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Abstract

Cohesive granular materials such as wet sand, snow, and powders can flow like a viscous liquid. However,

the elementary mechanisms of momentum transport in such athermal particulate fluids are elusive. As a result,

existing models for cohesive granular viscosity remain phenomenological and debated. Here we use discrete element

simulations of plane shear flows to measure the viscosity of cohesive granular materials, while tuning the intensity

of inter-particle adhesion. We establish that two adhesion-related, dimensionless numbers control their viscosity.

These numbers compare the force and energy required to break a bond to the characteristic stress and kinetic energy

in the flow. This progresses the commonly accepted view that only one dimensionless number could control the

effect of adhesion. The resulting scaling law captures strong, non-Newtonian variations in viscosity, unifying several

existing viscosity models. We then directly link these variations in viscosity to adhesion-induced modifications

in the flow micro-structure and contact network. This analysis reveals the existence of two modes of momentum

transport, involving either grain micro-acceleration or balanced contact forces, and shows that adhesion only affects

the later. This advances our understanding of rheological models for granular materials and other soft materials

such as emulsions and suspensions, which may also involve inter-particle adhesive forces.

Continuum fluid mechanics models are of considerable
interest to predict the dynamics of natural and industrial
granular flows. However, they hinge on the knowledge of
the shear viscosity of granular fluids.

A robust scaling law for granular viscosity has been
established for dry grains which have no contact adhe-
sive force. By analogy with Newtonian fluids, the appar-
ent granular viscosity η was defined as the ratio of the
shear stress τ and shear rate γ̇: η = τ/|γ̇|. A major
breakthrough was the identification of a frictional consti-
tutive law relating the bulk shear stress to the pressure P ,
τ = µP . Like Coulomb friction, it involves a coefficient
of friction µ. The complexity of granular flows is ratio-
nalised by a unique friction law µ(I) relating the friction
coefficient to a single dimensionless number, called the
inertial number I = dγ̇

√

ρg/P , involving the grain size d
and density ρg. This led to establishing a general scaling
law for granular viscosity [31, 8, 17, 12]:

η = µ(I)
P

|γ̇|
. (1)

This law captures complex non-Newtonian features of
granular flows, including shear-thinning and a viscosity
divergence when flows stop. Its domain of validity has
been extended to granular materials submerged in a fluid
of viscosity ηf , by introducing a second dimensionless
number J = ηf/P contributing to a friction law that
became µ(I, J) [36, 9].

However, there is no consensus on extending this vis-
cosity scaling to the vast range of granular materials fea-
turing inter-granular adhesion. These typically include
materials with grain size smaller than 100µm which tend
to adhere via van der Waals surface interactions or wet
grains of all sizes which stick via capillary forces. The
difficulty in establishing a cohesive granular viscosity is
that these modes of adhesion have different physical char-
acteristics. Nonetheless, they all involve two elementary
contact parameters: an adhesion force f0 and an adhesion
energy w0. These correspond to the minimum force and
energy needed to unstick two grains.

Adhesive forces are known to strongly affect the micro-
structure of granular flows. They induce the formation
of large clusters in the flow [33, 35, 26], which enhances
the process of shear-induced dilation [15, 20, 37, 25, 39,
16, 20]. These micro-structural changes generally coin-
cide with an increase in friction. The usual approach to
rationalise this effect is to express a friction law, which
depends on the inertial number and a dimensionless num-
ber C = f0

Pd2 . This compares the contact tensile strength
f0 to the typical force scale related to the pressure P .
Various phenomenological expressions for µ(I, C) were
introduced, which capture measurements made in many
flow configurations and with different modes of adhesion
[33, 35, 1, 14, 6, 30, 3, 37, 42]. The consensus is that
the friction is not significantly enhanced at low values of
C . 1 and then increases with C. This transition delin-
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Figure 1: Simulated shear flows of cohesive grains. (a)
Plane shear flow under constant normal stress P and strain rate
γ̇. The dashed lines represents periodic boundaries and the blue ar-
rows illustrate the linear velocity profile that usually develops; the
simulated system is bi-dimensional and its size is approximately
100d × 100d. The insets illustrate two mechanisms of de-bonding
whereby a pair of contacting grains (blue) is pulled apart by ei-
ther a static force or a kinetic impact. (b) Adhesive contact model:
normal, quasi-static force F between two grains including a linear
elastic repulsion and a constant adhesion f0.

eates between a non-cohesive and a cohesive flow regime.
However, several observations indicate that the viscosity
of cohesive granular flows is not solely controlled by the
number C: at a fixed value of C, grains that are softer or
more dissipative lead to larger friction [29], while a faster
shear rate induces a decrease in friction [1, 14].

We propose that the apparent discrepancies in existing
scaling laws for cohesive granular viscosity reflect the ex-
istence of different cohesive flow regimes controlled either
by the strength f0 or the energy w0 of adhesive forces. In
this paper, we assess this assumption using a set of simu-
lations of steady plane shear flows of adhesive grains, with
varying combinations of these two adhesive parameters.
The goal of these numerical experiments is to simultane-
ously measure the material viscosity and to identify the
internal mechanisms of momentum transport controlling
it.

Methods

Measuring viscosity in simulated plane

shear flows

To measure the viscosity of cohesive granular flows,
we used a discrete element method to simulate bi-
dimensional plane shear flows of 10 000 sticky grains. This
section presents the key physical properties of the grains
and of the flows configuration. Details of the simulated
system are given in the electronic supplementary infor-
mation.
The plane shear flow configuration is illustrated in fig-

ure 1a. It involves prescribing both the normal stress P
and the shear rate γ̇. This is achieved using Lees-Edwards
periodic boundary conditions to avoid any solid bound-
aries and subsequent flow heterogeneities they would in-
duce [34]. The normal stress is controlled by allowing
the cell height to expand or contract during the flow.
The advantage of this configuration is to produce steady
flows characterised by a homogeneous shear rate γ̇, nor-
mal stress P and shear stresses τ . It thus enables us to
prescribe a single value of I and to directly measure the
resulting friction coefficient µ(I).
Grains are disks of diameter d± 20%. This slight poly-

dispersity is introduced to prevent shear-induced crys-
tallisation. Grains interact via direct contacts with their
neighbours. Contact forces are comprised of friction,
elastic repulsion, dissipation and adhesion. The inter-
granular friction coefficient is 0.5 and the normal, non-
cohesive coefficient of restitution is 0.5 in all simulations.
The effect of these parameters on the flow properties can
be found in [8] for non-cohesive flows and in [41, 29] for
cohesive flows.
The elastic repulsion follows a Hookean law F e(δ) = kδ

where δ measures the interpenetration of two contacting
grains and k is an elastic stiffness parameter. An elemen-
tary dimensionless number measuring the softness of the
grains is:

K =
Pd

k
. (2)

The adhesion model is chosen to be the simplest: a
constant attractive normal force F a(δ) = −f0 is active
while two grains are in contact. The resulting normal
force between two immobile contacting grains F = F e +
F a is illustrated in figure 1b. It is characterised by an
equilibrium position δeq = f0

k
, a maximum strength f0

and an adhesion energy w0 = 1

2
kδ2eq =

f2

0

2k
. Accordingly,

two elementary dimensionless numbers characterise the
intensity of adhesion in such flows:

C =
f0
Pd2

and W =

√

w0

1

2
mγ̇2d2

=
CK

1

2

I
. (3)
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The cohesion energy number W compares the cohesion
energy to the characteristic kinetic energy of grains col-
liding at a relative velocity γ̇d. This dimensional analy-
sis points out two processes by which a pair of contact-
ing grains may be pulled apart, which we called static
and kinetic de-bonding. An illustration of these pro-
cesses is shown in figure 1a. Static de-bonding is likely
at low cohesion strength (C . 1), when sustained forces
of magnitude Pd2 exceed the adhesion strength f0. Ki-
netic de-bonding is likely at low values of cohesion energy
(W . 1), when colliding grains have enough kinetic en-
ergy to overcome the adhesion energy w0.

Results

Cohesion strength and energy control vis-

cosity

In order to quantify the effect of adhesive forces of granu-
lar viscosity, we simulated a series of plane shear flows, se-
lecting a value of inertial number, cohesion-strength num-
ber and stiffness number in the ranges 5.10−3 6 I 6 0.3,
0 6 C 6 10, and 10−5 6 K 6 10−3. With no co-
hesion, these values of K are small enough to not af-
fect the rheology [8]; the rheology of softer grains is dis-
cussed in [41, 37, 39]. The choice of these three num-
bers determines the value of the cohesive-energy number
W (C, I,K), which ranges from 0 to 63.

Once steady and homogeneous shear flow developed,
the friction µ was measured by averaging the stresses
across the entire shear cell during 15 shear deformation.
Figure 2a shows the resulting set of friction laws µ(I, C),
obtained at a fixed stiffness K = 10−3. At low cohesion
strength (C . 1), the friction law is similar to that of
non-cohesive grains (C = 0). It follows the established
empirical law [8, 31, 17, 12]:

µd(I) = µ0 +
µ2 − µ0

1 + I0/I
, (4)

with µ0 = 0.266 ± 0.001, µ2 = 0.830 ± 0.014, and
I0 = 0.0316 ± 0.015 (standard errors given throughout
text and figures). This friction law captures a shear-rate
strengthening behaviour whereby higher inertial numbers
lead to higher friction µ.

In contrast, the friction may be significantly increased
at higher cohesion strengths (C & 1). Then, the friction
law µ(I) measured at a constant value of C are qualita-
tively different from their non-cohesive counterpart µd(I).
Strikingly, a phenomenon of shear-rate weakening occurs
at the highest values of C, by which the friction coefficient
decreases as the inertial number is increased.

We propose a phenomenological scaling law to capture
the measured cohesive friction µ(I, C) that involves not
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Figure 2: Viscosity measurements. (a) Friction law µ(I) mea-
sured at different cohesion strengths C (the stiffness number is fixed
at K = 10−3 in a,b,d): markers are the simulation results and solid
lines represent the proposed phenomenological model Eq. (5,6);
some flows developed heterogenous shear state in the form of a per-
sistent shear bands (see the ESI). (b) Quasi-static friction µ(I → 0):
markers represent the friction measured at the lowest value of the
inertial number I = 5× 10−3; the solid line is the best linear fit of
this data: µ(I → 0) = 0.29 + .066C. (c) Friction enhancement fac-
tor g scaling with particle softness; the lines represents the proposed
model in Eq. (5,6). (d) Viscosity regimes: markers colours indicate
measured values of the friction enhancement factor g(I, C) = µ/µd

using Eq. (4); background colour is the model in Eq. (6) calculated
for various value of W corresponding to different combinations of C
and I; the white lines at C = 1 and W = 1 delineates the cohesive
and non-cohesive regimes; the dashed line C = W delineates the
cohesive-strength and cohesive-energy regimes.
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only C but also the cohesion energy W . We choose the
following functional form:

µ = µd(I)g(W, I) (5)

g(W, I) = 1 + b
W

1 + I1/I
, (6)

involving two numerical constants b and I1. Figure 2a
shows that these expressions closely capture all the fric-
tion laws µ(I) measured at various levels of C using
b = 0.527± 0.021 and I1 = 0.062± 0.003. In particular,
they capture the transition from shear-rate strengthening
to shear-rate weakening behaviour.
This chosen functional form is not derived from a phys-

ical process and other choices could possibly capture the
data equally well. Nonetheless, it conveniently high-
lights three ways cohesion might affect granular viscos-
ity. Firstly, any effect of adhesion is included into the
term g(W, I), which may be seen as a friction enhancing
factor induced by adhesion. This readily distinguishes a
regime of low cohesion (g(W, I) ≈ 1) where friction is
unaffected and similar to that of non-cohesive grains, to
a regime of high cohesion (g(W, I) > 1) where adhesion
significantly enhances friction. This criterion delineates
the non-cohesive and cohesive flow regimes.
The law in Eq. (6) quantifies the friction enhancement

in the cohesive flow regime and indicates a transition be-
tween two cohesive regimes. At low inertial number, it
reduces to

g(I ≪ I1) ≈ 1 + bC
K

1

2

I1
. (7)

The effect of adhesion on friction is then independent from
the cohesion energyW and from the inertial number. At a
fixed grain stiffness, it is solely controlled by the cohesion
strength C. Figure 2b confirms that in the limit of I → 0,
the friction µ increases linearly with C for a fixed value
of stiffness K. We call this flow regime cohesive-strength.
This linear increase of the friction with C is consistent
with several existing results [33, 35, 15, 20, 37, 42]. Fur-
thermore, this friction scaling with the stiffness numberK
is qualitatively consistent with the observation that softer
grains (larger K) lead to an increase in friction [29].
In contrast, at high inertial numbers Eq. (6) reduces

to:

g(I ≫ I1) ≈ 1 + bW = 1 + bC
K

1

2

I
. (8)

The effect of adhesion on friction is then controlled by the
adhesion energy W . We call this flow regime cohesive-
energy. The scaling in Eq. (8) is qualitatively consistent
with the observations that softer grains lead to an increase
in friction [29]; that at high inertial numbers, the scale
of kinetic energy is important [13], and may induce a

decrease in friction for cohesive flows with a fixed value
of C [1, 14], as with granular suspensions [32]. Figure
2b shows the friction µ measured in flows performed at a
fixed value of I and C, and with differing stiffness number
K. It confirms that g linearly increases with K

1

2 .
According to Eq. (6), the transition between the

cohesion-strength and cohesion-energy regimes occurs at
I ≈ I1. The cohesion energy is then W = CK

1

2 /I1.

Our results indicate that the ratio K
1

2 /I1 is of the order

of unity (I1 = 0.063, and K
1

2 = 0.03). As a first or-
der approximation, we then propose a regime transition
for C = W . The cohesive-strength regime develops for
C < W , and the mechanism of static de-bonding is typ-
ically the weakest way to pull grains apart and therefore
controls the effect of adhesion. Reciprocally, the cohesive-
energy regime develops for C > W .
Figure 2d maps the occurrence of these three regimes

(non-cohesive, cohesive-strength and cohesive energy), by
plotting the measured friction enhancement g = µ

µd

as a
function of the cohesion strength C and energy W , keep-
ing the stiffness K = 10−3 constant. It confirms that g
becomes significantly larger than one only if both cohe-
sion strength and energy are greater than one. This pro-
gresses the view that cohesive and non-cohesive regimes
may be delineated by only one dimensionless number.
Section 3 of the ESI presents a detailed analysis of pre-

viously proposed model of friction laws. It provides ev-
idence that previous models successfully captured either
cohesive-strength or the cohesive-energy regime, but not
both. The rheology proposed here distinguishes these two
cohesive regimes, enabling one to reconcile the apparent
differences in these models.

Internal mechanisms of momentum trans-

port

We now seek to understand the behaviour of cohesive
viscosity by establishing the elementary mechanisms of
momentum transport controlling it. As a starting point,
we consider the basic definition of stress in granular ma-
terials in terms of individual contact force fc and con-
tact branch vector lc, which joins the centre of a grain
to the point of contact. The average stress tensor σ is
given by: σαβ = nc〈sym(fα

c l
β
c )〉. nc is the contact den-

sity or number of contacts per unit volume; sym(fαlβ)
is the symmetric part of an individual contact moment
tensor fα

c l
β
c . 〈·〉 is the averaging operator including all

contacts in the flow. As we observed that the moment
tensor is symmetrical, the shear stress may be expressed
as τ = nc〈f

ylx〉 = nc〈f
xly〉.

The shear stress represents the flux of momentum
through the flow. This expression relates it to individ-
ual contacts, which readily bridges the continuum scale
to micro-dynamical properties. However, it does not re-
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(a) (b) (c)

Figure 3: Microstructure of cohesive flows. (a) Contact density nc; (b) solid fraction φ; and (c) coordination number Z at a function
of the flows’ inertial number I and cohesion strength C. Grain stiffness is constant K = 10−3. Markers are numerical results; lines in
(b) are the best linear fits obtained using Eq. (10) and Eq. (11).

veal any specific mechanism of momentum transport. To
highlight them, we use a mathematical expansion of this
expression introduced in [27]: 〈fylx〉 = 〈fy〉〈lx〉+ f̂y l̂xC,

where f̂y and l̂x are the standard deviation of the force
and branch vector components, and C is their correlation.
Since the average force 〈fy〉 is null in steady flows, this

reduces to 〈fylx〉 = f̂y l̂xC. We further observed that the

term l̂x is proportional to the grain size: l̂x ≈ αld with
a constant αl ≈ 0.71 that we found to be virtually inde-
pendent on adhesion and inertial number. This leads to
the following expression:

µ =
τ

P
= βF ; F =

f̂y

Pd2
; β = ncd

3αlC. (9)

Hereafter, we refer to the dimensionless number F as force
fluctuations. This expression shows how macroscopic fric-
tion, and hence granular viscosity, is directly related to
three measurable microscopic quantities: the contact den-
sity, the force fluctuations and the force correlation. The
following presents how adhesion affects each of them.

Adhesion enhances contact density

This counter-intuitive observation is evidenced in fig-
ure 3a: at a given inertial number, the contact density of
a cohesive flow is equal or larger than in a non-cohesive
flow. This is unexpected as cohesion simultaneously en-
hances the process of shear-induced dilation. This discord
reflects the potential for granular matter to form frag-
ile force networks [4] and the fact that the solid fraction
φ decreases when the inertial number is increased. Fig-
ure 3b shows that the solid fraction is significantly lower
in cohesive flows than in non-cohesive flows, as previously
observed [39, 25, 37, 35, 33]. In a first approximation, we
propose to capture these variations by the following dila-
tancy law:

φ = φd(I)h(C); (10)

φd(I) ≈ φ0 − bφI; h(C) ≈ 1− cφC. (11)

φd(I) is the solid fraction of a non-cohesive flow and
h(C) < 1 is a cohesion-driven reduction factor. Our
data are captured by the following set of constants: φ0 =
0.812 ± 0.001, bφ = 0.429 ± 0.002, cφ = 0.014 ± 0.001.
These two linear functions are phenomenological and
other functional forms could be used to capture the data.
Having a higher contact density with a lower solid frac-

tion is made possible by an increase in coordination num-
ber, which measures the average number of contacts per
grain. The relation between these three quantities is
nc = φZ. Figure 3c shows that flows at high cohesion-
strength, for instance C = 10, can keep a high coordina-
tion number even at large inertial number. Nonetheless,
even flows with the highest cohesion-strength exhibit a
drop in coordination number at high inertial numbers,
which coincides with the onset of the cohesive-kinetic
regime. This decrease may therefore be attributed to the
process of kinetic de-bonding, which becomes effective at
separating grains in this regime.

Adhesion enhances force fluctuations

Figure 4a shows that the force fluctuations are gener-
ally enhanced in the presence of adhesive forces. This
enhancement, which is very pronounced at low inertial
numbers, vanishes at high inertial numbers. This can be
understood by estimating the range of force magnitude
that contacts transmit. This is illustrated in the contact
network snapshots shown in figure 4d.
With no cohesion, the high solid fraction and coor-

dination number enable a contact network to percolate
through the packing and connect virtually every grain.
This means that most grains and contacts are involved in
carrying the stresses, which scale with P . Accordingly,
the force fluctuations is of the order of F ≈ 1. As the
inertial number increases, more and more grains are dis-
connected from the network and have no contacts. The

5
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Figure 4: Contact forces in cohesive flows at different inertial number and cohesion strength (constant grain stiffness
K = 10−3). (a) Force fluctuations F measuring the standard deviation of contact force y-component. (b) Force fluctuations as a function
of the contact density; F0 = F(I → 0) and nc(I → 0) are the quasi-static limit of the force fluctuations and contact density, which are
approximated here by the value measured at the lowest inertial number I = 5×10−3. The inset shows how this quasi-static limit of force
fluctuations increases linearly with cohesion; the line represents the best linear fit: F0 = 1+0.26C. (c) Correlation between contact force
and branch vector cross-components. The inset illustrate two contact orientations that maximise this term. (d) Snapshots of contact
forces fc taken during steady and homogeneous shear flows. Lines join pairs of grains in contact with a width and colour representing
the magnitude of the contact force on a logarithmic scale. The ESI contains corresponding movies.

stresses are then supported by fewer bearing contacts,
each of which must transmit a larger force. This qualita-
tively explains why the force fluctuations increases with
I.

With cohesion, the contact force magnitude is no longer
driven by the normal stress, as it can vary from 0 to the
adhesive strength f0 while pairs of grains are pulled apart.
At low inertial numbers, this yields the following scaling
for force fluctuation: F ∝ C. At higher inertial numbers,

as with non-cohesive grains, a process of stress concen-
tration onto fewer bearing contacts leads to an increase
in F(I).

We propose to capture the evolution of force fluctua-
tions with the following model:

F0(C) = F(I → 0) ≈ 1 + αcC (12)

6
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Figure 5: Grain micro-acceleration (constant grain stiffness K = 10−3). (a) Acceleration fluctuations at different inertial number and
cohesion strength; the black line shows the fitted function A = 10.5I. Relation between fluctuation in grain acceleration A and contact
force F ; markers are the simulated data and lines are the best linear fit using (15), obtained for a value of F0(C) given by Eq. (12) and
a value of κ shown on the inset. (c) Illustration of the decomposition of the contact force fluctuations into a balanced and an unbalanced
part, controlling the static and inertial components of the friction µ respectively.

F(I, C) = F0(C)
nc(I = 0, C)

nc(I, C)
. (13)

Figure 4b confirms the inverse proportionality between
the force fluctuations and the contact density F ∝ n−1

c .
It also confirms the linear increase of F0(C) as in Eq. (12),
with fitted constant αc = 0.26 ± 0.01. This force fluctu-
ation F0 provides a coarse metric of correlated motions
close to the jamming transition [7].

Adhesion reduces force correlations

Adhesion tends to enhance the contact density and the
contact force fluctuations, which both enhance the fric-
tion. In contrast, figure 4c shows that it leads to a drop in
the correlation C at high inertial numbers, which hinders
the increase in friction.

The force correlation term C measures how efficient
contact forces are, on average, at supporting the shear
stress [27, 28]. Considering contacts carrying a normal
force only, the correlation term is driven by the contact
orientation θ, as C ∝ 〈fc cos θ sin θ〉/f̂ , where fc is the
value of the normal contact force which can be negative
if the contact is in compression or positive if it is in ten-
sion. Ignoring any covariance between force magnitude
and orientation angle gives an approximation for this ex-
pression C ∝ 〈cos θ sin θ〉, depending only on the orienta-
tion angle. Accordingly, two orientations that maximise
the efficiency of such contacts in terms of contribution to
the shear stress τ are: θ = 3π/4 for compressive contacts
and θ = π/4 for contacts in tensions, as illustrated in
figure 4c. Any other orientation would lessen C, and an
isotropic force distribution would lead to C = 0 and no

shear stress. This result is consistent with the finding of
an increase in force anisotropy by cohesion [40] .
Without cohesion, all contacts are in compression. As

the inertial number is increased, figure 4d shows that the
remaining contacts are preferentially aligned at θ = 3π/4,
which drives the increase in correlation C. With cohesion,
these compressive contacts also develop at high inertial
numbers. However, many contacts with seemingly ran-
dom orientations remain, which contribute to lessening
C. This means that not all contacts actively contribute
to the transport of momentum.

Adhesion enhances only one mode of momentum

transport

Expressing the friction µ in terms of force fluctuations
in (9) enables us to further the analysis of elementary
mechanisms of momentum transport. Following the ap-
proach introduced in [27], we seek to decompose the force
fluctuations into two components. The first component
arises from balanced forces on a grain and do not lead
to the grain’s acceleration. The second component arises
from the remaining unbalanced forces, which drives grain
acceleration. Figure 5c illustrates this decomposition.
To establish the relative importance of these compo-

nents, we measured the standard deviation of grain accel-
eration â. By sampling over the ensemble, localised tran-
sient bursts of grain acceleration [43] are averaged out.
We call its normalised counterpart A = â/(d/t2i ) acceler-
ation fluctuation or micro-acceleration, where ti = I/γ̇ is
the inertial time. Figure 5a shows that acceleration fluc-
tuation is proportional to the inertial number, with only
a marginal effect of adhesion:

7



A(I, C) ≈ 10.5I. (14)

Accordingly, the acceleration standard deviation scales
like: â ∝ Id/t2i = dγ̇/ti, which involves a length scale
d and a time scale

√

ti/γ̇ that are both adhesion inde-
pendent, and similar to those involved in the diffusion of
mass [22, 23].
Figure 5b shows the contribution of balanced and un-

balanced forces to the force fluctuation. It provides ev-
idence for an approximately linear relation between the
force and acceleration fluctuations:

F = F0(C) + κ(C)A. (15)

We translate this force decomposition into a friction de-
composition by combining Eq. (15) and Eq. (9):

µ = µs + µi; (16)

µs = βF0; µ
i = κβA. (17)

We call µs the static component of the friction, as it arises
from balanced contact forces only. We call µi the in-
ertial component of the friction as it arises from unbal-
anced forces only, and therefore from grain accelerations.
Figure 6a confirms the validity of this decomposition by
comparing the measured friction coefficient µ to the sum
µs + µi as per equation Eq. (17).
Figures 6b and c show the effect of adhesion on the

two components µs and µi. The inertial component µi

is not greatly influenced by the cohesion strength, and
increases approximately linearly with the inertial num-
ber. This component drives the shear-rate strengthening
effect. In contrast, the static component µs is strongly
enhanced by adhesive forces. The enhancement is most
pronounced at low inertial numbers. However, increas-
ing the inertial number leads to a reduction in µs for
a fixed value of cohesion strength C. Accordingly, this
component drives the shear-rate weakening effect as co-
hesive flows transition from the cohesive regime to the
non-cohesive regime with increasing shear rate.

Discussion and conclusion

This study introduced a framework that rationalises the
effect of adhesive contact forces on the viscosity of granu-
lar materials. The framework includes a new scaling law
for the cohesive granular viscosity that can readily be
used in continuum fluid mechanics modelling, and some
evidence of the micro-mechanical processes controlling it.
The phenomenological scaling law for cohesive granular

viscosity that we propose is based on the frictional model
Eq. (4) established for non-cohesive grains. The effect of
adhesion is to enhance the friction µ by a factor g given

in Eq. (6). The major advance of this finding is to show
that the effect of adhesion on friction is controlled by two
dimensionless numbers, namely the cohesion-strength C
and the cohesion-energy W , which compare the adhesive
contact strength and energy to the characteristic force
and kinetic energy in the flow. This progresses the com-
monly accepted view that only one adhesion-related di-
mensionless number could control the viscosity and recon-
ciles the apparent discrepancies of several existing scaling
laws.

In particular, our results indicate that the transition
between non-cohesive and cohesive regimes is controlled
by these two numbers — adhesion does not significantly
increase the viscosity of granular flows if either C or W
is less than unity. In this non-cohesive regime, we pro-
pose that the stresses and shear rate are sufficient to pull
apart adhesive grains by an epitomised process of static or
kinetic de-bonding. Reciprocally, the viscosity increases
linearly with C or W provided that both numbers are
greater than 1. We further define two cohesive regimes,
which we call the cohesive-strength (for C < W ) and
cohesive-energy (for W > C) regimes, where the viscos-
ity is controlled by the weakest way that two grains can
be pulled apart. We found that the existence of these
two rheological regimes enables a reconciliation between
a number of previously proposed rheological models.

The finding that the cohesion-energy number W is in-
versely proportional to the inertial number I captures
the development of a shear-rate weakening behaviour,
whereby the friction decreases as the inertial number is
increased for a fixed value of C. This behaviour con-
stitutes a promising potential explanation for the ex-
isting observations that adhesion induces heterogeneous
flows [2, 15, 24, 14, 16, 44, 19]. A possible analysis
would compare the energy dissipated in a cohesive flow
that is homogeneously sheared (uniform friction), to that
in a flow featuring a localised shear band (reduced fric-
tion) separating two zones with no shear (no dissipa-
tion) [11, 10].

We expect this viscous scaling law to apply to more re-
alistic models of adhesion, such as capillary-bridge mod-
els, the JKR model or DTM model, which include non-
linear Hertz repulsion and a contact area dependent ad-
hesive force. This expectation is supported by the finding
in [38] that different models of adhesion lead to the same
rheology given that f0 and w0 match. We anticipate that
the scaling of W with the grain stiffness K may then in-
volve a slightly different power law, as discussed in the
ESI.

We also expect that this scaling law could be extended
to incorporate the effect of the contact dissipation, which
was kept constant in our study, possibly by incorporating
it into a generalised energy number W in a way similar
to ref. [29]. Doing so may explain their remark on the

8



(a) (b) (c)

Figure 6: Two mechanisms of momentum transport (constant grain stiffness K = 10−3). (a) Assessment of the proposed decompo-
sition of the friction µ into static and inertial components in Eq. (16,17): markers show the coefficient of friction µ measured in the flows
versus the sum of the components µs and µi calculated from micro-structural quantities as per Eq. (17). The line shows the function
µ = µs + µi. (b,c) Static and inertial components of the friction calculated by Eq. (17).

usefulness of the equilibrium grain overlap δeq, since it is
inbuilt into the energy scale W .

To further understand the origin of this viscosity scal-
ing law, this study presented an analysis of the inter-
nal processes of momentum transport. This led us to
pinpoint the micro-structural and micro-dynamical pro-
cesses affected by adhesion that control the variation in
viscosity. These include contact density, force fluctua-
tion, and a measure of force anisotropy. We further de-
veloped this micro-mechanical analysis to show that the
viscosity arises from two mechanisms of momentum trans-
fer using two distinct pathways: either through balanced
contact forces or grain micro-accelerations. This analysis
evidenced that adhesion only affects (enhances) momen-
tum transport through balanced contacts. In contrast,
it does not significantly affect momentum transport by
grain-micro acceleration.

Without cohesion, non-local effects develop at low in-
ertial numbers [18, 21, 34, 45, 5]. These effects occur in
heterogeneous flows, where the friction law Eq. (4) be-
comes affected by the nature of the flow within a typical
distance of influence. This distance increases and diverges
as the inertial number tends to zero. Little is known
on non-locality in cohesive granular flows. Nonetheless,
our results indicate that adhesion may strongly affect the
prevalent mode of momentum transport at low inertial
numbers. This suggests that adhesion may also affect
non-local behaviours. The framework introduced in this
study may be used as a basis to explore such behaviours.
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