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Abstract 

Drive-by bridge inspection using acceleration responses of a passing vehicle has great potential for 

bridge structural health monitoring. It is, however, known that the road surface roughness is a big 

challenge for the practical application of this indirect approach. This paper presented a new two-step 

method for the bridge damage identification from only the dynamic responses of a passing vehicle 

without the road surface roughness information. A state-space equation of the vehicle model is 

derived based on Newmark-β method. In the first step, the road surface roughness is estimated from 

the dynamic responses of a passing vehicle using the dual Kalman filter (DKF). In the second step, 

the bridge damage is identified based on the interaction force sensitivity analysis with Tikhonov 

regularization. A vehicle-bridge interaction model with a wireless monitoring system has been built 

in the laboratory. Experimental investigation has been carried out for the interaction force and bridge 

surface roughness identification. Results show that the proposed method is effective and reliable to 

identify the interaction force and bridge surface roughness. Numerical simulations have also been 

conducted to study the effectiveness of the proposed method for bridge damage detection. The vehicle 

is modelled as a 4-degrees-of-freedom half-car and the bridge is modelled as a simply-supported 

beam. The local bridge damage is simulated as an elemental flexural stiffness reduction. Effects of 

measurement noise, surface roughness and vehicle speed on the identification are discussed. The 

results show that the proposed drive-by inspection strategy is efficient and accurate for a quick review 

on the bridge conditions.  

Keywords: drive-by inspection, interaction force sensitivity, Newmark-β method, dual Kalman 
filter, bridge damage detection 

 

1. Introduction 

The vehicle-bridge interaction (VBI) is crucial to passenger comfort, vehicle safety and decision 

making on the bridge design and maintenance. Extensive studies have been conducted on the dynamic 
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coupling between a bridge and a passing vehicle [1-6]. They have been further extended covering the 

application to bridge structural health monitoring [7, 8] in recent years. The vehicle responses 

measured when moving on top of the bridge deck contain dynamic information of the bridge structure. 

The bridge condition can be predicted from the dynamic response of the passing vehicle. 

Indirect bridge health monitoring, also known as the drive-by bridge inspection, was first proposed 

by Yang et al. [9] to extract the bridge modal frequencies from vehicle responses.  The drive-by bridge 

inspection uses an instrumented moving vehicle to extract the bridge modal parameters and possibly 

conduct bridge damage detection without instrumentation on the structure. Bu et al. [10] used the 

acceleration time histories of a passing vehicle to identify the bridge damage by a sensitivity-based 

model updating method. The road surface roughness was assumed known, and the flexural stiffness 

reduction of the bridge deck was identified with good accuracy. The operating displacement of the 

bridge deck was extracted using a moving device with the bridge curvature serving as the damage 

index and structural damage can be detected via pre-filtering based on wavelet decomposition [11]. 

Kong et al. [12] proposed a damage detection method based on the dynamic response transmissibility 

of a moving vehicle in the VBI system. Two sensors were used to record the dynamic responses of 

the vehicles when the bridge was subjected to traffic excitation. Damage indicators based on the 

transmissibility from both the bridge and vehicle responses were also determined and compared. Li 

and Au [13] presented a multistage damage detection method based on the modal strain energy and 

the genetic algorithm. Yang and Yang [14] provided a state-of-the-art review on indirect modal 

identification and damage detection of the bridge deck with moving test vehicles. More recently, Zhu 

et al. [15] proposed an approach to identify local bridge anomalies with an instrumented vehicle as a 

moving sensory system. Interaction forces were obtained from the measured axle and vehicle body 

accelerations. The interaction forces were found more sensitive to the local damages than acceleration 

responses from the vehicle. Zhang et al. [16] used the contact-point response of a moving test vehicle 

for bridge damage detection. All the above studies, the road surface roughness is known or ignored. 

The vehicle and bridge systems are coupled at the contact points. It is a typical moving load problem 

and extensive research has been conducted on the moving force identification techniques to quantify 

the interaction via measurements from the bridge [17-19]. O’Brien et al. [20] identified the interaction 

forces from vehicle dynamic responses. The proposed identification algorithm involves formulation 

of the state space equations of motion of vehicle based on dynamic programming technique, Tikhonov 

regularisation and the L-curve method. However, the smoothing of the solution by regularization does 

not yield accurate results on some of the force components. Kalman filter based methods are popular 

for the joint input-state estimation [21-23]. Lei et al. [24] proposed an algorithm based on sequential 

application of an extended Kalman estimator and least-squares estimation for the identification of 
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state vector of structure and unknown external excitations. Adaptive constrained unscented Kalman 

filtering (UKF) was proposed for nonlinear system identification in civil engineering [25, 26]. Erazo 

et al. [27] proposed a Kalman filtering based framework for structural damage assessment under 

changing environmental conditions. The approach decoupled physical changes caused by structural 

damage and varying environmental conditions. Aucejo [28] discussed the advantages and limitations 

of the Kalman-type filtering for solving joint input-state estimation problems with special focus on 

the applicability of the Augmented Kalman Filter (AKF). A dual Kalman filter (DKF) approach was 

proposed for estimating the unknown input and states of a linear state-space model by using sparse 

noisy acceleration measurements [29]. The DKF outperformed the AKF in terms of the quality of the 

displacement estimates. Liu et al. [30] proposed a state-space model established from the explicit form 

of Newmark-β method which is unconditional stable with properly selected parameters. The 

algorithm had better performance in force identification compared to conventional state space method 

with zeroth-order-hold (ZOH) sampling technique [24, 29]. The bridge surface roughness is a critical 

factor but it is usually unknown in indirect bridge health monitoring. It is also flexible and convenient 

if non-specialized testing vehicle with less instrumentation can be used to carry out the inspection.  

This study adopts the approach in [30] to derive the state-space model of the structure for solving 

using the DKF and a new two-step approach is proposed to identify the bridge road surface roughness 

and damage simultaneously from the dynamic response of a passing vehicle. The interaction forces 

obtained are used for the bridge surface roughness identification and bridge damage detection with a 

force sensitivity analysis and Tikhonov regularization. The proposed strategy can identify the 

interaction forces and bridge surface roughness with two vehicle axle responses instead of complete 

measurements at all degrees-of-freedom (DOFs) of the vehicle. Bridge damage detection can then be 

conducted with the identified interaction force and surface roughness.  

The rest of the paper is outlined as follows. The vehicle-bridge interaction model is introduced first. 

The state space representation of the vehicle model by Newmark-β method is derived followed by 

the introduction of the DKF to solve the state space model. The bridge damage detection with the 

force sensitivity analysis is then introduced. Numerical and experimental investigations are then 

carried out for the force identification and bridge deck surface roughness estimation. Study on the 

bridge damage detection will follow with conclusions drawn for the study. 

 

2. Vehicle-bridge interaction model 

The half-car model of vehicle shown in Figure 1 consists of 4 DOFs. It moves over a simply-supported 

bridge with road surface roughness at a constant speed 𝑣𝑣.  
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2.1 Equation of motion of the bridge  

The supporting bridge is discretised into N Euler-Bernoulli beam finite elements. The elemental mass 

and stiffness matrices are obtained using Hermitian cubic interpolation shape functions. The equation 

of motion of the bridge structure can be written as:  

     𝐌𝐌𝑏𝑏𝐝̈𝐝𝑏𝑏 + 𝐂𝐂𝑏𝑏𝐝̇𝐝𝑏𝑏 + 𝐊𝐊𝑏𝑏𝐝𝐝𝑏𝑏 = 𝐇𝐇𝑐𝑐𝐏𝐏𝑖𝑖𝑖𝑖𝑖𝑖                                       (1) 

where 𝐌𝐌𝑏𝑏, 𝐂𝐂𝑏𝑏, 𝐊𝐊𝑏𝑏
 are the mass, damping and stiffness matrices of the bridge, respectively; Rayleigh 

damping is assumed with Cb=α1Mb+α2Kb and α1 and α2 are constants of proportionality. 𝐏𝐏𝑖𝑖𝑖𝑖𝑖𝑖 =

{𝑃𝑃1(𝑡𝑡),𝑃𝑃2(𝑡𝑡)}𝑇𝑇  is the vehicle-bridge interaction force vector. 𝐝𝐝𝑏𝑏 , 𝐝̇𝐝𝑏𝑏 , 𝐝̈𝐝𝑏𝑏 are the vectors of 

displacement, velocity and acceleration responses of the bridge respectively. 𝐇𝐇𝑐𝑐𝐏𝐏𝑖𝑖𝑖𝑖𝑖𝑖 is the equivalent 

nodal load vector from the bridge-vehicle interaction force with 

𝐇𝐇𝑐𝑐 = �0 … 0 …𝑯𝑯1 … 0
0 …𝑯𝑯2 … 0 … 0�

𝑇𝑇
∈ 𝑅𝑅𝑁𝑁𝑁𝑁×2                                           (2) 

where 𝐇𝐇𝑐𝑐is a matrix with null entries at the DOFs corresponding to the nodes of the beam elements 

on which the loads are acting. NN is the total number of DOFs of the bridge structure after considering 

the boundary conditions. The components of vector 𝐻𝐻𝑖𝑖  (𝑖𝑖 = 1,2) evaluated for the ith interactive 

force on the jth finite element can be written in global coordinates as: 

𝑯𝑯𝑖𝑖 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧ 1 − 3 �𝑥𝑥�𝑖𝑖(𝑡𝑡)−(𝑗𝑗−1)𝑙𝑙

𝑙𝑙
�
2

+ 2 �𝑥𝑥�𝑖𝑖(𝑡𝑡)−(𝑗𝑗−1)𝑙𝑙
𝑙𝑙

�
3

(𝑥𝑥�𝑖𝑖(𝑡𝑡) − (𝑗𝑗 − 1)𝑙𝑙) �𝑥𝑥�𝑖𝑖(𝑡𝑡)−(𝑗𝑗−1)𝑙𝑙
𝑙𝑙

− 1�
2

3 �𝑥𝑥�𝑖𝑖(𝑡𝑡)−(𝑗𝑗−1)𝑙𝑙
𝑙𝑙

�
2
− 2 �𝑥𝑥�𝑖𝑖(𝑡𝑡)−(𝑗𝑗−1)𝑙𝑙

𝑙𝑙
�
3

(𝑥𝑥�𝑖𝑖(𝑡𝑡) − (𝑗𝑗 − 1)𝑙𝑙)��𝑥𝑥�𝑖𝑖(𝑡𝑡)−(𝑗𝑗−1)𝑙𝑙
𝑙𝑙

�
2
− �𝑥𝑥�𝑖𝑖(𝑡𝑡)−(𝑗𝑗−1)𝑙𝑙

𝑙𝑙
��
⎭
⎪
⎪
⎬

⎪
⎪
⎫
𝑇𝑇

                   (3) 

with (𝑗𝑗 − 1)𝑙𝑙 ≤ 𝑥𝑥�𝑖𝑖(𝑡𝑡) ≤ 𝑗𝑗𝑗𝑗 and 𝑙𝑙 is the length of finite element. 

 

2.2 Equation of motion for the vehicle model 

The equation of motion of the vehicle can be written as follows  

�𝐌𝐌𝑣𝑣1 0
0 𝐌𝐌𝑣𝑣2

� 𝐗̈𝐗𝑣𝑣 + �𝐂𝐂𝑣𝑣11 𝐂𝐂𝑣𝑣12
𝐂𝐂𝑣𝑣21 𝐂𝐂𝑣𝑣22

� 𝐗̇𝐗𝑣𝑣 + �𝐊𝐊𝑣𝑣11 𝐊𝐊𝑣𝑣12
𝐊𝐊𝑣𝑣21 𝐊𝐊𝑣𝑣22

� 𝐗𝐗𝑣𝑣 = −� 0
𝐏𝐏𝑖𝑖𝑖𝑖𝑖𝑖

� + � 0
𝐌𝐌𝑠𝑠

�               (4) 

where 𝐗𝐗𝑣𝑣 = {𝑦𝑦𝑣𝑣,𝜃𝜃𝑣𝑣 ,𝑦𝑦1,𝑦𝑦2 }𝑇𝑇 is the response vector of the vehicle. 𝐌𝐌𝑣𝑣1, 𝐌𝐌𝑣𝑣2, 𝐂𝐂𝑣𝑣11, 𝐂𝐂𝑣𝑣12, 𝐂𝐂𝑣𝑣21, 𝐂𝐂𝑣𝑣22, 

𝐊𝐊𝑣𝑣11 , 𝐊𝐊𝑣𝑣12 , 𝐊𝐊𝑣𝑣21 , 𝐊𝐊𝑣𝑣22  are the mass, damping and stiffness sub-matrices of the vehicle model 

respectively. 𝐌𝐌𝑠𝑠 = {𝑀𝑀𝑠𝑠1,𝑀𝑀𝑠𝑠2}𝑇𝑇 is the static load vector of the vehicle.  
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Combining Eqs. (1) and (4), the equation of motion of the coupled vehicle-bridge system can be 

written as: 

𝐌𝐌𝑔𝑔𝐮̈𝐮 + 𝐂𝐂𝑔𝑔𝐮̇𝐮 + 𝐊𝐊𝑔𝑔𝐮𝐮 = 𝐏𝐏𝒈𝒈                                           (5) 

where 𝐮𝐮 is the response vector of coupled system. 𝐌𝐌𝑔𝑔, 𝐂𝐂𝑔𝑔 and 𝐊𝐊𝑔𝑔 are the combined system mass, 

damping and stiffness matrices respectively, 𝐏𝐏𝒈𝒈 is the force vector. The matrices in Eqs. (4) and (5)  

are given in Appendix I. When the vehicle and bridge parameters and the surface roughness are 

known, the dynamic responses of the system can be calculated at each time step using Newmark-β 

method. 

 

2.3 Road surface roughness 

The road surface roughness in time domain can be simulated from [31] 

𝑟𝑟(𝑥𝑥) = ∑ �4𝑆𝑆𝑑𝑑(𝑓𝑓𝑖𝑖)∆𝑓𝑓
𝑁𝑁𝑓𝑓
𝑖𝑖=1 cos (2𝜋𝜋𝑓𝑓𝑖𝑖𝑥𝑥 + 𝜃𝜃𝑖𝑖)                                (6) 

where 𝑆𝑆𝑑𝑑(𝑓𝑓) is the displacement power spectral density of the road surface roughness, 𝑓𝑓𝑖𝑖 = 𝑖𝑖∆𝑓𝑓 is 

the spatial frequency(cycles/m), ∆𝑓𝑓 = 1
𝑁𝑁𝑓𝑓∆

 , ∆ is the distance interval between successive ordinates 

of the surface profile, 𝑁𝑁𝑓𝑓  is the number of data points, and 𝜃𝜃𝑖𝑖 is a set of independent random phase 

angle uniformly distributed between 0 and 2𝜋𝜋. Class A, B and C road surface roughness from ISO 

(8606) [32] are used in the simulation.  

 

3. Estimation of the state vector and unknown input forces of the vehicle by DKF 

The DKF is used to identify the vehicle state vector and the interaction forces between the vehicle 

and bridge. Analytical recursive solutions are derived in this section with the Newmark-β method 

from the equation of motion of the vehicle system. When the interaction forces between the vehicle 

and bridge are identified from the vehicle acceleration responses, the displacement responses of the 

bridge at the contact points can be calculated by introducing the interaction forces as input to the 

bridge system (Eq. (1)). With the contact point responses and vehicle responses, the roughness can 

be calculated from the interaction forces. The power spectrum density (PSD) of the calculated bridge 

surface roughness can be obtained. 

 

3.1 State space model of the vehicle 
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In order to simplify, the subscript “v” is removed, and 𝐱𝐱 ,  𝐱̇𝐱  and 𝐱̈𝐱  are respectively the vehicle 

displacement, velocity and acceleration responses. Eq. (4) can be rewritten as 

𝐌𝐌𝒗𝒗𝐱̈𝐱(t) + 𝐂𝐂𝒗𝒗𝐱̇𝐱(t) + 𝐊𝐊𝒗𝒗𝐱𝐱(t) = 𝐋𝐋𝐋𝐋(t)                                            (7) 

where 𝐋𝐋 = [0 0; 0 0; 1 0; 0 1] is the influence matrix associated with the unknown excitation vector 

𝐏𝐏(t) = 𝐌𝐌𝑠𝑠 − 𝐏𝐏𝑖𝑖𝑖𝑖𝑖𝑖  on the vehicle system. 𝐌𝐌𝒗𝒗 = �𝐌𝐌𝑣𝑣1 0
0 𝐌𝐌𝑣𝑣2

� , 𝐂𝐂𝒗𝒗 = �𝐂𝐂𝑣𝑣11 𝐂𝐂𝑣𝑣12
𝐂𝐂𝑣𝑣21 𝐂𝐂𝑣𝑣22

� , 𝐊𝐊𝒗𝒗 =

�𝐊𝐊𝑣𝑣11 𝐊𝐊𝑣𝑣12
𝐊𝐊𝑣𝑣21 𝐊𝐊𝑣𝑣22

�.  𝐏𝐏(t) is the dynamic force vector acting at the contact points between the vehicle and 

bridge deck.  

The explicit Newmark-β method [30] is based on an assumed variation of acceleration between two 

time instants as 

  𝐱̈𝐱 = (1 − 𝛾𝛾)𝐱̈𝐱𝑖𝑖 + 𝛾𝛾𝐱̈𝐱𝑖𝑖+1        (0 ≤ 𝛾𝛾 ≤ 1)                                 (8) 

                                             𝐱̈𝐱 = (1 − 2𝛽𝛽)𝐱̈𝐱𝑖𝑖 + 2𝛽𝛽𝐱̈𝐱𝑖𝑖+1       (0 ≤ 𝛽𝛽 ≤ 0.5)                          (9) 

Integrating the acceleration between 𝑡𝑡𝑖𝑖 and 𝑡𝑡𝑖𝑖+1, the displacement and velocity at 𝑡𝑡𝑖𝑖+1 can be 

obtained as 

     𝐱̇𝐱𝑖𝑖+1 = 𝐱̇𝐱𝑖𝑖 + ∆𝑡𝑡𝐱̈𝐱                                                                          (10) 

                                                  𝐱𝐱𝑖𝑖+1 = 𝐱𝐱𝑖𝑖 + ∆𝑡𝑡𝐱̇𝐱𝑖𝑖 + 1
2
∆𝑡𝑡2𝐱̈𝐱                                                          (11) 

The iterative form of the explicit Newmark-β method is obtained as [28] 

�
𝐱𝐱𝑖𝑖+1
𝐱̇𝐱𝑖𝑖+1
𝐱̈𝐱𝑖𝑖+1

� = �
𝐀𝐀0
𝐁𝐁0
𝐂𝐂0
� 𝐋𝐋𝐏𝐏𝑖𝑖+1 + �

𝐀𝐀𝑑𝑑 𝐀𝐀𝑣𝑣 𝐀𝐀𝑎𝑎
𝐁𝐁𝑑𝑑 𝐁𝐁𝑣𝑣 𝐁𝐁𝑎𝑎
𝐂𝐂𝑑𝑑 𝐂𝐂𝑣𝑣 𝐂𝐂𝑎𝑎

� �
𝐱𝐱𝑖𝑖
𝐱̇𝐱𝑖𝑖
𝐱̈𝐱𝑖𝑖
�                      (12) 

where 𝐀𝐀0 = (𝐊𝐊 + 1
𝛽𝛽∆𝑡𝑡2

𝐌𝐌 + 𝛾𝛾
𝛽𝛽∆𝑡𝑡

𝐂𝐂)−1, 𝐀𝐀𝑑𝑑 = 𝐀𝐀0( 1
𝛽𝛽∆𝑡𝑡2

𝐌𝐌 + 𝛾𝛾
𝛽𝛽∆𝑡𝑡

𝐂𝐂), 𝐀𝐀𝑣𝑣 = 𝐀𝐀0 �
1
𝛽𝛽∆𝑡𝑡

𝐌𝐌 + (𝛾𝛾
𝛽𝛽
− 1)𝐂𝐂�,     

𝐀𝐀𝑎𝑎 = 𝐀𝐀0 �(
1
2𝛽𝛽
− 1)𝐌𝐌 + ∆𝑡𝑡

2
(𝛾𝛾
𝛽𝛽
− 2)𝐂𝐂�, 𝐂𝐂0 = 1

𝛽𝛽∆𝑡𝑡2
𝐀𝐀0, 𝐂𝐂𝑑𝑑 = −1

𝛽𝛽∆𝑡𝑡2
𝐀𝐀0𝐊𝐊, 𝐂𝐂𝑣𝑣 = −1

𝛽𝛽∆𝑡𝑡2
𝐀𝐀0(𝐂𝐂 + ∆𝑡𝑡𝐊𝐊),  

𝐂𝐂𝑎𝑎 = 1
𝛽𝛽∆𝑡𝑡2

𝐀𝐀0 �(𝛾𝛾 − 1)∆𝑡𝑡𝐂𝐂 − 𝛽𝛽∆𝑡𝑡2( 1
2𝛽𝛽
− 1)𝐊𝐊�, 𝐁𝐁0 = 𝛾𝛾

𝛽𝛽∆𝑡𝑡
𝐀𝐀0 , 𝐁𝐁𝑑𝑑 = −𝛾𝛾

𝛽𝛽∆𝑡𝑡
𝐀𝐀0𝐊𝐊, 

𝐁𝐁𝑣𝑣 = 𝛾𝛾
𝛽𝛽∆𝑡𝑡

𝐀𝐀0 ��
𝛽𝛽∆𝑡𝑡
𝛾𝛾
− ∆𝑡𝑡�𝐊𝐊 + 1

𝛾𝛾∆𝑡𝑡
𝐌𝐌� , 𝐁𝐁𝑎𝑎 = −𝛾𝛾

𝛽𝛽∆𝑡𝑡
𝐀𝐀0 ��

𝛽𝛽∆𝑡𝑡2

𝛾𝛾
− ∆𝑡𝑡2

2
�𝐊𝐊 + (1

𝛾𝛾
− 1)𝐌𝐌�. 

 

For a state vector  𝐗𝐗𝑖𝑖 = [𝐱𝐱𝑖𝑖𝑇𝑇 𝐱̇𝐱𝑖𝑖𝑇𝑇 𝐱̈𝐱𝑖𝑖𝑇𝑇]𝑇𝑇, Eq. (12) can be rewritten in matrix form as 

𝐗𝐗𝑖𝑖+1 = 𝐀𝐀𝐗𝐗𝑖𝑖 + 𝐁𝐁𝐏𝐏𝑖𝑖+1                                    (13) 
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where 

𝐀𝐀 = �
𝐀𝐀𝑑𝑑 𝐀𝐀𝑣𝑣 𝐀𝐀𝑎𝑎
𝐁𝐁𝑑𝑑 𝐁𝐁𝑣𝑣 𝐁𝐁𝑎𝑎
𝐂𝐂𝑑𝑑 𝐂𝐂𝑣𝑣 𝐂𝐂𝑎𝑎

�,     𝐁𝐁 = �
𝐀𝐀0
𝐁𝐁0
𝐂𝐂0
� 𝐋𝐋. 

 

3.1.1 The output equation 

Vector 𝒚𝒚 ∈ 𝑅𝑅𝑛𝑛𝑛𝑛×1  represents the output of the structural system and it can be assembled from 

measurements with 

𝐲𝐲 = 𝐑𝐑𝑎𝑎𝐱̈𝐱 + 𝐑𝐑𝑣𝑣𝐱̇𝐱 + 𝐑𝐑𝑏𝑏𝐱𝐱                                         (14) 

where 𝐑𝐑𝑎𝑎 , 𝐑𝐑𝑣𝑣  and 𝐑𝐑𝑏𝑏 ∈ 𝑅𝑅𝑛𝑛𝑛𝑛×𝑁𝑁𝑁𝑁  are the output influence matrices for the measured acceleration, 

velocity and displacement, respectively, 𝑛𝑛𝑛𝑛 is the dimension of the measured responses and 𝑁𝑁𝑁𝑁 is 

the number of DOFs of the structure.  

Letting 𝐑𝐑 = [𝐑𝐑𝑑𝑑  𝐑𝐑𝑣𝑣 𝐑𝐑𝑎𝑎], Eq.(14) can be rewritten into the following discrete form as 

𝐲𝐲𝑖𝑖 = 𝐑𝐑𝐗𝐗𝑖𝑖                                                           (15) 

 

3.1.2 State-space model 

The state space representation of the vehicle-bridge dynamic system can be obtained from Eqs. (13) 

and (15) as 

�𝐗𝐗𝑖𝑖+1 = 𝐀𝐀𝐗𝐗𝑖𝑖 + 𝐁𝐁𝐏𝐏𝑖𝑖+1 + 𝒗𝒗𝒊𝒊𝒙𝒙                                        (16a)
𝐲𝐲𝑖𝑖 = 𝐑𝐑𝐗𝐗𝑖𝑖 + 𝒘𝒘𝑖𝑖                                                              (16b)                                           

where 𝒗𝒗𝒊𝒊𝒙𝒙 and 𝒘𝒘𝑖𝑖 are the process noise and the measurement noise vectors respectively representing 

uncertainties in the modelling and the measurement processes respectively. The noise vectors 𝒗𝒗𝒊𝒊𝒙𝒙 and 

𝒘𝒘𝑖𝑖 are assumed Gaussian white with covariance  𝑸𝑸𝒙𝒙 and 𝑸𝑸𝒚𝒚 respectively. 

The state space formulation in Eq. (16) is not in standard form, as the information of input vector at 

time 𝑖𝑖 + 1 is required in the state equation. A reduced state 𝐗𝐗�𝑖𝑖 = 𝐗𝐗𝑖𝑖 − 𝐁𝐁𝐏𝐏𝑖𝑖 can be further formulated 

by transforming Eq. (16) as 

�
𝐗𝐗�𝑖𝑖+1 = 𝐀𝐀𝐗𝐗�𝑖𝑖 + 𝐀𝐀𝐀𝐀𝐏𝐏𝑖𝑖 + 𝒗𝒗𝒊𝒊𝒙𝒙                                             (17a)
𝐲𝐲𝑖𝑖 = 𝐑𝐑𝐗𝐗�𝑖𝑖 + 𝐑𝐑𝐑𝐑𝐏𝐏𝑖𝑖 + 𝒘𝒘𝑖𝑖                                                  (17b)
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3.2 Dual Kalman Filter 

Joint input-state estimation is conducted in this section. A random walk model is introduced to 

represent the state equation for the input 𝐏𝐏𝑖𝑖 as 

𝐏𝐏𝑖𝑖+1 = 𝐏𝐏𝑖𝑖 + 𝒗𝒗𝒊𝒊
𝒑𝒑                                                   (18) 

where 𝒗𝒗𝒊𝒊
𝒑𝒑 is a zero mean Gaussian white process with covariance matrix 𝑸𝑸𝒑𝒑 that is determined by Eq. 

(20). Combining Eqs. (17b) and (18) gives a new state-space equation for the input as   

�
𝐏𝐏𝑖𝑖+1 = 𝐏𝐏𝑖𝑖 + 𝒗𝒗𝒊𝒊

𝒑𝒑                                                              (19a)
𝐲𝐲𝑖𝑖 = 𝐑𝐑𝐑𝐑𝐏𝐏𝑖𝑖 + 𝐑𝐑𝐗𝐗�𝑖𝑖 + 𝒘𝒘𝑖𝑖                                                (19b)

 

where the observation is 𝐲𝐲𝑖𝑖, and the new state is 𝐏𝐏𝑖𝑖. A sequential implementation of the Kalman Filter 

described in Eqs. (17) and (19) can give the state 𝐗𝐗𝑖𝑖 and input force 𝐏𝐏𝑖𝑖. This procedure was named as 

Dual Kalman filter (DKF) [29] with the following general description.  

1. Initialization of the state and input force at t0 

Estimation of the initial state 𝐗𝐗�0 and input force value 𝐏𝐏�0 and their corresponding covariance 

matrices 𝐆𝐆𝟎𝟎𝒙𝒙 and 𝐆𝐆𝟎𝟎
𝒑𝒑 

2. For each time instant t𝑖𝑖 (𝑖𝑖 = 1, … ,𝑁𝑁𝑡𝑡) 

2.1 Prediction stage for the input 

Evolution of the input and prediction of covariance input with 

𝐏𝐏𝑖𝑖− = 𝐏𝐏𝑖𝑖−1;            𝐆𝐆𝒊𝒊
𝒑𝒑− = 𝐆𝐆𝒊𝒊−𝟏𝟏

𝒑𝒑 + 𝑸𝑸𝒑𝒑 

2.2 Update stage for the input 

Kalman gain for input with 

𝐊𝐊𝒊𝒊
𝒑𝒑 = 𝐆𝐆𝒊𝒊

𝒑𝒑−𝐉𝐉𝑻𝑻�𝐉𝐉𝐆𝐆𝒊𝒊
𝒑𝒑−𝐉𝐉𝑻𝑻 + 𝑸𝑸𝒚𝒚�

−1
      

where 𝐉𝐉 = 𝐑𝐑𝐑𝐑 

Improved predictions of input with 

𝐏𝐏�𝒊𝒊 = 𝐏𝐏𝑖𝑖− + 𝐊𝐊𝒊𝒊
𝒑𝒑(𝐲𝐲𝑖𝑖 − 𝐉𝐉𝐏𝐏𝑖𝑖 − 𝐑𝐑𝐗𝐗�𝑖𝑖−1);        𝐆𝐆𝒊𝒊

𝒑𝒑 = 𝐆𝐆𝒊𝒊
𝒑𝒑− − 𝐊𝐊𝒊𝒊

𝒑𝒑𝐉𝐉𝐆𝐆𝒊𝒊
𝒑𝒑− 

2.3 Prediction stage for the state: 

Evolution of state and prediction of covariance of state with 

𝐗𝐗�𝒊𝒊− = 𝐀𝐀𝐗𝐗�𝑖𝑖−1 + 𝐀𝐀𝐀𝐀𝐏𝐏�𝒊𝒊;      𝐆𝐆𝒊𝒊𝒙𝒙− = 𝐀𝐀𝐆𝐆𝒊𝒊−𝟏𝟏𝒙𝒙 𝐀𝐀 +𝑸𝑸𝒙𝒙 

2.4 Update stage for the state  

 Kalman gain for state -  

𝐊𝐊𝒊𝒊
𝒙𝒙 = 𝐆𝐆𝒊𝒊𝒙𝒙−𝐑𝐑𝑻𝑻(𝐑𝐑𝐆𝐆𝒊𝒊𝒙𝒙−𝐑𝐑𝑻𝑻 + 𝑸𝑸𝒚𝒚)−1 

Improved predictions of state - 
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𝐗𝐗�𝑖𝑖 = 𝐗𝐗�𝒊𝒊− + 𝐊𝐊𝒊𝒊
𝒙𝒙(𝐲𝐲𝑖𝑖 − 𝐑𝐑𝐗𝐗�𝒊𝒊− − 𝐉𝐉𝐏𝐏�𝒊𝒊);        𝐆𝐆𝒊𝒊𝒙𝒙 = 𝐆𝐆𝒊𝒊𝒙𝒙− − 𝐊𝐊𝒊𝒊

𝒙𝒙𝐑𝐑𝐆𝐆𝒊𝒊𝒙𝒙− 

 

It is worth noting that the procedure needs a priori information on the expected value and covariance 

of the state and input at time 𝑡𝑡0. The value of the process noise 𝑸𝑸𝒑𝒑 in Eq. (18) must be properly chosen 

so that an accurate estimate of the unobserved state and the unknown input could be estimated. The 

process noise covariance matrices 𝑸𝑸𝒙𝒙 and 𝑸𝑸𝒑𝒑 represent the suitability of the formulated model of the 

system. The observation noise covariance 𝑸𝑸𝒚𝒚 represents the accuracy of the acquired measurements.  

The vehicle model is assumed accurate and the process noise for the vehicle state is set to a small 

value of  𝑸𝑸𝒙𝒙 = 10−20 × 𝐈𝐈 where 𝐈𝐈 is an identity matrix with dimension equals to 4 corresponding to 

the number of DOFs of the vehicle system. The initial values of the covariance of the state are taken 

the same as for the process noise. Since the vehicle system is assumed at rest at the beginning of 

simulation, the expected values for the initial conditions are all assumed null. 

The expected value and covariance of the input force are also needed. 𝑸𝑸𝒑𝒑 is a tuning parameter to 

smooth the variation of the time history of the input. Its value significantly affects the quality of the 

estimated solutions [29] and it is determined as described below.  

The current state update is directly related to the innovation 𝐈𝐈𝒏𝒏𝒏𝒏𝒏𝒏𝒊𝒊 = 𝐲𝐲𝑖𝑖 − 𝐑𝐑𝐗𝐗�𝒊𝒊− − 𝐉𝐉𝐏𝐏�𝒊𝒊 from the Kalman 

filtering algorithm presented above. The innovation can be seen either as the prediction error of the 

state given the measurements or as a measure of the information brought by the new measurement. 

The optimal value 𝑸𝑸�𝒑𝒑 can be determined by minimising the innovation norm as [28, 29],  

𝑸𝑸�𝒑𝒑 = argmin ∑ �𝐲𝐲𝑖𝑖 − 𝐑𝐑𝐗𝐗�𝒊𝒊− − 𝐉𝐉𝐏𝐏�𝒊𝒊�2
2𝑁𝑁𝑡𝑡

𝑖𝑖=1 𝑁𝑁𝑡𝑡�     
𝑸𝑸𝒑𝒑                                                        

                               (20) 

where 𝑁𝑁𝑡𝑡 is the number of time steps. 

 

4. Damage identification via the interaction forces 

The damage index 𝛼𝛼𝑠𝑠
𝑗𝑗 is defined as a fractional change in the jth elemental flexural stiffness of the 

bridge deck, and the damaged parameter is defined as 

(𝐸𝐸𝐸𝐸)𝑑𝑑
𝑗𝑗 = (𝐸𝐸𝐸𝐸)0

𝑗𝑗�1 − 𝛼𝛼𝑠𝑠
𝑗𝑗�            (0 ≤ 𝛼𝛼𝑠𝑠

𝑗𝑗 ≤ 1, 𝑗𝑗 = 1,2, …𝑚𝑚)           (21) 

where (𝐸𝐸𝐸𝐸)0
𝑗𝑗  is the parameter of the jth element when the bridge is intact.  

Taking the first derivative of Eq. (5) with respect to the damage index 𝛼𝛼𝑠𝑠
𝑗𝑗 of the bridge to have 
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𝑀𝑀𝑔𝑔𝑺̈𝑺 + 𝐶𝐶𝑔𝑔𝑺̇𝑺 + 𝐾𝐾𝑔𝑔𝑺𝑺 = 𝑷𝑷�                                                                (22) 

where 𝑺̈𝑺 = [ 𝜕𝜕𝐝̈𝐝𝑏𝑏
𝜕𝜕�𝛼𝛼𝑠𝑠

𝑗𝑗�
;  𝜕𝜕𝐱̈𝐱𝑣𝑣
𝜕𝜕�𝛼𝛼𝑠𝑠

𝑗𝑗�
], 𝑺̇𝑺 = [ 𝜕𝜕𝐝̇𝐝𝑏𝑏

𝜕𝜕�𝛼𝛼𝑠𝑠
𝑗𝑗�

;  𝜕𝜕𝐱̇𝐱𝑣𝑣
𝜕𝜕�𝛼𝛼𝑠𝑠

𝑗𝑗�
], 𝑺𝑺 = [ 𝜕𝜕𝐝𝐝𝑏𝑏

𝜕𝜕�𝛼𝛼𝑠𝑠
𝑗𝑗�

;  𝜕𝜕𝐱𝐱𝑣𝑣
𝜕𝜕�𝛼𝛼𝑠𝑠

𝑗𝑗�
] are the response sensitivity matrices 

with respect to the damage index 𝛼𝛼𝑠𝑠
𝑗𝑗; 𝑷𝑷� = �

−𝜕𝜕𝐾𝐾𝑏𝑏
𝜕𝜕�𝛼𝛼𝑠𝑠

𝑗𝑗�
𝐝𝐝𝑏𝑏 − 𝛼𝛼2

−𝜕𝜕𝐾𝐾𝑏𝑏
𝜕𝜕�𝛼𝛼𝑠𝑠

𝑗𝑗�
𝐝̇𝐝𝑏𝑏

𝟎𝟎
�. They can be obtained by solving 

Eq.(22) using Newmark integration method.            

The sensitivity of the interaction forces 𝑺𝑺𝑓𝑓 can be derived from Eq. (7) as the first partial derivative 

with respect to the stiffness parameters as  

𝑺𝑺𝑓𝑓 = 𝜕𝜕𝐏𝐏
𝜕𝜕(𝛼𝛼𝑠𝑠

𝑗𝑗)
= (𝐋𝐋𝑇𝑇𝐋𝐋)−1𝐋𝐋𝑇𝑇 �𝐌𝐌𝑣𝑣

𝜕𝜕𝐱̈𝐱𝑣𝑣
𝜕𝜕(𝛼𝛼𝑠𝑠

𝑗𝑗)
+ 𝐂𝐂𝑣𝑣

𝜕𝜕𝐱̇𝐱𝑣𝑣
𝜕𝜕(𝛼𝛼𝑠𝑠

𝑗𝑗)
+ 𝐊𝐊𝑣𝑣

𝜕𝜕𝐱𝐱𝑣𝑣
𝜕𝜕(𝛼𝛼𝑠𝑠

𝑗𝑗)
�                              (23) 

Zero initial values for the vector of damage index are assumed as 𝜽𝜽0 = {𝛼𝛼𝑠𝑠1,𝛼𝛼𝑠𝑠2, … ,𝛼𝛼𝑠𝑠𝑚𝑚}𝑇𝑇 = 𝟎𝟎.  The 

difference between the measured and the analytical interaction forces then becomes 

∆𝐏𝐏𝑟𝑟 = 𝐏𝐏𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚 − 𝐏𝐏𝑟𝑟      (𝑟𝑟 = 0,1,2, … )                                       (24) 

where subscript r denotes the value at the rth iteration and 𝐏𝐏𝑟𝑟 is the rth iterative analytical interaction 

forces. Quantities with subscript r=0 refer to the set of initial values. 𝐏𝐏𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚  is the identified interaction 

forces in the first step. The vector of flexural stiffness change, ∆𝜽𝜽𝑟𝑟, can be solved from the following 

sensitivity equation as: 

𝑺𝑺𝑓𝑓,𝑟𝑟∆𝜽𝜽𝑟𝑟 = ∆𝐏𝐏𝑟𝑟      (𝑟𝑟 = 0,1,2, … )                                          (25) 

The updated damage index vector 𝜽𝜽𝑟𝑟+1 = 𝜽𝜽𝑟𝑟 + ∆𝜽𝜽𝑟𝑟 is calculated in the next iteration followed by 

the calculation on the interaction forces and sensitivity. The above process is repeated until the 

identified damage index increment in the successive iteration is smaller than a predefined tolerance 

level.  

 ‖∆𝜽𝜽𝑟𝑟‖ < 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡                                                          (26) 

where ‖∙‖ is the norm of the matrix. 

The set of damage index increments ∆𝜽𝜽𝑟𝑟  obtained from Eq. (25) using a straight forward least-

squares method would be unbound. Tikhonov regularization is used for optimizing the following 

objective function as 

J(∆𝜽𝜽𝑟𝑟 ,𝝀𝝀𝒑𝒑𝒓𝒓) = �𝑺𝑺𝑑𝑑,𝑟𝑟∆𝜽𝜽𝑟𝑟 − ∆𝐏𝐏𝑟𝑟�
𝟐𝟐

+ 𝝀𝝀𝒑𝒑𝒓𝒓‖∆𝜽𝜽𝑟𝑟‖                                  (27) 

The optimal value of regularization parameter 𝝀𝝀𝒑𝒑𝒓𝒓  is determined using L-curve method [33]. A flow 

chart that shows the proposed two-stage drive-by bridge damage detection method is given in Figure 
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2. In the practice, the bridge condition is unknown. The bridge road surface roughness and damage 

can be identified simultaneously through an iterative procedure. The bridge damage is identified using 

the predicted road surface roughness with the intact bridge model and then the identified bridge model 

can be used to update the road surface roughness. The procedure can be repeated until both the 

changes of bridge damage road surface roughness reach the given tolerances.  

 

5. Studies on interaction force identification and surface roughness estimation 

5.1  Numerical example  

Properties of the target bridge model studied are: 𝐿𝐿 = 30𝑚𝑚, 𝜌𝜌𝜌𝜌 = 6.0 × 103 𝑘𝑘𝑘𝑘 𝑚𝑚⁄ , 𝐸𝐸𝐸𝐸 = 2.5 ×

1010𝑁𝑁𝑚𝑚2. The coefficients for Rayleigh damping are  𝛼𝛼1 = 0.343 and 𝛼𝛼2 = 0.001. Parameters of 

the vehicle are:𝑚𝑚𝑣𝑣 = 17735𝑘𝑘g, 𝐼𝐼𝑣𝑣 = 1.47 × 105𝑘𝑘g𝑚𝑚2, 𝑆𝑆 = 4.2𝑚𝑚,𝑎𝑎1 = 0.519,𝑎𝑎2 = 0.481,𝑚𝑚1 =

1500𝑘𝑘g,𝑘𝑘𝑠𝑠1 = 2.47 × 106𝑁𝑁/𝑚𝑚,𝑘𝑘𝑡𝑡1 = 3.74 × 106𝑁𝑁/𝑚𝑚, 𝑐𝑐𝑠𝑠1 = 3.00 × 104𝑁𝑁/𝑚𝑚/𝑠𝑠, 𝑐𝑐𝑡𝑡1 = 0.00𝑁𝑁/

𝑚𝑚/𝑠𝑠,𝑚𝑚2 = 1000𝑘𝑘g,𝑘𝑘𝑠𝑠2 = 4.23 × 106𝑁𝑁/𝑚𝑚,𝑘𝑘𝑡𝑡2 = 4.60 × 106𝑁𝑁/𝑚𝑚, 𝑐𝑐𝑠𝑠2 = 4.00 × 104𝑁𝑁/𝑚𝑚/

𝑠𝑠,  𝑐𝑐𝑡𝑡2 = 0.00𝑁𝑁/𝑚𝑚/𝑠𝑠 . The bridge deck is represented by ten finite elements and acceleration 

responses of the moving vehicle axles are calculated as the measured signals with sampling frequency 

of 1000 Hz. All these parameters will be adopted for the following studies unless otherwise stated. 

5.1.1 Force identification and surface roughness estimation  

Figure 3 shows the vehicle axle responses when it is moving at 20 m/s on top of the bridge deck with 

Class B surface roughness. The proposed method is applied for the identification of the axle 

interaction forces. Eq. (2) is used to determine the value of  𝑸𝑸𝒑𝒑 . Figure 4 shows the innovation norm 

obtained using the acceleration time histories of the vehicle axles as listed in Eq. (20). The optimal 

value of 𝑸𝑸𝒑𝒑 = 5 × 1023 is chosen which corresponds to the minimum mean error norm.   

A relative percentage error (RPE) is used to evaluate the identified results as 

𝑅𝑅𝑅𝑅𝑅𝑅 = ‖𝑷𝑷𝑒𝑒𝑒𝑒𝑒𝑒−𝑷𝑷𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡‖
‖𝑷𝑷𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡‖

× 100%                                                     (28) 

where 𝑷𝑷𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎 𝑷𝑷𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  are the estimated and the true time series respectively; ‖∙‖ is the norm of 

vector. Figures 5(a) and 5(b) show the identified interaction forces and the road surface roughness, 

respectively. They are noted matching the true curves well. It could be concluded that the proposed 

strategy is able to identify the interaction forces and bridge surface roughness with high accuracy 

when there is no measurement noise.  

The effect of measurement noise is studied next. White noise is added to the calculated acceleration 

responses to simulate the polluted measurement as,  
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𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐 + 𝐸𝐸𝑝𝑝 ∗ 𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 ∗ 𝜎𝜎(𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐)              (29) 

where 𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐 is the calculated acceleration response; 𝐸𝐸𝑝𝑝is the noise level; 𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 is a standard normal 

distribution vector with zero mean and unit variance; and 𝜎𝜎(𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐) is the standard deviation of the 

calculated acceleration response. 2%, 5% and 10% random noise are added to the responses 

separately when the vehicle moves over a Class B surface roughness at a speed of 20m/s. Figure 6(a) 

presents the identified interaction forces for the case with 5% measurement noise. Figures 6(b) and 

6(c) show the identified bridge surface roughness and its PSD respectively. The RPE for the identified 

results are given in Table 1. The identified surface roughness is noted deviating from the true values. 

The PSDs of the identified road profile in Figure 6(c) shows that the discrepancies mainly exist at 

high frequency. The measurement noise is noted to have large effect on the identification results. It 

could be concluded that when the level of measurement noise is low, i.e. not larger than 5%, the 

identified results are acceptable.  

 

5.1.2 Effect of moving speed and sampling frequency 

The effects of vehicle moving speed at 10m/s and 30m/s on deck with Class B road surface roughness 

are studied. Measurement noise of 5% is considered. Sampling frequency fs = 1000Hz and 5000Hz 

are used. The RPE for the identified results are tabulated in Table 2. Figure 7 shows the identified 

interaction forces and bridge surface roughness when fs = 1000Hz for different vehicle speeds. Results 

from both Table 2 and Figure 7(b) show that a high moving speed will reduce the deviation of the 

identified surface roughness with improved accuracy. As shown in Figure 7(a), the interaction forces 

can be identified accurately for all vehicle speeds. The identified road roughness has a large 

accumulation error with the long duration due to the low vehicle speed. Figure 8 shows the identified 

results with different sampling frequencies, 1000Hz and 5000Hz. Figure 8(a) shows that a high 

sampling frequency will reduce the RPE in the force identification. An inspection of Figure 8(a) also 

shows that the identified force values at the peaks and valleys using a higher sampling frequency are 

more accurate than those by using a lower one. As Shown in Figure 8(b), the identified errors for the 

road roughness are also reduced with the high sampling rate. The above results demonstrates that a 

high vehicle speed would be beneficial for a quick pavement surface inspection to reduce the traffic 

interruption.    

 

5.2 Experimental investigation  
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A vehicle-bridge interaction model was built in the laboratory. The bridge model shown in Figure 

9(a) consists of three rectangular steel beams with width and depth of 100mm and 15mm, respectively. 

The main beam in the middle is a two equal span continuous simply-supported bridge model with a 

span length of 3m. A leading and trailing beam are placed before and after the main beam to allow 

for acceleration and deceleration of the vehicle and the length of these beams is 3m. An U-shaped 

aluminium section is glued along the centre of the upper surface of the beam as a direction guide for 

the vehicle. A model vehicle is pulled along the guide with an electric motor. The two-axle vehicle 

model was fabricated as shown in Figure 9(b).  The wheel of the vehicle model is made of plastic 

rubber with very light mass and very large stiffness. The masses m1, m2  for the front and rear axles 

are very small and ignored in this study. Eq. (7) can be simplified as a 2-DOF system and the right 

hand side of the equation will be the dynamic interaction force between the vehicle and bridge. The 

stiffness and damping of the tyres Kt, Ct are not needed. The spring is used as the suspension system 

in the vehicle model, and its damping 𝐶𝐶𝑠𝑠 is not considered in this study. The mass and rotational 

inertia of the vehicle body were  𝑚𝑚𝑣𝑣 = 4.9𝑘𝑘𝑘𝑘 and 𝐼𝐼𝑣𝑣 = 0.06𝑘𝑘g𝑚𝑚2 respectively. The stiffness of the 

vehicle suspension system were  𝑘𝑘𝑠𝑠1 = 𝑘𝑘𝑠𝑠2 = 1.3 × 105𝑁𝑁/𝑚𝑚. These parameters were determined by 

modal testing of the vehicle.  

A wireless sensory system was also setup for the test with devices manufactured by Beanair Gmbh. 

The BeanDevice AX-3D wireless accelerometer sensors were used to measure the dynamic responses 

of the vehicle. The sensor was installed on the front and rear axles of the vehicle as shown in Figure 

9(b). Laser sensors were installed to record the time instants when the vehicle arrives at and exits 

from the main beam. These time instants were used to calculate the moving speed of the vehicle. The 

sample frequency for the measurement was 500Hz. 

Plastic strip with three kinds of thickness were attached to the surface of the beam to simulate bumps 

on the road as shown in Figure 10. The thickness and locations of the strips installed were summarized 

in Table 3. The ‘1/8’ in Table 3 denotes the location of the strip at 1/8 length of the first main span 

from its left support.  

Figure 11 shows the measured responses of the vehicle when it is passing over the main beam with a 

speed 0.35m/s. The proposed method is used to identify the interaction force from the vehicle 

responses with 𝑸𝑸𝒑𝒑 = 1 × 1020. The identified dynamic interaction forces are compared with that are 

calculated directly using the measured acceleration responses and integration technique and the 

results are shown in Figure 12(a). The two sets of forces match each other quite well. The spectra of 

the identified force in Figure 12(b) has two dominant peaks at 29.4 and 36.7 Hz corresponding to the 

two modal frequencies of the vehicle model.  The apparent profile is defined as the profile of 

displacement at the contact point between the tire and the bridge surface [34] and it is calculated using 
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the interaction forces and the identified displacement at the top of the two axles. A band pass filter 

with cut-off frequencies at 1.0 to 100.0 Hz is used to process the apparent profile to estimate the beam 

surface unevenness. The identified unevenness from two vehicle axles are shown in Figure 13. The 

locations of the installed plastic strips were all identified and the identified values are presented in 

Table 3. The identified results from the front and rear axles are very consistent and the values from 

the front axle are generally larger than those from the rear axle. 

 

6. Studies on structural damage detection 

The same vehicle-bridge interaction system for numerical studies in Section 5 is considered, and local 

damages are introduced into the finite elements of the bridge model. Two damage cases are studied 

with (a) single damage scenario - 20% damage is introduced in Element 2, i.e. 𝛼𝛼𝑠𝑠2 = 0.20; and (b) 

multiple damage case - Elements 4 and 8 are assumed to have damage with 𝛼𝛼𝑠𝑠4 = 0.15,𝛼𝛼𝑠𝑠8 = 0.20. 

The algorithm described in Section 4 is adopted for the damage identification with the tolerance in 

Eq. (26) equal to 5×10-4 in the numerical example.  

 

6.1.1 Damage detection with a smooth bridge surface  

Five percent measurement noise is added into the calculated vehicle responses. The cases with three 

different vehicle moving speeds, i.e. 10, 20 and 30m/s, are studied. As shown in Figure 14, the 

identified results show that the damage location are identified correctly for all vehicle speeds. The 

identified damage extents are very close to the true values. However, a lower vehicle speed is noted 

to give better identification results when the bridge surface is smooth.  

To further study the effect of measurement noise on the identification, another example is studied 

with 10% measurement noise and 20m/s moving speed. The identified results are compared with those 

for 5% measurement noise, as shown in Figure 15. The damage location and extent are noted 

accurately identified. It may therefore concluded that when the bridge surface is smooth, the proposed 

method can be used for drive-by bridge damage detection with a high vehicle speed using noisy 

vehicle axle responses. 

 

6.1.2 Damage detection when the bridge surface roughness is known 

The proposed method is used for the damage detection with the identified forces. Section 5.1.2 has 

shown the measurement noise effect is significant to the identified results, and therefore a higher 
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sampling rate of 5000Hz is used. The Classes A and B bridge surface roughness are adopted. 5% 

measurement noise and a moving speed of 20m/s are considered. The identified results are shown in 

Figure 16. When the bridge surface roughness is known, the interaction forces obtained from the 

vehicle axle responses with the proposed method can yield damage location and extent with 

acceptable accuracy. Some elements are, however, falsely identified with small stiffness variation 

which is due to the effect of measurement noise. The proposed method can provide reliable 

information on potential damage conditions of the structure when the bridge surface roughness is 

known.   

 

6.1.3 Damage detection using the identified bridge surface roughness 

When both the interaction forces and vehicle displacements are identified from the vehicle axle 

responses, the surface roughness can be calculated from the known vehicle-bridge system. The 

moving speed 30m/s and the sampling frequency 5000 Hz are adopted. The damage detection results 

considering different measurement noise levels are shown in Figure 17. When the measurement noise 

is 2%, the identified damage location and extent are acceptable. For a higher noise level of 5%, a few 

false detection are noted with the designated damaged elements identified with much higher 

possibility of damage. When the noise level reaches 10%, the identified damage information are not 

reliable for the single damage case. The measurement noise is noted to have large effect on the surface 

roughness estimation leading to an inaccurate damage identification. The advanced signal pre-

processing is needed to reduce the measurement noise when the proposed method is applied in the 

practice. The results show that the bridge damage could be identified with the predicted road surface 

roughness using the intact bridge model. In practice, the bridge condition is unknown. The bridge 

road surface roughness and damage could be identified simultaneously using the iterative procedure 

with the proposed two-step approach. 

 

7. Conclusions 

Vehicle-bridge interaction force identification and bridge damage detection using vehicle responses 

are two techniques with great potential of application. Both require only instrumentation on the 

moving vehicle. A state space model of the vehicle based on Newmark-beta formulation is derived 

in this paper. Dual Kalman filter is used to identify the interaction forces between the vehicle and 

bridge with only the vehicle axle responses. The bridge surface roughness can be calculated using the 

interaction forces and bridge parameters. A method is proposed to estimate the forces and road surface 

roughness with measurement noise in the responses simultaneously through the iterative procedure. 
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The interaction forces obtained can then be used for bridge damage detection based on the interaction 

force sensitivity analysis. Numerical examples show that the damage index of the bridge deck can be 

identified from the interaction forces effectively when the measurement noise is less than 5%. 

Experimental investigation is also conducted to verify the feasibility of the proposed method for 

interaction force and bridge surface roughness estimation. Further experimental study is required to 

reduce the effect of measurement noise on the damage identification for practical application. 
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Appendix I 

𝐌𝐌𝑣𝑣1 = �𝑚𝑚𝑣𝑣 0
0 𝐼𝐼𝑣𝑣

�, 𝐌𝐌𝑣𝑣2 = �𝑚𝑚1 0
0 𝑚𝑚2

�, 𝐂𝐂𝑣𝑣11 = �
𝐶𝐶𝑠𝑠1 + 𝐶𝐶𝑠𝑠2 (−𝐶𝐶𝑠𝑠1𝑎𝑎1 + 𝐶𝐶𝑠𝑠2𝑎𝑎2)𝑆𝑆

(−𝐶𝐶𝑠𝑠1𝑎𝑎1 + 𝐶𝐶𝑠𝑠2𝑎𝑎2)𝑆𝑆 (𝐶𝐶𝑠𝑠1𝑎𝑎12 + 𝐶𝐶𝑠𝑠2𝑎𝑎22)𝑆𝑆2 �, 

𝐂𝐂𝑣𝑣12 = � −𝐶𝐶𝑠𝑠1 −𝐶𝐶𝑠𝑠2
𝐶𝐶𝑠𝑠1𝑎𝑎1𝑆𝑆 −𝐶𝐶𝑠𝑠2𝑎𝑎2𝑆𝑆

�,  𝐂𝐂𝑣𝑣21 = �−𝐶𝐶𝑠𝑠1 𝐶𝐶𝑠𝑠1𝑎𝑎1𝑆𝑆
−𝐶𝐶𝑠𝑠2 −𝐶𝐶𝑠𝑠2𝑎𝑎2𝑆𝑆

�,  𝐂𝐂𝑣𝑣22 = �𝐶𝐶𝑠𝑠1 0
0 𝐶𝐶𝑠𝑠2

�,                        

𝐊𝐊𝑣𝑣11 = �
𝐾𝐾𝑠𝑠1 + 𝐾𝐾𝑠𝑠2 (−𝐾𝐾𝑠𝑠1𝑎𝑎1 + 𝐾𝐾𝑠𝑠2𝑎𝑎2)𝑆𝑆

(−𝐾𝐾𝑠𝑠1𝑎𝑎1 + 𝐾𝐾𝑠𝑠2𝑎𝑎2)𝑆𝑆 (𝐾𝐾𝑠𝑠1𝑎𝑎12 + 𝐾𝐾𝑠𝑠2𝑎𝑎22)𝑆𝑆2 �,  𝐊𝐊𝑣𝑣12 = � −𝐾𝐾𝑠𝑠1 −𝐾𝐾𝑠𝑠2
𝐾𝐾𝑠𝑠1𝑎𝑎1𝑆𝑆 −𝐾𝐾𝑠𝑠2𝑎𝑎2𝑆𝑆

�,      

 𝐊𝐊𝑣𝑣21 = �−𝐾𝐾𝑠𝑠1 𝐾𝐾𝑠𝑠1𝑎𝑎1𝑆𝑆
−𝐾𝐾𝑠𝑠2 −𝐾𝐾𝑠𝑠2𝑎𝑎2𝑆𝑆

�,  𝐊𝐊𝑣𝑣22 = �𝐾𝐾𝑠𝑠1 0
0 𝐾𝐾𝑠𝑠2

�. 

𝑃𝑃𝑖𝑖(𝑡𝑡) = 𝐾𝐾𝑡𝑡𝑡𝑡(𝑦𝑦𝑖𝑖 − 𝑧𝑧𝑖𝑖) + 𝐶𝐶𝑡𝑡𝑡𝑡(𝑦̇𝑦𝑖𝑖 − 𝑧̇𝑧𝑖𝑖) + {𝑚𝑚𝑖𝑖 + (1 − 𝑎𝑎𝑖𝑖)𝑚𝑚𝑣𝑣}g,  

𝑧𝑧𝑖𝑖 = 𝑤𝑤(𝑥𝑥�𝑖𝑖(𝑡𝑡), 𝑡𝑡) + 𝑟𝑟�𝑥𝑥�𝑖𝑖(𝑡𝑡)�, 𝑧̇𝑧𝑖𝑖 = 𝑤̇𝑤(𝑥𝑥�𝑖𝑖(𝑡𝑡), 𝑡𝑡) + 𝑤𝑤′(𝑥𝑥�𝑖𝑖(𝑡𝑡), 𝑡𝑡)𝑥𝑥�̇𝑖𝑖(𝑡𝑡) + 𝑟𝑟′�𝑥𝑥�𝑖𝑖(𝑡𝑡)�𝑥𝑥�̇𝑖𝑖(𝑡𝑡),    

𝑤̇𝑤(𝑥𝑥�𝑖𝑖(𝑡𝑡), 𝑡𝑡) = 𝐇𝐇𝑐𝑐
𝑇𝑇(𝑥𝑥�𝑖𝑖(𝑡𝑡))𝐝̇𝐝𝑏𝑏(𝑡𝑡),    𝑤𝑤′(𝑥𝑥�𝑖𝑖(𝑡𝑡), 𝑡𝑡) = 𝜕𝜕𝐇𝐇𝑐𝑐𝑇𝑇(𝑥𝑥)

𝜕𝜕𝜕𝜕
𝐝𝐝𝑏𝑏(𝑡𝑡)|𝑥𝑥=𝑥𝑥�𝑖𝑖(𝑡𝑡),  

𝑟𝑟′�𝑥𝑥�𝑖𝑖(𝑡𝑡)� =  𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑

 |𝑥𝑥=𝑥𝑥�𝑖𝑖(𝑡𝑡),    𝑥𝑥�̇𝑖𝑖(𝑡𝑡) = 𝑑𝑑𝑥𝑥�𝑖𝑖(𝑡𝑡)
𝑑𝑑𝑑𝑑

 .       (𝑖𝑖 = 1, 2) 

�𝑀𝑀𝑠𝑠1 = (𝑚𝑚1 + 𝑎𝑎2𝑚𝑚𝑣𝑣)g
𝑀𝑀𝑠𝑠2 = (𝑚𝑚2 + 𝑎𝑎1𝑚𝑚𝑣𝑣)g                                                     

where 𝑟𝑟(𝑥𝑥) is the road surface roughness at the location of the tires; 𝑥𝑥�1(𝑡𝑡) and 𝑥𝑥�2(𝑡𝑡) are the position 

of the front and rear axles respectively at time t.  𝑚𝑚𝑣𝑣, 𝐼𝐼𝑣𝑣, 𝑚𝑚1, 𝑚𝑚2, 𝐶𝐶𝑠𝑠1, 𝐶𝐶𝑠𝑠2, 𝐶𝐶𝑡𝑡1, 𝐶𝐶𝑡𝑡2, 𝐾𝐾𝑠𝑠1, 𝐾𝐾𝑠𝑠2, 𝐾𝐾𝑡𝑡1, 

𝐾𝐾𝑡𝑡2 are the vehicle parameters as shown in Figure 1.   𝑎𝑎1𝑆𝑆, 𝑎𝑎2𝑆𝑆 are the distance between the center 

of gravity of the vehicle body with the front and rear axles respectively and S is the axle spacing. g is 
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the acceleration of gravity. 𝑤𝑤(𝑥𝑥�𝑖𝑖(𝑡𝑡), 𝑡𝑡), 𝑤̇𝑤(𝑥𝑥�𝑖𝑖(𝑡𝑡), 𝑡𝑡)  (𝑖𝑖 = 1,2) are the vertical dynamic deflection of 

the beam and its time derivative under the ith load at time t.  𝑧𝑧𝑖𝑖 (𝑖𝑖 = 1,2) is the displacements under 

the ith tire.   

𝐌𝐌𝑔𝑔 = �
𝐌𝐌𝑏𝑏 𝟎𝟎 𝐇𝐇𝑐𝑐𝐌𝐌𝑣𝑣2
𝟎𝟎 𝐌𝐌𝑣𝑣1 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝐌𝐌𝑣𝑣2

�, 𝐂𝐂𝑔𝑔 = �
𝐂𝐂𝑏𝑏 𝐇𝐇𝑐𝑐𝐂𝐂𝑣𝑣21 𝐇𝐇𝑐𝑐𝐂𝐂𝑣𝑣22
𝟎𝟎 𝐂𝐂𝑣𝑣11 𝐂𝐂𝑣𝑣12

𝐇𝐇𝑐𝑐
𝑇𝑇𝐂𝐂𝑡𝑡 𝐂𝐂𝑣𝑣21 𝐂𝐂𝑣𝑣22 + 𝐂𝐂𝑡𝑡

�,  

𝐊𝐊𝑔𝑔 = �
𝐊𝐊𝑏𝑏 𝐇𝐇𝑐𝑐𝐊𝐊𝑣𝑣21 𝐇𝐇𝑐𝑐𝐊𝐊𝑣𝑣22
𝟎𝟎 𝐊𝐊𝑣𝑣11 𝐊𝐊𝑣𝑣12

𝐇𝐇𝑐𝑐
𝑇𝑇𝐊𝐊𝑡𝑡 + 𝐇𝐇𝑐𝑐

′ 𝑇𝑇𝐂𝐂𝑡𝑡 𝐊𝐊𝑣𝑣21 𝐊𝐊𝑣𝑣22 + 𝐊𝐊𝑡𝑡

�, 

𝐏𝐏𝒈𝒈 = [𝐇𝐇𝑐𝑐𝐌𝐌𝑠𝑠 𝟎𝟎 𝒑𝒑]𝑇𝑇,  

𝒑𝒑(𝒕𝒕) = �𝐶𝐶𝑡𝑡1𝑟𝑟′�𝑥𝑥�1(𝑡𝑡)�𝑥𝑥�1̇(𝑡𝑡) + 𝐾𝐾𝑡𝑡1𝑟𝑟�𝑥𝑥�1(𝑡𝑡)� 𝐶𝐶𝑡𝑡2𝑟𝑟′�𝑥𝑥�2(𝑡𝑡)�𝑥𝑥�2̇(𝑡𝑡) + 𝐾𝐾𝑡𝑡2𝑟𝑟�𝑥𝑥�2(𝑡𝑡)��
𝑇𝑇

 

where 𝐂𝐂𝑡𝑡 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑡𝑡1,𝐶𝐶𝑡𝑡2) and 𝐊𝐊𝑡𝑡 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐾𝐾𝑡𝑡1,𝐾𝐾𝑡𝑡2). 
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Table 1 RPE of the identified results considering different measurement noise (%) 

Noise level (%) Forces Roughness 
 Front Rear Front Rear 

0 0.00 0.00 2.61 2.61 
2 2.06 3.25 6.86 10.41 
5 5.88 6.79 18.30 17.98 

10 11.75 13.59 36.3 35.72 
 

 

Table 2 RPE of the identified results considering different vehicle speed (%) 

 Sampling frequency=1000 Hz Sampling frequency=5000Hz 
Moving 

speed (m/s) 
Forces Roughness Forces Roughness 

 Front Rear Front Rear Front Rear Front Rear 
10 4.78 2.79 52.97 52.36 3.07 1.72 34.81 40.84 

20 5.88 6.79 18.30 17.98 4.04 4.74 13.74 27.71 
30 5.12 8.98 5.23 8.68 4.14 5.96 4.91 2.91 

 

 

Table 3. The experimental setup of the beam surface unevenness and the identification results 

Experimental setup 

Label 1 2 3 4 5 6 7 8 

Locations 1/8 1/4 5/16 3/8 1/2 5/8 3/4 7/8 

Layer 1 1 1 1 Thinner  2 2 1 

Identification results 

Identified from 

front axle (mm) 
2.00 1.23 2.36 1.69 1.04 2.93 3.13 1.50 

Identified from 

rear axle (mm) 
1.63 1.37 1.87 1.53 1.02 2.50 2.66 1.44 
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Figure 1 Vehicle-bridge interaction model 

 

 
Figure 2 Flow chart of proposed method 
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Figure 3 Axles responses                                                                         

 
Figure 4 Innovation norm and location of the minimum value 
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(a) Identified interaction forces 

 

(b) Identified bridge surface roughness 

Figure 5 Identified results with Class B roughness and v=20m/s 
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(a) Identified interacting axle forces when 5% measurement noise is added 

 
(b) Identified bridge surface roughness 

 
(c) PSD of surface roughness 

Figure 6 Identified forces and surface roughness with 5% measurement noise 
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(a) Identified interaction forces 

 

(b) Identified bridge surface roughness 

Figure 7 Identified results considering different moving speed with Fs=1000Hz  
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(a) Identified interaction forces 

 

(b) Identified bridge surface roughness 

Figure 8 Identified results considering different sampling frequency with v=30m/s  
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(a) The bridge model 

                  

                  (b) The vehicle model                                                               

Figure 9 Vehicle-bridge interaction model in the lab 

 

Figure 10 The installation of plastic strip to simulate bumps on the bridge 
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Figure 11 Measured responses from wireless sensors on the vehicle 
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(b) Spectrum of the identified force at front axle 

Figure 12 Identified interaction forces and the spectra at two axles 

 

 

Figure 13 Identified unevenness on the beam surface 
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(a) Single damage case                                             (b) Multiple damage case  

Figure 14 Damage detection results considering different vehicle speed when bridge surface is smooth     

 

 

(a) Single damage case                                                    (b) Multiple damage case 

Figure 15 Damage detection results considering different measurement noise when bridge surface is smooth   
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(a) Single damage case                                                    (b) Multiple damage case 

Figure 16 Damage detection results when road surface roughness is known     

 

   

(a) Single damage case                                                    (b) Multiple damage case 

Figure 17 Damage detection results when road surface roughness is unknown    
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