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Abstract

We use the Fredholm type integral equations method to derive ex-
plicit formulas for the Average Run Length (ARL) in some special cases.
In particular, we derive a closed form representation for the ARL of
Cumulative Sum (CUSUM) chart when the random observations have
hyperexponential distribution. For Expouentially Weighed Moving Avy-
“erage (EWMA) chart we solve the corresponding ARL integral equation
when the observations have the Laplace distribution. The explicit for-
‘mulas obviously takes less computational time than the other methods,
.g. Monte Carlo simulation or numerical integration.

I,ntro duction

mulative Sum (CUSUM) chart was first proposed by Page (1954) in quality
ol in order to detect a small shift in the mean of a production process as.
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g;}lled mixture of exponentials. For example, Pareto and Weibull are
)l.etely mongtone distributions, and so they can be approximated byc mi\%;)f;é
of exponem.;xals (e-g., see [7] and [8]). Therefore, one can use the closed ‘fonn
fgpz'eselltaplon given in Theorem 2.1 as an approximation for the cases wher
he randorg variables £, in Eq. (1) have Pareto or Weibull distributJions '
In S.ectlon we discuss a closed form representation for E v, and pl"es‘e}lt the
ults in Theorem 2.2 for the case when the random variables 7, in Ec 3)
5 Laplace distribution. Qur result generalize the result of Larralde 19] lowho
¢ a different technique and obtain E.vy only in the particularly case 17, =)
nd b= 0. In Section we present several numerical examples. T -

soon as it occurs, as an extension to Shewhart’s (1931) charts.

In practice, CUSUM charts are widely used in statistical control, to de
changes in the characteristics of a stochastic system e.g., mean or variance
Brodsky and Darkhovsky [1], or Basseville and Nikiforov [2] for an introduction
to CUSUM charts and their applications. e

The recursive equation for CUSUM chart designed to detect an inct
in the mean of observed sequence of nonnegative independent and identic
distributed (i.i.d.) random variables &,, is defined as

X‘:‘L = (Xn—-l +Stn. - a’)+7 "= 1121 ey XO = ‘I‘U)

where y* = max(0,y). Several cases which lead to this representatio

presented in [1], [2], and [4]. Denote by Th ,
2. T'he ARL Integral Equatio or

: ns for CUSUM and

7 = inf{k > 0: Xj, > b} WMA Procedures

the first exit time of a random sequence X, over the positive level Z
b >z — a (otherwise 7, = 1). '
Let P, and E,, denotes the probability measure and the induced exp
corresponding to the initial value Xo =z > 0. :
The problem studied in here is to find the Average Run Length (A
the CUSUM procedure defined as a function j(z) = E,7p. ,
The Exponentially Weighted Moving Average (EWMA) control-¢h
first proposed by Roberts (1959) in quality control, in order to detect

an be ghown, see [5] and [6], that the ARL of the CUSUM chat. Jjx) =E,n
3 solution of the integral equation ' o
J(x) =1+ E{I(0 < X} < b)j(X,)} + P {X) = 0};(0). (5)
-are continuous distributed i.i.d random variables with a given d.f. F(z),

. N dF(z) . .
‘c¥ensn,y f(z) = o then we can write equation Eq. (5) as a Fredholm-
e integral equation of the form

in the mean of a process. We consider here the EWMA as an AR(1 b
Autoregressive Process of order one which is a simple generalization of a. jx) =1+ JO)F(a - z) + / W)y +a~ 2)dy. ©)
walk (see {10]). We consider the AR(1) process described by the equ ,

0
X, = pXio1 + e thn §Tllarevcontinuous Lid random variables with exponential distribution,
i F(z) =1-exp(-z),2 > 0, Eq. (6) becomes
where p € (0,1) and {n:}:> is a sequence of independent identically
random variables, with Xy = z. As a particularly case of the AR(!l
obtain the EWMA chart in a standard form, by setting in Eq. (3)
and 1; = Aeg, with A € (0, 1). '
The problem is to find the expectation of the stopping time

b
Jjz)=1 +/0 J(@)e* ™ Vdy 4+ (1 — e~e=2") (). (7)
’s solution for x € [0, a] has the form (see e.g.[6])
Jlz) =eb (1 +e* - b) —e*, for z€/0,q (8)

vy =1inf{t > 0: X, > b}, b>uw. ]
b { ¢ ! ’I‘he. ARL Fredholm Integral Equation for CUSUM
har‘.ﬁ with hyperexponential distributions 4

One could use Monte Carlo simulation or numerical integration for
CUSUM and EWMA to find the ARL, but it is always desirable
closed form analytical solution to check the accuracy of the resulls

The paper is organized as follow. In Section we obtain the ARL
chart in the case of hyperexponential distribution (see Theorem 2

It is well-known that any completely monotone probability
tion can be approximated, by hyperexponential distributions, s

ssection we consider the case when the observed random variables &
N . o . - . . . ’ v
Iyperexponential distribution with the d.f.

n

F(L) =1 - Z/\L’B—aim (9)

i=]
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n z
with \; € R subject to the condition that S e isa distribution fun

t=1

on R, that is Z )\; = 1. Now, the Fredholm integral equation Eq. (6) c

=1
written as follows

i) =1+ /b

0 =1 i=1

Theorem 1.1 The solution of the integral equation Eq. 10 s

) = 14 5(0) + S ldi — Mi(0)]e ™, for 2 0], b<a

i=1

where n
1+ z die_‘““

i=1

n
Z /\ie“"ia

=1

3(0)
and the coefficients d;, ¢ =

Ad=M
where
T
d:—{dl,dg,...,dn] )
A is the the nou-singular matrix
D — My e~ 14X\ be” ¥ 14D =My e 2% — Arape”~ %20 Ay D
Mo "1 hpane 1% A oD D — Mg pe” 2% — Apapbe™*22D
—MyneT A e TG Ay D —Mp peT e — Anne” %204, . D

"1\/[1,716—&““ - Alale—ana/“u,lD
—1\/[2‘,16_“”‘1 - /\QGQE_O"Qf\,l‘QD

D — My ne”®n® — Apaybe™ 4D

and

M=\ — e YD +My Aol = e )D + Mo, - Aafl — ety D-

1
with D = Z Ao~ i

i=1

My = (1= e ") Ap = Ao »_ hie™* “Aig

=1

Explicit Analytical Solutions i

i) S Moe ey + (1- S e e7=)j(0), 0<

1,...,n, are solutions of the linear system

- SUKPARUNGSEE and A. Novikov

e"‘i"“k?b_l
(ai—ay)

b, i=k

i#k

f‘i,k =

roof. For 0 < 3
0<z<aandb<a Eq. (10) can be written as

n
: ) BN . _ n
Ja) =14 diesi==a) 4 (1 - > e i) 0<p<a

=1

(16)

i=1

13
di=/ N o e " CV ey 5 — 1
0 j(y) iQe dy, i= 1., (17)

n

J(@) = 145(0) + Y (di — Aij(0))e =9 <y < g

i=1

(18)

m Eq. (16) at z = 0 we obtain J(0) given by Eq. (12)
To evaluate the coefficients dy for k=1, 2 .

(17) and obtain -» Tt we substitute Eq. (18) in

k= [14+G0)] Ak (1= ebox) 4 Aoy Z”: die” 4, 1 — 4(

=1

0)Aka 3 Niem@ie 4,

=1
tk=1.2,...,n, where (19)

elori~opb
(ai—ay)

1=k

b
Aip = /e(ai—ak)ydy _ i £k
0

serting the expression for j(0) given by Eq. (16) in Eq. (19)

- L we obtain a linear
m of n equations with dj, unknowns k = 1.2 n: ain a linear
Yy Ly ey Bl

n
Mm% =y, (1 — o=bay N n
Z, i€ Ak (1 e 0&1)12::1,\2-(3 ala_f_(l_l_i:ld'e‘—u;a) [(l——e_b“k),\k

n
—"’\L‘ak Z Ale—u;aALk]

i=1

n n
+’\/\:al.: (Z e~ xia d;e—ia n
je ¥4, = by -
bt ; % ik ’\k (1 e L‘k;_) Z /\ie a;a
< n n i=1
+ 1+ste'“i“> M —a .

kon + Apay Z)\ie aia die—aia

- ’ lie” %A,

i=1 =1 ; : i,k

/\‘21‘2,...’]1
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. vitl ¢ ~ ; '
where N » 1 the constant ¢; given by
M= (1- e7bk) A = A Z/\ie—maAi,k -
. 2 3
i=1 ,0(1 —p ) — Z pk-i-l[)?(k)
or ¢ = k=4,6,8,..
dy (D — Myne™ 1% - Aonbe=®18D) + do (—Miae” 2% = Aane” 2% Ay D) + = (24)
tedn ("1\/[1,;16—‘&"& _ )\UJJLC_O‘"’aAn,lD) =\ U . e—bal) D+ 1\,[1‘" (ﬂ - 1) + Z kaI(I")

dy (_1\/[2’",3"010 — Apage” *1%A; o D) + do (D - 1\/[2#6"0‘7“ - /\2(123)6_0‘201.)) +

. o
— M —pa __ bp—Qna — _ o—bas O Y g -1 -
Hdn (=Mane Npaze™n e Ay p D) = Ag (L= e7002) Dt Mo iere '(a, z) = [ t*~'e~'dt denotes the Incomplete Gamma functic 1
: 4 a function, anc

e

L .d], (_1\,['11116—cna - /\n‘)‘ue——alaALnD) +da ("‘A’[n..ne.—o{"a - Anane_a')aAZ,nD‘) (A;‘) (
tdp, (D = Mp ne™®n% - Ananbe=0neD) = An (1 —e70%") D + Mnn ' 2 )
Pk) = 2m—
1([») H (1 —p m 1).’ Pz(lu) — (1 . p2nl——2) (25)
m=1

m=2

||

n
with D = Y Aje” ¢, and the proof of Theorem 1.1 is completed.
=1 S
Proof. It can be shown tha
- ¢ t Eq. (22) can be reduced to the f i

. . o Farants . > e following sec

2 9 Solution for the ARL Fredholm Integral Equation der differential equation e following second

EWMA chart with symmetric Laplace distributions W ) , ‘
’ v (2) = p*h(z) = p*h(pz) — p*

‘ 20
We analyze now the case of EWMA chart (sec Eq. (3)) wheren; ~ Laplace 1y to find a series solution for Eq. (26) of the fory (26)
Recall that the density function of 7 is given by f(z) = el ' ‘ 1¢ torm
It is well known that (e.g., see [5]) the function h(z) = Egv, is a solu © cnzk o Lk
the following integral equation ' hx) = kz T T Gt Z ‘}: (27)
e=0 k=1

hiz) = 1+ By [[{X1 < b} A(X1)}- | j
L from Eq. (27) j(0) = cp and from Eq. (26) at z =0, 4" (0) = —p*. It can

f]“h 1) it can ])P 3‘10‘171' t.ll at I"- q ( ) [ Li f() QWINg 11 teors (’.(H i ha't the Coemclel <4y
fz HECOoIMeESs ‘}]e D o 2 e k lbﬁed the n()rl“hnea.l rec Il on
1 10w alSO t 1ts ¢ sat ecurrent equ'ltl

b +oc :
1 ; . — 207 _ k) -
h(z) =1+ —12- //L(u)e‘”“’“du +3 / hipz —y)e Vdy. Crpa=p (1 = p%)e for k>1 (28)
pes 0 _ ing the recurrence Eq. (28) we may find that
The main result in this section is the following )
Theorem 2.1 For any 0 < p <1 and 0 < x < b the solution of‘ e = —p~ (1- p2nz-2) for k= 4.6.8, ...
* equation Eq. (22) 15 ~ e
‘ 2 (54) (29)
- o ,.b : 219 b 14b b_ : ~
ll(.],) = b:l:’/b = 2¢e’ — C]_(l -+ b) —p e — 4+ b+ 9 cp = Clpl\._l H (1 . p277l—-1) for k=35 7
- : =1 LS
= :— F(k + ls b) b S ke . "
— e z PPy (k) { lc‘ } —e Z pPa(k) 2= he coefficients ¢; and ¢y given by
k=3,5.7... ‘ c=4.,6.8,..
e (1-p%) § I
- z* 11,2 3 pL —p7)— -1 Pk
+e o+ Z plv 1P1(}€)£kT + f2_§l_ . Z pLng_(liI) o = ‘€=4,(i,8,__p 2( ) '
k=357, ! : k=4,6.8... = with 0 < p <1 (30)
=0+ > pPik)

k=3,5,7,..
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s For numerical implementation is
b

212e0 — [ 14+ b4 ——)]

e =26 —cr(L+b)—p {2‘3 (

preferable to writing the linear system Eq. (34)
in matrix form as
2 (3
1,b) S A Pa(k) {z Elkt 1’6)]
Pk 1, b FPa(k) |2 | - ‘ ,
_ c;cb i pk—l Py (k) [1 ( o } — g kzi/v;&u 14 2( A k! : mel = 1111,)(1 -+ ].{mxm mel o1 (Im — Rmxm) mel = 1‘m><l (35)
£=3,5,7,.. o -
ati D 18
The solution for the integral equation Eq. (22) . :
o zk 22 oF Pa(k) . .
o 41 |z Z Pk_lpl(k)ﬁ e 2! ,,,?‘63‘,, .7 (al) 1
hiz) = Exvp = Co 1 o : k=4,6, ; ) ]*(a2) 1
ey mx1l = ;lm.xl - . (3())
aof of cOTeN :
is given by Eq. (30), and the proof of Theore: i -
where the constant c¢i 1s g1 J™(am) 1
completed.

( F(a)»-al)—i-(wlf(a) wyf(az +a—a))
. 3 3. Fle—a1) +w f a1 +a—ay) wa f(a)
simulations - : /

. ; N d Monte Cal'lo . LXm

integration an

Win fu +a—ay)
Wi f(an, + a — az)
mericelly the o028 Fla—am) + w1}(a1 +to—an) wsf(a ta- am
hi tion we present the scheme to evaluate nuinerically lu . |
In this sec ue to evaat
the integral equation Eq. (10) (see also Eq. (6))

wm..f(a)

‘ (37)
cmate. in general, theinte = diag(1,1,...,1) is the unit matrix of order m. 1If there exists
adrature rule we can approximate, 11 gene . "1% —?( ’ ) e . oy e
By elementary quad b/ ith heights ¢t mxm) , then the solution of the matrix equation Eq. (35) is
- e 3 . W1l =]
b . f rectangles with bases b/m
. h of areas of rectang
[ f(y)dy by asumo . 1 beginning at zt
i 1 f f at the midpoints of intervals of length b/m beg o
the values o

< Qi
points <_. .<_2S~-_m
the interval [O, b} with the division points 0 < a; < a

on son

weights wy, = b/ m > 0, we can writing

mel = (Im. -R

-1
mxm) lm %1

e

b B ) ~2(13_1>’ k=12,
/ fly)dy %Zwkf(a,;) with ap = — 5 |
0

k=1

this set of equations for the approximate values of I (ar), 5" (ag), . . .,
; We may approximate the function j(x) as

» ( ) ( ) Z j(}s)f(l\,‘l‘(l,—[')
o (:he i 1 TOX1INa te(l S ution f x t,he 1 Lhe lel te ) + 1
If L (1(411 tes 1 on o ]( ) I g ‘
’ approxima O
J ( ) o A a a

withwy, = i and ap = -li </v. — 1)
k=1 m m 2
(38)
Eq. (6) can be expressed as umerlcal anxnples We denotes by j (z) the approximated solution,
m ), i=1,2,...m vely by j(z) the exact sol
% 3 -a - @), = 44,
Zwu (ar)flar +a
k=

utions, and define here the rel
=3*(=) | /i(z).

some values of a, b
al examples

ative errors as
‘e systemt of m and the number of divisions m specified severa)
e § ng s 0 :
integral equation Eq. (6) becomes the iol(l ow;nc, ? are presented in Table 1 and Table 2.
and the integral eque - i (am
) uations in the m unknowns j*(a1), ] (a2),---+J
eque - ' m . — )
. e +a—ar)
} a)l -+ Y wid (ap) flak
j*(ar) = 144" (e) [Fla —ar) +wif( ] k=2

513

k3 1 s a f E : * - I Dl]elltldls
- v ay 1 az wy Wi (ak)f((:k
] (G‘?) J ( )[ (" i ) (0.1 a a2) [

‘0t mixture of two exponentials the integral equation Eq. (6) is
b

2 2
1+ / JW) Y AegertEangy | L=) Aemee=a ) 50) (39
0 i=1

i=1

. m J . (a,h)}
J (@) = 1+ 57 (@1) [Fla = am) + wr flor o —am)]+ 3 we ‘
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262 ‘Table 1: Comparisons with the numerical results for mixture of two
-exponentials

{ = o= 1,2 are ’
The coefficients My forn = 2 and k

) AL = A2 = 0.5, A = 0.3, A2 = 0.7,
! Ny ,_o‘iaAi,l x =1 ap = 1.5, ap = 2.8, ap = 1.1, ap = 3.5

]\/1'1:2 =\ (1 = e-—bal) — Ao %)\LP a b ](.E) j*(l) €,~(%) J(l) jm(fll) 6:'(%)
e (wﬂ | 35 05 175.965 175745 0.12_ 89.995  89.914 _ 0.09

1- ()—bal) — Aoy K,\le”a"“b + Aoe Qg — 1 : 3.0 1.0  799.111 797.115 0.24  270.156 269.666  0.18

=M ( - ; 3.5 1.5  3597.65 3584.14 0.37 811.241 809.023 0.27

2 e i A 40 2.0 16158.2 16076.3 0.5 2438.48 2429.55  0.36

Moo = M2 (1- ebor) — AQCYQZ € o : 2.5 72504.7 72033.5 0.64 7332.76 7298.95 0.46
’ i=1 3.0 326183 325095 0.02 22050.8 21927.1 0.56

(or—a2)b —aeau], .
E,,_f——~> + Mot \ 3.5 1.45801 x 108 1.45782x 10° 0.01 66299.6 (58551  0.G7

=g (1 - €7P) — hec Ple—w ( oy — O

\Vitll e(n;—al)b
ploa—a2)b — 1 Apq = (..v’—-;l“ 7 the case of mixture of four exponentials, the integral equation Eq. (6)
e ’-_————”—"_'/4 b =3 — g 4
Ay = Asp=b and Ap2 = @2

b

4 4
5= 1+ [ i6) 3. haen = Vay (1 - ZA”“‘““&J(O) (44)

0 i=1 i=1

The solution is

9 :
2 — —aile—x) | 4 0)
N A{z—a — e ail J(
N i@ 4 | 1 ZJ ' )
.7(55)'1" L(‘ )

i=1
i=1

with 2 —a
v (1 + z d,l‘e )

=1
o=~
Z Aem e

i=1

nd the coefficients M, ,, for n =4 and k = 1,2,3, 4 given by Eq. (15) and
boi=1,..,4.

2: Comparisons with the numerical results for mixture of four
onentials

€ ‘ e(l S {he so Lions [ \h("‘, hn 14
air < 1 S 1\.\1,[(!1 Oi t i
E‘hnd d‘) are o )t:a,ul a E .3‘ b .

o lents dlr .
and the coefficier Ay =Ap =Xy = Ay =1/3,

Eq. (13) M e o2 — /\lalemhf‘" ay =05, 00 =0.7, a3 = L.1l,ay = 1.3
dy (D — Miae™ ' = Aabeme1e D]+ dz [~ 02 x__j@) (@) (%)
~ber) D + My 0.0 15.614 15.594 0.129
t{ 0y (D — Mape™ ™ = Agaab 05 15.240 15.221 0.128
dy [~ Ma2e™%" = Noome™ 1 AL D]+ d2 - 1.0 14.702 14.683 0.127
2 (1 enbea) D Mo 5 13912 1389 0125
} 20 12720 12.714 0.121
2 s 25 10014 10.902 0.113
with D = 3 A€ o case T = 30 8061  8.053 0.092

I\‘\l Ilell('c'\l resuits are p S nte ‘ mn db\ 1,
1 > S lt, ye prese 2(C 1 I e i()l L[

points.

Mixture of four exponentials
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The solution is

4
- ~ meie=a) ) j(0)
; Lai(r—a) 4+ 11— /\L'C )
jla) =1+ die ( 2
=1
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