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ABSTRACT: Internal instability occurs when steady seepage forces erode the finer fractions from non-uniform soils along pre-existing 

openings such as cracks in cohesive soils and voids in non-cohesive soil to induce permanent changes in the original particle size distribution. 

Given that the drainage characteristics of soils are significantly influenced by the shape, packing arrangement, compaction, and size distribution 

of their particles, even limited erosion can markedly alter their drainage characteristics. The geometrical assessment of internal instability 

potential is normally conducted using classical filter retention criterion based on mere particle size distribution and without giving due 

consideration to the above factors. These methods would determine the risk of instability by approximating the soil’s constrictions based on 

its particle size distribution; these constrictions are pore channels connecting neighbouring void spaces that would control both permeability 

and retention phenomena. However, recent advances in mathematical computations have facilitated the exact delineation of constriction sizes 

and the introduction of more accurate constriction based methods. This study purports to shed light on the scientific evolution of particle and 

constriction based methods over the past four decades, including the enhanced accuracy, reduced bias, and robustness associated with the latter. 

An interesting case study from our experience of using these approaches for a permeable barrier design at Bomaderry, NSW (Australia) for 

subsurface flow treatment is presented, and recommendations for their use by practicing engineers are made to conclude this study. 
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1. INTRODUCTION 

Naturally abundant non-uniform granular soils are commonly used as 

protective filters in hydraulic and transport infrastructure where 

combinations of complex loading, physical disturbance, and excess 

pore pressure may present problems such as seepage induced internal 

instability (Vaughan et al. 1975; Bishop and Vaughan 1962). This is 

a phenomenon whereby filtrates wash through the finer fraction from 

the coarser fabric of non-uniform soils (e.g. broadly and gap graded) 

and induce permanent changes in their original geo-mechanical 

characteristics such as altered soil gradation, volumetric strain, and 

permeability, etc. As Figure 1 shows, instability may be reflected by 

segregation piping, suffusion, internal erosion, external erosion, 

backward and forward erosion, and mud-pumping and lateral 

ejection, etc. These processes are reported to be the major causes of 

the failure of hydraulic structures worldwide, contributing up to 50% 

of all reported failures (Israr et al. 2016; Richards and Reddy 2007) 

as well as significant damage to transport infrastructure (Indraratna et 

al. 2018). For example, the occurrence of sand boiling, embankment 

breaching, the formation of sinkholes in hydraulic dams, as well as 

ballast fouling and mud-pumping in railway tracks (Indraratna et al. 

2015; Wan and Fell 2008; Alobaidi and Hoare 1996; Selig and Waters 

1994; Skempton and Brogan 1994; Vaughan and Soares 1982). 

1.1 Critical Review of Existing Approaches  

USACE (1953) pioneered an experimental evaluation of the potential 

for internal instability of sand-gravel mixtures, thus recommending 

the optimum mixtures needed to avoid the occurrence of instability 

for practical purposes. Kezdi (1979) and Sherard (1979) divided the 

particle size distribution (PSD) curve at an arbitrary point on curve to 

idealize an arbitrary base-filter system. This process requires the 

determination of a division point that corresponds to the maximum 

value of (D’15/ d’85) on a PSD curve by the trial and error method, 

where D’15 and d’85 are the representative particle sizes for the filter 

and base soils, respectively. A soil that satisfies Terzaghi’s (1922) 

retention criterion, i.e. (D’15/d’85 = 4), is considered to be internally 

stable, for which a more relaxed boundary of D’15/d’85 =5 was 

proposed by Sherard (1979). 

 
Figure 1  Illustrations of various seepage triggered instabilities in 

granular soils (after Israr et al. 2016, with permission from ASTM). 

Kenney and Lau (1985) assessed the role of PSD in greater depth, 

under extreme hydraulic flow conditions accompanied by vibration, 

and then related the PSD to the constriction size distribution (CSD). 

It was proposed that an arbitrary soil particle with size D on the PSD 

can escape through a constriction formed by particles larger than or 

equal to 4D, it may be contained by the presence of intermediate sizes 

between D and 4D. The ratio (H/F)min was presented to assess the 

potential of internal instability of soils, where H represents 

percentages finer by mass that correspond to particle sizes between D 

and 4D, where F represents the erodible fraction that corresponds to 

size D. The fines that erode through one constriction may be captured 

by finer constriction, thus experiencing local self-filtering. 

Furthermore, the percentage finer by mass of the erodible fraction (F) 

controls the potential of instability of a soil, for which Kenney and 

Lau (1985) assumed that erodible fines exist in the loosest state in the 

mix; they therefore proposed the upper limits of F subject to erosion 

or uniform having Cu ≤ 3 and non-uniform soils having Cu > 3 as 30% 

and 20%, respectively. 
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Burenkova (1993), and lately Wan and Fell (2008), proposed 

identical criteria which involved different particle sizes obtained from 

PSD (D5, D15, D20, D60 and D90). Different zones were proposed based 

on the ratios D90/D60 and D90/D15 (Burenkova 1993) and D20/D5 and 

D90/D60 (Wan and Fell 2008) to demarcate boundaries between non-

suffusive (stable), suffusive and transition zones. Interestingly, 

Chapius (1992) comprehensively demonstrated the obvious similarity 

between Kenney, Kezdi and Sherard’s methods, and expressed all 

three of them with the secant slope of PSD curve, as illustrated in 

Figure 2. Lately, Indraratna et al. (2015) established that Kenney and 

Lau’s (1985) method is more accurate and conservative than the other 

PSD based methods. 

 
Figure 2  Similarity of PSD based criteria of internal stability 

assessment. 

It is noteworthy that all of the above methods are based on the 

PSD of soils alone, and none of them are sensitive to the level of 

compaction of soil that could control internal stability (Israr and 

Indraratna 2019; Indraratna et al. 2015; Skempton and Brogan 1994). 

This may result in an incorrect and unsafe assessment of instability 

potential of some naturally abundant non-uniform soils which tend to 

be unstable at lower levels of compaction. For instance, Israr and Irfan 

(2018) recently revised the original stability boundaries of Kenney 

and Lau (1985) based on the level of compaction (i.e. relative density, 

Rd) and proposed to examine soils with Rd ≤ 70% up to a percentage 

finer by mass F = 30% ,  regardless of their uniformly graded or 

broadly graded PSD curves (see Figure 3).  

 

 
Figure 3  Original and revised stability boundaries for the method of 

Kenney and Lau (modified after Israr and Irfan 2018). 

As a result, the rate at which this method can correctly predict the 

instability potential of soils could be markedly improved compared to 

the original method for a large published database with 108 samples. 

This would clearly establish that the particle size distribution and 

relative density govern internal stability in tandem and therefore Rd 

must be integrated to achieve a more accurate and robust assessment 

of internal instability potential. Similarly, some of the geometrically 

stable soils suffered from permanent changes in their PSD curves 

when tested under cyclic loading in the laboratory and the currently 

available PSD based methods proved to be unsafe in correctly 

capturing their instability potential (e.g. Israr and Indraratna 2018a; 

Israr et al. 2016; Trani and Indraratna 2010). In this study, the Rd-

values were computed as the ratio between the difference of 

maximum void ratio emax and the actual void ratio e of tested soil 

samples and that of emax and minimum void ratio emin given in 

percentage. 

Locke et al. (2001) demonstrated that the combined effect of PSD 

and Rd can be captured by plotting the constriction size distribution 

(CSD) of a soil. The application of CSD based criteria for typical 

base-filter systems is well understood, whereby the CSD of a granular 

filter is plotted using the probabilistic approach and a well-accepted 

retention criterion is applied to assess whether the constrictions are 

fine enough to check the erosion of a protected base soil (e.g. 

Indraratna et al. 2007). However, evaluating the internal instability 

potential based on CSD requires a proper understanding of the stable 

coarser particles and erodible finer fraction in a given soil. For 

brevity, this involves the complex demarcation of a PSD curve to 

realize the stable coarser fraction (i.e. idealized filter) and erodible 

fines (i.e. base) in the subject soil, and then a well-accepted CSD 

based retention criterion is applied to assess whether the filter could 

protect the base fraction (Israr and Indraratna 2018a; Indraratna et al. 

2015; Indraratna et al. 2011). 

The following sections present the results from a series of internal 

erosion tests on various soils that conform to the typical range of 

protective granular filters plotted in Figure 4. Based on this analysis, 

a robust mechanism that will examine the correct potential of internal 

instability accurately is proposed, and its performance is compared to 

the well-known PSD based criterion of Kenney and Lau (1985) for a 

large published dataset. Additionally, an interesting case study from 

our experience with its use with a permeable barrier design at 

Bomaderry, NSW (Australia) for subsurface flow treatment is 

presented, and recommendations regarding their use by practicing 

engineers are made to conclude this study. 

 
Figure 4  PSD curves of currently tested soils. 

2. EXPERIMENTAL PROGRAM 

A total of 33 internal erosion tests were carried out on nine granular 

soils with Cu ranging between 1 and 304. As can be seen from Figure 

4, these soils consist of sand and sand-gravel mixtures which conform 

to the typical selection ranges for protective filter designs for railway 

substructures and hydraulic structures (Israr and Indraratna 2017; 

Trani and Indraratna 2010; Dounias et al. 1996; Vaughan 1994; Selig 
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and Waters 1994). All the test specimens were compacted to relative 

densities (Rd) between 0 and 100% to cover all the practical scenarios 

from the natural deposits to the engineered fills (Kenney and Lau 

1985; Vaughan and Kwan 1983). In this study the hydraulic flow is 

applied from the bottom of the test samples in upward direction to 

replicate downstream sand boiling and mud-pumping in hydraulic 

dams and railway substructures, respectively. 

Test samples were prepared by mixing the predetermined dry 

weight of soil and then compacting it in multiple uniform layers 

inside the hydraulic cell, to achieve a target compaction level for a 

length of 200 mm. The target relative densities between 0 and 100% 

are obtained by the trial and error method while considering the 

limiting void ratios emax and emin for each soil that are determined 

based on ASTM D-4253 and ASTM D-4254, respectively. For 

brevity, the method of sample preparation by Indraratna et al. (2015) 

could achieve Rd ≈ 50%, where the soil is placed in discrete layers 

and then compacted by a 300 mm long metal bar of 20 mm diameter 

and almost 0.7 kg in weight. By using the Scott et al. (2012) method, 

the imparted compaction energy (Ec) is estimated to be around 270 

kJ/m3 for preparing specimens at 50% relative density. Test 

specimens in loosest state, i.e. Rd ≈ 0, are prepared by the method of 

Skempton and Brogan (1994) that involved placement by the hands 

and compaction under self-weight of soil. Similarly, the densest state 

of compaction i.e. Rd ≈ 100%  could be obtained by layered 

compaction using standard compaction test effort (after Indraratna et  

al. 2018). Sample saturation is done by first de-airing them under a 

back pressure above 100 kPa for a sufficient time, before the de-aired 

and filtered water is circulated for at least 24 hours. Complete 

saturation to a satisfactory level occurred by obtaining Skempton’s B 

> 0.90 through multiple pressure ramps of 10 kPa difference between 

the cell pressure and back pressure (after Amini and Hamidi 2014).  

In this current study the uniformity and repeatability of laboratory 

test samples with respect to particle distribution and the level of 

compaction is ensured by preparing additional test samples using the 

above sampling procedure. For example, uniformity with respect to 

the particle size distribution is assessed by comparing the pre-test and 

post-test PSD curves of the samples. No significant changes in PSD 

and the coefficients of uniformity (i.e. Cu = D60/D10) for the middle 

layer of a stable samples could clearly show excellent repeatability 

and uniformity with respect to particle size distribution. Given that 

erosion would be partially represented by a significant loss of fines 

that would markedly alter the original Cu of the tested soil. For 

instance, Cu-value of soil C20 decreased from 20 to 5 due to the 

erosion of fines at the particle size at the D10-level. Furthermore, 

uniformity with respect to the level of compaction is examined by 

comparing the overall dry density (γd) of each sample with that of the 

small specimens retrieved from different layers of the same soil 

specimen. A test specimen is characterised as uniform and free of any 

layering effects when its local and overall dry densities are the same 

and there is less than 6% of standard deviation (Israr and Indraratna 

2018b; Israr et al. 2016). 

As Figure 5 shows, the hydraulic test chamber has a rigid wall 

glass cell with a smooth surface that can accommodate a 200 mm long 

sample (240 mm diameter). These dimensions would eliminate any 

boundary effects such as wall friction and particle erosion, and the 

development of flow channels along the cell wall (Israr and Indraratna 

2018a; Zou et al., 2013; Moffat et al., 2011). Hydraulic inflow to the 

test sample is applied through an automated pump at predetermined 

pressures, while a pressure transducer installed at the outflow pipe 

could monitor the effluent pressure and hence the total hydraulic head 

loss. The hydraulic gradient applied (ia) to induce the erosion of fines 

is deduced as the ratio of the differential head loss and the length of 

the sample, while the eroded fines are continuously captured in a 

sedimentation tank for post-test sieve analysis. Similarly, to minimise 

any possible jetting action, the saturated soil samples are subjected to 

controlled increments of hydraulic gradients (Δia) such as for 

geometrically assessed stable and unstable samples, where Δia is 

approximately 0.04-0.05 and 0.02-0.025, respectively (Israr 2016). 

The occurrence of instability is characterised by a sudden drop in ia 

accompanied by a marked rise in the effluent turbidity, i.e., much 

higher than 60 Nephelometeric Turbidity Units (NTU), as well as 

visual signs of excessive washout, piping or heave failure. The ia-

values that correspond to the instability are considered to be the 

critical hydraulic gradient (icr). The tested samples were recovered in 

multiple layers for post-test PSD analysis to compare with the original 

PSD curve, whereas the soils with altered gradations are considered 

to be internally unstable. 

 

Figure 5  Details of current test setup and apparatus. 

3. RESULTS AND DISCUSSION 

In Figure 6 the normalised hydraulic gradient, i.e., the ratio between 

the observed critical hydraulic gradient icr  and the classical piping 

theory of Terzaghi (1922) has been plotted against the relative density 

Rd of currently tested soil samples. The magnitude of the normalised 

hydraulic gradient increases proportionally with the increase in Rd, 

however this increase is less significant for soils with uniform C1 and 

the well-graded soils C5 and C10, as well as the broadly graded soil 

C40. Note that soils C20 and C23 exhibited marked increase in the 

normalised gradient from 0.47 and 0.65 at Rd = 5% to 0.9 and 0.94, 

respectively. 

As Figure 7 shows, the mechanisms of seepage induced failure in 

the tested samples revealed signs of instability, such as soils C1, C2, 

C5 and C10 (Figure 7a) exhibited the development of heave with 

negligible erosion of fines, while the normalised hydraulic gradient 

approached unity (1.0). Similarly, the broadly graded and gap-graded 

soils C40 (Figure 7b), U and G experienced excessive suffusion and 

marked changes in their original PSD curves due to the erosion of 

their finer fraction. Interestingly, the seepage induced responses of 
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soils C20 and C23 differed from the rest in that they suffered from 

suffusion and changes in their original gradations at icr < 0.6 when 

their Rd-values are less than 30% and 70%, respectively. However, 

both soils exhibited heave-piping failure at icr > 0.8-1.0 with no 

significant difference in their pre and post-test PSD curves at higher 

Rd-values (Fig. 7c). Based on these results; soils C1, C2, C5, C10, 

C20 at Rd > 70% and C23 at Rd > 30% are characterised as internally 

stable, while soils C20 at Rd < 70%, C23 at Rd > 30%, C40, G and U 

are characterised as unstable. 

 

Figure 6  Compaction induced variations of normalized critical 

hydraulic gradients and associated seepage induced failures 

(adopted from Indraratna et al. 2015, with permission from ASCE). 

 
Figure 7  Illustrations of occurrence of; (a) heave in C5 at Rd ≥ 

90%, (b) heave in C10 at Rd ≥ 90%, (c) heave and piping in C20 at 

Rd = 72%, and (d) suffusion in C40 at Rd ≥ 90%. 

As Figure 8 shows, the largest particle sizes that were eroded and 

captured from the downstream sedimentation tank bear a linear 

correlation with the stability index, (H/F)min of the tested soils. This 

clearly indicates that all the particle sizes greater than those 

corresponding to (H/F)min on the PSD curves of tested soils would not 

erode and thus conform to the stable coarse fabric. Whereas the 

particle sizes smaller than those corresponding to the (H/F)min on the 

PSD curves represent the erodible finer fraction. Therefore, the point 

on the PSD curve that corresponds to the (H/F)min is a reasonable 

estimate of the demarcation point, so the portion of the curve above 

and below this point may be considered as an arbitrary filter and a 

base, respectively, for further stability analysis. Given that the 

erodible fines of an internally unstable soil remain freely inside the 

pore spaces of stable coarse fabric and acquire the loosest state of 

compaction with no contribution in sustainable stress transfer (Israr 

and Indraratna 2018b; Kenney and Lau 1985), therefore the PSD and 

Rd of a coarser fraction, and hence the constrictions, will control the 

internal stability. 

 

Figure 8  Correlation between sizes of the largest eroded particles 

from the unstable samples versus their (H/F)min values (modified 

after Indraratna et al. 2016, with permission from ASCE). 

Figure 9 shows that the likelihood of the finer fraction eroding 

becomes maximum and the erodible distance represented by the 

number of penetration layers (nl) becomes higher for fines up to 35% 

or finer. At 95% confidence, the steeply increasing nl-curve for fines 

up to 35% finer shows that particles eroded up to a distance given by 

225×Dm or beyond, will not be retained by the constrictions formed 

by the coarser fabric (Dm = 0.5(D5 + D15); where Dm and Dx represents 

the mean particle size and the sizes corresponding to the x percentage 

finer by mass). Thus, the constriction size of the coarser fraction that 

corresponds to 35th percentile finer by surface area (Dc
c35) would 

control the erosion of the finer fraction, and thus the internal stability.  

 

Figure 9  Determination of controlling constriction size of arbitrary 

coarser fraction using stochastic approach (modified after Indraratna 

et al. 2007, with permission from ASCE). 

Figure 10 presents an interesting analysis of CSD curves plotted 

for the coarser fraction and the PSD curve of the finer fraction by 

surface area techniques for the currently tested soil C20. As shown, 

the constriction sizes decrease as Rd increases, and at 72% relative 

density and beyond, Dc
c35 becomes increasingly finer than the 

controlling particle size of erodible fraction at the 85th percentile finer 

by surface area (df
85,SA). This shows that the soil becomes internally 

stable at Rd > 70%, which agrees closely with the experimental results 

of this study.   
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Figure 10  Variations of constriction sizes for soil C-20 with the 

relative density (Rd). 

Table 1  Summary of calculations for hydro-mechanical assessments 

effectiveness and internal stability for filters F1 and F2 in protecting 

erodible acid sulphate soil B 

 

Filter 

Internal stability 

(Dc
c35/df

85,SA) icr,t Stable 

F1 0.86 0.85 S 

F2 0.97 0.85 S 

 

Based on the above analysis, a simple but robust CSD based 

approach for assessing the instability potential of a granular soil is 

demonstrated in Figure 11.  

 
Figure 11  Proposed constriction based method for assessing 

internal stability of granular soils. 

For brevity, it is suggested to demarcate the PSD curve of soil 

under examination at a point corresponding (H/F)min to realise stable 

coarser and erodible finer fractions. The PSD of the finer fraction and 

the CSD of the coarser fraction should be drawn using surface area 

techniques, and the soils meeting the following condition are 

considered to be internally stable: 

Dc35
c /d85, SA

f  ≤ 1           (1) 

To verify the proposed CSD based criterion, a large experimental 

database of almost 95 samples has been compiled from a number of 

published studies from the past four decades, as shown in Figure 12. 

The predictions from the current criterion are compared with those 

from the well-accepted and more accurate PSD based criterion of 

Kenney and Lau (1985). 

As shown in Figure 12(a), the criterion of Kenney and Lau (1985) 

results in 8 incorrect assessments (6 unsafe and 2 conservative), 

whereas the current CSD based current criterion yields only one 

incorrect prediction (i.e. up to 99% success), as shown in Figure 

12(b). This clearly indicates that the current approach is more 

rigorous and accurate than the existing PSD based criteria. 

 
Figure 12  Comparison of predictions of internal instability potential 

by; (a) Kenney and Lau (1985) and (b) current constriction based 

method (modified after Indraratna et al. 2015, with permission from 

ASCE). 
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4. CASE STUDY: REACTIVE AND NON-REACTIVE 

PERMEABLE BARRIERS DESIGN AT BOMADERRY, NEW 

SOUTH WALES, AUSTRALIA.  

As part of a joint venture between the University of Wollongong and 

Shoalhaven City Council in 2007, reactive permeable barriers (PRB) 

were installed to treat ground water contaminated with acid sulphate 

at a section of the Shoalhaven River at Bombaderry, NSW Australia 

(Figure 13). A highly dispersive clayey-silt with high sand fraction 

was planned to be protected by a non-reactive barrier (P1) to allow 

the contaminated ground water to seep through adequately, as shown 

in Figure 14(a). 

Later, another reactive permeable barrier (P2) was installed on the 

downstream of P1 with a twofold objective of protecting P1 from 

erosion and treating the acid sulphate ground water before being 

disposed into the river. This would effectively prevent the P2 from 

clogging and hence guarantee the longevity of the treatment system, 

which is still functioning to date. In this study, the internal stability 

of the bi-layered filtration system has been reassessed using the 

proposed procedure. 

Figure 14(b) shows the CSD curves with Dc
c35 for layers P1 and 

P2 and the modified PSD curves with regraded representative particle 

sizes (d*
85) of the protected soils (B and P1), where d*

85 is the 

representative particle size of the regraded curve (after Raut and 

Indraratna 2008). Given that the retention ratio Dc35/d*
85 for both P1-

B and P2-P1 are less than 1, the selected filters are geometrically 

effective (Israr 2016). 

 
Figure 13  Schematic illustration of functioning of permeable 

reactive barrier (after Israr 2016). 

 
Figure 14  (a) PSDs of base (B) and filter (P1 and P2) soils, and (b) 

re-grading of the base soil PSDs based on dominant constriction size 

(Dc95) of filters P1 and P2. 

Figure 15(a) shows the PSD curves of anticipated self-filtering 

layers for P1-B and P1-P2, obtained by the procedure of Indraratna 

and Raut (2006). The currently proposed CSD based criterion is used 

to examine the potential for internal instability of the self-filtering 

layers P1-B and P1-P2, both of whom are characterized as internally 

stable, as shown in Figure 15(b). In contrast, all existing criteria 

assess both P1-B and P1-P2 layers as internally unstable (Wan and 

Fell 2008; Burenkova 1993; Kenney and Lau 1985; Kezdi 1979; 

Sherard 1979). Note that the flow conditions are horizontal due to 

ground water seepage under a very mild hydraulic gradient ia ≤ 0.01 

(Israr 2016), and the proposed method could still capture the actual 

behaviour accurately. Moreover, the permeable barriers are still 

working at full capacity, which is fully consistent with the current 

internal stability analysis. 

 
Figure 15  (a) PSDs of self-filtering layers for base filter systems B-

P1 and P1-P2, and (b) PSDs of coarse and fine fractions, CSDs of 

coarse fraction, PSDs by surface area for fine fractions obtained 

after demarcating the PSDs of self-filtering layer. 

5. CONCLUSIONS 

The principal findings from this study are as follows: 

• The particle size distribution and relative density work in tandem 

to govern the internal stability of soils. Soils with uniformity 

coefficients up to 10 showed higher internally stability and 

exhibited heave with no erosion at hydraulic gradients 

approaching unity, whereas soil with uniformity coefficients up 

to 23 tended to be internally stable at higher relative densities. 

• The existing particle size based criteria are mostly empirically 

formulated, they are more prone to personal and procedural bias, 

and they lack a robust analytical basis. This means most of the 

well-accepted criteria tested in this study could not show a 

success rate beyond 70%, except the original criterion of Kenney 

and Lau (1985) which had more than 80% success rate. 

• The criterion of Kenney and Lau (1985) could be improved to 

above 90% by revising the stability boundary based on the level 

of compaction. However, no existing PSD based method could 

still show 100% success, it may only be obtained from the 

constriction size based method. 

• The proposed CSD based method demarcates a given PSD curve 

in arbitrary coarser and finer fractions at a point corresponding 
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to (H/F)min and examines the capability of controlling 

constriction size formed by the former in retaining the 

representative particle size of the latter. A large published 

experimental dataset from various studies could successfully 

verify the rigor of proposed method which showed 99% success. 

• A real life practical example of permeable barrier design at the 

Shoalhaven River in Bomaderry, NSW Australia, was 

successfully used to verify the application and rigor of the 

proposed CSD based criterion. This also illustrated that the 

proposed method is applicable for horizontal flow conditions. 

Nevertheless, further research under dynamic loading in 

transport infrastructures and complex stress states in hydraulic 

dams is needed to extend the scope of this study for more 

practical cases. 
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