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Active SLAM for Mobile Robots with Area
Coverage and Obstacle Avoidance
Yongbo Chen, Shoudong Huang and Robert Fitch

Abstract—We present an active simultaneous localization
and mapping (SLAM) framework for a mobile robot to obtain
a collision-free trajectory with good performance in SLAM
uncertainty reduction and in an area coverage task. Based
on a model predictive control (MPC) framework, these two
tasks are solved by the introduction of a control switching
mechanism. For SLAM uncertainty reduction, graph topology
is used to approximate the original problem as a constrained
non-linear least-squares problem. A convex half-space representation is applied to relax non-convex spatial constraints
that represent obstacle avoidance. Using convex relaxation,
the problem is solved by a convex optimization method and
a rounding procedure based on singular value decomposition (SVD). The area coverage task is addressed with a
sequential quadratic programming (SQP) method. A submap
joining approach, called Linear SLAM, is used to address the
associated challenges of avoiding local minima, minimizing
control switching, and potentially high computational cost.
Finally, various simulations and experiments using an aerial
robot are presented that verify the effectiveness of the
proposed method, showing that our method produces a more
accurate SLAM result and is more computationally efficient
compared with multiple existing methods.
Index Terms—Active simultaneous localization and mapping (SLAM), model predictive control (MPC), submap joining, graph topology, convex optimization, eigenvalue bound.

I. Introduction

I

N active SLAM, a robot needs to solve a decisionmaking problem where a collision-free trajectory is
selected both to improve estimation accuracy and to
perform other tasks such as coverage. This problem thus
involves both SLAM and path planning components,
and is considered to be one of the most challenging
problems in mobile robotics [1]. There are many important applications of active SLAM in complex unknown
environments where global navigation infrastructure is
not available, such as indoors, in forests and orchards,
and in other places where GPS signals can be denied.
Different from traditional path planning, active SLAM
involves estimating the location of the robot as it moves
and can consider environments that are fully or partially
unknown. The estimation problem must be considered
during the planning process as an integral part. Even
though techniques for SLAM are maturing [2], [3], a
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good trajectory is needed to make sure the SLAM process does not fail.
Well-known active SLAM frameworks, including the
MPC framework [4], [5] and the partially observable
Markov decision process (POMDP) formalism [6], aim
to choose the optimal future trajectory via metrics that
strike a balance between visiting new areas for exploration and revisiting known spaces to introduce loopclosure. This entails three basic issues: (i) how to generate a set of available actions, (ii) how to evaluate the
performance of the candidate actions, and (iii) how to
select an optimal action.
Two main approaches to generate the set of available
actions (trajectories) are dynamic-based methods and
geometry-based methods. In dynamic-based methods,
future candidate trajectories are obtained using robot
models or potential information fields. The popular MPC
and POMDP frameworks belong to this class. Geometrybased methods are inspired by path planning algorithms
such as RRT* [7], [8] and D* [9]. However it is difficult
to meet the dynamic constraints for practical systems in
complex environments, which limits the practicability of
these methods. Therefore, dynamic-based methods are
more popular than the geometry-based methods.
A common way to evaluate individual actions in terms
of estimation accuracy is based on the Theory of Optimal
Experimental Design (TOED) [10] and includes the A-,
D-, and E-opt criteria for computing the predicted Fisher
information matrix (FIM). In [11], the authors show that
the monotonicity of these metrics during the exploration
phase is decided by the uncertainty representation of rotations. The D-opt optimality criterion, which maximizes
the log-determinant of the FIM, is commonly used.
Since future observations are not available at planning time, certain assumptions need to be applied, such
as zero-innovation measurement [4], in order to obtain future information matrices. In [12], the predicted
measurements are treated as random variables and an
expectation-maximization (EM) method is used to obtain
the information matrix. Recently, planning in a conservative sparse information space is presented to improve
the run-time performance of active SLAM [13].
Choosing an optimal full trajectory is a non-convex
non-linear optimal control problem with multiple constraints. Direct methods are a common solution approach, where the problem is formulated in the discrete
optimization domain. The size of the search space is reduced, but the solution is sub-optimal; an important ex-
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ample is frontier-based exploration [14]. Other methods
aim to search for locally optimal policies in continuous
belief space [15]. Finding optimal (or even sub-optimal)
solutions for active SLAM remains challenging.
In this paper, we present a control mechanism that can
switch between two modes. The first mode addresses the
uncertainty minimization using an MPC method whose
objective function is the D-opt optimality criterion. Based
on graph topology, the D-opt MPC problem is solved by
a convex relaxation method and the CVX toolbox. The
second mode addresses area coverage with uncertainty
using an SQP method. In order to improve computational efficiency in both of these modes, Linear SLAM
[16] is applied. Finally, simulations and experiments with
an aerial robot are presented to verify the running-time
efficiency of this framework. Results also show that our
method can generate more accurate SLAM results as
compared with multiple current methods, while covering the area and satisfying all the constraints.
The main contributions of this work include:
• A novel formulation of the coverage problem that
considers robot pose uncertainty.
• A method to exploit graph topology to simplify the
objective function and maintain good performance.
• A method that applies convex relaxation and optimization to achieve good planning results.
• The use of submap planning and estimation, fast
objective function computation, and fast covariance
recovery to improve planning efficiency.
This paper is an extended and revised version of
our recent conference paper [17]. Here, we expand the
scope of the problem to allow the presence of obstacles,
and present several important technical improvements,
new analysis, and additional experimental evaluation.
Instead of generating the entire covariance matrix, a fast
covariance recovery method is used to improve run-time
performance. A new method to compute the objective
function is used that improves computational performance by exploiting the sparseness of the FIM. A novel
theorem about the relationship between the eigenvalues
of the FIM of the submaps and those of the joined
global map is proved and applied. The spectrahedral
description of conv SO(2), which can be extended to
the 3D case, is used to replace the original relaxation
method, which was only suitable for the 2D case. The
rounding method, which is only suitable for trigonometric functions, is replaced by an SVD-based method.
Finally, we include new simulations, new comparisons
with existing methods and an additional experiment.
II. Models and problem statement
A. Kinematic model and sensor model
Assuming constant altitude and zero pitch/roll angle
in a 2D environment, the kinematic equations of an
unmanned aerial vehicle (UAV)1 moving at constant
1 Our method is presented for mobile robots. The UAV is just one
example and is used as our experimental platform in Sec. VI.

2

velocity v are:
b
v = Rk> (xvk+1 − xvk ) + (δxk δyk )> ,
ωk = (θk+1 − θk )/∆t + δωk ,

(1)

where b
v = (v∆t 0)> , ∆t is the discrete time interval,
v>
(xk , θk ) = (xk , yk , θk ) is the UAV pose at the k-th step,
ωk is the angular velocity at the k-th step, uk = ωk is the
control input of our active SLAM problem and is limited
by |ωk | ≤ Cu to meet the turning radius constraint, δxk ,
δyk and δωk are noise terms of the coordinates
and an!
cos(θk ) − sin(θk )
gular velocity, Rk =
∈ SO(2) is the
sin(θk ) cos(θk )
rotation matrix of the k-th pose, and SO(n), n = 2, 3, · · ·
represents the special orthogonal group.
We assume that there are a number of natural features
located on the ground, and that a downward looking
sensor such as a camera is installed at the bottom of the
UAV. On the 2D plane, this sensor can be regarded as an
omnidirectional sensor with range Rs . A relative position
sensor model is used,
fi

zk = Rk> (x f i − xvk ) + (wkx wky )> ,

(2)

fi

where zk is the observed value of the i-th feature at the
k-th step, x f i is the coordinate of the i-th feature, and
wkx , wky are the sensor noises in the x and y axes.
B. Problem statement
We assume, in a partly unknown space, that there are
many point features with unknown locations which can
be observed when they are within the UAV sensor range.
The boundaries of the area of interest to be covered and
of any no-fly zones are known beforehand. An example
scene is shown in Fig. 1. The active SLAM problem is
to select a series of control inputs within a given time
period to generate a safe collision-free trajectory and
cover as much area as possible, and also to minimize the
estimation uncertainty. The exact allowed uncertainty
level of the mapped features and the time limitation of
the task are defined based on the given scenario.
One example application for this problem is an agriculture UAV that performs tasks in a complex greenhouse environment, as shown in Fig. 2. Many agriculture
tasks, like irrigation, pest control, and fertilization, involve the coverage task and are performed in an indoor
environment without global location information from
GPS. In order to avoid the large drift and task failure
that can be caused by uncertainty growth in the SLAM
result, active SLAM is advantageous. A rough floor plan
of the greenhouse is in general available in this task and
provides prior information about obstacles. The mapped
features may be defined as normal visual features from
images (such as ORB features and SIFT features) and any
detected objects (such as fruit and plants).
III. MPC framework
An overview of the solution framework for our active
SLAM problem is described in this section.

IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. , NO. , JANUARY 2018

3

B. Coverage task under uncertainty in MPC framework
When the UAV trajectory is perfectly known, the area
covered by the on-board sensor can be obtained exactly.
However, we can only obtain an estimated pose with
uncertainty based on the SLAM result. In this paper, we
consider the worst case (99% confidence ellipse) of the
robot pose, which leads to a smaller believable coverage
area. The specific equations used to compute the covered
area based on uncertain pose are given in [17].
C. No-fly zone scale expansion under uncertainty
This work allows for the presence of circular no-fly
zones in the area to be covered. Before performing the
active SLAM task, positions and sizes of these zones
are known. However, without knowing the actual global
UAV pose, the scale of the no-fly zone needs to be
enlarged in order to avoid collision. This enlargement
is performed based on the uncertainty of the UAV pose;
its operation is similar to that described in [17].

Fig. 1.

SLAM task and coverage task

Fig. 2.

Agriculture UAV in a greenhouse [18]

D. Solution framework using fast covariance recovery

A. Motion planning for uncertainty minimization in SLAM
solution
Using an MPC framework similar to [12], the objective
function of the uncertainty minimization task is based on
the generalized belief at the L-th planning step:


opt
fa (uk:k+L−1 ) = fˆa (gb(Xk+L )) = − log det(I k+L (Xk+L ))
(3)
opt
Xk+L = argmin − log(p(Xk+L |Z1:k , u0:k+L−1 , Zk+1:k+L ),
Xk+L

where p(?|•) means the probability of ? under the
condition •. Control inputs u0 , · · · , uk+L−1 are denoted
by u0:k+L−1 , Xk+L is the state vector including the
k + L − 1 poses and the coordinates of the features,
gb(Xk+L ) is the Gaussian belief of Xk+L , gb(Xk+L ) ≈
opt
opt −1
opt
N(Xk+L , I k+L (Xk+L ) ), I k+L (Xk+L ) denotes the FIM coropt
responding to state Xk+L . Measurements Z1:k are actual
measurement from the sensors and Zk+1:k+L are predicted
measurements based on prior information.
Using the D-opt optimality criterion, optimization
problem (3) in an obstacle environment can be simplified
to the following problem (4) based on Bayes’ theorem,
zero-innovation assumption, and the Markov property:


opt
min fa (uk:k+L−1 ) = − log det(I k+L (Xk+L ))
uk:k+L−1

opt

Xk+L = [ Xkopt
|uk+i | ≤ Cu ,
opt

>

opt >

xk+1

···

opt >

xk+L

]>

(4)

i = 0, · · · , L − 1
opt

{xk , · · · , xk+L−1 } < Obstacle,
opt

where Obstacle is the set of no-fly zones, xk+i =
opt
fv (xk+i−1 , uk+i−1 ) satisfies the motion equation without
opt
uncertainty shown in (1) and xk+i is the predicted pose
at step k + i. For further details, please refer to the
supplementary material [20].

Considering the highly-nonlinear and non-analytical
functions involved, we apply the SQP approach to obtain
a sub-optimal trajectory for the coverage problem. Then,
for the uncertainty minimization problem, we apply the
method presented in Sec. IV. Because of the significant
difference of the physical meanings in the two objective
functions, we use a switching mechanism [17]:


uc ,
Index1 ≤ Cindex
,

1


index
index
c
u
+
c
u
,
Index
∈
(C
,
C
),
ur = 
(5)
c
c
a
a
1
2

1

index
 ua ,
Index1 ≥ C
,
2

PN f

fx
fy
(λ + λi ),
i=1 i

where Index1 =
uc and ua are respectively
the first control inputs of the coverage task and the D-opt
and Cindex
are
MPC solution, ca and cc are weights. Cindex
2
1
fx
fy
two switching indices, λi and λi are the eigenvalues
of the covariance matrices of the i-th features at the x
and y axes, and N f is the number of detected features.
fx
fy
We use the eigenvalues λi and λi , which are decided by the block diagonal-elements of the covariance
matrix C, as the index of uncertainty. The covariance
matrix is dense and thus difficult to be stored and
updated, and this motivates our use of the FIM. It is
well known that the FIM I (X) and the covariance matrix
C obey C = I (X)−1 . However, computing the inverse
of a large matrix is very time consuming. Fortunately,
we only need to consider the block diagonal elements
corresponding to the i-th features. Using the recursive
formula [19], the specific elements from the covariance
matrix can be efficiently calculated by using the square
root information matrix H (I (X) = H > H):
Xn
1 1
(
−
Hik Cki ),
Cii =
k=i+1,Hik ,0
Hii Hii
Xn
−1 X j
Ci j =
(
Hik Ck j +
Hik C jk ),
k=i+1,Hik ,0
k= j+1,Hik ,0
Hii
(6)
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where ?ij means the (i, j)-th element of the matrix ?. The
operations, which are similar to the fast recovery method
[19], use the approximate minimum degree permutation
(AMDP) and a hash table as shown in Algorithm 1.
Algorithm 1 Fast covariance recovery for features
Input: Fisher information matrix I (X)
Output: The covariance block corresponding to the features
1: Step 1: Create F 0 = I (X), separate its column and row
0
corresponding to the features and poses, and get Freduce
∗
matrix for poses and Freduce
matrix for features;
0
2: Step 2: porder = AMDP(Freduce
);
0
3: Step 3: Obtain F by combining Freduce
(porder , porder ) with
∗
∗
Freduce
matrix . It is noted that Freduce
matrix locate at the
end of the combined matrix;
4: Step 4: H = SC(F )
. Sparse Cholesky decomposition;
5: Step 5: Covariance recovery by (6) using the hash table;

The eigenvalues resulting from the above algorithm
are the same as those resulting from computing the
inverse of the entire FIM, but the computational complexity is much lower.
IV. Solution to the uncertainty minimization problem
In this section, we present our solution to the D-opt
MPC problem for improving SLAM accuracy. Our solution exploits the graph structure of 2D feature-based
SLAM and applies convex relaxation.
A. 2D feature-based SLAM
Assumption 1: Isotropic Noise.
We assume
that noise


2 2×2
>
k
satisfies: (δxk δyk ) ∼ N 0, σv (k) I
, (wx wky )> ∼




2 2×2
, δωk ∼ N 0, σθ (k)2 .
N 0, σ f (k) I
The state vector is rewritten as X = (p> θ > )> where p
represents the coordinates of the UAV and the features,
and θ represents the orientation angles of the UAV. The
measurement vector corresponding to translation and
rotation is z = (zp> zθ> )> . Then, the measurement model,
z = h(X) + δ, can be expressed as:
"
#"
#
# " >
R (A g ⊗ I 2×2 )> 0
zp
p
=
+ δ,
(7)
0
A>
zθ
θ
p
where Ap and A g respectively are the reduced incident matrices corresponding to the pose graph and
4
the whole graph, ⊗ is the Kronecker product, R =
diag(R1 , R2 , ..., Rm ), m is the number of measurements,
Ri is the UAV rotation matrix corresponding to the ith observation, δ ∼ N(0, Σ), Σ = diag(Σp ⊗ I 2×2 , Σθ ),
where Σp = diag(σv (1)2 , · · · , σv (k)2 , σ f (1)2 , · · · , σ f (m − k)2 ),
and Σθ = diag(σθ (1)2 , · · · , σθ (k)2 ).
The feature-based SLAM problem estimates UAV positions p and orientation angles θ by:
min kz − h(X)k2Σ−1 ,

(8)

X

where k ? k2• = ?> • ?, ? is a vector, and • is a positive
definite matrix. Its iteration update equation using the
Gauss-Newton (GN) method is:
Xk+1 = Xk + (J (Xk ) Σ J (Xk )) J (Xk ) Σ (z − h(Xk )),
(9)
>

−1

−1

>

−1

4
4 ∂h(X)

where J (X) = ∂X is the Jacobian matrix of the measurement model, and Xk+1 and Xk are the k + 1-th and
k-th generation state vectors, updated until convergence.
Based on I (X) = J (X)> Σ−1 J (X), using the measurement model (7), we can get the FIM:
"
#
g
g
Lwp ⊗ I 2×2
Awp ⊗ I 2×2 Γ4wp
I (X) =
,
g
p
(Awp ⊗ I 2×2 Γ4wp )> 4>
wp 4wp +Lwθ
(10)
g
p
−1 >
>
where Lwp = A g Σ−1
p A g and Lwθ = Ap Σθ Ap are
respectively the reduced weighted Laplacian matrices of
g
the entire graph and the pose graph. Matrices Awp =
−1

−1

p

A g Σp 2 and Awθ = Ap Σθ 2 are the reduced" weighted
#
0 1
4 m×m
incidence matrices, Γ is given by Γ = I
⊗
,
−1 0
−1

4wp = 4Σp 2 , and 4 ∈ R2m×n is shown in [20].
Then, similar to [21], we can obtain the lower bounds
of the log-determinant function of the FIM for 2D
feature-based SLAM (a proof is provided in [20]):
g

p

log(det(I (X))) ≥ 2 log(det(Lwp )) + log(det(Lwθ )).

(11)

B. Discussion of the D-opt objective function
In most cases, the D-optimality criterion approaches
its lower bound. In order to verify this result numerically, an experimental evaluation is provided in the
g
supplemental material [20]. Based on [21], det(Lwp ) and
p
det(Lwθ ) are equal to the weighted number of the spanning trees of the entire graph and the pose graph, respectively. Thus, the values of these determinants are directly
related to the number of the cycles in the two graphs.
p
Hence, we only need to consider det(Lwθ ) because the
pose graph is acyclic in typical feature-based SLAM.
Because we lack information from non-observed areas,
the only opportunity to improve measurement probability is when the UAV observes mapped features within
opt
opt
its sensor range Rs . This distance kxk+i − x f j k is thus
opt

minimized, where x f j is the estimated coordinate of the
observed feature j. Although every new measurement of
an observed feature will introduce at least one new cycle,
the benefit obtained by re-observing features diminishes;
for frequently observed features, adding a new measurement will not contribute substantially to a decrease in
estimate uncertainty. We introduce weight c j to modulate
the value of observing any given feature.
Hence, we use a new least-squares formulation
to
replace
the
original
objective
function
opt
− log(det(I k+L (Xk+L ))). The main purpose of the new
formulation is to encourage the robot to move closer to
the most important features to add measurements with
larger information value. This new formulation is:
XL XN f
opt
opt
c j kxk+i − x f j k2 ,
(12)
i=1

j=1

g

g

log(det(b
Lwp ( j)))−log(det(Lwp ))
.
PN f
g
g
(log(det(b
Lwp ( j)))−log(det(Lwp )))
j=1
A g ( j)Σ∗p ( j)−1 A g ( j)> , where Σ∗p (j)
=

where c j

=

g

b
Lwp ( j)

=

diag(σv (1)2 ,
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j2

· · · , σv (k)2 , σ f (1)2 , · · · , σ f (m − k)2 , σ f ) ⊗ I 2×2
and
A g ( j) = (A g , a j ) is the new weighted Laplacian
opt
matrix of the entire graph of Xk+L created by adding a
virtual measurement between the j-th mapped feature
opt
and the predicted future pose xk+1 , with vector a j a
column vector that has only two non-zero elements (-1
is located at the k-th element, and 1 is located at the
k + j-th element).
The coefficient c j is defined to simulate a future onestep measurement and quantify the expected information increment of the different features. For a large-scale
SLAM problem, even though the weighted Laplacian
g
matrix b
Lwp ( j) has fewer dimensions and a sparser structure than the FIM, to compute its log-determinant is
still time-consuming. We present a fast algorithm using
the “order re-use” strategy and the sparse Cholesky
decomposition to compute c j , as shown in Algorithm 2.
Algorithm 2 Compute Coefficient c j
g

g

Input: Two weighted Laplacian matrices b
Lwp ( j) and Lwp .
Output: Coefficient c j
g
1: P ← AMDP(Lwp )
g
2: P0 ← [P; size(P) + 1]
. e.g., Reuse order for b
Lwp ( j)
 g

 g

3: C1 ← SC Lwp (P, P) , C2 ← SC b
Lwp (j)(P0 , P0 )
P
g
4: log(det(Lwp )) ← 2 · 3 · i log(C1 )i,i
g
P
5: log(det(b
Lw ( j))) ← 2 · 3 · i log(C2 )i,i
p

g

6: return c j ←

g

log(det(b
Lwp (j)))−log(det(Lwp ))
Pm
g
g
b
(log(det(
Lwp (j)))−log(det(Lwp )))
j=1

Fig. 3.

Illustration of a convex half-space representation method

where Ai j is a collection of symmetric 2n−1 × 2n−1 matrices, and R̂ = diag(1, 1, . . . , 1, −1)n×n . In the special case
where n = 2, its representation can be simplified to:
("
#
"
#
)
c −s
1+c
s
conv SO(2) =
∈ R2×2 :
0 .
s c
s
1−c
(15)
Based on Theorem 1, let c = u∗i,1 and s = u∗i,2 . The first
constraint can then be written as:
opt

opt

opt

opt

xk+i+1 = xk+i + vu∗i,1 ∆t,

"

yk+i+1 = yk+i + vu∗i,2 ∆t,
opt

1 + u∗i,1
u∗i,2

u∗i,2
1 − u∗i,1

#
 0.

opt

The constraints θk+i+1 = θk+i +uk+i ∆t and |uk+i | ≤ Cu can
be written in a unified form:
opt

opt

|θk+i+1 − θk+i | ≤ Cu ∆t, i = 0, ..., L − 1.

Algorithm 2 can compute c j much faster than computing the log-determinant function of the dense matrix.

In this section, we discuss a spectrahedral description
method and a no-fly zone half-space representation to
produce a convex problem. The original uncertainty
minimization problem can be rewritten as:
min

uk:k+L−1

s.t.

Eq.(12)
opt

opt

xk+i+1 = xk+i + Rk+ib
v
opt

opt

θk+i+1 = θk+i + uk+i ∆T

(13)

|uk+i | ≤ Cu , i = 0, ..., L − 1
opt

opt

{xk , · · · , xk+L−1 } < Obstacle.
This problem is not convex because of the rotation
matrix Rk+i ∈ SO(2) and the collision-free constraints.
In order to use a convex optimization method, we need
a spectrahedral description of conv SO(2) and introduce
a no-fly zone half-space representation.
1) Convex relaxation of rotation matrix:
Theorem 1 (Spectrahedral description [22]): The
convex hull of SO(n) is a spectrahedron for all n ∈ N.
"
#

0
X
n×n
conv SO(n) = X ∈ R
:
X> 0
(14)
Xn
n−1
n−1
 I 2n×2n ,
Ai j [R̂X]i j  (n − 2)I 2 ×2 },
i, j=1

(17)

Based on the mean value theorem, we apply new
constraints to relax the constraint (17):
|u∗i+1,1 − u∗i,1 | ≤ Cu ∆t, |u∗i+1,2 − u∗i,2 | ≤ Cu ∆t.

C. Convex relaxation and rounding

(16)

(18)

This convex relaxation method based on the spectrahedral description is not limited to the 2D case. It can
be easily extended for 3D trajectory planning.
2) Non-convex no-fly zone constraints: The no-fly zone
is a circular area, which is a convex region. Its complementary set in the whole space is a non-convex region.
The half-space representation, firstly presented by [23],
is a good way to approximate this non-convex feasible
region. We use a similar idea and add an emergency
mode to improve its robustness in the MPC framework.
As shown in Fig. 3, the no-fly zone is first enlarged
by an emergency safety range Radd
, and then a tangent
h
line y = kh x + bh is obtained according to the geometric
relationship between the coordinate of the center point
opt
of the no-fly zone (xnh , ynh ), the UAV position xk , and the
radius Rall
= Radd
+b
Rnh . We use the following inequalities
h
h
to limit the feasible space of the predicted future poses:
opt

opt

(kh xk+i + bh − yk+i )(kh xnh + bh − ynh ) < 0,
h = 1, 2, · · · , No ; i = 1, 2, · · · , L,

(19)

where No is the number of no-fly zones in the area.
opt
Even if the UAV xk is located in free space, because
of control limitations and the rounding operation (26),
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opt

opt

future poses {xk+1 , · · · , xk+L } may be fully or partly located on the other side of the tangent line y = kh x + bh .
We introduce the emergency safety range Radd
to avoid
h
these special situations. When predicted future poses
opt
xk+i , i = 1, 2, · · · , L fall within the emergency safety
annulus (meaning the convex method is insoluble), the
optimization method needs to be stopped and replaced
by a sharp curve at the maximum control input Cu and
a direction that steers the UAV to leave the emergency
safety annulus as quickly as possible. The extreme case is
when the UAV is oriented towards the center point of the
no-fly zone (xnh , ynh ) and its position lies on the boundary
of the annulus. This case requires the maximum Radd
,
h
q
Rnh v/Cu + b
Rnh 2 − b
Rnh .
which can be computed by: Radd
= 2b
h
3) New convex problem: The convex problem for minimising uncertainty taking into account the no-fly zone
constraints can now be defined as:
min Eq.(12)

s.t. Eq.(16), Eq.(18), Eq.(19).

uk:k+L−1

(20)

This problem can be solved using interior-point methods, which have already been integrated in many convex
toolboxes such as the lsqlin function in MATLAB, CVX
(used in this paper), and CVXGEN. Due to the problem’s
convexity, the solution obtained is globally optimal.
Because of the relaxation operations, the solution to
(20) may not be suitable for the original problem. In this
section, we show how to generate a feasible solution.
Suppose the solution to the new convex problem (20) is:
v1∗ = (b
u0,1 , b
u1,1 , ..., b
uL−1,1 )> , v2∗ = (b
u0,2 , b
u1,2 , ..., b
uL−1,2 )> .
Its corresponding solution in conv SO(2) is:
"
#
b
ui−1,1 −b
ui−1,2
∗
∗
∗
R1 , · · · , Ri =
, · · · , RL
.
(21)
b
ui−1,2 b
ui−1,1
The rounding procedure is to find the nearest valid
rotation in SO(2) to replace the solution shown in (21).
The problem for conv SO(n) has been defined [24]:
πR : conv SO(n) → SO(n),
bi − R∗ kF ,
πR (R∗ ) ∈ min kR
i

bi ∈SO(n)
R

i

(22)

where k • kF is the Frobenius norm. The solution to
problem (22) is based on the SVD of Ri∗ : Suppose the
SVD of Ri∗ is Ri∗ = U ∗ S ∗ V > , where S is a diagonal
matrix, U and V are unitary matrices, then the solution
to (22) is given by:
bi = U ∗ S 0 ∗ V > , S 0 =
R
(

I n×n
diag{1, · · · , 1, −1}n×n

i f det(U ) det(V ) = 1
i f det(U ) det(V ) = −1.

(23)

For the SO(2) case, there is an equivalent simple form:


b
ui−1,2

 √ 2bui−1,1 2
 bui−1,1 +bui−1,2 − √bu2i−1,1 +bu2i−1,2 
 .
bi = 
(24)
R
b

 √ bui−1,2
√ ui−1,1


b
u2i−1,1 +b
u2i−1,2

b
u2i−1,1 +b
u2i−1,2

Based on the relative difference of the two rotation
bi+1 and R
bi , we can obtain feasible control
matrices R

6

inputs by using the equation:
 

b> R
bi ,
uk+i = fround fmr R
i+1

(25)

where fmr (?) means the minimal representation of
SO(n)
to control inputs. For the 2D case,
 corresponding

> b
b
fmr Ri+1 Ri = atan2(b
ui+1,2 , b
ui+1,1 ) − atan2(b
ui,2 , b
ui,1 ), and
fround (?) is a piecewise rounding function:


−Cu ,
? /∆t < −Cu ,



?/∆t,
−C
fround (?) = 
(26)
u ≤ ?/∆t ≤ Cu ,


 Cu ,
? /∆t > Cu .
Thus, we arrive at a solution (uk , uk+1 , .., uk+L−1 )> .
V. Submap planning and full algorithm
There are several state-of-the-art techniques to obtain
a SLAM solution for medium-to-large scenarios quickly,
such as SLAM++ [19] and iSAM2 [3]. Submap joining [16] is not an essential tool for SLAM alone, but
is useful for the planning process in active SLAM. An
overview of Linear SLAM [16] is provided in the supplementary material [20]. If a global map is not required,
we can perform active SLAM in each submap in isolation
without joining them together. However, having a global
map can be useful for improving obstacle avoidance and
area coverage. We use Linear SLAM to obtain such a
global map. In this section, we show the benefits of
planning in the submap, and draw related conclusions
that then allow us to use submaps in active SLAM.
A. Importance of submap planning
In our active SLAM process, we perform planning and
estimating in submaps as opposed to a global map. The
benefits of using submap planning are discussed:
1) Control switching problem: Our control switching
strategy (5) relies on the availability of suitable switching
fx
fy
indices λi and λi . In a global map, which increases
in size with the length of the robot trajectory, the uncertainties associated with new features will become
large if pose accuracy deteriorates. It is difficult to find
constant switching indices to assign control inputs. An
alternative would be to find increasing functions instead
of constants, but this is difficult and ill-suited. Planning
in submaps limits the range of the eigenvalues of the
covariance matrices because a new covariance matrix is
built for each submap assuming zero uncertainty of its
first pose. Then, it is straightforward to set the switching
fx
fy
indices λi and λi based on the size of the submap.
2) Local minimum problem: From (20), we can see
that the objective function will encourage the robot to
move closer to a center point pc determined by features
opt
opt
x f 1 , · · · , x f m and weights c1 , · · · , cm . With an increasing
number of previously observed features, the point pc
will approach a local minimum and the UAV would
endlessly circle around this point. This problem will
greatly slow down the active SLAM process, reduce
its efficiency, and even cause the failure of the whole
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task. Planning in submaps avoids such local minima by
generating a new center point pc for each submap.
3) Computational efficiency improvements: When used
together with powerful SLAM tools, the submap strategy
can help to further improve run-time performance with
an acceptable level of information loss. For the planning
components, submaps help to limit the number of variables and the number of no-fly zones in a given problem
instance. In large-scale scenes, distant features and nofly zones increase computational burden yet contribute
little to plan quality. Submap planning limits problem
size and thus helps to improve computational efficiency.
B. Bound on the eigenvalues of the global map’s FIM
In this section, we discuss the relationship between the
eigenvalues of the FIM of the local submaps and of the
joined global map. We show how to use this relationship
to quickly check the accuracy of the SLAM result without
performing the map joining process.
We first establish the following conclusions:
Conclusion 1: The matrix AZ > AZ is a diagonal matrix,
where AZ is a sparse coefficient matrix that gives the
data association relationship between the state vectors
of the local map and the global map.
Conclusion 2: The i-th smallest eigenvalue λi (I Z ) of
the FIMs of submaps 1 and 2, and the i-th smallest
eigenvalue λi (I all ) of the FIM of the global map satisfy:
λi (I Z )b
λ(AZ ) ≤ λi (I all ) ≤ λn−k+i (I Z )e
λ(AZ ),

(27)

where b
λ(AZ ) and e
λ(AZ ) are the minimum and maximum eigenvalues of matrix A>
A , the specific equaZ Z
tions of I Z and I all and proofs for these conclusions
are given in the supplementary material [20].
A key question in the application of submap planning
is, after building several submaps, when is the best time
to generate the global map using Linear SLAM? The
joining process is time-consuming, so it is computationally advantageous to perform this process infrequently.
When not joining the submaps, We need to estimate
the global positions of the obstacles and the coverage
area by computing a coordinate transform between subsequent submaps, and global uncertainty is increased
by this linear superposition. The approximate estimated
uncertainty may be much larger than the one after using
Linear SLAM. It affects the safety ranges Radd
and the
h
performance of the coverage and obstacle avoidance
tasks. Thus it is necessary to apply the joining process at
suitable times. Conclusion 2 provides a way to check the
SLAM accuracy and identify when to use Linear SLAM.
We can terminate the submap joining algorithm when
the bounds in (27) meet the condition:
Pk
e
i=1 λn−k+i (I Z )λ(AZ )
≤ D,
(28)
Pk
b
i=1 λi (I Z )λ(AZ )
where D is user-defined coefficient to specify the gap
between the lower and upper bounds. The global map
will then either obey these bounds tightly or else we
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can use Linear SLAM to generate the global map. This
process can be implemented on an independent CPU
core which is parallel to the main program and would
not affect the run-time performance of active SLAM.
C. Challenges introduced by submap joining
In order to use submaps in estimation and planning,
several challenges need to be addressed. The first is how
to solve the no-fly zone avoidance problem and perform
the coverage task in the submap. Obstacle avoidance and
coverage task are based on the global coordinate of the
UAV and the no-fly zones, so when the joining process
is not applied, we need to estimate the UAV pose, its
covariance matrix and the coordinates of the no-fly zones
in every submap by the approximate coordinate transformation, which is shown in supplementary martial [20]
and our conference paper [17].
The other challenge is that the features detected and
mapped in other submaps will be regarded as new in the
present submap. This may lead to the UAV continuously
visiting these previously mapped features as if they were
unknown. In order to address this challenge, we need to
identify whether a given feature has been observed in a
previous submap and whether its uncertainty level has
already been reduced to an acceptable level. If so, this
feature will be deleted in (12).
D. Full algorithm
We now collect all algorithmic components and
present an integrated algorithm for our active SLAM
problem. Pseudocode for the full method is shown in
Algorithm 3. Two metrics in line 24 and 27 are userdefined based on the scenario, discussed in Sec. VI.
VI. Simulations and experiments
A. Active SLAM using proposed method
All simulations and experimental implementations are
performed on an HP EliteDesk 800 G2 desktop with an
Intel Core i5-6500 3.20 GHz processor. For the simulations, the UAV moves in a 100 m × 100 m square-shaped
space with known bounds, 30 unknown static point
features and 10 known static no-fly zones. We created ten
such sets of features and no-fly zones, labelled Sets 1-10.
The remaining parameters include: v = 1 m/s, Rs = 20 m,
Cu = 0.3 rad/s, 4t = 1s, σv (k) = 0.1 m, σω (k) = 0.1 rad and
σ f (k) = 0.3 m, ca = 0.85, cc = 0.15, Cindex
= 0.06N f m,
1
Cindex
=
0.1N
m,
and
the
number
of
poses
in each
f
2
submap is 50. The maximal allowable number of simulation steps is limited to 3000. The stopping conditions
are set such that more than 98% of the whole area is
covered and all features are mapped.
The final result of the proposed method using Set 1 is
presented in Fig. 4. The blue triangles, black points, red
star points and yellow circles are respectively the real
UAV poses (each 5 steps), the SLAM estimated result,
the features and the no-fly zones.
In Fig. 4, this result shows that the UAV completes the
coverage task with good estimation accuracy.
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Algorithm 3 Active SLAM framework
Input: Environmental, vehicle and other parameters.
Output: Estimated poses and mapped features (SLAM results).
1: repeat
2:
//Get model and measurement
3:
Move the robot based on dynamic model with noise
4:
Get noisy measurements from sensor model
5:
//SLAM
6:
Perform data association
7:
Solve SLAM problem using GN method
8:
//Switching mechanism
9:
Obtain Index1 using Algorithm 1
then
10:
if Index1 ≥ Cindex
2
11:
//Uncertainty minimization task
g
12:
Build weighted Laplacian matrix b
Lwp
13:
Mark mapped features from other submaps that
have sufficient estimation accuracy
14:
Compute coefficient c j using Algorithm 2
15:
Build and solve convex optimization problem (20)
16:
elseif Index1 ≤ Cindex
then
1
17:
//Coverage task
18:
Build and solve coverage optimization (16) in [17]
19:
else
20:
//Both tasks
21:
Solve uncertainty minimization task using lines 1115 and coverage task using line 17-18
22:
end if
23:
//Submap joining
24:
Decide whether to open a new submap
25:
Decide whether to use Linear SLAM
26:
t ← t + 4t
27: until Believable covered area is large enough

B. Comparisions
1) Effect of submap planning: Except for the submap
size (Submap 10-100) and the datasets (Set 1-10), the
parameter settings are the same as in Sec. VI-A. Results
using different submap sizes are shown in Fig. 5.
In order to exclude the effect of differences in pose
number, only the D-opt optimality criteria corresponding
to the features log(det(I f (X))) is compared. All simulations using submaps complete the coverage task and
detect all features. In Fig. 5, with increasing submap size,
the SLAM process will be more time-consuming because
of the larger numbers of estimated variables.
To examine a non-submap simulation, we present an
example trajectory result in Fig. 6. At the beginning,
the switching indices are suitable. As the UAV moves
further from its starting position, because of not using
submaps, large uncertainty of new features such as A,
B and C cannot trigger control switching based on (5).
The UAV therefore continues to perform the uncertainty
minimization task among the known features, which
leads to no new features being detected. The UAV gets
trapped in a local minimum position (indicated by gridlines). Because the distances between the local minimum
position and the marginal features (such as A, B, C and
D) are larger than the sensor range, the UAV cannot add
any new measurements for these features. Meanwhile,
features located in the blue box have been observed
many times and can no longer contribute to improving
the objective function, and measurements of other fea-
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tures (A, B and C) are insufficient. The overall result is
poor, supporting the use of submaps as an important
part of our active SLAM solution.
2) Advantage of the proposed method: We compared our
method with the SQP method and a greedy algorithm
(60 discrete uniformly distributed candidate actions) using the original objective function [17], and a state-of-theart algorithm [13] that consists of a greedy algorithm in
conservative sparse information space. The initial inputs
of the SQP method are the solutions of the greedy
method. Results for Set 1 with varied look-ahead steps
are presented in Fig. 7. Results using different methods
with 15 look-ahead steps are shown in Fig. 9, 10 and 11.
Because of the non-convex property of the original
objective function, we find that the planning time grows
quickly with increasing look-ahead step L. Meanwhile,
many local minima are observed using the other methods. Our solution is better in these respects. Thanks to its
convexity, our formulation can be solved in polynomial
time. In these results, all frameworks are implemented
using our submap planning strategy, otherwise planning
time will greatly increase with the number of poses.
We also compare our method, whose submap size is
set as 50, with a simple lawnmower pattern approach
using the same parameter settings. For Sets 1-10, our
algorithm outperforms the lawnmower approach by,
respectively, 3.85%, 5.52%, 4.23%, 5.08%, 2.29%, 2.34%,
9.75%, 1.53%, 3.66% and 8.67% (uncertainty level). The
final result of the lawnmower pattern for Set 1 is shown
in Fig. 12. This approach leads to relatively good exploration of the unknown environment, which means that
it has a reasonable performance in general. However,
in many situations, the features are distributed nonuniformly, which may greatly limit its performance.
C. Discussion of control behavior
1) Control switching: Fig. 8 shows the Set 1 result
for our method at the 80-th/144-th step, including the
UAV trajectory and the covered area. We see that the
control input from the uncertainty minimization task
makes the UAV tend to perform loop-closure, and the
coverage task leads the UAV to explore the unknown
area. At the 144-th step, the UAV needs to finish an
emergency obstacle avoidance operation, shown as the
peach trajectory. Based on the suitable switching indices
Cindex
and Cindex
, we can switch the control inputs easily.
2
1
In Fig. 4 (Set 1), the likelihood of using the emergency
avoidance control, the coverage control, the uncertainty
minimization or the combination control as the final acting control ur are 5.36%, 26.08%, 21.86% and 46.70%. Our
choice of switching indices allows these four different
control inputs to be used appropriately.
2) Effect of no-fly zones: Compared with a collision-free
environment, emergency operations are not controlled
by an optimization process and will reduce the quality of
the solution. Thus the number of emergency operations
should not be too large. The proportions of control
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Fig. 4. Final results using Set 1 (The
blue circles around the features are the
3σ covariance ellipses of coordinates.)

Fig. 5. Comparision results with different submap sizes (In 3000s, instances that do not use
submaps fail to complete the coverage task and coverage percentages are all below 41.2%.)

Fig. 6. Result without using submaps (The
algorithm cannot finish the coverage task.)

Fig. 9. Results using the SQP
method
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Fig. 7. Comparison results using multiple methods
(Histogram and line graph shows the time and ratio
respectively.)

Fig. 10. Results using the greedy
method

inputs that involve emergency operations for our 10
datasets are 5.36%, 3.35%, 3.85%, 2.11%, 4.127%, 1.61%,
5.61%, 4.99%, 4.41% and 6.84%. They are all small, which
indicates that solution quality is minimally affected.
D. Off-line experimental verification
In this section, we provide preliminary results with a
real quad-rotor UAV to verify the practicability of the
final trajectory in an indoor environment and also to
evaluate the performance of the SLAM result. Because
our MATLAB implementation is not suited for onboard
computation, we perform an experiment where the UAV
executes an active SLAM trajectory computed off-line.
Due to lack of the on-board sensors, we use a motion
capture system to obtain virtual measurements in the
local frame. The specific operations are as follows: Based

Fig. 8. Trajectory and optimization outputs (The green and black dotted lines
respectively indicate the uncertainty minimization results and the coverage result.)

Fig. 11. The result of the greedy
method in conservative sparse
information space

Fig. 12.
Results using lawnmower pattern

on the motion capture system, we obtain the ground
truth of the UAV poses and the global coordinate of the
features. Then, we compute local measurements using
the models (1) and (2) based on the poses and the
features with added Gaussian noise when the features
lie within the virtual sensor range (1 m). These noise
terms, which are equal to the simulation data in active
SLAM, are generated previously. After executing the entire off-line trajectory, we can generate all measurements
similar to the simulation case but also including the
real dynamic model. Using these measurements, we can
solve the SLAM problem and obtain its D-opt metric. The
ground truth and estimated result are plotted in Fig. 13.
We also perform an experiment to follow the trajectory
considering the coverage task only. Compared with it,
the objective function log(det(I f (X))) of our method has
a 9.3% advantage with the similar coverage ratio (100%).
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Fig. 13. Ground truth (blue vehicles and red stars), estimated result
(green points) and UAV trajectory (In 170s, the UAV covered 98.12%
area. Meanwhile, the SLAM method successfully estimates the features
and poses. The right figure presents a composite photograph of the
UAVs motion. Following the off-line trajectory, the flying experiment
shows that the obtained trajectory is flyable for the quad-rotor UAV.)

VII. Conclusions and future work
We have presented a solution to an active SLAM
problem combining uncertainty minimization and area
coverage within an MPC framework. A submap joining
method is applied to ensure the effectiveness of the proposed method and improve its run-time performance.
A graph topology and convex optimization approach
are used to solve the D-opt MPC problem and the SQP
method is used to solve the coverage problem. We have
verified our method in realistic simulation scenarios
and in an off-line experiment. The results demonstrate
that the proposed method can generate a collision-free
trajectory to finish the coverage task with superior performance relative to multiple existing approaches.
This paper provides a promising framework to solve
active SLAM problems where coverage is required and
multiple constraints need to meet. In the future, we
would like to extend the results to 3D and conduct realtime experiments to further evaluate its practicality.
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[7] J. Vallvé and J. A. Cetto, “Active pose SLAM with RRT*,” in Proc.
IEEE Int. Conf. Robot. Autom., pp. 1050-4729, 2015.
[8] L. Chen, Y. Shan, W. Tian, B. Li, and D. Cao. “A fast and efficient
double-tree RRT*-like sampling-based planner applying on mobile
robotic vehicles,” IEEE/ASME Trans. on Mechatronics, 2018.
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