ON THE REPRESENTATION OF CERTAIN REALS
VIA THE GOLDEN RATIO

R. S. MELHAM

ABSTRACT. Taking the reciprocal of the golden ratio and summing its non-negative integer
powers, we obtain a series that converges. We then consider series obtained by striking
out terms of this series, proving key theorems about them and the real numbers to which
they converge. Finally, we preassign two-parameter families of real numbers related to the
Fibonacci numbers and give their series expansions. ,

1. INTRODUCTION

Consider sequence {U,} defined for all integers n by
Upn=Upo1+Upg, Uy=a, U =b.

When (a,b) = (0,1), {U,} = {F,}, the sequence of Fibonacci numbers. When (a,b) = (2,1),
{Un} = {L.}, the sequence of Lucas numbers. The Binet formulas (the closed forms) for F,
and L, can be found with the use of standard difference techniques. These are defined for
all integers n by

ﬂn_,.yn
F,=——— and L,=0"+°",
where
1++/5 1-+5
B = 5 and v = TR

Note that fy = —1. The real number f is the celebrated golden ratio or golden section.

Set _
1 vi—1
= — ~ -61‘
o 7 ¥ 5 0.618

Relationships that we require and that hold for all integers n are

=a+a? o =a" 4" (1.1)
-~ and /B
—1)* (Lp - F,
a'”-—( )(nz - 5). (1.2)
Those in (1.1) are immediate, while (1.2) follows with the use of the Binet forms.
Consider

* .
S wicltatalto (13)

an infinite series of real numbers that converges to 2 + a &~ 2.618. The focus of this paper
is on series, or expansions, obtained from (1.3) by deleting terms. If these expansions are
infinite they have the form
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x
’ Zak(i) = O 4 oFW) 4 oF@ 4. - (1.4)

=0
in which {k(0), k(1),k(2),...} is a strictly increasing infinite sequence of non-negative inte-
gers. By the monotone principle of convergence, such series converge. We consider only cases
where {k(0), k(1),k(2),...} is a proper subsequence of {0,1,2,...}, so that (1.4) converges
to a number in the open interval (0,2 + «). We refer to such a series as an infinite alpha

expansion or simply as an nfinite expansion.
By a finite alpha ezpansion, or simply a finite ezpansion, we mean a sum

n
=0

in which each k(4) is a non-negative integer and k(0) < k(1) <--- < k(n).

When specifying an alpha expansion it is sometimes convenient to specify the sequence
{k(3)} that defines it. For example, we sometimes refer to (1.4) as the infinite alpha expansion
defined by (or, whose defining sequence is) {k(0), k(1),k(2),...}.

We take two alpha expansions to be different if the sequences that define them are different.
A finite expansion, therefore, is different from any infinite expansion.

If the infinite expansion (1.4) converges to 0, we say that 6 is represented by (1.4), or that
9 is represented by {k(0), k(1),k(2),...}. Similarly for finite expansions. Of course different
expansions can represent the same real number. For example, the three expansions 1 + «,
1+a%+0ad and 1+a?+a*+af+ - are all different and all represent (1+5) /2.

In Section 2 we define a greedy algorithm to obtain alpha expansions and prove certain
theoretical results, including existence and uniqueness theorems. In Section 3 we consider
the infinite sum > %, %+ and establish Fibonacci connections. In Sections 4 and 5 we
nominate certain real numbers in the open interval (0,2 + ) and give their alpha expansions.
Specifically, these real numbers are two-parameter families derived from the Fibonacci and/or
Lucas numbers. In Section 6 we indicate the method of proof for the results in Sections 4
and 5. Finally, in Section 7 we indicate the relationship of the work here with work in older
literature.

2. THEORETICAL RESULTS

Later we prove the central result that every 0 < 6 < 2+ a has an alpha expansion. For
the proof we require the following process.

The Greedy Algorithm. Let 6 be a real number 0 < § < 2+ o Choose the least non-
negative integer k(0) such that §—a*® > 0. If 9—a*©® = 0, stop. Otherwise, choose the least
non-negative integer k(1) > k(0) such that (6 — o*®) —a*®) > 0. If, after n such steps, non-
negative integers k(n—1) > - -+ > k(0) are produced such that 6 — (k@ 4.+ okr-1) =0,
the process terminates. Otherwise the process continues indefinitely.

The following lemma, which we require in the sequel, says that in a sequence {k(?)}, finite
or infinite, produced by the greedy algorithm, if two consecutive terms are not consecutive
integers, then no two subsequent consecutive terms can be consecutive integers.
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Lemma 2.1 (The Gap Lemma). Suppose the greedy algorithm is used on 0 < 0 < 2 +
to produce the sequence {k(i)}, finite or infinite. If k(ip + 1) — k(o) > 2 for some iy, then
k(i +1) — k(i) > 2 for all i > 4.

Proof. Suppose that k(ip+1)— k(io) > 2 for some %y, and that k(io+2) —k(ip+1) = 1. Then
oflio+1) 4 ok(io+2) — pklio+]) 4 (k(io+1)+1 oFo+D)=1 Byt this says that aklio) and oflio+1)-1
are consecutive terms in the expansion, contradicting the hypothesis. This is the first step
of an inductive proof whose path is now clear. We leave the details to the reader. O

The theorem that follows settles the question of the existence of alpha expansions.
Theorem 2.2. Every 0 < 0 < 2+ is represented by an alpha ezpansion.

Proof. Apply the greedy algorithm to 6. If the algorithm terminates then 6 is represented
by the resulting finite alpha expansion.

Next, suppose the greedy algorithm does not terminate and let the sequence that results be
S = {k(0), k(1),k(2),...}. Let ny be a non-negative integer for which k(ng + 1) — k(ng) > 2.
We know that ng exists because 0 < 6 < 2 + a. By the gap lemma k(n + 1) — k(n) > 2 for
all n > ng. Let € > 0 and choose an integer N > ng such that N € S and ¢ > o, Such
an IV exists because S is infinite and 0 < o < 1. But because N +1¢ 85, e>alV >
0—(aF® ... 4 ol ) > 0, demonstrating that o*© 4+ gk(1) 1 k() +- - converges to 6. This
completes the proof. a

The next theorem indicates precisely which real numbers have an alpha expansion whose
defining sequence k(i) does not include any two consecutive integers.

Theorem 2.3. The real number 0 has an alpha ezpansion whose defining sequence {k(i)}
does not include any two consecutive integers if and only if 0 < 6 < 1+ q.

Proof. The infinite alpha expansion a® + o2 + o + - .. represents 1 + «, the largest real
number whose defining sequence does not contain consecutive integers.

Now suppose that 0 < 0 < 1 +a. If § = o*©® for some non-negative integer k(0) we
are done. Otherwise, with the greedy algorithm, let the first two terms in its expansion be
a0 1 o* W, If k(0) = 0 then k(1) > 2 (since 0 < @ < 1+ ) and we are done by the gap
lemma. On the other hand, if £(0) > 1 we see from (1.1) that k(1) > k(0) + 2, and the proof
is complete by the gap lemma. O

The next theorem addresses the uniqueness of a finite (infinite) expansion where the
defining sequence does not include any two consecutive integers. '

Theorem 2.4. No 0 < 0 <1+« can be represented by different finite (infinite) alpha ex-
pansions where the defining sequence of each expansion does not include any two consecutive
integers. '

Proof. The proofs of the finite and infinite cases have subtle differences, so we treat them
separately. Let 0 < # < 1+ a be represented by two different finite expansions defined by
{k(0),...,k(n)} and {K(0),..., K (m)}, where neither of these expansions includes any two
consecutive integers. If k(3) = K (i) for 0 <4 < j we can strike out these terms and consider
only those that remain. Therefore, without loss of generality, assume that k(0) < K/(0).
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Then, keeping in mind (1.1), we have

a0 o oKm) o (KO o KO+2 KO+ L
oy (1-2a?)
oK O-1

O}

Il

AN

a contradiction.

Next, suppose 0 < 6 < 1+ « is represented by two different infinite expansions defined by
{k(0), k(1), k(2), ...} and {K(0), K(1), K(2),...}, where neither of these expansions includes
any two consecutive integers. As previously, we may assume that £(0) < K(0). Then

aK(O) + aK(l) + aK(2) 4.0 < aK(O) + aK(0)+2 + aK(0)+4 Foeee
K01
o0

ak(O) + ak(l) + ak(2) o

VARVAY

a contradiction. This proves the theorem. O

In Theorem 2.4 the requirement that both expansions are finite, or that both are infinite,
is important. For instance, a® and « + a® + a® + - - - are different expansions where one is
finite and one is infinite. The defining sequence of each expansion does not include any two
consecutive integers, but each of these expansions represents the same real number.

The expansions 1 = 1 and 2 = 1+a+a? represent 1 and 2, respectively. No other rational
number in the open interval (0,2 + «) is represented by a finite alpha expansion. This is the
" content of our next theorem.

Theorem 2.5. Let - ¢ {1,2} be a rational number in the open interval (0,2 + ). Then S

cannot be represented by a finite alpha expansion.
Proof. Let g ¢ {1,2} be a rational number in the open interval (0,2 + «), where p and ¢

are relatively prime integers. Suppose P represented by a finite alpha expansion G(a). It

is easy to check that none of the seven finite alpha expansions in which the power of « is
at most 2 represent P This means that o is a root of the polynomial ¢G(z) — p, and this

polynomial has degree 3 or higher. Thus

qG(z) —p= (z*+z—1) H(z), (2.1)
in which H(z) € Z[z] is a polynomial of degree at least 1. A prime. factor, r, of ¢ exists since
% is not an integer. Let F, denote the finite field of order 7. Over F;[z], (2.1) becomes —p =
(z? + z — 1) H(z), a contradiction. Therefore, the assumption that § can be represented by

a finite alpha expansion is false. O

3. SuMs LINKED TO THE FIBONACCI AND LUCAS NUMBERS

In this section we consider Y ;o0 @®*+® under the assumption that a is a positive integer
and b is an integer, positive, negative, or zero. First we sum this geometric series and make
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use of (1.2) to introduce the Fibonacci and Lucas numbers. Then, upon rationalizing the
denominator and making use of some standard Fibonacci-Lucas identities, we obtain

I 2 7 B (3 T ) M
P 2(—1)e+ (L, — 1) + 2 ' ’
If @ and b are both even (3.1) becomes
- ai+b __ La,—-b"Lb‘*‘(-Fa,mb'*'l'?b)\/5
> it = T . (3.2)
=0 a
In (3.2), replacing b by a — b we obtain '
i aai+(a—b) — Lb - La—b + (Fa—b + I.Pb) \/5 (3 3)
P 2L, —4 ' ‘
Finally, adding (3.2) and (3.3) we obtain
[oo] [oo]
: : — Fa— + Fb) \/5
Qith + oft(a—b) _ ( b R S 3.4

Considering all possible parities of a and b, and performing similar manipulations, we have
the following theorem.

Theorem 3.1. Suppose a is a positive integer and b is an arbitrary integer. Then
(Faco + F3)V5/ (Lo — 2), a even, b even;

i Q8 i i+t _ ) (Lo + FV/3) /Lo, a odd, b odd;
= — (La-s + L) / (Lg — 2), a even, b odd;
(Lo + FoepV/5) / La, a odd, b even.

Note that in Theorem 3.1 the left side is not necessarily an alpha expansion but can be
made so with tighter restrictions on a and b. These restrictions require that no power of o
can be negative, and that the sets {ai + b},5, and {ai + (a — b)},5, do not intersect. This
leads to the following: a and b must be positive integers with a > b and a £ 2b.

4. PREDICTABLE ALPHA EXPANSIONS I

In this section and the next, we give the alpha expansions of certain two-parameter families
of reals associated with the Fibonacci and/or Lucas numbers. We have found other isolated
results. We feel, however, that those we present are the most interesting.

Throughout this section k£ > 0 and m > 0 denote integers. The restrictions on %k and
m given in the statement of each theorem ensure that the right side is an alpha expansion
that does not include o™ and a™*! for any n. This means that Theorem 2.4 applies. The
following theorem gives finite expansions for Fya™ and Lia™ .

Theorem 4.1. Let k > 0 and m > 0 be integers. Then

2 ditm—ke
’.c/l atitm—k=2 k even, m >k — 2;

Fra™ = (k=1)/2 _titm—k—2 k-1
iy VP atimek=2 L gmtk=l k> 3 odd m > k — 2.

Lea™ — a™k yamtk k even, m > k;
TSR kel kodd, mo> k- 1.
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For our next theorem it is convenient to first define the following infinite expansion that
we also require in the next section.

z(k) = Z o,

i=0
am am
We can now give the (infinite) expansions for ~}-7—,— and — I
k

Theorem 4.2. Let k> 0 and m > 0 be integers. Then

(™=t 4 F+mH) g (k), . k even ;
o _ ktm=l | SR gdikam g o3ktm=1
F

* a2 3 (2k), k>3 odd .

= =

am™ (Zk 1a2i+’°+m‘1) z(2k), k even;
Ly o**mr(k), k odd .

5. PREDICTABLE ALPHA EXPANSIONS II

In order to state the results of this section succinctly we first define twelve two-parameter
sums. In these sums k and m represent positive integers without restriction. Of course when
a summation symbol is employed we follow the usual convention that the sum in question is
zero if the upper limit of summation is less than the lower limit. In order to conserve space
we present only those results that can be expressed neatly in terms of these twelve sums.

The first group of four sums is

m

e(k,m) — Za2i+k—m—l,

i=1

k—m—1 m
fk,m) = afm 4+ Z o 2ith+m—1 Za2i+3k—m—2+a3k+m+1,
=1 i=1
g(k,m) = o m+ak+m,
m—1 k-m
h(k,m) — Q2itk-m=1 Z Qitktm=2 4 3k-mtl 4 a3kFtm,

i=1 i=1
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The second group is

(m=2)/2 k—m+1
p(k,m) = Z Qlith-m-2 Z Q2itktm=3 | 3k-m+2
i=1 =1
(m—2)/2

443k 3k+m—1
+ E attdkmm g ,

i=1

(m-1)/2
q(k,m) = Z o litk—m—2 + aftm=1,
i=1
(m+1)/2 k—-m (m-1)/2
r(k,m) = Z Qlitk-m-2 Za2i+k+m i Z QiH3k=m
m/2

s (k, m) — Z a4i+k—m—2_
=1

The third é;roup is

t(k,m) = ab ™1 gh-m+l 4 ktm-1 + ghFmt
m—2 k—m—2
u(k,m) — ak—m—l+§ :a21,+k—m+ak+m—l_|_ Z q2itktmtl
i=1 =1
3k—m+2 3k+m—1 3k+m+1
+a +a +a ,

bl

m—2
v(k,m) = oF ™14 Za2i+k—m+ak+m—l+ak+m+2,
i=1
k—m-—2
w(k, m) — ak—m—1+ak-—m+1+ak+m—1+ Z a2i+k+m ,
i=1 '
m—2

+a3k—m—1 + § :a2z+3k—m+1 +a3k+m+2‘

i=1
Theorems 5.1-5.4 give the expansions for %[%1, %[’;:-]], %1, and %%, respectively. Here,
and for the remainder of this section, ¥ and m are positive integers. The restrictions on k
and m stem from two considerations. First, we require that any power of « is a non-negative
integer, and that the upper limit in any summation is at least unity. Second, we require that
each expansion be an alpha expansion that does not include o™ and o™*! for any n. This
means that Theorem 2.4 applies.

[ B

Theorem 5.1. Let k and m be positive integers. Then

e(k,m)z(k), m even, k >m even; a

Flm] [ (kym)z(2k), m odd, k >m + 2 odd; '
(k] g(k,m)z(k), m odd, k>m+1 even; ‘ '
h(k,m)z(2k), m even, k> m+1 odd.

st
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Theorem 5.2. Let k and m be positive integers. Then

f (k,m)z(2k), m even, k > m + 2 even,
Lim] ) e(k,m)z(k), m >3 odd, k>m odd;

Lk — ) h(k,m)z(2k), m >3 odd, k> m+1 even;
g(k,m)z(k), m even, k>m+1 odd.

Theorem 5.3. Let k and m be positive integers. Then

p(k,m)z(2k), m >4 even, k > m even;
Flm] ) q(k,m)z(k), m >3 odd, k>m—2 odd;
Lik] ) r(k,m)x(2k), m odd, k> m+1 even;
s(k,m)z(k), m even, k>m —1 odd.
Theorem 5.4. Let k and m be positive integers. Then
t(k,m)z(k), m even, k>m-+2 even;
Lim] ) u(k,m)z(2k), m >3 odd, k> m+4 odd;
Flk] — ) v(k,m) z(k), m >3 odd, k>m+1 even,
w(k,m)z(2k), m >4 even, k> m+3 odd.

Theorems 5.5-5.7 give the expansions for £ [;EL‘]/E, L[ZEL‘]/E, and ﬂ%}—/—g, respectively. We

have found similar expansions for 5[%%/—5, but since these cannot be expressed succinctly in

terms of the twelve sums defined above, we have chosen not to present them here.

Theorem 5.5. Let k and m be positive integers. Then

(v (k,m)z(k), m >4 even, k>m+2 even;

Fm]v5 | w(k,m)z(2k), m >3 odd, k >m +4 odd,
Flk] ) t(k,m)z(k), m>3odd k>m-+1 even;

| u(k,m)z(2k), m >4 even, k> m+3 odd.

Theorem 5.6. Let k and m be positive integers. Then
([ w(k,m)z(2k), m >4 even, k> m+4 even;
Lim]v5 _ | v(k,m)z(k), m >3 odd, k>m+2 odd;

L[] u(k,m)z(2k), m >3 odd, k> m+ 3 even;
| t(k,m)z(k), m even, k > m+1 odd.

Theorem 5.7. Let k and m be positive integers. Then

h(k,m)z(2k), m even, k > m+ 2 even,
Fmlv5 ) g(k,m)z(k), m odd, k>m odd;
Lk ) f(k,m)z(2k), m odd, k > m+3 even;
e(k,m)z(k), m even, k>m—1 odd.

Theorems 5.8 and 5.9 give the expansions for Fﬁ]"jg and %\/Lg For the same reason given

above, we suppress the expansions for % We have not been able to find alpha expansions

of the type given in this section for L—JIBC]—"%}-E; The best that we have achieved for L—[};c]ln—\/-lg are

one-parameter families (i.e. where only one of k or m is allowed to vary) that are not as
striking as as those presented above. We have chosen, therefore, not to give them here.
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Theorem 5.8. Let k and m be positive integers. Then

s(k,m)z(k), m >4 even, k>m —2 even;
Flm] ) r(k,m)z(2k), m odd, k > m odd;

FlElVE ) a(ksm)z(k), m >3 odd, k>m—1 even;
_ p(k,m)z(2k), m >4 even, k >m —1 odd.
Theorem 5.9. Let k and m be positive integers. Then
g(k,m)z(k), m even, k >m even;
Lim] | h(k,m)z(2k), m>3 odd, k > m +2 odd:
Flklvs | e(k,m)z(k), m >3 odd, k>m—1 even;
f (k,m)z(2k), m even, k > m+3 odd.

6. A SAMPLE PROOF

The proofs of all results in Sections 4 and 5 follow similar lines. To illustrate, we prove
Theorem 5.1 for the case where k and m are both odd.

For positive integers k and m, with k > m + 2, we find closed forms for the values f(k,m)
and z(2k) and obtain
ak—m + ak+m + a3k—m (a—-l . a—2) + a3k+m (a — a—l)

1— o
ak—m + ak‘”" _ a3k—m _ Ol3k:+m
1—atk
(ak—m + ak-l-m) (1 _ a2k)
(14 a?) (1 — o)

O{k_m + ak+m

1+ a2k
which is true regardless of the parities of k and m.

Next, expressing 3 and v in terms of @ we find that the Binet form for F, is

a-'n.+1 + (_1)n+1an+l
1+ a?

f(k,m)z(2k) =

H

F, =

)

which, for k and m both odd, gives

Fm a—m+1 + am+1 ak—m + ak:+m
T o Rlpgbtl T 1xq2k f(k,m)z(2k).

7. RELATIONSHIP WITH WORK IN OLDER LITERATURE

Let {r;},>, denote a non-increasing sequence of real numbers with limit zero, and let each
of {ki};»; and {m;},5, denote a non-negative integer sequence. Write S = Y., kir; and
S* = .., mr;, where each of S or S* may be finite or infinite. Then Fridy [2] defines
{ri};>; to be a {k,m}-base for the interval (—S*,S) if, for each z € (—S*,S), there is an
integer sequence {a;},, such that

T = Zam, where — m; < a; < k; for each 1. (7.1)
i>1

Fridy then proves two key theorems which, for the sake of completeness, we state next.
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Theorem 7.1. The sequence {r;};5, is a {k,m}-base for (=S*,8) if and only if

Tn < Z (k; +m;) ;. for each n. (7.2)

i>n+1

Theorem 7.2. The sequence {ri};>, yields ezactly one {k, m}-base representation for each
z € (=5*,8) if and only if

Tn = Z (k; +mg) s for each n. (7.3)
i>n+1
Fridy proved these two theorems after first proving the following key result, which he
designated as a lemma (see pages 194-196).

Lemma 7.3. The sequence {r:};5, is a {k,0}-base for (0,5) if and only if
T < Z kir; for each m. , (7.4)

i>n+1

In the later paper, Brown [1] establishes Fridy’s key lemma by following a different path
laid out much earlier by Kakeya. Furthermore, Brown extends Fridy’s lemma by proving

that an expansion
T = Z Birs (7.5)
i>1 ,
for z € [0, S), with integers §; satisfying 0 < 3; < k; for i > 1, can be achieved with §; < k;
for infinitely many values of 4. In addition, he proves that such an expansion is unique if
and only if
Trn = Z k;r; forn > 1. (7.6)
i>n+1
Brown concludes with several examples, including one example in which he proves that
an arbitrary real number z with

has an expansion of the form

in which ¢(z) € {-1,1}.

To put the work that we present here in the context of the work of Fridy and Brown,
consider Lemma 7.3 with {r;},20 = {0}i50r {ki}izo = {1}is0» and (0,5) = (0,2 + c). Then
our Theorem 2.2 follows as a consequence of Lemma 7.3 since

an+1

a® < Z al = 1 = o™ ! for each n > 0.
—a

Our other theoretical results, however, are not subsumed by the work of Fridy or Brown.
At this point we recall the well-known and widely available work of Edouard Zeckendorf (3].
Zeckendorf’s main result states that each positive integer can be represented uniquely as
a sum of non-adjacent Fibonacci numbers. Our work, of course, belongs to a setting that
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is different from that of Zeckendorf. However, to draw an analogy in the setting that we
present there is a “non-adjacent” aspect in our Theorem 2.3, and a “uniqueness” aspect in
our Theorem 2.4.

We would like to express our gratitude to an anonymous referee. This referee pointed out
the work of Brown [1], and this led us to the work of Fridy [2]. As a resuit, the addition of
Section 7 has served to better place our work in a historical context.
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