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Abstract—In this paper, a novel strategy based on refined
joint element rotation/phase optimization is presented to obtain
vectorial shaped power patterns for antenna arrays with arbi-
trary element structures including mutual coupling. The active
element pattern (AEP) is used for each antenna element, and
then the rotation of an element is approximately described by
mathematically rotating its AEP under the assumption that the
mutual coupling variation does not change the AEP considerably.
Optimal element rotations and phases for an array can be found
by solving a vectorial shaped pattern synthesis problem such
that the obtained array pattern has the desired co-polarization
mainlobe shape while maintaining constrained sidelobe and cross-
polarization levels. However, due to the variation of mutual
coupling, this synthesized pattern may deviate from the real
array pattern. To reduce the pattern discrepancy, successive
refined joint element rotation/phase optimizations are adopted.
As the number of refining steps increases, the allowable element
rotation range is set to be smaller and smaller so that the
synthesized array pattern can get closer and closer to the real
one. Such a shaped power pattern synthesis technique does
not need nonuniform amplitude weighting, thus saving many
unequal power dividers. Three examples for synthesizing rotated
linear and planar arrays with different antenna structures and
different pattern shape requirements are provided to validate the
effectiveness and advantages of the proposed method.

Index Terms—Shaped power pattern synthesis, rotated antenna
array, joint rotation/phase optimization, active element pattern
(AEP), cross-polarization level (XPL)

I. INTRODUCTION

ANTENNA arrays with desired power pattern shapes are
required in many applications such as satellite commu-

nications, sensing and imaging systems. In the past decades,
many sophisticated methods have been developed to synthesize
various shaped pattern antenna arrays. They include, for ex-
ample, the analytical techniques [1], [2], alternating projection
methods [3], [4], iterative fast Fourier transform (FFT) and
its variants [5]-[7], convex optimization techniques [8]-[10],
semi-definite relaxation methods [11], [12], and stochastic
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optimization algorithms [13]-[16]. Since synthesizing shaped
patterns is a complicated process, the majority of synthesis
methods choose to optimize both excitation amplitudes and
phases in order to obtain good control on both the mainlobe
shape and sidelobe level. Consequently, the obtained array
usually requires a relatively complicated feeding network to
implement simultaneous amplitude and phase weighting, and
multiple unequal power dividers must be designed with much
attention.

To avoid the usage of unequal power dividers, a few meth-
ods have been presented to generate shaped beam patterns by
performing phase-only optimization such as in [17]-[20]. Ow-
ing to the limited degrees of freedom, however, the obtained
overall performance in terms of mainlobe shape accuracy,
transition width and sidelobe level is usually considerably
worse than that obtained with full control of both the excitation
amplitudes and phases. In [21], element positions in addition
to the phases are optimized to improve the performance of the
shaped pattern synthesis.

It is well understood that rotating an antenna element
changes the power distributions of both the co-polarized (CoP)
and cross-polarized (XP) components of this element for a
given observation plane. Hence, element rotation can be con-
sidered as a way of providing additional degrees of freedom
for array pattern synthesis. In [22] and [23], arrays with rotated
ideal dipoles are synthesized for obtaining low sidelobe level
(SLL) focused patterns. In [25]-[27], authors used sequen-
tial element rotation to generate circular polarization (CP)
radiation from rotated, phased, linearly polarized elements.
However, these techniques so far consider only focused beam
patterns using a precalculated excitation phases, and they
cannot be directly used to deal with more complicated shaped
pattern problems. More recently, in [27], we presented one
optimization strategy in which the element rotations along with
phases are jointly optimized using a dynamic differential evo-
lution (DDE) to produce a desired CoP shaped pattern under
the constraints on the SLL and cross-polarization level (XPL).
This method avoids the use of multiple unequal power dividers
and significantly simplifies the feeding network. However, the
method in [27] deals with only ideal rotated dipole antenna
arrays where analytical expressions are adopted for the rotated
element and array patterns. Hence, practical antenna arrays
with different structures and mutual coupling effects cannot
be handled by this method. Besides, since the formulation
and synthesis examples shown in [27] are only for linear
rotated dipole array cases, the effectiveness of the idea of joint
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rotation-phase optimization for more general arrays such as
planar arrays including mutual coupling is worthy of further
study.

In this paper, we further extend the idea of joint rotation-
phase optimization to synthesize vectorial shaped power pat-
terns for linear and planar antenna arrays with arbitrary
element structures. The active element pattern (AEP) is used
for each antenna element in an array environment to include
mutual coupling [28], [29], and rotating an element is approx-
imated as mathematically rotating the AEP of this element
by assuming that the mutual coupling from nearby elements
does not change the element pattern very much. The accuracy
of such an assumption would depend on the rotation angle
range for a given element structure and position distribution.
When the rotation angle gets smaller, the approximation
accuracy will be much higher. Hence, a successive refined
joint rotation-phase optimization strategy is proposed. That is,
once the optimized rotations and phases are obtained, one can
employ full-wave simulation to obtain the real AEPs for the
new array configuration, and thus the rotations and phases
can be further adjusted based on the updated rotated array
pattern approximation by using the new AEPs. To reduce the
discrepancy between the synthesized and real array patterns,
the allowable rotation range is set to be smaller and smaller
as the number of refining steps increases. Several examples
for synthesizing vectorial shaped patterns for different linear
and planar antenna arrays are conducted. The synthesis results
show that only few refining steps are required for the proposed
method to achieve satisfactory shaped array patterns.

II. FORMULATION AND ALGORITHM

This section presents the antenna array model used in the
evaluation of fitness function as well as the refined element
rotation/phase synthesis procedure based on particle swarm
optimization (PSO) optimization.

A. Vectorial pattern of a rotated antenna array

Consider an antenna array with N rotated elements located
in the xy-plane. As an illustration, Fig. 1(a) shows a 3×3
element-rotated planar patch array. This array can be regarded
as the one obtained by separately rotating each element of a
conventional array without element rotation shown in Fig.1(b)
in the xy-plane about the z′-axis of the local coordinate
system. Assume that the rotation angles are ξn for n =
1, 2, · · · , N . The vectorial array pattern can be given by

~FRot(θ, φ) =

N∑
n=1

~En(θ, φ; ξn)ej{β~rn·~u(θ,φ)+αn} (1)

where j =
√
−1, β = 2π/λ is the wavenumber in free

space, ~u(θ, φ) = sin θ cosφ~ex + sin θ sinφ~ey + cos θ~ez is
the propagation direction vector. ~rn and αn are the location
and excitation phase of the nth element, respectively. In the
above, ~En(θ, φ; ξn) = En,θ(θ, φ; ξn)~eθ + En,φ(θ, φ; ξn)~eφ is
the phase-adjusted AEP for the nth antenna with the rotation
angle of ξn (the coordinate origin is located at each element
[28], and ξn > 0 denotes an anticlockwise rotation). The AEP
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Fig. 1. Configuration of 3×3 planar arrays with (a) rotated elements, and (b)
without element rotation.

is defined as the pattern of an array when only one element is
excited and all the others are connected to matching loads. By
using the concept of AEP, the array pattern expression in (1)
can include the mutual coupling even for a complicated array
geometry with rotated antenna elements.

In the array environment, the AEPs vary among different
elements. For an element-rotated array, the AEP of an antenna
element depends not only on its own rotation angle but also
on the rotation angles of other elements especially in nearby
region. In general, the AEPs can be obtained by using full-
wave simulation or measurement. However, in the concerned
problem of synthesizing a shaped pattern by using joint
optimization of element rotations and phases, the element
rotations and phases are unknown variables. Hence, we do
not actually know their values. To deal with this issue, we
can make an assumption that when an element is rotated, the
mutual coupling variation between this element and nearby
elements does not change the AEP very much. Thus, the
pattern of a rotated element can be approximately obtained
by mathematically rotating the original AEP of this element
from its ’0’ rotation state. That is, the phase-adjusted AEP for
the nth rotated element can be approximated as

~En(θ, φ; ξn) ≈ En,θ(θ, φ−ξn; 0)~eθ+En,φ(θ, φ−ξn; 0)~eφ (2)

where En,θ(θ, φ; 0) and En,φ(θ, φ; 0) are the ~eθ- and ~eφ-
polarization components of the AEP for the nth element with
’0’ rotation state.

By substituting (2) into (1), we obtain that

FRot
θ (θ, φ) ≈

N∑
n=1

En,θ(θ, φ− ξn; 0)ej{β~rn·~u(θ,φ)+αn} (3)
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FRot
φ (θ, φ) ≈

N∑
n=1

En,φ(θ, φ− ξn; 0)ej{β~rn·~u(θ,φ)+αn}. (4)

In the above, the approximation accuracy depends on the
rotation angles of ξn for n = 1, 2, · · · , N , provided that the
element spacings and radiating structures are determined. Usu-
ally, increasing the rotation angle reduces the approximation
accuracy. Consequently, a fitness function that optimizes the
element rotations and phases based on the approximations in
(3) and (4) causes the real array pattern to deviate from the
synthesized pattern due to changes in mutual coupling. Such
pattern discrepancy depends heavily on the allowable range of
the rotation angle ξn. Naturally, a refining step can be done to
reduce the discrepancy. For instance, once the optimized ele-
ment rotations and phases using the approximated expressions
are obtained, one can employ full-wave simulation to obtain all
the real AEPs for the new configurations. Then the element
rotations can be further adjusted within a smaller range to
reduce the discrepancy between the synthesized and real array
patterns.

Clearly, such a refined joint rotation/phase optimization can
be performed multiple times until the discrepancy between the
synthesized and real array patterns becomes negligible or less
than a prescribed tolerance. Assume that the rotation angle for
the nth element is ξ(0)n at the initial rotation step and ξ(k)n at
the kth refining step (k = 1, 2, · · · ,K), and the element phase
for the nth element is α(0)

n at the initial rotation step and α(k)
n

at the kth refining step. Then, the approximated array pattern
at kth refining step is given by

F (k)
ν (θ, φ) ≈

N∑
n=1

En,ν(θ, φ−ξ(k)n ;

k−1∑
l=0

ξ(l)n )ej{β~rn·~u(θ,φ)+α
(k)
n }

(5)
where ν = [θ, φ], and F

(k)
ν denotes F

(k)
θ or F (k)

φ . In the
successive refining optimization process, the allowed range
of ξ(k)n can be set to be smaller and smaller as k increases.
When the allowed range of ξ(k)n becomes small enough, the
synthesized array pattern will agree well with the real one
including mutual coupling variation.

B. Vectorial shaped pattern synthesis using joint rota-
tion/phase optimization

In the problem of synthesizing a vectorial shaped pattern
using joint element rotation/phase optimization, the optimal
rotations and phases can be found such that the synthesized
pattern has the CoP component approaching to a desired main-
lobe shape as close as possible, while both of the maximum
SLL and XPL are constrained as well. However, one problem
is that a user-defined desired polarization denoted by ~pd is
usually a fixed direction depending on the application, but the
realizable CoP direction radiated by an actual antenna array is
always perpendicular to the propagation direction ~u(θ, φ) and
it varies with the changing of ~u(θ, φ). Thus, if we view the
realizable CoP in wide-angle space, it is usually different from
the fixed user-defined desired polarization. To facilitate the
formulation of the vectorial shaped pattern synthesis problem,
we adopt a definition of the realizable CoP which was given in

Fig. 2. Illustration of the definitions of CoP and XP directions.

[12]. The realizable CoP is defined as the projection of ~pd onto
the wavefront plane that is perpendicular to the propagation
direction ~u(θ, φ) [12]. As can be seen in Fig. 2, the CoP is
given by

~pco =
~pd − [~pd · ~u(θ, φ)]~u(θ, φ)

|~pd − [~pd · ~u(θ, φ)]~u(θ, φ)|
. (6)

Then the realizable XP direction ~pX should be perpendicular
to both ~pco and ~u(θ, φ). It is given by

~pX = ~pco × ~u(θ, φ). (7)

Note that the CoP and XP defined in the above can be regarded
as an extension of Ludwig’s polarization definition II to a more
general case of an arbitrarily desired ~pd [30]. When ~pd =
~ey , the above polarization definition reduces to the form of
Ludwig’s definition II [30].

With the help of the above two definitions, we can obtain
the approximated CoP and XP patterns if the elements of a
rotated antenna array are further rotated with angles of ξ(k)n

(n = 1, · · · , N ) at the kth step. The approximated CoP pattern
is given by

F (k)
co (θ, φ) ≈

N∑
n=1

En,co(θ, φ− ξ(k)n ;

k−1∑
l=0

ξ(l)n )ej{β~rn·~u(θ,φ)+αn}

(8)
where

En,co(θ, φ;
∑k−1
l=0 ξ

(l)
n ) = En,θ(θ, φ;

∑k−1
l=0 ξ

(l)
n )~eθ · ~pco

+En,φ(θ, φ;
∑k−1
l=0 ξ

(l)
n )~eφ · ~pco.

(9)
In the above, En,θ(θ, φ;

∑k−1
l=0 ξ

(l)
n ) and En,φ(θ, φ;

∑k−1
l=0 ξ

(l)
n )

are obtained using full-wave simulation of the antenna array
after the (k − 1)th refining step. Similarly, the approximated
XP pattern F (k)

co (θ, φ) can be obtained by replacing ~pco with
~pX in (8) and (9).

In order to achieve the desired shaped power pattern with
constrained SLL and XPL for an rotated antenna array, the
rotation angles ξ(k)n and excitation phases α(k)

n at each step
should be optimized with an appropriate fitness function. Here
the fitness function presented in [27] is extended to deal with
the current refined joint rotation/phase optimization problem.
Suppose that the desired CoP mainlobe is denoted by Pt(θ, φ)
and the desired SLL and XPL are denoted by ΓSLL and ΓXPL,
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respectively. Then the fitness function at the kth step is chosen
as

f = W1

B

B∑
b=1

{|F (k)
co (θb, φb)|2 − Pt(θb, φb)}2

+W2

C

C∑
c=1

1
2 (Xc + |Xc|)

2
+ W3

D

D∑
d=1

1
2 (Yd + |Yd|)

2

(10)
where{

Xc = |F (k)
co (θc, φc)|2 − ΓSLL; θc, φc ∈ SLL region

Yd = |F (k)
X (θd, φd)|2 − ΓXPL; θd, φd ∈ XPL region.

(11)
In the above, (θb, φb) for b = 1, 2, · · · , B are the sampling
angles in the shaped mainlobe region of the CoP pattern,
(θc, φc) for c = 1, 2, · · · , C are the sampling angles in the
sidelobe region, and (θd, φd) for d = 1, 2, ..., D are the
sampling angles in the region of interest where the XPL needs
to be controlled. W1, W2, and W3 are weighting factors. In
general, using a larger W1 will lead to better approximation
of the desired mainlobe shape, but large ratios of W1/W2

and W1/W3 may increase the SLL and XPL. Hence, these
parameters should be chosen appropriately such that a good
overall pattern performance can be achieved.

Minimization of the fitness function in (10) by optimizing
rotation angles and excitation phases is a highly non-linear
problem. In general, some stochastic optimization algorithms
capable of finding the globally optimum solution would be
applicable. In this work, a particle swarm optimization (PSO)
algorithm is adopted to deal with this optimization problem
[31], since it is relatively computationally inexpensive in terms
of both memory requirements and speed [32]-[35]. In the PSO
based optimization, Np particles are randomly generated in
the beginning and each particle represents one solution of
{(ξ(k)n , α

(k)
n ); |n = 1, 2, ..., N} . Then guided by the fitness

function (10), these particles will iteratively update their veloc-
ities and positions to search for better solution of the rotation
angles and phases. At last, if the fitness function remains
unchanged for multiple iterations or the allowed maximum
iteration number M is reached, the optimization procedure
will be terminated.

C. The refined joint rotation/phase optimization strategy

The overall process of the proposed refined joint rota-
tion/phase optimization method are listed in Algorithm 1.
At the kth step, the rotation range is set as ξ(k)n ∈ sk[1 +
δ(k)][−π/2, π/2] where the parameter s (0 < s < 1) is a scale
factor, and δ(k) is equal to 1 for k = 0 and 0 for others. In gen-
eral, selecting a larger s (e.g., close to 1) requires more refining
steps to reduce the discrepancy between the synthesized and
real array patterns including mutual coupling, which increases
the total time cost. On the other hand, selecting a smaller
s leads to faster convergence of the proposed procedure but
may affect the obtained performance of the array pattern. The
effect of using different values of s on the performance of the
proposed method will be provided in numerical result part.
Note that the time cost of this procedure mainly comes from
the full-wave simulation of the antenna array for obtaining the

Algorithm 1 The proposed refined joint rotation/phase opti-
mization algorithm for vectorial shaped pattern synthesis

1: Set the initial antenna array configurations including element
structure, element count and array geometry, and set the desired
mainlobe shape Pt(θb, φb), the desired maximum SLL ΓSLL and
XPL ΓXPL;

2: Set the parameters for PSO algorithm such as the population size
Np, the weighting factors W1, W2 and W3;

3: Find the active element pattern (AEP) for each element by using
full-wave simulation, or find approximated element patterns by
using either analytical solution or simulation with periodical
boundaries;

4: Set k = 0, and initialize s = 1/3;
5: Find the optimized element rotation angles ξ

(k)
n ∈ sk[1 +

δ(k)][−π/2, π/2] and phases α
(k)
n ∈ [0, 2π] for n =

1, 2, · · · , N by minimizing the fitness function (10) using PSO
algorithm in order to maximally match the synthesized shaped
array pattern and the desired one.

6: Update the element rotation angles ξ(k)n = ξ
(k)
n + ξ

(k−1)
n for

n = 1, 2, · · · , N .
7: Use full-wave simulation to obtain the real array pattern with the

obtained element rotations ξ(k)n and phases α(k)
n , and find all the

AEPs at current states of rotations from this simulation;
8: Check if the discrepancy between the synthesized and real array

patterns meet the prescribed tolerance in terms of some charac-
teristics such as the maximum SLL or mainlobe shape deviation.
If yes, exit the whole procedure; otherwise, set k = k + 1 and
repeat Step 5 to 8.

AEP of each element in each step. In the initial step, the AEP
can be approximately obtained by using analytical solution
or simulation with periodic boundaries, which can reduce the
time cost without affecting the final synthesis accuracy.

III. NUMERICAL RESULTS

A. Cosecant-squared pattern synthesis for a rotated dipole
array including mutual coupling

In the first example, we synthesize a cosecant-squared
pattern that was obtained in [21] by using a linear array with 29
nonuniform positions and phases, as shown in Fig. 3(a). This
pattern was also synthesized in [27] by optimizing the element
rotations and phases with the help of analytical expression of
an ideally rotated dipole array without considering the mutual
coupling effect. Now, we apply the proposed refined joint
rotation/phase optimization method to synthesize this pattern.
Suppose the user-desired polarization direction ~pd = ~ey .
According to (6) and (7), it can be known that on XOZ
plane, the direction of ~pco and ~pX coincide with ~eφ and ~eθ,
respectively. We choose the same cosecant-squared function
as that used in [21] for the desired mainlobe shape, and set
ΓSLL = ΓXPL = −22 dB for the desired SLL and XPL.
In the PSO algorithm, we set Np = 110 for the population
size and M = 2000 for the maximum number of iterations,
and choose W1 = 5 and W2 = W3 = 1 for the weighting
factors in the fitness function. At the initial step (k = 0),
the proposed method also adopts analytical element patterns
of rotated elements to find initial values of element rotations
and phases, and the obtained CoP and XP patterns are also
shown in Fig. 3(a). As can be seen, the obtained SLL of
the synthesized CoP pattern is much lower than that of [21].
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However, the pattern performance can change considerably if
mutual coupling is included in practice. To illustrate this, a
real rotated dipole array structure working at 3 GHz is built
in which each dipole having length of 48 mm and diameter of
1 mm is rotated and excited according to the synthesized result
in the initial step. The real array pattern is obtained by full-
wave simulation using High Frequency Structure Simulator
(HFSS) software [36], and it is also shown in Fig. 3(a) for
comparison. It is observed that the real array pattern including
mutual coupling deteriorates significantly in both sidelobe and
mainlobe regions. The SLL increases from −21.90 dB to
−14.73 dB.

To reduce the discrepancy between the synthesized pattern
and the real array pattern (obtained by HFSS full-wave sim-
ulation), the proposed method adopts several refining steps to
re-optimize the element rotations and phases, as described in
Algorithm 1. By setting the scale factor s = 1/3, the angle
range allowed for the element rotation becomes smaller and
smaller as the number of refining steps increases. For example,
the rotation angle range is ±π/6, ±π/18, and ±π/54 for
the 1th, 2nd and 3rd refining step. Fig. 3(b)-(d) show the
synthesized and real array patterns using the rotations and
phases obtained at three refining steps, respectively. As can be
seen, as the number of refining steps increases, the synthesized
pattern becomes more and more approaching to the real one.
At the 3rd step, they become almost the same. At the 3rd
step, the obtained SLL for the real array pattern is reduced
to −20.05 dB, and the XPL is −20.04 dB. Compared with
the result without the three refining steps, 5.32 dB reduction
of the SLL is achieved. Fig. 4(a) shows the element rotations
obtained at the initial step and the three refining steps, and Fig.
4(b) shows the excitation phases at these steps. Clearly, the
synthesized rotations and phases are varied significantly from
the initial step to the 1th refining step, while they change very
little from the 2nd to 3rd refining step as expected. Performing
a further refining step is unnecessary.

To study the effect of using different values of s on the
obtained pattern performance, we also test other cases of
s = 1/4 and s = 1/2 for the proposed method. Table I
lists the obtained SLL and XPL of the synthesized and real
patterns by the proposed method with s = [1/4, 1/3, 1/2] at
different refining steps. From Table I, we can see that the
proposed method with s = 1/4 obtains the highest final SLL
(−19.43 dB) and XPL (−19.95 dB). This is mainly because
that the available rotation range with s = 1/4 is not large
enough. When the parameter s increases, the obtained final
pattern performance becomes better, as shown in the cases of
s = 1/3 and s = 1/2. Compared with the case of s = 1/3,
using s = 1/2 can obtain slightly better pattern performance
in term of lower final SLL and XPL, but it requires four
refining steps which costs more computational time. In the
following examples, we still choose s = 1/3. With this choice,
the proposed method usually requires only three refining steps
while giving acceptable pattern performance. In this example,
the obtained element rotation angles and phases with s = 1/3
are listed in the left column of Table II.

In this example, on the average the proposed method takes
about 3.4 minutes for one time PSO-based optimization of 29
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Fig. 3. The synthesized cosecant-squared CoP patterns and XP patterns by
the proposed method at the initial step and three refining steps and the
corresponding real array patterns obtained by full-wave simulation for the
rotated dipole array. (a) shows the results at the initial step as well as the
pattern shown in Fig. 9 of [22] for comparison, and (b)-(d) show the results
at the 1th, 2nd and 3rd refining step, respectively.
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Fig. 4. The synthesized rotation angles and excitation phases by the proposed
method at the initial and three refining steps for the cosecant-squared pattern
case. (a) the rotation angles, and (b) the excitation phases.

element rotations and phases in each iteration, and it takes
about 53 minutes for one time HFSS full-wave simulation of
the obtained 29-element rotated dipole array. Thus, the total
time cost of the proposed method is about 3.8 hours. The test
is performed on an Dell Workstation with an Intel Xeon E5-
2697 CPU @2.30 GHz and 64 GB RAM.

B. Flat-top pattern synthesis for a rotated U-slot loaded
microstrip antenna array

In the second example, the proposed refined joint rota-
tion/phase optimization method is utilized to synthesize a
flat-top power pattern for a 24-element 0.55λ-spaced linear
array. To check the effectiveness of the proposed method for a
more complicated antenna structure, we design a U-slot loaded
microstrip antenna resonating at a center frequency of 10 GHz
as the array element (analysis and design procedure for this
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TABLE I THE MAXIMUM SLL AND XPL OF THE SYNTHESIZED AND REAL PATTERNS BY THE PROPOSED METHOD WITH DIFFERENT s AT DIFFERENT
REFINING STEPS FOR THE ROTATED DIPOLE ARRAY.

s = 1/4 s = 1/3 s = 1/2

kth
Syn. Results (dB) Sim. Results (dB) Syn. Results (dB) Sim. Results (dB) Syn. Results (dB) Sim. Results (dB)
SLL XPL SLL XPL SLL XPL SLL XPL SLL XPL SLL XPL

0 −21.90 −21.93 −14.73 −20.32 −21.90 −21.93 −14.73 −20.32 −21.90 −21.93 −14.73 −20.32
1 −20.62 −20.71 −19.39 −18.79 −20.91 −21.23 −18.07 −19.56 −21.34 −21.41 −18.31 −18.98
2 −19.73 −19.91 −19.70 −19.85 −20.65 −20.82 −20.04 −19.71 −21.01 −21.23 −19.13 −20.53
3 −19.61 −19.90 −19.43 −19.95 −20.42 −20.62 −20.05 −20.04 −20.72 −20.88 −20.26 −19.24
4 −20.68 −20.75 −20.41 −20.48

TABLE II THE OBTAINED FINAL ROTATION ANGLES AND EXCITATION
PHASES FOR THE COSECANT-SQUARED PATTERN IN EXAMPLE 1 AND THE
FLAT-TOP PATTERN IN EXAMPLE 2.

Cosecant-Squared Pattern Flat-top Pattern
n Rot. Angle (◦) Exc. Phase (◦) Rot. Angle (◦) Exc. Phase (◦)
1 −61.31 327.00 119.73 165.34

2 −10.31 274.54 −61.96 306.40

3 45.11 270.27 44.40 282.69

4 −55.01 226.00 −32.43 250.32

5 43.21 280.70 22.65 221.29

6 −52.33 188.97 −13.69 200.44

7 46.60 232.17 10.22 188.27

8 −38.41 122.29 −2.90 184.39

9 22.33 96.27 4.45 158.99

10 −7.92 62.31 0.10 136.94

11 3.54 78.03 1.71 106.78

12 −10.33 68.91 −0.25 98.89

13 −7.80 75.85 −0.31 96.88

14 0.79 83.53 −0.23 99.48

15 6.90 91.60 −0.98 111.80

16 −1.82 90.68 −1.91 142.52

17 −9.65 100.83 0.23 160.35

18 −4.14 104.54 −2.17 178.29

19 −4.30 101.48 0.26 193.03

20 12.75 135.02 2.79 207.40

21 9.59 141.98 −2.10 214.73

22 −15.36 137.50 0.11 281.43

23 34.12 146.54 4.91 233.75

24 −34.50 154.65 −179.58 158.09

25 27.10 172.70

26 −24.39 194.80

27 25.86 203.89

28 −5.06 237.17

29 −23.40 279.05

d1

d2

L1

L2

h

d3

εr 

d5

d4

Feed Point

d6

Fig. 5. Geometry of the U-slot loaded microstrip antenna element utilized in
the flat-top pattern synthesis example. The parameters are given as follows:
d1 = d6 = 0.55 mm, d2 = 1.85 mm, d3 = 6.60 mm, d4 = 4.40 mm,
d5 = 2.30 mm, h = 1.575 mm, L1 = 9.40 mm, L2 = 9.20 mm, and
εr = 2.2.

kind of antenna can be found in [37]). The geometry of the
antenna model with detailed parameters are shown in Fig. 5.
Assume the user-desired polarization direction is ~pd = ~ey .
Then for the flat-top shaped pattern synthesis in XOZ plane,
the CoP and XP are ~eφ and ~eθ, respectively. The flat-top
mainlobe region is chosen as |θ| ≤ 9◦ while the sidelobe
region is set as |θ| ≥ 13◦. Set ΓSLL = ΓXPL = −16
dB and Np = 60 in this example, and other parameters
including M , W1, W2 and W3 are the same as those in

TABLE III THE MAXIMUM SLL, XPL AND MAINLOBE RIPPLE OF THE
SYNTHESIZED AND REAL ARRAY PATTERNS AT THE INITIAL AND THREE
REFINING STEPS FOR THE ROTATED U-SLOT MICROSTRIP ANTENNA ARRAY.

kth
Synthesized Results (dB) Simulated Results (dB)

SLL XPL Ripple SLL XPL Ripple
0 −15.85 −15.97 ±0.45 −12.75 −13.11 ±0.73
1 −15.23 −15.57 ±0.55 −13.92 −15.23 ±0.44
2 −15.09 −15.14 ±0.44 −13.98 −13.92 ±0.45
3 −14.94 −14.74 ±0.65 −14.58 −14.57 ±0.58

the first example. At the initial step, the vectorial element
pattern is obtained by simulating the U-slot loaded microstrip
antenna with periodic boundaries, and the flat-top pattern is
then synthesized by finding appropriate rotation angles and
excitation phases without considering the variation of mutual
coupling. Clearly, the synthesized array pattern would be
different from the real one obtained by full-wave simulation
of the rotated array, as shown in Fig. 6(a). The synthesized
SLL, XPL and mainlobe ripple are −15.85 dB, −15.97 dB and
±0.45 dB, respectively, while for the real pattern, they increase
to −12.75 dB, −13.11 dB and ±0.73 dB, respectively. To
improve the real pattern performance, three refining steps
are conducted to successively refine the optimized rotations
and phases. Fig. 6(b)-(d) show the synthesized and real array
patterns at the three refining steps, respectively. As can be
seen, the synthesized pattern matches the real pattern better
and better as the number of refining steps increases. Table III
lists all the maximum SLL, XPL and mainlobe ripple for both
synthesized and real array patterns at different refining steps.
At the 3rd step, the obtained SLL and XPL for the real pattern
are −14.58 dB and −14.57 dB, which are very close to the
corresponding synthesized ones. Fig. 7(a) shows the element
rotations obtained at the initial step and three refining steps,
and Fig. 7(b) shows the excitation phases at these steps. The
obtained final element rotations and phases after three refining
steps can be found in the right column of Table II. As can be
seen, some edge elements of the obtained array have much
different rotation angles. These rotation angles would be very
hard to find without a systematic approach. In this example, it
takes about 2.2 minutes for one time PSO-based optimization
of 24 rotations and phases, and 3 hours for one time HFSS
full-wave simulation of the obtained 24-element rotated U-slot
loaded patch antenna array on the same computer as the first
example. Hence, the total time cost is about 12.1 hours for
this example.

In addition, we also apply phase-only optimization by using
PSO algorithm to synthesize the same desired pattern. In this
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Fig. 6. The synthesized flat-top CoP patterns and XP patterns by the proposed
method at the initial step and three refining steps and the corresponding real
array patterns obtained by full-wave simulation for the rotated U-slot loaded
microstrip antenna array. (a) shows the results at the initial step, and (b)-
(d) show the results at the 1th, 2nd and 3rd refining step, respectively. The
synthesized pattern by the phase-only optimization is also shown in (d).
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Fig. 7. The synthesized rotation angles and excitation phases by the proposed
method at the initial and three refining steps for the flat-top pattern case. (a)
the rotation angles, and (b) the excitation phases.

test, a linear array with 24 non-rotated U-slot loaded microstrip
antenna elements (the element is the same as that of the rotated
array) is built, and the active element patterns are obtained by
using full-wave simulation. The obtained pattern by phase-
only optimization is shown in Fig. 6(d) as well. As can be
seen, compared with the final pattern obtained by the proposed
method, the synthesized pattern by the phase-only optimization
has almost the same mainlobe shape but with a much higher
SLL of −12.77 dB. This further validates the advantage of the
proposed method.

C. Circular flat-top pattern synthesis for a planar array with
rotated cavity-backed patch antennas

In the last example, we check the effectiveness of the
proposed refined joint rotation/phase optimization method for
synthesizing a shaped power pattern for a planar array. In [9],
a circular flat-top pattern was synthesized by optimizing both
amplitudes and phases of a 11× 11 λ/2-spaced array without
considering mutual coupling. This pattern has a circular flat-

TABLE IV THE MAXIMUM SLL, XPL AND MAINLOBE RIPPLE OF THE
SYNTHESIZED AND REAL ARRAY PATTERNS AT THE INITIAL AND THREE
REFINING STEPS FOR THE PLANAR ARRAY WITH ROTATED CAVITY-BACKED
PATCH ANTENNAS.

kth
Synthesized Results (dB) Simulated Results (dB)

SLL XPL Ripple SLL XPL Ripple
0 −10.62 −10.83 ±1.14 −7.57 −8.25 ±1.60
1 −10.77 −10.63 ±1.09 −9.25 −9.88 ±1.19
2 −10.30 −10.20 ±1.14 −9.83 −10.39 ±1.17
3 −10.32 −10.32 ±1.17 −10.32 −10.18 ±1.23

top mainlobe in the region of {θ ≤ 15◦ and φ ∈ (0◦, 360◦)}
and the maximum SLL is less than −10 dB in the region
of {θ ≥ 20◦ and φ ∈ (0◦, 360◦)}, as shown in Fig. 4 (a)
of [9]. For the proposed method, the same size of a planar
array is used and a cavity-backed patch antenna presented in
[38] is adopted as the array element. Suppose the user-desired
polarization direction is still ~pd = ~ey . Unlike the linear array
pattern synthesis cases, ~eφ and ~eθ are no longer CoP and
XP directions in the planar array case. The realizable CoP
and XP directions will always change with the propagation
direction (θ, ϕ) according to (6) and (7). In this example, we
take the same circular flat-top function as the desired mainlobe
shape. Set ΓSLL = ΓXPL = −11 dB and Np = 400. Other
parameters including M , W1, W2 and W3 are still used as
the same as those in the first example. Table IV lists the
obtained maximum SLL, XPL and mainlobe ripple for both
synthesized and real array patterns at the initial and three
refining steps. The obtained SLL and XPL for the real pattern
decrease as the refining procedure is performed. At the 3rd
refining step, the obtained real SLL, XPL and the mainlobe
ripple are −10.32 dB, −10.18 dB and ±1.23 dB, respectively.
Fig. 8(a)-(d) show the top views of CoP and XP components
of the synthesized and real array patterns (obtained by using
full-wave simulation) at the 3rd step. As can be seen, the final
synthesized and real patterns agree well with each other in
both CoP and XP components. For more clear observation,
the φ-cut patterns of real CoP and XP patterns are depicted
in Fig. 8(e) and (f). Compared with the result in Fig. 4(a) of
[9], the current obtained pattern including mutual coupling has
better sidelobe performance. Fig. 9 shows the obtained array
arrangement with optimized element rotations. This array does
not apply amplitude weighting so that many of unequal power
dividers are not required any more. In this example, it takes
about 4.1 hours for one time PSO-based optimization, and 7.8
hours for one time HFSS full-wave simulation of the obtained
121-element cavity-backed antenna planar array. The total time
cost is about 47.6 hours for this example.

IV. MEASUREMENT RESULTS

A prototype of the 24-element rotated U-slot antenna array
in example 2 is fabricated on a three-layered substrate as
shown in Fig. 10. The experimental array consists of the ro-
tated U-slot antennas, the RF ground and the feeding network.
The feeding network is designed as a multi-stage equal power
dividers followed by phase-shifter lines which provides the
required excitation phases. 24 metal via holes which insulated
from the RF ground are made to connect the feeding lines



8

(a) (b)
.

(c) (d)

−1 −0.5 0 0.5 1
−25

−20

−15

−10

−5

0

sinθ

N
or

m
al

iz
ed

 P
at

te
rn

 (
dB

)

(e)

−1 −0.5 0 0.5 1
−25

−20

−15

−10

−5

0

sinθ

N
or

m
al

iz
ed

 P
at

te
rn

 (
dB

)

(f)
Fig. 8. The synthesized circular flat-top CoP and XP patterns by the proposed
method and the corresponding real array patterns obtained by full-wave
simulation. (a) and (b) show the synthesized CoP and XP patterns; (c) and
(d) show the real CoP and XP patterns; (e) and (f) show different φ-cuts of
the real CoP and XP patterns.

 

Fig. 9. The obtained element-rotated planar array by the proposed method in
the circular flat-top pattern synthesis example.

and the antennas. The upper and lower layers of dielectric
have the same relative permittivity εr = 2.2 but with different
dimensions. The dimension of the upper layer dielectric is 429
mm × 131 mm with thickness of 1.575 mm, and dimension of
the lower layer dielectric is 429 mm × 58 mm with thickness
of 0.508 mm. Since the dielectric layer is so thin and long, a
hard plastic plate is stuck together with the lower dielectric to
keep the whole structure flat.

This antenna array prototype is measured using a far-field

Fig. 10. The fabricated 24-element rotated U-slot microstrip antenna array
with a feeding network and a supportive plastic plate, as well as the photo of
this array under the test.
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Fig. 11. The measured CoP and XP patterns as well as the full-wave simulation
results for the 24-element rotated U-slot antenna array integrated with the
feeding network.

measurement system in a microwave anechoic chamber located
at Haiyun Campus, Xiamen University. The measured CoP
and XP patterns along with the HFSS simulated patterns
are drawn together in Fig. 11. Note that different from the
simulated patterns in Fig. 6(d) (fed by 24 individual coaxial
ports in HFSS model), the real patterns depicted in Fig. 11
is obtained by simulating the element-rotated array fed by
the designed feeding network. Hence, there is a little bit
deviation between the real patterns in Fig. 6(d) and that in
Fig. 11. As can be seen in Fig. 11, the mainlobe ripple
of the measured CoP pattern is ±0.84 dB which is slightly
higher than the simulated ripple of ±0.67 dB. The measured
SLL and XPL are −13.33 dB and −12.67 dB, respectively,
which are 1.27 dB and 1.11 dB higher than those of the
simulated patterns, respectively. Although there exists a small
performance degradation probably due to some fabrication
errors and non-ideal measurement environment, the measured
CoP and XP patterns in general agree well with the full-wave
simulation results.

V. CONCLUSION

A refined joint element rotation/phase optimization strategy
has been presented to synthesize vectorial shaped power
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patterns for linear and planar antenna arrays with arbitrary
element structures including mutual coupling. This strategy
is a significant extension of the original joint rotation/phase
optimization technique used only for synthesizing linear array
with ideally rotated dipoles where an analytical dipole pattern
expression is used and mutual coupling effect for practical
antenna arrays cannot be considered. For a more general
antenna array, the key problem of synthesizing vectorial
shaped power pattern by using joint element rotation/phase
optimization is that we do not know the pattern expression for
an element-rotated array with rotation angles to be optimized.
The proposed refined optimization strategy provides a very
useful solution. Three synthesis examples have been provided,
including synthesizing a 29-element rotated coupled dipole
array with cosecant-squared pattern, a 24-element rotated U-
slot loaded microstrip antenna array with flat-top pattern, a
planar rotated cavity-backed patch antenna array with circu-
lar flap-top pattern. Synthesis results show that the refined
rotation/phase optimization strategy is indeed effective and
robust for obtaining vectorial shaped patterns for different
antenna arrays. The synthesized array patterns can produce
the desired CoP mainlobe shapes while maintaining reasonable
SLL and XPL control. Measured results from an experimental
24-element rotated U-slot microstrip antenna array agree well
with the simulated results.

Finally, it is noted the proposed strategy does not require the
nonuniform amplitude weighting used in conventional shaped
pattern synthesis methods, thus avoiding the use of many
unequal power dividers. It provides a novel shaped pattern
synthesis technique for linear and planar arrays.
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