =

1,..,N -1}

In contrast to the metric proposed in [Ye and Lim, 2016], our metric focuses
on the distance between two pairs of subspaces, such as (A,B) and (C,D), rather
than two subspaces, such as A and B. The proposed metric, especially designed
for the HeUDA problem, shows the extent to which homogeneous representations
have preserved the geometric distance between two heterogeneous feature spaces.
However, the metric proposed in [Ye and Lim, 2016] only focuses on the distance
between two subspaces, such as A and B. The definition of the consistency of the
geometric relationship with respect to the feature spaces of two domains can be

given in terms of the metric D as follows.

Definition 6.6 (consistency of the geometric relationship). Given the source
domain Dg = (X;,Ys) and the heterogeneous and unlabeled target domain Dg =

(X)), let f(X) = XSUST and f(X;) = XtUtT, if V6 €(0,8¢0l, 3e < O(6¢) such that

)
(6.8) fo D((S s S5, Sun(Fe, X0, S fr X)) dO <,
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then we can say that (Xs,X;) and (fs(Xs), f+(X})) have consistent geometric rela-
tionship, where S ys = span(X +6-1x), Sn(f, X% =span(f(X+6-1x)), Us € R™*™,

U; e R r=min{m,n} and 1x is a matrix of ones of the same size as X.

This definition precisely demonstrates how f and f; influence the geometric
relationship between the original feature spaces and the feature spaces of ho-
mogeneous representations. If there are slight changes in the original feature
spaces, we hope feature spaces of the homogeneous representations will also
see slight changes. If they do, it means that the feature spaces of the homoge-
neous representations are consistent with the geometric relationships of the two

original feature spaces. Based on definitions of Dy, and Dp,, (6.8) is expressed

by

bo
f D((S 2.8 0, (Sl fer X0, S frn X)) < ¢
0 s ¢

)
(6.9) & fo 1D Ee(X, X))~ Dao(fo(X2), fU XD, dO <.
To ensure the consistency of the geometric relationship of the two original feature
spaces, we minimize the following cost function to ensure that we are able to find

an € that is less than O(§y), such that f(;so D((SXés,SX?),(Sm(fs,Xf),Sm(ft,Xf))dé <

€ when there are slight changes 6§ € (0,0¢] in the original feature spaces.

Definition 6.7 (cost function I). Given the source domain Dg = (X,,Y;) and the
heterogeneous and unlabeled target domain Dg = (X}), let fs(Xs) =X SUST and

f1(Xy) =X, UtT , the cost function J1 of GLG is defined as

6o
J1(Xs, XUy, Up) = fo |Dse(X2, X0) - Dyto(X2, XD, d5

1 1
(6.10) + §AS:I’r(UsUST )+ §/ltTr(UtUtT ),
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where X0 =X +6-1x, Us e R™™, U, e R™*", r = min{m,n} and 1x is a matrix of

ones of the same size as X.

This definition shows the discrepancy between the original feature spaces and
the feature spaces of the homogeneous representations via principal angles. If
we use GEO) to represent the i** principal angle of the original feature spaces and
95’” ) to represent the i?” principal angle of the feature spaces of the homogeneous
representations, J/; measures Icos(HEO))— cos(@ﬁ'n))l when the original feature
spaces have slight changes. Trace(UsUsT ) and trace(UtUtT ) are used to smooth
fs and f;. As is set to 0.01/mr, and A; is set to 0.01/nr. When m =n, Ag and A;
are set to 0. From Definition 6.7, it is clear that the maps fs(X;) and f:(X;) will
ensure that all principal angles will change slightly as J; approaches 0, even
when there is some disturbance of up to §¢. Thus, based on Theorem 6.2 and

Definition 6.7, the GLG method is presented as follows.

GLG method. The GLG method aims to find Us e R™*™, U; € R™*" to minimize
the cost function /1, as defined in (6.10), while f(X;) = XSUST and fy(Xy) = XtUtT

are LMMs. GLG is expressed as

min J1(X;, XU, Uy)

s YUt

s.t. Ug>0 and U;>0.

[s(Xs) and f#(X;) are the new instances corresponding to X and X; in the homo-
geneous representations with a dimension of r. Knowledge is then transferred

between f5(X;) and f#(X;) using GFK.

Admittedly, LMMs are somewhat restrictive maps because all elements in the U
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must be positive numbers. However, we use LMMs to prevent negative transfers,
which can significantly prevent very low prediction accuracy in the target do-
main. From the perspective of the entire transfer process, an LMM, as a positive
map, is the only map that can help construct the homogeneous representations
(Vie =Vy, and Dy, = Dg,). The GFK method provides the second map, which
does not have such rigid restrictions and brings two homogeneous representations
closer. Hence, the composite map (LMM+GFK) does not carry rigid restrictions
and can therefore handle more complex problems. LMMs ensure correctness, thus
avoiding negative transfer, and the GFK method improves the ability to transfer
knowledge. The following theorem demonstrates the relationship between GFK

and GLG.

Theorem 6.4 (degeneracy of GLG). Given the source domain Dg = (X;,Ys) and
the heterogeneous and unlabeled target domain Dg = (X;), if two domains are

homogeneous (m = n), then the GLG method degenerates into the GFK method.

Since this optimization procedure is related to subspaces spanned by the
original instances (X; and X;) and the subspaces spanned by the distributed
instances (Xf and X f ), determining the best way to efficiently arrive at an
optimized solution is a difficult and complex problem. Section 6.4 proposes the

optimization algorithm, focusing on the solution to GLG.

6.3.4 Discussion of Definitions and Theorems

Since GLG is built around several definitions and theorems, this subsection
explains why one definition leads to another and how one theorem leads to other,

as well as discussing the importance of these theoretical demonstrations.
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Definition 6.2 gives the heterogeneous unsupervised domain adaptation con-
dition (HeUDA condition). If this condition can be satisfied, the knowledge from
a source domain will be correctly transferred to a heterogeneous target domain.
Theorem 6.1 shows the kind of map that can satisfy the HeUDA condition given
in Definition 6.2. In Theorem 6.1, a new map - monotonic map defined in Defini-
tion 6.3 - is involved to prove Theorem 6.1. To find maps such as those presented
in Theorem 6.1, an LMM is proposed in Lemma 6.1, and Theorem 6.2 proves
that LMMs can map two heterogeneous feature spaces to two homogeneous
representations with theoretical guarantee. This leads to our first theoretical
contribution: how to theoretically prevent negative transfer in the heterogeneous
unsupervised domain adaptation setting.

To find the best LMMs for two heterogeneous feature spaces, principal angles,
explained in Definition 6.4, are used to describe the distance between two het-
erogeneous feature spaces. A new measurement D is proposed in Definition 6.5
to describe the relationships between the original heterogeneous feature spaces
and the homogeneous representations that are mapped from the original het-
erogeneous feature spaces by LMMs. To maintain the principal angles between
two original feature spaces, the cost function </; is proposed in Definition 6.7.
Theorem 6.3 proves that D is also a metric, which ensures that minimizing </ is
meaningful for maintaining the principal angles between two original feature
spaces. Theorem 6.3 also indicates that J/; = 0 if source and target domains are
homogeneous domains, which leads to Theorem 6.4. Theorem 6.3 and Theorem
6.4 lead to our second theoretical contribution: how to describe and maintain the

geometric distance between two heterogeneous feature spaces.
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6.3.5 Limitation of GLG

Practically, GLG can be extended to address multi-class classification problem
since the procedure for constructing homogeneous representations of two hetero-
geneous domains does not involve y,; (labels in a source domain).

However, using GLG to directly address multi-class classification problems
does not provide sufficient theoretical guarantees. LMMs, key mapping functions
in GLG, can only guarantee that the probability of label "+1" (denoted by P1) of
an instance set, such as a subset x; belonging to X;, will not change to 1-P1
after mapping this instance set to its homogeneous representation (f(x;)). For
example, if P1(x;) = 0.6, then P1(f;(x;)) only lies in the interval (0.4,0.6], but, in
the multi-class situation (considering 10 classes), if P1(x;) = 0.1, then P1(f(x;))
will lie in the interval [0.1,0.9). The interval [0.1,0.9) is not accepted because
it is too long. If GLG is directly used to address the multi-class classification
problem, the accuracy in the target domain will be low. To address this problem,
a new mapping function (e.g., f;(x;)) is needed to ensure that P1(f;(x;)) is close to
P1(x;), which is difficult to satisfy in unsupervised and heterogeneous situation.

In our future work, we aim to extend GLG to address multi-class classification
problems by using label-noise learning methods because an unlabeled target

domain with predicted labels can be regarded as a domain with noisy labels.

6.4 Optimization of GLG

According to (6.10), we need to calculate 1) do;(CTD)/6U;, d0;(CTD)/0U; and
2) the integration with respect to 6 to minimize J; via a gradient descent al-

gorithm, where C = span(fs(Xf)), D = span(ft(Xf)), 6€(0,0pland i =1,...,r.
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Calculating 00;(CTD)/0U, and d0;(CTD)/dU, contains the process of spanning
a feature space to become a subspace. Thus, when there are disturbances in an
original feature space, the microscopic changes of the eigenvectors in an Eigen
dynamic system (EDS) need to be analyzed (Eigenvectors are used to construct
the subspaces spanned by a feature space, i.e., C and D). The following subsection

discusses the microscopic analysis of an EDS.

6.4.1 Microscopic Analysis of an Eigen Dynamic System

In this section, we explore the extent of the changes in subspace A = span(X)
when the feature space (X) has suffered a disturbance, expressed as 0A/0X.
Without loss of generality, assume A € Gy, (formed as an RN*" matrix) and
X e RNV*" where n is the number of features of X and N is the dimension of the
whole space. In keeping with SVD, A is the first n columns of the eigenvectors of

XXT which means we have the following equations:

XXTy=yidi,i=1,...,n

ylyi=1,

where y; is the i*" column of A, and A, is the eigenvalue corresponding to ;.
It is clear that if X is disturbed, due to equality, y; and A; will change
correspondingly. This equation represents a basic EDS, which is widely used in

many fields. To microscopically analyze this equation, we differentiate it into

oxxT
(6.11) —x +xxT

Oyi _0A; 0y;

=y, 0L Wi
ox  Vox Tox ™

After a series of calculations, Lemma 6.2 is derived as follows.
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Lemma 6.2 (first-order derivatives of EDS). Given a feature space X € RN*", [et
A =span(X) e Gy, (formed as an RN*" matrix), let y; be the it" column of A,

and let A; be the eigenvalue corresponding to y;. The first-order derivatives of the

EDS are
0y T LoxxT
Lo (xXT - AT )
ox = ¢ V ox Y
oA poXXT
ox Vi Tox O

where (XXT — A;I)* is the Moore-Penrose pseudoinverse of XX T — A;1.

Based on Lemma 6.2, we know the extent of the changes in subspace A =

span(X) when the feature space (X) has suffered a disturbance, expressed as

0A/0X.

6.4.2 Gradients of Cost Function I

With the proposed lemma, we obtain the derivative of cost function J; using
following chain rules. For simplicity, S;, is short for S,,(fs,X 5 ) and S?, is short

for Sy (2, X?).

(6.12)
o[ %0 9J, & 9D 00:(S3,)7SEN\T_ 0S5,
_ . dbd+As(Us)cq.
0Us)eq 520 0D lzzi(aal((sfn)Tan) r(( OS§n ) 0Us)ca (Usea

The first and second terms of the right side can be easily calculated according
to the definition of the cost function /1. Using chain rules, the third term can be

calculated by the following equations:

i s yT' St . s\T'Qt s\T Qs
(6.13) 205y) Sm):Tr((aa’((S’”) o))" 20m) S’”)

GICES o(S3)TSs, a(SS)
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s s 5
(6.14) OS k) _ ((O(Sm)kl)Tafs(Xs)).

a(Us)cd Ofs(Xg) a(Us)Cd

In terms of the first-order derivatives of EDS, we have following equations:

(6.15)
(Oai((an)Tan)) 3 1
S:)TSs, Jpa 20;((S5)TSE)

VT (Toa(S5)TSE)T +(S35)TS4IIT, ) yi,

(O(an)kZ)

6.16
(6.16) afs(X?)

= (AT =MD )T + FsT ) (St

1t eigenvalue

where y; is the eigenvector corresponding to Ui((an)TS t), A is the
corresponding to I** column of S}, and J,, is a single-entry matrix with 1 at
(p;q) and zero elsewhere. (6.15) will generate a matrix of the same size as

(S$)TS¢ | and (6.16) will generate a matrix of the same size as f5(X?), i.e., fs in

(6.16). For other terms of (6.13) and (6.14), we have the following equations:

aSs)'Ss,  p T
(6.17) (XS—%)M:szanJf(an) ki,
(6.18) 0f(Xy) =X%J
' 0WUgeq o7

We adopt Simpson’s rule to integrate 6. Simpson’s rule is a method of numer-
ical integration that can be used to calculate the value of cost function J1. We set

A =6¢/10, and the derivative of cost function /7 is calculated with

oJ A
(6.19) ! -

3 A
s = 6 L [ UD 48 (IA+ 5)+ £,UA+ D)+ LW

I=0
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where g4(A) is the integrated part in (6.12) with S$, = S,,(fs,X2). The gradient

descent equations for minimizing the cost function /7 with respect to (Us).q are

0J1
6.20 Usdea = WUs)ea ~ v 0Uy)ea’
( ) ( s)cd ( s)cd Uboolxna(Us)cd
where

01
6.21) Uhoot =max |0, Us)ea - ETGAW I

Uy, €XPressed in (6.21), is used to keep f; as an LMM. Similarly, we optimize

U, using the following equation.

01

6.22 Uee = Up)e — Ut _—
( ) ( t) ( t) UbOOlXT]a(Ut)ce

6.4.3 A Hybrid Optimization Method for GLG

We use a hybrid method of minimizing /;: 1) an evolutionary algorithm: cuckoo
search algorithm (CSA) [Yang and Deb, 2010], is used to find initial solutions U, §0)
and U ;0); 2) a gradient descent algorithm to find the best solutions. To accelerate
the speed of the gradient descent algorithm, we select n from [0.01, 0.05 0.1, 0.2,
0.5, 1, 5, 20] such that it obtains the best (minimum) cost value for each iteration.

For CSA, we set the number of nests as 30, the discovery rate as 0.25, the
lowest bound as 0, the highest bound as 1 and the number of iteration as 100. We
also apply Simpson’s rule to estimate the integration value in JJ;. CSA has been
widely applied in many fields. Its code can be downloaded from MathWorks.com
where readers can also find more detailed information about this algorithm.
Algorithm 6.1 presents the pseudo code of the GLG method. MaxIter is set to

100, err is set to 1075 and & of J7 is set to 0.01. Ultimately, D9 = (X297 y;)
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Algorithm 6.1 Pseudo code of GLG method
1: Input: Source data, target data: X, X;.

2: Initialize U, U” — CSA(X,,X)); // Get initial solutions
for i =0:MaxIter do
3: Compute Error, — J1(Xs, Xy; Ué‘),Uil)); // Select the best n;

4: Update U™V — U using (6.20);
5: Update U;Hl) — U;i) using (6.22);
6: Compute Error, — J1(Xs, X; U, U D)
if |Error,—Error,| <err then
| 7: Break; % Terminates the iteration.
end
end
8: Compute X7° — X, U7,
9: Compute Xflo — XtUtT;
10: Compute [X/%7 X ] — GFK(XH°, xHo);

11: Output: Source data, target data: dep , X fdp .

can be used to train a classifier, based on X ?dp and X ?dp , to predict the labels

for DI9P = (x29P),

6.5 Experiments

To validate the overall effectiveness of the GLG method, we conducted experi-
ments with five datasets across three fields of application: cancer detection, credit
assessment, and text classification. All datasets are publicly available from the
UCI Machine Learning Repository (UMLR) and Transfer Learning Resources

(TLR). An SVM algorithm was used as the classification engine.

6.5.1 Datasets for HeUDA

The five datasets were reorganized since no real-world datasets directly related to

HeUDA. Table 6.1 lists the details of the datasets from UMLR and TLR. Reuters-
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21578 is a transfer learning dataset, but we needed to merge the source domain
for each category with its corresponding target domain into a new domain, e.g.,
OrgsPeople_src and OrgPeople_tar were merged into OrgPeople; and similarly
for OrgPlaces and PeoplePlaces. Table 6.2 lists the tasks and clarifies the source
and target domains. Tasks G2A, Ope20pl and CO2CD are described in detail
below. Other tasks have similar meanings.

1) G2A: Assume that the German data is labeled and the Australian data is
unlabeled. Label “1" means “good credit” and label “-1" means “bad credit”. This
task is equivalent to the question: “Can we use knowledge from German credit
records to label unlabeled Australian data?"

2) Ope20pl: Assume that in one dataset “Org” is labeled “1" and “People” is
labeled “-1" (Ope in Table 6.2). Another unlabeled dataset may contain “Org”
labeled as “1". This task is equivalent to the question: “Can we use the knowledge
from Ope to label “Org" in the unlabeled dataset?"

3) CO2CD: Assume that in the Breast Cancer Wisconsin (Original) dataset
(CO in Table 6.2) “1" represents “malignant” and “-1" represents “benign”. An-
other unlabeled dataset related to breast cancer also exists. This task is equiva-
lent to the question: “Can we use the knowledge from CO to label “malignant"” in
the unlabeled dataset?"

Recall X and w, in datasets of Breast Cancer and credit assessment, X is
human beings and w is a subset of X', which means that w is a set containing
many persons. For each person in w, we may diagnose whether he/she has Breast
Cancer using features that CO or CD datasets adopt. Similarly, for each person
in w, we may assess his/her credit using standards in Germany or Australia.

The multivariate random variable X in datasets of Breast Cancer describes
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Table 6.1: Description of the original datasets.

Field Dataset name # of instances # of features Source
. German Credit Data 1000 24 UMLR
Credit Australian Credit Approval 690 14 UMLR
Reuters-21578 OrgsPeople_src 1237 4771 TLR
Reuters-21578 OrgsPeople_tar 1208 4771 TLR
Text Reuters-21578 OrgsPlaces_src 1016 4415 TLR
Reuters-21578 OrgsPlaces_tar 1043 4415 TLR
Reuters-21578 PeoplePlaces_src 1077 4562 TLR
Reuters-21578 PeoplePlaces_tar 1077 4562 TLR
Breast Cancer Wisconsin (Original) 683 9 UMLR
Cancer Breast Cancer Wisconsin (Diagnostic) 569 30 UMLR

key features to distinguish whether a tumour is benign. Namely, if we can obtain

observations from distribution of X, we will perfectly classify benign tumour

and malignant tumour. However, these observations cannot be obtained and we

can only obtain features in both datasets of Breast Cancer used in this chapter.

Features in both datasets can be regarded as observations from Xg and X; which

are heterogeneous projections of X.

In datasets of credit assessment, X describes key features to distinguish

whether the credit of a person is good. However, observations from distribution of

X cannot be obtained and we can only obtain features in German and Australian

datasets. Features in both datasets can be regarded as observations from Xg and

X which are heterogeneous projections of X.
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Table 6.2: Transfer tasks (10 tasks in total).

Field Source Target Labels Task
. German Credit Data Australian Credit Approval 1: Good G2A
Credit Australian Credit Approval German Credit Data 1: Good A2G
OrgsPeople OrgsPlaces 1: Orgs Ope20pl
OrgsPlaces OrgsPeople 1: Orgs Opl20pe
Text OrgsPlaces PeoplePlaces -1: Places Opl2Ppl
PeoplePlaces OrgsPlaces -1: Places Ppl20pl
PeoplePlaces OrgsPeople - Ppl20pe
OrgsPeople PeoplePlaces - Ope2Ppl
Breast Cancer Wisconsin (Original) Breast Cancer Wisconsin (Diagnostic) 1: Malignant CO2CD
Cancer Breast Cancer Wisconsin (Diagnostic) Breast Cancer Wisconsin (Original) 1: Malignant CD2CO
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6.5.2 Experimental Setup

The baselines and their implementation details are described in the following

section.

6.5.2.1 Baselines

It was important to consider which baselines to compare the GLG method with.
There are two baselines that naturally consider situations where no related
knowledge exists in an unlabeled target domain: 1) methods that label all in-
stances as “1”, denoted as Al; and 2) methods that cluster the instances with
random category labels (the k-means method clusters the instances in the target
domain into two categories), denoted as CM. It is important to highlight that A1
and CM are non-transfer methods.

When transferring knowledge from a source domain to a heterogeneous and
unlabeled target domain, there is a simple baseline that applies dimensional
reduction technology to force the two domains to have the same number of
features. Denoted as Dimensional reduction Geodesic flow kernel (DG), this
method forces the dimensionality of all features to be the same. DG is a useful
method to show the difficulties associated with HeUDA problem.

An alternative method, denoted as Random Maps GFK (RMG), randomly
maps (linear map) features of two domains onto the same dimensional space.
The comparison between this method and Random LMM GFK (RLG) shows
the effect of negative transfer. The RLG method only uses random LMMs to
construct the homogeneous representations and does not preserve the distance

between the domains (it only considers the variation factor). The KCCA method
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with randomly-paired instances is also considered as a baseline.

Although deep-learning based methods were originally designed for homo-
geneous domains, we only need to change the number of neurons in the second
layer of these methods to make them suitable for heterogeneous domains. Con-
sequently, DANN [Ganin et al., 2016a], DAN [Long et al., 2019] and beyond-
sharing-weights domain adaptation (BSWDA) [Rodriguez and Laio, 2014] are
selected to compare with GLG.

The last selected baseline is SFER, which is inspired by the fuzzy co-clustering
method (cluster features of two domains). Apart from the deep-learning based
methods, the selected domain adaptation methods and GLG methods map two
heterogeneous feature spaces onto the same dimensional feature space (i.e., the
homogeneous representations) at the lowest dimension of the original feature

spaces.

6.5.2.2 Implementation details

Following [Li et al., 2014; Pan et al., 2011; Pan and Yang, 2010; Xiao and Guo,
2015], SVM was trained on homogeneous representations of source domain, then
tested on target domain. The following section provides implementation details
of our experiments.

The original datasets used in the text classification tasks were preprocessed
using SVD (selecting top 50% Eigenvalues) as the dimensionality reduction
method for non-deep methods. We randomly selected 1,500 unbiased instances
from each domain to test the proposed method and baselines. The German Credit
dataset contains some bias, with 70% of the dataset labeled 1 and 30% labeled

—1; however, the Australian Credit Approval dataset is unbiased. Given the basic
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assumption that both domains are similar, we needed to offset this dissimilarity
by changing the implementation of the experiments with this dataset. Hence, we
randomly selected 600 unbiased instances from the German Credit dataset for
every experiment and ran the experiment 50 times for each method and each
task.

The DAN and BSWDA methods are neural networks including five layers:
input layer, hidden layer I, hidden layer II, representation layer and output layer.
For the credit and cancer datasets, the number of neurons in hidden layer I (and
IT) is 200 and the number of neurons in the representation layer is 100. For text
classification dataset, the number of neurons in hidden layer I (and II) is 2,000
and the number of neurons in the representation layer is 1,000. The classifier for
the DANN method is also a neural network (including five layers) and has the
same setting with DAN and BSWDA. Its domain classifier is a three-layer neural
network. The number of neurons in the hidden layer of DANN’s domain classifier
is set to 1,000 for text classification dataset and 100 for other datasets. Following
[Saito et al., 2017], Adagrad optimizer is used to optimize parameters of DAN,
BSWDA and DANN on text classification datasets, since Adagrad optimizer is
suitable for sparse features. On other datasets, Adam optimizer is adopted to
optimize parameters of DAN, BSWDA and DANN.

Accuracy was used as the test metric, as it has been widely adopted in the

literature [Ghifary et al., 2017; Li et al., 2014; Pan et al., 2011]:

lx € Xy : g(x) = y(x)|
lx € X4l ’

Accuracy =

where y(x) is the ground truth label of x, while g(x) is the label predicted by

the SVM classification algorithm. Since the target domains do not contain any
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labeled data, it was impossible to automatically tune the optimal parameters
for the target classifier using cross-validation. As a result, we used LIBSVM’s
default parameters for all classification tasks. Because there were no existing
pairs in the 10 tasks, we randomly matched instances from each domain as pairs
for the KCCA method. For neural networks, we report the best average accuracy
of each dataset (using the same parameters for tasks constructed from the same
dataset) by tuning the learning rate of optimizers and the penalty parameters of
the regularizers of each method. The batch size was set to 24 and the number of
epochs was set to 50 for all datasets.

All experiments were conducted on an Intel(R) Core(TM) i7-4770 CPU at
3.40Ghz with a memory of 64 GB running Windows 7 professional 64-bit operat-
ing system. Deep-learning based methods were implemented by Pytorch 0.4.0
and other methods were implemented by Matlab 9.2.0. To show the complexity
of each task, we also tested same-domain accuracy with a 5-fold SVM using the
default parameters on seven different target domains. We randomly selected
unbiased instances from five domains (the cancer datasets were excluded), and
ran the experiments 50 times, preprocessing the instances with the zscore func-
tion. Table 6.3 shows the average accuracy and standard deviations in terms
of AVG+STD. The results show that the German Credit dataset and the Ppl
dataset were the hardest to classify and the Cancer-D and Cancer-O datasets
were the easiest. In general, the accuracy of the HeUDA methods was lower than
the same-domain (target) accuracy due to the lack of labels in the target domain.

Table 6.3: Same-domain accuracy of each target domain using 5-fold SVM.

German Australia Opl Ope Ppl CD (60]

71.21% 86.10% 84.97% 85.15% 78.40% 97.01% 96.49%
+1.56% +0.82% +0.88% +0.71% +0.82% +0.00% +0.00%
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6.5.3 Experiment I: RMG

This experiment demonstrates a situation in which the transfer process is un-
reliable. It is a natural idea to propose a HeUDA method that randomly maps
two domains onto the same feature space, then uses a HoUDA method to adapt
the domains. Hence, the RMG method randomly generated fs(X) = X UST and
i X)) =X tUtT to transfer knowledge from the source domain to the target do-
main. Table 6.4 shows the classification results for RMG compared to CM across
50 tests against three criteria: AVG+STD, max accuracy, and min accuracy. The
results indicate that RMG is not a valid option for transferring knowledge from
a source domain to a target domain. The average accuracy was low, especially for
the CD2CO task, where the minimum accuracy was 7.91%. Namely, label space

was greatly changed after the transfer.
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Table 6.4: The classification results for RMG and CM.

Field

Task

Average Accuracy

Max Accuracy

Min Accuracy

RMG CM RMG CM RMG CM

. G2A 49.46%+13.31% 44.89%+0.40% 75.94% 56.23% 24.49% 43.77%
Credit  Aoq 49.34%+5.2% 50.97%+5.21% 59.33% 57.17% 36.00% 43.67%
OPe20Pl 52.36%+5.20%  49.76%+5.79% 62.47% 59.93% 41.27% 40.07%
OPI20Pe 46.14%+5.10%  49.4%+5.01% 56.00% 56.87% 37.33% 43.13%

Toxt OPI2PP]  48.98%+5.84%  50.70%+5.24% 62.67% 58.40% 36.13% 41.47%
PPI20P]  49.34%+5.58%  49.76%+5.79% 64.27% 59.93% 38.40% 40.07%
OPe2PPl 51.83%+4.99%  50.70%+5.24% 60.80% 58.40% 40.07% 41.47%
PPI20Pe  49.35%+4.88%  49.4%+5.01% 61.40% 56.87% 40.47% 43.13%
CD2CO  58.92%+27.88% 38.94%+45.17% 96.49% 96.19% 791%  3.81%
Cancer oocD  49.18%+20.87% 37.25%+33.37% 89.10% 85.41% 14.41% 14.59%
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Table 6.5: The results of the MMD test for the mapped and adapted domains
in two extreme situations (lowest and highest accuracy) of task CD2CO among
50-time experiments.

Situation Task/Accuracy Homogeneous representations Adapted domains

Lowest Acc. CD2CO0/7.91% No Yes
Highest Acc. CD2C0/96.49% No Yes

The results of the two-sample MMD tests [Gretton et al., 2012] are shown in
Table 6.5 to demonstrate the significance of Theorem 3.1. These tests measure the
maximum and minimum accuracy of the homogeneous representations for the
two CD2CO tasks. In Table 6.5, “No" means that the two domains have different
distributions, while “Yes" means the two domains have the same distribution.

It is easy to see that distributions of feature spaces of adapted domains can be
regarded as having the same distribution (in terms of MMD) in these two extreme
situations (highest and lowest accuracy). However, these identically-distributed
domains unexpectedly returned extremely different accuracies at 7.91% and
96.49% when using SVM to label the instances in the target domain. This will
result in significant errors even if P(f;(X;)) = P(f:(X})), which is clearly caused by
P(Y|fs(Xy)) # P(Y |f:(X})) (significant difference). Thus, this experiment supports
our claim that Definition 6.2 (the HeUDA condition) and Theorem 6.1 (the
unsupervised knowledge transfer theorem) are both necessary. It also shows the
consequences of ignoring Theorem 6.1 - the conditional probability distribution

will significantly change.
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6.5.4 Experiment II: Overall comparisons

This section presents classification results of the methods presented in Sec-
tion 6.5.2.1, which are shown in Table 6.6. The results reflect that the GLG
method was able to complete these 10 tasks effectively, and with better accuracy
than other baselines. Our overall analysis of the comparative results reveals the
following insights:

1) The GLG method produced more stable classification results and higher
classification accuracy than the other methods.

2) Although the KCCA, DAN, BSWDA and DANN methods outperformed Al,
DG, CM, and RMG in some tasks, the classification results were unstable as they
did not prevent extreme negative transfer.

3) Since deep-learning based methods (DAN, BSWDA and DANN) do not
prevent extreme negative transfer, their classification results are unstable in
tasks G2A, CD2CO and CO2CD. This means that a neural network, as a mapping
function, cannot be directly used to address the HeUDA problem.

4) Although deep-learning methods have considerable potential for fining
a representation of two domains, they cannot be directly used for addressing
HeUDA problem. Some constraints should be considered to make a neural net-
work prevent extreme negative transfer.

5) The DANN method produced more stable classification results than DAN
and BSWDA, which indicates that adversarial learning method is more suitable
for the HeUDA problem than the two-sample-test-based method.

6) GLG performs better than SFER in terms of average accuracy over 10

tasks, which means that principal angles are better than fuzzy equivalence
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relations for describing relationships between two heterogeneous feature spaces.

7) GLG can outperform baselines on 9 out of 10 tasks. On these 9 tasks, using
Friedman test, the improvement in performance of GLG over all baselines is
statistically significant on 7 tasks (p-value is less than 0.05). The remaining
2 tasks are OPI20Pe and CO2CD. On both of tasks, GLG cannot statistically
significantly outperform SFER (the strongest baseline).

8) Although SFER outperforms GLG on task OPe20PI, we use Friedman test
to investigate that SFER cannot statistically significantly outperform GLG on
this task (p-value is greater than 0.05). In summary, GLG is significantly better
than all baselines on 7 out of 10 tasks and has the same performance with SFER
on the remaining 3 tasks from statistical view.

9) In comparing same-domain accuracy, the CD2CO task outperformed the CO
task. Same-domain accuracy was harder to achieve in the text classification tasks
than in the other two tasks. This result indicates that text classification tasks
lose more information when transferring knowledge from the source domain to
the target domain.

For the runtime of each method, Al, DG, CM, RMG, KCCA and RLG finished
the G2A task within 10 seconds (s). DAN took 142.35s, BSWDA took 167.88s,
DANN took 121.34s, and SFER took 20.38s, and GLG took 82.05s. When running
GLG, the CSA algorithm costs 44.82s, and Algorithm 6.1 costs 35.34s, and other

procedures cost 1.89s.
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Table 6.6: The classification results (AVG+STD) for GLG and benchmark models. Bold values represent the lowest
average accuracy in each task.

Field Credit Text Cancer
Tasks G2A A2G OPe20P1 OPI20Pe OPI2PPI PPI20PI OPe2PP1 PPI20Pe CD2CO  CO2CD
Al 50.00% 50.00% 50.00% 50.00% 50.00% 50.00% 50.00% 50.00% 65.01% 62.74%
DG 45.19% 50.92% 47.17% 44.47% 48.38% 46.37% 45.52% 43.07% 34.62% 35.87%
+1.96% +1.06% +3.14% +1.60% +551%  +4.09%  +2.54% +1.75% +17.25% +7.56%
oM 44.89% 50.97% 49.76% 49.40% 50.70% 49.76% 50.70% 49.40% 38.94% 37.25%
+0.4% +5.21% +5.79% +5.01% +5.24%  +£5.79%  +5.24% +5.01% +45.17% +33.37%
RMG 49.46% 49.34% 52.36% 46.14% 48.98% 49.34% 51.83% 49.35% 58.92% 49.18%
+13.31% +5.2% +5.2% +5.1% +5.84%  +5.58%  +4.99% +4.88% +27.88% +20.87%
KCCA 51.05% 50.52% 49.28% 48.19% 50.27% 50.03% 50.52% 43.07% 75.50% 57.10%
+9.72% +4.64% +3.22% +3.66% +3.21%  +£3.64%  +3.52% +1.75% +15.19% +6.3%
RLG 72.70% 57.21% 60.15% 58.08% 57.71% 63.07% 56.88% 56.89% 96.59% 90.19%
+6.14% +3.96% +3.16% +2.65% +2.5% +3.11%  +2.55% +2.9% +0.45% +0.71%
DAN 55.28% 52.45% 52.93% 52.47% 53.67% 54.31% 51.41% 49.77% 58.35% 84.53%
+6.25% +3.46% +1.73% +1.72% +2.03% +1.56%  +2.26% +2.29% +26.11% +5.33%
BSWDA 51.08% 52.67% 51.57% 51.33% 51.08% 51.13% 51.59% 50.55% 67.18% 83.03%
+8.04% +6.40% +3.98% +3.76% +3.88%  +£2.75%  +2.49% +2.79% +26.13% +16.18%
DANN 65.72% 56.78% 54.25% 52.59% 52.22% 54.56% 52.59% 51.37% 94.55% 87.89%
+7.43% +2.32% +1.56% 1.27% +1.75% +1.74% +2.11% +1.69% +2.31% +1.44%
SFER 75.77% 60.50% 62.19% 58.95% 56.91% 64.11% 56.01% 57.51% 96.61% 90.20%
+0.95% +1.35% +1.44% +1.52% +1.28%  +0.81% +0.88% +1.15% +0.01% 0.03%
78.18% 61.25% 62.10% 59.54% 59.62% 65.57%  58.31% 58.81% 97.18% 90.22%
GLG +1.53%  +2.1% +1.63% +0.85% +1.54%  +0.79%  +0.83% +1.38% +0.15%  +0.26%
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CHAPTER 6. HETEROGENEOUS DOMAIN ADAPTATION: AN
UNSUPERVISED APPROACH AND ITS THEORETICAL GUARANTEES

6.6 Summary

This chapter fills two theoretical gaps in the field of heterogeneous unsupervised
domain adaptation. On a fundamental level, this chapter presents an unsu-
pervised knowledge transfer theorem that outlines the sufficient conditions to
guarantee that knowledge is transferred correctly from a source domain to a
heterogeneous and unlabeled target domain. Additionally, this chapter proves
that the theorem is able to avoid negative transfer with at least one type of map-
ping function - LMM in this case. The theorem incorporates a distance metric,
based on principal angles, to help construct homogeneous representations for
heterogeneous domains.

The theorem, the distance metric, and the LMM mapping function are pre-
sented within the GLG method, which optimizes (minimizes) the principal angle-
based metric to construct homogeneous representations for heterogeneous do-
mains, then transfers knowledge across the homogeneous representations using
a geodesic flow kernel. The overall efficacy of the GLG method was tested with
five public datasets on three practical tasks: cancer detection, credit assessment,
and text classification. The method demonstrates superior performance over the

existing baselines in all evaluation criteria.
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CHAPTER

SHARED FUZZY EQUIVALENCE RELATIONS: A
HETEROGENEOUS UNSUPERVISED DOMAIN
ADAPTATION APPROACH FOR IMBALANCED

DOMAINS

7.1 Introduction

To propose an effective HeUDA method, we successfully designed GLG in Chap-
ter 6, which solves the two aforementioned bottlenecks and has satisfactory clas-
sification results on three real applications. However, no matter which HeUDA
method (KCCA [Yeh et al., 2014] or GLGQG) is used, it does not work well when
the target domain is a small dataset due to the limitations of CCA and the
Grassmann manifold (both of which need two domains with the same number of

samples). This will limit the amount of knowledge from the source domain which
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is transferred to the target domain. For example, if we have a source domain

containing 10,000 samples, we need to label samples of the target domain which
only have 50 samples. If we use the KCCA or GLG method, we can only select 50
samples in the source domain and transfer the knowledge from these 50 selected
samples to the target domain. This means we waste 99.5% of the information
of the source domain. Thus, to leverage more information in the source domain
to help train a better classifier for the target domain, this chapter applies the
n-dimensional fuzzy geometry and the fuzzy equivalence relations to transfer all
of the knowledge from the source domain to the heterogeneous and unlabeled
target domain, where two domains have a different number of samples.

Fuzzy technology plays a key role in domain adaptation. Common fuzzy tech-
nology includes fuzzy rules, fuzzy relations and Takagi - Sugeno models. Fuzzy
rules and Takagi - Sugeno models are frequently used to transfer knowledge
across two domains [Behbood et al., 2015, 2014; Zuo et al., 2019, 2017a,b] since
they can extract general fuzzy representations of two domains and illustrate how
knowledge is transferred across domains. Deng et al. proposed a series of novel
methods via the Mamdani-Larsen-type fuzzy system and Takagi-Sugeno-Kang-
type fuzzy system [Deng et al., 2014, 2013a, 2016a, 2013b, 2016b]. Liu et al. used
fuzzy relations and fuzzy fusion to propose a series of novel methods to address
the UDA problem in heterogeneous scenarios [Liu et al., 2018b, 2017, 2018c].
Compared to integral-probability-metric, adversarial-training and pseudo-label
based methods, fuzzy methods can bridge features of two heterogeneous domains
via fuzzy relations [Liu et al., 2018b], which is the main reason why the fuzzy
relation based method can address the UDA problem in heterogeneous scenarios.

Based on these advantages of fuzzy technology, we first propose a new metric
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D on an n-dimensional fuzzy space F (R") where each feature of a domain is

regarded as a fuzzy vector. This new metric contains fuzzy degrees of fuzzy vectors
and it is proved that (D, F (R")) is a metric space. Then, we use this metric to
measure the similarity of two fuzzy vectors and build the fuzzy equivalence
relations matrix of each domain.

In a traditional fuzzy equivalence relations matrix, we can use an a to
cluster these fuzzy vectors (representing features) into several categories and
these categories are regarded as more general fuzzy representations. However,
traditional fuzzy equivalence relations cannot guarantee that fuzzy equivalence
relations matrixes of two domains can have the same number of clustering
categories with the same a. Motivated by this, we propose the shared fuzzy
equivalence relations (SFER), which allows two fuzzy equivalence matrixes of
two domains to share the same a. Compared to the traditional fuzzy equivalence
relations, the SFER can guarantee that fuzzy equivalence relations matrixes of
two domains can have the same number of clustering categories with the same
a. Eventually, with the help of the SFER, we can transfer knowledge from the
source domain to the target domain via these clustering categories.

The main contributions of this chapter can be summarized as follows.

1) A novel F-HeUDA method is proposed to address the HeUDA problem when
two domains have different numbers of samples, via adopting n-dimensional
fuzzy geometry and fuzzy equivalence relations to the HeUDA problem. Both
fuzzy technologies successfully overcome the drawbacks of CCA and the Granss-
mann manifold (two domains must have the same number of samples). As a
result, the proposed method can transfer more knowledge from a source domain

to a target domain than KCCA and GLG methods when there are very few
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samples in the target domain.

2) Two important properties of fuzzy equivalence relations are discovered
and proved in this chapter, which are the theoretical guarantees of the SFER
method and key parts of the proposed method. Based on both properties, it can be
guaranteed that fuzzy equivalence relations matrixes of two domains can have
the same number of clustering categories with the same and proper a.

3) It is the first time that n-dimensional fuzzy geometry and fuzzy equivalence
relations have been applied to address the domain adaptation problem and the
proposed method performs well in real applications.

4) The F-HeUDA method provides a user-oriented decision making pattern
for decision makers. In the proposed method, we propose a default method by
which to automatically select a for different tasks which works well in four real
applications. Furthermore, decision makers can still easily select the value of a
based on their own experience and requirements. This extends the application

scenario of the proposed method.

7.2 Concepts and Notations

This section introduces the two concepts used in this chapter, which are n-

dimensional fuzzy geometry (n-D FQG), fuzzy equivalence relations.

7.2.1 Fuzzy Geometry

The geometric properties of fuzzy sets have been researched from various aspects
such as fuzzy point, fuzzy line and fuzzy circle [Buckley and Eslami, 1997a,b;

Chakraborty and Ghosh, 2014; Ghosh and Chakraborty, 2012, 2016]. The n-D
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FG theory provides an effective way to analyze and compute fuzzy information

in a geometric form [Li et al., 2015]. In this subsection, the definition of fuzzy
vector is introduced, which is the core element in an n-D FG. Without loss of
generality, this chapter uses capital or small letters with a bar to represent the
fuzzy subsets or fuzzy points of R*. The membership function of a fuzzy set A is
denoted by u(x|A), x € R", with u(x|A) < [0,1]. The definition of fuzzy vector at

an n-D real valued vector A is presented as follows.

Definition 7.1 (Fuzzy number [Goetschel and Voxman, 1983]). A fuzzy set S of
R is called a fuzzy real number (fuzzy number in following) if its membership
function u satisfies the following properties.

1. w(x|S) = 1 is upper semi-continuous in x.

2. wx|S) = 1 for x outside some interval [c,d].

3. For some real numbers with ¢ < a < b < d, u(x|S) is monotonically increasing

in [c,a], monotonically decreasing in [b,d], and (x|S) =1 for x €[a,b].

Then, we can give the definition of the fuzzy vector at an n-D vector as

follows.

Definition 7.2 (Fuzzy vector [Goetschel and Voxman, 1983]). A fuzzy set A(ai,as, ...,ay,)
of R is called a fuzzy vector at A =(a1,as,...,a,) € R" if its membership function
U satisfies the following properties.

1 u((x1,%2,...,xp)lA(a1,a9,...,a,)) = 1is upper semi-continuous in x = (x1,Xg, ...,X,) €
R”™.

2. 1((x1,%92,...,xp)|A(a1,a9,...,a,)) = Lifand only if (x1, %2, ...,xp) = (@1,89, ...,an).

3. A(a) = {x|u(x|A(a1,as,...,an)) = @, x € R"} is a compact convex subset of R"

for all a in [0,1].
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The fuzzy vector is the basic element for researching properties of the n-D

FG space and the set of all n-D fuzzy vectors is denoted by F(R"). The third
property of n-D fuzzy vectors implies that F(R") can be connected with R"
using the membership a. this chapter uses the triangular membership function
to construct the membership function of each n-D fuzzy vector in F(R"). The

detailed form is introduced in next subsection.’

7.2.2 Fuzzy Equivalence Relation

Fuzzy equivalence relations are first mentioned in [Zadeh, 1971] (Zadeh referred
to fuzzy equivalence relations as similarity relations in [Zadeh, 1971]) and were
studied as a way to measure the similarity among fuzzy sets. Based on the fuzzy
equivalence relations, fuzzy equivalence classes can be obtained, which provides
a powerful way to analyze the fuzzy partitions. Then, to construct the fuzzy
equivalence relations for general fuzzy sets, the max—min operator is proposed
to construct max—min transitive closure which is a fuzzy equivalence relations
[Mirzaei and Rahmati, 2010]. This section briefly reviews how to generate a
fuzzy equivalence relations for fuzzy sets and how to use the fuzzy equivalence
relations to partition fuzzy sets.

First, the definition of a fuzzy relation is given as follows.

Definition 7.3 (Fuzzy relations [Zadeh, 1971]). Given N fuzzy sets A1,Ao,...,An,
an operator R : (Ai,Aj) —[0,1] is a fuzzy relation on A1,As, ..., Ay if the following
properties are satisfied.

1. R(A;,A;) =1, YA; (reflexivity),

2. R(A;,A))=R(A;,A)), YA;,A; (symmetry).
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It is obvious that the fuzzy relation R on Aq,As,...,Ay can be expressed by

a N-by-N matrix RM = (r; i)rij= R(A; A 7). Considering two fuzzy relations R,
and R, then the max—min operator o is defined for two fuzzy relations matrixes

RM and Rf)” as follows.

M_pM (a) (b)
(7.1) (R OR )l_] v (7";]1g k]
where r(i‘,’e) is the element of RM and r%’j) is the element of Ré” , “A” represents the

minimize, “v” represents the maximize. It is clear that RY ORéW

is also a fuzzy
relations matrix and r(“) (RMo RM );; and r(b) <(RMo, Réu)i j-

Next, the fuzzy equivalence relation is defined as follows.

Definition 7.4 (Fuzzy equivalence relations [Mirzaei and Rahmati, 2010]).
Given N fuzzy sets A1,As,...,AN, an operator R: (Ai,AJ-) — [0,1] is a fuzzy
relation on A1,As, ..., Ay if following properties are satisfied.

1 E(Ai,Ai) =1, VA, (reflexivity),

2. E(Ai,Aj) :R(Aj,Ai), VA; A; (symmetry).

3. RM = RM o RM (transitivity).

Here, RM is the fuzzy relation matrix on R and o is the max-min operator

mentioned above.

Compared to fuzzy equivalence relations, fuzzy relations are much easier to
obtain because fuzzy relations do not require transitivity. This leads researchers
to find a way to construct the fuzzy equivalence relations based on the fuzzy
relations and the max-min operator. The following theorem is provided to show
that the max—min transitive closure R of a fuzzy relation R is a fuzzy equivalence

relation.
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Theorem 7.1. Given a fuzzy relation R on A1,Ao, ..., Ay, there must be a finite

m € Z* and an operator R satisfies the following conditions.

1. RM :ﬁMORMO...ORMj

m
2. RM =RMoRM,
where RM is the fuzzy relations matrix of R, and RM is the fuzzy relations matrix

of R. The operator R is called the max-min transitive closure of R.

Proof. Based on Theorem 5.1 and Theorem 5.2 in [Klir and Yklsit, 1995], Rp

satisfies the following equations.
M_\J pM
k=1
M _ pM
Ry =R(y_y)

Thus, m = N —1 (condition 1 is satisfied) and we have

(o.0] o0
M _pM _ M M
Ry oR7p = VR(k)O VR(l)
k=1 1=1
=V VR R,
k=11=1
N7 M M
= V R(l+k) =Ry
Ik =1
Thus, condition 2 is satisfied. [ |

Theorem 7.1 provides a way to construct fuzzy equivalence relations through
fuzzy relations. With the constructed fuzzy equivalence relations, we can use
a-cut of RZ_,‘? to cluster Zl, Zz, e, ZN. Specifically, the matrix of a-cut of RZ_,‘?

can be expressed by the following term.

(7.2) (R¥ (@) = .
Y 0,if (RY), <a
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R¥ (a) is a binary fuzzy equivalence relation matrix. Fuzzy sets that have

the same corresponding rows of RZT‘,’[ () can be regarded as the same cluster. The
selection of a is a decision-making process, and users can choose a based on their
own requirements.

Traditional fuzzy equivalence relations are only for one type of fuzzy set,
such as the set S7 = {Zl, A, ..., ZNl}, A; € F (R"'). However, for the HeUDA
problem, there is always another set So = {El, B, ..., ENQ}, B; € F(R™) and
ni#ng, N1 # Ns. In general, R¥ of S1 and Sy are different and cannot get the
same number of clusters through sharing the same a, which is the main obstacle
when dealing with the HeUDA problem using fuzzy relations. In order to let
Rl}l of S1 and Sy share the same a, this chapter designs a new shared fuzzy
equivalence relation (SFER) which is based on two sets. Some new properties of
traditional fuzzy equivalence are first discussed in Section 7.4, then, SFER is

detailed based on these new properties.

7.3 Similarity between Fuzzy Vectors

In this section, we propose a new similarity between two fuzzy vectors in the
n-D FG. The first subsection describes a new metric on n-D FG and proves its
correctness. The second subsection proposes the new similarity based on the new

metric.

7.3.1 A Metric on Fuzzy Geometry

To measure the distance between two fuzzy vectors in the n-D FG, researchers

defined several metrics, comprising two main types: fuzzy metrics [Buckley and
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Eslami, 1997a; Kaleva and Seikkala, 1984] and de-fuzzy metrics [Li et al., 2015].

Although the literature [Li et al., 2015] proposed a de-fuzzy metric based on the
fuzzy metric defined in [Li et al., 2015], this de-fuzzy metric cannot satisfy the
second condition of a metric space. In this section, a proper de-fuzzy metric D
is proposed and we prove that (F'(R"), D) is a metric space. First, the detailed
expression of a fuzzy vector A; (a;1, a2, ..., ajy) € F(R") (with the triangular
membership function) is given as follows: for each a;; € F'(R), its membership

function is

0, Vx<aij—pi
(7.3) ,uij(xldij):< ]__lx_p%jl’ le—aiJ'ISpi>x€R>
0, Vx>aij+p;

Based on the y;;(xla;;), ui(x|A;) is expressed by the following term.

0, dxj,x; <ai;—pi

(7.4) piCxlA;) =< 1 _ Ix=aijill

w0 VX lxj—aiil < pis

0, dxj,xj>a;;+p;
where x = (x1,x2,...,4,) € R" and p; > 0. Then, we define a new metric to measure

the distance between two fuzzy vectors.

Definition 7.5. Given two fuzzy vectors A; € F(R") and A i € F(R™), the metric

between A; and AJ- is defined by the map D : F(R") x F(R") — [0, +00):

1
D(Ai,Aj): %f sup{Dy(u,v): Dy(u,v) e QA)}dA,
0

where

Q) = {d(u, A ()} U {dw, A; (D)},
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umax
. The edge of this
rectangle represents
d(A,A)
Aj
Based on the definition of D (Kl, A_j)wg have
0 sup{D,(w,v)} =d (umax,@(a)) (blue line)
u €AW meaning that sup{D,(u,v)} is equal fo
1 _ _
d(A, A;) + E|d (tmaw & D) = d (Ve &, D))
d (umax'A__)()l)) red line blue line green line
) The edge of this ~ ———
d(:,) is /1-norm. rectangle represents v Aj
d(vmax: A_z(l))

v EKI(A) Umax

Figure 7.1: Relationships among sup{D(u,v) : D (u,v) € Q(1)}, d(u,zj(/l)),
d(v,A;()) and d(A;,A;)

ueA;(A),veA j(A) and the first part of ()(A) collects L1 distances between each
u and Aj(/l) (d(u,Aj(/l)) = min{d(u,v),v € Aj(/l)} means the minimum L1 dis-
tances between u and all elements in A (1)), and the second part of CQA(A) collects
L distances between v and A;(1) (d(v,A;(1)) = min{d(v,u),u € A;(1)} means
the minimum L1 distances between v and all elements in A;(1), and d(u,v)

represents the L1 distance (£1—norm) between two n-dimension vector (u and v).

Remark 7.1. To measure the distance between two fuzzy vectors is a key to
define the fuzzy relation between them. Thus, we first propose a new measurement
represented in Definition 7.5. D (Zi, A j) is the longest distance among 1) distances

between v and A; and 2) distances between u and Zj.

Figure 7.1 shows the meaning of D (Zi, A j) and indicates that the following

202



CHAPTER 7. SHARED FUZZY EQUIVALENCE RELATIONS: A
HETEROGENEOUS UNSUPERVISED DOMAIN ADAPTATION APPROACH
FOR IMBALANCED DOMAINS

equation exists.

(15) D[4, 4;)= %fold(Ai’Af) + % (1, &) - (v, A;0)|da.

Based on ,u,-(lei), we derive the following equations:

— — 1 1 rl
D(Ai, Aj): ;d(Ai,Aj)+§j; |(1—/l)pi—(1—/l)pj|d/l

1 1 1
(7.6) = —d(Ai,Aj)+—|pi—pj|f (1-1)dA
n 2 0

1 1
= ~d(AiAj)+ 7 pi=pj]-
Theorem 7.2. (F'(R"), D) is a metric space.

Proof. To prove this theorem, we need to prove D can satisfy the following
conditions for VZi, Zj and Zk e F(R™).

1) D(4;, 4;)=0;

2)D(4;, A;)=0ifand only if A; =4 ;

3)D(4;, 4;)=D(4;, 4,);

9 D(A;, 4;) <D(A;, &) +D (A, 4,);
where A; :Zj means that A; =A; and p; = p;.

From the definition of D, it is clear that conditions 1) and 3) are achieved.
Because d (-, -) represents the L; distance, condition 2) can be satisfied. For

condition 4), we have

d(A,Aj) <d(A;,Ap)+d (Ap,A))

|Pi_Pj| S|Pi—pk|+|pk—Pj|-

Thus, condition 4) is satisfied. [ ]
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Theorem 7.2 shows the correctness of Definition 7.5 and gives a new perspec-

tive on the measurement of two fuzzy vectors.

7.3.2 Similarity between Fuzzy Vectors

The metric D can map two fuzzy vectors to a real positive number, which cannot
be directly used as a fuzzy relation. Thus, this subsection transforms D into a

fuzzy relation Rp as follows.

Lemma 7.1. Given two fuzzy vectors where A; e F(R") and Zj e F(R"), if an

operator Rp: (Zi, Z]) — [0,1] derived by D is defined as follows,
— D(4;, 4;)

(7.7) Rp(A;, A;)=e o7,

then Rp is a fuzzy relation.

—-X

Proof. Because f (x) = e20? is monotonic when x € [0, +00) and (F (R"), D) is a

metric space, we have
(7.8) Rp(4;, 4;)=Rp (4, 4,).
Also, we have
— — __0
(7.9) Rp(A;, A;)=e 27 =1.

So, based on Definition 7.3 and Eqs. (7.8) and (7.9), the operator Rp satisfies

reflexivity and symmetry, meaning that Rp is a fuzzy relation. [ ]

Based on the Rp, we can obtain the fuzzy relations matrix of Rp and denote

this matrix by RY, where RY is a squared matrix and (R%)ij =Rp (Zi, Zj),
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i,j=12,...,N. Furthermore, the max-min transitive closure of Rp is denoted by

Rpp and the R gﬁID is the fuzzy relations matrix of Rpp, where R]:,‘f[D is a squared
matrix and (R%))ij =R7rp (Ki, Zj), ,i,j=1,2,..., N. Based on Theorem 7.1, we

M _ pM M M
also know that RTD = {%D oR} °"'°RDJ'

-

N-1

7.4 F-HeUDA via Shared Fuzzy Equivalence
Relations

The HeUDA method is demonstrated as follows. Considering two feature sets of
source and target domains: S1 ={A1, Ag, ..., An,}, A; €R™, Sg = {By, By, ...,
Bn,}, B; € R"? and nj # ng, N1 # N2, the HeUDA methods aim to find a common
feature set S. = {C1, Cg, ..., Cn.}, C; €R", n. = ni+ng, and use the labeled
information of S. (knowledge from the source domain) to label the unlabeled
information of S. (unlabeled target domain), where n; represents the number
of samples in the source domain, ng represents the number of samples in the
target domain, N7 is the number of features in the source domain and Ny is the
number of features in the target domain.

Clearly, the core function of HeUDA methods is to simultaneously transform
S1 and S9 to S, but traditional fuzzy equivalence relations can only do this
separately. Thus, the most important work of this chapter is to determine how
to apply fuzzy equivalence relations to simultaneously transform S; and Ss to
S.. To provide more detail, we propose SFER to let R%)s of S; and Sy share
the same a, which guarantees that S and Sy can be clustered as N, categories

with the same a. Figure 7.2 illustrates the difference between traditional fuzzy

205



CHAPTER 7. SHARED FUZZY EQUIVALENCE RELATIONS: A
HETEROGENEOUS UNSUPERVISED DOMAIN ADAPTATION APPROACH
FOR IMBALANCED DOMAINS

equivalence relations and SFER.

Subsection 7.4.1 is the theoretical guarantee for SFER, which is formally
demonstrated in subsection 7.4.2. Subsection 7.4.3 proposes an algorithm to
learn the parameters of SFER, and the last subsection introduces how to transfer

knowledge from a source domain to a target domain using SFER.

7.4.1 Theoretical Guarantees

This subsection gives two properties of fuzzy equivalence relations. The first
(Theorem 7.3) demonstrates how many different real numbers exist in the fuzzy
equivalence relations matrix and the second (Theorem 7.4) demonstrates how

the number of clusters changes when a changes.

Lemma 7.2. Given S ={A1, Ag, ...,An} and a fuzzy set S = {Zl, Ay, ..., ZN}

on S, then, for R:,MD of S, we have

N-1 N-1 T pN-1 N-1
BM _ R V(R(N—Z)orNorNOR(N—z)) Riyyyorn
D T pN-1 ) )
N -1
where
RN—l rn
M _ N-1_ pN-1 N-1 pN-1_
RD - T 1 s R(N) —ﬁ O-;. oR P R(O) =1

r
N NxN N

and RN 1isa N-1 by N — 1 matrix, ry is a N dimensional vector.

Proof. Based on the max-min operator o, we arrive at the following equation:

RN-1v(ryort) RN-lory
(7.10) RYoRY = @ rvery) Ee

T N-1
rNoR(Z) 1
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In terms of Eq. (7.10), R%D = R% ORAD{ SRR OR% can be expressed as follows

-

N
N-1\,N-2 (pN-1 T  pN-1 N-1
RM _ Ry Vi (R(k) OrNOrNOR(N—2—k)) Ry_yyorN
™= ,
rT oRN-1 1
N (N-1)

N-1 T ,pN-1
where R orNorNOR(N_2_k),

&) k=0,..., N—2, cannot satisfy the symmetry but

Vg:_oz (sz)‘ lopyo r%} oRgv‘_lz_ k)) is a symmetrical matrix. Based on the meaning

of operator v, we have
N2 (N1 T pN-1 N-1 T pN-1
k\/o (R(k) °TN°TN oR(N—2—k)) =Ry _gornoryoRy s,
So, this lemma is proved. [ ]

Lemma 7.2 demonstrates the structure of the R,_,MD of S from the perspective

of the block matrix and provides a useful way to prove Theorem 7.3.

Theorem 7.3. Given S ={A1, Ao, ..., AN} and a fuzzy set S = {Zl, A, ..., ZN}
on S, if the fuzzy relations matrix R% of Shas N(N-1)/2+1 different elements,

then RZ.I"{D of§ only has N different elements: ri <rg<---<ry-1<ry=1

Proof. We use mathematical induction to prove this theorem based on Lemma 7.2.
1) First, when N=2, obviously, R%) only has 2 different elements r% < rg =1;
2) Then, we assume that the RN-11 hag (N = 1)(N —2)/2+1 different elements

and Rgv_—lm (the R%) of the subset SV-1) only has N — 1 elements: rzlV 1< rlzV -1«

N-1_
<ry_;=1L

3) Based on Lemma 2, we have

RN_IV(RN_1 orNor§0RN_1) Rf}fv__ll)orN

RM _ (N) (N-2) (N-2)
D™ T N-1
rNOR(N—l) 1

Lthe R% of the subset SN-1 = {Zl, Ao, ..., AN—l}-
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and we know Rf}fv)l only has N — 1 elements. So,

(a) we first need to prove Rgv)l \ (Rgv 12) orNory oRf}’v 12)) only has N —1 differ-

ent elements,

RNl

(N-1)°TN do not exist in

(b) then, we need to prove one of the elements in
N-1 N-1 N-1
Ry (R<N pornoryoRy 2))

and RN-1 (RN

(N )
Proof of (a). We use T to express elements in RN (N 2) N)

(N 2)

T

RN-1) and use r(.r.r) to express elements in ryory, and use r(i? 'R) £ express

(N)

N-1 N-1
elements in R(N 2)orNorN0R(N 2)° Then, we have

(7.11) (R’R) \/ v r(Nl)Ar(rr)Arg\II}),
k=1k1=1

which means that we need to consider if r(ilj rR) ig greater than r(lzjv D Without

loss of generality, we select elements (more than 2) equaling rN lm<N-1)

as examples: pVD = (VD VD (VD VD) V-1 (because RM of
itj1 ~ 21 itj1 itjo itz

S has N (N —1)/2 + 1 different elements, there are two of the same elements in

the same rows or columns of R »)- Based on Eq. (7.11), if one element of r(N b

equaling rm_ is lower than r(ilj rk ) then we have

(RrR) N—l (RrR) N—l (RrR) N-1

(7.12) i Pm s Tigit Tm e >ry
(RrR) N—l (RrR) N—l
(7.13) 0o Tm oo m

(Nl) (RTR) and

meaning that all elements of T equaling r 1 will be lower than ' i

will be replaced with one element of r)y and elements of Rf}’v 12) in
N-1 N-1 N-1
L (R(N—2) oryory oRYy 5)).
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Thus, Rf}’v)l \V (Rf}’v 12) oryory oRf}’\, 12)) still has N —1 different elements (If there

only are two elements equaling r%‘l, they only can be replaced with an element

of rj, meaning that R(N) vV (Rf}fv 12) ory orNoRf}’V 12)) still has N — 1 different

elements).
Proof of (b). Because R% of S has N (N —1)/2 + 1 different elements, there is

only one maximum element in 7 and this maximum element will only exist in

the diagonal of ryorL y» denoted by r(rr ) - Based on the max-min operator o,

it is easy to know that the %" element of Rf}’v 11) ory is rgr) », - Then, we prove
(rr) cek 3 N-1 N-1 T N-1
that Tl b does not exist in R(N) \ (R(N 2)°TNOTy OR(N—2))'
If 3i, j, s.t. r(RrR) r(krr) . »wehave
(RrR) (Nl) (rr) (N1)

(7.14) i Piky N b A Tl ?
meaning that r(N DA r(kN b g ) , - Because

(Nl) (Nl) (Nl) (Nl) (N1)
(7.15) \/ r 2 AT
we have r(lljv D> r(f rR) — er) ».» Which means that r(rr) »,, does not exist in

N-1 N-1 N-1
R(N) (R(N 2)orNorNoR(N 2))

Based on (a) and (b), we prove that RM has only N different elements.

Combining 1), 2) and 3), this theorem is proved. [ ]

Theorem 7.3 demonstrates an important property for a fuzzy equivalence

matrix and derives Lemma 7.3 and Theorem 7.4.

Lemma 7.3. Given a fuzzy set S = {Zl, Ag, ..., AN }, if the fuzzy relations matrix

R% of S has N (N —1)/2 + 1 different elements, then, for R%’ID of S, we have

rank (R%D(ri)) =rank (R%) (ri_l)) +1,i1=2, ...,
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Proof. Because RJT‘?D (ri-1)=R (rl) holds for r;, i = , N, the element

“1” of Ry M » (ri) will change to “0” when i increasing, meaning that we have that
rank (RM (ri)) =rank (RM (ri-1)) holds. Then, we will prove that rank (R TD(ri))
is greater than rank (RTD (ri-1)).

We use r ) to represent the element in the i’ " row and s*" column of R%D (r;),
and r(l) to represent elements in ith of RM (r;). For a specific i, we assume
rank (RTD(ri—l)) k and Vi, ls € I(l D (ll *1) r(l’ *1), where Igl_ is a set to
collect indicators of same rows of RZT‘,’ID (ricy)and t =1, 2, ..., k. Without loss
of generality, we assume that r(li,_l) =1 but r(l? = 0 and analyze the value of
rank (R, ().

Because the reflexivity of RTMD (ri_1), we know It s. ¢.

(i- 1) (z 1)
Viq, lgEI "1y =1,

and [ € I(l D se I(l D This means r(l) # ') (because r(L) 0#1=r%Y). So,
I x)—l) will be divided into two sets when r;_1 is replaced with r;, meaning that
rank (R%)("i)) >rank (R%)(ri_l)).

Based on Theorem 7.3, we know rank (R%)(ri)) at most has N values:

rank (R%D(rl)), , rank (RM (rN)) Since rank (RM (r; )) >rank (RM (r;— 1))

and rank (R%)(ri)) N, we have rank (RM (r; )) = rank( TD(ri—l)) +1. [ |

Theorem 7.4. Given a fuzzy set S = {Zl, A, ..., ZN}, if the fuzzy relations
matrix R% of§ has N (N —1)/2 + 1 different elements and a € (r;_1, r;l, then S
will be clustered as i categories, where {r;, i=1, 2..., N} is the set of N different

elementsofR ofSandr1<r2< -<ry-1<ry=1.

Proof. When a € (r;_1, r;], RTD(a) of S is equal to R i) Based on Lemma 3,

we know rank (R D (ri)) =i, which means that S will be clustered as i categories
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I f‘i), where [ ff_l) is a set to collect indicators of same rows of R%) (r;—1) and

Vi1, taefl, 2, ..., it IO NIV =@ and UIY =11, 2, ..., N}. |

Theorem 7.4 demonstrates a significant property for fuzzy equivalence: the
number of clusters is decided by the value of r;, which means that we can use
r; of two domains to represent how many clusters both domains have when two

domains are applied by the same a.

7.4.2 Shared Fuzzy Equivalence Relations (SFER)

Based on subsection 7.4.1, the aim of the SFER is to let two domains S and S
have almost the same r;, i=1, ...,M =min(lN1, N3) , denoted by r?l for S; and

er for Sy. Formally, we define a cost function J; (S1, Sg, pf 1,p22 ) to express

S

the divergence between r* I and r‘?2, which is shown as follows.

J1(81 82, 05082 )= % (15 (51, 081) —r82(Sa, 52" 19
=1

where pf 1 is the parameter vector for elements in S; and p;? 2 is the parameter
vector for elements in Sy (parameters of the triangular membership function).
Thus, the SFER aims to minimize the J (S1, Sg, pf l,pfz ) by tuning pf 1 and

pfz, expressed by

. S1 _S2
min Jl(Sl, Se, 077, 0, )
S1 . S2
‘Dl nok

(7.16) subject to p?l > O,pf2 > 0.

If the cost function J; (Sl, So, pfl,p‘gz ) is approaching O, rfl is almost
same as r‘?2, which means that domains S; and S9 will have the same number

of clusters when applying the same a to two domains (Figure 7.2b).
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Souece Domain Target Domain Souece Domain Target Domain

0 el

s

(a) Traditional fuzzy equivalence relations (b) Shared fuzzy equivalence relations

Figure 7.2: Traditional fuzzy equivalence relations v.s. SFER. In subfigure (a),
two domains clearly cannot use the same a to obtain the same number of clusters.
But, in SFER, two domains have a much bigger probability of using the same «
to obtain the same number of clusters.

7.4.3 Learning Process of SFER

2
PS1_ rs2) ’

To learn the best pf 1 and 922’ we first consider how to minimize ( A

S1
io+1

S2

where 1 <ipg<M-1 and rfol <r and rfOQ < T Because of the nature

of max-min operator, r*?ol equals one element in R%’[ of S1 and rfoz equals one

element in R% of S, which means

1 1(,.S1 S1
51 Zd (Alo’A16)+Z‘plo —P%‘
ri; =exp|-— 952 )
1 1(,.S2 S2
Ed (Bk,Bk;))-l-Z‘pkO —pk, ‘
r32=exp| - u
Lo 202

It is obvious that r*?ol is related to ‘ pfo 1_ p?,l , so the constrained conditions
0

of J1(S1, Sg, p?l,p22 ) do not affect the value of JJ1. Thus, we can define a

new optimization problem (no constrained condition) related to pf 1 and p;j 2 as

follows:

: S1 _S2
min Jq (Sl, Sa, 07,05 )
S1 ,S2
pl )pk
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Then, we can obtain the gradients of plsol, pﬁl, pff and p,‘f? with respect to
0 0
2
(r51-r82)":
io i
s1_.s2\2 s1_,s2)\% s1| s1_ s1
a(rio _rio) _Q(rio _rio) "io |Plo —P% ‘
S1 - . ’
9y, 202sign (pfl - ps,l)
0 15
s1 .52)2 si_ .82\ s1|.s1_ .s1
a(rio _rio) Z(rio _rio) "io |P1 ~ Py ‘
S1 - . ’
OPZB 202sign (plol - p‘lg,l)
0
s1 .s2\2 s1_.82\2 s1| .82 .s2
a(rio _rio) _ _2(rio _rio) "io |Pko _pkg‘
S2 N . ’
apy,; 202%sign (p,foz - p*Z,z)
0
s1 _52)2 s1_.82)\2 s1| .82 s2
a(rio _rio) _ —Z(rio _rio) "io |Pho _pkg‘
8052 N 2. S2 _ .82
pk6 204sign [ 'Okb

Inspired by incremental gradient descent, for each rfol, we can optimize pfo I and

p? 1 once using the following equations.
0

2
S1_ S1 6(r§01—rf02)
(7.17) Pry =P1, =1 S1 ’
lo

op

)

apﬁl
0

2
S1_ 81 a(rfol _rsz)
(718) P% :plg -1

Similarly, pfﬂz and pf,Z are optimized once using the following equations.
0

6(r51 _rsz)z

(719) pgz — pSZ _T] io o :
0 0 apfoz
(rs1 - r52)°
9 S1_ ,S1_ o "o
(720 Py = Pry 11 opy?
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Algorithm 7.1 Learning process of MsSFER
1: Input: Source feature sets S, target feature set So and IterM.
2: Initialize parameter sets pf 1 and p*ZZ

3: Generate a small positive real number ¢

for iter =1:1terM do

4: Calculate Rv% of S; and So

5: Extract r;, and r;, from R%’I of S; and So

for jo=1:Npin—1do

6: Find /; and /, such that (RY S, =3}

LO

7: Find ko and k such that (RM(Sg)) N Sz
8: Update pl I and p ! using Egs. (7.17) and (7.18)

9: Update pk 2 and p 2 using Eqs. (7.19) and (7.20)

end
end
10: Update pl = pl +min{p?1} —€; // Ensure pl 1>o.
11: Update pk = pk +min{p21} —€; // Ensure pS2 > 0.

12: OQutput: pl ,pk .

So, using r 1 and r , we can optimize plS 1 pf,l, pk and pf? once (no iter-
0

ations). This means p‘ls 1, p;q,l, pk 2 and p 2 can be optimized M — 1 times using
different r‘igo1 and r*igo2 ,where 1<ig<M — 1. With the optimized p}g 1 pf,l, [ 2 and
pk, , RM of S; and R of Sg will be updated. Then pl , pl, , pk 2 and pS2 will be
optimized M times using different r I and r 2 again. Within limited iterations
(or reaching a termination condition), we can obtain the optimized p? o pﬁl, P ko

and p 2. Based on these procedures, Algorithm 7.1 is designed to optimize p ,

S1 S2
plb , pk0 and p% as follows.

7.4.4 F-HeUDA via SFER (F-HeUDA)

In this section, we introduce how to select a, how to generate S¢ and how to

transfer knowledge from the source domain to the target domain.
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After executing Algorithm 7.1, we obtain r L and r 2 generated by the best

pl I and pk ,i0=0, ..., M—1. So, the intervals of sharing a between two
domains can be calculated (two domains can share the same @ when « is in these

intervals). These intervals can be expressed as follows:

S1 .52 : S1 S2
[max(rio ,rio ) ,mln(r‘i0+1,7‘i0+1 ) ) )

where rS e rO =0 and rS 1 rM = 1. Specifically, we can obtain following

intervals,
omin 15 ) 2 i 212 ) o8 ) 1)
If the a, in these intervals, is selected, S; and S9 have the same number of

clusters. Then, we select the a which is in the largest interval as the best a

(because two domains can share most information in this largest interval).

Remark 7.2. If we select the a € [ Sl, §01+1)’ we do know S1 is clustered into

1o + 1 clusters but do not guarantee that S also has 1o+ 1 clusters. Thus, we need

S1 S2

S2
io+12 i+l

i0 ) ) to make sure S1 and

to select a belonging to [max( S1 S ) ,min (r

So have iy + 1 clusters.

Based on the SFER (with the best @), both S; = {41, ..., An,} and Sy =

{B1, ..., Bn,} can be clustered as N, clusters, such as
Sl = {{A].’ A2}]_, {A3’ A4’A5 }2’ ey {ANl}Nc}’

Ss= {{B1}1, (B, B,Bal, ..., {Bny-1,Bw, by, |-
Next, we generate the latent features of the two domains using an addition

operator, such as
Slatent {A1+ A27 A3—|—A4+A5, ey ANl}y
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Slzatent = {Bla BZ +B3 +B4, ceey BN1—1+BN1}'

Then, the standard score is used to normalize each latent feature and we have
Siommon = {f(Al + Az), f(A3 +A4 +A5), .. .,f (ANI)},

Sgommon — (£ (By), f(By+Bs+Ba), ....f (Byy-1+Bn,)}.

where f () represents the standard score function. Thus, we obtain the common
feature set S, = {C1, Cg, ..., Cn,}, Ci €R™, n. =nj+ng (without loss of gener-
ality, the former n; samples in S, comes from source domain). Finally, we can
use the labeled information of S, (knowledge from the source domain) to label
the unlabeled information of S. (unlabeled target domain) using a support vector

machine (SVM).

7.5 Experiments

In this section, we use four real datasets to test the proposed F-HeUDA method
and analyze the convergence of Algorithm 7.1 and how a influences the method’s

performance.

7.5.1 Dataset Description and Parameters Setting

To validate the effectiveness of the proposed method on small datasets, we select
four datasets from the UCI Machine Learning Repository?. The details of these
datasets are provided in Table 6.1 (Credit and Cancer datasets). For both dataset,
we generate four transfer tasks, as shown in Table 6.2 (Credit and Cancer tasks).

Each task is described in detail as follows:

2The line of UCI Machine Learning Repository is http:/archive.ics.uci.edu/ml/index.html
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1) Task 1- G2A: Assume that the German data is labeled and the Australian

data is unlabeled and has far fewer samples than the German data. Label
“1” means “good credit” and label “2” means “bad credit”. This task aims to
answer the question: “Can we use knowledge from German credit records to label
unlabeled Australian data (small dataset)?”

2) Task 2-A2G: Assume that the Australian data is labeled and the German
data is unlabeled and has far fewer samples than the Australian data. Label “1”
means “good credit” and label “2” means “bad credit”. This task aims to answer
the question: “Can we use knowledge from Australian credit records to label
unlabeled German data (small dataset)?”

3) Task 3-CO2CD: Assume that in the Breast Cancer Wisconsin (Original)
dataset (CO in Table 6.2) “1” represents “malignant” and “0” represents “benign”.
Another unlabeled dataset related to breast cancer also exists but has far fewer
samples than the CO dataset. This task aims to answer the question: “Can we
use the knowledge from CO to label ‘malignant’ in the unlabeled small dataset?”

4) Task 4-CD2CO: Assume that in the Breast Cancer Wisconsin (Diagnostic)
dataset (CD in Table 6.2) “1” represents “malignant” and “0” represents “benign”.
Another unlabeled dataset related to breast cancer also exists. This task aims to
answer the question: “Can we use the knowledge from CD to label ‘malignant’ in
the small unlabeled dataset?”

For the Algorithm 7.1, this chapter sets IterM as 1000, o as 3 and 1 as 0.5. For
SVM, we adopt LIBSVM with default parameters: the SVM type is C-SVM with

C equaling to 1, kernel function is radial basis function with gamma equaling to

1

FoF Aitribuics’ epsilon, the tolerance of termination criterion, is set as 0.001.
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7.5.2 Prediction Performance

In this section, we describe the prediction performance of the proposed method
and baselines. We select two non-transfer methods, A1 and CM, as baselines
and three transfer methods, dimension reduction GFK (DG), KCCA, random
linear monotonic maps GFK (RLG), GLG as the main baselines. The A1 method
labels all samples of a target domain with 1 and the CM method clusters samples
of a target domain and gives each sample a pseudo label (clustering method is
the fuzzy c-means method). The DG method is based on dimension reduction
technology, introduced in as a baseline of HeUDA methods, and KCCA is based
on canonical correlation analysis and requires both domains to have the same
number of samples. The RLG and GLG methods are proposed in Chapter 6. The
former does not require both domains to have the same number of samples but
the latter requires this condition. To test these methods’ prediction performance
when a target domain is a small dataset, we carried out experiments when ngo
(the number of samples in a target domain) is 40, 100, 200, 300, 400. For each
method, we carried out the experiments 20 times to obtain reliable results.

The results, as illustrated in Figure 7.3, clearly show the prediction perfor-
mance of each method. From this figure, it is apparent that the proposed method
outperforms the others when ng is small. The CM and DG methods have lower
mean accuracy and higher standard deviation than the other methods in most
cases. For the KCCA method, its performance increases when ng increases but
its accuracy is always lower than RLG, GLG and F-HeUDA. This is because the
KCCA method cannot reliably transfer knowledge from the source domain to the

target domain. The RLG method has better performance than the GLG method
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Table 7.1: The overall performance of each method on four tasks.

Tasks Al CM DG KCCA RLG GLG F-HeUDA

A2G 50.00% 49.15% 51.48% 50.01% 58.46% 58.98% 59.74%
G2A 50.00% 50.75% 47.02% 51.52% 72.10% 72.12% 75.38%
CD2CO 50.00% 22.04% 19.54% 65.00% 96.59% 96.57% 96.93%
CO2CD 50.00% 23.40% 26.96% 55.24% 87.94% 87.98% 88.51%

when ns is 40 and 100 in some cases, but it is still unstable when n9 increases.
The GLG method has good performance when n9 increases but it cannot guar-
antee reliable results when ngy is small (see task G2A). From Figure 7.3, the
following results can be observed.

1) The KCCA method has a worse performance than non-transfer methods in
some cases;

2) The RLG, GLG and F-HeUDA methods have more stable results than the
non-transfer methods and DG and KCCA;

3) Compared to RLG and GLG, the proposed method has a better performance
when the number of samples in the target domain is small (<200);

4) Although the GLG method is worse than the proposed method when ng is
small, the performance of the GLG method improves when ns increases;

5) When n9 increases, the performance of the proposed method approaches
the performance of the GLG method.

Table 7.1 shows the overall prediction performance of each method (averaging
the mean accuracy of each method when ng is 40, 100, 200, 300, 400). It is
apparent that the proposed method is better than the baselines. The proposed
method needs much less running time than the GLG method: the F-HeUDA
takes 16 seconds to label 400 samples of the target domain while the GLG method

needs 107 seconds to finish the same work with the proposed method, which
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Figure 7.3: The performance of each method (mean accuracy and standard
deviation) on 4 tasks. In each subfigure, the minimum mean accuracy is set as
0.4.

means that the proposed method is still a potential choice even when ns is a
large number. Except for accuracy, this section also discusses the stability of
each method using standard deviation. The mean overall standard deviation of
each method is listed in Table 7.2. From Table 7.1 and Table 7.2, we can obtain
following results.

1) The F-HeUDA method is the most stable method for three tasks: G2A,
CD2CO and CO2CD;

2) For tasks CD2CO and CO2CD, RLG, GLG and F-HeUDA methods have

much better performance in terms of stability than the other methods;
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Table 7.2: The overall STD value of each method on four tasks.

Tasks Al CM DG KCCA RLG GLG F-HeUDA
A2G - 643% 349% 6.17% 4.83% 4.07% 4.99%
G2A - 25.78%  5.37% 10.45% 6.70% 8.52% 3.90%
CD2CO - 20.29% 12.12% 14.65% 1.37% 1.65% 1.33%
CO2CD - 15.76%  8.65% 7.88% 2.45% 2.46% 2.23%

3) The KCCA method is the most unstable method among DG, KCCA, RLG,
GLG and F-HeUDA, which means that the KCCA method experiences difficulty
in correctly transferring knowledge from the source domain to the target domain;

4) When ng is small, the GLG method becomes unstable, mainly because the
GLG method only uses a few samples of the source domain (the transferable
knowledge of the GLG method is limited by ns);

5) Although the RLG method uses all samples of the source domain, its

random map nature limits its ability to obtain good feature representation.

7.5.3 Convergence of Learning Algorithm

This section discusses the convergence of the learning algorithm for the parame-
ters of the SFER. Figure 7.4 illustrates the convergence of Algorithm 7.1 on four
tasks when the target domain has 400 samples. It is apparent that the proposed
algorithm can effectively optimize the parameters of SFER. From subfigures
Figure 7.4e and 7.4h, we can see that the two domains have almost the same r;
after optimizing SFER, which means that two domains can share almost every
a €[0, 1] (like Figure 7.2b). For a different task, Algorithm 7.1 has a different
performance. For example, for 1000 iterations, the G2A and A2G tasks have
fewer errors than the CD2CO and CO2CD tasks, mainly because the divergence

of the number of features of the CD and CO datasets is greater than that of the
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Figure 7.4: The convergence of Algorithm 7.1 on four tasks. Subfigures (a)-(d)
illustrate the value of the cost function /1 and subfigures (e)-(f) illustrate the r;
of RZT‘,’[D of the source domain and the target domain.

German and Australian datasets. This indicates that for a high divergence task
(divergence of the number of features of two domains), the IterM should be set

as a larger number to ensure the performance of Algorithm 7.1.

7.5.4 User-oriented Decision Making Pattern

When Algorithm 7.1 has optimized the parameters of the SFER, two domains can
apply the same a to obtain the same number of clusters, which provides a way to
transfer knowledge from the source domain to the target domain. In Section 7.4.4,
we propose to adopt the a which is in the largest interval as the best a because
two domains can share the most information in the largest interval. However,
the selection of a is actually a decision-making issue (different users may select

different a based on their requirements), so it is necessary to discuss how the
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Table 7.3: The prediction performance of F-HeUDA When chaning a.

Tasks

a=0.1

a=0.3

a=0.5

a=0.7

a=0.9

A2G
G2A
CD2CO
C0O2CD

59.9%+4.2%
74.2%+5.6%
96.6%+1.5%
89.5%+3.0%

59.1%+3.7%
75.8%+4.8%
97.4%+1.3%
88.7%+2.7%

62.4%+4.5%
75.7%+4.2%
96.9%+1.5%
91.4%+2.6%

60.9%+4.7%
73.6%+9.2%
97.0%+1.4%
92.2%+3.8%

58.3%+6.0%
56.8%+15.3%
95.0%+2.7%
90.8%+3.8%

selection of a influences the performance, which provides another way to analyze
the SFER method. In this section, we let the number of samples of the target
domain be 100 and test how the prediction performance changes when « is set
as 0.1, 0.3, 0.5, 0.7 and 0.9. Similarly, we demonstrate the results on four tasks
and each experiment is carried out 20 times.

Table 7.3 gives the detailed prediction performance of F-HeUDA when «a
changes on each task. First, we analyze the relationship between the a selected
by the F-HeUDA and the best @ shown in Table 7.3. 1) For task A2G, the a
selected by the F-HeUDA is around 0.6112 (after running the experiment 20
times) and Table 7.3 shows that the best «a is around 0.5. 2) For task G2A, the
F-HeUDA selects a as 0.2674 and Table 7.3 shows that the best a is around
0.3. 3) For task CD2CO, the a selected by the F-HeUDA is around 0.3729 and
the best @ shown in Table 7.3 is around 0.3. 4) For task CO2CD, the F-HeUDA
selected 0.4689 as the a and Table 7.3 shows that the best a is around 0.7. Based
on these results and Table 7.3, we can conclude the following:

1) Except for task CO2CD, the a selected by the F-HeUDA is near the best «
as shown in Table 7.3;

2) When «a lies in the interval [0.3 0.7], the F-HeUDA method obtains a better
performance;

3) When « increases, the standard deviation of the proposed method is higher,
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especially for task G2A.

These results demonstrate that the best a will not be near to extreme num-
bers (such as 0 or 1), which is consistent with normal decision-making scenarios
(extreme decisions rarely occur). So, the F-HeUDA is a suitable method for deci-

sion making and its method of automatically selecting « is effective and accurate.

7.6 Summary

This chapter shows the potentiality of fuzzy technologies to address the HeUDA
problem when two domains are imbalanced and outlines a new way (like the
SFER) to obtain common representations of two different domains using fuzzy
technologies. The SFER method is proposed to let two domains share the same «a,
and we can obtain the same number of clustering categories. Through these clus-
tering categories, knowledge from the source domain is successfully transferred
to the target domain where two domains have a different number of samples.
Compared to existing HeUDA methods, the proposed F-HeUDA method
overcomes the drawbacks of CCA and the Grassmann manifold (both need two
domains that have the same number of samples) and works well when the target
domain has very few samples. This chapter proves two important properties of
the fuzzy equivalence relations. Both properties are key to the performance of the
SFER method. To validate the performance of the proposed method, we selected
four real datasets to generate four transfer tasks. The prediction accuracy and
stability of the proposed method are better than those of the baselines. These
results show the superiority of the proposed method lies in transferring more

knowledge from the source domain to the target domain.
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CHAPTER

FUZZY-RELATION NEURAL NETWORKS: A
MULTI-SOURCE HETEROGENEOUS UNSUPERVISED

DOMAIN ADAPTATION APPROACH

8.1 Introduction

For existing unsupervised domain adaptation (UDA) methods, they assume that
source data come from the single source domain (i.e., single-source scenario
[Liu et al., 2018b; Long et al., 2019; Saito et al., 2017]) or from multiple source
domains whose feature spaces have the same dimension (i.e., multi-homogeneous-
source scenario [Duan et al., 2012¢; Hoffman et al., 2018a; Zhang et al., 2015]).
Namely, we can only use labeled data from single source domain or from multiple
homogeneous source domains to train a classifier for unlabeled data in target

domain.
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. Labeled source data A Unlabeled target data

(a) Single-source scenario:
Train )
. + c Target-@omam
: classifier

y

(b) Multi-homogeneous-source scenario:
Train . )
DWW A e [ Tosdoma
- - - & classifier

Their feature spaces have the same dimension.

(c) Multi-heterogeneous-source scenario:
Train .
Target-domain
.+.+- +A I[ classifier

Their feature spaces have different dimensions.

Figure 8.1: Three scenarios for the unsupervised domain adaptation (UDA)
problem. Rectangles represent the labeled source data and triangle represents
the unlabeled target data. Labeled source data may come from a) a single source
domain (i.e., single-source scenario) or b) multiple source domains whose feature
spaces have the same dimension (i.e., multi-homogeneous-source scenario) or c)
multiple source domains whose feature spaces have different dimensions (i.e.,
multi-heterogeneous-source scenario). Given a target domain, since we probably
have many different-dimension source domains (i.e., multi-heterogeneous-source
scenario), the third scenario is more general than the other scenarios.

However, in real world, given a target domain, we probably have multiple
different-dimension (heterogeneous) source domains, which does not satisfy the
assumption of existing UDA methods. For example, assume that our task is to
assess Japanese (J) credit using 15 features (a target domain only containing
unlabeled data), where the meanings of these features are masked to protect
private information. Furthermore, we have German (G) and Australian (A) credit

assessment datasets (two source domains containing labeled data), where the
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number of features in G and A are 24 and 14, respectively. Then, we want to
train a classifier with data from G, A and J to assess Japanese credit (a UDA
problem). However, existing UDA methods can only use knowledge from G or A
rather than G and A. This results in a serious problem: we can only use part of
labeled data to help assess Japanese credit and we must abandon the other part.

To remove the common assumption of existing UDA methods, we have two
challenges: 1) how to extract shared information contained in multiple heteroge-
neous domains and 2) how to transfer knowledge across domains via this shared
information. However, existing techniques (such as the four aforementioned
techniques) can only extract shared information contained in two heterogeneous
domains [Liu et al., 2018b] or multiple homogeneous domains [Zhang et al.,
2015]. Hence, existing UDA methods does not even solve the first challenge.

To address both challenges and move towards to a realistic problem (i.e.,
UDA in multi-heterogeneous-source scenario), this chapter presents a shared-
fuzzy-equivalence-relations neural network (SFERNN) to address multi-source
heterogeneous unsupervised domain adaptation (MsHeUDA) problem. In the
MsHeUDA problem, we have ¢ different-dimension (heterogeneous) source do-
mains and one target domain, where the target domain only contains unlabeled
data. SFERNN, as a solution for the MsHeUDA problem, is a classifier for data
in target domain and is trained with labeled data in these heterogeneous source
domains and unlabeled data in target domain.

SFERNN is a five-layer neural network containing ¢ source branches and
one target branch. The network structure (i.e., number of nodes in each layer
and how to connect two adjacent layers) of SFERNN is confirmed by a proposed

fuzzy equivalence relation method called multi-source shared fuzzy equivalence
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relations. The loss function of SFERNN comprises two parts. The first part repre-
sents supervised loss on labeled data from ¢ source domains (cross-entropy loss
in this chapter). The second part represents distributional discrepancy between
source domains and target domain. In this chapter, distributional discrepancy
between each source domain and target domain is calculated using maximum
mean discrepancy (MMD) between the outputs of representation layer of each
source branch and target branch. By minimizing this loss function, we can obtain
the optimized parameters of SFERNN.

The reason why SFERNN is effective in addressing the MsHeUDA problem
has its roots in the proposed fuzzy equivalent relations. The proposed fuzzy equiv-
alent relations can extract shared fuzzy information contained in heterogeneous
domains, which successfully solves the first challenge. Then, through this shared
fuzzy information, we can construct latent features among ¢ + 1 heterogeneous
domains. By using the constructed latent features to replace with the original fea-
tures, the distributional discrepancy among these ¢ + 1 heterogeneous domains
will vanish. Finally, knowledge from ¢ source domains can be transferred to
target domain via these latent features. Namely, we solve the second challenge.

To validate the efficacy of SFERNN, three real-world datasets are used to
construct three MsHeUDA tasks. The experimental results reveal that SFERNN
can reliably transfer knowledge from multiple heterogeneous domains to the
unlabeled target domain. The main contributions of this chapter are as follows.

1) A novel problem setting, MsHeUDA, is proposed in this chapter. Compared
to existing problem settings in the UDA field, MsHeUDA is a more realistic and
difficult problem and cannot be solved using existing UDA methods.

2) SFERNN is proposed to solve this novel problem. SFERNN is based on a
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novel fuzzy equivalence relation, called multi-source shared fuzzy equivalence
relations (MsSFER). Compared to traditional fuzzy equivalence relations and
shared fuzzy equivalence relations, MsSFER can extract shared fuzzy infor-
mation contained in multiple heterogeneous domains. Via using this shared
fuzzy information, we can construct latent features among ¢ + 1 heterogeneous
domains.

3) Compared to existing single-source heterogeneous UDA (HeUDA) methods,
no matter which source domain these HeUDA methods select as their “single
source”, SFERNN performs better than them on three real-world MsHeUDA
tasks in terms of classification accuracy.

4) It is the first time that we have the ability to extract the shared fuzzy in-
formation of multiple heterogeneous domains. Previous methods can only extract
the shared information of multiply homogeneous domains or two heterogeneous

domains.

8.2 Concepts and Problem Setting

In this chapter, we will use three concepts: n-dimensional fuzzy geometry (n-D
FG), fuzzy equivalence relations, similarity between fuzzy vectors and multi-
source unsupervised domain adaptation. Since fuzzy geometry has been intro-

duced in Section 7.2.1, this section will introduce the other in the following.

8.2.1 Similarity between Fuzzy Vectors

In Chapter 7, a new metric between two n-D fuzzy vectors was proposed to

construct the similarity between two fuzzy vectors. We briefly restate the metric
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and the similarity in this subsection. First, the detailed expression of a fuzzy
vector A;(aj1,ai2,...,ain) (With the triangular membership function) is given as

follows: for each a@;; € F(R), its membership function is

0, Vx<a;j—p;
(8.1) pij(xla; ;) =4 1_|x—%'l, Vix—aijl<p; X ER,
0, Vx>aij+pi

Based on the p;(x|d;;), ui(x|A;) is expressed by the following term.

0, dxj,xj<ai;—p;
(8.2) il A =4 1- 2l v o —agl < i
0, Elxj,xj>aij+pi

where x = (x1,x2,...,4,) € R" and p; > 0. Then, we define a new metric to measure

the distance between two fuzzy vectors.

Definition 8.1. Given two fuzzy vectors A; € F(R") and A; € F(R"), the metric

between A; and Aj is defined by the map D : F(R") x F(R") — [0, +00):
_ 11
D(A;,Aj) = —f sup{Dy(u,v): Dy(u,v) € QA)}dA,
nJo
where
Q) = {d(u,A ;AN Uid@,A; (D)},

ueA;(A),ve Aj(/l) and the first part of Q(A) collects L1 distances between each
u and Aj(/l) (d(u,Aj(/l)) = min{d(u,v),v € Aj(/l)} means the minimum L1 dis-
tances between u and all elements in A j(1)), and the second part of Q(A) collects

L1 distances between v and A;(1) (d(v,A;(1) = min{d(v,u),u € A;(1)} means
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the minimum L1 distances between v and all elements in A;(1), and d(u,v)

represents the L1 distance (£1—norm) between two n-dimension vector (u and v).
Then, the following equation is obtained to calculate D (based on Chapter 7).
o 1 1
(8.3) D(Ai,Aj):;d(Aiij)‘i' lei—le-

In Chapter 7, we proved that (F'(R"),D) is a metric space [Liu et al., 2018b],
which gives a new perspective on the measurement of two fuzzy vectors. Based

on the metric D, similarity between two fuzzy vectors is expressed as follows.

'D(Ai,Aj)

(8.4) RD(Ai,AJ') =e 202

Using a fixed o, similarity between A; and A j increases when D(A; A j) de-

creases.

8.2.2 Fuzzy Equivalence Relations and Partitioning of

Fuzzy Sets

Fuzzy equivalence relations were studied as a way to measure the similarity
among fuzzy sets [Zadeh, 1971]. Since fuzzy equivalent relation have been in-
troduced in Section 7.2.2, this subsection only reviews how to use the fuzzy
equivalence relations to partition fuzzy sets.

With the constructed fuzzy equivalence relations, we can use a-cut of RM to
cluster A, Ao, ..., An. Specifically, the matrix of a-cut of RM can be expressed by
the following term.

N 1, ifRM);;=2a
(8.5) BY(@),; = ,

0, if (EM)ij =a
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where RM(q) is a binary fuzzy equivalence relation matrix. Fuzzy sets that have
the same corresponding rows of R (a) can be regarded as the same cluster. The
selection of a is a decision-making process, and users can choose a based on their
own requirements.

Traditional fuzzy equivalence relations are only for one type of fuzzy set.
For example, a set S = {A1,As,...,An} collects N elements from F(R"), then
N elements of S can be partitioned into three categories (e.g., {A1}, {Ag, A3},
{Ay,...,AN)) using RM(a) and a proper a, where A; € F(R"), i =1,2,...,N. How-
ever, for the multi-source HeUDA problem, there are many sets like S. For
example, there could be ¢ sets: S; = {A;1,As,...,A;N,}, where A;; € F(R") and
1=1,2,...,¢c, j=1,2,...,N;. Under the heterogeneous setting, N; # N, n; # np,
if i # k. Clearly, RM of these sets (S;) are different and cannot get the same
number of categories through sharing the same a. This is the main obstacle
when dealing with the multi-source HeUDA problem using fuzzy relations. In
Chapter 7, a shared fuzzy equivalence relation (SFER) is designed to solve the
single-source HeUDA problem but not for the multi-source HeUDA problem. In
the next section, we propose a multi-source SFER to cluster features in each

domain (including source domains and target domain) as N; categories.

8.2.3 Multi-source Unsupervised Domain Adaptation

In this subsection, we give a formal definition of the multi-source unsupervised

domain adaptation problem.

Definition 8.2 (Multi-Source Unsupervised Domain Adaptation). Let 1) X; be
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a multivariate random variable defined on RNt with respective a probability
measure Px, and 2) (X;,Y;) be a multivariate random variable defined on RN x C
with respective a probability measure P; and 3) Px, be probability measure
of X; (marginal probability measure of P;), where Px, # Px,, C={-1,+1} and
1=1,...,c. Given i.i.d. data D; = {(xij,yij)};il and D; = {xtj};bil drawn from P;
and Px,, a multi-source unsupervised domain adaptation aims to train with

{D;};_, and D to accurately annotate data drawn from Py,.

In a homogeneous setting, i.e., feature spaces of all domains have the same
dimension, we have N1 = Ng = --- = N, = N;. In a heterogeneous setting, i.e.,
feature spaces of all domains have different dimensions, we have that N; = N,
if and only if i = 2 and N; # N;. For a specific target domain, we probably
have multiple different-dimension (heterogeneous) source domains in real world.
Thus, this chapter focuses on multi-source heterogeneous unsupervised domain

adaptation.

8.3 Shared Fuzzy Equivalence Relations for
Multi-source Domains

We assume there are c feature sets of ¢ source domains: S; ={A;1,4;2,...,A;n;},
where A;; e R" and i =1,2,...,c, j = 1,2,...,N;, and one feature set of a target
domain: S; = {A;1,Aq,...,Asn,}, where A;; € R™ and j =1,2,...,N;. Under the
heterogeneous setting, Vi,k €{1,2,...,c}, n; =nj; and N; = N} if and only if i = &,
and Vi € {1,2,...,c}, n; # n; and N; # N;. Multi-source SFER aims to find a

latent feature set S; ={A;1,A;2,...,An,}, AN, €R" 0y = Zle n;+n;, and use the
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Source Domain 1 Souece Domain 2 Target Domain Souece Domain 1 Souece Domain 2 Target Domain
0 | | 0 | l
a I a

(a) Traditional fuzzy equivalence relations (b) Multi-source Shared fuzzy equivalence relations

Figure 8.2: Target domain has 7 features while source domain 1 has 6 and source
domain 2 has 5. Given the same a, traditional fuzzy equivalence relations can
only simultaneously cluster 1) features in source domain 1 as 3 categories, and
2) features in source domain 2 as 2 categories, and 3) features in target domain
as 5 categories. However, multi-source shared fuzzy equivalence relations can
simultaneously cluster features in source domain 1, source domain 2 and target
domain as 2 categories.

labeled information of S; (knowledge from source domains) to label the unlabeled
information of S; (unlabeled target data), where n; represents the number of
data in the i** source domain, n, represents the number of data in target domain,
and N; is the number of features in the latent feature set S;.

Specifically, we want to simultaneously transform all of S; and S; to S;.
However, traditional fuzzy equivalence relations can only do this separately and
SFER can only do this between two domains (e.g., S1 and S;). Thus, an important
work of this chapter is to determine how to apply fuzzy equivalence relations
to simultaneously transform all of S; and S; to S;. To provide more details, we
propose multi-source SFER (MsSFER) to let RM of each S; and S, share the
same @, which guarantees that all of S; and S; can be clustered as N; categories
with the same a. Figure 8.2 illustrates the difference between traditional fuzzy
equivalence relations and MsSFER.

The first subsection is the theoretical guarantee for MsSFER, which is for-
mally demonstrated in the second subsection. The third subsection proposes an

algorithm to learn the parameters of MsSFER.

235



CHAPTER 8. FUZZY-RELATION NEURAL NETWORKS: A MULTI-SOURCE
HETEROGENEOUS UNSUPERVISED DOMAIN ADAPTATION APPROACH

8.3.1 Theoretical Guarantees for Multi-source SFER

This subsection provides a theorem to show that we always find an a to let all of
S; and S; are clustered as N; categories (IN; > 1) by changing parameters of the
triangular membership function, which is a theoretical foundation for MsSFER.
In this chapter, we apply triangular membership function to convert a real-value
vector to a fuzzy vector, shown in Eq. (8.2). Source feature set S; is converted to
S; = {Ail,AiZ,---,AiNi} using a parameter set P; ={p;1,0;2,...,0i N;}, Where p;; is
a parameter of triangular membership function ofAij, 1=1,2,...,c,j=1,2,...,,N;.
The target feature set S; is converted to S; = {A;1,A;s, ...,AtNt} using a parameter
set P; = {ps1,p¢2,...,pt,N,}, Where p;; is a parameter of triangular membership
function of A, i, J=1,2,...,N;. Rp is used to calculate a fuzzy relation between

two fuzzy vectors. First, we restate a theorem to support our main theorem.

Theorem 8.1 ([Liu et al., 2018b]). Given a set S1 = {Au,Alg,...,AlNl}, if the
fuzzy relation matrix R% of S1 has N1(N1—1)/2 + 1 different elements and a €
(r1,j-1,71,;l, then S1 will be clustered as j categories, where {ry,7=1,2,..,N1}is

the set of N1 different elements ofﬁnp’[ of Stand ri1<rig<..< riN;-1<rin, =1L

Proof. The proof is based on two facts:

1) there are only N; different elements in ﬁ%’l of Siand ri1<rig<..<
riN;-1<rin; =1

2) rank(R¥(ry) = rank(R¥(r1;_1)+1), j=2,...N1.

Both facts and the whole proof of this theorem are presented in Theorem 7.3

in Chapter 7. [ ]

Theorem 8.1 demonstrates that S is clustered to j categories by selecting an
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a €(r1,j-1,71,;] (we denote the selected a by a1). However, for a different set, such
as So, r1,; is probably not equal torg j. If ro j >ry jand rg j—ry; >rg ;j—roj-1, @1
will belong to the interval (r3 j_2,72 j_1], which means that S will be clustered
as j— 1 categories using a;. It is obvious that S; and Sy cannot share the ay,
which is the main drawback of traditional fuzzy equivalence relation.

A main purpose of MsSFER is that, for almost a € (0,1), S; (i =1,2,...,¢)
shares the same a with Sy, i.e., S; and S; have the same number of clustered
categories using the same a. To prove that this purpose can be achieved, the
following theorem is provided to show that, for a specific number, such as 1 <
N; <min{N;,N,}, we always find an a to ensure S; and S; have the N; clustered

categories by changing parameters of the triangular membership functions.

Theorem 8.2. Given two sets: S; ={A;1,A;2,...,Ain.}, St ={A11,Ass,...,An,} and
N; (1 < N; <min{N;,Ny}), S; has N; parameters with respective to triangular
membership functions: P; = {p;1,pi2,...,0i N;} and S; has N, parameters: P; =
{pt1, 062, e N, ) If the fuzzy relation matrix R% of S; has N;(N;—-1)/2+1 different
elements and the fuzzy relation matrix R% of S; has Ny(N; —1)/2 + 1 different

elements, then there always an a to let S; and S, be clustered to N categories by

changing elements of two parameter sets P; and P;, respectively.

Proof. Based on Theorem 8.1, ﬁ%’[ of S; only has N; different elements: ri1<
rig<..<r;n; and Rvg of S; only has N; different elements: ri1<ri2<..<Trgn;.
First, we assume that there is an a to cluster S; to N; categories, which means
that the selected a € (r; n,—1,7¢,n,)-

Hence, we need to validate whether r; i,_1 can approach to r; y,-1 and r; y;,

can approach to r; 5, by changing elements of P; and P;. Because r; ;-1 is a
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similarity between two fuzzy vectors, without loss of the generality, we express
r: N,—1 using the following equation.

D(AvryAr)
202 )’

(86) rt,Nl—l =exp (_
where 0 < ko,ky < N; and D is defined in Eq. (8.3). Recall Eq. (8.3), we know that
_ _ 1 _ 1
DAty Arry) = n—td(At,ko,At,k;)) + Zl‘ot’ko —Pr g l-

So, ¢ n,-1 can be changed by changing values of p; , and Ptk that are elements

in P;. Next, we express r; y,_1 using the following equation.

D(Ai1,, A,

)

(8.7) riN;-1= exp(—
where
_ _ 1 _ 1
D(Ai g, Aip) = n—id(Ai,lo,Ai,z;]) 4 1Pido = Pigyl-

Since p; £, Pt ki Pilo and Piu can be any positive real numbers, it is clear that
D(Ai,lo,Ai%) can approach D(At,ko,At,k;J) by changing values of ¢k, Ptk il
and Pl that are elements in P; and P;. That is, r; 5,-1 can approach to r; n,-1

and r; y, can approach to r; y, by changing elements of P; and P;. [ |

Theorem 8.2 presents that, for a specific NV;, we can always find an a to let two
fuzzy feature sets S; and S; be clustered to N; categories by changing parameters
(elements of P; and P; shown in Theorem 8.2) of triangular membership functions
of two sets, respectively. This inspires us to optimize parameters of triangular
membership functions of ¢ source fuzzy feature sets and one target fuzzy feature

set to let them share more a, which is a main purpose of MsSFER.
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8.3.2 Multi-source SFER

Based on Theorem 8.1, a significant property for fuzzy equivalence relation is
observed: the number of clusters of a source fuzzy feature set S; is decided by
the value of r1;, which means that we can use r1; of a source domain and r;; of
a target domain to represent how many clustered categories each of them has
when an «a is selected. Thus, r;; and r;; are applied to define a cost function of

MsSFER as follows.
C Nmin 2
(8.8) JUSi, Pi¥_1,St,P) =) > (rij(Si,Pi)—rj(Se,Py))”,
i=1 j=1

where Npin = min{N1,Ng,...,N.,N;}, r;; is an element ova% of S; and ryjis an
element of ﬁ%’ of S;.
The cost function J represents the difference between r;; and r;;. Thus,

the MsSFER aims to minimize the J{S;,P;}¢

:_1»St,Pt) by tuning P; and Py,

i1=1,2,...,c, expressed by

min_ JUS;,P;};_1,S:,Pr)
P}, Py !

(8.9) s.t. P;>0, P;>0.

If the cost function J is approaching 0, r;; is almost same as r4;, i =1,2,...,c,
J=1,2,...,Npnin. Based on Theorem 8.1, all of S; and S; will have the same

number of clustered categories when applying the same a to these ¢ + 1 domains.

8.3.3 Learning Process of Multi-source SFER

To learn P; and P;, we first consider, for a specific jo, how to minimize (r;;, —7¢j, )2,

where 1 < Jy < Npin—1 and i = 1,2,...,c. Because of the nature of max-min
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operator, r;;, equals one element in RZ‘DI of S; and r;j, equals one element in

R% of S;. Without loss of generality, we assume r;;, = (RAD/[(SZ'))ZO,ZB and ryj, =

(R%(St))ko,kg’ which means
1 1
2d(AitoA; )+ 4101t =0y 1|
(8.10) rij,=exp|— 952 ,
1 1
§d(At,k0,At’k£)) +710tko — Pt,k6|
(8.11) r'ijo =exp | — 952
It is obvious that r; , is related to lpie—p; ;1,80 the constrains of J({S;, P;};_,S¢, Pt)
70

do not affect the value of /. Then, a new optimization problem (no constraint)
related to P; and P; is defined as follows.
(8.12) min  J({S;,Pi};_;,St,Pr).
il
Then, the gradients of pi,lwpi,l:)’pt,km and pt,kg with respective to (r;;, — rtjo)z

are obtained:

(8.13) 0rijy—rij)?  ~2Tijo = Teio Y Tijolpite =Py 1|

. 0pi 1, B 202sign(p; 1, — Pi,lé) ’
(8.14) Orijo—rig)?  2Tido=Ttio) TijolPito =P 1|

. op,;  20%sign(pii—p)
(8.15) Orijo—rij0)?  2Tido = Ttio) TejolPriko =Py

| Opiss | 20%signlpus Py
(8.16) 0rijo—rejo)?  ~2ido =T tio Y Ttjo ek =Py
| apt’k:) ) 20251 gn(py kg~ pt,ké))
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Inspired by incremental gradient decent, for each r;j,, we optimize p;, and p, ;
o
once using following equations.

2
0(rijo —Ttjo)

(8.17) Pilo = Pily—M
b e 0p; 1,

(8.18) Pity =Pit, ™15
l

Based on definition of the cost function J, we optimize p;x, and p, ,» once using
0

following equations.

2
& 0(rij, —rijo)

(8.19) Prjo = Prko =1 —
i=1 Ptko
(8.20) by = 0y~ LT
. t’kO t’kO = apt k/ )

Hence, we optimize Pi,lo>Pi,z;’ Pt,ky>and p LR once using r;j, and r¢;, (no iteration).
This means Pi,lo’Pi,lg,Pt,ko’ and pt’kg can be optimized N, — 1 times using
different r;;, and r;j,, where 1 < jo < Ny, — 1. Using optimized Pi,lo’pi,zg’Pt,ko’
and pt,kg, R% of S; and RADl of S; will be updated. Then Pi,lo’Pi,zg’Pt,ko’ and pt’kg
will be optimized Np,i, — 1 again. After limited iterations, the best p; ;,, p; 0 Pt ko>
and p LR will be obtained. Following above procedures, Algorithm 8.1 is designed
to optimize Pi,lmpi,lg:Pt,ko’ and pt’kg.

After obtaining optimized {Pi}f:1 and P;, for almost a € (0,1), all of S; and
S; will have the same number of clustered categories, e.g., N; categories, af-
ter using the same a. This means that we may transfer knowledge from c
source domains to one target domain through these c + 1 clustered feature

sets, where each clustered feature set has N; features subsets. For example,
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Algorithm 8.1 Learning process of MsSFER

1: Input: Source feature sets S;, i =1,...,c, target feature set S; and IterM.

2: Initialize parameter sets {Pi}f:1 and Py;

3: Generate a small positive real number ¢;

for iter =1:1terM do

4: Calculate Rv% of S; and S;;

5: Extract r;;, and r;j, from ﬁ%’l of S; and Sy;

for jo=1:Npin—1do

fori=1:cdo
6: Find lo and [, such that (R}(S1)); ; =7ijo;
7: Update pirlﬂ’pi,lz) using (8.17) and (8.18);

end
8: Find k¢ and klo such that (R%(St))ko B =Ttjos
o
9: Update p; 1, p, ,’ using (8.19) and (8.20);
M0

end

end
fori=1:cdo

| 10: Compute P; = P; —min{p;1,...,p; N,} +€; // Ensure P; > 0.
end
11: Compute P; = P; —min{p;1, ..., 0t N;} +€; // Ensure P; > 0.
12: Output: {P;};_,, P;.

1=

S1={A11,A12,A13,A14} is one source feature set and is clustered to a new fea-
ture set: S;1 ={{A11,A12},{A13,A14}} and S; ={A;1,As9,As3,A14,A;5) is a target
feature set and is clustered to a new feature set: S;; = {{A;1,Az0},{As3, A, Ass}}.
In the clustered feature sets S;; and Sj;, there are only two elements, i.e., two
feature subsets. Next section will introduce how to convert N; feature subsets of
S; and S; to N; features and transfer knowledge from ¢ source domains to one

target domain through these N; features.
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8.4 Shared Fuzzy Equivalence Relations Neural

Network for Multi-source HeUDA

This section presents a novel neural network to transfer knowledge from labeled
data in ¢ source domains to a target domain, where any two domains are het-
erogeneous. Inputs of this neural network include labeled data from ¢ source
domains and a few unlabeled data from target domain, and outputs of this net-
work are labels of data from target domain. Because the structure of this network
is determined by results of MsSFER proposed in Section 8.3.2, this network is

named as shared fuzzy equivalence relations neural network, SFERNN for short.

8.4.1 Structure of the Proposed Neural Network

This subsection presents structure of SFERNN, including the number of layers,
the number of neurons of each layer, the types of activation functions between
adjacent layers, whether adjacent layers are fully connected and constraints of
weights of SFERNN. SFERNN is a five-layer neural network with ¢ + 1 branches,
where ¢ branches come from ¢ source domains and the other branch comes from
target domain. Figure 8.3 illustrates the structure of SFERNN for ¢ = 2. In
this section, we use D; = {(x;},y; j)}?il to represent the i source domain and
its corresponding instances and D; = {x; j};.li , to represent unlabeled data from
target domain, where i =1,...,c x;; € RNi*1 Xtj € RN*1 gand yij €{-1,+1}L

Layer I (Input layer): the input layer receives ¢ + 1 instances where ¢
instances come from the ¢ source domains, e.g., x11,%21,...,X.1, and one instance

comes from the target domain, e.g., x;1. The input layer thus has }._ N; + N;
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Figure 8.3: Network struture of SFERNN. SFERNN is a five-layer neural network
containing ¢ source branches and one target branch (c = 2 in this figure). Network
structure (i.e., N; in this figure and how to connect two adjacent layers) of
SFERNN is confirmed by MsSFER. Loss function of SFERNN is composed of two
parts. The first part represents cross-entropy loss on labeled data from ¢ source
domains. The second part represents distributional discrepancy (MMD) between
source domains and target domain.

neurons. The i** source-domain branch has N; neurons and the target-domain
branch has N; neurons.

Layer II (MsSFER layer): the MsSFER layer has (c+1) x N; neurons, where
each branch has N; neurons and N, is confirmed by the MsSFER algorithm and a

specific @. The values of neurons in the ;" source-domain branch forms a N; -by-1
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vector and is denoted by 0121 (corresponding to the j** instance in the i** source
. . . . . t7

domain). Using a similar notation, 02J € RV*1 corresponds to values of neurons

in the target-domain branch for the j** instance in target domain. 012] and 02J are

calculated by following equations.

(8.21) o =Wixij, of =Wixy,

where W! is a N;-by-N; matrix and W! is a N;-by-N, matrix. W} and W} have

following constraints.

Nl N;

(8.22) 2 Ywip=0=Ni=1, 2 Lgyiy, 0 %0,
p=1 g=1

and
N; N;

(8.23) Zl Lwty,=0 = N1 =1, 21 Lwt),g=0 7 0,
b= q=

where 1(W{)pq=0 =1if (Wli)pq =0, otherwise, l(Wli)pq:() =0.

This means that the Input layer and the MsSFER layer are not fully connected
in each branch, and each input neuron only connects with one neuron in the
MsSFER layer. To confirm how to connect neurons between the Input layer and
the MsSFER layer, ¢ source feature sets S; = {4;1,A;2,...,A;n;} and a target
feature set S; = {A;1,As9,...,A:n,} are generated using D; and D;. Then, using
the MsSFER and a specific a, N; features in S; are clustered to N; subsets

Al Al

1
i1t LGALC T

LAl ©8;, where Al nAl =@ if p#q. Let Sy = {Al}, Al -

g
It is clear that each feature in S; only belongs to one element in S;;, which
means that, with the help of MsSFER, we confirm how to connect the Input layer

(features in S;) and MsSFER layer (elements in S;;).
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Since each neuron in Input layer only connects with one neuron in MsSFER
layer, there are only >._, N; + N; parameters between two layers. We denote
these parameters by wf = (wﬂ,...,wf Ni) for the i*" source-domain branch and
wf = (wfl,...,wat) for the target-domain branch, where wf e R*Ni and wf €
RNt In Chapter 7, every element in wf and wf is set to 1. However, in this
work, wf and wf are optimized under a constraint (see Section 8.4.3). After
obtaining oéj and otzj , z-score function is applied to normalize o;j and ogj .

Layer III (Hidden layer): the Hidden layer has 2(c + 1) x N; neurons, where
each branch has 2N; neurons. The values of neurons in the i*" source-domain
branch forms a 2N;-by-1 vector and is denoted by oéj (corresponding to the

j** instance in the i*” source domain). Using the similar notation, oSJ €

RNZ x1
corresponds to values of neurons in the target-domain branch for the j** instance

in the target domain. oéj and o;j are calculated by following equations.
(8.24) 05 = g(Waoy +bs), 03 = g(Wao +by),

where Ws is a 2N;-by-N; matrix, by is a 2N;-by-1 vector, o;j and otzj are values
of neurons in the Layer II and g(-) is a rectifier linear unit (ReLU) function,
g(x) =max(0,x). It is clear that these ¢ + 1 branches share the weight matrix Wy
and bias vector bs.

Layer IV (Representation layer): the Representation layer has 2(c+1)xNN;
neurons, where each branch has 2N; neurons. Similar with the Hidden layer,

values of neurons in this layer, oflj and oij , are calculated by following equations.
(8.25) 0 = g(W30Y +b3), oY = g(W30% +b3),

where W3 is a 2N;-by-2N; matrix, bs is a 2N;-by-1 vector, ogj and ogj are values
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of neurons in the Layer III and g(-) is a ReLU function. These ¢ + 1 branches
share the weight matrix W3 and bias vector bg.

Layer V (Output layer): the Output layer has Cc neurons, where each
branch has C neurons. Similar with the Hidden layer, values of neurons in this

layer, ogj and ot5j , are calculated by following equations.
(8.26) Ogj = W40ij + b4, Ot5j = W40ij + b4,

where Wy is a C-by-2N; matrix, b4 is a C-by-1 vector and oflj and oflj are values
of neurons in the Layer III. These c + 1 branches share the weight matrix W4 and

bias vector by4.

8.4.2 Loss Function of the Proposed Neural Network

This section presents the loss function of the SFERNN, which is a summation of ¢
supervised loss (cross-entropy loss) and ¢ regularizers (MMD). These supervised
loss are to measure the disagreement between predicted labels and true labels in
¢ source domains and these regularizers are to measure the discrepancy between
outputs of representation layer of each source branch and that of the target
branch. First, cross-entropy loss is selected as the supervised loss for each source

branch, denoted as ¢;:
N c
0oy, yij) ==Y 1y,=rlog(h(x;))),
7=1

where h;(x;;) = (ogj )./ Zf,zl(ogj ); is the softmax function that computes the proba-
bility of predicting sample x;; for the 7t class [Long et al., 2016a]. Second, MMD

between OfL and Of1 (values of neurons in representation layers) is calculated by
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the following equation:

1 . nij,ng
MMD2(0%,0 4)_—2 Z k(olf f)— > k(Y
;pq 1 nint p g=1

Z k(07 050),

nt p.g=1
where O} = {o }n‘ L and O} = {04p}2‘:1. Minimizing MMD(O’,0%) will reduce
the discrepancy between outputs of representation layers of i** source-domain
branch and the target-domain branch, which is beneficial for improving the
classification accuracy on target domain [Long et al., 2015, 2017]. Thus, the loss

function for the SFERNN is defined as follows.

Crotat(D¥s_y, Distwl ¥y, wf (W, brtyy)

(8.27) = Z Z 00 yij)+ Z A;MMD;(0},0%).
i=1j=1

8.4.3 Learning Process of the Proposed Neural Network

This subsection presents how to optimize parameters of SFERNN to minimize
the ¢;,tq; defined in Eq. (8.27). Different with normal optimization procedures of
neural networks, two constraints are needed to consider to avoid the negative

transfer when minimizing the ¢;,;,;, which is expressed as follows.
(8.28) wl >0, wf >0,i=1,..,c.

This follows the results in [Liu et al., 2020b] which shows that avoiding negative
transfer is a key to an HeUDA problem. Thus, optimized parameters of SFERNN

are obtained by solving the following optimization problem.

mln gtotal({D }l 17Dt’{w }L lywt 7{Wk7bk}k 2)

F F .
st.w; >0, w; >0,1=1,...,c.
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Algorithm 8.2 Learning process of SFERNN

1: Input: Source data, target data: D;,D; and «.

2: Generate the source feature set S; using D;;

3: Generate the target feature set S; using Dy;

4: Compute [{P;}{_,, P;] = MsSFER(S;,S;);

5: Use {P;}/_,, P; and «a to confirm positions of non-zero elements in Wli and W{
G.e., wf,wf), 1=1,....c;
for iter =0: MaxIter do

6: Assign w!*™ = w{",i =1,...,c;
7: Assign w'*™ = wT’;

8: Update W,: Wy, = W, —nVw, Ciota1, K =2,3,4;
9: Update by: by, = b, —nVyp, Ciotar, K =2,3,4;

10: Update wf: wl = wf =NV 7 liotal, 1 = 1,...,¢;

i

11: Update wf: wf = wf —nvwfztoml;

12: Find negative value in wf: 1= ﬁnd(wf <0),i=1,....c;
13: Find negative value in wf I = ﬁnd(wf < 0);

14: Update wf‘: wf'[Ii] =w!™L],i=1,..,c;

15: Update w’: w![Z,] = w*™[Z,];

1

end
16: Output: {Wk,bk}iﬂ,wF,wf,i =1,..c.

i

A stochastic gradient decent (SGD) algorithm is applied to solve the above
problem and the pseudo code of the learning process is demonstrated in Algorithm
8.2. SFERNN is implemented by Pytorch 0.4.0.

Using the outputs of Algorithm 8.2, labels of instances {x; j}i.V:‘1 are predicted

as
3¢ = argmaxi(og):},

wheret=1,...,Cand j=1,...,N;.
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8.5 Experiments

In this section, three real datasets are used to test the proposed SFERNN in
terms of classification accuracy. We also analyze sensitivity of hyperparameters
of SFERNN. All datasets are publicly available from the UCI Machine Learning

Repository (UMLR).

8.5.1 Datasets and Tasks

The details of these datasets are provided in Table 8.1. For each dataset, we
generate one multi-to-one transfer task (i.e., MsHeUDA tasks) and three one-
to-one transfer tasks (i.e., HeUDA tasks). Each task is described in detail as
follows:

1) Task 1 - G2A, J2A, GJ2A: Assume that German data and Japanese data
are labeled, and the Australian data is unlabeled and has far fewer instances
than the German and Japanese data. This task aims to answer two questions:
a) “Can we use knowledge from German and Japanese credit records to classify
unlabeled Australian data (small dataset)?”; and b) "is multi-source better than
single-source for classifying unlabeled Australian data (small dataset)?"

2) Task 2 - A2G, J2G, AJ2G: Assume that Australian data and Japanese data
are labeled, and the German data is unlabeled and has far fewer instances than
the Australian and Japanese data. This task aims to answer two questions: a)
“Can we use knowledge from Australian and Japanese credit records to classify
unlabeled German data (small dataset)?”; and b) "is multi-source better than
single-source for classifying unlabeled German data (small dataset)?"

3) Task 3 - A2J, G2J, AG2J: Assume that Australian data and German data
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Table 8.1: Description of the three datasets.

Dataset name # of instances # of features Source
German Credit Data 1000 24 UMLR
Australian Credit Approval 690 14 UMLR
Japanese Credit Data 690 15 UMLR

are labeled, and the Japanese data is unlabeled and has far fewer instances than
the Australian and German data. This task aims to answer two questions: a)
“Can we use knowledge from Australian and German credit records to classify
unlabeled Japanese data (small dataset)?”; and b) "is multi-source better than

single-source for classifying unlabeled Japanese data (small dataset)?"

8.5.2 Experimental Setup

This section presents baselines and implementation details of all baselines and

SFERNN.

8.5.2.1 Baselines

It is important to consider with which baselines to compare the SFERNN. Di-
mensional reduction technology can be applied to force domains to have the same
number of features. We call this method dimension reduction geodesic flow kernel
(DG) [Liu et al., 2018b]. KCCA [Yeh et al., 2014], FFF-GFK [Liu et al., 2017],
UFFFG [Liu et al., 2018c], RLG [Liu et al., 2020b], GLG [Liu et al., 2020b] and
F-HeUDA [Liu et al., 2018b], as existing HeUDA methods, are also selected as
baselines. Following [Liu et al., 2018b, 2017, 2018c], two non-transfer methods

are considered: A1 and CM.
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Although deep-learning based methods were originally designed for homo-
geneous domains, we only need to change the number of neurons in the second
layer of these methods to make them suitable for heterogeneous domains. Conse-
quently, DANN [Ganin et al., 2016a] and DAN [Long et al., 2019] are selected as

baselines.

8.5.2.2 Implementation details

For Algorithm 8.1, we set IterM as 1000, 6 as 4 and n as 0.5. For Algorithm
8.2, we set N; as 50, MaxIter as 1000, n as 0.1, A; as 1, A3 as 1.5. Following [Li
et al., 2014; Pan et al., 2011; Pan and Yang, 2010; Xiao and Guo, 2015], SVM
(required by DG, FFF-GFK, UFFFG, GLG and F-HeUDA) was implemented
using LIBSVM. We adopted the default parameters for SVM since there are no
labeled data in the target domain. Since there are no existing pairs on these
datasets, we randomly matched instances from each domain as pairs for the
KCCA method. We ran the experiments 50 times for each method on each task.

DAN is a neural network with five layers: input layer, hidden layer I, hidden
layer II, representation layer and output layer. The number of neurons in hidden
layer I (and II) is 50 and the number of neurons in the representation layer is
100. The classifier for the DANN methods is also a neural network (including
five layers) and has the same settings as DAN. The domain classifier for DANN
is a three-layer neural network. The number of neurons in the hidden layer of
DANN’s domain classifier is set to 100. Adam optimizer is adopted to optimize
parameters of DAN and DANN.

Accuracy was used as the test metric as it has been widely adopted in the

literature [Ghifary et al., 2017; Li et al., 2014; Pan et al., 2011]. The definition

252



CHAPTER 8. FUZZY-RELATION NEURAL NETWORKS: A MULTI-SOURCE
HETEROGENEOUS UNSUPERVISED DOMAIN ADAPTATION APPROACH

follows.

Accuracy = e Xi:g() =y
B weXy

where y(x) is the ground truth label of x, while g(x) is the label predicted by the
SVM classification algorithm or SFERNN. All experiments were conducted on
an Intel(R) Core(TM) i7-4770 CPU at 3.40Ghz with a memory of 64 GB running

Windows 7 professional 64-bit operating system.

8.5.3 Experiment I: Classification Accuracy

We compare SFERNN with baselines in terms of Accuracy on three tasks in this
section. Tables 8.2, 8.3 and 8.4 show accuracy of baselines and SFERNN on Tasks
1, 2 and 3 (target domains are Australian Credit, German Credit and Japanese
Credit, respectively). From results in three tables, it is clear that SFERNN
outperforms all baselines in terms of average accuracy. Our overall analysis of
the comparative results reveals the following insights:

1) SFERNN performs stably when n; changes from 40 to 400. Although GLG
performs better than SFERNN when n; =400, its accuracy varies greatly when
n; changes from 40 to 400.

2) When we have multiple source domains, it is hard to select a source domain
that is better than the others. However, the performance of SFERNN indicates
that we can directly use knowledge from these domains to help us annotate data
in target domain with better accuracy. Accuracy of SFERNN is higher than that
of all single-source HeUDA methods;

3) Although deep-learning methods have considerable potential for finding a

domain-invariant representation of both domains, they cannot be directly used
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Table 8.2: Classification accuracy of the baselines and SFERNN on the Australian
credit task (Task 1). SFERNN can extract useful information from both the source
domains (SDs) and obtain better average accuracy on the target domain (TD)
than all the baselines, no matter which source domain these baselines select.

ns of TD: Australian Credit Average
SDs  Methods = — 100 200 300 400 accuracy
Al 50.00% 50.00% 50.00% 50.00% 50.00% 50.00%
CM 47.75% 48.80% 50.05% 53.56% 53.56% 50.75%
DR 45.63% 46.00% 48.23% 48.25% 46.98% 47.02%
KCCA 49.75% 49.75% 50.70% 53.30% 54.09% 51.52%
DAN 50.37% 45.90% 47.43% 50.47% 49.38% 48.63%
G DANN 50.68% 52.95% 53.53% 54.03% 56.43% 53.39%
FFF 68.38% 70.00% 71.00% 69.48% 69.73% 69.72%
UFFF 72.50% 68.25% T72.68% 71.08% 69.35% 70.77%
RLG 72.75% 71.90% 70.10% 72.80% 72.95% 72.10%
GLG 67.88% 69.30% 74.30% 74.23% 74.88% 72.12%
F-HeUDA 74.75% 74.90% 76.35% 175.23% '75.69% 75.38%
Al 50.00% 50.00% 50.00% 50.00% 50.00% 50.00%
CM 47.75% 48.80% 50.05% 53.56% 53.56% 50.75%
DR 66.88% 66.35% 66.33% 66.73% 66.15% 66.49%
KCCA 51.88% 51.95% 52.710% 55.02% 52.20% 52.75%
DAN 53.00% 51.45% 49.88% 57.38% 46.81% 51.70%
J DANN 45.19% 59.80% 60.75% 63.08% 61.31% 58.03%
FFF 69.13% 71.80% 72.60% 72.50% 71.88% 71.58%
UFFF 69.13% 70.85% 73.43% 67.47% 68.08% 69.79%
RLG 72.25% 73.50% 73.78% 70.73% 72.46% 72.54%
GLG 76.88% 78.95% 77.83% 79.55% 78.68% 78.38%
F-HeUDA 79.13% 78.35% 178.18% 79.83% 179.89% 179.07%
G+J SFERNN 79.13% 81.15% 78.93% 179.93% 79.53% 79.73%

to address HeUDA problem. The main reason for this is that deep-learning based

methods (DAN and DANN) do not prevent negative transfer in heterogeneous

scenarios. Some constraints should be considered to ensure a neural network

prevents negative transfer.

4) The DANN method produces higher classification accuracy than DAN,

which indicates that adversarial learning method is more suitable for the HeUDA

problem compared to DAN method.
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5) For a specific target domain, the classification accuracy of a HeUDA method
varies greatly due to different source domains. For example, on the task G2A,
the average accuracy of F-HeUDA is 75.38%. However, the average accuracy of
F-HeUDA is 79.07% on task J2A. Namely, F-HeUDA cannot perform stably when
the source domain changes. Nonetheless, SFERNN overcomes this drawback of
single-source HeUDA methods and performs well on target domain via using

multiple source domains.

8.5.4 Experiment II: Stability Analysis

In this section, We compare SFERNN with baselines in terms of standard devia-
tion (STD) of accuracy on three tasks. Table 8.5, 8.6 and 8.7 show STD of accuracy
of baselines and SFERNN on Tasks 1, 2 and 3 (target domains are Australian
Credit, German Credit and Japanese Credit, respectively). From results in three
tables, it is clear that SFERNN achieves performance. Our overall analysis of
the comparative results reveals the following insights:

1) DAN, as a deep learning method, has a high STD of classification accuracy.
It means that DAN has an unstable classification performance. The main reason
for this is that DAN does is not able to prevent the negative transfer, which
causes that its accuracy is very high or very low (especially on task A2d);

2) By leveraging knowledge from both domains, SFERNN has lower average
STD than all baselines have on most tasks;

3) Since deep-learning based methods (DAN and DANN) do not prevent
negative transfer, their classification results are unstable in most tasks. This

means that a neural network, as a mapping function, cannot be directly used to

255



CHAPTER 8. FUZZY-RELATION NEURAL NETWORKS: A MULTI-SOURCE
HETEROGENEOUS UNSUPERVISED DOMAIN ADAPTATION APPROACH

Table 8.3: Classification accuracy of the baselines and SFERNN on the German
credit task (Task 2). SFERNN can extract useful information from both the
source domains (SDs) and obtain a better average accuracy on the target domain
(TD) than all the baselines, no matter which source domain these baselines

select.
n; of TD: German Credit Average
SDs Methods
100 200 300 400 accuracy
Al 50.00% 50.00% 50.00% 50.00% 50.00% 50.00%
CM 46.63% 49.40% 50.68% 49.85% 49.21% 49.15%
DR 51.38% 51.35% 51.28% 51.53% 51.86% 51.48%
KCCA 50.00% 48.35% 48.85% 51.15% 51.68% 50.01%
DAN 49.19% 50.00% 57.55% 40.55% 42.79% 48.02%
A DANN 50.23% 52.30% 55.18% 55.00% 55.24% 53.59%
FFF 55.63% 56.65% 57.30% 58.58% 59.28% 57.49%
UFFF 58.88% 57.60% 57.88% 56.72% 56.66% 57.55%
RLG 56.63% 5890% 58.95% 59.22% 58.60% 58.46%
GLG 59.00% 58.95% 58.13% 59.85% 58.96% 58.98%
F-HeUDA 59.25% 60.25% 59.73% 59.58% 59.89% 59.74%
Al 50.00% 50.00% 50.00% 50.00% 50.00% 50.00%
CM 46.63% 49.40% 50.68% 49.85% 49.21% 49.15%
DR 46.88% 44.45% 46.85% 47.35% 46.45% 46.40%
KCCA 48.00% 51.05% 50.83% 50.23% 50.90% 50.20%
DAN 49.25% 51.710% 49.05% 48.13% 52.70% 50.17%
J DANN 51.23% 52.60% 51.53% 54.28% 52.98% 52.52%
FFF 59.50% 56.70% 58.18% 58.45% 59.00% 58.37%
UFFF 54.63% 54.20% 54.05% 56.58% 55.84% 55.06%
RLG 57.50% 56.35% 55.40% 56.02% 59.03% 56.86%
GLG 58.25% 60.20% 58.23% 58.27% 59.78% 58.94%
F-HeUDA 59.63% 59.00% 61.03% 59.05% 59.59% 59.66%
A+J SFERNN 60.25% 58.95% 59.42% 60.57% 59.69% 59.78%
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Table 8.4: Classification accuracy of the baselines and SFERNN on the Japanese
credit task (Task 3). SFERNN can extract useful information from both the
source domains (SDs) and obtain a better average accuracy on the target domain
(TD) than all the baselines, no matter which source domain these baselines

select.
n; of TD: Japanese Credit Average
SDs  Methods
100 200 300 400 accuracy
Al 50.00% 50.00% 50.00% 50.00% 50.00% 50.00%
CM 46.63% 47.50% 49.08% 49.10% 49.34% 48.33%
DR 54.50% 53.55% 54.25% 53.45% 54.23% 54.00%
KCCA 52.50% 49.85% 52.78% 54.57% 56.23% 53.18%
DAN 46.13% 51.40% 45.45% 53.82% 49.96% 49.35%
A DANN 48.50% 51.80% 61.65% 60.03% 59.95% 56.39%
FFF 67.25% 64.25% 64.75% 58.05% 57.61% 62.38%
UFFF 68.75% 66.00% 64.00% 65.70% 63.45% 65.58%
RLG 67.63% 62.65% 62.53% 63.43% 65.43% 64.33%
GLG 65.00% 62.65% 64.95% 64.62% 65.04% 64.45%
F-HeUDA 69.13% 68.30% 68.65% 69.32% 69.86% 69.05%
Al 50.00% 50.00% 50.00% 50.00% 50.00% 50.00%
CM 46.63% 47.50% 49.08% 49.10% 49.34% 48.33%
DR 45.50% 45.20% 46.85% 45.38% 46.49% 45.88%
KCCA 56.75% 51.25% 53.90% 49.98% 53.14% 53.00%
DAN 49.36% 47.90% 50.53% 49.92% 49.31% 49.40%
G DANN 50.10% 49.10% 50.80% 50.47% 51.04% 50.30%
FFF 58.88% 62.40% 59.10% 58.77% 56.19% 59.07%
UFFF 65.00% 60.30% 63.13% 57.67% 62.00% 61.62%
RLG 61.38% 59.25% 64.10% 60.18% 62.80% 61.54%
GLG 61.13% 59.50% 63.50% 62.53% 64.28% 62.19%
F-HeUDA 66.13% 66.85% 66.88% 68.42% 67.34% 67.12%
A+G SFERNN 71.37% 67.65% 69.95% 69.87% 70.76% 69.92%
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address the HeUDA problem. Although deep-learning methods have considerable
potential for finding a representation of two domains, some constraints should
be considered to ensure a neural network has stable performance;

4) Compared to DAN, DANN method produces lower STD of accuracy, which
is another evidence that adversarial learning method may be suitable for the
HeUDA problem. In the future, adversarial learning based HeUDA methods
should be developed,;

5) For a specific target domain, the STD of classification accuracy of a HeUDA
method varies greatly due to different source domains. For example, on task A2G,
STD of accuracy of F-HeUDA is 4.91% (n; = 200). However, STD of accuracy of
F-HeUDA is 3.33% on the task J2G. It is an evidence that F-HeUDA cannot
perform stably when the source domain changes. Nonetheless, SFERNN can

always maintain a low STD values.

8.5.5 Experiment III: Parameters Sensitivity

In this section, we analyze how the learning rate in Algorithm 8.2 and A5 influ-
ence the average accuracy of SFERNN on 3 tasks (17 is set to 1 in this section).

Figure 8.4 shows average accuracy of SFERNN on three tasks when learning
rate of Algorithm 8.2 changes from 0.01 to 0.4 and Ay changes from 0.1 to 2.5.
According to Tables 8.2, 8.3 and 8.4, it is clear that SFERNN still outperforms
all baselines on tasks 1 and 3 even when both parameters change a lot.

On task 1, it is clear that SFERNN will have lower accuracy when As is
around 0.5 (the blue valley in Figure 8.4-(a)). On task 2, if the value of A9 is

around 0.5 and the value of learning rate is around 0.2, SFERNN will have low

258



CHAPTER 8. FUZZY-RELATION NEURAL NETWORKS: A MULTI-SOURCE
HETEROGENEOUS UNSUPERVISED DOMAIN ADAPTATION APPROACH

Table 8.5: STD of classification accuracy of baselines and SFERNN on the Aus-
tralian credit task (Task 1). SFERNN can use knowledge in the source domains
(SDs) to obtain more stable accuracy across 50 experiments on the target domain
(TD) than most baselines.

ns of TD: Australian Credit Average
SDs  Methods = =, 100 200 300 400 STD
Al - -
CM 24.52% 26.76% 23.10% 27.26% 27.26% 25.78%
DR 8.84% 5.50% 4.45% 4.63% 3.41% 5.37%
KCCA 9.80% 9.80% 11.29% 9.58% 11.77%  10.45%
DAN 7.54% 22.57% 24.89% 21.83% 23.40% 20.05%
el DANN 9.63% 8.24% 8.00% 6.68% 6.93% 7.90%
FFF 9.40% 6.87% 4.75% 6.94% 8.67% 7.33%
UFFF 8.23% 6.11% 7.31% 8.32% 9.45% 7.88%
RLG 7.47% 5.94% 5.98% 6.64% 7.47% 6.70%
GLG 16.77% 9.17% 6.52% 5.39% 4.74% 8.52%
F-HeUDA 7.86% 5.19% 2.41% 2.28% 1.77% 3.90%
Al - -
CM 24.52% 26.76% 23.10% 27.26% 27.26% 25.78%
DR 7.16% 4.61% 2.78% 2.28% 1.80% 3.73%
KCCA 9.52% 10.89% 7.39% 10.19% 9.91% 9.58%
DAN 13.48% 11.53% 16.95% 20.13% 21.52% 16.72%
J DANN 8.15% 11.91% 10.15% 9.00% 8.62% 9.57%
FFF 10.43% 10.99% 7.62% 9.34% 9.40% 9.56%
UFFF 8.56% 8.82% 7.74% 9.09% 8.46% 8.53%
RLG 9.14% 5.82% 6.13% 6.09% 8.14% 7.06%
GLG 8.77% 3.15% 3.32% 1.70% 1.30% 3.65%

F-HeUDA 6.19% 3.27%  2.92% 1.97% 1.49% 3.17%

G+J SFERNN 6.35% 4.20% 3.04% 1.87%  1.52% 3.40%

average accuracy (the blue valley in Figure 8.4-(b)). On task 3, if values of 13 and
learning are high, SFERNN will have lower accuracy (the blue valley in Figure
8.4-(c)).

After analyzing these three subfigures, we can see that a high value of 13 and
a high value of learning rate will result in the low accuracy of SFERNN, which

should be avoided. Low value of 19 is suggested according to this figure.
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Table 8.6: The STD of the classification accuracy of the baselines and SFERNN on
the German credit task (Task 2). SFERNN can use knowledge in source domains
(SDs) to obtain more stable accuracy across 50 experiments on the target domain
(TD) than most baselines.

n; of TD: German Credit Average
SDs  Methods 100 200 300 400 STD
Al - -
CM 9.50% 8.77% 4.46% 4.84% 4.58% 6.43%
DR 5.10% 5.08% 3.21% 2.42% 1.62% 3.49%
KCCA 9.60% 4.97% 5.91% 4.84% 5.54% 6.17%
DAN 8.59% 7.56% 6.63% 6.82% 6.52% 7.23%
A DANN 4.50% 3.35% 3.51% 3.16% 3.63% 3.63%
FFF 7.90% 5.86% 3.57% 4.21% 3.32% 4.97%
UFFF 10.31% 5.91% 4.52% 4.90% 4.86% 6.10%
RLG 5.21% 6.23% 5.81% 3.30% 3.58% 4.83%
GLG 7.32% 4.38% 3.02% 2.92% 2.69% 4.07%
F-HeUDA 6.98% 5.64% 4.91% 3.53% 3.92% 4.99%
Al - -
CM 9.50% 8.77% 4.46% 4.84% 4.58% 6.43%
DR 7.52% 4.88% 3.58% 2.82% 1.53% 4.07%
KCCA 9.51% 7.82% 7.43% 5.15% 6.36% 7.25%
DAN 4.39% 11.83% 17.28% 18.96% 18.05% 14.10%
J DANN 7.92% 7.04% 5.37% 3.88% 4.61% 5.76%
FFF 7.59% 5.34% 4.15% 3.57% 3.94% 4.92%
UFFF 6.99% 5.75% 5.35% 5.82% 5.07% 5.79%
RLG 9.18% 5.27% 5.40% 5.57% 4.45% 5.97%
GLG 5.97% 5.90% 3.11% 2.65% 2.17% 3.96%

F-HeUDA 6.60% 4.60% 3.33% 2.22%  2.03% 3.76%

A+J SFERNN 5.73% 457%  2.58% 1.83%  2.39% 3.42%

8.6 Summary

In this chapter, a novel and realistic problem is formalized, called multi-source
heterogeneous unsupervised domain adaptation MsHeUDA). In MsHeUDA prob-
lem, there are ¢ different-dimension (i.e., heterogeneous) source domains and
one target domain, where source domains contains abundant labeled data and
target domain only contains few unlabeled data. We aim to train a classifier for

data in target domain with labeled data in source domains and unlabeled data
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Table 8.7: The STD of classification accuracy of the baselines and SFERNN on
the Japanese credit task (Task 3). SFERNN can use knowledge in source domains
(SDs) to obtain more stable accuracy across 50 experiments on the target domain
(TD) than most baselines.

ny of TD: Japanese Credit Average
SDs  Methods =, 100 200 300 400 STD
Al - -
CM 5.92% 4.52% 4.39% 3.56% 2.50% 4.18%
DR 10.63% 5.39% 543% 4.82% 4.97% 6.25%
KCCA 12.49% 10.80% 9.20% 8.68%  8.37% 9.91%
DAN 25.16% 21.67% 23.62% 25.06% 22.79% 23.66%
A DANN 5.28% 6.01% 5.41% 10.31% 8.59% 7.12%
FFF 10.38% 13.05% 10.37% 11.32% 17.66% 10.56%
UFFF 7.14%  7.95% 8.16%  9.50% 12.95%  9.14%
RLG 1291% 7.27% @ 7.79% 7.10%  9.74% 8.96%
GLG 10.42% 7.10% 552% 6.76%  6.79% 7.32%
F-HeUDA 7.23% 3.79% 4.33% 3.54% 2.45% 4.27%
Al - -
CM 5.92%  452% 4.39% 356% 2.50% 4.18%
DR 13.97% 10.97% 11.56% 11.02% 10.64% 11.63%
KCCA 11.64% 8.17% 9.24% 8.58%  8.65% 9.26%
DAN 9.01% 8.84% 6.69% 5.72% 5.08% 7.07%
G DANN 0.79%  7.40%  7.48% 7.75%  9.04% 6.49%
FFF 11.16% 9.72%  9.02% 8.95%  9.79% 9.73%
UFFF 11.36% 7.41% 759% 898%  6.79% 8.42%
RLG 10.02% 9.22% 7.84% 6.719%  7.14% 8.20%
GLG 10.34% 5.63% 5.72% 5.62% 6.18% 6.70%

F-HeUDA 10.04% 4.59%  2.84%  2.42% 1.75% 4.33%

A+G SFERNN 7.15% 5.49%  3.86% 1.75% 1.69% 3.99%

in target domain.

To solve this problem, this chapter first presents a new fuzzy equivalence
relation, called multi-source shared fuzzy equivalence relation (MsSFER), to
extract shared fuzzy information in ¢ source domains and target domain. With
help of MsSFER, we can cluster features in each domain (including ¢ source
domains and target domain) as N; categories (see N; in Figure 8.3). Then, a

novel neural network, called shared-fuzzy-equivalence-relation neural network
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Figure 8.4: Analysis of parameters’ sensitivity on 3 tasks. Learning rate repre-
sents 77 in Algorithm 8.2 and Lambda represents Ag in loss function of SFERNN.

(SFERNN), is proposed to solve the MsHeUDA problem.

Since there are no existing methods for the MsHeUDA problem, this study
is the first to propose an effective solution to address this problem. The suc-
cess of SFERNN is due to the proposed fuzzy equivalence relation, MsSFER.
MSsSFER can help extract shared fuzzy information contained in multiple het-
erogeneous domains. Based on this shared fuzzy information, knowledge from c
heterogeneous source domain can be transferred to target domain. The efficacy
of SFERNN is validated using three real-world MsHeUDA tasks. The experimen-
tal results reveal that SFERNN can reliably transfer knowledge from multiple

heterogeneous source domains to target domain.
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CHAPTER

CONCLUSION AND FUTURE STUDY

This chapter concludes the entire thesis and provides some further research

directions for realistic transfer learning.

9.1 Conclusions

Recent research of transfer learning has shown a decent ability to transfer
knowledge from a source domain to a target domain, however most research
require certain assumptions to ensure their efficacy. These assumptions are
probably not realistic, which means that existing transfer learning methods
still face several unsolved and challenging problems in real world. To sum up,
existing transfer learning methods still face the following problems in real world:
1) How to test if feature spaces of two domains are from different distributions;

ii) How to transfer knowledge when labels in the source domain cannot be
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perfectly annotated (i.e., the source domain contains noisy labels); iii) How to

transfer knowledge when source domains and the target domain have different

dimensions (i.e., the target domain is heterogeneous); and iv) How to transfer

knowledge across multiple source domains and a heterogeneous target domain.

To solve the above-mentioned challenges, this thesis proposed four concrete

research questions and corresponding research objectives. The findings of this

study are summarized as follows:

1. Discrepancy of diverse subsets and deep-kernel maximum mean discrepancy

are proposed as new two-sample tests for modern machine-learning datasets.

(to achieve objective 1)

We address key problems faced by function-based tests and subset-based
tests. As results, we propose discrepancy of diverse subsets for low-dimension
data and deep-kernel maximum mean discrepancy for high-dimension data.
Corresponding theories have also be proven to ensure the efficacy of the

proposed tests. Both new tests are validated by several real-world datasets.

. The theoretical foundation is built for HoUDA problem under noisy scenario,

and we propose a new method to this new setting. (to achieve RQ2)

Since the foundation of HoOUDA methods is all based on [Ben-David et al.,
2010b] that assumes that source domain only contains clean labels, we
first, in theory, to propose a new theoretical bound for HoUDA problem
under noisy scenario, and formalize this new problem as wildly unsu-
pervised domain adaptation. The proposed bound reveals why existing
HoUDA methods do not work well under noisy scenario. Guided by the

new bound, we propose a solution called Butterfly to wildly unsupervised
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domain adaptation and validate the efficacy of Butterfly using real-world

datasets.

. We build the theoretical foundation and propose new methods for heteroge-

neous unsupervised domain adaptation problem. (to achieve RQ3)

Due to the lack of theoretical foundations for heterogeneous unsupervised
domain adaptation (HeUDA) problem, HeUDA methods assume the exis-
tence of parallel sets that can bridge two heterogeneous domains, which
is not realistic. To remove this assumption, we first build the theoretical
foundation to show when and how we can transfer transfer knowledge
from a source domain to a heterogeneous and unlabeled target domain.
The theory helps us prevent the negative transfer and reliably transfer
knowledge across two domains. Based on the proposed theory, we propose
two valid HeUDA methods: GLG and F-HeUDA. The first one focuses on
the situation where two domains are balanced and the second one focuses
on the imbalanced situation. Finally, we evaluate the efficacy of GLG and

F-HeUDA using real-world datasets.

. We develop a new method to transfer knowledge from multiple source do-
mains to a heterogeneous target domain where there are no labeled samples

in target domain. (to achieve RQ4)

In real world, given a target domain, we probably have multiple different-
dimension (heterogeneous) source domains. Thus, to step towards realistic
transfer learning, we extend the HeUDA problem to multi-source HeUDA

(MsHeUDA) problem. After formalizing MsHeUDA problem, we propose
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a novel fuzzy-relation neural network to address this problem and use

real-world datasets to evaluate its efficacy.

This thesis also applies the proposed tests and methods on many real-world

applications:

1. To distinguish the signature of processes producing Higgs bosons.

It is a classical problem to distinguish the signature of processes producing
Higgs bosons from those background processes that do not in the field
of high-energy physics [Baldi et al., 2014]. In this thesis, the proposed
two-sample tests (DDS and deep-kernel-based MMD) are used to solve this

real-world problem.

2. To test if there exists dataset shift between CIFAR-10 and CIFAR-10.1.

CIFAR-10.1 [Recht et al., 2019] is an attempt to collect a new testing set for
the very popular CIFAR-10 image classification dataset [Krizhevsky, 2009].
In this thesis, the proposed deep-kernel-based MMD is used to successfully
show that CIFAR-10.1 and CIFAR-10 are significantly different.

3. To recognize objects using images labeled by Bing search engine.

Images are autonomously labeled by Bing search engine, and we regarded
these labeled images as a source domain. There are also a lot of images of
objects, which are regarded as a target domain. In this thesis, the Butterfly-
Net is proposed to use the knowledge of the Bing-labeled source domain to

recognize images of objects in the target domain.

4. To diagnose if a patient has Breast Cancer by using existed diagnostic data.
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Diagnostic features are computed from a digitized image of a fine needle
aspirate of a breast mass, which contains more information related to the
cancer. The proposed GLG and F-HeUDA methods successfully use the
knowledge of the existed labeled diagnostic data (i.e., the source domain)
to help annotate unlabeled digitized images (i.e., to diagnose if a patient

has Breast Cancer).

9.2 Future Study

This thesis identifies the following directions as future work:

1. Autonomous selection of source domains.

Since existing transfer learning methods require users to select a source
domain for a specific target domain, the human-nomination process will
significantly influence the performance of transfer learning methods when
we have a lot of candidate source domains. In the future, we aim to propose
a method to autonomously select the most-suitable source domains for a
target domain, without needing human-nomination of the source domains

for a given target domain.

2. A new two-sample test for imprecise observations.

In existing non-parametric two-sample tests, they aim to determine whether
two sets of precise observations (i.e., samples) are from the same distribu-
tion. However, in real world, precise observations are often unavailable.
For example, readings on an analogue measurement equipment are not

precise numbers but intervals since there is only a finite number of deci-
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mals available. Hence, we will consider a new and more realistic problem
setting—two-sample testing on imprecise observations and propose a new

two-sample test to address this problem.

. A WUDA method for the situation that source domain contains instance-

dependent noise and feature noise.

Chapter 5 formalizes the WUDA problem and propose a method to address
it. In the future, we will propose more methods to address this problem un-
der the situation that noise contained in source domain is more complicated,

such as instance-dependent noise and feature noise.

. A unified learning framework and generalization bound for HeUDA prob-

lem.

Chapter 6 presents a theorem to show when we can transfer knowledge
from a source domain to a heterogeneous and unlabeled target domain. This
theorem ensures positive transfer. In the future, based on this theorem, we
will propose a unified learning framework and generalization bound for

HeUDA problem.

. More industry-level applications of the proposed methods

Although the proposed tests and methods are successfully used to solve
many real-world problems (such as object recognition, cancer detection
and credit assessment), we still need to develop more prototypes of these
methods and apply these prototypes in the industry. Moreover, the proposed
methods will be used to address more real-world problems in fields of

Agronomy, Biology, Cybersecurity, Energy and Meteorology.
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APPENDIX

A.1 Appendix of Chapter 3

A.1.1 A Corollary of Radon-Nikodym Theorem

First, we recall the Radon-Nikodym theorem.

Theorem A.1 (Radon-Nikodym theorem). Let (X, A) be a measurable space and
let 1 and v be o-finite positive measures on (X, A). If v is absolutely continuous
with respect to y, then there is an A-measurable function g : X — [0,+00) such
that v(A) = |, 4 8d holds for each A in A. the function g is unique up to p-almost

everywhere equality.

Please see the detailed proof of this theorem in the page 123 of Cohn [2013].

Then, we prove following corollary.
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Corollary A.1. Given two measurable functions p and q defined in a measurable
space (X, A), if, YA € A, a o-finite positive measure (A) = [ .., (p(x)—q(x))dx =0,

then p = q almost everywhere.

Proof. VA € A, we define v(A) = [, pdu. We will prove that p is unique up to
p-almost everywhere (this is the desired result). First, we prove v is absolutely

continuous with respect to u. Considering following sets
A, ={xln—-1<p(x)<n},

so, we have
(o, 0]

p(x)< ) nly, (x).

n=1

Then, we know

o0 o0
va)= [ pdu= ¥ n [ 1a,dus Y. nutan =o.
A n=1 JA n=1
Hence, v is absolutely continuous with respect to u. Following Radon-Nikodym

theorem, we know p has a unique form. If we have v = [, pdu = [, gdp, then

p = q almost everywhere. -

This corollary demonstrates one fact: if we have the same number of observations

in any measurable subsets from p and g, then p = ¢ almost everywhere.

A.1.2 Proofs of Theorems
A.1.2.1 Proof of Theorem 3.1

Proof. We denote A(p,q,X1,X9) = IDDS(p,q)—DﬁS(Xl,Xg)I. Then, in terms of

Lemma 3.1, changing either x1; or x9; in A(p,q,X1,X59) results in changes in
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magnitude of at most 2M pq/ydnl or 2M pq/ydnz, respectively. We can apply McDi-
armid’s inequality Gretton et al. [2012]; McDiarmid [1989], given a denominator

in the exponent of

oM, \? oM, \2 1 1 +
n1( d"") +n2( ”") = 4M? (Y + ):4M2 f27

Yoni

to obtain

(A1)

—e2y2dn1n2
Prx, x,(A(p,q,X1,X2) - Ex, x,(A(p,q,X1,X2)) >€)<exp .

2M12)q(n1 +nsg)
Next, we need to calculate Ex, x,(A(p,q,X1,X2)). First, we need to prove the

following formula.
1 & I D 2
(A.2) \/nl(— ) L(xli,xlj)—f Lxli(xl)dpx/) —N(0,07)),
nij=1 R4 1
where a% 1; = Var(L(x1;,x1;). Because
1 X 1
[E(n—lj;L(xu,xU)) = n—lj;[E(L(xu,xu))
ni
= n_lfuqzd L(x1i,x1/)dpyy;
= | Laadpag,

and a%i < +00, using the central limit theorem, we prove the Formula (A.2). Thus,

we have
. E X1i,%X1j) = (x X T ,
n1 j=1 Y pa M P P vni

where 0,,(1/y/n1) = /y/nN(0,07 ;). Similarly, we know

1 X 1
A4 — Y L(x1;,x2;)= | Ly, (x)dqy +0p,(—
( ) an; (xluxZ_]) ‘[;{d xll(xg) qx2 + pz(\/n_z),

272



APPENDIX A. APPENDIX

where O,,(1/\/n3) = 1/\/n_2N(0,U§ 1;)- Substituting Eq. (A.3) and Eq. (A.4) into
DﬁSp, we have

1 1
DDS, ZL(xll)xlj)__ZL(xll7x2])
12 1 1
A5 = L, ’d/_,+0 —+
(A.5) nli:zl fRd 21 (%) Py (

where O,(1/\/n1+1/\/ng) = /\/’(O,a1 1l/nl + O' /ng). Using Taylor series, expand

f Ly, («/ )dp/ A )

where O;,(l/,/nl +1/\/ng) = ./\/'(O,Maili/nl +MU§,1i/n2) and M is a positive finite

Eq. (A.5) at the value [ga Ly,,(x")dp , -4, , we have
1 "%

1n 1 1
DDS, ——Z( O’(—+—

nii=1

ni

number. Because [gi Ly,;(x')dp , -4, is a function related to x1;, So, we have
1 T
R 1
[EXLXQ(DDS DDS )= [EX1 Xo (Opl(l/\/ )+ — Z

|
- el \/_\/_)

ni;
Because |O;,| is a random variable obeys the half Normal distribution, we know

OI

\/_\/_

. 2 o5 1
Ex,x,(DDS, - DDS,)= — Z ( fe 22,

Since Df)Sp =DDS,, + |O;,| >DDS,, , we know

2 2
(Glli Uz,li)
+_

ni ny

Combining (A.1) and (A.6), the proof completes. [ |

3\%

2 1 ™
(A6) [EXl,XQ(A(p7q>X1,X2)): Zn_z
I=1 =1

A.1.2.2 Proof of Lemma 3.2

Proof. It is clear that L(z;,2;), as an n-by-n matrix, will not change further if

X1 and Xy are obtained. The one-time permutation of DDS(X1,X2) uniformly
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chooses n1 from z; as the new X1 and selects the rest of z; as the new Xo,
and then calculates the new DDS(X 1,X2). We do not need to calculate this new
DDS(X1,X2) from the very beginning (e.g., re-calculating D (x1;, x1 7)) but rather
only from L(z;,z;). This allows us to find the asymptotic null distribution of
DDS(X1,X5).

Consider following random variable b,
P(b;=ni'L(x1;,2,)) = M,P(b; = —ny ' L(x1;,2,)) = Mg,

where P means the probability and A; + A9 = 1. Under the permutation null

(p = q), we know

ng
Y Lx1;,x2)) =
j=1

ni
-1 -1
ni Y L(xy,x1))—ngy
~ J

n
bj.
j= =1
Because L(z;,z;) is fixed after obtaining X1 and X, 1) each b; is independent and
2) ”Il Z;LilL(xli,xlj) — n;l Z;.‘ilL(xli,xzj) is the sum of n independent random
variables. To apply Lyapunov central limit theorem to }_b;, we need to verify the

following condition.

n E((b;—E®)° n
(A7) lim —= [6;-x6) ):0, s2=) E((b;-E®,)’)
j=1

n—oo S%

In terms of the definition of b, we know E(b;) = 0 and
E((b) ~E0))°) = Mni®Lix1s,2))° - Aang Lixni, 2,)%,
E((b) ~ E0))%) = Mny?Lixni, 2% + Agng Lxy;, 2)?

It is clear that any non-zero nIlL(xli,xl j)or n;lL(xli,xz 7) has a minimum value,

denoted by Ly, >0, and a maximum value, Lyq, < +oo. IFE((b; — [E(bj))g) >0,

we have ;
"y E((b,—E®)) )< nAL3 . oL,
3 3 5 < Ol—=).
Sn n2(A1+A2)L% vn
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IfE((b; —E(®,))%) <0, we have

. 3

L (CYE=C) i I -1
- > — x O(—).

S5 n2(A1 +Ag)L? v

min

Hence, the condition in (A.7) is verified, which means, due to Lyapunov central

limit theorem, we have

1 n
— Y (b —E(b,) 2 N, D).

n j=1

Based on the definitions of b; and s, this lemma is proved. [ |

A.1.2.3 Proof of Theorem 3.2

Proof. When, p = q, it is obvious that DDS(p, q) = 0. We now prove the converse.
Vx,x' € X, according to the definition of I.(x’), we know I.(x') is an indicator
function as L — +o0o and is bounded by 1. Because V- is over zero, we define two

new measures as

(A.8) p(S) :f idpx', q(s) =f id‘]x’a
S Vx’ S Vx’

where S is any subset in X'. So, DDS(p, ¢) = 0 means that

(A.9) f | f LB — Gu)|d(Be + Go) = 0.

We denote Supp = {x|Ve> 0, p,(B(x) N X))+ G(Be(x)NX) #0,x € X}, where B.(x)
is the ball in R? with radius ¢, center x. Because | JI.(x")d(py—Gy )l is continuous,

we arrive at

‘flx(x')d(ﬁxf—dx/) =0, YVxeSupp,

:flx(x')d(ﬁx/—qx/):o, VxeSupp,
(A.10) = d(Py—Gdx)=0, VxeSupp.
Brx(x/)

Because V- is over zero, we have p, = ¢,. Therefore, p = q. [ ]
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A.1.2.4 Proof of Theorem 3.4

Proof. We first define a new random variable a,,, as following.

1,1 &
g = - L L) - - le L(x1i,xn))).

J
So, we know DﬁSX =Y ilay,;|. Since L(x1;,2;) are fixed after obtaining X; and
X9 and all of x1; are independent, all of a, , are independent. Next, to apply

Lyapunov central limit theorem to ) ;|a,;|, we need to verify the following

condition.

S E((lasy | - E(ax,D)? n
(A11)  lim (G i ):, Z E( (I | ~ B, D))

n—oo S%

1
Because n?a,,; approaches a normal distribution when n — co (see Lemma 3.2),

1
n% lax,;| approaches a half normal distribution which has a first moment, a second

moment and a second central moment as follows.

2 2
V2 o 2\0%
2 X1 2 X1
(A12) E(lay,|) = ———0xy,;, Elag,|?) = —2, [E((Iaxlil—[E(laan) ) = (1“)—‘-
Vviing ni T/ ni
Next, we will calculate the third moment of |a, .
\/2_ nylaxy; 2 ﬂ]_\axh|2
n 202 T 202 3
[E(laxlll )_ le |ax1l| dlaxhl = Ul Iax]_il dlaxli|7
O-xll xlz\/_
using integration by parts, we have following equations
+00  nylaxy;|?
x1 \/§ - 2 2 . nllax]_'l 2
Flae, =2 [ e " (- =52 (-lag,® dlax,|
vn o,
1
nllaxlil2 +00 +00 nl\axlil2
lei\/§ T 202, T 202,
= —-e *1i +2 e SRR |ax1i| d|ax1i| ’
VAT
1 0
thus,
2v2 _mlaxy oo NG)
Elag, )= 52 (g2 ). S22 g
i niyv/nim i 0 niynim i
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Since
E( (I, — E(02,,D)°) = B, 1) + 4E( @, D® - 3E(az, DE(ar, ),

we have
4-11 4

E( (I, - E(ax,D)’) =

cod .
(nim)z

Because 0,,,/\/n1 is finite, it is clear that

27 E( (I, - E(ax, D)) 1
x O(—).
sz,)’L vni

So, the condition in (A.11) is verified, which means

1 n
(A.13) = 3 @y, ~ E@z,, ) > N(O, 1),
Sn j=1
Combining (A.11), (A.12) and (A.13), we obtain the result. [ ]

A.2 Appendix of Chapter 4

Appendix A.2.2 gives the main results under some assumptions about the kernel
parameterization, using intermediate results about uniform convergence of our
estimators in Appendix A.2.3. Appendix A.2.4 then shows that these assumptions
hold for different settings of kernel learning. Please note that proofs of all results

can be found in our previous paper [Liu et al., 2020al].

A.2.1 Preliminaries

Given a kernel &, and sample sets {X i}?zl ~ P, {Yi}?=1 ~ Q", define the n x n
matrix

Hg?) =koX;, X)) +ko(Yi,Y))—ko(X,Y;) - ko(X;,Y:);
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we will often omit w when it is clear from context. The U-statistic estimator of

the squared MMD (4.2) is

1
Y Hij.

The squared MMD is 1, = E[H12]. The variance of 7, is given by Lemma A.1.

Lemma A.1 ([Liu et al., 2020a]). For a fixed kernel k., and random sample sets

(X} o, Y} L, we have

=1 =1
(A 14) \V [A ] 4(n - 2) E((u) n 2 é(w) 4 6(0)) N 26(2(1)) _ 46(1(1))
. ar = _ . 52 51
Mo nn-1"1  amn-1)"2 no1 -1
where

2 2 2
(w) _ () ry(w) () (w) _ (w) (w)
510) —[E[Hfz)Hla?i]_[E[Hlaz) ’ 520) —[E[(Hf;) ]_[E[Hf; :
Thus as n — oo,
nVarlf),] — 4 =: 02,

We use a V-statistic estimator (4.5) for o2

As a V-statistic, 6620 is biased. In fact, Sutherland et al. [2017] and Sutherland

[2019] provide an unbiased estimator of Var[7,] — including the terms of order

1
n(n-1)°

Although this estimator takes the same quadratic time to compute as (4.5),
it contains many more terms, which are cumbersome both for implementation
and for analysis. (4.5) is also marginally more convenient in that it is always at
least nonnegative. As we show in Lemma A.3, the amount of bias is negligible

as n increases. In practice, we expect the difference to be unimportant — or
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the V-statistic may in fact be beneficial, since underestimating ¢2 harms the
estimate of /0% more than overestimating it does.

Similarly, although we use the U-statistic estimator (4.2), it would be very
similar to use the biased estimator n 2y ; jHij, or the minimum variance unbi-
ased estimator n " 1(n—1)"1 ¥, (k(X;, X )+k(Y;,Y;)-2n"2 Y, k(X;,Y,) Showing
comparable concentration behavior to Proposition A.1 is trivially different, and
in fact it is also not difficult to show o2 is the same for all three estimators (up

to lower-order terms).

A.2.2 Main Results

We will require the following assumptions. These are fairly agnostic as to the
kernel form; Appendix A.2.4.2 shows that these assumptions hold (and gives the
constants) for the kernels (4.1) we use in the paper.
(A) The kernels &, are uniformly bounded:
supsupky(x,x) <v.

weQ xeX

For the kernels we use in practice, v = 1.

(B) The possible kernel parameters w lie in a Banach space of dimension D.
Furthermore, the set of possible kernel parameters (Q is bounded by R,,,

Qciwlllwl <Ra}.

Appendix A.2.4.2 builds this space and its norm for the kernels we use in

the paper.
(C) The kernel parameterization is Lipschitz: for all x,y € X and w, 0’ € Q,
Ik, ) = ko (x, ) < L [0 - ']
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Proposition A.4 in Appendix A.2.4.2 gives an expression for L; for the

kernels we use in the paper.

We will first show the main results under these general assumptions, us-
ing uniform convergence results shown in Appendix A.2.3, then show Assump-

tions (B) and (C) for particular kernels in Appendix A.2.4.2.

Theorem A.2 ([Liu et al., 2020a]). Under Assumptions (A) to (C), let Qs < Q be

the set of kernel parameters for which 03, >s2, and assume v =1. Take A =n~13.

Then, with probability at least 1 -6,

A

No Nw
Sup | = - —
weQs 19w,A Ow
2v |1 2304v% [ 4s 2
< T ot T 6 +1024v Lk+\/210g5+2D10g(4RQ\/ﬁ) ,

and thus, treating v as a constant,

1+Lk+\/5]).

S

Nw N

Owd Oy

sup
well,

_ ( 1
~ P\ g2,1
It is worth noting that, if we are particularly concerned about the s depen-

dence, we can make some slightly different choices in the decomposition to

improve the dependence on s while worsening the rate with n.

Corollary A.2 ([Liu et al., 2020al). In the setup of Theorem A.2, additionally
assume that there is a unique population maximizer w* of J from (4.3), i.e. for

each t > 0 we have

sup JP,Q;kp) <J(P,Q; k).

wEQS:IIw—w*Ilzt
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For each n, let Sp ") gnd S () pe sequences of sample sets of size n, let J,(w) denote
J = p-13(S (n),S ). ko), and take @}, to be a maximizer of Jn(w).} Then o, converges

in probability to w*.

Corollary A.3 ([Liu et al., 2020al). In the setup of Theorem A.2, suppose we use
n sample points to select a kernel &, € argmax . J(w) and m sample points
to run a test of level a. Let r(m) denote the rejection threshold for a test with
that kernel of size m. Define J* := sup,q_J(w), and constants C, C’, C", Ny
depending on v, Ly, D, Rq and s. For any n = Ny, with probability at least 1 -6,

this test procedure has power

Pr(mﬁ(;, <m>)>q> Jmd* C‘/l_,/log——c',/log
ns3

Corollary A.4 ([Liu et al., 2020al). In the setup of Corollary A.3, suppose we are

given N data points to divide between n training points and m = N —n testing

points. Ignoring the Berry-Esseen convergence term outside of ®, the asymptotic

O|Vmd* C ‘/log——C’\llog

is maximized by choosing, as N — oo and other quantities remain constant,

power upper bound

1
C /1
~|—==Ny/zlogN| .
n~| 5 3log

A.2.3 Uniform Convergence Results

These results, on the uniform convergence of ) and 62, were used in the proof of

Theorem A.2 [Liu et al., 2020a].

In fact, it suffices for the @}, to only approximately maximize Jn, as long as their subopti-
mality is op(1).
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Proposition A.1 ([Liu et al., 2020a]). Under Assumptions (A) to (C), we have

that with probability at least 1 -9,

) 8
sup [l —Ne| < —
w

vn

Proposition A.2 ([Liu et al., 2020al). Under Assumptions (A) to (C), with prob-

2
V\/Zlogg +2Dlog(4Rqv/n) + Ly,

ability at least 1 -9,

2

64 2 18v
~2 2
sup |62 —o?|<— |71/ 2log=+2Dlog(4R +——+8L,v]|.

Lemma A.2 ([Liu et al., 2020al). For any kernel k bounded by v (Assumption (A)),

with probability at least 1 -6,

[2 2
) A9

—-E <4484/ —log—.
|0'k O'k n 0g6

Lemma A.3 ([Liu et al., 2020al). For any kernel k bounded by v (Assumption (A)),

the estimator 62 satisfies
1152v2
A2 2

Lemma A.4 ([Liu et al., 2020a]). Under Assumptions (A) and (C), we have

|65, -2 o5 02|
sup —— — < 256Lv and sup —— — < 256Lv.
w,w'eQ) ”(l)—(l) ” w,w'eQ) ”(l)—(l) ”

A.2.4 Constructing Appropriate Kernels

We now show that Assumption (C) is satisfied by various choices of kernel: Gaus-
sian bandwidth selection (Appendix A.2.4.1), deep kernels (Appendix A.2.4.2),
and classic multiple kernel learning (Appendix A.2.4.3). The following assump-

tion will be useful for different kernel schemes.
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(I The domain X is Euclidean and bounded, X € {x € R? : ||x|| < Rx} for some

constant Rx < oo.

We begin by recalling a well-known property of the Gaussian kernel, useful for
both Gaussian bandwidth selection and deep kernels. A proof is in our previous

paper [Liu et al., 2020al].

Lemma A.5. The Gaussian kernel x(a,b) = exp (—%) satisfies
Ix(a,b) k(@' 6| = —— (la bl + |a'~ b']) = —— (|la—a'|| + |5~ 5']).
b b 0'\/E 0_\/5

A.2.4.1 Gaussian bandwidth selection

Lemma A.5 immediately gives us Assumption (C) when we chose among Gaus-

sian kernels:

Proposition A.3 ([Liu et al., 2020a]). Define a one-dimensional Banach space
for inverse lengthscales of Gaussian kernels y > 0, so that ky(x,y) = x1/y(x,y), with
standard addition and multiplication and norms defined by the absolute value,
and kg taken to be the constant 1 function. Let ) be any subset of this space.

Under Assumption (I), Assumption (C) holds: for any x,y € X and y,y' €T,
2Rx
|y (e, 9) = by, )| < e ly=7'|-

A.2.4.2 Deep kernels

To handle the deep kernel case, we will need some more assumptions on the form

of the kernel.

283



APPENDIX A. APPENDIX

(D) ¢py(x) = fﬂA) is a feedforward neural network with A layers given by
oW =x ¢ =0 (WP +b0),

where the network parameter w consists of all the weight matrices W(ff)
and biases bif), and the activation functions ¢©) are each 1-Lipschitz,
[0x) — ()| = llx = y1l, with 0'(0) = 0 so that ||o'”(x)|| < l|lx||. Define a
Banach space on w, with addition and scalar multiplication componentwise,
and

lol = max max(Hij)“,
PEGRY

0)
o7

),

where the matrix norm denotes operator norm [|[W| = sup, [Wx|/llx|. (For

convolutional networks, see Remark A.2.)
(III) %, is a kernel of the form (4.1),
kow(x,y) = [(1 - ©)x(Ppy(x), pu(y)) +€] q(x, y),

with 0 <€ <1, x a kernel function, and q(x, y) a kernel with sup, q(x,x) < Q.

Note that this includes kernels of the form %, (x,y) = x(¢,(x), P, (y)): take

e=0and g(x,y)=1.
(IV) « in Assumption (III) is a kernel function satisfying
|1<(a,b) —K(a',b')| <Ly (||a —a'” + ||b — b'”) .
This holds for a Gaussian x via Lemma A.5.

We now turn to proving Assumption (C) for deep kernels. First, we will need

some smoothness properties of the network ¢.
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Lemma A.6. Under Assumption (II), suppose w,w’ have |w| <R, w’|| <R, with
R # 1. Then, for any x,
A R A
(A.15) [$o@] <R 2l + 52— @®R" -1
_ R RA-1
A16) [ - by < (ARA 1 (lell T 1) - 1)2) lo-o'].

If R = 2, we furthermore have

(A.17) |pu@®)] = R lxll +2)

(A.18) [0 () = P @] < ARM L (llxll +2) |0 — |-

The proof, by recursion, is given in our previous paper [Liu et al., 2020a]. We

are now ready to prove Assumption (C) for deep kernels.

Proposition A4 ([Liu et al., 2020a]). Make Assumptions (I) to (IV) and As-
sumption (B), with R = 2.2 Then Assumption (C) holds: for any x,y € X and

w,0 €,
lbw(x,y) = kw2, )| < 2Q(1 - )Ly ARS ' (Rx +2) |0 —o'| .

Remark A.1. For the deep kernels we use in the paper (Assumptions (II) to (IV))
on bounded domains (Assumption (I)), we know L} via Proposition A.4; Theo-
rem 4.1 combines Theorem A.2, Corollary A.2, and Proposition A.4. If we further
use a Gaussian kernel q of bandwidth oy, the last bracketed term in the error

bound of Theorem A.2 becomes

2(1—¢)
O'¢,\/E

20f course, if we know a bound of R < 2, the result will still hold using R = 2. It is also

possible to show a tighter result, via (A.15) and (A.16) or their analogue for R = 1; the expression
is simply less compact.

2
ARé;%RX+2}k¢2bg5+2DbgMRQ¢Z)
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The component Ré'l(R x +2), from (A.17), is approximately the largest that ¢,,
could make its outputs’ norms; oy will generally be on a comparable scale to
the norm of the actual outputs of the network, so their ratio is something like
the “unused capacity” of the network to blow up its inputs. This term is weighted
about equally in the convergence bound with the square root of the total number

of parameters in the network.

Remark A.2. We can handle convolutional networks as follows. We define Q in
essentially the same way, letting Wg) denote the convolutional kernel (the set of
parameters being optimized), but define ||w| in terms of the operator norm of the
linear transform corresponding to the convolution operator. This is given in terms
of the operator norm of various discrete Fourier transforms of the kernel matrix
by Lemma 2 of Bibi et al. [2019]; see also Theorem 6 of Sedghi et al. [2019]. The
number of parameters D is then the actual number of parameters optimized in

gradient descent, but the radius Rq is computed differently.

A.2.4.3 Multiple kernel learning

Multiple kernel learning [Gonen and Alpaydin, 2011] also falls into our setting.
A special case of this family of kernels was studied for the (easier to analyze)

“streaming” MMD estimator by Gretton et al. [2012].

(V) Let {ki}iD: 1 be a set of base kernels, each satisfying sup,. y ki(x,x) <K for
some finite K. Define &, as
D

ko(x,y) = Z wiki(x,y).
=1
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Define the norm of a kernel parameter by the norm of the corresponding
vector w € RP. Let Q be a set of possible parameters such that for each

w €, k, is positive semi-definite, and ||w| < Rq for some R < oo.

Not only does learning in this setting work (Proposition A.5), it is also — unlike

the deep setting — efficient to find an exact maximizer of J; (Proposition A.6).

Proposition A.5 ([Liu et al., 2020a]). Assumption (V) implies Assumptions (A)

to (C). In particular,

supsupky(x,x) <KRq vD
weQ xeX

lkw(x,y) — ky(x, )| <KVD |o-o'|.

Proposition A.6 ([Liu et al., 2020a]). Take Assumption (V), and additionally
assume that Q ={w|Vi.w; 20,) ; w; = Q} for some @ < oco. A maximizer of Ji(w)

can then be found by scaling the solution to a convex quadratic program,

®= argmin o (A+ADow, & = ——@ € argmax J (),
wel[0,00) :wTh=1 Zi wi weQ)

where

(Hij), =keX;, X))+ k(YY) - ko(X;,Y)) - ko(X},Y;)
1
b= H; cRP
n(n—l);j ij €

wess ) ) ) <o

as long as b has at least one positive entry.

A.2.5 Miscellaneous Results

The following lemma [Liu et al., 2020a] was used for Propositions A.3 and A.4.
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_ lla=b]?

557 ) satisfies

Lemma A.5. The Gaussian kernel x(a,b) = exp(
Ix(a,b) k(@' 6| = —— (la bl + |a’' b)) = —— (|la—a’|| + |5~ 5']).
b b 0'\/E O'\/E

This next lemma [Liu et al., 2020a] was used in Proposition A.4.

Lemma A.6. Under Assumption (II), suppose w,w' have || <R, w’” <R, with
R # 1. Then, for any x,
A R A
(A.15) ||<,bw(x)|| <=R"|x|l+ H(R -1)
_ R RA-1
(A.16) () = por ()] < (ARA ! (lell + 1) “ &= 1)2) |o-o'].

If R =2, we furthermore have

(A.17) @] < RMlxl +2)

(A.18) [0 (@) = P @)|| = ARM L (llxll +2) |0 — 0| -

A.3 Appendix of Chapter 5

A.3.1 Review of Generation of Noisy Labels

This section presents a review on two label corruption processes.

A.3.1.1 Transition matrix

We assume that there is a clean multivariate random variable (m.r.v.) (X;,Y)
defined on X x ) with a probability density ps(xs,ys), where )V ={1,...,K} is a
label set with K labels. However, samples of (X, Y;) cannot be directly obtained
and we only can observe noisy source data from the m.r.v. (X;,Y,) defined on

X x ) with a probability density ps(xs, ¥s). ps(xs,¥s) is generated by a transition
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probability Pr(Y, = j|Y, = i), i.e., the flip rate from a clean label i to a noisy label
j. When we generate p(xs,ys) using @, we often assume that Zi _1Ps(xs,y5) =
Zé{s _1Ds(xs,55), i.e., the class conditional noise Liu and Tao [2016]; Van Rooyen
et al. [2015]; Xia et al. [2019]. All these transition probabilities are summarized
into a transition matrix @, where @, ; = Pr(Y, = j|Y, = i).

The transition matrix  is easily estimated in certain situations Liu and
Tao [2016]. However, in more complex situations, such as clothinglM dataset
Xiao et al. [2015], noisy data is directly generated by selecting data from a pool
that mixes correct data (data with correct labels) and incorrect data (data with

incorrect labels). Namely, how a correct label i is corrupted to j (i # j) is unclear.

A.3.1.2 Sample selection

Formally, there is a m.r.v. (X;,Ys,Vs) defined on X x ) x V with a probability
density p2°(xs,¥s,vs), where V = {0,1} and V, = 1 means “correct” and V; = 0
means “incorrect”. Nonetheless, samples from (X, Y, Vs) cannot be obtained and
we can only observe (X,,Y;) from a distribution with the following probability
density.

1
(A.19) Ps(xs, 5s) = vz_opgg,ys|vs(xs,ysIvs)pﬁ’,‘s’(vs),
where p%‘s)(vs) = fx Zizlpgo(xs,ys,vs)dxs. The density in Eq. (A.19) means that
we lost the information from V;. If we uniformly select samples drawn from
Ps(xs,¥s), the noise rate of these samples is pI‘),(s’(O). It is clear that the m.r.v.
(Xs,Y5|Vs = 1) is the clean m.r.v. (X;,Y;) defined in Appendix A.3.1.1. Then,
qs(xs,ys) is used to describe the probability density of incorrect m.r.v. (X, Y|V =
0).
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Using ps(xs,ys) and qg(xs,ys), ps(xs,¥s) can be expressed by the following

equation.
(A.20) ﬁs(xs,j’s):(1_P)ps(xs,ys)‘i'pCIs(xSays)a

where p = pI‘),O(vs =0). Here, we do not assume Zizlps(xs,ys) = Zi:l qs(xs,ys).
To reduce noise effects from incorrect data, scholars aim to recover the informa-
tion of Vy, i.e., to select correct data Han et al. [2018]; Jiang et al. [2018]; Malach

and Shalev-Shwartz [2017].

A.3.2 Proofs
A.3.2.1 Proof of Theorem 5.1

Proof. We will fist prove Eq. (5.2) (Case 1) and then prove Eq. (5.3) (Case 2).

Case 1. According to definition of R4(%), we have

Rs(h) = Eﬁs(xs,ys)[f(h(xs)ays)]

K
= [ 3 e, 305002, 50
X 35=1
K
:f Z g(h(xs),ys)ﬁYs|Xs(5’s|xs)pxs(xs)dxs
X j5g=1
(A.21) - fX 77 () 0 (s )P, (5)d s,

where £(h(x)) = [£(h(x,), 1), .., €(h(xs), KDIT and fi(xs) = [By, x, (L1%s), .., By, . K|z

According to definition of the transition matrix @, we know that

(A.22) 77 (xs) =T (x4)Q,
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where 1(x;) = [py, x,(11%s), ..., py,|x, (K|xs)1T . Substituting Eq. (A.22) into Eq. (A.21),
we have
Ru(h) = fX 0T ()@ E((x D, ()
- fX T L 0(h ()P, (ts)dxs
+ fX 0T (@)@ — DEh(xe)p, (xo)dxcy
= Ro(h) +Ep, (x)[n" ()@ — DE(R(x,)).

Hence, Case 1 is proved.

Case 2. According to definition of R4(2) and Eq. (A.20), we have

Rs(h) =Ep,x, 5o [€(A(xs), F5)]

K
_ f Y £h(xs), §5)Bs(es, s)ds
X ys=1

K
- fX 2. Ch(xs), y5)((1 = p)ps(s, y5) + pgs(xs, ¥s))das
ys=1

K
=(1-p) Z O(h(xs), ys)ps(xs, ys)dxs
X ys=1

K
+p fX 3 0h(xs), ¥9)qs(s, yo)dacs
1

Ys=

=(1-p)Rs(h)

K
(A.23) +p fX S 0h(xe), 7, 1, (Vs 50) 0, (50 ) s
ys=1
Let ng(xs) = gy, x,(11%s), ..., gv,1x, (K |x:)]T, we have
Ry(h) = (1- p)Rs(h) + pEq, (x)[Nq” (s)C(R(x,))].

Hence, Case 2 is proved. [ ]
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A.3.2.2 Proof of Theorem 5.2

Proof. For any h € H, we have

Ry, f)=Ryh,f)+Rs(h)—Ry(h) + Ry(h, 1) — Rs(h, f;)
=R (h)+Ry(h,f1)— Rs(h,fr) + Rs(h, fr) — Rs(h)

(A.24) +Rs(h) —Ry(h) + Ry(h, f1) - Ry(h, f1).
Since we do not know f;, we substitute following equations into Eq. (A.24),

Ri(h,f) =Ry(h,f1)+ Ry(h, f) - Ri(h, f)),
Rs(h)ft) :Rs(haft) +Rs(h>ft) _Rs(haft),

Ry(h,f) = Rs(h, f)+ Ry(h, f1) — Rs(h, f).

Then, we have

Ry(h,f1) = Rs(h) + Ry(h,f)) — Ro(h, f) + Ry(h, f1) — Ry(h)
+ Ry(h)—Ry(h)+Ry(h,fr)—Rs(h, f2)
+Re(h,f)—Re(h, f?)
<R (h)+|Ry(h,fr)—Rs(h, fo)l + |Rs(h, f1) — Rs(R)]
+ |Rg(h)— Ry(h)| +|Ry(h, f) — Ry(h, f))]

+R:(h, f1) = Ry(h, fOl.

Hence, this theorem is proved. ]
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A.3.2.3 Proof of Theorem 5.3

Proof of Lemma 5.1 According to definition of RE°(%,u;) in Section 5.5.3, we

have

RY’(h,us)

fX ZLILSZO Z'ifi:l usg(h(‘xs)a ys)ﬁgo(xs,ys, us)dxs
= —

Jx Zi:l é(h(xs),ys)ﬁ’;(f’s,ysws (xs,ysll)ﬁg:(l)dxs
= —

K

@1~ Pu,

= 1 - f Z g(h(xs)’yS)(pglqs(xs’ys)+pilps(xs,ys))dxs
_pus Xyszl

= p01Eq, (e, 30 LA (x5), 7)1 + p11 Rs(h),
where (a) is based on the definition of p,, and Eq. (5.6). Thus, we have

IRY°(h,us)— Rs(h)|
= |pgl[ECIs(sts)[g(h(xs)’ys)] - (1 - Pil)Rs(h)l

= p?)]_ max{[EQS(xs’ys)[g(h(xs)’ ys)]yRs(h)}

This lemma is proved.
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Proof of Lemma 5.2 According to definition of R?O(h, fs,us) in Section 5.5.3,
we have
R?O(hy thy ut)

1
:(l—put)_lj;( Y url(hlxy), frlx))py (ay, up)dxy
u;=0

= (=) [ OB, i) B g, (el DB (D

1- i
@ _Zut fX C(h(ee), Frle) by @ () + Py Dy (el D) dxy
ut

= 041 Eq., el 0(h(xs), Folxe)]

+ pilj‘;(‘((h(xt% ft(xt))pgglvt(xtlv,f = 1)dxt

(g)pf)l[qut(xt)[f(h(xt), fx)]

i+l fX O, DRy el Vi = D
= Dby Ea ) Fila+ 1 [ e, el (e
(A.25) = pf)l[qut(xt)[f(h(xt),ft(xt))] + pil[Ep;t(xt)[f(h(xt), fi(x)],
where (a) is based on the definition of p,, and Eq. (5.6) and (b) is based on
the definition of V; (fi(x;) = f;(x;) when V; = 1). Since [Ep;t(xt)[ﬂ(h(xt), frx))] <
Ry(h, 1)+ pg M:, we have
RY°(h, fr,uy)

(A.26) < p61Eq,, e L0 (&), frla )] + 4 (Ri(h, ) + iy M)
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Thus, we have

\RY°(h, i, us) — Ry(h, f7)]
= 1001 Equy e L0 (0), Fi )] + 051 By xp [0 2), folxe)]
~Ri(h, f)
<1061 g, el €r(xe), Frlx) + 5y (R(R, f) + 05, M)
~Ri(h, f)
= b Eq,, ep L0 (xe), Filee D] — Rylh, f)) + ply 0 M|

< poy max{Eq, () [0(h(xy), flx )], Ry(h, [} + p1 05, M.

This lemma is proved.

Proof of Theorem 5.3. Now, we prove Theorem 5.3 as follows.

Proof. We first prove upper bounds of |[RE°(h,us)—Rs(h)|, |IRY (R, fi,us)—Rs(h, f7)|
and IRII;O(h,ft, us)— Ry(h, f+)] under assumptions in Theorem 5.3.

Based on Lemma 5.1, we have

|R£0(h7 us) _Rs(h)l
= 1081 Eqy ey [0(R(x6), y5)] — (1= DR (R)]
<|p5;(Rs(h) + M) — p§ Rs(h)|

(A.27) = 5, M.

Similar, we have

(A.28) IRY(h, fi,us) - Ry(h, f)l < ph My,
(A.29) IRP°(h, fr,u0) — Re(h, fl < phy My + 041 051 M.
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Since M, and M, are positive constants, it is clear that R°(h,u,) — Rs(h),
Rso(h;fti us) - Rs(h, ft) and Rfo(h, fb ut) - Rt(h7 ft) When pg]_ - 0 and :06]_ - 0
Specifically, Ve € (0,1), let 6; = e/M; and 65 = ¢/max{M,, ptth}. When pg; <65

and p’, < &;, we have
Po1

(A.30) IRY°(h,ug)—Ry(h)| + |RE°(h, fr,us) — Rs(h, )] < 2¢

(A.31) IRY°(h, fr,ur) — Ry(h, fo) < 2.

Hence, we prove the Eq. (5.11). In following, we give a new upper bound of
R(h, ;). Call back to Theorem 5.2, we replace 1) Rs(h) with RE°(h, u,), 2) Rg(h, f3)
with RY°(h, fi,us), 3) Ry(h, f;) with RY°(h, f;,u;). Then, we have

Rt(hift) = R5’50(h7us) + |-R~$o(h7 ft,ltt)_R?o(h,ft, ut))l
+|R(h, f) — Rs(R)| + R (h,us) — Rs(h)|
+ |R£0(h’, ft,us) _Rs(h, f‘t)l

(A.32) +|R(h, 1)~ RY°(h, fi,up).
Let pj; <65 and 961 < 4, based on Egs. (A.30) and (A.31), we have

Rt(h,ft)f Rgo(h7us) + |R?o(h,ft,Ut)_Rgo(h,ft,us)l
—— ~ /

(i) noisy-datarisk  (ji) discrepancy between distributions

+  |Rs(h,f)—Rs(h)| + 2¢
N v ~—

(iii) domain dissimilarity (iv) noise effects A

+ 2¢

(iv) noise effects A;

Hence, we prove this theorem. [ ]
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A.3.2.4 Proof of Lemma 5.3

For simplicity, in this proof, we let Ls (¢,h) = L(6, hiug, DY), RY°(0,h) = R (h, uy),
and Eg [-]= IESs~(P§°)”[']’ where PY° is the probability measure corresponding to
the density p5°. We first show that Lg (¢,h) is an unbiased estimator of RP°(¢,h)
based on the definition of RY°(%,u,) in Section 5.5.3. Since S = {(x4;, ¥si, usit_,
are i.i.d samples from PY° Es,[Ls,(¢,h)] can be expressed as follows.

Z usi{(h(xs;),ysi)

Eg - .
i—1usz i=1

s

K

n 1
- f Y Y Y usillhlag),ys)dPE
X Zl luSL =1 uSL_OySl_l

1 n
- f Z Z Z uSle(h(xSL) yst)deo
A Z Ui i=lus=0y,=1

n 1 K
=~ f (1—pus>‘12 S Y ugl(h(xs;), ysi)d PR

i=1 uSLZOysL:]-

(1-py) 1 Z Z Z wgi O(h(xs;), ysi )APL°

ni=1Jx usi=0ysi=1

= (]_ - pus)_lﬁ Z [Eﬁgo(xs’ys’us)[usg(h(xs): ys)]
i=1

(A.33) = R™(h,us)=R2°(¢,h),

which means that L£g (¢,h) is an unbiased estimator of RP°(¢,h). Then, let
D(S;) = supyey,, (R5°(€,h) — Ls,(¢,h)). Changing a point of S, affects ®(S;) at
most Cr/(n(1—1y)). Thus, by McDiarmid’s inequality applied to ®(S;), for any
6 > 0, with probability of at least 1 — /2, the following inequality holds.

Cy, In(6/2)
— T, on

(A.34) P(S;) < Es, [D(S,)]+ -
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Then, we have

Es,[0(S,)] = Es, | sup (RE'(, )~ Ls, ()
EU_H

Es, | sup (Es; L6, 1)1~ Ls, (k) |

lely

= Es,| sup (Es;[Lsy(,1) - Ls, ()|

[Eﬂ_y

(A.35)

(A.36)

IA

Es,,s; [ sup (Lg:(¢,h)~ Ess(h))]
o fEﬂ_H y

= %[Es S. [ sup Z (u i L(h(x,), y5) — usi € (Rxs), ySl)))]

lely =1 1-75

n (u;iah(x;i),y;i)—usié(h(xsi),ysi))”

= k55, [ sup
n 1-75

lelyi=1

IA

1 [ sup Y o1 k), )|

—_— S!
n(]. TS) U EIL,HL

1
(A.37) +——F su —0;usiO(h(xs;), ysi)
n(l—1,) U’Ss[éeﬂ_zizzl iUsi si)s Ysi ]

2 n
[Ea,ss[ sup ) Uiusif(h(xsi),ysi)],

(A.38) —_—
n(l-1y) lelyy =1

where Eq. (A.35) is based on Eq. (A.33), Inequalities (A.36) and (A.37) are
based on Jensen’s Inequality. Because of existence of ug;, Eq. (A.38) is not the
Rademacher complexity of 3 (i.e., R(Ly%)). However, in following, we prove that
Eq. (A.38) can be bounded by R(L#)/(1—1y).
n
[EU,SS [ sup Z oiugl(h(xs;), ysi)]
Cely =1

= [, [;’eﬂ (Ulusw(h(xsl) ys1)+ZolusJ(h(xsz) ysl))]
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1 n
= _[EO',SS [ sup (uslg(h(xsl), Ys1)+ Z oiugil(h(xsi), ysi)
2 0,0ely i=2
n
+(ug)C(hGxen), ys1)+ Y- 0w ' (hxsi), ys0)|
i=2
1 !
= SEos,| sup (wa(@ha),ye) - € (e, 30
2 0,0ely
n n
+ Z oiusil(h(xs;),ysi) + Z O'iusifl(h(xsi),ysi))]
i=2 i=2
1
(A.39) = _[EO',SS [ sup (g(h(xsl),ysl) - fl(h(xsl)aysl)
2 0,0l 4y
n n
+ ) oiugi O(h(xs), ysi) + ) Uiusif'(h(xsi),ysi))]
i=2 i=2

n
Eos,| sup (0100aGeen), ys1)+ Y. 0tsi 0 tsi), ys)) |
lely =2

where Inequality (A.39) is based on the fact that there are always ¢, ¢’ € Ly such

that ¢(h(xs1), ys1) — ¢'(h(xs1),ys1) > 0. Repeat above procedures n —1 times, we

have
2 n
ZEys, | sup Y- 0itgilhGe), ysi)|
n lely i=1
2 n
(A.40) < ZEqs, [ sup ). 0i0(ha), v | = RalLay).
n [E"J,LL =1

Changing a point of S affects R, (L) at most 2C1/n. Thus, by McDiarmid’s in-
equality, for any 6 > 0, with probability of at least 1—6/2, the following inequality
holds.

) In(6/2
(A.41) Ru(Ly) < R, L) +2C1, n;n ),

Since ¢ is Lipschitz continuous, according to Maurer [2016], we have
(A.42) SA%SS(U_H) < ﬁL[?ﬁDJSC(H).

Combining (A.34), (A.38), (A.40), (A.41) and (A.42) we prove this Lemma.
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A.3.2.5 Proof of Theorem 5.4

We prove this theorem (i.e., Inequality (5.14)) according to Inequality (A.32),
where (5.14) has 8 terms in the right side and (A.32) have 6 terms in the right
side.

1) For last 3 terms in (A.32), since pj; < 1/ V/nsT and phy <1/ v/n:T, according
to (A.27), (A.28) and (A.29), we know the sum of last three terms of (A.32) is less
than or equal to (M, + Mt)/\/ns_T+ 2Mt/\/nt_T (i.e., the last 2 terms in (5.14)).

2) For first 3 terms in (A.32), we have shown that (in Section 5.5.4) the sum

of the first 3 terms in (A.32) is less than or equal to (x):

M, M,
nsT vV ntT.

Then, we can prove that (similar with Lemma 5.3), with probability of at least

2RY°(h,us) + 2RY°(h, fr,u) + R (R, fruy) +

1-0, forany h e H,

\/QLﬂ?ng(H)

R°(h, fi;u5) < L0, hsus, DY) + ———

, 2V2KChLe+Cy Ind

A.43
( ) — o
5 . V2L Rpx(H)
RY°(h, fr,wy) < L(O,h;u4, D7) + —————
t 1-1,
2v2KCyL,+Cr |Ind
(A.44) L 2V2KCyL+Cy, [Ing

1—Tt 2nt'

Combining (5.13), (A.43), (A.44) with (x), we get the first 6 terms in (5.14). Hence

we obtain all 6 terms in (5.14) and prove this theorem.
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A.4 Appendix of Chapter 6

A.4.1 Proof of Theorem 6.1

Proof. For simplicity, we let

Bs(Y = 1,Xs(w)P(Xs(w))

Y - 1,XS’X = ’
p( = B = 1,X ()P ()

and pyx, x, for short. Based on the Eq. (2), we have

Pyx,(Y=1X(w)) Pyx,(Y =1,Xy(w))
PxX,@) YT X))

Let Z; = fs(X,) and Z; = f;(X;). Since ft_l(ft(xt)) =X; and fs_l(fs(xs)) =X;, we

have

Py_12,(Y=1,Z)=Py_1x (Y=1,f1(Z,)),

Py-17,Y=1,Z)=Py_1x,(Y=1,f71(Z,)),
and
Pz,(Zs) = Px (f; (Zy), Pz,(Z;)=Px,(f'(Zy),

Because f5(X;) is a monotonic map, there must be a 1-1 map between X and Z,,

that is,
Py-1x,(Y=1,f; X(Z)) = Py-1x (Y = 1,X,).

Hence, we arrive at the following equation.

Pyx,(Y=1,f;Y(Z)) Pyx,(Y=1,f7XZ,))
Px(fi Zy) T by (@)

That is,

Pyz,(Y=1Z;) Pyz,(Y=1Z,)
Pz.(Z,) PYXX ™D, (Zy)
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Thus, we have

PY =1fsXs())) _ P =11fiXs(w))) _ ()
Bs(Y =1,X(w)) B(Y =1,X(w)) ’

and this theorem is proven. [ ]

A4.2 Proof of Lemma 6.1

Proof. Vxi,x9 € R™, without loss of generality, we assume x1 < x2 (x1; < x2;,I =

1,...,m). Because f(x) =xU”, we have
(f(x1)); = ilxliuji, (f(x2)); = ileiuji,j =1,..,r.
So, _ _
(Fa); - (Flaa)); = i(xu Ui = Ly

Because x1; —x2; < 0 and x; and x9 are any vector in R” satisfying x; < xo,
(f(x1)); <(f(x2)); if and only if u j; > 0. We can simply prove the f(x) is a decreas-

ing monotonic map if and only if u;; <O0. [ ]

A.4.3 Proof of Theorem 6.2

Proof. Because f(X;) and f;(X;) are LMMs, they satisfy the first condition of
Theorem 6.1. So we only need to prove f~1(f(X;)) = X;. According to the Moore-
Penrose pseudoinverse of U; in f(X;), it is clear that the second condition of

Theorem 6.1 can be satisfied. Hence, this theorem is proved. [ ]

A.4.4 Proof of Theorem 6.3

Proof. Let A,B,C,D,E and F be subspaces in RY. We need to prove following

conditions.

302



APPENDIX A. APPENDIX

1) D((A,B),(C,D)) = 0;
2) D((A,B),(C,D))=D(C,D),(A,B));
3) D((A,B),(C,D))=0 & ATB =CTD;
4) D((A,B),(C,D))<D(A,B),(E,F))+D((E,F),(C,D)).

From Definition 4, it is easy to prove 1) and 2). Based on Definition 3 (principal
angles for heterogeneous feature spaces), we know 0;(ATB) = 0;(CTD) & ATB =
CTD, which means that 0;(ATB)-0,(CTD)=0< ATB = C”TD. Therefore, 3) is

also proven. For 4), we have

D((A,B),(C,D))

0/(ATB) -0 ,(ETF)+0;(ETF) -0, (CTD)(

o ATB) -0 (ETF))

; ETF)—ai(CTD)(

=)
=1
<)
=1
=D(A,B),(E,F))+D(E,F),(C,D)).

Thus, condition 4) is proven and (D,GT. x G N,+) 1s a metric space. [ ]

J%

A.4.5 Proof of Theorem 6.4

Proof. Proving this theorem only requires proving that the optimized U; and
U/ in the GLG model are identical matrixes when m = n. In terms of Theorem 3.3,
it is evident that D((S ys,S x6),(S xs,S xs)) = 0. So, if f5(Xs) = X and f(X;) = X;,
s t S t
then we have J; =0 (when m = n,A; = 1; = 0), which results in the optimal GLG
model.
Because f(X;) =X, © Uy =1, and fy(X;) = X; © U; = I;, the GLG model

degenerates into an ordinary GFK model. [ ]
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A.4.6 Proof of Lemma 6.2

Proof. Let 1) A represent the diagonal matrix constructed by A;; 2) (XXT —
LD =AWN-AMDTAT; and 3) e; = A7 1y;.

Hence, we derive the following equations:

XXTA=AA, (A—N;D)"e;=(A—A;I)"e; =0,
XXT-A4,DXXT-A4,DXXT -0 =XXT -1,

XXT -2, D&XXT -2, XXT -0, =XXT - A,0).
Based on these equations and (XXT - A, 1)” = A(A—A; 1) AT, we obtain

(A.45) XXT - LD XXT - 1D =1-y;y7,

(A.46) XXT - A0 y; =0.

Next, we calculate the first-order derivatives of the EDS. First, we transform Eq.

(10) in the paper into the following term.

dy; or;, oxXxT
(A.47) xxT —)Lil)a—;;f syt

Then, we pre-multiply both sides of (XX7T —A;I)~ and arrive at the following

equation based on (A.45).

0y; _ 0A;
T 1 T i
(I -yiy; )OX =(XX" -A4;0) Yigx
oxxT
~(XXT =D =i
Due to (A.46), we have
ayi Tayi T _GXXT
A.48 — Y ¥; =—(XX"-\1 i
( ) ax ViV 3x ( il) ax Vi
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Since yiTyi =1, we arrive at
T
ayi 0y; yT 0= 7T 0y;

ox Vit ax Vi 5x =0

(A.49)

Hence, we arrive at the derivatives of the eigenvector.

0 oxxT
i xxT-nD* yi.
X 0X
We only need to pre-multiply both sides of (A.47) with yiT to calculate the deriva-

tives of the eigenvalue,

oA, poXXT
ox 71X

Yi.

This lemma is proven. ]
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