Computers and Geotechnics 129 (2021) 103862

Contents lists available at ScienceDirect

Computers and Geotechnics

o %

ELSEVIER

journal homepage: www.elsevier.com/locate/compgeo

Research Paper ' :.) ]

Check for

A vertical and radial consolidation analysis incorporating drain degradation [
based on the spectral method

Bin-Hua Xu™”%9, Buddhima Indraratna®’, Thanh Trung Nguyen ', Rohan Walker #

@ Geotechnical Engineering Department, Key Laboratory of Failure Mechanism and Safety Control Techniques of Earth-rock Dam of the Ministry of Water Resources,
Nanjing Hydraulic Research Institute, Nanjing, China

Y College of Civil and Transportation Engineering, Hohai University, Nanjing, China

¢ State Key Laboratory of Hydrology-Water Resources and Hydraulic Engineering, Nanjing Hydraulic Research Institute, Nanjing, China

9 Transport Research Centre, School of Civil and Environmental Engineering, University of Technology Sydney, Broadway, Sydney, NSW 2007, Australia

¢ Distinguished Professor of Civil Engineering, and Director, Transport Research Centre, School of Civil and Environmental Engineering, University of Technology Sydney,
Broadway, Sydney, NSW 2007, Australia

f Research Fellow, Transport Research Centre, School of Civil and Environmental Engineering, University of Technology Sydney, Broadway, Sydney, NSW 2007, Australia
& Geotechnical Team Leader at Maxwell GeoSystems, Research Associate, University of Wollongong, Wollongong City, NSW 2522, Australia

ARTICLE INFO ABSTRACT

Keywords:

Spectral method
Radial consolidation
Drain degradation
Multi-layered soil
Discharge capacity

The use of prefabricated vertical drains (PVDs) to improve soft soil has received much attention in the recent
past, however, there is still a lack of rigorous analytical solutions that can incorporate the time- and depth-
dependent behaviour of drains into the consolidation of multi-layered soil. This study thus presents a novel
approach where the spectral method is used to capture the degradation in discharge capacity of drains over time
and depth, while the average consolidation of different soil layers with regard to vertical and radial drainage is
computed. In this approach, the excess pore water pressure profile across different soil layers is described as a
single expression using matrix operations. This proposed method is then verified with laboratory and field in-
vestigations where the degradation of PVDs is captured and compared with other solutions. The results show that
this method can predict the soil behaviour with greater accuracy and flexibility whereas there is a significant
deviation in the predicted consolidation when the degradation of drains is not considered properly. A parametric
investigation is also carried out using the proposed solution to further highlight its ability to evaluate the effect
that drain degradation can have on the consolidation of multi-layered soil.

1. Introduction

Prefabricated vertical drains (PVD) are widely used to accelerate the
consolidation of soft soils (Chai et al. 2020; Feng et al. 2017; Indraratna
et al. 2004, 2016, 2018; Nguyen et al. 2018b; Tang and Onitsuka 2001).
Based on some specific assumptions, many analytical solutions have
been proposed for the consolidation of homogeneous soil induced by
vertical drains (Barron 1948; Chai et al. 2001; Hansbo 1981, 2001;
Indraratna et al. 2005, 2007; Tang and Onitsuka 2000), but since the
sedimentary history and stress conditions differ, most soft soils are
rarely homogeneous and usually consist of several different layers (Liu
et al. 2014; Walker and Indraratna 2009). Therefore, many solutions for
multi-layered soil consolidation induced by vertical drains have been
developed, for example Tang and Onitsuka (2001), and Tang et al.
(2013) presented an analytical solution for soil consolidation
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considering specific 2 and 3 layers. Nogami and Li (2003) used the
transfer matrix method to calculate the consolidation of clay soil with a
system of thin horizontal drains and vertical cylindrical drains, however,
these can only consider two to three layers, which is not flexible enough
for soil with more complex stratification. Moreover, the change of total
stress with time and depth is usually ignored, which makes it difficult to
capture the behaviour of soil over depth with any degree of accuracy.
Some later studies attempted to solve the consolidation of multi-
layered soil considering the distribution of stress over time and depth.
Liu et al. (2014) for example, presented a quasi-analytical method to
solve the equal strain consolidation of multi-layered soil with a vertical
drain system. Zhou et al. (2017) proposed an analytical solution for a
multi-layered soil system under a surcharge combined with PVD and
vacuum preloading, while simplifying the explicit expressions for one
and two-layer systems. However, their models become complex when
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involving separate governing equations with unknown coefficients in
each layer. Furthermore, many approaches will not be able to derive
closed-form solutions when the soil parameters vary with time and
depth. This cumbersome implementation and limited loading choices
render these methods fundamentally impractical and thus limit their
application in large field projects.

Walker et al. (2009) and Walker and Indraratna (2009) applied, for
the first time, a powerful variation of the spectral method to solve the
governing consolidation equations of multi-layered soil considering
both vertical and radial drainage. Subsequently, Walker and Indraratna
(2015) further developed this technique by incorporating the varying
permeability of drains with depth. Unlike conventional numerical
methods such as finite element method (FEM) and finite difference
method (FDM), spectral methods use global basis functions that can
accelerate computational accuracy and memory optimization (Boyd
2000; Trefethen 2000). Despite this advancement, previous studies have
not fully incorporated the time- and depth-dependent discharge capacity
of drains into the overall consolidation behaviour of soil well.

Physical factors such as clogging due to fine silt intrusion, large
strain deformation, the potential kinking and bending (Deng et al.
2013a; 2013b, 2014; Kim et al. 2018; Tran-Nguyen et al. 2010; Xu et al.
2020), and bio-chemical factors such as bacterial activity, high organic
and acidic environment (Indraratna et al. 2016; Kim and Cho 2008;
Nguyen et al. 2018a, 2018b) can cause a considerable reduction in the
discharge capacity of drains with time. For instance, Chai and Miura
(1999), Kim and Cho (2008), Kim et al. (2011), Bo et al. (2016) and
Nguyen et al. (2018a) investigated the retarded capacity discharge of
PVDs over time by laboratory tests, while some other field data (Bergado
et al. 1996) showed considerable retardation of the consolidation curves
at deeper layers, where the discharge capacity of drains has decreased.
Moreover, a reduced discharge capacity is often more apparent in
relatively long drains (Deng et al. 2013a, 2013b; Indraratna et al. 2016;
Kim et al. 2018; Nguyen and Kim 2019). For example, in a typical 20 m
deep soil treated by PVDs with a strain >7.5%, 1.5-2.0 m of settlement
will probably cause considerable bending and/or kinking, and thus
reduce the discharge capacity of the PVDs. Note also that in the current
study, the term degradation is used to represent both physical (i.e.,
clogging, bending and kinking) and biodegradable processes that
weaken the engineering properties (i.e., reduced discharge capacity) of
drains.

Although a lot of effort has gone into evaluating how the drain
degradation affects the consolidation of soil in recent years (Deng et al.
2013a, 2013b; Indraratna et al. 2016; Nguyen et al. 2018b; Nguyen and
Kim 2019), but since they consider the soil to be homogeneous so they
cannot incorporate multi-layered soil very well. In addition, most of
these previous formulae are only proposed for radial consolidation, so
Carrillo’s law is later needed to calculate the total degree of consolida-
tion, which actually does not capture well the simultaneous contribution
of different drainages to the overall consolidation of soil in the field.
Therefore, a more complete vertical and radial consolidation analysis
that incorporates drain degradation for multi-layered soils to predict
total consolidation becomes essential.

This paper aims to improve the original solution of Walker and
Indraratna (2015) by considering the retardation of drain efficiency
with both time and depth, so that a more realistic and rigorous theo-
retical solution for the PVD-assisted soil consolidation can be achieved.
The spectral method is used to solve governing equations based on
common matrix operations and the different distribution patterns of soil
parameters and loading forms are taken into account. The excess pore
water pressure (EPWP) and settlement profiles across different soil
layers are given by the matrix expressions as the key advantages enjoyed
by the current spectral method approach. The proposed model is then
verified against experimental and field data, and also compared with
previous solutions to further highlight the advanced features of this
model. The effects that different rates of drain degradation and initia-
tions can have on the consolidation of multi-layer soil are also discussed.
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Fig. 1. . Soil and drain properties of multi-layered soil.
2. Mathematical formulation
2.1. Overall governing equation of soil consolidation
Given a stratified soil with a vertical drain (Fig. 1), the governing
partial differential equation for soil consolidation, while considering

vertical and radial drainage with depth-dependent soil properties, can
be given by (Walker and Indraratna 2015):
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In the above, u is the average EPWP at a particular depth, u, is the
prescribed pore pressure in the drain, & is the average total stress at a
particular depth, t is the time, z is the depth, H is the total depth of soil,
7, is the unit weight of water, m, is the coefficient of volume
compressibility, k, is the vertical permeability, k;, is the undisturbed
horizontal permeability,q,, is the drain discharge capacity, r,, is the
radius of the drain, r, is the radius of influence zone, n is the ratio be-
tween r.and r,. k,, m,, and 7 are convenient reference values for the
relevant parameters. u is the dimensionless drain parameter, which is
related to the smear zone and radial geometry of the drain (Walker and
Indraratna 2015). Note that in this approach Egs. (1) and (2) depicts the
dissipation of EPWP in the soil and drain domains individually.

2.2. Analytical solution of governing equation with the spectral method
For the spectral method, the EPWP @(Z,t) and the prescribed pore

pressure in the drain u,, are expressed as a truncated series of N terms,
which in matrix form is:



B.-H. Xu et al.

Computers and Geotechnics 129 (2021) 103862

a'(zn
Total k loads
71 1 -1
p _
- Z [ o (2)
p 1,k+1(0) B
— Ik 1 N
° 1 A((g)) Ramp loading Zr ||
(O ! ‘
| - ‘ Instantaneous loadin |
o () T & LT TT
I ENG
— 1yl A I [ .
o0 ————— ‘ | | . 7 — Based on Boussinesq
~ 1y A . HI \ clastic theory
O ——d | [ I
o ; \ ‘ | Z
oo I I R \ I I ‘ ! | -
11,0 0 ty,() t) 1 1tl+1 0 =y Zx-],om Ls0 Is1 Zk,() y 0'(2)
‘ Jieiapineiayi Zi
3 3 Zm-] [ T
‘ Case 4 I F———
qwo 1
Case 1: LoSte=t, andy <k z
Case 2: LSSt gy andy <k
Case3: 1, j<itc<t, Z/H
Cased: 1> 1,
gw(1)
(a) (b)
Fig. 2. . Distribution models for loading and stress: (a) multi-ramp loading process and t, location; (b) stress distribution over the depth of multi-layered soil.
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In the matrix ¢, ¢;(Z) is a set of independent basis functions, and in
matrix A andB, A;(t) and B;(t) are expansion coefficients which can be
determined by the operator, they involve governing partial differential
equations that can vary with time. The basis functions are chosen to
satisfy the boundary conditions of governing equation (Boyd 2000). For
pervious top and pervious bottom (PTPB) conditions %(0, t) = 0 and T(H,
t) = 0, and for pervious top and impervious bottom (PTIB) conditions
u(0,t) = 0 and du(H, t)/dz = 0. Thus, the suitable basis function is:

#,(Z) = sin(M,Z) ®)
where

jn for PTPB
M; = ©

g(Zj —1) for PTIB

The test functions for the spectral Galerkin method are the same as
the basis ones. By combining Egs. (1) and (2), and then using the

weighted residual method and the initial condition A(0) = 0, the
expression of EPWP at any depth and time can be obtained in matrix
notation as follows (see Appendix A.1 for derivation):

W(Z,1) = ¢eff(;r"(u/+§fw(w+z) 'y )dr /r oo T (vt v Jarpe1 g 0 (10)
0

where the elements of matrices I', y and ¢ are determined by the dis-
tribution of m,, n and k,, respectively, which are depth-dependent. The
elements of matrix y are determined by the distribution of g, which
varies with depth and time. The elements of matrix  are determined by
the combined distribution of m, and d5/dt (see Egs. (28)-(32) in
Appendix A.1).

In this paper, Z; and Z;,; denote the normalised depth at the top and
bottom of the I layer, respectively. The concise expressions of param-
eters are used to better establish the relationship between the material
parameters and each layer of soil. ml, k!, ', k} and & are used to

represent the values of T : J 1 k; and & at the normalised depth Z;. For

33
simplicity, a is defined to represent the normalised parameters, anda!
represents the normalised parameters at a normalised depth Z;. Note
that these values vary linearly within the layer from its top to bottom
where the values m, ki1, 41, kiland 5**1of the next layer, i.e., [ +
1th layer are considered (see Fig. 1).

Since the EPWP at each depth is expressed as a function related to
depth and time, the average pore water pressure and settlement at any
time can be obtained by a certain relationship. The average pore water
pressure Ugyg(Z, Z1,1,t) and settlement S(Z;, Z;,1,t) in the [t layer (be-
tween depths Z; and Z;,1) can be calculated, respectively by:

1 Zi 41
g (211 Zpon 1) = = / $dz A() an
Zis —Zi\ Jy,
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Z
The integrals in the above equations are based on certain assump-
tions (see below), and their explicit matrix forms are discussed later in
section 3 and Appendix A.

2.3. Assumptions

In this study, the following assumptions were considered while
developing the model.

(1) Soil parameters such as m,, k,,  andky, are assumed to be linearly
distributed in each layer, and which can be represented as a linear
function of Z for each certain [ layer of soil (independent of
time), as shown in Fig. 1, noting that the parameters in Eq. (1) are
not written in explicit form as a!(Z).

(2) The compressibility m, and the vertical permeability coefficient
k, in the smear and undisturbed zones are assumed to be equal.

(3) The total vertical stress is assumed to be the same in the radial

direction at the same depth while its value at the upper and lower

interface of the certain I layer is based on Boussinesq elastic
theory, and the value within such a layer is assumed to be linearly

distributed (Fig. 2).

The velocity of pore water flow is governed by Darcy’s law, and in

order to include flow in the vertical direction it is assumed that

this flow in the vertical direction is based on the average EPWP

gradient, following the approach of Tang and Onitsuka (2000)

and Wang and Jiao (2004).

(5) Pore water flows in both vertical and horizontal directions,
whereas strain only occurs in the vertical direction, these strains
are equal in the radial direction (equal strain).

4

-

3. Depth and time-dependent parameters and corresponding
solutions

3.1. Mathematical expression for the varying q,,

For simplicity, conventional studies usually assume that g, is a
constant. In the solution of Walker and Indraratna (2015), the discharge
capacity g, could vary linearly with depth, but it assumed that drain
permeability remained constant over time. Some recent studies have
shown that the exponential form can be used to reasonably represent the
discharge capacity degradation of drains over time (Deng et al. 2013b;
Indraratna et al. 2016; Nguyen and Kim 2019; Nguyen and Indraratna
2016). In the current study, therefore, the discharge capacity g, of
drains is described as a function of time and depth, which is linearly
related to depth Z for each certain I!" layer and exponentially related to
time t. ¢, is used to represent the value of discharge capacity q,, in the It
layer. Mathematically, the discharge capacity within the depth of the I
layer can be written explicitly as:

I+1

o
qo+ 9o w0 (7 Z) 1<t
, , Zin — 7
4, =4,(Z,1) = o 13)
! 9w — 9wo —w(t—1.)
o A0 (7 _ 7, > 1,
(‘IM) + Zin — 7, ( ,))e

. ¢4l —d, 1 t<t,
Define Q,(Z) = g, +3* 5> (Z~Z)) and Q,(t) = {e*w“*fc) tot

The function of the discharge capacity in the I layer becomes ¢, (Z,t) =
Q.,(2)Qu(t). In the above, ¢\, is the initial discharge capacity at the
normalised depth Z (at the top of the I layer), qit
discharge capacity at the normalised depth Z;,; (at the bottom of the
layer), t. is the start time of degradation, @ (with dimension of 1/T) is the
decay coefficient that represents the rate of degradation in g,, with time.

is the initial
lth
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In this study, it is assumed that the discharge capacity in each layer starts
to degrade with the same degradation rate at the same time, and it
should be required that @ > 0. Note that when ¢&} = ¢, the discharge
capacity does not vary with depth in the I layer; and when the degra-
dation has not taken place, i.e., t < t, g, is only a function with depth.

3.2. Expressions for parameters varying with depth and time

Based on assumption (1), soil parameters such as m, k!, o and k!, are
described as a linear functions of Z in each certain I™ layer of soil, which

can be written explicitly as a!(Z) = ol + %::g (Z ~Z;). Note that if ! =

a'*1, the corresponding soil parameter is constant in the considered
layer, but if the parameter has a mutation at a certain depth, then the
concept of an interface layer is proposed, the thickness of the interface
layer is 0 (Z; = Z;,1), as shown in Fig. 1. Following assumption (3), the
value of vertical stress &' at a normalised depth Z; is calculated by
Boussinesq elastic theory, while the distribution of total stress in the
certain I layer of soil 3'(Z) is assumed to vary with both depth and time.
To obtain an explicit analytical solution, a single equation describing the
distribution of total stress in the certain I layer of soil is given by:

k

7(2,1)=> F(1)(c""(2)-5"(2)) a4
s=1
where
—l+1.s —l.s
> ="+ (z-7 (15)
@ Ziy — 24 ( )
F=to H{t —t,0) (1 — H(t — 1,1)) + H{t — t,,) for t,0 < 1,
Fx([) = L1 — Lo ' '
H{t—t,,) for t,0 =t
(16)

where depth Z belongs to the It layer of soil, 31 (Z) is the total stress at
depth Z in the I layer of soil at the beginning time of the s + Ith (or the
end time of the s™) loading (ramp or instantaneous), H(t —t;;) is the
Heaviside step function, k is the total number of loading, t;o and t;; are
the start time and end time of the s loading (ramp or instantaneous),
respectively, as shown in Fig. 2(a). Note that if t;o = t;1, the load is
instantaneous loading; if t; o < t;1, that means the load is ramp loading.

3.3. Corresponding solutions

According to the previous section 2.2, y is a matrix function related
to time t when considering the time-dependent discharge capacity; the
elements of matrix @ are related to do/dt, and @ is also a matrix function
related to time t when considering the time-dependent surcharge. In the
s loading, 6 can be expressed by 0(s) = F,(t)O(s) where O(s) is a matrix
independent of time (see Egs. (60) and (63) in Appendix A.2). Com-
bined with Eq. (16), F;(t) can be calculated by:

1
i for t,0 <,y (ramp loading)
F() = { B~ ho a”

5(f — t.&,l) for Iio =I5

(instantaneous loading)

where 5(x) is the Dirac delta function.
When t <t Qu(t) is a constant value, which is equal to 1. So the
matrix y is a constant matrix, which is the same as X (as shown in Egs.

(53)-(55)). Define G =T"'(y+¢&) and M =TI (.,/(y/ + X)’lyl), then

the integration fé r! (y/ +e—ww+x) )dr can be calculated by:

/’F’](w+€—w(w+x)"w)df: (G—M): 18)
0
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The integration R(s ft P et '9(s)dr can be
calculated by:
1 e(G—M)r; _ e(G—M)r;’

G T '0(s) for ramp loading

R(s) = t1 — b0

O Msor=1@(s)H (t — t,0) for instantaneous loading

19

where £],t; is the integral boundary of the sth loading defined by: t; =
min(t, &), ty = min(t,t1).
In this case, the calculation of A(t) can be described as:

A( —(G—M)t (z[(: ) (20)

s=1

When t > tc, x is a matrix function related to time t. Define the

_rlft

tained from Eq. (65) in Appendix A.2. In this case, the integra-
v+t

integration E( vy +x) “lydr, and its calculation can be ob-

tion [y T~ >dr can be calculated by:

/F"(w+€7w(w+x)"w)dr:thMtﬁE(t) (21)
0

When ¢t > t, calculating A(t) depends on the value of ¢t so it is much
more complicated. There are four cases, as shown in Fig. 2(a), and the
expression of A(t) is different in each case as represented specifically as
follows.

Case 1:. Fortyo<t. <ty1,andy < k, drain degradation occurs before the
loading process ends and in the yfh loading process, as shown in Fig. 2(a),
where A(t) can be described as:

-1 e(G-Mte _ o(G-M)tyo

G-M

&
/~ e(Gr—Mz( E(z))rla(s)d,L,) >
e

A(I) —_ e—(Gt—Mz( —E(1)) ( —lo(y)

s=1

£ k
n /‘ze(crerﬁs(x))dTr—lo(y)Jr Z (
te

s=y+1

(22)

Case 2:. Forty,1<t. <ty 10, andy < k, drain degradation starts between
the end time of yth loading and the start time of y + 1th loading, as shown in
Fig. 2(a), where A(t) can be described as:

P g
A(t) — o~ (Gr-Mi-E(1)) <i Z (/’: o(GT=Mt. —E(r))l"la(s)d_[> )
3

s=1 s=y+1

(23)

Case 3:. For ti o< t. < tx1, the drain starts to decay at the last loading

stage, as shown in Fig. 2(a), where A(t) can be described as:

k— l e(G-M)te _ o(G-M)ip

—1
G T ew

A(t) —e —(Gt—Mt, _z))<
s=1

4
+/ e(mms(r))rlo(k)df> (29
te

Case 4:. Fort.> ty 1, the drain starts to decay after the loading process, as
shown in Fig. 2(a), where A(t) can be described as:

k
A(l‘) —(Gr—M1.—E(r) ) <ZR ) (25)

s=1
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Fig. 3. . Loading process (after Deng et al. (2017)) and settlement of
model test.

Note that because the integrations | : el6t-M=2)qr in the Egs. (22)-
(24) cannot be solved analytically, a numerical approach, i.e., Simpson’s
rule (Barron 1948; Deng et al. 2013a) is adopted.

Loading process time in the field is relatively short compared to the
time of complete consolidation, while there is little change in the
deformation and stress state of the PVDs during the loading process. In
reality, the exact time when a drain begins to degrade is difficult to
determine in the field, so for simplicity, it can be assumed that the decay
occurs after the loading process has been completed. In this way, A(t)
can get an exact solution, as shown in Eq. (25), especially for the case of
ramp loading.

The specific expressions for average pore water pressure Ugyg (Z;, Z141,
t) and settlement S(Z;,Z;.1,t) between depths Z; and Z;,, are shown in
Egs. (66)-(67) in Appendix A.2.

[958}
T
L

Fill Height (m)

—_
T
L

O Measured data
Spectral method simulation

0 100 200 300 400

Time (days)
Fig. 4. . Loading process of Saga Airport test embankment (after (Chai and

Miura 1999)).



B.-H. Xu et al.

Table 1

. Soil parameters for Saga Airport test embankment.
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Layer Depth (m) 2 K v eo 7 (kN/m®) k, 108 m/s) kn (108 m/s) Young’s modulus, E (kPa)
B 0-1 0.25 0.025 0.25 2.00 15.0 7.60 11.40 —

Acl 1-4 0.44 0.044 0.30 2.00 14.5 3.80 5.70 —

Asl 4-5.6 — — 0.20 — 15.5 290 290 10,000

Ac2 5.6-21 0.87 0.087 0.30 2.50 14.5 1.76 2.64 —

As2 21-23.7 — — 0.20 — 16.0 290 290 15,000

Ac3 23.7-25 0.30 0.030 0.30 1.75 16.0 1.76 2.64 —

4. Verification of the model

To verify this proposed model, the mathematical formulation pre-
sented above is applied to previous laboratory and field studies where
the influence of drain degradation on soil consolidation is represented.
The following studies are adopted.

1. Vertical and radial consolidation of single layer by multi-
instantaneous loading (Deng et al. 2017)

2. Vertical and radial consolidation of multi-layered soil by multi-ramp
loading (Bergado et al. 1996, Chai and Miura 1999, Deng et al.
2014);

In these two cases, the calculation of the dimensionless drain
parameter p is based on the assumption of a smear zone with constantly
reduced permeability (Hansbo 1981; Walker and Indraratna 2007). Due
to the lack of actual laboratory and on-site test data of gy, it is assumed
that the initial discharge capacity gy at each depth is the same in these
two cases.

4.1. Large scale model test

Large scale model tests to assess the consolidation and long-term
performance of PVDs were reported by Deng et al. (2017); the soft soil
to be tested came from the Ningbo Rail Transit project. The physical
model is 0.5 m in diameter by 1 m high so it can be considered as a unit
cell with a single layer. The loading process is shown in Fig. 3. The soil
parameters used in the model came from Deng et al. (2017), i.e., ky, =
2.17 x 1072 m/s, kn =3 x 1072 m/s and m, = 8 x 10~* m?/kN.

The parameters related to the vertical drain are used with respect to
Deng et al. (2017): (a) the geometrical parameters are d, = 0.5 m, d; =
0.1m,d, =0.052m,n=re/r,=9.615,s=ry/r,=1.923, andI=H=1
m; (b) the permeability ratio is kx/ks = 1.2 and (c) the discharge capacity
parameters are gy = 3 em®/s (or 0.2592 m3/day), w=41x10%s7"!
(or 0.3542 day 1), t, = 0 days. The permeability ratio ky/k, in Deng et al.
(2017) is 1, because they considered the soil was remoulded that does
not have significant difference in its structure over different directions.
However, despite using remoulded soil, the installation of a drain (i.e.,
smear effect) would certainly reduce its permeability of soil; this current
study therefore assumes kp/ks > 1, i.e., 1.2. Note also that g,, is assumed

Table 2

Layer properties for modelling of Saga Airport test embankment.
Depth (m) m, /my, kV/Ev n/n
0 0.56 4.32 4.32
1 0.53 4.32 4.32
1 0.86 2.16 2.16
4 0.86 2.16 2.16
4 0.05 164.77 109.85
5.6 0.05 164.77 109.85
5.6 1.00 1.00 1.00
21 0.62 1.00 1.00
21 0.03 164.77 109.85
23.7 0.03 164.77 109.85
23.7 0.43 1.00 1.00
25 0.48 1.00 1.00

to decay immediately with respect to Deng et al (2017).
Applying Egs. (25) and (67), the theoretical settlement was obtained,
where Y = 0 under the premise of t, = 0 days. Fig. 3 shows the
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Fig. 5. . Settlement of Saga Airport test embankment: (a) surface; (b) at depth
z = -5.6 m; (c) at depth z = -23.7 m.
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comparison between the measured and theoretical results where 40
series terms (i.e., N = 40 for numerically solving Eq. (67)) were used in
the current spectral method. It is obvious that the calculated settlement
that does not consider drain degradation begins to deviate from the
experimental data after about 15 days. The difference between the
experimental data and conventional prediction (i.e., without consider-
ation of drain degradation) reaches about 13.0% at 25 days of consoli-
dation. When drain degradation is considered, the settlement calculated
by the proposed method is consistent with the measured result, and is
more accurate than the analytical result obtained by Deng et al. (2017),
especially in the later stages of consolidation. Specifically, the predicted

Computers and Geotechnics 129 (2021) 103862

—_
E |\ e
=~ 1N\ T _
=
15}
g
5}
= _
|5}
w2
ot Piezometer at z = -3.2 m |
"""" Piezometer at z = -/2.3 m
--------- Piezometer at z = -22.5 m
25 . . . . . . .
0 50 100 150 200 250 300 350 400

Time (days)

Fig. 7. . The settlement at the depth of 3 different piezometers calculated by
the current study for Saga airport embankment.

settlement by the current solution agrees very well with the experi-
mental data at about 35 days of consolidation, with an error of about
0.4%, whereas the result of Deng et al. (2017) has a deviation of nearly
2.7%. This result indicates a high accuracy of the proposed method, and
the importance of considering drain degradation in calculating the
radial consolidation of soil.

4.2. A soft subsoil test embankment at Saga Airport improved with PVD

The soft subsoil test embankment at Saga Airport improved with PVD
was reported by Bergado et al. (1996); it was then predicted analytically
by Chai and Miura (1999) and Deng et al. (2014) who considered drain
degradation. Saga Airport is located 13 km south of the city of Saga and
close to Ariake Bay. The reclaimed deposit mainly consists of soft and
highly compressible Ariake clay. The base of the test embankment is 71
m by 71 m at the bottom and 25 m by 25 m at the top. The preloading
construction process is shown in Fig. 4. The embankment was ramp
loaded with filling rate of 0.03 m/day, and the final fill height for the
surcharge preloading was 3.5 m. The unit weight of the fill material was
20 kN/m?>. The sub-soil can be divided into six sub-layers, and the pa-
rameters for each layer refer to those of Chai and Miura (1999), as given
in Table 1. Note that the compressibility parameters are based on the
Cam-clay compressibility properties given by (Chai and Miura 1999).
The properties of the layers used to model the Saga Airport test
embankment are given in Table 2.

The parameters related to the vertical drain are as follows: (a) the
geometrical parameters are d, = 1.7 m, d; = 0.3 m, d, = 0.0483 m, n =
re/Tw = 35.2,s =ry/ry, = 6.2, and | = H = 25 m, and (b) the permeability
ratio is kp/ks = 10.0. The initial discharge capacity g, ranges from 200
to 2000 m3/year (Deng et al. 2014). In this study, g, was assumed to be
300 m>/year (or 0.8219 m®/day) in all layers. The reduced discharge
capacity of PVDs over time was measured by Chai and Miura (1999), and
the degradation rate w was determined as 2.6 x 107 s! (or 0.0225
dayfl) by Deng et al. (2014), so it was also adopted in this study. In
addition, two other degradation rates were also considered, one of
which did not include degradation (w = 0 day’l), i.e., the solution of
Walker and Indraratna (2015) based on the spectral method, and the
other incorporating a larger degradation rate (@ = 0.045 day™!). The
field data (Chai and Miura 1999) show that settlement developed
quickly for the first 205 days and then decreased rapidly, which implies
that the large deformation (i.e., 1.85 m =~ 7.4% vertical strain) is likely
to cause the PVDs to bend, kink and fold, which could reduce the
drainage efficiency and retarded consolidation. It can therefore be
assumed that the start time of degradation t, was approximately 205
days, so A(t) in this case was calculated by Eq. (25).

The settlement and EPWP calculations are mainly based on the
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parameters given by Chai and Miura (1999), which were calculated by
Egs. (10), (25) and (67) (20 series terms were used), as shown in Figs. 5
and 6. The settlements measured and calculated at three different depths
are shown in Fig. 5 as a comparison with previous predictions. Fig. 5(a)
and (b) show that when drain degradation is ignored (w = 0 day’l), the
settlements predicted by the current study at the surface and at a depth
of z = -5.6 m are similar to those of Chai and Miura (1999) and Deng
et al. (2014), and are larger than the actual measurements, especially in
the later stage of consolidation. When drain degradation is considered
using w = 0.0225 day !, a better agreement with the measured data can
be obtained. Whereas previous models have the smallest difference of
about 3.0% and 3.6% at 360 days from the field data for the surface and
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depth of z = -5.6 m, respectively; the current predictions reduce these
deviations to about 0.5% and 1.3%, respectively. The study also in-
dicates that when the degradation rate is overestimated, i.e., ® = 0.045
day~?, the predicted settlements are smaller than the actual values.

For settlement at a deeper depth of z = -23.7 m (Fig. 5(c)), the
predictions by Chai and Miura (1999) have underestimated the
measured data, but the result calculated by the spectral method provides
a more accurate prediction. For example, the difference between the
predicted and measured data at 360 days decreased to about 0.7% using
the current method. This is because, the current method is based on a
rigorous mathematical framework where soil properties at different
layers can now be incorporated explicitly in the governing equation of
soil consolidation, which is distinctly different from the past solution
methods. However, the settlement predicted using the three different
rates of degradation do not differ at this depth, because effective stress
and associated settlement at this deep level are at a small scale.

Fig. 6 compares the predicted EPWP by the proposed solution and
measured data to other simulations. Note here that the predicted results
are less than the measured data, as are the results in Chai and Miura
(1999) and Deng et al. (2014). Deng et al. (2014) explained that it may
be caused by fluctuations at groundwater level, disturbance by con-
struction vehicles, and the locations and methods used to place the in-
struments in position. To better represent the results in this current
study, the measured values have therefore been corrected by eliminating
the effects of the piezometer positions and the static hydraulic pressure
induced by the water table. Settlement of the piezometers at three
different depths was calculated using the proposed method and the re-
sults can been shown in Fig. 7. Due to the lack of on-site groundwater
level monitoring records, the average change of groundwater level was
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Fig. 10. . Dissipations of EPWPs at different depths with different w: (a) w = 0 day’l; (b) w = 0.01 day’l; (¢) w = 0.03 day’l; (d) w = 0.06 day’l.

assumed to be 1 m, and this produced approximately 10 kPa of static
hydraulic pressure.

Fig. 8 shows the results predicted by the current and previous solu-
tions when compared to the corrected field data. The results show that
the calculated pore water pressures are relatively close to the corrected
data (i.e., eliminate the effects of the piezometer positions and the static
hydraulic pressure induced by the water table), and have similar trends
with other predictions; in fact, the values of EPWP predicted in the layer
of clay Acl by the proposed method are closer to the measured data.
Moreover, when drain degradation is considered by using w = 0.0225
day?, the overall result predicted has a similar dissipation trend as the
measured pore water pressure, especially in the main layer of clay Ac2
(at depth of z = —12.3 m), but when drain degradation is not considered
(w = 0 day ™)), the pore water pressures dissipate much faster. However,
when the rate of degradation is too big (@ = 0.045 day™!), the pore
water pressures dissipate much more slowly. The result not only in-
dicates how accurately this approach can capture the influence that
degraded drains have on the consolidation of multi-layered soil, it also
highlights the need to properly evaluate drain degradation in practice.

The results in the above two verification cases indicate that the
degradation of gy, has a significant effect on the consolidation of ground
installed with PVD, especially in the later stages where the degradation
of PVDs usually becomes more critical. It is therefore recommended that
the degradation of g, during consolidation should be considered when
designing PVD-ground improvements, particularly where conditions
such as large strain consolidation could seriously degrade the drains.
This proposed solution based on the spectral method is suitable for
analysing vertical and radial consolidation in more realistic conditions
such as multi-layered soils and multi-stage loading associated with drain
degradation.

5. Influence of degradation parameters on consolidation

Parameters such as the degradation rate w and the beginning time of
degradation t. have a huge impact on predicting the consolidation of soil
improved with PVD. Since the feasibility of the proposed model has been
verified in the previous section, the impact that the degradation pa-
rameters have on consolidation is further investigated in this section by
considering the vertical and radial consolidation of a unit cell by a PVD
incorporating the decay of g,.

In order to focus on the study of the effect of drain degradation, the
soil properties in this analysis are assumed to be as follows. (1) The soil
properties are ky = kp =1 x 10~° m/s, kp/ks = 3and m, = 8 x 102 m?/
kN; (2) The geometrical parameters are d, = 0.6 m, d; = 0.22 m, d,, =
0.064 m,n=r,/ry, =9.375,s =ry/ry=3.4375,and [ = H =10 m; (3) The
initial discharge capacity gy = 0.43 m%/day is where g,, is assumed to
only vary with time t. An instantaneous load of 100 kPa is placed on top
of the unit cell while @ and t, are changed in different combinations in
this paper.

5.1. Degradation rate »

To study the impact of degradation rate w, the start time of degra-
dation t. was set at 0 days. Five different rates of degradation w were
studied: () w =0 day’l; (i) = 0.01 day’l; (iii) @ = 0.02 day’l; (iv)
=0.03 day; (v) @ = 0.06 day . Fig. 9 shows the consolidation of a
degradable drain subjects to different degradation rates; it shows that
the dissipation curves of average EPWP when considering different
degradation rates deviate from the dissipation curves without causing
any degradation. The deviation times are approximately 34 days, 68
days, 102 days and 204 days for w = 0.06 day !, » = 0.03 day !, w =
0.02 day ! and w = 0.01 day !, respectively. This means the dissipation
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Fig. 11. . (a) Reduction of discharge capacity with different t, with the same w;
(b) Comparison of the consolidation with different t,.

of EPWPs is impeded significantly when the g, decays to a certain
extent; for instance, the impedance threshold for g, in this study is
approximately 0.056 m>/day. Moreover, Fig. 9 also shows that the
dissipation curves of the average EPWP are retarded when the g, de-
creases to a critical value. The consolidation curves turn into a critical
state of decay after approximately 105 days, 210 days, 315 days and
630 days for = 0.06 day !, » = 0.03 day }, » = 0.02 day ' and » =
0.01 day !, respectively. In this study, the critical value of the g, is
approximately 7.9 x 10~* m3/day. This critical state of decay indicates
that as the g, of the drain becomes very small, the dissipation of pore
water pressure along the radial direction is seriously affected, thus
retarding the radial consolidation. Moreover, Fig. 9 also shows that as
the degradation rate increases, the consolidation rate decreases.

Fig. 10 shows consolidation at different depths with different rates of
degradation. Note that the normalised depth z/H was used, where z is
the depth from the surface, and H is the total depth of soil. Apparently, as
the rates of degradation increases it has more impact on the dissipation
of EPWPs at different depths, however, in the less severe cases of
degradation where » = 0 and 0.01 day !, the difference in consolidation
at each depth is small and the dissipation curves at various depths are
almost coincident. In a more serious case (i.e., a larger degradation rate)
where ® = 0.03 and 0.06 day ™!, the dissipation curves below 5 m are
almost the same, but they are much slower than that at 2.5 m. This
tendency is more pronounced at higher rates of degradation, which
implies that an increasing rate of degradation has a lot of influence on
the overall average dissipation of EPWP, and this effect is more signif-
icant in a deeper soil layers.

To obtain the rate of degradation more reliably in practice, so that
the influence of other factors can be delineated, the direct measurement

10
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of discharge flow rate through a soil-drain system with time is required.
This experimental approach has been applied successfully in the past (e.
g. Chai and Miura 1999, Kim et al. 2011; Bo et al. 2016; Nguyen et al.
2018).

5.2. the start time of drain degradation

Two cases were set up to study the impact of the start time of
degradation t.:

(1) The rate of degradation @ = 0.06 day’l remains constant and
three separate start times where t, = 0, 100 and 200 days are considered;

(2) To reach the critical g, (approximately 7.9 x 10~*m3/day) at the
same time where t = 105 days, three combined degradation rates and
start times of degradation are investigated, i.e., (a) ® = 0.06 day’1 and
t. = 0 days; (b) @ = 0.07875 day_1 and t. = 25 days; (c) w = 0.126 day_1
and t, = 55 days; (d) @ = 0.315 day ! and t, = 85 days.

Fig. 11 shows the comparison between the dissipation of EPWP of a
degradable drain subjected to the same rate of degradation but with
different start times of degradation. It is observed that all the dissipation
curves with different start times of degradation and the same degrada-
tion rate (w = 0.06 day’l) deviate from that without degradation after
34 days of degradation. Fig. 11 also shows that regardless of when
degradation commences, if the degradation rate remains the same, the
dissipation curves become retarded after the same decay time. In this
case, all the dissipation curves were retarded after 105 days of degra-
dation because gy, is below 7.9 x 10~* m3/day.

Different decay rates and start times of degradation were also
examined in order to understand how varying the parameters of
degradation could affect consolidation. In this case, g,, was designed to
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reduce to a critical value at the same time (t = 105 days), as shown in
Fig. 12. The results show that dissipation curves with different rates of
decay and start times of degradation deviate from the dissipation curves
without degradation at different times, i.e., 34 days, 51 days, 71 days
and 71 days for (i) (w = 0.06 day ! and t, = 0 days), (ii) (@ = 0.07875
day’1 and t. = 25 days), (iii) (w = 0.126 day’1 and t. = 55 days) and (iv)
(w = 0.315 day ! and t, = 85 days), respectively. This means that
regardless of when degradation begins or what the rate of decay is, as
long as gy, decays to the impeded threshold the dissipation of EPWP is
largely impeded. These results also show that dissipation curves with
different rates of decay and start times of degradation are retarded after
approximately 105 days because g, is below the critical value. More-
over, Figs. 11 and 12 show that the earlier the drains begin to degrade (i.
e, t. = 0 days), the lower will be the rate of consolidation.

The above analysis reveals that an increasing rate of degradation and
a shorter time before degradation begins will reduce the rate of
consolidation. Furthermore, when g, has degraded to an impeded
threshold the dissipation of EPWP will be obstructed, and when the
critical value is reached, the rate of consolidation will be retarded. The
threshold of impedance and the critical value of g,, are related to factors
such as the horizontal permeability coefficients (k, and k), and the
geometric parameters of the unit cell (dy, d,, ds, [ and H). In this study,
the threshold of impedance and the critical values are approximately
0.056 m®/day and 7.9 x 10~* m®/day, respectively.

6. Conclusion

In this paper, the authors have proposed a novel approach to describe
the consolidation of multi-layered soil with respect to the degradation in
discharge capacity of drains. Drains where the g,, varies with time and
depth have been incorporated into the theory of soil consolidation
considering both vertical and radial drainages over different soil layers.
The mathematical technique using the spectral method was adopted to
solve the governing equations to determine the multilayer soil consoli-
dation. The following conclusions could be drawn:

(1) The major advantage of the proposed spectral solution is its
rigorous mathematical formation that enables realistic variables
such as the degraded drains and inhomogeneous soil properties to
be incorporated into the governing equations of soil consolida-
tion. The application of this method to previous laboratory and
field studies showed considerable improvement in the accuracy
of prediction. For example, at Saga Airport (Chai and Miura,
1999), the proposed solution reduced the difference between the
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field measurements and predictions of surface settlement from
about 3.0% to just 0.5% after 1 year. In addition, the proposed
method can capture well the detailed difference in consolidation
that different soil layers can have due to varying drain and soil
properties with time and depth.
(2) The degradation of drains can adversely affect the consolidation
of soil, especially in later stages when the reduced discharge ca-
pacity becomes critical. Applying the proposed method to a field
embankment (i.e., Saga Airport 1999) showed that the prediction
based on the spectral method could match the measured data
better when a degradation rate of 0.0225 day~' was considered.
Increasing degradation rate combined with an earlier start time
for degradation t, can result in a greater impact on the overall
average dissipation of EPWP, and thus reduce the rate of
consolidation, especially in deeper soil layers.
The reduced discharge capacity has an impedance threshold and
critical value to which the more reduction can seriously obstruct
the dissipation of EPWP and retard the rate of consolidation,
respectively. The impedance threshold and critical value of q,, are
independent of the rate and start time of degradation.
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Appendix A:. Solution of governing equation by spectral method and corresponding matrix expressions

A.1: Solution of governing equation by spectral method

The test functions for the spectral Galerkin method are the same as the basis ones. By using the weighted residual method, the non-homogeneous

governing differential equation Egs. (1) and (2) in matrix form are:
0A
FE—H//A +lA=0+yB

wB+xB =yA
! m,
Iy = —p,dZ
o m,
n
v = dT,,/ —¢;dZ
o

"0 (k, O
RN
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(26)

(27)

(28)

(29)

(30)
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= —dT, 0 af' dz (31)
X i / aZ qw ¢i
0; = — —dZ 2
[om (32
Insolating B from Eq. (27) and substituting it into Eq. (26) gives:
0A _
Lo +WHi-vw+y) w)a=0 (33)
By using the method of variation of parameters, the solution to the non-homogeneous Eq. (26) can be found using the initial condition A(0) = 0:
A1) :A(O)efﬂl‘"(wc*w(ww) 'y )ar Te Jor ! (vt 'y / Jor (e V) r-194 (34)
A(r) = effoll‘"(wcfw(wx) 'y )dr /’ ef; T (et —y ) -1 (35)

Then Eq. (10) is obtained.
A.2: Explicit expressions of matrix elements

This section represents the integrals and explicit matrix element expressions in the analytical solution. When calculating the integrations in Egs.
(28)-(32), some products of the trigonometric and linear polynomial functions with a similar form were integrated. To present the equations for I, y,
¢, x and € in a concise manner, some shorthand notations are adopted as shown below:

atsinlBZ,1] — o'sin]BZ)]

SN(a,p") = /}k (36)
cS(a,p) = amcos[ﬁz’j}]k_ @eoslfZ] (37)
M~ =M,— M, (38)
M* = M;+M; (39)
Aa=d™ —d (40)

Note that A is an operator in the Z direction, where the superscript [ represents parameters (i.e., soil parameters, discharge capacity parameters) at
the top of the I layer.
The I' matrix is related to the compressibility of the soil. As shown in Eq. (28), the contribution made by the I layer of soil to I'; is given by:

Zi11
ry() = / n (Z) bz 1)

The diagonal (i = j) and the off diagonal (i # j) elements of I" have different expressions, which have the same expressions as Walker and Indraratna
(2009). For i = j, the diagonal elements of I';(l) are calculated with:

ru) =3 (5 ot ) -

For i # j, the off diagonal elements of I';(I) are calculated with:

(1005 3N 01°)'] ) (42

Ly(l) =

1 /Am, _ -

5 (57 (OS] = es[1, (") ]) +SN[m,, () ] = SN [m,, (M")'] ) 43)
In the interface layers where Z;—Z;,, the limits of Egs. (42)-(43) are both zero.

The y matrix is related to the radial drainage properties of the soil. As shown in Eq. (29), the contribution made by the It layer of soil to y;; is given

by:

Zi11
w0 = [ dna @z a4)
Z
For i = j, the diagonal elements of (1) are calculated with:
daT, (AZ Al
) = (0 )~ sl o] -swfn o)) ) (45)

For i # j, the off diagonal elements of (1) are calculated with:

—(CS[1,(M7)*] = CS[1,(M")*]) + SN[, (M) ] = SN[n, (M*)" ] ) (46)

In the interface layers where Z;—Z,.,, the limit of Egs. (45)-(46) is zero.
The ¢ matrix is related to the vertical drainage properties of the soil. As presented in Eq. (30), the contribution made by the 1 layer of soil to {j; is

12
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given by:

- Z1 11 0 ; ()¢
)= = [ (K@ 5 )tz 7

For i = j, the diagonal elements of (;(l) are calculated with:

Ak,
AZ

&5() = S dT (QZ(kf,+kf,“)7SN[kv,(M+)l} [1,(M+)2]> (48)

For i # j, the off diagonal elements of ;(l) are calculated with:

Ak,M;M;
gD = sz < s (CS[1, (M ]+ CS[L, (M) ]) +MPA(SN [k, (M7)' ] — SN[k, (M)']) ) (49)
In the interface layers where Z;—Z,.,, the limit of the elements in Egs. (48)-(49) are the same and are described as:
(1) = —dT,M;Ak,cos(M;Z;)sin(M;Z;) (50)
The y matrix is related to the properties of the drain. As presented in Eq. (31), the contribution made by the I layer of soil to Xy is given by:
et g ag;
250 = —dT, /Z e ( Lz )¢ az G))
Then, y;(1) can be described as:
Zi+1 , (/)
10 = ~ouar. [ 7 (0@ sz (52)
Z
Define X;(l) = —dT, ZZII“ = (Ql (Zz )d‘/” )q&le then y;() = Qu(t)X;(1). For i = j, the diagonal elements of X;(I) are calculated with:
1 AZ Ag,,
Xy(1) = 5T, M7 ( - (dho + 4) = SN[guo, (M) | + =20 €51, (417 ) (53)

For i # j, the off diagonal elements of Xj;(l) are calculated with:
1 Aq,oM:M; _ -
X,(1) = 54T, ("T (CS[1, (M) ] + CS[1,(M*)*] ) + M} (SN [quo, (M7)" | = SN [guo, (M7)" ] ) ) (54)
In the interface layers where Z;—Z;.,, the limit of the elements in Egs. (53)-(54) are the same and are described as:
X;(D) = — dT,,M;Aqyocos(M;Z))sin(M;Z)) (55)

The 0 matrix is related to the compressibility of the soil and the total stress. As presented in Eq. (32), the contribution made by the i layer of soil to
6; in the s™ loading is given by:

Ziv1
0,(l,5) = / ¢imi¥dz (56)
Z

Based on Eq. (14), d6'(Z, t)/dt can be described as:

905°(Z,1) _ OF(1)

o T (a""'(2)-5"(2)) (57)

where F,(t) = 0F;(t)/ot is given by:

1
. for t,0 < t,; (ramp loading)
F([) = L1 — Lo (58)

s

S (t — t.‘_l) for t,0 = t,; (instantaneous loading)

lth

where §(x) is the Dirac delta function. The contribution made by the I layer of soil to 6; in the s™ loading can be calculated by:

0,(1,5) = F.(10;(3"" — 5", Ac""! — AG",m,) (59)

where O can be defined by:

0i(a,p,58) = ! < (gszv[l M)'] - cSm,, (M;)°] ) +ﬁ{(2ﬁcs[1 (M)?] ) +é (szv[a, M)'] +Aﬁ'?sin(Miz,+l)> 75,+1605(M,-Z1+1)} ) (60)

Define 0;(1,s) = ©;(c"" — 3", A5°"" — AG®,m,), 50 6;(1,s) = F.(£)84(L,s).
In the interface layers where Z;—Z,, 4, the limit of Eq. (60) is zero.

If the number of layers is m, the final values for I, y, &, X, x, ® and 0 are given by adding the contribution of each layer of soil:

13
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=1 g . =1 i (61)

Xij = 0. ()X; (62)

@,‘(S) = zm: @i(l, S) (63)
=1

0,(s) = F.(1)8(s) 64

The matrix E are defined as E(t) =T'"! fé w(y + ) 'wdr, which can be calculated by:

n(E+y'Xe ™)) —n(E+y'X))
(0]

ol "l
E(r)=Tr" / vy +x) 'wdr=T" / vy + Xe @) )’H,;dr = r”y/(( +(t— zc)) (65)
e fe
After getting the element expressions of I, y, &, ¥, 0 and E, the matrix A can be calculated. Note that I', y and ¢ are constant matrices; y, # and E are
matrices function related to time t.
The average pore water pressure iayg(Z;, Zi11,t) between depths Z; and Z;4 is given by:

ﬁuvg(zlyth t) = - ﬁA(l‘) (66)

where ¢ = [4,(2) $,(2) . #u(2) | and ;(2) = cS[1, ()" ].
The settlement S(Z;,Z;,1,t) between depths Z; and Z;,, is given by:

K 'AZ AmMAZ (s —irls a A
S(Zy, 2141, 1) = Hia, ZFS(t) (mvT (G g e ) +m+ (Zalﬂ’ gl gt 3l,x) ) _ ZAj(t) ( AW; SN[I, (Mj)z]
s=1 j=1
cos(M,Z,
—mlcs[1, ()" ] - Ava) (67)
M;
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